In this chapter, we shall learn about some basics of mathematical reasoning.

In mathematical language, there are two kinds of reasoning; one is inductive
reasoning and another is deductive reasoning.

In this chapter, we shall study about some curves as circles, ellipses, parabolas and
hyperbolas. These curves are known as conic sections or conics because they can be
obtained as intersections of a plane with a double napped right circular cone.

| TOPIC 1| N2 CHAPTER CHECKLIST

Sections of a Cone and Circle o Siidiniia s Cone sod sl
¢ Parabola
RIGHT CIRCULAR CONE + Ellipse

The locus of a line passing through a fixed point say A and making a constant « Hyperbola
angle O with a fixed line AB passing through the fixed point A is called right )

circular cone.

Here, the fixed point A4 is called vertex, the fixed line AB is called the axis and the

constant angle 0 is called the semi-vertical angle of the cone. Also, the moving line

is called the generator of the cone.
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Here, the fixed line AB is called axis, fixed point Vis called vertex (iii) When 0 <o <8, then section is a pair of

of the cone and the constant angle 8 is called the semi-vertical angle straight lines. It is a degenerated case ofa
of the cone. The rotated line { in all its positions is called a hyperbola. .

generator of the cone. The two parts of the generated surface

separated by vertex Vare called nappes. ‘?

Case Il When the plane does not pass through
vertex of the cone If the plane does nor pass
through the vertex of the cone, then it cuts
only one nappe. According to the value of o,

CONIC SECTIONS we get the following sections:

(i) When ©=90° then cutting plane

On intersecting a right circular cone by a plane in different
positions, different sections so obtained are called conic sections or section is a circle.
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Section of a Doubled Napped Right , g
Circular Cone by a Plane

7
/
Consider a double napped righe circular cone, having semi-vertical ;

anglc 8. Ler ot be the a.nglc between the pla.m: and the axis of cone.

Case | When the plane passes through vertex of the cone
If the plane passes through the vertex of the cone, then it
cuts both nappies. According to the value of tt, we get the
following sections: (ii) When 8 <ot <90° then cutting plane

(i) When @ <ot 90° then the section is a point. section is an ellipse.

(ii) When 8 =a, then the plane contains the generator of
cone and the section is a straight line. It is a
degenerated case of a parabola.

X 3

(ii) When ot=0 ie plane is parallel o a
generator, then curting plane is parabola.




(iv) When 0 ot <8, then the plane intersects both the
nappies and section is a hyperbola.

Geometrical Definition
of Conic Section

A conic is the locus of a point which moves in a plane in
such a way that the ratio of its distance from a fixed point
and a fixed line is a constant. Then,

(i) the fixed point is called focus and is denoted by F.
(ii) the fixed straight line ZM is called directrix.

(iii) the constant ratio is called eccentricity and is
denoted bye.
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(a) Circle If eccentricity, e =0, then the conic is

called circle.
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(b) Parabola If eccentricity, e = 1, then the conic is

called parabola.
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(c) Ellipse If eccentricity, e < 1, then the conic is

called c”ips:.
a=<1

(d) Hypcrbn]a If eccentricity, ¢ > 1, then the conic
is called hyperbola.

\
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(iv) The straight line passing through the focus and
perpendicular to the directrix, is called the axis of the
conic.

(v} The point of intersection of the cone and its axis, is
called vertex of the conic.
(vi) A line perpendicular to the axis of the conic and
passing through its focus is called latusrectum.
(vii) The point which bisects every chord of the conic
passing thruugh it, is called the centre of the conic.

CIRCLE

A circle is the set of all points in a planc that are cquidistant
from a fixed point in that plane.

Or
A circle is defined as the locus of a point in a plane, which

moves in a planc such that its distance from a fixed point in
that plane is always constant.

Centre The fixed point (' is called the centre of the circle.

Radius The constant distance (CP) from the centre (C) to
a point on the circle, is called radius (r).

Standard Equation of a Circle

Let C (4, k) be the centre of the circle, P (x, y) be any point
on the circumference of the circle and r be the radius of the
circle.
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Then, equation of circle in standard form is

(x=h) ' +(y—k) ="

This cquartion is also known as central form of the cquation of
a circle

Proof From the figure, CP=r

= Jx-h -k =r

[by distance formula, distance = -..lr{xl - .l;'.jl +(y, = _jrl}Z]
= (x =57+ (y= k=s [squaring both sides] ...(i)

If h=0andk=0 ie. centre of the circde is ar origin

(h, &) =(0,0), then from Eq. (i), we get

EXAMPLE |1] Find the equation of the circle with
(i) centre = (2, 3) and radius =5
(ii) centre = (acos 8, a sin @) and radius = a

(iii) centre = (- g, —b) and radius = ,,,i.f -b*

(iv) centre = [1, 1] and radius = S units
2 4 12

[NCERT]

[NCERT]
Sol (i) Given centre is (2, 3).
h= 2k =3and radius (r)=5
On putting these values in equation of circle
(x—h)? +(y — kY =", we get
(x -2 +(y-3) =5

= x'+d-ax+y +9-6y=25
[(A— By =A*+B - 24B)
= ¥ +y —dx—6y+13=25
= x'+y —dx—6y+13-25=0
Xy —dx—6y—12=0
which is the required equation of circle.

—

(ii) Given centre is (acos 8, asin B
. h=acos 8, k = asin B and radius (r) = a
On putting these values in equation of circle
(x =R +(y—k) =¢", we get
(x —acos B)° +(y—asin @)’ =a*
=x* +a‘cos’®— 2axcos B+ ¥ +a'sin’f — 2aysinB=a’
= x" + ¥ — Zaxcos B — Zaysin 8 + a’(sin* B + cos*0) = &’
=x'+y —2a(xcos B+ ysinB) +a’ =a’
[+ sin®8+ cos*B=1]
x* + y' — Za{xcos B+ ysin B) =0
which is the required equation of circle.

(iii) Given centre is(—a, — b).

h=—ak=-band r:n:liusv[r}=a.,|lﬂt -¥

On putting these values in equation of circle
(x =Ry +(y—k) =r, we get

[x = (=a)f + [y = (= b = (yfa" = b* "
=5 [x+a}2+{y+b}t=ﬂ‘—b‘
= x'+a +2ax+y'+ b +2by=a* - b

[~ (A+B)=A"+24B+ B

= x'+y+2ax+2y+a + b =a - b

x* +y' + 2ax + 2by + 26 =0

which is the required equation of circle.

(iv) Given centre is [l 1—]
24
1 1 . 1 .
. h=—, k=— and radius (r) = — unit
2 4 12

On putting these values in equation of circle
(x —hY +(y— k) =r°, we get

ot 2]

1 1 1
= CAmmxt P b L= —
4 16 2 144
1 1 1
= x“+y‘—x—l+— ———=
2 4 16 144
= xt+}ri—r—£+£=ﬂ
2 36
= 36x +36y° —36x — 18y +11=0
[multiplying both sides by 36]

which is the required equation of circle.

EXAMPLE |2| Find the equation of circle
whose centre is (1, 2) and which passes through the
point (4, 6).
Sol. Coordinates of centre of given circle is (1, 2) and it
passes through the point (4, 6).
Then, radius of the circle is equal to the distance from
the centre to a point on a cirele.

. Radius of circle = f(1—4)' +(2—6)' =9 +16 =5

[by distance formula, distance
= lx, = 2 + (3, = )]
Hence, the required equation of the circle is
(x =1 +(y— 2 =(5)’
= ¥+ y —2x—4y-20=0

Equation of Circle in Special Cases

We know thart, the standard equation of the circle
with centre at (b, £) and radius equal to r, is
(x=h' +(y—k°"=r.



It can be change according t© the different conditions,
which are given w

|CASE 1|
WHEN THE CIRCLE PASSES THROUGH THE ORIGIN

The circle passes through origin (0,0). ¥
. Radius = r = Distance between
points O and C ‘
= bt +k? i
Yo"
Hence, the equation of a circle passing ¥

thraugh the origin is
(x=h) +(y—k)Y =5 +&°
Le. [xl +}I:—2bx—2§y=ﬂ]

EXAMPLE |3] Find the equation of the circle whose
centre is (g, b) and passes through the origin.

Sol We know that, circle passes through the origin, so radius
of circle will be equal to the distance between point (a, b)
and origin.

- Radius of circle = Distance between points (0, 0) and
{a, b)

= Jlo—a) +(0—by = Ja* + ¥ [by distance formula)
; Centre =(h k)=(a, b)
On putting these values in equation of circle

(x—h +(y—k) =r", we get
{x —a) +(y—b) =(ya* + b}
Sxt+a —Zax+y' + b —2by=a* + 1
[(A - By = A* — 24B + B*
= x* 4yt —2ax - 2by =0
which is the required equation of cirele.

| CASE 11|
WHEN THE CENTRE LIES ON X-AXIS OR Y-AXIS
If centre lies on X-axis, then & =0. ¥

. Equation of circle with centre

C(h,0)is

&Y

¥

=

[{x-b]l +Jrl =rz\
If centre lies on Y-axis, then & =0.
.. Equation of circle with centre C(0, ) is

x!+{_}'—§]! =’

¥

EXAMPLE |4| If the circle passes through the point
(2,3), then find the equation of the circle whose radius is
5 units and centre lies on X-axis.
Sol Given, radius, r = 5 units, point lies on circle = (2, 3)

and centre of circle is on X-axis.

o Its y-coordinate will be zero.

N/

(h, 0)

Let centre of circle = (h 0)

Now, distance from the centre to a point on the circle
= Radius of circle

,f'[h —2F +(0-3) =5 [by distance formula]
ﬁp'h* +4—-4h+9=5 [v(A-Bf=A"+B - 24B|

K +4—-4h+9=25 [squaring on both sides)
W —4h+13-25=0 = h —4h—-12=0
W —6h+2h—12=0 =h(h—6)+2(h—6)=0
(h=—6)h+ 2)=0
h—6=0orh+2=0 = h=6orh=-2
So, the centre of circle is (6, 0) or (— 2, 0).

When centre (h, k) =(6, 0) and radius (r) =5, then the
equation of circle is

(x—6F +(y -0 =5 [~(x—h'+(y—k)=r"
= x'+36—12x+y =25 [(a—b) =a’ - 2ab+ b
= ¥ +y’ -12x+11=0
When centre (h, k) =(— 2 0)and radius (r) = 5, then the
equation of circle is

(x+ 20 +(y =00 =(5)° [“ix=h'+{y-k) =r"]

= ¥ rd+dx+yi=25

Louiuu

=x'+y +4x+4-25=0
= x+y +4x-21=0
Hence the equations of circle are x* + y* —12x +11=0
and x°+y' +4x-21=0

| CASE 111 |
WHEN CIRCLES TOUCHES X-AXIS

Since, the circles touches X-axis, so |.{v|=r. In this case,

circles may lic on upper of X-axis or on the lower of X-axis.
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So, if r is the radius of a circle touching X-axis, then its
centre is (b, r) or (b, = r).

Therefore, the equations of such circles are

(x=h)* +{_y:|:r}z =y’

EXAMPLE |5| Find the equation of circle whose centre
is (1, 2) and touches X-axis.
Sol. Given, centre (h k)=(1, 2)
and circle touches on X-axis.
. Radius(r) = y-coordinate of centre = 2
S0, equation of circle is
(x-10+(y—-20=2" [(x-h +(y—k)\=r]
= x'-2x+1+y —dy+4=4
[{a—b) =a* + b — 2ab]
= r2+y2—2x—4y+l=ﬂ

which is the required equation of circle.

|CASE IV |
WHEN CIRCLES TOUCHES Y-AXIS
Since, the circles touches ¥Y-axis, so |h|=r.

+Y

{r K)

o

Ty
In this case, circles may lie on the right of Y-axis or on the

left of Y-axis. So, if r is the radius of a circle touching ¥-axis,
then its centre is (r, k) or (= r, £).

Therefore, the equation of such circles are

{r q:r]! +[J‘-—£‘}z :f"'

EXAMPLE |6| Find the equation of circle whose centre
is (2, 0) and touches Y-axis.
Sol. Given, centre (h k) =(2 0)and circle touches Y-axis.
- Radius (r) = x-coordinate of centre = 2
So, the equation of circle is
(x=2 +(y—=00=2" [s(x-h)+(y—-k)=r)
= x'+4-dx+y'=4 [v(A-B)Y'=A"+ B -24B)
= x'+y —dx+4=4
: X +y'—4x=0
which is the required equation of circle.

|CASE V|

WHEN CIRCLES TOUCHES BOTH THE
COORDINATE AXES

Since, the circles touches both rthe coordinate axes, so

|hl=1k]=r.

(=1 (r 1)

Sy

(= =) r=n

"y

In this case, circles muching both the coordinate axes may
lie in any of the four quadrants. If r is the radius of such a
cirdle, then its centre may belr,r),(=r,r),(=r,—7)
and (r,=r).

Then, the equations of such circles are

[ Fr)* +(yFr)* =]

EXAMPLE |7| Find the equation of the circle which
touches both the axes and whose radius is 5.

Sol Given, radius = 5 and circle touches both the axes.
So, circle may lies in anyone of the four quadrants.
s Centre of circle is(+5,+5).
Hence, the equation of required circle is
{x F5) +(y F5) =(5)"
= ¥ +25F10x+ ¥y +25F 10y = 25
= '+ y* Flox F 10y +25=0

General Equation of a Circle

We know that the cquation of the circle having centre (b, k)
and radius r is (x = h)? +{}'—Hz —p?

= xl-{-)r! —2hx—2ky+’)3+k2 —7‘2 =0

which is of the form

X+ +2;x+2f+c=0
f ==k

and c=h+k*=r?

where, g==5,

The above equation of a circle is called the general equation
of a circle with centre (=g, = f)

and radius,r= Vv +k’—c
or r=4g’+f‘—c.



Different Types of Questions
Based on Circle

| TYPE I|

TO FIND CENTRE AND RADIUS WHEN
STANDARD EQUATION OF CIRCLE IS GIVEN

EXAMPLE |8| Find the centre and radius of each of the
following circle.
(i) x* +(v+2) =9 (i) x* + ¥y  +6x -4y +4=0
Sol (i) Given equation of circle is
A H(y+2) =9 = (-0 +{y-(-2)) =3
On comparing with {x —h)* +(y -k =r", we get
h=0k=—2andr=3
Hence, centre of circle = (0,— 2) and radius = 3 units.
(i) Given equation of circle is

xt+yt+6x—4}r+4 =0

= (x*+ox)+(y* —4y)=—4

= (' +6x+9-9)+(y —dy+4—4)=—4

= (x* +6x+9)+(y' —dy+d)=—4+4+9
e (x+3F +({y—-2V=9

- [x=(=3) +(y-2)' =%

On comparing with (x — h)* +(y— k)’ = r*, we get
h=-3k=2andr=3
Hence, centre of circle = (-3, 2) and radius = 3.

EXAMPLE |9]| Find the centre and radius of each of the

following circle.
(i) 3x% +3y* =27 (ii) x* +y* —6x +5y —8=0

Sol. (i) Given circle is 3x* +3y* = 27.

or x* + y* = 9[dividing both sides by 3]
= (x—-0 +(y-0) =9
= (x-0f+(y-0)=3 i)

On comparing Eq. (i) with standard form of circle i.e.
(x—hy +(y—k) =r' we get
Centre (h, k)= (0, 0) and radius (r) =3

(ii) Given equation of circle is
& y’ —bx +5y—8=0

= (x° —6x)+(y* +5y)=8
[ 53¢ 51
=5|{x*—6x+3*}+ly*+5y+[_]J=3“+[—] +8
2 2
51 93
= [x—3}‘+[_v+—] =— i)
2 4

On comparing Eq. (i) with standard form of circle ie.
(x—hyY +(y—k) =r’, we get

5 o3
2

h=3,k=——ﬂ.‘l‘ldl’=
2

| TYPE II|

TO FIND THE EQUATION OF A CIRCLE
SATISFYING THE GIVEN CONDITIONS

EXAMPLE |10| Find the equation of the circle passing
through the point (2, 4) and having its centre at the
intersection of the lines x — y=4and 2x + 3y + 7 =0.

Sol Given equation of lines are x — y =4 and 2x + 3y +7=0.
On solving these equations, we get x =land y=-13
Also, the point of intersection of the given lines is centre.

. Coordinates of centre is (1, — 3).
Now, the circle passes through the point (2, 4).

. Radius of circle = /(1 2 +(-3—-4)' =+l +49 =50
Hence, the required equation of circle whose centre is
{1, — 3) and radius is JS_U is

(x =1)* +(y +3) = (50)"

= x+l-2x+y +9+6y=50
= xi+}ri—2r+é—y—4ﬂ=ﬂ

EXAMPLE |11] Find the equation of the circle, whose
centre is (2, — 3) and passing through the intersection of
the lines 3x — 2y =1and 4x + y =27.
Sol Let P(x, y)be the point of intersection of the lines,
3x —2y=1 i)
and dx+y=27 ..{ii)
On solving Eqgs. (1) and (ii), we get
x=5and y=7
S0, the coordinates of Pare(5, 7).

T=Dy=1

Given, coordinates of centre C are (2 — 3).
CP = Radius

- Jorion=r

=3 F =109

Hence, the equation of required circle is
(x =2 +(y+3) = (+i09)"

= x—dx+4+y +6p+9=109

= xt+yt—4r+6}r—96=£]



EXAMPLE |12] Find the equation of a circle whose
diameter are 2x —3y + 12 =0and x + 4y -5 =0and area
is 154 sq units.
Sol. Given equations of diameter of circles are
2x -3y +12=0andx +4y-5=0
On solving these equations, we get x=—3 and y=2
We know that centre is the point of intersection of
diameter.
.. Coordinates of centres are (- 3, 2).
Let r be the radius of circle.
Then, area of circle =154 = nr*

X
_154 7=49

= 154=?x# =7

SR r=7 [-r>0]
Hence, the equation of required circle is
(x+3) +(y-2)"=(7)
= x'+6x+9+y —4y+4=49
= x'+y +6x—4y+13-49=0
= x*+y +6x—4y-36=0

EXAMPLE |13| Find the equation of the circle passing
through two points on Y-axis at distances 3 from the
origin and having radius 5.
Sol. Let coordinates of points on Y-axis be A =(0, 3) and
B =(0, —3), respectively.

Given circle passes through points A and B, therefore its
centre will be on the perpendicular bisector of AB.

Clearly, two such circles are possible.
Y

A0, 3)

X"

B(0, =3)

(AR,

Y
Let points P and Q be the centres of such circles.

Given, AP=AQ=50A=3 = OP=OQ=.J5:'-32 =4

Then, centres P=(—4,0)andQ=(4,0)

Thus, centres of the required circles are P(— 4, 0) and
Q(4, 0) and their radii are 5.

*. Equation of the required circles will be
(x+4) ' +y' =5 iex"+y +8x-9=0
and (x —4)' + y*=5"ie x*+ y* —8x-9=0

EXAMPLE |14| Find the equation of the circle passing

through the points (1, —2) and (4, —3) and whose centre
lies on the line 3x + 4y =7.

Sol. Let points A =(1, —2)and B=(4, - 3)
Given lineis3x +4y =7 A1)

Again, let L is the mid-point of AB.

-~ Mid-piont L = [u-z+_(-3)]___ (E = E)
2 2 2 2

A
(1.-2) (4,-3)

VW~V
Slope of AB=—~"—"3=—=——
Pe X —X 1—-4 3

Slope of HL =3 [+ HL 1 AB)

'l'hen,equationofHLwillbey-!-%=3(x—%)

=5 2y +5=6x—15
= 6x — 2y =120
A 3Ix—-y=10 -.(i1)
Centre H of the circle lies on lines (i) and (ii), therefore it
is the point of intersection of lines (i) and (ii).
On multiplying Eq. (ii) by 4 and adding it to Eq. (i), we get
15y =47 = x= ﬂ
15
On subtracting Eq. (ii) from Eq. (1), we get

5y=-3 :)y:—%

Centre H = ﬂ -—3)
15 5

2 2
Now, radius of the circle = HA = J[ﬂ - 1) + (-—% + 2)

15
_ (32)’ N (7 )’ _ |32+ 21* _ Jhaes
15 5 15 15

Hence, the equation of required circle is

[x B 47J’ +(y+ 3)’ _ 1465
15 5 15°

- c—ua - - -

= (15x —47) +9(5y + 3)* = 1465
=5 225x° + 2209 — 1410x + 225y° + 81 + 270y = 1465
= 225x* + 225y* —1410x + 270y +825=0
= 15x* +15y° —94x +18y +55=0

EXAMPLE |15| Find the equation of a circle passing
through the point (7, 3) having radius 3 units and whose
centre lies on the line y = x - 1.
Sol Let (h k)be the centre of circle.
o (h k)liesontheline y=x—1Lthenk=h-1
Therefore, the equation of circle is

(x=h)'+[y=(h=1)] =(3)° i)



Since, the circle passes through the point (7, 3).

i (7-h}+@B-h+1)'=9

= (7—hY +(4—-hy’ =9

= 49-14h+h* +16—-8h+h* =9 = h'—11h+28=0
= (h—7)h—4)=0 = h=7orh=4
When h=7, thenk =7 —1=6and when h =4, then
k=4-1=3

Hence, the required equation of circles are

(x=7V +(y—6)=3" or (x=4)' +(y-3) =3
= 4y —1ax—-12y +76=0

or x*+y'—8x—6y+16=0

EXAMPLE |16 Find the equation of a circle which

touches both the axes and the line3x — 4y + 8 = 0and lies

in third quadrant.

Sol. Let a be the radius of the circle, then (— a, — a) will be

centre of the circle. [+ circle lies in 3rd quadrant]
Also, the line 3x — 4y + 8 = 0 touches the circle.
Therefore, the perpendicular distance from centre to the
given line is the radius of the circle.

—a)—4—-a)+ o
ol a)—4(—a)+8 el 3a+4a+8
* 447 5

= 5a=a+8 = a=2
Hence, the equation of the required circle is
(x+2f +(y+2)=2
= x'+dx+4+y +4y+4=4
= X+y +dx+4y+8-4=0
'+ y +ax+4y+4=0

EXAMPLE |17| Find the equation of circle whose
centre is (3, — 1) and which cuts off a chord of length
6 units on the line 2x -5y + 18 =0.
Sol. Given, centre of circle, 0 =(3, —1).

Let OM be the perpendicular distance from O to the line

2x =5y +18=0
29

Then, oM =225 1 +18
(2)* +(5)°

In AOMP, OF* = OM* + PM*  [by Pythagoras theorem]

— OP* =(J/29) + (31" [-:PM:%PQ:%:-:&:S]

= OF =2949=738

P /B M _3N\0Q 25y+18=0

Hence, the equation of required circle is
(x=3) +(y+1) =38

= x'—6x+9+y' +2y+1=38

= xX+y' —6x+2y+10-38=0

= xX*+y'—6x+2y-28=0

EXAMPLE [18| A circle of radius 2 lies in the first
quadrant and touches both the axes of coordinates. Find
the equation of the circle with centre at (6, 5) and touching
the above circle externally.
Sol. Given, AM=AL=AC=2
and points A =(2, 2), B=(65)
Distance AB = 4J(2-6)* +(2-5)°

= ,[(4)’ +(3)" =5

Then, distance BC = AB—- AC=5-2=3

Y
B(6,5)
£
n C
2 A

(22)

g X
L

Hence, the equation of required circle whose centre is
(6, 5) and radius is 3, will be

(x -6 +(y-5)=3"
= '+ y'—12x—10y +52=0

| TYPE 111 |

TO FIND CENTRE AND RADIUS WHEN
GENERAL EQUATION OF CIRCLE IS GIVEN

To find the centre and radius of a circle, whose general
equation isgivtni.c.xz +_yz + 2+ 2 fy+c =0, we use the
[following steps

Stepl Make the coefficients of x* and _yl equal to 1.
Step1l  Find coordinares of centre (o, B),
where, ot = —% (coefficient of x) =— % 2gl=—¢g
1 1
and |3=-E[cnemcient uf}r)=-5[1f]=-f
Step 111 Find radius by using the formula,

Radius = ‘J[!t 4 ﬁ! — Constant term

or Radiuszﬂfgl +f1—r



EXAMPLE |19| Find the centre and radius of the circle

given by the equation 2x* +2y® +3x + 4y +§ =0,

Sol. Given equation is 2x* + 2y* +3x +4y + z-.-o.
On dividing both sides by 2, we get

2, 2.3 9
Xy =x+2y+—=0
y 2 ¥ 16

From Eq. (i), we have coefficient of x =

[N RV

and coefficient of y=2

—1(3) 3

A= ] | = — -

2\2 4
-1

d =—(2)=-1

an B 2()

3
Hence, centre = (—;,—l)

9
From Eq. (i), we have constant term = %

2
- 9
. Radius = (—3) +(=1) ——
R 16

’9 9
= ]—+1-—=1
16 16

| |

~

EXAMPLE |20| Prove that the radius of the circles

¥+y'=1 x*+y' —2x—-6y =6 and x* +y’ - 4x-12y=9

are in AP.
Sol Given circlesare x* +y* —1=0
K+ - —6y—6=0
and x'+y' —d4x—12y-9=0
Let r, r, and r, be the radii of circles (i), {ii) and (iii),
respectively.
We know that the general form of the circle is
Xy +2pe+2fy+e=0
MNow, comparing Eq. (i) with Eq. {iv), we get
2p=0=g=0,2f=0
= f=0ande=-1
. Radius (5)=+g* + f* —c =0 —0" = (=1) =1

On comparing Eq. (ii) with Eq. (iv), we get
Zg=—2=5g=—1,2f=—6
= f=—3andc=-6

" Raﬁus{r,}:.ufg’ +f'—c =.J[_1)? +(—3F +6

=..|Ii+9+6= la=4
Again, comparing Eq. (iii) with Eq. (iv), we get
lp=—d4=pg=-12
2f=—12
= f=—t6ande=-9

i)
...{ii)
...{iii)

(i)

& Radius(r,)=1/gl +f* —c=\l(— 2 +(-6)' = (-9)

=Ji+36+9=4/19=7

Now, rn—-r=4-1=3 rn-rn=7-4=3
So, r,, r, and ry are in arithmetic progression. Hence proved.

ITYPE IV |

TO FIND THE EQUATION OF A CIRCLE
PASSING THROUGH THREE NON-COLLINEAR
POINTS
If we have to find the equation of circle passing through
three non-collinear points, then for finding this equation of
circle, we use the following steps
Step1  First, assume the general equarion of circle.
Le. 4y 4242y +c=0 1)
Step 11 Since, circle passes through three points, so each
point will sarisfy it.
Put each point in Eq. (i) one-by-one and get three
equations.
Step 111 Now, solve these three equations to get the values of
¢ f and ¢ and pur these values in Eq. (i) to get

required equation of circle.

EXAMPLE |21| Find the equation of a circle passing
through the points (2, — 6), (6, 4) and (- 3, 1). }
Sol Letequation of the circle passing through the given points be
eyt e+ 2fy+e=0 i)
Since, the cirele passes through the point (2, —6).
On, putting x = 2, y = —6in Eq. (i), we get
4+36+4g—12f +c=0 = 4g—12f +c=—40 (i)
Also, the circle passes through the point (6, 4).
On, putting x =6 y =4 in Eq. (1), we get
I+16+12g +8f +c=0
= 128 +8f +c=—-52 i)
Also the circle passes through the point (-3, 1),
On putting x = —3and y =1in Eq. (i), we get
S+1-6g+2f +c=0 = —6g+2f +ec=-10 ..(iv)
On subtracting Eq. (iii) from Eq. (ii), we get

—Bg—20f =12 ~Av)
On subtracting Eq. (iv) from Eq. (iii), we get
18g+6f =—42 _{vi)

On solving Eqgs. (v) and (vi) for g and f, we get
32 5
=5l

On putting the values of gand f in Eq. (ii), we get
332

T 13



. 32 5
Mow, puttingg=-—, f=—
13 13

and c=— Ei.n Eq. (1), we get
13

64 10 332
xt+yt——r+— —-—=10

13 13 13
= 13x* +13y° —pdx + 10y —332=0

which is the required equation of circle.

EXAMPLE |22| Show that the points (5, 5), (6, 4),
(=2, 4) and (7, 1) are concyclic, i.e. all lie on the same
circle. Find the equation, centre and radius of this circle.
Sol Let the equation of the circle passing through the points

(5, 5), (6, 4) and (7, 1) be given by

'+ +2ge +2fy+e=0 -1}
Then, each of these points must satisfies Eq. (i).
25+ 25+10g +10f +c =0

= W0g+10f +¢c=—50 i)
I6+16+12g+8f +c=0

=5 12g+8f +c=—752 ..(1i1)

and 49+1414g+2f+c=0

== Mg+2f+e=-50 - [iv)

On solving Eqs. (i), (iii) and (iv) simultaneously, we get
g=—-2 f=—landc=-20
On putting the values of g, f and c in Eq. (i), we get
e+ —dx -2y —-20=0
On putting ¥ = — 2and y =4 in the above circle, we get
4+16+8-8-20=0
This shows that the point (- 2, 4) also lies on the circle.
Hence, the points (5, 5), (6, 4), (— 2, 4) and (7, 1) are
concyclic and equation of this circle is
My —ax—-2y-20=0
Its centre is(— g, — f1=(2,1)
anl:irad.il.ls:-,}’_g’i+f2 - =,l||'d +1+ 20 =5 units

| TYPE V|

DIFFERENT PROBLEMS BASED ON CIRCLE

EXAMPLE |23| If the line y = +3x +k touches the

circle x* + y’ =16, then find the value of k.
Sol Given, y = +f3x + k touches the circle x* + y* =16.

So, length of perpendicular distance from the centre of
the given circle ie (0, 0jon y= x +kis equal to radius

of circle.
0+0+k
4=
+3
=4 4=|£|=5£=ﬂ54=5k=!|!3
2 2

EXAMPLE |24| Find the equation of the circle passing
through the wvertices of a triangle whose sides are
represented by the equations x + y =2, 3x — 4y =6 and
x=y=0
Sol Let the sides AB, BC and CA of AABC be represented by
the equations x + y=23x —4y=6and x — y=0,
respectively.

On solving x + y = 2and 3x — 4y =6, we get K2, 0)
On solving 3x —4y=6and x — y =0, we get C(— 6 —6)
On solving x + y = 2and x — y =0, we get A(1, 1)
Let the required equation of the circle be

Syt e+ 2fy+e=0 A1)
Since, it passes through A(L 1), B(2 0)and C(— 6, — &), so0
each of these points satisfy Eq. (i).
; P+1'+2g+2f +c=0

= 2g+2f+e=-2 .. Aii)
240 +4gp+c=0
=5 dg+c+4=0 .}
and (—6)" +{—6)' —12g—12f +c =0
= 12g+12f —e=72 LAiv)
On subtracting Eqs. (ii) from (iii), we get
2g—2f+2=0=2pg—- f=-1 d¥)
On adding Eq. (iv) and Eq. (iii), we get
16g+12f —6B=0=24g+3f =17 i)

On solving Eqs. (v) and (vi), we get g= Zand f =3
On putting g = 2in Eq. (iii), we get c = —12
Hence, the required equation of circle is

¥+ rdx+6y—12=0.

Concentric Circles

Two circles having the same centre
C (b, k) bur different radii r]and ry, are

called concentric circles. ra
Thus, the circles (x = #)* + (y- B = rlJ
and (x = M) + (y -k =r;,r] #r, are

concentric circles.

EXAMPLE |25| Find the equation of the circle which
passes through the centre of circle

x* +y* +8x + 10y = 7 =0 and is concentric with the
circle 2x* +2y* —8x-12y -9=0.



Sol. Given, circles are x*+ ' +8x +10y -7 =10 A
and 2+ 2y —Bx —12y—9=0 i)
Centre of cirele (i) is C,(— 4, — 51
Equation of any circle concentric with circle (ii) is

2x* + 2y —Bx— 12y +c=10 ... iii)

If this circle passes through (— 4, — 5), then
A—a) + -5 —8—4)—12(-5)+c=0
= c=—174
On substituting the value of ¢ in Eq. (iii), we get

2x* 4+ 2y —8Bx —12y —174 =0
Hence, the equation of required cirele is

2xt 4+ 2y —Bx —12y—1T74 =0
or x‘+_p*—4:c—6y—8?=ﬂ

Diameter Form of the

Equation of a Circle
Let (x,. ¥,) and (x50 04) be the end points of the diameter of

acircle. Then, equation of circle drawn on the diameter is

(x=x Nx=x,)+(y=p)y=y,)=0

EXAMPLE |26| Find the equation of the circle, whose
end points of a diameter are A(1, 5) and B(- 1, 3).
Sol. Given, end points of a diameter are A(L5) and B(-1,3).

We know that, the equation of circle, the end points of

one of whose diameter are (x,, y,)and(x,, y,)is given by
(x=x)(x=x)+(y = »)y-m)=0

Hence, the required equation of circle is
(x=1){x+1)+{y—-5y—-3)=0

= ¥ =1+ =By +15=0
= xi+_p2—3y+14=ﬂ
EXAMPLE |27| Find the equation of the circle, if

the end points of whose diameter are the centres of
the circles x* 4y +6x=14y-1=0 and
x +y' —4x+10y-2=0.
Sol. Given circles are
¥+ y+ex—l1dy—1=0
and 4+ y —dx+10y—2=0
On comparing the above equation with
x*+ y' + 2gx + 2fy +¢ =0 one-by-one, we get the
centres of given circles (-3, 7)and (2, —35), respectively.
Since, the points (— 3, 7) and (2, — 5) are end points of the
diameter of the required cirele.
Hence, the equation of circle is
(x+3x—=2)+(y—=THy+5)=0
= xt+yt+r—2}r—41=ﬂ

EXAMPLE |28| The abscissa of two points 4 and B are
the roots of the equation x* +2ax —b® =0 and their
ordinates are the roots of the equation x* +2px —g° =0.
Find the equation and the radius of the circle with AB as

diameter.
Sol Given equations are
x'+ 2ax — b =0and x* + 2px —g” =0
Let the roots of x* + 2ax — b* = 0be x, and x,.
Then, x,+x,=—2a and xx,=-b
and the roots of x* + 2px — g* = 0are y, and y,.
Then, y, + y, = - 2pand y,y, = - ¢°
Let A =(x, y)and B=(x,, v,)
Now, equation of circle whose diameter is AB, will be
(x—x)x—x)+(y—wly—-w)=0
= x = (X + )X+ X2, + Y- (0 + p)y + py. =0
On substituting the values of x, + x,, x,x,. y, + y, and
Vi¥y, We get
¥ +2ax—b+y +2py—qg°=0
= x+y' +2ax+2py—b -g'=0
which is the required equation of circle.
and its radius = .,J’I{.::r}l2 +(py+ b +4q°

Position of a Point w.r.t. Circle
Let .’S'E.r2+_}lz +2gc+2fy+e=0
or SE(x—iﬂ]2+[_y—E]z=r2

be the equation of the circle and P (x, y,) be any point in
the plane of the circle, then

5, E.rf+_yf+23:r.+2_ff, +c=0
or S, =(x, —h}2+{_y| -k =5

Case 1 1f §, >0, then the point lies autside the circle.
Case Il It 5, =0, then the point lies on the circle.
Case II1 1f S, <0, then the point lies inside the circle.

EXAMPLE |29| Does the point (-2.5, 35) lie inside,
outside or on the circle x* + y* =257
Sol Given equation of circle is
S=x*+y'=25
or S,=x'+y -25=0 A1)
Now, put x = —25and y = 35in Eq. (i), we get
§,=(-25)" +(35)' - 25=625+1225—-25
=185—-25=—-65<0
Since, S, < 0, s0 the given point{—25, 35) lies inside the circle.



TOPIC PRACTICE 1 |

OBJECTIVE TYPE QUESTIONS

I The curves circles, ellipses, parabolas and
hyperbolas are known as
(a) conic sections (b) curve sections
(c) line sections (d) plane sections

(iv) x*+ y* +8x+10y -8=0
(v) x*+ y*-2x + 4y =8

(vi) x*+ y* +6x =10y +16 =0
(vii) x*+ y* +8x -10y +16 =0
(viii) x* + y*+10x -8y -36=0

" ix) 3x*+ 3y +6x -4y -1=0
2 Conic sections or more commonly conics are (ix) ¥ 4

obtained by intersections of a ..A... with a double 8 Find the equation of the circles whose end

napped ..B... Here, A and B respectively are
(a) line, right circular cone

(b) cone, plane

(c) line, cone

(d) plane, right circular cone

3 The equation of the circle is simplest if the
centre of the circle is at the

points of one of the diameters are
(i) A(2,-3)and (- 3,5)
(ii) P (5,-3)and Q (2, 4)
(iii) A(p,q)and B(r,s).

SHORT ANSWER Type [ Questions

” 9 Find the equation of the circle whose centre is
::)) x'_"’f's (2, - 5) and which passes through the point (3, 2).
origin
(c) Y-axis 10 Find the equation of the circle whose centre is

(d) None of the above

4 The radius of the circle whose centre is (2, 3)
and which passes through the point (5,7), is

(i) (x+5° +(y -3\ =36
(i) x*+ y* -4xr -8y -45=0
(iii) x*+ y* -6x + 4y -12=0.

(2, - 3) and which passes through the
intersection of the lines 3x + 2y =11and
2x + 3y =4.

(a) 5 units (b) 4 units 11 F?nd thezequazion of a circle concentric wi‘th tpe
(c) 3 units (d) 1 unit circle 2x* + 2y +8x+19y-39=0and having its
area equal to 16x sq units.
5 The equation of the circle with centre (- 3,2) ) .
: : 12 If one end of a diameter of circle
and radius 4, is 3 3
(@) (x=3) + (y - 2" =16 x*+ y* —4x -6y +11=0is (3, 4), then find the
(b)(x+3) +(y+ 2] =16 coordinate of the other end of the diameter.
(©)(x=3)+(y+2°=16 13 Find the equation of the circle which touches
(@ (x+37+(y=-27=16 the both axes in the first quadrant and whose
SO g e e et s i e ; radius isa.
VERY SHORT ANSWER Type Questions
. . ; : 14 Find the equation of the circle having centre
6 Find the equation of circle with (3, - 4) and touching the line 5x +12y —19 = 0.
(f) centre =(-3,2)and radius =5 15 Find the area of the circle having centre at (1,2)
(ii) centre =(a,a)and radius = a2 and passing through (4, 6).
iii) centre=(a, b) and radius = "a‘ +b
Wl (%) 16 A circle of radius 5 units touches the coordinate
(iv) centre= (l l) and radius =12 axes in the first quadrant. If the circle makes
3,4 one complete roll on X-axis along the positive
(v) centre = (bsinc, acosa)and radius =1. direction of X-axis, then find its equation in the
7 Find the centre and radius of the circle of the new position.
followings. 17 IfIx + my =1touches the circle x* + y* = a* then

prove that the point (/, m) lies on the circle
X+ y =a



SHORT ANSWER Type II Questions

18

19

20

2

22

23

24

25

26

27

28

Find the equation of the circle which passes
through the points (2, -2) and (3,4) and whose
centre lies on the linex+ y=2

Find the equation of the circle passes through the
points (2, 3) and (4, 5) and the centre lies on the
straight line y —4x + 3=0.

Find the equation of circle which is circumscribed
about the triangle whose vertices are (- 2, 3), (5, 2)
and (6, - 1).

Find the equation of circle circumscribing the
triangle whose sides are the lines y=x +2,
4x-3y=0and 3x-2y=0.

Find the equation of a circle with origin as centre
and passing through the vertices of an equilateral
triangle whose median of length is 3a.

Show that the points (9, 1), (7, 9), (-2, 12) and
(6,10) are concyclic.

If y =2x is a chord of the circle x* + y* - 10x =0,

then find the equation of a circle with this chord
as diameter.

Find the equation of a circle concentric with the
circle x* + y* — 6x + 12y + 15= 0 and has double its
area.

Show that the points (x, y) given by x = 12:1:2 and

t

2
all- i i
e ) lies on a circle for all real values oft
+t

¥=

such that —1<t =1, where a is any given real
numbers.

Find the equation of the circle concentric with the
circle x*+ y*+4x+6y+11 =0 and passing through
the point P(5, 4).

Does the point (- 1.5, 2.5) lies inside or outside or
on the circle x* + y* =25?

HINTS & ANSWERS

(a) The curves circles, ellipses, parabolas and hyperbolas are
known as conic sections.

(d) Conic sections or more commonly conics are obtained
by intersections of a plane with a double napped right
circular cone.

(b) The equation of the circle is simplest if the centre circle
is at the origin.

4. (a) The radius of circle
= Distance between (2, 3) and (5, 7)
=4J(5 -2 +(7 -3)°

= /3" +4° =5units
5 (d)Here,h=-3 k=Z2andr=4.
Therefore, the equation of the required circle is
(x+3F +(y-2)=1s6
6. (i) Let the centre of circle be (h, k) =(— 3, 2) and
radius, r =5
On putting the values of b, k and r in the standard
equation of circle i.e.(x — h)* +(y — k)’ = r*, we get
(x+3)" +(y-2)" =(5)’
Ans. x* + 3" +6x —4dy—12=0
(i) Solve as part (i). Ans. x* + y* — Zax — 2ay =0
(1ii) Solve as part (i). Ans. X+ yi — 2ax — 2by =0
(iv) Solve as part (i).
Ans.144x® + 144y —9%6x — T2y — 2071 =0
(v) Solve as part (i).
Ans. x* + y* — 2bx sinot — 2ay cosw + a’ cos ol
+bhsin"a—1=0
7. (i) Given,(x +5) +(y -3 =36
On comparing the above equation with
(x—h* +{y—k) =r" weget
h=-=5k=3andr=6
Centre (h, k)= (-5, 3)and radius(r)=6

(ii) Given, x*+ 3y —4x—8y—45=0
=5 {xi—4x}+{y2—8y]=45
=(x'—dx+4)+(y —8y+16)=4 +16+45
= (x—2) +(y —4) =(Jo5)

On compare the above equation with
(x— k) +(y — kY =r', we get

h=2,k=4:mdr=wf6§

Centre (h, k)=(2 4) and radius = 65
(iii) Solve as part (ii).
Ans. Centre = (3, — 2), radius =5
(iv) Solve as part (ii). Ans.(—4,-5),7
(v) Solve as part (ii). Ans.(1, —2), JI_S
(vi) Solve as part (ii). Ans.(—3, 4), J3—3
(vii) Solve as part (ii). Ans.(—4,5),5
(viii) Solve as part (ii). Ans.(—5,4), -\/’ﬁ

IRR S

(ix) Solve as part (ii). Ans. Centre = (— 1, ;] radius =

8. (i) Required equation of circle is
(x=2)(x+3)+(y+3)(y—-5)=0.
Ans.x' + y' +x—-2y-21=0

(ii) Solve as part (i). Ans. x* + y* —=7x+7y +22=0
(iii) Solve as part (i).
Ans. (x—plx—-r)+(y—g)y—s)=0



10.

12,

13.

it

15.

16.

Let the equation of circle be (x — 2 +({y+5F =r"

= ' +d—dx+y +25+10y =7

= x4y —dx+10y+29—-r =0

Since, it passes through (3, 2).
9+4—12+20429—r* =0 =3r =52

Ans. x* + y' —4x +10y —50=0

Let the equation of circle be (x — 2y +(¥ +3f =r

Intersection point is(5, — 2).

Ans. x* + ¥y —dx +6y—10=0

. . 39
Centre of given circle x* + y* +4x + 5y — 5= 0

5
is [—2, - E] and area of circle, #r* =167

= r'=16
Then, the equation of required circle is

2
(x+ 2}’+[y+%) =16

Ans. 4y’ +4y° +16x+ 20y —23=0

Centre of circle is mid-point of end point of diameter.
Here, centre = (2, 3)
Let the other end be (x, y)

Then, x+3=2'y_+4=3
2 2
Ans. (1, 2)

Required equation of circle is (x —a)’ +(y—a)’ = a’
Ans. x* + y' — Zax — Zay +a" =0
Centre of circle = (3, —4)

Radius of circle = Perpendicular distance of line
Sx+12y —19=0from (3, —4).

_[per+1a-a)-19| }—_52|=4
25+144 13
- Required equation of cirele is
(x =3 +(y+4)' = (4)"
Ans. x*+ ' —6x+8y+9=0
Let equation of circle having centre (1, 2) be

(x=1) +(y-2f=r*
Since, it passes through (4, 6).

-1y +(6-2=r =2r'=9+16=25 = r=5
Ans. 257 sq units
Let C be the centre of the circle in its initial position and
D be its centre in the new position.
Then,C =(5, 5)and D =(5+10%,5)

Now, centre of the circle in the new position is (5 + 107, 5)
and its radius is 5, therefore its equation will be

(x=5-10m)" +(y - 5)" =5
= x*+25+100n" —10x — 20mx + 1007 + y*
+25-10y =25
Ans. x* + y* —10(21 + 1) x — 10y +100%* + 1007 + 25=0

17.

18.

19.
20.

21
22.

24.

Given, Ix + my =1 touches the circle x* + y* =a".

Then, length of perpendicular distance from the centre
of the given circle i.e. (0, 0) on Ix + my +1 =0is equal
to radius.
0-0+1
Then, a= = g’ =
P+ m

7 < =PI +m'=a™
+ m

Let the equation of circle with centre (h, k)and radius rbe
(x=h*+({y-k)i=r _.A1)
Since, circle passes through the points (2,—2) and (3,4),
so the points (2, — 2)and (3, 4) will lie on Eq. (i).
L (2-h*+(—2-k)'=r"
and GB-h+(a-k'=r
Now, from Eqgs. (ii) and (iii), we get
(Z2=m +(-2=k)'=(3-h)°+{4-k)*
= 2h+12k =17 A1v)

Also, given that centre (h k) lies on x + y = 2 So, it will
satisfy it.

i)
(i)

AR h+k=2 V)
On solving Eqgs. (iv) and (v), we get
h=07, k=13

Now, from Eq. (ii), we get

r=(2-07) +(-2-13)" = 1.69+10.89=12.58
MNow, put the values of bk and r* in Eq. (i), we get the
answer.
Ans. (x—07)* +(y—13)* =1258
Solve as Q. 18. Ans. x° + ¥ —dx —10y + 25=0

Circle circumseribed about the triangle means the circle
passes through the vertices. Let (h, k) be the centre and r
be the radius of circle.

Then, (—2—hF +(3—k) =r* i)
(5=hf +(2=ky =¢ i)
and (6—h) +(—1—k)} =1 ..{iii)

On solving Eqs. (i), (i) and (iii), we get h=1, k = -1 and
r=5 Ans.x'+ 9y —2x+ 2y —23=0
Solve as Example 24, Ans. x* + " —46x + 22y =0

Centroid of the triangle coincides with the centre of circle
and the radius of circle is 2/3 of the length of median.

Ans. x*+y' =44

The points of intersection of the given chord and the
given circle are obtained by simultaneously solving
y=2xand x* + y* —10x =0.
On putting y = 2x in x* + y* —10x =0, we get

x*+4x' —10x=0

— Sx(x—2)=0
= x=0o0r x=2
Now, x=0= y=0andx=2 y=4

Hence, the required equation of circle is
(x=0){(x-2)+(y -0}y —-4)=0
X +y' —2x—4y=0



25. Given equation of the circle is
¥y —ex+12y+15=0
Centre of this circle = (3, — &)
Radius of this circle = .’5+36—15 = J?E
The required circle is concentric to the given circle.
. Its centre is also coincide. So, its centre is (3, — 6).

Let r be the radius of the required circle.
Then, according to the question,

' = 2% w(+430)° = r* = 60
Hence, the equation of the required circle is
(x =3 +(y+6) =60
or x4y —6x+12y—15=0.

2
26. Given, x = Zar!m}r=a{1 ':}
1+t 1+t

| TOPIC 2|
Parabola

The word ‘Parabola’ is derived from two words ‘Para’ and
‘Bola’. Para means ‘for’ and bola means ‘throwing’ i.c. the
shape described when we throw a ball in the air.

Definition

A parabola is the locus of a point which moves in a plane
such that its distance from a fixed point is always equal to its
distance from a fixed straight line in the same plane.

P2
Py

F (Fixed point)

From the figure, ,F = BB, and P,F = P, B,
Here, the fixed line is called the
directrix and the fixed point is
called focus of the parabola. A line
through the focus and
perpendicular to the directix is
called the axis of the parabola and
point of intersection of parabola
with the axis is called the vertex of the parabola.

Fixed straight line

If the fixed point lies on the fixed line, then the set of points
in the plane, which are equidistant from the fixed point and
the fixed linc is the straight line through the fixed point and
perpendicular to the straight line. The straight line AB is
called a degenerate case of the parabola.

Note In case of parabola, eccentricity () is 1.

On squaring and adding, we get

2at | all — t*) :
i yt= +| ==
¥ [l+rﬂ) [ 1+1¢° )

_ 4a’t? . a'(l—1*) _ afdar +1+t* - 2t)
1+t (a+r'y 1+t
I G T P (e )
i1+t (t* +1)*

=x'+y' =d
27. Centre of the required circle is O(-2, —3).
Circle passes through the point P(5, 4).
Radius = |CP|= 4[(5+ 2 + (4 +3)F =742
Ans. (x+2) +(y+3)° =98
28. Solve as Example 29. Ans. Inside the circle.

Standard Equations of Parabola

If the equation of the parabola having vertex at origin and
the axis of symmetry is cither X-axis or Y-axis, then the
equations of parabola is said to be in simplest form.

There are four standard equations of parabola which are given
below.

RIGHT HANDED PARABOLA

If parabola opens towards right side, then it is called right
handed parabola. The equation of right handed parabola is
of the form y* =4ax, a>0

Some important terms related to this parabola are
Y

Pxy)
M L
0
X
©.0) F (a,0)
o
[}
b I
= Y

(1) Vertexis O (0, 0).
(i1) Axisis the line y =0.
(i1i) Focus is F(a, 0).
(iv) Directrix is the line x+ 2 =0.

(v) Latusrectum of a parabola is a line segment through
focus and perpendicular to the axis of the parabola,
whose end points lie on the parabola i.c. LL =4a.

(vi) Coordinates of latusrectum = (a, + 24)
(vii) Equation of latusrectum isx =z orx = a =0.
(viii) It is symmetrical about X -axis.



LEFT HANDED PARABOLA

If parabola opens towards left side, then it is called left
handed parabola. The equation of the left handed parabola

is of the form

¥y =—4dax,a>0

Some important terms related to this pd'm'bafd are

i
L
__"""-...fm 7 M
' B
[o] ]
X !;t__a 10.0) By
L
v

(1) Verrex is O (0, 0).
(ii) Axis is the line y =0.
(111) Focus is F(=a, 0).
(iv) Directrix is the line x = 2 =0.
(v Length of the latusrectum is 4a.
(vi) Coordinates of latusrectum = (=a, * 24)
(vii) Equation of latusrectum isx =—aorx+a =0.

(viii) Itis symmetrical about X -axis.

UPWARD PARABOLA

If parabola opens upward, then it is called upward parabola.
The equation of the upward parahnh is of the form

x!= 4ay,a>ﬂ

Some important terms related to this pdmﬁafd are

) Focus 1s F(0, a).
) Vertex 1s (0, 0).
(iii) Directrix is the line y+ 2 =0.
) Axis is the line x =0.
) Length of latusrectum is 4a.

(vi) Coordinates of latusrectum = (+ 24, 4)
(vii) Equartion of latusrectum is y =aqor y —a =0.
(viii) It is symmetrical about ¥-axis.
DOWNWARD PARABOLA

If parabola opens downwards, it is called downward
pa.rabula. The equation of downward parab-ala is of the

form
xi== day, a>0

Some impartant terms related to this pcmf!mfa are
Y

y=a=0

(1) Focus is F(0, — a).
(i) WVertex is(0, 0).
(111} Directrix is the line y=a=0.
(iv) Axisis the linex=0.
(v) Length of latusrectum is 4a.
(vi) Coordinates of latusrectum = (+ 24, (= a))
(vii) Equation of latusrectum is y=—aor y+a=0
(viii) I is symmetrical about ¥-axis.

OBSERVATIONS FROM STANDARD
EQUATIONS

From the standard equations qf' the pﬂmé&.&t, ﬁﬂawing
observations can be rxpfdfnfd rﬁmugﬁ ﬂaw chart.

Parabola

!
If the equation has y? terms,
then it is symmetrical about X-axis

If the equation has x2 terms,
then it is symmetrical about Y-axis
i

| Adisis along the X-mds  |—|  Asisisalong the Yaxis |
| _ }
It opens right handed It opens upward
when coeflicient of x is positive when coefficient of y is positive

It opens left handed It opens downward
when coefficient of x is negative |~ | when coefficient of y is negative |

Note

The standard equations of parabolas have focus on one of the
coordinate axis, vertex at the origin and the directrix is parallel to the
other coordinate axs.



Table for Different Types of Parabola

Parabola  Vertex  Focus Latusrectum Cooramatesol g Directrix  Symmetry
¥ = 4ax (0. 0) (a0 43 (a, + 2a) y=0 X==a X-axis
Yy = = 4ax (0.0) (-0 4a (=a, + 2a) y=0 x=a X-axis
¢ = day (@ 0) (¥ 4a (+2a,a) x=0 y==a Y-axis
X == day (0.0) (0.-a 4a (+2a,-a) x=0 y=a Y-axis

Different Types of Questions
Based on Parabola

|TYPE I|

TO FIND DIFFERENT TERMS RELATED TO
PARALBOLA WHEN STANDARD EQUATION

IS GIVEN

In this type of questions, equation of parabola is given and we
have to find different terms related to it as coordinates of focus,
axis, directrix, length of latusrectum, cte.

EXAMPLE |1| In each of the following questions, find the
coordinates of the focus, axis of the parabola, the equation of
the directrix and the length of the latusrectum.
(i) y* =12x (i) y*=-8x
(iii) y* =10x (iv) x* =-9y
Sol. (i) Given, equation of parabola is y* =12x

which is of the form, y* =4ax ie focus lies on the
positive direction of X-axis.
Here, da=12=a=3
/ Focus = (a, 0)=(3, 0)
Axis = X-axis
Directrix, x=—a= x=-13
and length of latusrectum =4a=4x3=12
(ii) Given, equation of parabola is y* = — 8x which is of the

form y* = — 4ax i.e. focus lies on the negative direction
of X-axis.
da=8 = a=12

Here,
s Focus =(—a, 0)=(— 2 0)
Axis = X-axis
Directrix, x=a = x=2
and length of latusrectum =4a=4x2=8
(iii) Given, equation of parabola is y* =10x, which is of the
form y* = 4ax ie. focus lies on the positive direction of
X-axis.
5

4a=10 = a=-
2

Focus = (a, ﬂ‘j=(%, ﬂ]

Here,

Axis = X-axis

: N 5
Directrix, x=—a = x=—E

and length of latusrectum=4a =4 X% =10

(iv) Given, equation of parabola is x'=— 9y, which is
of the form x*=—4ay ie focus lies on the
negative direction of Y-axis.

Here, 4a=9
9
= a=—
4
9
Focus=(0, —a)= (0. - ;)
Axis = Y-axis
9
Directrix, y=a = y=-—

4
and length of latusrectum=4a=9

|TYPEII|
TO FIND THE EQUATION OF PARABOLA
IN DIFFERENT CASES
Case 1 When Focus and Directrix are given
If focus F and direcerix of a pamhu|a are given, the we
can ﬁrm' the equation afpﬂmﬁafﬂ with the bﬂ;ﬂ af ﬁﬂ'gwfng
steps
Stepl Take any point P (x, y) on the parabola.

Step Il Find the distance berween the point P and the
focus F by distance formula.

Step 111 Also, find the distance of the point from the
directrix by distance formula.

uate the distances calculated in ste an
v he di alculated 1 p Il and
step 111 (by definition of parabola).

The expression so obtained is the required equation

of parabola.

EXAMPLE |2| Find the equation of the parabola,
whose focus is the point (4, 0) and whose directrix is
x = —4, Also, find the length of latusrectum.



Sol. Here, focus is (4, 0) and directrix is x +4 =0,
Let A(x, y)be any moving point, then draw PM 1 ZZ’
from P to the directrix.

N X=-4

2“9
=

>

v
Now, FP = PM [by definition of parabola]
= FP* = PM?

2 :_(x+ 4)1

= (x—4) +(y-—0) —W)z—

= x -8x+16+y'=x"+8x+16

= y' =16x

which is the required equation of parabola.
. Length of latusrectum =16

EXAMPLE |3| Find the equation of parabola whose
focus is (2, 3) and directrix is x —= 2y - 6 =0.
Sol. Let P(x, y)be any point on the parabola.

Distance of P(x, y)from the focus (2, 3)
= Distance of A x, y) from the directrix x — 2y —6=0

[by definition of parabola)
PF = PM
= PF* = PM?
Y
put)
M o
z >
2 F (2 3)
¥
q
® Y
2
= (x—2 +(y-3) = Pd=®
1 +2°
2
= (x—2)’+(y—3)’=_(x-2:-6)

= 5[(x=2) +(y-3)]=(x—-2y-6)
= 5(x'—d4x+4+ y' —6y+9)
=x"+4y* +36—12x —4xy + 24y
= 4x* + y' +4xy—8x—54y+29=0
which is the required equation of parabola.

Case 11 When Vertex and Focus are given
If vertex V' and focus F of a parabola are given, then we use
the following steps for finding the equation of parabola.
Step 1 Find the point of intersection of axis and directrix
by using the mid-point formula.

Step 11 Find the slope of the line formed by joining focus

and vertex, 1e. axis by the formula m, = s S
X3 =X,

Step 111 Find the slope of the directrix by the formula
m, -m, ==1, as axis is perpendicular to directrix,
where m, is the slope of axis of the parabola and m,
is the slope of directrix.

Step IV Write down the equation of directrix by using slope
point formula.

Step V- Now, focus and directrix are known, so find the

equation of parabola by using the definition of
parabola, FP = PN.

EXAMPLE |4| Find out the equation of parabola, if the
focus is at (-6, —6) and the vertex is at (-2, 2).
Sol. Given, focus is at F (=6, —6) and vertex is at A(=2, 2).

Let B(x,, y,)be the coordinates of the point of
intersection of axis and directrix. Then, A(-2, 2) is the
mid-point of line segment joining F(—6, —6) and B(x,, y,).

Y, —6

AL=0 = x, =2 and 2=—2 = y,=10

2=

So, the point B(2, 10) is the point of intersection of axis

and directrix. Z

N " Bix v

Plx y)
(22) A /\F(-ﬁ-ﬁ)
B &y ¥y \

Y
Now, slope of line segment joining vertex and focus is

** AF 1 NB, so mm, =—1

-1
. Slope of directrix, m, = — -1
pe 2 2 |=>m=—
1

Then, the equation of directrix is y—10=_71(x— 2)

= 2y—20=-x+2 = x+2y=22

Let P (x, y)be any point on parabola and PN be the
length of perpendicular from P on directrix and FP be the
distance between focus F and point P.

So, FP=PN = (FP)'=(PN)

x+ 2y—22]1

= (x+6)’+(y+6)’=[7——1+4



= x*+36+12x +y' +36+12y
_x'+4y" +484 +4xy —44x — 88y

= 5x° +180 + 60x + 5y° +60y+18%)

=x+4y’ +484 + 4xy — 44x — 88y
= 4x'+ y' —4xy +104x +148y —124 =0
which is the required equation of parabola.

EXAMPLE |5| Find the equation of parabola when the

vertex is at (0, 0) and focus is at (0, — 4).

0y As vertex and focus lies on Y-axis, so use the equation of
Y~ parabola in the form of x* = - 4ay.

Sol. Here, the vertex is at (0, 0) and focus is at (0, —4) which
lies on Y-axis. So, Y-axis is the axis of the parabola.

.. Equation of parabola is of the form
x'=—day = x*=-4(4)y [
5 x'=-16y
Case 111 When Vertex and Directrix are Given
If vertex V' and equation of directrix of parabola are given, then
we use the following steps for finding the equation of parabola.

Step 1 Find the equation of axis of parabola which is
perpendicular to the directrix and passing through
the vertex.

a=4]

Step 11 Find the point of intersection of axis and directrix
of the parabola.

Now, vertex is the mid-point of the line joining the
focus and intersection point obtained from step II.
So, find the focus of parabola by using the
mid-point formula.

Step IV Thus, focus and directrix are known. Now, find the
equation of parabola by using the definition of
parabola i.e. PF =PM.

Step 111

EXAMPLE |6| Find the equation of the parabola
whose vertex is at (2, 1) and the directrixisx — y + 1=0.
Sol. Let V(2 1) be the vertex and equation of directrix is

x—y+1=0 (1)
Then, equation of line perpendicular to directrix ie. axis is
xX+y+A=0

Since, this will passes through vertex (2, 1).
: 241+A =03 =-3

7
M P

v

So, the equation of line perpendicular to directrix, ie.
equation of axis of parabola is
x+y—-3=0 ..(i1)

:
x
(1.2)

On solving Egs. (i) and (i), we get x =1, y = 2

So, the coordinates of intersection point of directrix and
axis is X(1, 2). Let(x,, y,) be the coordinates of F, then V
is the mid-point of XF.

x‘+l=2 and y‘—+2=l
2

= x,=3 and
So, the coordinates of focus are (3, 0).
Now let P(x, y)be any point on the parabola.

Y, =0

Then by definition,
PF = PM = PF* = PM*
AN 1)’
i P B C o i
( y+y :

=2Ax*—6x+9+y')=x"+y +1-2xy+ 2x -2y
= X'+ y +2xy—ldx+2y+17=0
which is the required equation of parabola.

| TYPE I11|

TO FIND DIFFERENT TERMS RELATED TO
PARABOLA WHEN STANDARD EQUATION IS
NOT GIVEN

If the given equation of parabola is not in the standard
form, then for finding different terms related to parabola,
we wse the following steps

Step1 If term containing xy is absent in the given equation
of parabola, then write the equation in one of the
following form
i) (y— B)’ =da(x—-o), if given equation is

quadratic in y and linear in x.
(i) (x —0t)* =4a (y=PB) if given equation is

quadratic in x and linear in y.

Step 11 Put Y=y—P and X=x-o in part (i) and
V=x-B X =z—B in part (ii), to convert in
standard form ¥V~ = 4aX.

Now, axis of parabola is ¥ =0.
Coordinates of focus are, X =4, Y =0.
Coordinates of vertex are, X =0, Y =0.
Equation of directrix is X == a.

and length of latusrectum =|4a|

Purt the values of X and ¥ and then simplify it to get
required values.

EXAMPLE (7| Find the vertex, axis, focus, directrix
and length of latusrectum of parabola

y' =8y -x+19=0.

Sol. Given equationis y* =8y — x +19=0

= y -8y +16=x—-19+16
= (y—-4)y=x-3 i)
Let y—4=Yand x-3=X ...(11)



Then, Eq. (i) becomes Y*= X (it}
Now, from Eq. (iii), coordinates of vertex are

X=0andY =0
= x=3=0 and y—4=0
[putting the values from Eq. {ii)]
= x=3 and y=4
The equation of axis of parabola (i) isY =0
= y—4=0 = y=4

On comparing Eq. (i) with Y* = 4aX, we get

1
da=1 = a=-—
4

Coordinates of focus of parabola (iii) are
X=aY=0 =>x—3=l, y—4=0
4
1 13
= X=—=+3 y=4 = x=—, y=4
4 ¥ 1 y
Equation of directrix of parabola (iii) is

1
X=—-ag = x-3=-=

4
1 11
= yr=—=+3 = x=—=
4 4
1
Length of latusrectum = |[4a|=[4-—|=1
4

Hence, for given parabola vertex= (3, 4), axis = y = 4, focus
= (E -!], directrix = x = u and length of latusrectum = 1.
4 4

|TYPE IV |

MISCELLANEOUS PROBLEMS BASED ON
PARABOLA

EXAMPLE |8| Find the coordinates of a point on the
parabola y° =8x, whose focal distance is 4.
Sol. Given equation of parabola is y* = 8x.

Here, a=2

Focus=(20)
Now, focal distance =4
We know that focal distance is a distance of any point
P(x, y)on the parabola from the focus F.

PF = Focal distance

PF = J(X —a)'+y*  [by distance formula]

=
= 4= J(x —-2) +8x [ y* =8x]
= 16 = x* —4x + 4 + 8x [on squaring both sides)
= 16=(x+2"=> x+2=4

[taking positive square root both sides]
= x=2
Now, Yy =8x2=3y'=16 = y=%4

Hence coordinates of a point are (2, 4) and (2, — 4).

Note The distance of a point P on the parabola from the focus is
called focal distance of the point P.

EXAMPLE |9| Find the length of the line segment
joining the vertex of the parabola y* = 4ax and a point on
the parabola, where the line segment makes an angle @ to
the X-axis.

Sol Let equation of parabola be

y* =dax A1)
and its vertex is (0, 0).
Again, let any point on the parabola be P{h, k)
On putting the values x = hand y = k in Eq. (i), we get
k* =dah (i)
Let OP(=1) be the line segment joining the vertex and
point P. Also, it makes an angle § with the X-axis.

Y Pl y)

o

h-S

T T
k3

In right angled AOAP,

k
n = k=Isinf

PA
sinfi=— = sinfi=
or

and cusB:E ::uccsﬁ:ﬁz:ih=l:asﬂ
g )

On substituting the values of kand k in Eq. (ii), we get

I'sin*@=4alcos @ = I = dacos 9

sin’6
which is the required length.

EXAMPLE |10| Prove that the linelx + my +n = 0will
touch the parabola y* = 4ax, if In =am”®.
Sol. Given equation of line is Ix + my + n=0.

—Ix- .

= y= - ..{1)
m

and equation of parabola is y* = 4ax (i)

From Egs. (i) and (ii), we get

2
(—lx-n) o
m

= Px® + 2lxn+n° = 4m’ax

= IPx*+2bm—-dam’x+n' =0

= IPx*+x(2ln—4am*)+n* =0 ..(ii)
Since, the line Ix + my + n touches the parabola.

So, Eq. (iii) have equal roots.

i.e. discriminant (D) =0 = B* -4AC=0

= (2In—4am®y —4l’n* =0
= 4l'n* —16lnam® +16a’m* —4l'n* =0
In=am® Hence proved.



EXAMPLE |11]| If the line y = mx + 1is tangent to the
parabola y* = 4x, then find the value of m.
Sol. Given equation of line is y = mx +1 L)

and equation of parabola is y* = 4x ..}
On putting the value of y from Eq. (i) in Eq. (ii), we get
(mx+1F=4x = m*x" +1+ 2mx —dx =0
= Cim* i+ x(2Zm—4)+1=0
For the tangent, discriminant is zero ie. D=0,

(2Zm—4) —4m* x1=0 [v D= b —4dac =0]
= m=1

| TYPE V|

PROBLEMS BASED ON APPLICATION OF
PARABOLA

EXAMPLE [12| If a parabolic reflector is 20 cm in
diameter and 5 cm deep. Find the focus.

Sol. Let POQ be the v P(5. 10)
parabolic reflector b
which is 20 cm in
diameter and 5 cm
deep. o
Then, PQ = 20cm
and OR =5 cm,
where Ris the
mid-point of PQ.

We take OX as X-axis and OV as Y-axis. The equation of
parabola may be taken as y* = 4ax. Since, the point
P(S, 10) lies on the parabola.

=4a(5)=>a=5

Therefore, the coordinate of the focus are {(a, 0) Le. (5, 0).
Hence, the focus is the mid-point of the given diameter.

EXAMPLE |13| An equilateral triangle is inscribed in
the parabola y* = 4ax, where one vertex is at the vertex of
the parabola. Find the length of the side of the triangle.

Sol. First, we draw the parabola in the positive side of X-axis
and inside that, draw an equilateral AOAB.

Let OB=1=0A= AB = £BOA =60° = £BOP=30°

In ABOF, sin 30° = = —= E=:rPB=l
OB 2 1 2
and cos 30° = — ﬁ—Ez:.(jlj'l=£
OB 2 1 2
Y
B
I
. i P
X ] = X
Fo—

¥

.. Coordinates of B= (0P, PB)= [i —] will satisfy
2
y* =dax
L F
Le. [l] =4GXI£ = ]—=‘:ﬂll'lIE == 1=3-1IE¢]
2 2 4 2

Hence, the length of side of the triangle is 8+3a.

EXAMPLE |14| An arch is in the form of a parabola
with its axis vertical. The arch is 10 m high and 5 m wide at
the base. How wide it is 2m from the vertex of the
parahola?
Sol Here, axis is vertical, so let arch of parabola is in the form
xf= day A1)

Given, OB=10m

and AC=5m = AB=%IH [AB:BC:EJ

Hence, coordinates of A = [% 10] will satisfy Eq. (i).

2

1.e. E sdax10 = E:dﬂﬂ = .:I=i
2 4 32

5 5
FromEq (i), x* =d4x—y = x*==
g. (1) -t =¥

Mow, let OR=2and PO =k ::RP;E
2

Therefore, P = [E, 2] will lie on parabola.
2
x 2
[E) =Ex 2= k—=£ = k=~."5_=?.23m|{appmx.}
2 & 4 4

EXAMPLE |15| The cable of a uniformly loaded
suspension bridge hangs in the form of a parabola. The
roadway which is horizontal and 100 m long is supported hy
vertical wires attached to the cable, the longest wire being
30 m and the shortest being 6 m. Find the length of a
supporting wire attached to the roadway 18 m from the
middle.
Sol Here, wires are vertical.
Let equation of the parabola be in the form
x* =day A1)



(50, 24}G$
\ P‘“E"ﬁ-\ 2:"11
® Olt18 m+1:-'i‘ g
6m 1
§m | |
S5
¥
100 m

Focus is at the middle of the cable and shortest and
longest vertical supports are 6 m and 30 m and roadway

in 100 m long.
Clearly, the coordinates of Q50, 24 ) will satisfy Eq. (i).
o (50 =dax 24 = 2500=9%a = au 2B
Hence, from Eq. (1), ri=4x o ¥
96
2500
= Xr=—y
24
Let PR=km
Then, point P'{ 18, k) will satisfy the equation of parabola.
- FromEq (i), (187 =22y}
24
= 324 = @- k
24
324 x 24 324 x6 1944
= k=2—————==——=——
2500 625 625
= k=311

. Required length =6+ k= 6+ 3.11= 9.11m (approx.)

EXAMPLE |16| Find the area of the triangle formed by
the lines joining the vertex of the parabola x* = 12yto the
ends of its latusrectum. [NCERT]

Sol We know that, ¥
latusrectum is a line
perpendicular to the axis B ©.31c A
and passing through focus

whose length is 4a. e ¥

Given, x* =12y, which is
of the form x* = day ¥
4a=12= Length of ACE
Focus C = (0, 3)

Area of AOAB=1 x ABx OC
2

®¥12x3=6x3

1
2

| TOPIC PRACTICE 2 |

OBJECTIVE TYPE QUESTIONS

1 The equation of a parabola is simplest, if the
vertex is at the ..A.. and the axis of symmetry is
along the ..B.... Here, A and B respectively are
(a) origin, X-axis
{c) Both (a) and (b)

(b) origin, Y-axis
(d) Mone of these

2 The number of possible orientations of
parabola is
(a) 1 (b) 2

(c) 3 (d) 4

3 The eccentricity of parabola is always
(a) O (b) 1 (ch =1 (d) =1

4 When the axis of symmetry is along the X-axis
the parabola opens to the
{a) right, if the coefficient of x is positive
(b) left, if the coefficient of x is negative
{c) Both (a) and (b)
(d) Neither (a) nor (b)
5 The area of the triangle formed by the lines

joining the vertex of the parabola x*=12yto the
ends of its latusrectum is [NCERT Exemplar]

1

(0, 3)

(=6, 3)

(a) 12 sq units (b) 16 sq units

{(d) 24 sq units

VERY SHORT ANSWER Type Questions

6 Find the equation of the parabola whose focus
is (0, - 3) and directrix is y = 3.

(c) 18 sq units

7 Find the equation of the parabola with vertex at
the origin and focus at (- 2, 0).

8 Find the equation of the parabola with focus
(4, 0) and directrix is ¥ + 4 = 0.

9 Ifthe equation of the parabola is x* = — 8y, then
find the equation of directrix.



SHORT ANSWER Type I Questions

10

i

12

13

14

15

In each of the following questions, find the
coordinates of the focus, the equation of the
directrix axis of the parabola and length of the
latusrectum. (Each point carries 2 Marks)

(i) x*=-6y

(ii) x*=-16y
(iii) y? =8x

(iv) y*=-16x
(v) x*=36y

Find the equation of the parabola which is
symmetric about the Y-axis and passes through
the point (2, - 3).

Find the equation of the parabola with vertex at
the origin, the axis along the X-axis and passing
through the point (2, 3).

The focal distance of a point on the parabola
y*=12xis 4. Find the abscissa of this point.

If the parabola y* = 4ax passes through the
point (3, 2), find the length of its latusrectum.

Find the vertex and the directrix of the parabola
Y -3x-2y+T7=0.

SHORT ANSWER Type Il Questions

16

17

18

19

20

2

Find the equation of the parabola whose focus
is (1, - 1) and vertex is (2, 1).

Find the equation of the parabola whose vertex
is (6, — 3) and directrix is 3x - 5y +1=0.

Find the vertex, focus, directrix and length of
the latusrectum of the parabola

V' —d4y-2x-8=0.

If the line y = mx + 1is tangent to the parabola
¥* = 4x, then find the value of m.

Find the vertex, focus, directrix and length of
latusrectum of the parabola
2y +3y-4x-3=0.

Find the area of the triangle formed by the lines
joining the vertex of the parabola x* = — 36y to
the ends of the latusrectum.

HINTS & ANSWERS

(¢) The equation of a parabola is simplest, if the vertex is
at the origin and the axis of symmetry is along the X- axis
or Y-axis.

{d) The number of possible orientations of parabola is
four.

¥, \d
® ®
+*
III [
E -
X+ + X + - X
O} F(a,0) Fi=a,0) O
¥ = dax y2=—dax
Y
Yy
y=a
F (0, a
x o by
x 3] X ; im ;
vy =—a !u:’
L]
Y —
x2=4ay Yy
x?=—day

(b) The eccentricity of parabola is always 1.

(c) When the axis of symmetry is along the X-axis the
parabola opens to the

(i) right, if the coefficient of x is positive.

(i1} left, if the coefficient of x is negative.

(c) From the figure, OPQ represents the triangle whose
area is to be determined. The area of the triangle

=lpoxor=Luzx3=1s
2 2

2
Required equation of parabola is x* +{y+3)' = Ly 33
1)
Ans, x'=-12 y
Equation of parabola is y* = 4ax = 4{— 2)x.
Ans. y° =—8x
_x+ 4)

TGNy

Equation of parabola is (x —4)* +{y —0)°

Ans. y‘ =16x
y=2



10.

12,

13.

15.

16.

17.

18.

-3 3
i - =— x=06
(1) [U. 2].}' x !

{ii) (0, —4), y—4 =0 x =016

(idi) (2,0), x=—2 x=0,8

(iv) (4,0), x=—4, y=016
(v) (0,9), y==—9 x=0,36
Parabola is symmetrical about Y-axis and passes through
(2 -3
So, equation of parabola is of the form x* = —4ay.
1

On putting x = 2, y=-3, we get4 = —4a(-3) = a=~-
3

Ans. 3x = —4y
Equation of parabola, whose axis is X-axis and passing
through the point (2, 3). will be of the form yﬂ = dax.
Onputtingx =2 y=3, weget9=4a(2) = a =

B
Ans, 2y° =9x
Given parabola is y* = 12x.
Here, da=s12=a=3
- Focus: F =(3,0)
Let P{x, y)be any point on the parabola, then PF =4

= (x=3)" +(y-0)" =(4)’

= x'+9—-6x+12x =16 [ y* =12x]
= x*+6x—T=0

= x=1 [+ x#-7]
Ans. 1

Parabola y* = 4ax passes through the point (3, 2).

(2)° =4a(3) = a=l
3

Then, length of latusrectum = 4a = 5 Ans. 4/3
3

Given parabola is y* —3x -2y +7 =0

= y-2y+1-1=3x-7

= (y-1)'=3x-2)

which is of the form Y* = 4aX, whereY = y-LX=x-2
Ans. (2, 1), 4x-5=0

Solve as Example 4.

Ans. dx’ + y' —dxy +8x + 46y —T1=0

Solve as Example 6.

Ans. 25x" + 9y — 618x + 554y + 30xy + 4929 =0

Given equationis y*—4y—2x—8=10
(y-2)"=2x+6)

For vertex, y—2=0=y=12

19.
20.

21

x+h=0=x=—6

1
For focus, r+6= 3
and y—2=0 r";g:l-l
"7z
For directrix, x+bh=— 1
2

and length of latusrectum = 4a = 4(1] =2
2

Ans. (6 — 2), (—%, 2} 2x +13=0, 2

m=1
Given equation of parabola is 2y* +3y—4x—-3=0.

r 4 2
3 (3 3
ez =+|=| == |=4x+3
[" "3 [4) [4”

z

3 9
= 2(y+-) =4x+3+ -
4 8

(3] ==+
= y+=| =2 x+=
+ 32
3
T‘h.isisaﬂhffnrm}”=4aX,wh£reY=y+Z.X=x+—

[—33 —3] {—1? —3) —19

Ans. | —, — | |— — | x=—12

32 4 32 4 32

Given equation of parabola is x* = 36y = x* = —4(9y)

Here,a=9

0

N,

F(0, -9)

Focus =(0, —a) = (0, —9)
Let AB be the latusrectum.
y =—9, then x* = —36(—9)

= x=%18

So, the coordinates of A and B are (—18 —9) and (18 9),
respectively.
Area of AAOB = 2 x Area of AOFB

=2x [l-xlsx';)
2

Ans. 162 sq units



| TOPIC 3|
Ellipse

An r:lh'psc is the locus of a pointin a planc which moves in the
plane in such a way that the ratio of its distance from a fixed
point {called focus) in the same planc to its distance from a
fixed straight line (called directrix) is always constant, which
15 a|w.=1ys less than unity.

The constant ratio is denoted by ¢ and is called the eccentricity
of the c”ipsc.

In the given figure, F is the focus, AA” is the directrix and P is

any point on :llipsc.

o
M| Pley)
= “
o FlFocus)
£

A

Then by definition,
PF
—=p,0ze<1
PM
= PF=¢-PM
In other words, we can say that, an ellipse is the set of all

points in a pL’lnc, the sum of whose distance from two fixed
points in the plam: 15 a constant.

P.
P, 4 P

Fy Fa

. PF, + P,F, = P,F, + P,F, = P,F, + P, F, = Constant

Note

An ellipse is the locus of a point in a plane, which moves in such a way
that the sum of its distance from fwo fixed point in the plane is a
constant and this constant is greater than the distance between two
fiwed poinis.

Terms Related to an Ellipse

« Focus Two fixed points are called the foa {plural of focus)
of the cllipsc and denoted b}«' F, and Fy. The distance
between two foci F, and F, is 2.

+ Centre The mid-point of the line segment joining the foci,
is called centre of ellipse.

» Major Axis The line segment through the fod of the

ellipse, is called the major axis. The length of major axis is

denoted by 2a.

* Minor Axis The line segment through the centre and
perpendicular to the major axis is called minor axis.

The ||:ngth of minor axis is denoted b}' 26,

axis
I/ c c \i
A g 20

"\l‘F.'ﬂ%< Fy o Fa eriax
~ | =T

Latusrectum DTt

s

* Vertices The end points of the major axis, are called
vertices of the c“ipsc.

= Eccentricity The eccentricity of c||ipsc is the ratio of
the distance from the centre of the c”ips: to one of the
foci and to one of the vertices of the ellipse. It is
denoted by e.

¢
Thus, e=—=c=dae
a
- c
Since, c<a = —<1 = e<l
a

» Latusrectum Latusrectum of an c||ips: is a line
segment pcrpcndicul:u' to the major axis through any
of the foci and whose end points lie on the ellipse.

26°
Thus, the lcngth of latusrectum =2/ = T

RELATION AMONG SEMI-MA]OR,
SEMI-MINOR AXES AND DISTANCE OF
FOCUS FROM THE CENTRE

Let @ and & be the semi-major and semi-minor axes,
respectively. Again, let ¢ be the distance of the focus from
the centre.

-~ Relation among a, b and ¢ is given ¢ = a’—b*

Note

Special Cases of an Ellipse

In the equation ¢* = a° = b°, if we keep a fixed and vary ¢ from 0
1o &, the resulting ellipse will vary in shape.

Case llfc = 0, then 3 = b. Thus, ellipse becomes a circle.

Case Il lf c = a , then b = 0. Thus, ellipse reduce to line segment
LS

+ 2 2 *

Fy Fa




Standard Equation of an Ellipse
2 2
The standard equation of ellipse is :—2+ :—2=1, a>b,

having centre and major axis lies on X-axis and minor axis
lies on Y-axis. It is also called horizontal cllipsc.
Y

Clion)

A //_‘ h\ﬂ )
AL
D
A

(0-D)

Some important terms related to horizontal ellipse are
(1) Centre s O (0, 0). (11) Vertices are (+ a, 0).
(iii) Fociare F|(—¢,0)and F, (¢, 0),

WI.'ICTCI'.'Z-\‘EI —52.

(iv) Length of the major axis, AB =2a
(v) Lcngth of the minor axis, CD =24
o 1“&' - bl

(vi) Eccentricity,e =—=

a a
(vii) Equation of major axis, ¥ =0
(viii) Equation of minor axis, X =0

25

i

(ix) Length of latusrectum =

2
(x) WVertices of latusrectum = [i ot 5—]
a

(xi) Focal length=2¢

—_ ™ ™ —

Other form of an Ellipse

The another form of the equation of an cllipse is
2 2

:—,-f- y—;: 1, a> b, having centre at origin and major axis
Y 3

lics on Y-axis and minor axis lies on X-axis. It is also called

vertical ellipse.
Y

C(0, a)

L

r~

\be)

X (-b, 0)A O [B(b, 0)
L4 Ly

D(0, -a)
-
zZ M

Some smportant terms related to vertical fﬂ:}'ﬂf are
(1) Centre 150 (0, 0).

(1) Vertices areC (0, @) and D (0, = a).
(iii) Fociare F(0, o and F£,(0, =¢).
(iv) Length of the major axis, CD =2a

(v} Length of the minor axis, AB =25

,Ja T p?
(vi) Eccentricity,e = A, Ll
a i
(vii) Equation of major axis, X =0
(vii) Equation of minor axis, ¥ =0

25*

(ix) Length of latusrectum =

2
(x) Coordinates of latusrectum = [i —, % r]
a

Discussion
From above equation of an ellipse, it follows that for every
point P (x, y) on the ellipse, we have
2 2
=l-2y<lie x'<a

2
d

S0, —-A=xsa

2

Therefore, the ellipse lie between thelinesx == agand x = a
and touches these lines. Similarly, the c||ips: lie berween the
lines y= = and y= b and touches these lines.

Note
In equation i; * Di; =1, if denominator of x* {i.e. a° ) is greater than
a

the denominator of ¥*, then it is a horizontal elipse and resembles
an egg lying on table and if denominator of y* (i.e. b%) is greater than
the denominator of x°, then it is a vertical ellipse and resembles an
eqq standing on table.

OBSERVATIONS FROM STANDARD EQUATION

From the standard equations of the ellipses, following
observations can be explained through flow chart

Ellipse
!

If we replace a point (xy) either by (x, =) or
(=x, y) or (=x, =), then the equation of ellipse
does not change. It means, it is symmetric
with respect to both the coordinate axes.

}
Foci are always lie on the
major axis of an ellipse.
¢ d ¥
If the coefficient of x* has | | If the coefficient of y° has the
the larger denominator, then larger denominator, then
major axis is along X-axis. major axis is along Y-axds

Note
In this section, we study the standard equations of ellipses have
centre at the origin and the major and minor axes at coordinate axes.



Comparison between Two Standard Ellipse

Horizontal ellipse  Veftical y,“"il‘“
S.No. Terms §'+£'=11ﬂ}b;‘ﬂ g
a>b=0
¥ Y
b 5
. Shape X'« pa I X ‘[i
O red g
: W,
¥
2. Centre (o, 0) a0 o)
3 Vertices (xa, 0) (0, + &)
4. Major axis 23 2a
5 Minor axis 2hb 2b
6. Value of ¢ Cm ..,,‘aE -b° C= ..Jlai -5
7. Equationof y=0 x=0
major axis
8. Equationof x=0 y=0
minor axis
2
9. Directrices x=t L y= i
c c
10.  Foci (xe 0) {0, 2c)
11. ECCE“I.[II:th' E:E: 'I—t:I E=E= I—‘-J
a & a &
12, lengthof  2b° 2b*
latusrectum a a
. 2 2
13, Coordinates {“_tb_ [i b—,:l:c]
of a a
latusrectum
14 Focal radius  |RP| = (& = ex;)and |AP| = (b =ey)and
|FaP| = [a + &%) |FPl=(b+ew)
15. Focal 2c 2c
distance

Different Types of Questions
Based on Ellipse

| TYPE 1|

TO FIND THE DIFFERENT TERMS OF THE ELLIPSE
WHEN EQUATION OF ELLIPSE IS GIVEN

For finding the values of different terms, first we identify the
equation of ellipse ie. it is horizontal or vertical ellipse.
Then, find the values of terms by using the formulae from

tl'll: abu\rc Chﬂl‘t.

EXAMPLE |1| Draw the shape of the ellipse
4 2
% + {_ﬁ =1and find their major axis, minor axis, value

of ¢, vertices, directrices, foci, eccentricity and length of
latusrectum. [NCERT)

z 2

Sol Given equation of ellipse is x; + =1

16
rZ y?.
Since, denominator of ;is greater than denominator ofﬁ.
. Major axis is along X -axis.

b ¥

(0.4)

el BN
=6,0) &D_’//fﬁ-ﬁl

{0~4)
by

z 2

On comparing the above equation with x_z - ;—z =1,
a

weget as6and b=4.

o Major axis = 2a = 2x6=12

Minor axis =2b=2%x4=8

Value of ¢ = va* —b* = 4J(6)* —(4)*
=m=ﬂf2_=2-\lf§

WVertices are (6,0) and {—6,0).

Eccentricity, e = \(1 - [E)z - J‘ - [%]2

36 36 ]
a 1] 36
Directricesare x =t—=%———=%+—
e -JZU /6 20
2b* 4y 16
and length of latusrectum = — = 4 =—
a 6 3

EXAMPLE |2| Find the coordinates of the foci, the
vertices, the length of major axis, the minor axis, the

eccentricity and the length of the latusrectum of the

2 y?
ellipse — + —=1.
4 25 |[NCERT)]

2 z

Sol Given equation of ellipse is IT + =1

2
Since, the denominator ni'xTis smaller than the denominator

2
of 1.
25
So, the major axis is along Y-axis. . .

On comparing the given equation with ;—z + ;F—] =1, we get

b* =d4anda® =25



= b=2anda=5

Here, a and b are lengths, so we take only positive sign.

. c*=a*-b*=25-4=21
= c=+21
Here, the major axis is along Y-axis.
Foci= (0, £ ¢) = (0, + ¥/21)
Vertices = (0, + a) = (0, £5)
Length of majoraxis =2a=2x5=10
Length of minor axis=2b=2x2=4

Eccentricity, e = o 05
a 5
2b* 2x4 8
Length of latusrectum = — = > = z
a

| TYPE 11|
TO FIND THE EQUATION OF AN ELLIPSE
IN DIFFERENT CASES
Casel When foci, eccentricity and directrix are given

If focus is F(x,, y,), equation of directrix is
ax + by + ¢ =0, eccentricity eand P(x, y)is any point
on the ellipse, then equation of ellipse is given by

ez(:zx+b-y+r)z

=%V #y=5) =y
(x=x)" +(y=n) PEWE

EXAMPLE |4| Find the equation of the ellipse, whose
focus, directrix and eccentricity are respectively

(-1 1),x—y+3=0and%.

2 2
EXAMPLE |3| Draw the shape of ellipse :_9 e il_ﬁ =1 Sol. Here, F(—1,1), equation of directrix x — y +3=0and

and find the
(i) major axis
(iii) value of ¢
(v) directrices
(vii) eccentricity
(viii) length of latusrectum of given ellipse.

(ii) minor axis
(iv) vertices
(vi) foci

2 2
Sol. Given equation of ellipse is x_g + =1
16

On comparing with j:—l + Z—; =1, we get

a=7,b=4

(0.4)

=7.0) (7.0
(0-4)

e o] N
| S

Here, a> b, so major axis is along X-axis.
(i) Major axis, 2a=2x7 =14
(ii) Minor axis, 2b=2x4 =8

(iii) ¢ = yfa® —b* =(7)° —(4)* = 1916 =33

(vi) Vertices, (*a 0)=(%7,0)

2
(v) Directrices, x =+ LA + j’g-
33

C
(vi) Foci, (+ ¢, 0) = (* +/33, 0)
B3

{vii) Eccentricity, e = £ =—
a 7
(viii) Length of latusrectum,
2h* _ 2x16 _ 32

a 7 7

e= 12- then the equation of ellipse is

1 2(x—y+3)z
2 1* 417
(x—y+3)°
8
= B(x+1) +(y-1)]=(x-y+3)’
= 8(x*+2x+1+y* —2y+1)
=x*+y*+9-2xy +6x -6y

(x+l)z+(y—l)z=(

= (x+1)* +(y-1)°=

= TIx*+7y +2xy+10x—10y+7=0

Case Il When vertices and foci are given
If the x-coordinate of vertices is zero, then required
equation will be of vertical ellipse, otherwise
horizontal ellipse. Now, compare the vertices and
foci with standard values and simplify to get the
values of &, and b and put these values in required
standard equation.

EXAMPLE |5| Find the equation of the ellipse whose

axes are along the coordinate axes, vertices are (+ 5, 0)and

foci at (+ 4, 0). [NCERT]
Sol Given, vertices =(% 5,0) and foci =(+4,0).

- y-coordinate of vertices are zero. So, let equation of
2

x5y
ellipse he —+=—=1,a=>b
pe a* b

Now, vertices =(+ a,0) =(%5,0)
: a=5 and foci=(+ ae0)=(14,0)
ﬂ£=4=bf=i=4- ['.‘ﬂ=5]
a 5

Now, b= azil—e2}=25[1—ﬁ]= 25@:9
25 25

2 2

Hence, the required equation of ellipse is 2 Yo
25

9



Case IIl When major (minor) axis and foci are given
If major {minor) axis and foci are given, then find
the values of a (or ) and ¢. After this, find the value
of b (ro q) with the help of > = 4" — 7. Now, put
the values of g and § to get the required equarion of
an ellipse.

EXAMPLE |6| Find the equation of the ellipse, if foci
are (£ 3,0) and a = 4. [NCERT)

Sol. Given foci are on X-axis. So, the major axis will be along
the X-axis. So, the equation of ellipse is of the form

x _}'2
—t—==1 azb
at b
Also,wehave a =4 andce=3
51=.¢1—£1::-$= ﬂ'z—fl
=fle—9=47
) o ?3
Hence, the equation of an ellipse is —+T =1L

EXAMPLE |7| Find the equation of the ellipse, if
length of major axis is 26 and foci (5, 0). [NCERT]
Sol. We have, foci (£5, 0) which are on X-axis, so the

equation of ellipse is of the form
2 z

x y__
a—2'+ ?-llﬂ}b

Since, foci =(% ¢, 0) = (45, 0)
Length of major axis = 2a=26 = a=13

= c=5

We know that, ¢*=a" - b*
= b=1,'a‘—.:‘=ﬁ,||169—25=-.h44
& b=12
Hence, the equation of an ellipse is
2 2 2 z
LI R L
a b 169 144

EXAMPLE |8| Find the equation of the ellipse having
length of minor axis = 16 and foci (0, £6). [NCERT)]
Sol. Length of minor axis, 2b=16=> b=38
Fociare(0,£6) = c=6
a*=b*+c*=(8)°+(6)" =64 +36
= a* =100
Here, coefficient of x in foci is zero. So, major axis is on

Y-axis. Then, equation of ellipse is
2 2

I B
64 100

CaselV  'When major axis and minor axis both are given
If major and minor both axis are given, then find the
value of 4,4 then put the value in the standard
equation of ellipse.

EXAMPLE |9| Find the equation of the ellipse, if the
ends of major axis are (£3, 0) and ends of minor axis are

(0, £ 2). [NCERT]
Sol Since, the vertices are on X-axis and therefore the
2 2
equation is of the fnnnx—z+y_=1,a:: b

a
Since, major and minor axes are (+ 3, 0)and (0, + 2),
respectively.
. a=3andb=2

2 2

Hence, the equation of an ellipse is I
9 +

Case V When latusrectum and eccentricity are given

EXAMPLE [10| Find the equation of ellipse, whose
axes are along the axes of coordinates and centre at the

1
-.,EL

origin and axes whose latusrectum =8 and e =

Sol Let the equation of an ellipse be

z 2
r—+y_=1,a>b
z b!

a
2
Given, latusrectum = =3
a
b* =4a A1)
l 2 2 z
Also E=—p: B =a"(1—g")
2
1 [ 1]
4a=az[1——] pute = —
2 "]
= 4=14 = a=8 and b =4a=4x8=32
2
Hence, the equation of ellipse is
2 2
I A [puta® =64 and b* =32]
e 32

Note

In this question, major or minor axis is not clear, so we consider by
default major axis as X-axis.

Case VI When other parts of an ellipse are given
Sometimes other parts of an ellipse are given, then
we find the values of 2 and & by using these parts or

conditions and find the required equation of an
ellipse.

EXAMPLE |11| Find the equation of ellipse, if it
satisfies the condition b=3,c =4, centre at origin, foci
on the X-axis.

Sol. Given, foci lies on X-axis. So, the equation of ellipse will

be of the form
x? ¥ :
;-2-+%2-=La>b (i)



Also given that, b=3andc =4

cf=a"-3" = 4V =a"-9 = 16=a" -9

= a*=16+9 = a®=25

On putting the values of a* = 25
2 2

and b* =9 in Eq. {i},wegetx—+y—=l
25 9

EXAMPLE |12| Find the equation of the ellipse, whose
distance between directrices is 5 and distance between foci
15 4.

Sol. Let the equation of ellipse be

2 z
X
Xy =la=bhb
ﬂz 2

Then, equation of directrices are

2 2
a a a
y=Ft—=%—=+—
c ae e
. a a
Le. x==and x=—=

Also, its foci are (* ¢, 0) or (£ ge, 0).
. Distance between foci=2ge =4 = ae=2

=% H[E]=2=> a®=5 rputf=2—|
5 | 5 |
i.*=—5=i and b*=a’(1-¢")
5 5
4 1
= b =5|1—-—|=5x%- uta® =35
[ J : [ ]
bt =1
Hence, the equation of ellipse is
F 2
r?+yT=1 [puta® =5and b* =1]
= x? +5y2 =5

EXAMPLE |13| Find the equation of the ellipse, whose

foci are (% 3, 0) and passing through (4, 1).

Sol We have, foci of ellipse at (3, 0) which are on X-axis.
Therefore, equation of the ellipse is of the form

2 2

a—z+:—z=1,a>b A1)
Its foci are (+¢, 0) = (+3, 0)
. c=13
Now, ci=a® - b*
= 9=qa° - K [ ae = 3] ..{ii)

Since, Eq. (i) passes through (4, 1).

16 1 16 1

ﬂ_a+b_z_1 m+b—z=l [from Eq. (ii)]
= 16b* + 9+ b* = b*(9 4+ b*)
= 176* +9=9b" + b*
= b —8b* —9=0
= (b* —9)(b* +1)=0 = b" =9 or —1
But b E-1 = b =1

From Eg, (i), we get a*=94+p = a*=9+9

= a’ =18

On putting the values of a* and b* in Eq. (i), we get
2 2
T4l o1 = xPr2yt=18
18 9

EXAMPLE |14] Find the equation of an ellipse whose
foci are (£ 4, 0) and the eccentricity is %

Sol We have, foci (% 4, 0) which lie on X-axis, so the
equation of ellipse is
2 z

x ¥y
ﬂ—1+b—2=l,ﬂ}b

Since, foci =(tc, 0)=(£4,0) = c=4
Welumwthat,e:i =5 a=£=i=12 ','f=l-
a e 1/3 3
a=12
Now, cit=at = bt = 4) =(12)" = (b)*
=5 b* =144 —16=128

a®=(12) =144 and b° =128
2 2

) .. X ¥
Hence, the equation of the ellipse is — + =—=1.
T pse 144 128

EXAMPLE |15] Find the equation of ellipse with centre
at the origin, major axis on the ¥-axis and passing through
the points (3, 2) and (1, 6). [NCERT]
Sol We have, major axis of the ellipse lies on Y-axis. So, the
equation of ellipse is

x z yZ
}_,_1 + a—z =1 a=b
Since, this ellipse passes through the points (3, 2)
and (1, 6).
b a
1 36 .
and b_z + ﬂ—z =1 ..}

On solving Eqs. (1) and (ii), we get a®=40,b" =10

LA i)

2 z

Hence, the equation of ellipse is 2 il

40



EXAMPLE |16] Find the equation of the ellipse whose
centre lies at origin, major axis lies on the X-axis, the

eccentricity is % and the length of the latusrectum is

5 units.

Sol. We have, major axis of ellipse lies on the X-axis, so the
equation of ellipse is
2 2

x—2+:—1=1.a>b

2

Length of its latusrectum = . =5

a
z 2
- a(l-e)_o [ob® =a’(1-e?)]
a
4 .
= ?.a[l—a]=5 [ e =2/3, given]
= :::=Ezmdl:-z E.r::——>-<—=E
4
E==[z)‘=ﬂ bt
2 4 4
Hence, the equation of ellipse is
z 2
4x +4y _
81 45
ie. 20x* + 36y =405
EXAMPLE |17| Find the equation of the ellipse

referred to its axes as the axes of coordinates with
latusrectum of length 4 and distance between foci 42,

z
Sol Let the equation of ellipse be r_z + = La»h
a b*

2

Length of latusrectum = 2 4 [given]

a
=4 b* =2a ..(1)
Distance between the foci = 2ae = 4+4/2 [given]

ae =242 (1)
b*=a*(1-¢?)

2a=a’—-a’e’ [using Eq. (i)]

= 2a=a* —(242)? [using Eq. (ii)]
= 2a=a*—- 8 = a*-2a-8=0
= (a—4)(a+2)=0 = a=4 or -2
But a cannot be negative.
a=4

FromEq. (i), we get b* =22 =>b* =2x4=8

Hence, equation of ellipse is
2 2

X+ c1mxt+2y' =16
16 8

EXAMPLE |18| Find the equation of the ellipse, if the
centre is at (0, 0), major axis on the ¥-axis and passing
through the points (3, 2) and (1, 6). [NCERT]

Sol Since, major axis is along Y-axis, so equation of ellipse is
2 2
;—=+§—2=La>b Ai)
¥
(0, &)

o oo
\

(0,-a)
¥

+X

Thus, the equation of ellipse is passing through the points
(3, 2)and (1, 6). So, the point (3, 2) lies on Eq. (i), which gives

9 4
b_z + a—z =1 ..(ii)
Also, the point (1, 6) lies on Eq. (i).
1 36 9 324
b_2+a—2=1 = b_z+g_== ...(ii)
On subtracting Eq. (it) from Eq. (iii), we get

320 320
—2=8 = af="—
i

=40

On putting the value of a* in Eq. (i), we get
9 + 9 1 9

—t—=] = —=l—-—=— = b =10
b* 40 b* 10 10
On putting the values of a and b in Eq. (i), we get
2 2
X X
10 40

EXAMPLE |19| Find the equation of the ellipse, whose
major axis is on X-axis and passes through (4, 3)and (6, 2).

[NCERT)]
Sol. Let the major axis be along X-axis, then the equation of
ellipse is
x 2 y 2
—+=—=1.,a>b A1)
a* b

Since, the equation of ellipse is passing through the
points (4, 3) and (6, 2). So, the point (4, 3) lies on it.
16 9

Also, the point (6, 2) lies on it.
36 E
-a—z— + ;’—; =1 ...(111)

On multiplying Eq. (ii) by 4 and Eq. (iii) by 9 and then
subtracting Eq. (ii) from Eq. (iii), we get
324 64

Y~
a® a’



Das = a2 oen s P w
a’ 5

On putting the value of a® in Eq. (ii), we get

Hence, the equation of ellipse is
X .Y

—_——=1

= 2 _qai ;
i [puta® =52and b° =13in Eq. (i)]
EXAMPLE |20| Find the equation of ellipse having
major and minor axes along X and Y-axes respectively, the
distance between whose foci is 8 units and the distance
between the directrices is 18 units.
Sol. We have, distance between foci =8
2ae = (1)
and distance between directrices =18

L i)
e
From Eqgs. (i) and (ii), we get
a=6 and e = 2
3
We know that,
(ae)* =a* —b* = (4)* =(6)* - b*
= b* =36-16=20
Hence, equation of ellipse is
2 2
- AP
36 20

EXAMPLE |21| Find the equation of the ellipse whose
foci are (2, 3), (-2, 3) and whose length of semi-minor
axis is /5.

Sol. We have, F=(23)
F'=(-23)b=15
Now, = ,[(—2—2)’ +(3-3)" =47 =2
=5 2ae =4 = ae=2
We know thal,(ac)z =a*-b?
= 4=a"-5= a*=9 = a=3
Let A x. y)be any point on the ellipse, then by another
definition of ellipse,
PF + PF'=

= J(x=2 +(y-3) +(x +2)* +(y-3)* =6

= J(x=2 +(y-3)° =6—J(x +2)* +(y-3)*
On squaring both sides, we get
(x=2)" +(y=3)°=36+(x+2)+(y-3)°

- 12,/(:: +2)* +(y-3)°

=(x+2)P -(x-2)° +36=12m
=x2+4x+4-(x’—4x+4)+36=12m
=8x+36=12(x +2)* +(y-3)°

= 2x +9=3yf(x + 2)° +(y—3)" [divide both sides by 4]

=(2x +9)* =9(x + 2)* +(y —3)*] [squaring both sides)
= 4x* +36x +81=9 [x* +4x+4+y —6y+9
= 5x* +9y* =54y +36=0

| TYPE III |

PROBLEMS BASED ON FINDING ECCENTRICITY
IN DIFFERENT CONDITIONS

EXAMPLE |22| If the latusrectum of an ellipse is equal
to half of minor axis, then find its eccentricity.
[NCERT Exemplar]
Sol. We know that, latusrectum of an ellipse is equal to the
half of minor axis.

2

Length of latusrectum = 2
a

and length of minor axis = 2b
2h* b
According to the condition, — = -( 2b) = -
a

1
We know that, "1’1——1 = c—"l——-—

Hence, the eccentricity of ellipse is T

N"“

EXAMPLE |23]| If a latusrectum of an ellipse subtends
a right angle at the centre of the ellipse, then write the
eccentricity of the ellipse.

Sol. Let equation of ellipse be

2 2

Since, latusrectun LL’ subtends an angle of 90° to the
centre.

Y
L(ae, b%/a)
/—-— o b2/a
45°
’ g =
G
& M(ae,0)
Y

ZLOL' =90°
Smce OM is the median of AOLL’.
ZLOM = ZL'OM = 45°



In right angled AOML,
2
L L U A [~ tan 45°=1]
ae 4 3
¢z=l——:e’=l—£
a’ a’
= el+e-1=0
g TlENIPHaxt 1345
2x1 2
t=-—l—+J—5- [vo<e<1]
2
|TYPEIV|

PROBLEMS BASED ON APPLICATION OF
ELLIPSE

EXAMPLE |24| A rod of length 12 cm moves with its
ends always touching the coordinate axes. Determine the
equation of the locus of a point P on the rod, whichis 3 cm
from the end in contact with the X-axis. [NCERT]

Sol. Let ABbe the rod of length 12 cm.

Y
(0.5) 1B \
b @
P
3cm
A
O 24 (a0

Let OA=aand OB =4
Using Pythagoras theorem in AOAB,
@+ =012) = &+ b =144 (i)
Let AP=3cm,then PB=AB—- AP =12-3=9cm
AP:PB=3:9=1:3
Let P = (b, k) for which locus to be found.
If P (b, k) divides the points A and B internally in the ratio

m :n, then
R

b=mz+mrl and k=“‘:’2+nfl

m+n m+n
Ix0+3xa 3a
= = _ér:—
1+3 4

. acdb | polxEt3x0
1+3

= b=4k

Put the values of 4 =4?bandb =4k in Eq. (i), we get

4h 164°

2
(?] +(4k)Y =144 = +164* =144
2 2 2
= —+4=9 = -I’—+k—=
9 81 9

2

Hence, the locus of a point P(h, k) is ;—l + 'YT =1

EXAMPLE |25| Anarchis the form of a semi-ellipse. It is
8 m wide and 2 m high of the centre. Find the height of the

arch at a point 1.5 m from one end. INCERT]
Sol. Clearly, equation of ellipse takes the form
xz y!
—+—=1 (1)
a* b
Here, it is given that 2a=8and b= 2
= a=4and b=2
Y
B
Q
/_’ im L3
P
X A [e] <+1.5m»’ A X
—— 4 m—s1
8m e
""""" .B.’ ..¢-.."'
Y
Put the values of a and b in Eq. (i), we get
xl 2
a—— _X_ =1
16 4
Given, AP=15m
= OP=0A - AP=4-15
= OP=25m
Let PO =k
Then, the coordinate Q (2.5, k) will satisfy the equation of
ellipse.
. (25" k°* 625 k°
Le. +—= —_——=
16 4 16 4
k' 1 625 16— 625
= —_—m—m—=
4 1 16 16
2
- K975 | 4a 975
4 16 4
= k* =24375

k =1.56m (approx.)



TOPIC PRACTICE 3 |

OBJECTIVE TYPE QUESTIONS

1 If‘e’is the eccentricity and ‘a’is the length of
semi-major axis, then the focus is at a distance
..A.. from the centre. Here, A stands for

(a) ae (b) %
© 2 (d) None of these
[ 4

2 If the centre of ellipse is at origin and major

axis is along Y-axis, then the equation of ellipse
is

(a)

+

=1(where b> a)
(b)

=1(where b> a)

(c)

+

=1(where a>b)

% 5% Sl S
1
¥ “»I"» h“l"!N °...|\<~

(d) -b-,--Lf=l(where a>b)
a

3 The standard equations of ellipse have ..A... at
the origin and the major and minor axes along
..B.... Here, A and B respectively are
(a) focus, coordinate axes
(b) centre, coordinate axes
(c) Both (a) and (b)

(d) Neither (a) nor (b)

4 If the foci and vertices of an ellipse be (+1, 0) and

(£2, 0) respectively, then the minor axis of the
ellipse is

@25 (b2 (c) 4 (d) 243
5 The length of the latusrectum of an ellipse is %

of the major axis. Its eccentricity is

OF (b) E
(@223 (d) [%]
VERY SHORT ANSWER Type Questions
2 2

6 If Pis a point on the ellipse X+ X —1whose
16 25

foci are S and §°, then find the value of PS + PS°.

7 Find the distance between the directrices of the
2 2z

inse X_+ ¥ =
elhpse36+2n L

2 2
8 Find the eccentricity of the ellipse XT + y? =1

9 Find the length of the latusrectum of the ellipse
3x2+ y2=12.
10 If the latusrectum of an ellipse is equal to the
half of its major axis, then find its eccentricity.

11 Find the equation of the ellipse, if the ends of
major axis are (+ 2, 0) and ends of minor axis are

(0,£7).

12 Find the equation of ellipse, if it satisfies the
condition b =4, ¢ =9, centre at origin , foci on
the X-axis.

13 Find the equation of ellipse, if it satisfies the
condition & = 3, ¢ = 8, centre at origin, foci an the
Y -axis.

SHORT ANSWER Type [ Questions

14 Find the equation of the ellipse, whose foci
(0, £ 5) and vertices (0, £13). [NCERT)]

15 Find the equation of the ellipse with vertices at
(0,£10)and e =4/5.

16 Find the equation of the ellipse, if foci are
(£50)anda=6.

17 Find the equation of the ellipse, if length of
major axis is 22 and foci (+ 3, 0).

18 Find the equation of the ellipse, where distance

between directices is 8 and distance between
fociis 2.

19 Find the equation of the ellipse referred to its
axes as the axes of coordinates with latusrectrum
of length 8 and distane between foci 6J§.

20 Find the equation of the ellipse, whose axes
along coordinates axes, passing through (4, 3)
and (-1, 4). [NCERT]

21 Ifthe eccentricity of an ellipse is 5/8 and
distance between its foci is 10, then find
latusrectum of the ellipse. [NCERT Exemplar]

22 Find the equation of the ellipse having foci
(0, +1) and length of whose minor axis is unity.

23 Find the equation of the ellipse with foci at
(£50)and x = % as one of the directrices.

24 Find the equation of ellipse whose eccentricity
is 2/3 latusrectum is 5 and the centre is (0, 0).



SHORT ANSWER Type I Questions

25

26

27

28

29

30

31

32

33

yz

2
Draw the shape of X+ —1and find their
64 25

vertices, major axis, minor axis, eccentricity,
foci and length of latusrectum.

2 2

y :
100 4Oo-landﬁndthelr

vertices major axis, minor axis, eccentricity
foci, and length of latusrectum.

Find the equation of the ellipse, whose foci are
(+ 4, 0) and passing through (3, 2).

Draw the shape of =—

Find the equation of the ellipse whose centre is

at origin and the X-axis, the major axis, which
passes through the points (-3, 1) and (2,-2).

Find the equation of the ellipse whose focus is
(1,-1), the directrix is the line x - y— 3=0and
eccentricity is 1/2. [NCERT Exemplar]

Find the coordinates of the foci, the vertices,
the length of major axis, the minor axis, the
eccentricity and the length of the latusrectum
of ellipse 3x” +2y* -6 =0.

Find the equation of the set of all points, the
sum of whose distance from the points (3, 0)
and (9, 0) is 12.

Find the equation of the ellipse passing through

(6, 4), foci is on Y-axis, centres at the origin
having eccentricity 3/4.

An arch is in the form of a semi-ellipse. It is
10 m wide and 3 m high of the centre. Find the
height of the arch at a point 2 m from one end.

HINTS & ANSWERS

(a) The coordinates of foci are (%, ae, 0} Therefore, its
distance from the centre is (0, 0).

(¢) If a = b and major axis is along X-axis, then the

2 2

equation of ellipse is S
a® b
Similarly, if a > band major axis is along Y-axis, then

2 2
the equation of ellipse is x_z + y—z =1
b a
(b) The standard equations of ellipse have centre at the
origin and the major and minor axis along coordinate

ANES.

10.

1L

12.

13.

14.

15.

16.

17.

18.

(d)Givenlhat,ae:l,a:Z.e=%:b= 4(1—%]=J§

Hence, minor axis = 2J§

(b) Latusrectum = 1/3 (major axis)
2
= —=—=a=3b" =32 (1-¢%)
a 3
\F
= e=,|—
3
PS + PS’ = 2a Ans. 10

. 3 g 2a
Distance between directrices = —
e

I—E)-:i Ans. 18
36 6

2
=Jl—b—z:a’=9.b’=4 Ansz.e=£
a 3

2 2

Xy

Now, e=

=1
4 12
2
Length of latusrectum = Zb; where a* > b* Ans. %
a
Z
2—--(2><a) = b-—
2
.‘Jl—b—— T
Solve as Example 9. Ans. — + -'V— =
4 49

2
Solve as Example 11. Ans. 32
97 16
2 xl
Let the equation of an ellipse be -‘Y-;- + e =L
a

2 2
Ans.'v—+-x—=l
73 9

ci=a*-b*

(0,£¢c) = (0,£5), (0,xa)= (0,£13) = c=5anda=13

2 2
=169—25 = b’ =144 Ans. 2— + L =]
144 169

v b =at—¢t

4
(a, £10)and e = =
5
b* b*
3 = — =
a 25 100 100 25

L+ =1 Ans. 25x% +9y% =900

36 100

Here, (0, £a) =

2

Solve as Example 6. Ans. ¥+F—-1

11

] 2

Solve as Example 7. Ans. X X o

121 112
2 z

Solve as Example 12. Ans. IT + X o

3



19.

20.

21

24.
25.

xz y!
Solve as Example 17. Ans. + =1
35+4331 3+3;;l

¥ 2 y 2
Let equation of ellipse be —+ e =la=bh
a

16 9 1 16 247 247
5 —2+—2=land —_t— =1=b'=""anda® = —
a b a b 15 7

Ans. Tx® +15y" = 247

5 5 b*
e=— 2ae=10 = a=—=8 . e=,4[/l-—
8 5/8 64
25 64-—b° 2b* 39
—_= = b® =39 Latusrectum = Ans. —
64 64 a 4
I! }rl
20x* +4y° =5 23, —+—=1
36 11
4x?  4y°
+ y =
81 45

Solve as Example 1.
Ans. Vertices = (+ 8 0), Major axis =16,

. . . 39
Minor axis =10, Eeccentricity = ==

25
Foci=(+ -JS_? 0}, Latusrectum = ry

26.

27.

28.
29.

31

32.
33.

Solve as Example 2.
Ans. Vertices = (0, £ 20)

N

Major axis =12, Minor axis = 20, e = ry

Foci = (0, 1015}. Latusrectum = 10

z 2
x ¥
Solve as Example 13. Ans. + =1
29+3265 —3+;265
2 2

3x* +5y =32
fx—1)7 +(y+1)? = L. 1Xx_¥ 3
=1 +(y+1)F =—
2 lenz
= B(x*+1-2x)+(y* +1+ 2y)]
=xz+y2+9—21y+6y—ﬁx
Ans. Tx” +7y" + 2xy +10x 10y +T =0

1 4
(0, £ 1), (0,  /3), 2.3, 22, 7E
dx® 44y’ —36x =0

16x*® +7y* =688

Solve as Example 25. Ans. 0.27



| TOPIC 4]
Hyperbola

A hyperbola, is the locus of a point in a plane which moves
in the plane in such a way that the ratio of its distance from
a fixed point (called focus) in the same planc to its distance
from a fixed straight line (called directrix) is always

constant, which is always greater than unity.

The constant ratio is denoted by ¢ and is called the
eccentricity of the l'l)-’pcrbnh.

In the given figure, F is the focus, A4 is the directrix and P
is any point on hyperbola.

A

z

lx, ¥)

F (Focus)

Direcrix

A

Then by definition,
PF

=¢, wherce>1 = PF=¢-PM

In other words, we can say that, a hyperbola is the set of all
points in a plam:, the difference of whose distances from
two fixed points in the plam: 15 4 constant.

RF, = P F, = PF, = B F = BF = BF,

The term difference used in the definition means the distance
to the farther point minus the distance to the closer point.

Note

A hyperbola is a locus of a point in a plane which moves in such a
way that the difference of its distance from two fixed points in the
plane is constant and this constant is less than the distance between
two fixed points.

Terms Related to Hyperbola

» Focus The two fixed points are called the foci of the
hyperbola and denoted by F| and F,. The distance
between two foci Fy and F), is 2c.

* Centre The mid-point of the line segment joining the
foci, is called centre of hyberbola.

* Transverse axis The line through the foci, is called the

[ransverse axis,

h:l'amoasi Cc_mjugam B

Latusrectum / E W

; i Transverse
(Focus) Fy /._é_ 25 _i_. Fa axis

i ! Latusrecium

H 2c |

/': i
Directrices Directrices

+ Conjugate axis The line rhmugh the centre and

perpendicular to the transverse axis, is called the
conjugare axis.

» Vertices The points at which the hyperbola intersects

the transverse axis are called the vertices of the hypcrhnla.
The distance between two vertices is 2a.

» Eccentricity Eccentricity of the hyperbola is the rario of

the distance of anyone focus from the centre and the
distance of anyone vertex from the centre and it is

d.l:l'll'.‘hltd I])“ [

I3
e=—andc>a
a

T
= —=1 = e>=1
i

» Directrix Directrix is a line perpendicular to the
3

. . . a
transverse axis and curts it ar a distance of — from the
c

centre.
2
. a
ie. x=%—
c
a 2
or y=t—
¢

+ Latusrectum Latusrectum of a hyperbola is a line
segment perpendicular to the transverse axis through any
of the foci and whose end points lie on the hyperbola.
Thus, length of latusrectum =2/ = 287,

a



STANDARD EQUATION
OF HYPERBOLA

Standard equation of hyperbola is the form of :—2- - % =1
whose X-axis as transverse axis and Y-axis as conjugate axis.
Y

Conjugate axis_.

. @9 o p
(~c0) F2 /B O Fy
(=a,0)

Transverse
axis

y

Some important terms related to standard hyperbola are
(i) Vertices are A(a,0) and A’(=a,0).
(i1) Centre is O(0, 0).

(iii) Length of transverse axis is 2a.
(iv) Length of conjugate axis is 24.
(v) Foci are F|(c,0) and F,(=¢,0).

a 2

o ; a
(vi) Directrices are x=—and x = = —,
¢ ¢

a + b

(vii) Eccentricity, e = —:0F b =a*e’-1)
0

(viii) Length of latusrectum = L
a

2
(ix) Coordinates of latusrectum = [i ae,* b—]

a
(x) Focal length =2ae

Conjugate Hyperbola

2 2

The equation of the hyperbola of the form ]_, - i;T =1is
& B

called conjugate hyperbola, whose X-axis as conjugate axis
and ¥-axis as transverse axis,

Y
Transverse

\["

(O Centra

B |Veriax

i

¥

spe ajeBnluony

Some important terms related to conjugate hyperbola are
(i) Vertices are A(0, ) and B(0, = a).
(1) Centre is O (0, 0).
(iii) Transverse axis is 2a.
(iv) Conjugate axis is 25.
(v) Fociare (0,%¢).
2 2

(vi) Directrices are y = L. and y= 1.
c ¢

B a3
(vii) Eccentricity, e = ,[1+ —orb* =a’(e* =)
\] -

a

(viii) Length of latusrectum =

2
(ix) Coordinate of latusrectum = (t —, % ae]
a

(x) Focal length =2ae

OBSERVATIONS FROM STANDARD
EQUATION

From the standard equation of the hyperbola, following
observations can be explained through flow chart

Hypolrbola

If we replace a point (x, y) either by (x,=y) or (=x, y) or (=x, =), then
the equation of hyperbola does not change. It means, it is
symmetrical with respect to both the coordinate axes.

I

Foci are always lie on the
transverse axis of the hyperbola.

|

1
If the denominator of x2 If the denominator of y?2
gives the positive term, gives the positive term,
then transverse axis is then transverse axis is
along X-axis. along Y-axis.
Discussion
x? .
From the standard equarion of hyperbola — = LA
2 2
a b
2 y 2
We observe thar, —= 1+ — =1
b
a
. x
Le. —Eldlrlélaldri—aandxéa
a

Hence, no portion of the curve lies between the lines x = a
and x == a (i.e. no real intercepts on the conjugate axis).

Note

In this section, we study the standard equations of hyperbolas which
have transverse and conjugate axes as the coordinate axes and
centre al the origin.



Comparison between Two Standard Hypcrbula

S.No. Terms Hyperbola Conjugate
hyperbola
Equation of oy ool
hyperbola =z -z pr e
yper & b & b
N > l < /‘l‘\ B
2. Transverse 2a 2a
axis
3. Conjugate 2b 2b
axis
4. Maleotc c=4a +b° c=qa +b°
5. \erfices (+ a,0) 0+ a)
z
N 2 - |
6.  Directrices x=+ & ol ;|,'-:I:?1:|tiE
c g
7. Foci (xae 0or(xc O 0 tae)or(d+c)
e b e B ¢
8.  Eccentricity g=,1+—or= e=4l+ o=
("3 a V' TF G
9. Length of 2h° 2h?
latusrectum “a “a

Different Types of Questions Based
on Hyperbola

ITYPEI|

TO FIND DIFFERENT TERMS OF HYPERBOLA
WHEN EQUATION OF HYPERBOLA IS GIVEN

For finding the different parts of a given hyperbola, first we
check that given hyperbola is of the form

2yt y' X7

x
e
Then, weﬁnd the terms qﬁ{ypfr&aﬁf ny using rﬁeﬁmu&rﬁm
the above chart.

EXAMPLE |1| Draw the shape of the hyperbola
2 2

}‘?__:1 and find their centre, transverse axis,
conjugate axis, value of ¢, wvertices, directrices, foci,
eccentricity and latusrectum. [NCERT)

2 2
Sol. Given equation of hyperbola is L_I o
9 27

2 2
; ih X
On comparing with 3 b_z =1 we get

a* =9,b2 =27 or a=3,b=}J?_.
(i) Shape of hyperbola is conjugate hyperbola,

because coefficient of x° is negative.
Y

(0, 3)
Dhirectrio
j (P— E—

Diractrix

AN

¥

(ii) Centre (0, 0)
(iii) Transverse axis, 2a=2x3=6

(iv) Conjugate axis, 2b=2x Wi=63

{(v) Value of ¢ = \Ja* + b* = Jo+ 27 =36 =6

{vi) Vertices =(0, £a)=(0 £3)

(vii) Directrices, y=1% o :tE =+ 3
c 6 9
{viii) Foci = (0, £c)=(0, £6)
{(ix) Eccentricity, e = c_6_ 3
a 3
2
{ﬂlxnmhufhhmmﬂmn=3£__i%gz_w
a

EXAMPLE |2] Draw the shape of the hyperbola

z—g e 1and find their shape, centre, transverse axis,
conjugate axis, value of ¢, vertices, directrices and foci.

z
Sol. We have, equation of hyperbola X
49

¥
9
2y
On comparing it with — — bT =], wegeta=7,b=3
a

(i) Shape of hyperbola is standard hyperbola, because
coefficient of y* is negative.

N'r"M

(ii) Centre (0, 0)
(iii) Transverse axis, 2a= 2x 7= 14

(iv) Conjugate axis, 2b=2x 3= 6

(v) Value of ¢ = a® + 4% =J30+ 9 =58



(vi) Vertices=(%a, 0)=(%7,0)
2

(vil) Directrices, x =+ e =+ 49
¢ 358

(viii) Foci = (% ¢, 0)= (458, 0)

EXAMPLE |3| Draw the shape of the hyperbola
5y° —=9x* =36 and find its centre, transverse axis,
conjugate axis, value of ¢, vertices, directrices, foci,
eccentricity and length of latusrectum.
Sol. We have, equation of hyperbola is 5y° — 9x* =36

It can be written as

y _x_
( 6 )’ (2)°
5
2 2

On comparing withiz-—:T=l. we get
a
6Y 6
a2=( )and b*=2"= a= andb=2
% F

(i) Shape of hyperbola is conjugate hyperbola, because
coefficient of x* is neganve

N
"5

Directrix
X ——p—X

(o]

Directrix

-8 R

v

(ii) Centre (0, D)

] 12
(1) Transverse axis, 2a= 2 x T=T

(iv) Conjugate axis, 2b=2% 2=
{v) Value of ¢ = -,'Ia +b = 1'36 J_
(vi) Vertices=(0, £a)= [U. + T]
5
2
36 18
a x 45 s

vii) Directrices, j: £ =%
‘ R EN T ]
{viii) Foci=(0, +¢)= [u, + Nﬁ}
;5
JE
14
(ix) Eccentricity, e = =15 _ s
a 6 3
¥
2 2x4 445
{x) Length of latusrectum, — = % T“r
a

F

| TYPE I1 |

TO FIND THE EQUATION OF HYPERBOLA IN
DIFFERENT CASES

When some parts of a hyperbola are given, then for finding
the equation of hyperbola, we find the values of 2 and 4

with the help of given parts and then put these values in
standard equation of hyperbola.

Case 1 When foci and vertices are given

EXAMPLE |4| Find the equation of the hyperbola,
whose vertices are (0, £ 5) and foci (0, = 8). [NCERT]
Sol. We have, vertices (0, £a) = (0, £5) =>a=5

and foci (0, £¢c)=(0, £8) =>c=8
We know that,c’ =a® + b* = 64 =25+ b°
= b =64-25 b =39

Here, the foci and vertices lie on Y-axis, therefore the
2 2

equation of hyperbola is of the form li' - %2- =1
a
2 2
Le. LXow
25 39

Case 11 When transverse or conjugate axis and foci are given

EXAMPLE |5| Find the equation of the hyperbola
having foci (0, £ 4) and transverse axis of length 6.
Sol. We have, the foci of hyperbola lies on Y-axis. So, the

equation of hyperbola is
2 2
x
LRl
a b

Length of its transverse axis = 2a

y Za=6 =a=3
Foci=(0, £c)=(0, *4) =c =4

We know that, ¢* = a* + b*

= 16=9+b" = b* =7
Thus, ﬂa = 9, b2 =7

yooxl
Hence, the equation of hyperbola is e 1

EXAMPLE |6| Find the equation of hyperbola, when
foci are at (x5, 0) and transverse axis is of length 8.
Sol Here, foci are at (£ 5, 0). [NCERT]
(e, 0)=(%50) = c=5
and length of transverse axis=20=8= a=4

N

-5,0)

Conjugate axis

| Qm“ Transverse axis




Also, we know that, ct=a + 0

= 25 =16+ b* [ca=d,e=5]
=1 b =9
Since, the foei lie on X-axis. Therefore, the equation of
hyperbola is of the form
z 2

1_2 - —""_2 =1

a b
On putting the values of a*and b*, we get

2y -

6 9

which is the required equation of hyperbola.

EXAMPLE |7| Find the equation of the hyperbola
whose foci are at (0, £ 6) and length of whose conjugate
axis is 24/11.

S0l We have, foci of the hyperbola lies on ¥-axis.

S0, the equation of hyperbola is
2 2
y_ox_
a
Foci=(0, £e)=(0,%6) = c=6
Length of its conjugate axis = 2b

2b=2ﬂ|ﬁ = !J=‘J1_l

Now, cf=a" + 1 [ e=86 and!a=qf1_l]
= 6! =a’ +(f11)F = a® =36-11=25
Thus, a*=25b" =11

Hence, the equation of hyperbola is

Case 111 When vertices or foci and eccentricity are given

EXAMPLE |8| Find the equation of the hyperbola

whose eccentricity is % and foci are (£ 2, 0).

[NCERT Exemplar]
Sol. We have, foci of the hyperbola lies on X-axis. So, the
equation of hyperbola is
2 2
x y ¢
—— =1 -.1)
a b

Foci =(%¢,0)=(£20) = c=2

Eccentricity of the hyperbola, e = %
We know that, ¢ = ae

2= a(z) =a= a

2 3

Also, ct=at+ b

2
=5 (2)2=(1) + =2
3 9

Thus, at = E b= ﬂ
9 9
Hence, equation of hyperbola is
9x?  g9y?
_— =1 from Eq. (i
. [ q. (i}]
= 45x% — 36y =80

EXAMPLE |9| Find the eguation of hyperbola, if

vertices are at (£7,0) and e = ;

[NCERT]
Sol We have, vertices of hyperbola lies on X-axis. So, the
equation of hyperbola is
Xty
Sl S i
at b )
Vertices= (£ a, 0)=(£7,0) = a=7
2 3
MNow, e= 1+—2 = .32=1+_2
a a
2 3
= (i) =l+b— [ve=4/3anda=7]
3 7
2
= Ll Bt . ]
49 9

343

Thus, at =49 b ==
9

Hence, the equation of hyperbola is
2 gy
LD oo 7xt -9y =343

from Eq. (i
TR [from Eq. (1)]

Case IV When foci and length of latusrectum are given
EXAMPLE |10| Find the equation of hyperbola whose

foci are (0, £ 12) and the length of latusrectum is 36.
Sol. We have, foci of the hyperbola lies on Y-axis. So, the

equation of hyperbola is
3. 2
¥ x ;
— =1 1
a b ;

Foci=(0,%£¢)=(0,%£12) = c=12
2

Length of its latusrectum = %

= £=36=b2 =18a
a

Now, c=a+b = (120 =a’ +18a

= @ +18a—144=0 = (a+24)(a—6)=0

= a=6 [-a=— 24 is neglect]

Thus, a* =36and b* =18a=18 x 6 =108

Hence, the equation of hyperbola is

y - x =1 = 3y* - x* =108 [from Eq. ()]
36 108 :



Case V When vertices and directrix are given

EXAMPLE |11| Find the equation of hyperbola whose
vertices are (£ 6, 0) and one of the directrices is x = 4.
Sol. We have, vertices of hyperbola lies on X-axis.
So, the equation of hyperbola is

Xy
P
Vertices of hyperbola=(*a,0)=(+6,0)=>a=6

Equation of directrix isy=2, 224

e e
6
— ! -_—=
e
3
= e=—
2
2
Now, e= |+b_
)
= a*e* =a® +b*
2
= (6x3) =6" + b
2
= =9 -6"=45
Thus, a®=36 b*=45 :
Hence, the equation of hyperbola is :——2;_
6 4

[from Eq. (1))
Case VI When focus, equation of directrix and
eccentricity are given
If focus F(xy, y,), equation of directrix is ax + by + ¢ =0,
e is eccentricity and P(x, y) is any point on hyperbola, then
cquation of hyperbola is
e (ax + by+c) 2

(=2 + (=)= -
* =X D Helv ) | Y

EXAMPLE |12| Find the equation of the hyperbola
whose focus is (1,1), directrix is 2x 4+ y—1=0 and
eccentricity is ..E,
Sol. Here, focus F(1, 1), equation of directrix is 2x + y —1=10
ande = 1€
Let P{x, y)be any point on the hyperbola, then equation

of hyperbola is
2
{(x—1P +({y—-1) ={J§}2_M
2" +1
= 5[{1'_1}2+(Y—1}2]=3{2r+}r—1]9

= S(xf +y' —2x—2y+2)

=3(4x" + y' +1+ 4xy —d4x — 2y)
=  Tx -2y +12xy—Zx+4y-T=0
=  Tx'+12xy -2y —2x 44y -T=0

Case VII When other parts of hyperbola are given
EXAMPLE |13| Find the equation of hyperbola, the

length of whose latusrectum is 8, eccentricity is % and
whose transverse and conjugate axes are along the X and
Y-axes respectively.

Sol. We have, transverse axis is along the X-axis. So, the

equation of hyperbola is
2 2 o
22

2

Length of its latusrectum = 2
a
2

25;—8 = b* =4a

b 4a
—2 l+—

[e =3/J§and b* = 4a)
9 4 4 4

= =]t = ==—=2a=5
5 a a 5
Thus, a® = 25and b* =4a=4(5)= 20
Hence, the equation of hyperbola is —2 - i =1
25 20
[from Eq. ()]

EXAMPLE |14| Find the equation of the locus of all
points such that difference of their distance from (4, 0)
and (- 4, 0) is always to 2.

Sol. We have, foci of the hydperbola lies on X-axis. So, the

equation of hyperbola is
2 2
S .
o = s 35 ] 1)
at b

Let the given points be F, (4, 0) and F,(— 4, 0).
Now, F,F, =1|i(4 +4F +{0-0)* =8
We know that, FF, =
e=8 => c=4
Let P{x, y) be any point on the hyperbola.

o | FF, — PFy| =2

Now, | PF, — PF,| = 2a

=2 = a=1

Also, cf =g’ + b

= 16=1+b" = b* =15 [ve=4anda=1]

On putting the values of a® = 1 and b* = 15in Eq. (i), we get
oyt
T

ie. 155 —y¥ =15

which is the required equation of hyperbola.



| TYPE 111 |

PROBLEMS BASED ON FINDING ECCENTRICITY
IN DIFFERENT CONDITIONS

EXAMPLE |15| Find the eccentricity of the hyperbola
whose length of latusrectum is 8 and conjugate axis is
equal to the half of its distance between the foci.
[NCERT Exemplar]
Sol. We have, conjugate axis is half of distance between foci.

2b=122£ = 2b=c =>4b=c?

2
= 4b2=az+b’='>b—=l
a® 3
bZ
Now, e=,1+—
¢ a
=) e= l+l = e= 2
3 B

EXAMPLE |16] If e and e’ are the eccentricities of the
2 2
hyperbola 5-2- - lb(—z = 1and its conjugate hyperbola, then
a

1 1
prove that — + — =1.
e e
2

2
Sol. Given hyperbola is x_z - :—2 =1
a

The eccentricity e of this hyperbola is

2 242
e2=l+b—2 = e?=2 +zb
a a
1 a
= —_= (i)
et a+ b
y x
The equation of the conjugate hypexbolabbT——2=l
a
The eccentricity e’ of this hyperbola is
2 B+ a
e'z=1+:—2 = e bzﬂ
1 b
= = (i)
e at + b
On adding Eqgs. (i) and (ii), we get
1,1 @bt
2 e E b
1 1
S +—5=1 Hence proved.
e e

TOPIC PRACTICE 4|

OBJECTIVE TYPE QUESTIONS

Hyperbola is symmetric with respect to

(a) X-axis

(b) Y-axis

(c) X-axis or Y-axis

(d) X-axis and Y-axis

If the equation of hyperbola i x—z-—!—z-=l the
quation ype o:«ns9 gl n

(a) transverse axis is along X-axis of length 6

(b) transverse axis is along Y-axis of length 8

(c) conjugate axis is along Y-axis of length 6
(d) None of the above

2 2
If the equation of hyperbola is -2):5- - % =1, then
(a) transverse axis is along X-axis of length 6
(b) transverse axis is along Y-axis of length 10

(c) conjugate axis is along Y-axis of length 10
(d) None of the above

x2 y? - < >
If T =1, the foci of this hyperbola is

(a) (58, 0) (b) (+ +58,1)
(c) (= /58, 0) (d) (58, 1)

In a hyperbola, if length of transverse axis is 2a

and length of conjugate axis is 2b, then the
length of latusrectum is

2 2
(a) b_ (b) &
a a

a’ 2a*
(c) T (d) T

VERY SHORT ANSWER Type Questions

6

Find the distance between the directrices of the
hyperbola x?- yz =8

7 Find the foci of the hyperbola 9x” — 16y* = 144.

8

9

Find the latusrectum of the hyperbola
16x7 - 9y =144,

Find the eccentricity of the hyperbola whose
length of latusrectum is half of its transverse axis.



SHORT ANSWER Type I Questions

10

1

12

3

14

15

16

If the distance between the foci of a hyperbola
is 16 and its eccentricity is Jf then find the

equation of the hyperbola. [NCERT Exemplar]|

Find the equation of the hyperbola whose
conjugate axis is 5 and the distance between the
foci is 13.

Find the eccentricity of the hyperbola, the
length of whose conjugate axis is 3/4 of the
length of transverse axis.

Find the equation of hyperbola having vertices
(£ 5,0) and foci at (+ 7, 0).

Find the equation of hyperbola having foci
(+ 5,0) and length of transverse axis is 8.
[NCERT]

Find the equation of the hyperbola whose
vertices are (+6, 0) and one of the directrix is
x=4

Find the equation of hyperbola, having foci
(+ 4, 0) and length of latusrectum is 12. [NCERT]

SHORT ANSWER Type Il Questions

17

18

19

20

Draw the shape of hyperbola and find the
length of the axes, coordinate of the vertices,
coordinate of the foci, eccentricity and length of
the latusrectum of each of the following
hyperbola.

2 2 2 2

o - W I
A T SRR AR

@ 16 49 i) 25 4

2 2
(iii)%-{—eﬂ (iv) x2-y?=1

(v) 3x2-2y%=6 (vi) 25x%-9y? =225

Find the foci, vertices, eccentricity and length of
latusrectum of the hyperbola 5y* - 9x* = 36.

Find the lengths of transverse and conjugate
axes, eccentricity and coordinate of foci and
vertices, length of latusrectum, equation of the
directrix of the hyperbola 25x? - 36y* =225

Find the eccentricity of the hyperbola

2 2
x_z ~ :;Lz. =1, when passes through the points
a

(3,0) and (3,2, 2). [NCERT Exemplar]

21

22

10.

Find the equation of the hyperbola whose one
directrix is x + y = 9, the corresponding focus is
(2, 2) and eccentricity is 2.

Prove that the locus of the point of intersection
of the lines +/3x — y = 4/3k and \3kx + ky = 4/3

for different value of k, is a hyperbola whose
eccentricity is 2.

HINTS & ANSWERS

(d) Hyperbola is symmetric with respect to both the axes,
since if (x, y) is a point on the hyperbola, then (—x, y).
(x,—y)and (—x,—y) are also points on the hyperbola.
2 2
(a) The transverse axis of x_z - ':—2 =11is along the X-axis
a
and its length is 2a
y:
(b) The transverse axis of — — b_z =11is along the Y-axis
a
and its length is 2a.
(c) The foci of hyperbola = (+ \’az +b%,0)

= (% /19+9,0)= (£ 58,0)
2

(b) The length of latusrectum is Zb;
a

i . y 2a
Distance between directrices = —
e

a=b=2w/5and e=\la2+b2 =BJ§ Ans. 05

Here, x* =16,b* =9and ¢ = \’az +b*
Foci=(%c, 0) Ans. (£5,0)
2 2
X a1
9 16
AL

Here,a’ =9, b* =16and length of latusrectum = —
a

32
g

2 2
i:l(z‘;)andusee= l+£z- AM.JE
a 2 J a 2

Here, 2c =16 = ¢=8

Ans

e=£a-,/2_=£:a=4ﬁ
a a
c*=a*+b* Ans.x* - y* =32
2b=5and 2c =13

= b=§-andc=£
2 2



12

13.

14

15.

16.

9
c2=az+b2=:-l-6—- -2—5+b2 ad==
4 4 2
2 2
Ans.x—-!_.g..
144 25 4

Here,(a,0)=(%£50) =a=5
and (¢, 0)=(%7,0) = c=7
Pzdt b 249=25+b = b =24

2 2
Ans.x——y—=l
25 24
(e, 0)=(£5 0)=>c =5
and 2a=8=a=4
=a’+b =25=16+b"
2 2
= =9 Ans. - -2 a1
16 9
Here (£6, 0)=(%a, 0)
a 6 3
a=6 andx=—=4=— = e=—
e € 2

2 2
b =a’(e’ -1) Ans.:—6—L=l

45
o, S
— 2 =1
4 12
17. (i) Solve as Example-1.
9
Ans. 8, 14,(0,£4), (0,%65), £ 47
(i) Solve as Example 2.
J29 8

Ans. 10, 4, (£5,0), (t\/—O)—;
5 32

(iii) Solve as Example 2. Ans. 6, 8,(*3,0), (+5,0), —, s

(iv) Solve as Example 3. Ans. 2, 2, (£ 1,0),(% JE.O), JE 2
(v) Solve as Example 3.

Ans. 242,23, (:J’ox(tJ'oxT W2
(vi) Solve as Example 3.

Ans. 6, 10, (£ 3.0), (+ 432,0), 24 Ny 53"

19.

20.

21

2 2

XX o1

36 4

5

Here, a’ =3?6 and b* =14, r:=w}az+b2

’36 F ;14
=_|—+ = = e
5 5 5
Rioa N i 6} 4J§
75 N3
x_z_y_2=l
O
36
Here, a° =9, b2=E
and  c¢?=va*+b*
= 9+£
36
= 549 _4549
R
i _
6 2
61 61 25 8
Ans. ﬁi-J——. i£.0 ,(£3,0,—x=% :
6 2 6 361
2 2
X Yy _
" e
Since, it is passes through (3, 0) and (SJE 2).
9 18
—.—0=land—-—=
a* a® b
=4 a*=9 and b* =4

w|=
w

b =a® (e*—1) Ans.e =

_22(x+y—9)z
- (1* +1%)
= x2+y2—4x—4y+8=2(x2+y2+81
+2xy—18y —18x)
Ans. x* +dxy+ y® —32x —32y +154 =0

(x—2)* +(y-2)*



SUMMARY

+ A circle is the locus of a point in a plane, which moves in a plane such that its distance from a fixed point in that
plane is always constant.

+ Standard Equation of a circle is (x — hf + (y — kJ = r* having centre (h, k) and radius r.

+ The General Equation of acircleisx? + y? +2gx + 2fy +¢ = 0having centre( — g, — f)and radius r = \[g* + % —c.

* Let(x,, y,}and(x,, y,) be the end paints of the diameter of a circle. Then, equation of circle is

(x=x)-(x=x,)+(y=y,)-(y-y,)=0

+ A parabola is the locus of a point which moves in a plane, so that its distance from a fixed point called focus is

always equal to its distance from a fixed straight line called directrix in the same plane.

Let the equation of a parabola be y* = dax .

(i) The focus and directrix of a parabola be (g, 0) and x = —a. (i) The length of the latusrectumn is 4a.

+ An ellipse is the locus of a pointin a plane, which moves in the plane such that the ratio of its distance from a fixed
point called foeus in the same plane to its distance from a fixed straight line called directrix is always constant,
which is always less than unity.

*

2 2z
(i) The standard equation of horizontal ellipse is :—2 + i—z =la=h

(ii) The standard equation of vertical ellipse is § + ]':? =ta=h.

2 2

+ Let the equation of an ellipse be X, + L= lasbh

a b
(i) The major and minor axes are 2a and 2b, respectively.
C b?
ii) The foci of an ellipse is (£ ¢, 0), where¢ = ,Ja® = b*. iii) The eccentricity of an ellipse ise == = ,|1 = —.
(i) i ipse is ) ow (iii) icity ipse i . pE
2 2

. . ) a .2
The directrices of an ellipse are x =+ —, wherec = Ja® — b*. The length of latusrectum is .
(iv) i i ips X " V) g u urn i -

+ A hyperbola is the locus of a point in a plane, which moves in the plane such that the ratio of its distances from a
fixed point called foeus in the same plane toits distance from a fixed line called directrix is always constant, which is

always greater than unity.
2 2

(i) The standard equation of hyperbaola is ;—.‘, - % =1
2 2
(i} The equation of the conjugate hyperbola is g—_,_ - ;—.‘, =1
XZ Jr,?
+ Let equation of hyperbola be Pl 1

(i) The transverse and conjugate axes are 2a and 2b, respectively.
(i) The foci of hyperbola is (£ ¢, 0) or (£ ae, 0).

2 2
(iii) The directrices of a hyperbola are x =+ ﬂ? or + g, wherec = q’lﬂz +b? ande = 1’1 + :—2

2
(iv) The length of latusrectum is —
a



CHAPTER
PRACTICE

OBJECTIVE TYPE QUESTIONS

The vertex separates the double napped right
circular cone into ..M... parts called ..N.... Here,
M and N respectively stand for

(a) three, nappes (b) two, shapes

(c) two, nappes (d) three, cones

Different kinds of conic sections are obtained

depending on

(a) the position of the intersecting plane with
respect to the cone

(b) angle made by intersecting plane with the
vertical axis of the cone

(c) Both (a) and (b)

(d) Neither (a) nor (b)

A circle is the set of all points in a plane that are
equidistant from a ..P.. point in the ...Q.... Here,
P and Q respectively are

(a) any, space (b) fixed, space

(c) any, plane (d) fixed, plane

If the equation of the circle with centre at (h, k)
and radius ris x* + y> =r% Then, h and k
respectively are

(@) (1, 1) (b) (-1, -1)

(c) (0,0) (d) None of these
Vertex of the parabola 9x? — 6x + 36y + 9=0, is
1 2 1 1
(a) (5,-5 (b) (-.5,-_.
11 11
© (-3-3) @ (3-3)

LR Ry J LR -y

The length of the latusrectum of the parabola
9x? - 6x + 36y +19=0, is

(a) 36 (b) 9 (c) 6 (d) 4
Latusrectum of an ellipse is a line segment ..A...
to the major axis through any of the ..B... and
whose end points lie on the ellipse. Here, A and
B respectively are

(a) perpendicular, foci (b) parallel, vertices

(c) parallel, foci (d) perpendicular, vertices

2 2
8. Th tion —~ Y
e equa lOI‘IZ-r'i-r-5

+1=0represents an

ellipse, if

(a)r>2

(b)2<r<5

(c)r>5

(d) None of the above

9. The number of possible orientations of

hyperbola is/are
(a) one (b) two
(c) three (d) four

10.

A hyperbola in which length of transverse axis
is equal to the length of conjugate axis, is called
(a) equilateral hyperbola

(b) obtuse hyperbola

(c) acute hyperbola

(d) None of the above

VERY SHORT ANSWER Type Questions

11. Find the equation of the parabola whose focus
is (2, 0) and directrixis x = -2.
12. Find the equation of ellipse having ends of
major and minor axes are (0, + /5) and (+ 1, 0).
[NCERT]
Find the equation of the ellipse, having

13.
eccentricity % and semi-major axis is 4.

14. Find the equation of hyperbola, if length of
transverse axis is 10 and conjugate axis is 8.

SHORT ANSWER Type I Questions

15. Find the centre and radius of each of the
following circles. (Each part carries 2 marks)

0 (-t 3 -4

(ii) x?+ y*—4x+6y =5



16. Find the coordinates of the focus and the
vertex, the equation of directrix and the axis of
the following (Each part carries 2 Marks)

(i) x2 =10y (ii) 3x2=8y

17. Find the coordinates of the focus and the
vertex, equation of directrix and length of
latusrectum of the following.

(Each part carries 2 marks)
(i) y*=10x (ii) 5y% =-16x

18. Find the equation of the parabola with vertex at

the origin, the axis along the X-axis and passing
through the point (2, 3).

19. Find the equation of the parabola whose focus
is (-1, 2) and directrix is x-2y-15=0.

20. Find the distance between the directrices of the

SR
ellipse -2 A
36 20

21. Find the equation of an ellipse whose vertices

are (0, £10) and eccentricity e = % A

22. Find the equation of the hyperbola with
vertices at (0, £6) ande = 2 Find its foci.
[NCERT Exemplar]

23. Find the equation of the hyperbola, having foci
( 34/5, 0) and length of latusrectum is 8.

24. Find the equation of the hyperbola whose
vertices are (+ 2 0) and the eccentricity is 2.

25. Find the equation of hyperbola, if conjugate
axis is 5 and distance between foci is 13.

SHORT ANSWER Type II Questions

26. Ifthe equations of the two diameters of a circle
are x + y =6 and x +2y = 4 and the radius of the

circle is 10. Find the equation of the circle.

27. Iftwo diameters of a circle lie along the lines
x—-y=9and x-2y =T7and the area of the circle
is 38.5 sq cm, then find the equation of the
circle.

28. Find the equation of the circle concentric with
the circle x* +}r2 —4x—-6y—3 =0 and which

touches the Y-axis.

29. Find the focus and directrix of the parabola
3x?+12x+8y=0.

30. The focus of a parabolic
mirror as shown in figure
is at a distance 6 cm from
its vertex. A
If the mirror is 20 cm
deep, then find the
distance LM.

F(6.0) N(20, 0)

(2N

M

31. Find the equation of the ellipse, whose focus is

(1,—2), the directrix 3x-2y+5=0 and

eccentricity equal to %

32. Ifthe latusrectum of an ellipse with axis along
X-axis and centre at origin is 10, distance
between foci is equal to length of minor axis,
then find the equation of ellipse. [NCERT)

33. PSQis a focal chord of the ellipse 4x*> +9y” = 36

such that SP =4. If S” is the another focus, write
the value of S'Q.

34. Find the coordinates of the foci, vertices,
eccentricity and length of latusrectum of the
following hyperbola. (Each part carries 4 Marks)

(i) 49y*-16x* =784 (ii) 16x*>-9y? =576

35. Find the length of the axes, vertices, foci,
eccentricity and length of the latusrectum of
the following hyperbola. (Each part carries
4 Marks)

(i) 9x2-16y2 =144 (i) 9y?-4x? =36

36. Find the equation of hyperbola, having directrix
x—-y+3=0,focus (-1 1) and eccentricity 3.

LONG ANSWER Type Questions

37. The sides of a rectangle are given by the
equations x = -2, x =4, y=-2and y = 5 Find the

=g — -

equation of the circle drawn on the diagonal of
this rectangle as its diameter.

—_—— _—-

38. Find the axis, vertex, directrix and length of

latusrectum of the parabola
9y’ —16x-12y-57=0.

39. Find the equation of an ellipse whose axis lie
along the coordinate axes, which passes
through the point (-3, 1) and has eccentricity

equal to 42/5.

40. Find the equation of the hyperbola whose foci
are at(0, £ J10 ) and which passes through the
point (2, 3).



10.

HINTS & ANSWERS

(c) The vertex separates the cone into two parts called
nappes.

(¢) We obtain different kinds of conic sections depending
on the position of the intersecting plane with respect to
the cone and the angle made by intersecting plane with
the vertical axis of the cone.

(d) A circle is the set of all points in a plane that are
equidistant from a fixed point in the plane.

(¢) Suppose h=k =0 Therefore, the equation of the
circle is x* + y* =%,

{a) The given equation 9x° —6x +36 y +9=0 can be
written as (3x — l]l2 =—4(9y + 2)

1 2
Hence, the vertex is [—, - —] .

3 9
(d)9x* — 6x +19=— 36y

= {31—1}2=—36y—13=—36[y+l]
2

- ey

Hence, length of latusrectum is 4.

(a) Latusrectum of an ellipse is a line segment
perpendicular to the major axis through any of the foci
and whose end points lie on the ellipse.
2 2 2 2
b)) ——+-L—t1m0 = T4 L a1
2-7 T35 r—2 5-—r

Hence,r>2 and r<5 = 2<r<5.

(b) The number of possible orientations of hyperbola are
two which are shown below.
Y
(. ¢)
Y

(0, a)

X X o) X
(-a, 0)| (a,0)\ (c.0)
(. 0) (0,-a)
v
0, =c

o

(a) If length of transverse axis is equal to the length of
conjugate axis, then hyperbola is called equilateral
hyperbola.

- Directrix is x = — 2 and the focus is (2, 0).
». Required equation of parabola is y* = 4ax
= y2 =4 X 2x

Ans. y* =8x

[ra=2)

12. Since, major axis (0, £ J5)is along Y-axis and minor axis

(+1, 0)is along X-axis.
2 2
s Equation of the ellipse is x—z + y—z =1
[ a

where,a=~Jr5Tandb=l

On putting a = N5andb=1in Eq. (i), we get
z 2
I_+}f_=l
1 5

13. Given, e= landa =4

. a — b 16— b*
g = =

1
: - = b
a 4 18
2

2
~ Equation of an ellipse is x_j + }'_2 =1
a b

2 2
= Z +Y 1 Ans.3x? +=13.'2 =48
16 12

14.

> Transverse axis= 2a=10 = a=5

and conjugate axis=2b=8 = b=4

~ Equation of hyperbola is
S NS S
a b 25 16

15. (i) On comparing the given equation with

(x = h)* +(y —k)* =r*, we get

h= l‘ k=- l
2 3
and r=— Ans [l -l]andl
3 2
(if) On  comparing the given equation

x* + y* + 2gx + 2y + ¢ =0, we get

g=-2f=3 and c=-5

Now, centre=(—g,— f)
and radius =\’g2 +ff-c

Ans. (2, -3)and 342

16. (i) F (0. -52-) 0(0,0); 2y+5=0; x =0

ﬁDF(Q ;)JXQ0h3y+2=0;x=o
17. (i)F(%,O); O0, 0); 2x +5=0; 10 units

(ii)F(—%.O];O(Q 0): 5X—-4 =0;?um’ts

-1}

=12

with

18. Equation of the parabola with vertex at the origin, the

axis along the X-axis is
y2 = dax

i)



19.

20.

21

Since, parabola (i) passes through (2, 3).
g O=dxax2 [from Eq. (i)]

9
= 9=8a = a=-

On putting a = g in Eq. (i), we get

Hence, the required equation of parabola is y* = Ex.
2

Let P(x, y) be any point on the parabola. Distance of
P{x, y) from the focus (=1, 2) = Distance of P{x, y) from
the directrix x — 2y —15=0 [by definition of parabola)
- Required equation of the parabola is

-2y —15
(x+1) +{y — 2)* = | S
Py (—2)f
Ans. 4x® +4xy +y® +40x — B0y — 200=0
2 2
Gwen,x—+ J‘I—=l
36 20
On comparing the above equation with
2 2
r—2+}r—z=Lwe get
a b
a*=3% = a=6and b’ =20= b=2+5
-“iaﬂ -6 -2 4 2
e= = T -
a 6 6 3
. Distance between the directrices = 2—ﬂ = ZZL; =18
e

Given, vertices (0, + 10) = (0, a)and ¢ =4;

a=10
z
Now, 52=(4—]
5
2 2
a 25 100 25
Required equation of an ellipse is
2 2 2 2
LI S PO S A
¥ 4 36 100
Ans. 100x” +36y° =3600
Let vertices =(0, £ b) = (0, £ 6)
b=6ande=-§
3
, a+b 25 36+a°
W —— Y —'= =a =48
b* 9 36
Hence, the required equation of hyperbola is
2 2 2 2
LN A POC AN
48 36 36 48

foci = (0, £ be)=(0, £10)

23.

24.

25.

26.

27.

Let foci (£ ¢, 0)= (£ 35, 0) = ¢ =35
2

and length of latusrectum = — =8 = b* = 4a
a

On putting ¢ =‘_’r\|"§andbz=4ainc2=az+bz,weget
45=a"+4a = a’ +4a-45=0

= a=—9 or a=5

But a#—9 = a=5

On putting a = 5in b* = 4a, we get b* = 20

Hence, the required equation of hyperbola is

1'2 }'2

35 20
Let vertices (+a, 0)=(+ 2,0)

= a= 2and eccentricity, e = 2

2 2
. _ - 2 _d + b
On puttinga=2ande =2ine” = S ., We get

4+ b
4=T=>b2=12

Hence, the required equation of hyperbola is

2 2
XY o
4 12
. . 5
Let conjugate axis, 2b=5=b=—
2

and distance between foci= 2e =13=¢ = E

anutti.ngb:%andf =%in.’.‘2 =a® +b*, we get

169, 25 , 144
—=4a +— a =—
4 4
Hence, the required equation of hyperbola is
2 2
x ¥

=1 = 25x° —144)* = 900

144/4 25/4

Given, radius, r = 10 and equations of two diameters are

x+2y=4 A1)
and xX+y=6 (1)
On solving Eqgs. (i) and (ii), we get
x=8and y=-2
So, centre of the circle is (8, — 2).
~. Required equation of circle is
(x —8)* +(y +2)* =(10)".
Ans. x* + y2 —16x +4y—32=0
Given equations of two diameters are
x—y=9 ..{1)
and x—-2y=7 ..{1ii)
On solving Egs. (i) and (ii), we get
x=1land y=2
*s Area of given circle = 385 cm”
, 1225 49

=2 =385 = rl=—-=—
100 4



29.

30.

.. Required equation circle with centre (11, 2) and radius

=lis (x—11)* +(y-2) .3
2 4

Ans. 4x” + 4y —88x —16y +451=0
Given, x*+y*—4x—-6y—-3=0

=(x* —4x+4)+(y -6y +9)=3+4+9

= (x=2+(y=-30=16 = (x—-2)" +(y—3)* =(4)*
.. Centre of the required circle is (2, 3).

As it touches Y-axis, so its radius = x-coordinate of
centre = 2.

Hence, the required circle is (x — 2y +( y- 3)* =(2)*
= x'—dx+4+y'—6y+9=4

= x*+y'—4x—-6y+9=0
Given, 3x° +12x +8y =0
= x* +4x +-§-y=0 [dividing both sides]
= x2+4x+4=—§y+4
2 2
= (x+2) " =-4 ;y—l
Let X=x+2
and Y=(3y—1] 0
3
X*=—-ay ...(ii)

Coordinates of focus of a parabola (ii) are
X=0and Y=-1

= x+2=0 and gy—1=—l = x=-2and y=0
. Equation of directrix of parabola (ii) isY = —1

2 2
e, —y—-1=1 = —-y=2= y=3

37 37 y

Ans. Focus = (- 2 0)and directrix, y =3

830 em

31. Given, focus (1, — 2) and equation of directrix

3x — 2y + 5= 0 and eccentricity, ¢ =l.
2

. The equation of ellipse is
2 2
(x—1) +(y+2)? =[l] Gx-2y+5)

2 3 +(-2)
=l +1-2x 4y +4+4y

1 [9:’ +4y" 425+ 30x — 12xy — zuy]

ry 9+4

2, .2 1
= T +y —2x+dys—
52

[9ax® + 43" —12xy + 30x — 20y + 25)
= 52x? +52y" —104x + 208y + 260
=0x"+ 4y —12xy + 30x — 20y + 25
= 43x% +48y% +12xy —134x + 228y + 235=0

32.

33.

35.

2
Given, & =10
a

and 2ae=2b = b=ae v b*=a’(1-¢%)

1
= =
a
Thus, a=bJ2

2
B 10 = pmsio
a

[using b = ae]
Again, [va=10]
Xty
Hence, ired tion of the ellipse is — +—=1.
ence; required equation of the ellipse is — +-_ =

26

34. (i) Given,49y® —16x" =784

y' X i ;

—_———=1 dividing both sides by 784

16 49 [ ¢ ! ]
2 2

On comparing it with —-— 7 =1, we get
a

a=4 andb=7
Now, transverse axis, 2a=8
Conjugate axis, 2b =14

Valueof(::,‘a2 +b? =.‘ﬁ6+49=-./6—5

Vertices=(0, £ a)=(0, £4)
Foci = (0, + ¢) = (0.+ /65)

Eccentricity = e . ﬁ
a 4
and length of latusrectum
2b* _2x49 _49
a4 2

(i) Solve as part (i).
Ans. Foci=(£10,0)
Vertices =(+6,0)

sk 5
Eccentricity =e = 5

64
Length of latusrectum = =

(i) Given, 9x” —16y" =144

z 2
X
. X

=1 [dividing both sides by 144]
16 9

2 2
L X
On comparing it with — — }‘_2 =1, we get
a b
a=4and6=73
Mow, transverse axis, 2a=8

Conjugate axis, 2b=6

Value of ¢ =1Jaz +h = 1||1ﬁ +9=5

Vertices = (+ a, 0) = (+4, 0),
Foci=(x ¢, 0)=(%50)



36.

37.
38.

Eccentricity=e =

Bln
|PL|U1

2

and length of latusrectum = —
a 4

(ii) Solve as part (i).
Ans. Transeverse axis = 4
Conjugate axis =6
Vertices =(0, + 2)
Foci = {0, + +/3)

- 13
Eccentricity = £
2
Length of latusrectum = 9
Given, focus = (-1, 1), equation of directrix is
r—y+3i=0
and Eccentricity,e =2

¥ F
[x—x,}2+{y—y,]2=e (ax +by + ¢}

a’ + b

'_’.I{Jr:—_'p'+3}2

() A (y—)f e ————
(x4 (-1 = =

Ans. 7(x" + ") —18xy + 50x —50y + 77 =0
x+yt—2x—3y-18=0
Given equation of parabola is
9y —16x —12y =57 =0
= (3 —2x2x3y+ 22 =2 +57 +l6x

y 2y’ 61
= (3y—2)" =61+16x = 9 y—; =16 .1:+E

[ 2y 16 61 .
= ¥ ——) =— [_t’ +—) A1)
3] o 16

Let Y=y—§ and X=x+52 i)

16
g 16 4 .
Ve - o X* [from Eqs. (i) and iii)] ...(iii)
Now, the equation of axis of parabola (i) isY =0
2 2
—==0 = y=—
y 3 y 3

Coordinates of vertices of parabola (iii) are X =0and
Y=0

2 61 2
e, y——=0=x=——and y=—
3 16 3
On comparing Eq. (iii) with y* = 4ax, we get
16 E
da=— = a=-—
1 9

- equation of directrix of parabola (iii)is x =—a
61 4 _ 613

ie. = xr=
16 9 144

16

and length of latusrectum = |4al =

4
4% =
9

39.

2 2
Let equation of ellipse is, 1—2 + }r—z =1, wherea=b .. (i)
a b

2 2
and eccentricity, ¢ = J; = e’ = s
According to the question, ellipse (i) passes through the
point (=3, 1).
9.1, oo Ba (1]
ﬂ—z + e [from Eq. (i}] ...{ii)

s b =at(1-¢") o b =d [1 —3] = b =20 (i)
5 5

On substituting b* = %az in Eq. (ii), we get

9 5 3 s 32
—+—=1 = 3a" =32 = a =?

a’  3a
Now, b* = 3 * . [from Eq. (iii}]
3 5

On substituting a® = = and b* = = in Eq. (i), we get
3 5

3;; +%=1 = 3x% +5y° =32
Given, foci = (0, + +10) = (0, + ¢) (say)
= e =40
ct=ad+b s10=a" +b*
= a’=10—b* Ai)
Let the requjrediequntzjan of hyperbola is
i‘_z - ’;_2 =1 (i)

According to the question, this hyperbola passes
through (2, 3).

9 4 .
poia [from Eq. {ii)]
9 4
= _———=1 from Eq. (i)
w-56 [ Eq. ()]
ob* — 40 + 4b°
- PP
(10=b") b
= 136 — 40 =10b" — p*
= b +3b* —d0=0
=5 B* =5 or —8
But >0 = b* =5

On substituting b* = 5 in Eq. (i), we get
a=10-5=5
On substituting a* = 5and b® = 5 in Eq.(ii), we get,

2 2
Y _xX
5 5
= y2—12=5





