Exercise 15.2
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Given that J‘"{J,r_ yJ = 12.‘«."!);-'JL

; 5
Now [of (x.y)Odx= [ 12x°y* Odx0

4 1
=12[ox*y' Dd x

=12y [ox' P od x5

and [of (x.p)Tdy= [y12x" y*“Od yid
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Given that j'f,r, _r) =y +xe’
L

Now [af(x,y)dx= [3(y+xe”)dx
= J_f.j‘dx-i- fove” dx

s [ 5T

=yl + 'Te‘}

" }‘[5 —0 -I-[ :; e’ —I_'}:|

25 ,
= =] 5-!_5 —|,— T{,"

and [ofGyydy = [o(y+xe’)dy
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43

We have the double integral I”ﬁxjy 2 Ex:] dvdx .
10

et us start by remowing the ithnermost integral

i
_I_I(ﬁxjy — 2}::] dvdr = _1-3;':2}?2 = 2;&}?]2 adx

|35 (2)" - 2x(2) | - [ 3 (0)" - 2(0) | ax

12x% — d4x dx

4
The integral 15 simplified to IlExj —dx dx.
1

Mow, let us evaluate the suter integral and apply the limits.
4

_[12:1:3— 4x dx = (4x°- 25°)

[agay - 2047 | - [4(0- 2(1)" ]

= 222

4
1

Thus, the tterated integral evaluates to m
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-

fo f§i4.r‘ —9_1-‘_;:') dyvdx= [, [ = 2Bt ; | dx
I | [ = | 5 - |

= [oax’[2=1]-3x"[8~1]dx
= =l

; 3 B
= | {1{41' —2lx zj.ﬂ'.‘i"
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4
Consider the double integral ”feh dydx .
LR

Let us start by removing the innermost integral.

] 2
P2t dvde =
firer - |

I

Now, let us evaluate the outer integral and apply the limits.

ii Ve dydx = 64_2[ e’ dx
LIN1] o

2 .54[£T
2 1]
=32[e"’“] —el{"’]

= [32(e*- 1)
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I:f jri;::n*.-_;}f dxdy= J'icns;y{_r}i: dy

= I Ecm}f{f =1 }]-d-y

L]

w

=6 ;cosydy

f

= 6[siny] -~
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We have the double integral I::_Lf + ¥ cos xj cfx oy

|_I|J‘_|""‘"
':'.—ih-"lhl

Let us start by remowing the mnermost integral

32_}f+y2|::05x dxdy = 3 +y s1nx3.:;t'y
! I
3
= L[(ﬂ]y+}f 51n[g]i|—[[0)y+f sin[D)] dy
= _I-F; + 37 dy
3
[Ty

The integral 15 simplified to .I-? + ¥ dy

=3



Mowr, let us evaluate the outer integral and apply the limits.

=
ay
I

-3

+ydy =

)
='wv35+&31_{f&32+&33
| 4 3 4 3

= 18

Thus, the tterated integral evaluates to .
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Consider the double integral ”— dy dx .
1 |

Calculate the iterated integral.

1
Put Iny=¢then —dy=dlt

J_!

Let us start by removing the innermost integral.

jjl— dydx =
11

I

In y- —ch

|
o By 7
|-
1

r—

=

L
o —

Il
S
.--I‘—
—
=
AR
i

J.

Ja

Sincet=Iny

Since Inl=0



Now, let us evaluate the outer integral and apply the limits.

[t e =

_ inﬁf[]n|_r|:|:
05 -]
=(_in_5:}2£ (Since In1=0)
ttln (In5) In3
Hence, H - ;{5;}'1‘—%
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We have to evaluate the iterated integral ﬁ& %dedx
11

| oy

e v afx

j (gﬂ dy cfx+j-j1:[§] dydx
Uim&(g .
e [1{5]

111
[x(ln2-1n1)]dx + 2!;[

b-l
"\-\_\_,_/

G-

et Po— F:
s
&
"‘-u_.-"

-l
—

—_

=
el
|_|



.
£ 4
]dydx —1112{2] +§|:lnx:l1

1

= E111 2+Eln4
2 2

1t P— |1

‘-:IH

by

HI‘~::

{since In1=0)
2 1 L
Eln2+31n2 5111[4):111[4)2 =1n(2)

= E1112
2
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: : P B R S 1 T % I 3y
Givenlintegralis [, [re’ P dxdy= [ye dx.[ge” dy

[E_I"ﬁ-‘ {f" !
- Jﬂi 3 .
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Consider the integral:

L : J: viu+v' Y du dv

Now, the integral can be evaluated as follows:
11
J-jn'{r.r + v rjudv =

_i-[_[ o+ v n‘u}u"v
0 ]
1 1
a’ dv
}[1[1 u-:-v u] V



Start by evaluating the innermost integral.

f(u + vlr du

0

In this integral the variable v is constant

Take a substitution

u+v: =t

du = dt
u=0=t=04v' =V
usl=t=14++

J- H-I-‘.-" (r}"n’.’

L
=5+ 0]
(1) -v]

Mow evaluate the outer integral and apply the limits.

JL‘i1 u + 1;'2 duch’ j-[vj(tr + 7 ]4 dlut ]dv
00

L] 0

= %![v((] +v ]5 —~ vm)]dv

[v o U s [Tl +;vja‘u

1
el ot Ja Rose bl 2 o2
10 + 3 + 10 J,

lll] IR Iﬁ- I-ﬂ |1 ﬂlD {}H ﬂﬁ U-I ﬂ?
s i sy i | = | o e e
[m 4" 3 4 H’J [m 4 3 4 m]

31

—

='L_‘_.

= —=0
30
_31
30
11 E‘md -31
Hence,ﬂv(u+v} ‘ v-ﬁ.




Chapter 15 Multiple Integrals 15.2 12E
Consider the following iterate integral:

j:: J: xyaJx” + 37 dyex
L: J'nl Xy’ + v  dvdy = L: x‘“ﬂl X+’ dy}dx

In the integral L: y X 4 ¥ dv, the varibale x is constant.

Let,

Jx*+y =u
ﬂ:ﬂq,
24x* 47

ydy = du

vy = u du
Find the limits of integration:
y=0=u=vyx*+0° su=Vr Du=x
y=l=u= .r:+y3:>u=m



Substitute values of u in the integral to obtain that,

j‘)ﬂ'x +yidy = _{“I'x +y* (ydy)

[Jﬁ@

The iterated integral is,

Jof o= [ 3 (2 41) "0



I I
Use the following subsitution to find the integral % J- x(rz + l)jl'1 dx .
L

u=x"+1
dit = 2x dx

d
—"-=:ta’x

Find the limits of integration:

I x=0thenu=1.

IT x=1thenu=2.
Substitute these values in the above integral to get,

1 3 2 |I ) 32
EII(I +1) dx=i;{(x +l) (xdr)

o
1 ¢ s du
-E-?‘H [?]

=],1§(4J§_1) ...... (2)

Use equation (2) in (1) to obtain that,
1

Jo Jy ol + e = %{ X 41) e
= l :4&_ 1]

1
15 15

' 42-2]

15

“ :zﬁ—l]

15

Thus, the value of the iterated integral is,

ﬂ I;xy\g'xl + v" dvelx = %{2«1‘5 —I] .
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Consider the following integral:

[7], rsin*0dodr
0 41
Integrate with respectto g.

J, [ rsin* 0dodr - J‘:J‘:f‘%il —cos260)dOdr

= lj: IU_ rdf) dr - ) f: I: 1 cos 2046 dr

_J- (0] dw——f I:s|n2f:?:|“ .
L e

_f x|dr—— I —0]dr

s

1 [
=T —
AN

Therefore, j'“ L:rsinz 8d6dr=n|
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Hfh-ﬁ'ﬂ dsdr= JH(.;H)T d1

= 2l4 2—2]
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Consider the double integral

r2 |

Hﬁjn{x - y} dd, R ={{I,_}’]| |0=x f_i—g—,ﬂ*_i_}'i
R

}

Note that, if fis continuous on the rectangle R = {(x, y) | asxsbcsys d}». then

H.f-{x, y)dA = ﬁf{x’ y) dydy.



Therefore,

Hsin{x - y}dA = T#j?sin(x - y} dy dx
R 00
JT.-'I'T"l
= I I sinu (—du)dx
=} p=x
ik S
= sinu du | dx
rj;' "“J-{:-,mu 1]
2
=2
= I (—cosu) » dx
i 2
= T[—cusx+ cus[x -E]] dx
K=} 2
=T{--.:-.:+s:t +cosx) dx
xuld
"z

= L}({}} dx
=|o]
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Consider the integral:

g( y+ )ﬂH __

The region is R:{(x‘_y}: 0<x<2, Iiyi?]

Here (< x <2 which means that y=( and y =2 are the lower and upper limits of
integration of x respectively, and 1< y £2. which means that y=1and y=2 are the lower
and upper limits of integration of y respectively.



Now, the integral can be evaluated as follows:

g(y + 1}'_2)451'/4 =

I
¥

Therefore, the value of the integral is

B

i, T
MI

L
Ea

—
p—

+ pa

Il Il
Sl by Dl py D e—

IH

| —
=] *a

2

—_—

L—‘M

[y +xy 7 ).r.fyd‘t

x|
2 y

1T = ey

ar

I

-u.-—.lu

y+xy dudx-
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I

%

={(x

y): 0=x<], -3sy=3)



. 18%[1:1 e +1]

=9[ln(2)~1n(1}]
- Bz

(As Ilnl=0)

1
1]
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”::xidﬂ R={(x,y): 0=x=l, 0=y=1]
E ¥
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Consider the following double integral:

Lj,\-stn(,uy]dg R{HE]X[&;}]

So the double integral becomes,

J-ITSIT'I X+ 1

First integrate with respectto y.

J-ITSIT'I X+ 1

xsin(x+ y)dy dx SNC€ dA = dxdy = dydx

!I
= ey | 1
= 1-___._" A

[ xeos(x +"):|.L: dx

-U-*—-.p ]

z
= —J-[.r cus[.t +%] —xcos(x+ ﬂ}} dx
Ll

F 3 F

1] T L]
= —I X cos[ x+— |dv+ j-,r cos xdx
(1] 3 1]



Apply integrating by parts formula:
fudv =uy— Ivdu

Consider the integral _[_n:as[_t +§de.
Use integrating by parts:

T
uH=x dv=c05[1‘+EJ

Then gy =dx v=sin[r+%]

Fig ; Frg , T
fxms[x+—}/x=xsm(x+—]-J'sm[x+—]dx
3 3 3
= xsin(x+§]+ cns[x+%]+£‘

Now consider the integral j_n:ns xdx .

Use integrating by parts:

H=x gv=cosx

Then gu=dx v=sinx

Then integral becomes,
Ixc::nsxdx =xsinx—jsin xelx

=xsinx+cosx+C



Therefore, the integral is as follows:

R

= %sin (% +%] +¢as[%+%] -0 cns[%)_
| |

+ {% sin {%]+ms(%)— {}—cns({}:}_
-%sin(g]+cus[gj—cus[%H+|:gsin(%)+m5(

|"'
= - E(i)-l-ﬂ—l]-l- E[lj.{.ﬁ_]

L6 2 6\2) 2
:....E l+£xl+£_]

6 2 6 2 2
__E, 31

12 2 2

1 z
St 8 § M

Z(J_ ) 12

Thus, the integral of Hxsin[x+y]a’,4 i
R

0

‘ +[xsinx+cos x|

[[xsin(x+y)da = {Isin[x X %j"‘ ﬂﬂs[_r.p%]]i

2

(V3-1)-

T

12|

x

o]
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Consider the following integral:

HHWdA R=[0,1]x[0,1]

The objective is to evaluate the double integral for the region R.

Evaluate the integral is as follows:

ﬂ dd = !I +:Uja[v dx

1+ xy

I d f
=||In(l1+ dx | + =ln f
![ n .:'cy:]]. a_']:( xv) j n

I
= [[In(1+x)=In(1+0)]dx
0
]
- II"(I + x ) dx
0
I
= xln(l + .r)LL - !i& dx integration by parts
Continuation on above:
“‘ jl 1+x-1 i
1+ xy 1+x

[ (|
=|n2—[_[ d - —rit]
0 Ol+x
=n2-[x~In(1+x)]
=In(2)-0-[1-In2-0+Inl]
=Iln2-1+In?2 (Because In1 =0)

=[2n2-1]

Therefore, the value of the integralis [2ln2-1].
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Consider the double integral,

H ye “dA,
R

Here R s the rectangle given by R =[0,2]x[0,3]

The objective is to determine the value of the double integral over the rectangle
R=[0,2]x[0,3].

Note that, if fis continuous on the rectangle K = H(x y} | asxsbhcsys d}. then

17 (e p)da = [] 1. ) dvae= If.f{x, 73 e

oo

From the given intervals, observe that x varies from 0 to 2, and y varies from 0 to 3.

o)

First, integrate the function f{_r!_}.-} = _],:g"J' with respect to x from 0 to 2 and holding y as a
constant.

ye™ dvdy

'='|-—|Iu

Now, integrate the function _f'(y] =1-¢" with respect to y from 0 to 3.

Therefore, the value of the double integral H ye™ dA gyer the rectangle R=[0,2]x[0,3] is
R

32 = 1 . 5
’!;[}-’E 'ﬂh’ﬂj’:Eé‘ +E.
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Consider the double integral,

j'j'” ey AR =[1,3]x[1.2).

The object is to calculate the double integral.

Recall that. if fis continuous on the rectangle R = {(_r,y] la<x<bcsy= d}. then the

double integral can be calculated as follows:

B omd o mh
[ f (ey)da=[ [ 1 Goy)dyds= [ [ f () dsdy
Observe the rectangle, it confiirms that a=1,b=3,c=1, andd=2.

S0 the integral can be written as follows:

1 203 ]
H"l+,r+ydA=J-' j' 1+x+ydx@

Use substitution method: Let 1+ x+y=u.
Lower limit: If y=]then u=2+y

Upper limit- If x =3then u=4+ y.

Then,

dx =du -

So the integral can be written as follows:

H”I+Jr+_ydfi=1-l j' 1+x+';.>£'IIrJr

3 pumtiy |
= [ [ s

=[[[n@)], 3
Jlizl: 4+_}r)—|n 2+y):|a’y

Lln 4+ y)dy- Jln{2+y - (1)



Recall that, !ln Jdx=xlnx-x+C.

Assume 4+ y =1, . then dy =di,

Limits for the first integral: If y=1then , =3.

if y=2then,  =6.

For the second integral assume 24y =1,. then dy =4, .
Limits for the first integral: If y=1then ¢, =3.

If y=2then, (,=4.

So the integral (1) can be calculated as follows:

I 1es ]
j--.-*"l+,1r+_y£',}‘!:1-’ j' 1+x+ya{r@

= J..z In(4 +y}afy—r In(2+ y)dy

= [{in(s)dt, - [ n(1,)

=[=',ln(r,}—f,]:—[tzln{rz]—rzj':
=[(61n(6)~6)~(5In(5)-5)|-[(4In(4)-4)-(3In(3)-3)]
=6In(6)-5In(5)-1-4In(4)+4+3In(3)-3
=6In(6)-5In(5)-4In(4)+3In(3)
=6In(2x3)-5In(5)-4In(2°)+3In(3)
=6(In(2)+1n(3))-5In(5)-8In(2)+3In(3)

=91n(3)-2In(2)-5In(5)

Therefore, the double integral value is,

erLydx@: 9In(3)—2In(2)—5In(3)].
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Consider the following iterated integral.

j‘j‘ 4-x- 2,1-? dxdv
o0

The objective is to sketch the volume of the solid.

The iterated integral says that the solid is bounded by the plane and the rectangle
R=[0,1]x[0,1]

The solid lies under the plane z=4-x—2y and above the rectangle R =[0,1]x[0,1]
First integrate with respectto x .

S0, x lies between 0 and 1

0<x<l

Therefore, y =( thatis yz— plane, y =1 plane.

Now, integrate with respectto y
Here y lies between 0 and 1

Therefore, y=0thatis xz- plane, and y =1 plane are obtain
Then z=( thatis xy- plane and z=4-x-2y planes are obtain

Therefore, there are six planes obtain



The graph of iterated integral

(0,1,0)

w



The Volume of the iterated integral is

V= ij{ 4—x -2y )dxdy
0

= ” x=1
4x— B 2,1:)-':| dy
2

i
o]
1 s -I

=I 4———2_1-']e{m=
(TS 2
17 )

:I 1_2.1"' ﬁf:l.-

A J

I
 ——
b | =0

|
L

Il
) R R

Therefore the volume is J = :
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11

_”(2—;{2 —yz:l.:fy dx

oo

The solid 15 the region in the first octant which lies below the circular
parabolic z = 2 —x° — y* and above the rectangle & = [D,l]x[ﬂ,l]
sz

(0,0.2)

W
S
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iven 4x+éy—Z2z+10=10

The volume of the region bounded above by asurface z = f (x.y) and belowbya

)

d
rectangle [a X E:-] and[.:' e c:!'] iz given by _”flix ¥ dxdy.

From the equation of the plane, we get
dx+by—2z+15=10

= dx+by+15=2z
o 4x+6;+15

=2x+3y +§

Mowr f[x,y) 15 2x+3y+§.

We have the limits for x as (-1, 2) and the limits for y az (=1, 1)

How, evaluating the integral we have
12

1 2 &
II[2x+3y+E] dx dy I Ex—+3xy+15_x dy
p 2 iy

-1-1

= I x +33}r+15Tx]: dy
1 [22+3[2)y+15£2)J—[[—1)

= i -[4 +6y+15)—[1—3y—§ﬂd_}’

-1L

(. 15
(18+E+6y+3yﬂdy
=1L

1
=I[ %+ 9}?] dy

Il
e

Therefore, the volume of the solid 13 cubic units.
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Given z=3y" —x° +2 and R=[-1,1]=[1,2]

The volume of the region bounded above by a surface z = f (x,¥) and below by a

rectangle [a % E:'] and [.:: X ci] 15 given by

From the equation of the plane, we get fx, ) as 3y2 — x% + 2. We have the limits for x as

(=1, 1) and the limits for v as (1, 2).

MNow, evaluating the integral we hawve

1l
o
|‘~=:
[Ex)
+
= —
e e
=
b LS
[ %)

I
P e
—
o=
+

—_—
'\_l-\.'ll,;::,
b ST

Therefore, the volume ofthe solid 15 [—

g B
_”f[x _;u‘:] dxdy

21 2 2 1
I [3}?2 -5 h E:I dxdy = (Bij— ?+ E:J:J av
1 =i

cubic units.
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The solid lies under the surface = :1—%
And abowe the rectangle K= [—1, 1]><[—2

Then the volume of the solid 12
2 2

= [[{1- 52 |as
4 9

{22

1

I
|
| i
b
|
e e
T ]
R,

1
;l-ly 4 27

1 2 2
z 2
| z—x———+2—x———}af

==
i
(46 1 46 1}

i SR

|27 6 27 6

(46 1
| pla
Vi 5}

RS

54
166
ZF




Chapter 15 Multiple Integrals 15.2
The solid lies under the surface z =1+2" sin y
And abowe the rectangle X = [—1,1]}{[0,;??]

Then the volume of the solid 13
i ” I[l +g" siny) a4
E

[1 +e" sin _}?:I dydx

0 P, by

’ g
e, S
e COSJ’?:L._D dx

[ r—e® cosm— 046" cos U]dx

(et —I—ee”]dx

'l_.l—w_. 'l_.l—w_. 'l_.l—w_. 'l_.l—“_.

e = _Il- [;?T+ 2@”]:1’}:

i
= [:?Tx+ 22”]1_1

=T+Ze+m—2e7}
= 2m+ 2(2— e?_l)

== 2[??‘+e —e?'l:l
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ol T ird i = ! 'T [2 2
vVolume of the solid is given Dy o Joxsec'ydxdy

o 2 2
T _t-*d}.f.Jr”,r dx

- ot} [2]

]
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Find the volume of the solid in the first octant bounded by the cylinder

z= 16— x- andtheplaney =75

R =[0,4] X [0.5]

[o/5(16—x")dydx

ji[{lﬁyr = xl,yfjj% dx

[6(80~5x" ) dx

P |
5

80x — i\:
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Find the volume of the solid enclosed by parabloid z=2+x2+(y-2)2 & plane z=1, x=1, z=-1, y=0,
y=4

Thus the region is R=[-1,1] x [0,4] and the volume between z=2+x2+(y-2)2 and z=1

Hn[(Z-I-xzi-[y—Z]})—l]dA
fe[1+ +@=2"Ja = [ L, [5(1+%° +(~2))dydx

(1]

- J"_,[[ﬂl—l--:lxg +%J—[ ‘1‘;3'2 ]]dx

= [L{4+47 + 5 ) dx

ot
= J"_,[y-i-.xzy-i- b ;} Ide

= [L(ad +5 ) s

=2] 1!_,[4.:1:: o= %J dx [symmetric about y-axis]
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Consider the surface z =—=_ and the plane z = x+2y.

x +1

Use Maple to graph these surfaces bounded by the planes x =0, x=2 y=0,andy =4
Keystrokes:
plot3d({2*x*y/(x"2+1), x+2*y}, x=0.. 2,y =0 . 4, color = [blue, orange]):

Maple result:

)

..r;-."m,ﬁ’c![ [ = Aoy X+ E-y’,_rwﬂ_. 2. y=0.4, color= blue, ;:1':rrrg{s]]
X +1




2xy
Let ¢ ==
5 [I' }'} . x+1

From the graph notice that /(x, y)> g(x,y), so take

flxy)=h(xy)-g(xy)
2xy

2 +1

and h(x,y)=z=x+2y.

=x+2y-

And R =[0,2]x[0,4].

Volume of the solid lies between the given surfaces on the interval 0<x<2,0< y<4is

V=[] f(x.y)d

-ﬁ[r+2 ’—zi]dvdr
_“, ¥ 1 %

Use Maple to evaluate this integral.
Maple keystrokes:
evalf{int{int(x+2*y-2"x*y/(x*2+1), x=0 .. 2), y =0 __ 4));

Maple result:

- - em@f[iur[;'n{ [x + 29— "ﬂ]r= IJ,.?].}' ={}.,4] ]:
2+ 1

27.12449670

Hence the required volume of the solid is [21 1344957.[][
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Consider the integral HIS}'JE”dA-
R

Here use Maple to find the exact value of the given integral.
Keystrokes:

with{student);

F=0y)-=x"5"y"3"expiy™x) ;

evalf{Doubleint(f(x, y), x=0..1,y=0 .. 1)),

Maple result:

> withl student);

[ D, Diff, Doubleint, Int, Limit, Lineint, Product, Sum, Tripleint, changevar, completesquare,
distance, equate, integrand, imtercepl, imiparts, lefibox, lefisum, makeproc, middlebox,
middlesum, midpoint, powsubs, rightbox, rightsum, showiangent, simpson, slope, summand,
trapezoid]

> fi=(5y) = () (2) = (&™);
F=({xy . ,r} e x
> evalf{ Doubleint f(x, v}, x=0.1,y=0.1));

008391839764

Hence the required value of the given integral is [0.08391839764].




(b)

Solid is shown in the below figure:

Use Maple to sketch the solid.

Keystrokes:

with(plots);

plot3d(x"5*y*3"exp(y™x), x=0_1,y=0 .. 1);
Maple result:

with| plots) -

plot3d(x*5*y"3*exp(y*x), x=0.1Ly=0.1);

: g
L I\f b
o il by

[

&=
Ly
AT A A

IL'[?
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Consider the surfaces z=g™* cﬂg(r: .”F} and z=2-x" -y
Use Maple to graph these surfaces on the interval |_t|£ ],|J=|!1: @

Keystrokes:
plot3d({exp(-x"2)cos({x*2+y"2), -x"2-y*2+2} x=-1 _ 1,y =-1 __ 1, color = [blue, orange])

Maple result:

p!mj:.{'( {C-F'EDE(.!: + _1:]. y R "_1‘2}, x==1.1,y==1.1, color= [ blue, :’FF'EIH,_E{-E"]J'.




Let g(x,y)=z =g cos[f +y3} and h(x,y)=z=2-x"-)".
From the graph notice that (x,y)> g(x,y), so take
f(xy)=h(xy)-g(x.y)
=2-x -yt -g* cos(x” +y7)
And R=[-1,1]x[-L1].
Volume of the solid lies between the given surfaces on the interval —1<x<1,-1<y<1is
4 =];ff{-n.r}ﬂ’r4
L

= J‘J[E—f PR cns{:.rj +y:’}]d.mbr

Use Maple to evaluate this integral.

Maple keystrokes:

evalf(int{int(2-x"2-y*2-exp(-x*2)"cos(x"2+y*2}, x=-1 . 1),y =-1 .. 1))
Maple result:

> evalf(indind (2 = & = 32 = (e -cos( +y2)) ) x=-1..1).y=-1.1));

3.027069069 — 1.1044783121071

Hence the required volume of the solid is {3 027069069 =1.104478312x107°11
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Consider the function f(x,y)=x"y

The given region is [-1,1]x[0,5]
Then,

A(R)=(1+1)x(5-0)

=10

The formula for the average value of a function is:

PRSI

Here the x limits are from -1 to 1 and y limits are from O to 5.



Now the average value of a function is calculated as follows:

Fom —iﬂf{x,y)dm’y
Foe = iﬂjj Cyddy
[ |

Integrate on x.

1 #1

fm-u=ﬁ EIJ’_I@
131 1
i v gh
mu(a“f] &
1 5
=Ej;yd.-'r’

Integrate on y.

5
s,
fmt'lﬁ[z_}, “]

1
= 36{25_ 0)

5

—3 ===

6
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Consider the function sy, y) = Er,,"_.f + o

The given region is R=[0,4]x[0,1]
The rectangle has width of 1 and length of 4, so its area is 4.

The formula for the average value of a function is:

. |
j‘“"-A R

Here the x limits are from 0 to 4 and y limits are from 0 to 1.



Now the average value of a function is calculated as follows:

41
l

Jow = ;”.f'{x, ) dxdy

[N}

4
7 II
'\.'-LI'

40

X+e du:h

:1_*_

And the limits are if y =0, then y=x+1

If y=1,then u=x+e

; -l 4 xdyg ;
S = EJ I 1 duclx

0 x+l

132 3
-415+)

4 3

= éj{x+e}5 ~(x+ !}: dx

L

Te

x+]

5 9 s|*
:l[é{,m-+¢]a—;{_x-+1):|

6 5 D
_ Ll (awefi g =5 412
15

=|3.327
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(T1vEn ”1 f;_‘

B

={(xy)|-12x=10=y=1}

Let g(x)and %{y) betwo functions. Then, it is known that

s = . f4)

[~

1
Thus, we can rewrite the given integral as ” i dd = {.I- —

4
Rl+x



o S .
We note that 1 + 15 an odd function,
+ x

Bvthe properties of definite integrals, we know that If [x) dx = 0, provided f(x) 18

an odd function.
1

Then, I - dx= U[Smce the integral 15 zem)
L+ x
Thus, we get
1
o
dd = (0 )
[ - 0]

=
Chapter 15 Multiple Integrals 15.2
Tiwen _”(1+x3 sin_}r+_}r2 5111 x:l dd, F= [—;?T,;?T]x [—;?T,;?T]
3

Let g(x) and %(y) be two functions.
Then, it 15 known that

g B g B g
_”f[x y)+g[x _;u‘ cfxci _[If Xt dxdy+[_[g(x, y)cixciy.

Thus, we can rewrite the given integral as

T i (1 + % s ¥ + yz 51l x:lcz'xcfy =

-3 —x

Py by

lddxdy +

—-—r—x

q'—i‘i

T % sin yedxady + I iyg sin x dfx v

[;ar—[— ))dy+[mj+(0)

2 2)+ 0
T

x*sin yaxrdy =0 (Since they are odd functions whose integral is zero)

|
R L] h','—-u

B

Sy by
Po— by

1
[
I
™

v 3in xdxdy =0 (Since they are odd functions whose integral is zero))

Sy by
L | |

|
']
|

x

Thus, the integral evaluates to |47 |
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dx dy.

T
Consider the integrals T dy dx and
H x+y) !:i:[ (x+ V}

Here use Maple to find the exact values of the given integrals.
Keystrokes:

with{student),

evalf{int(int((x-y/(x+y)*3, x=0..1),y=0._. 1)),
evalf{int(int( -y (x+y)*3, y =0 . 1). x=0 . 1))

WMaple result:

> em{.lr[in.r[mr[ f:-:y}J x=ﬂ..1]._\f=ﬂ..l]]:

= 05000000000

> em{f[im[mr[i'y—], y ={l.,l} x= D.,I]]:
(x+y)

05000000000

So “ “—~ dy de=0.5and j‘j ——2 dv dy=-0.5.

s x+y M(r+}=}3

Therefore
J.:;[ I+}’)I o (x+y)



=¥

Sketch the graph of the function f(x, )= —{ )
f"‘_}"

—5on R=[0,1]x[0,1].

Use Maple to sketch the function:
with(plots);

plot3d((x-y)/(x+y)*3, x=0 .1,y =0 _ 1)
Maple result:

> with{ plots) :

3 B

> p:nmf[ﬁ"—_L x=0.1,y=0.1;
(x+)

_—r

7 is continuous on

I:x + })

{1 |
R =[0,1]x[0,1] then only we can write ” — _dydx= jI L = dx dy.
0n

According to Fubini's Theorem, if the integrand f(xd’] =

Jr+y] x+y)
2 X—y
But from the graph notice that the function [ (XJ] =ﬁi5 not defined at y=( and
x+y
: L 4 o N .
y =0, s0 the integrand f{x,y] = ﬁ has an infinite discontinuity at the origin.
X+y

S0 Fubini's Theorem does not apply here.
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(a)
Fubini's Theorem states that if a function f{x,_}r} Is continuous on the rectangle

R:{[x,y}|a£ x<hc<y gd}, the order of integration of the function £(x, y)does not

affect the value of the double integral Hf(x,}’] dA.
R

And the Fubini's Theorem is applicable to the function such that f is bounded on gand

b
discontinuous on a finite number of smooth curves and the iterated integrals ”f(.\:,_p)dydr

o

d b
and “f[x.y}a’xdyexists_

oo
Clairaut's Theorem states that if a function fl:x,y)is continuous on a disk p and the mixed
partial derivatives f_ and f, ofthe function f(x,y)are also continuous on the disk py then

they are equal at a point [a,b} el

The similar thing is the function f{}c’,y}mUSt be continuous on respective domains in both the

theorems.
(b)
Let f(x,y) is continuous on a rectangle [a,b]x[c,d].

¥

Consider g X :”f -,1 a'rd-; where a<x<bc<y<d.

Differentiate g(r,y}with respectto x on both sides, get

% J)——[J[If (s r)dr]as}

Fundamental Theorem of Calculus:

-frtwiya 2()=[ £ hen ()= 1 (3.

Differentiate gr[x, y] with respect to ¥ on both sides, get

gy (xy)= %h.f(hf]df}

= f(x,%) [ Again use Fundamental Theorem of Calculus]
Therefore g_ = f(x,»).
Similarly we get g = f(x,»).

Hence g =g _ = f(x3).





