Sequence, Progression and Series

8.01 Sequence :
Consider the following group of numbers :
(1)2.5,8, 11... ... (11)3,6, 12,24, ...
(iii) 1,4,5,9, 14, . .. (iv)5.6,2.9.3, . .
Clearly in (1) every term is 3 more than its previous term, in (ii) every termis twice its previous term, in (iii)

every termis the sum of'its previous two terms and in (iv) there is no pattern of numbers, so we can not find out
the next numbers of group.

From the above groups first three are the examples of sequence.

Definition : If the numbers follow a particular pattern, logically rule. Then those group of numbers is
called a sequence . Every number of the sequence is called its term.

Sequence in the form of Set : A function defined from a set of natural numbers, N to another set S, is
called sequence, 1.e. in any set N, sequence is a rule which relates every natural number to a unique element of S.

If N, ={1,2,3...,n} isa finite set of natural numbers and function f: N, — S, is defined from N, to
another set S then set of images of natural numbers 1,2,3,...,171s {f(l) f( 2) . F3)ws (H)} is called a finite
sequence,similarly, if function 7: N — § thenset {f(l),f(z),f(3),,,,}is called infinite sequence. This is
denoted by {_f(n)} or < f(n)> f(1),£(2),7(3),.... f(n),... are called as first, second, third... n" term of

sequence respectively. The n"term is called general term. General termis denoted as a,,7, or 7, .

n n

Example : Sequence 1, 3, 5, 7,9, 11 is a finite sequence where 7, = 2n—1. n € Ny

th

Example : Sequence 2,3,5,7, 11, 13, .. . is an infinite sequence of prime number, in which n" term can not

written in the form of any specific formula.
It is clear from the above examples that a sequence can be represented as follows :

(i)  Some initial terms of sequence has to be writen, so that we can predict following terms of the same. Like
general term of sequence 1, 8,27, ... is 7, =n’

(ii)  Specially of terms of sequence can be expressed by writing some initial terms. Like the terms of sequence
2,3,5,7,11, ... are prime numbers, this is their property.

(iii) By writing the first two terms of sequence other terms can be expressed by using the previous terms. For
example to represent sequence 1,4,5,9, 14, ..., a; = L.ay = 4 and 4,4, = a, +a,,, (n = ). ) can
be written.

8.02 Series :

Let a,,a,,a,,...,a,,...be a given sequence. Then, the expression ¢ £ay Laz*...xa,*.. s called the
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series corresponding to the given sequence. The series is finite or infinite according as the number oftermsin a
given sequence is finite or infinite. In which between the terms are seprated by positive or negative signs. There is
a corresponding sequence for every series.
8.03 Progression :

A sequence is said be a progression. Ifit follows a particular pattern and the numerical value ofthe terms
increase or decrease with a certain pattern.
ie. Ifthen" term ofthe sequence is derived by a formula then it is called as a progression.
Remark : Difference between Sequence and Progression- In the sequence the next terms can be writen
by using rule in it we write 7" term is not always possible but in progression #™ term is always written.

Forexample 2, 3,5, 7, 11, 13 is an infinite sequence of prime numbers but its #" term cannot represented
by any mathematical formula. hence, it is not progression.
8.04 Arithmetical Progression

An arithmetic progression is a progression whose each term can be obtained by adding or substracting a
finite quantity in previous term. In other words arithmetic progression is a sequience in which the difference of one
term and its previous term remains constant. This constant ditference is called as common difference. In brief
Arithmetic progression can be written as A.P.
Example: 2,58, 11,.....is an A.P. where the first term is 2 and the common differenceis 5-2=8-5=11-
8=3
8.05 General term of arithmetical progression :

To find the nth term of A.P. whose first term is « and common difference is d

Let 7,.%...., T,....isanAP. then

by defination 7, -7 =d

Ty—I, =
L~T =d
T =T =
adding all (n—1) equations,
I.—1,=(mn-1)d
% I =T+(n-1d but I, =a

thus required term 7, = a+(n—1)d

Let us consider an A P. (in its standrad form) with first term « and common difference ¢, then the general
formisgivenby a, a+d, a+2d,...a+(n-1)d or a,a+d,a+2d,...,a+(n—1)d,....corresponding to finite
or infinite sequence.

Then the #™ term (general term) of the AP is { =a + (n - l) d.

Ifthe #™ term of the sequence is given then to know that the sequence is A P. or not, check the following
procedure :
(i)  Writethe n"termas 7,

[156]



(i) In7, replace n with n+1 andfind 7,
(i) Find 7 7, . Ifthe difference is free from # then the sequence is an A.P.

n+l
Illustrative Examples
Example 1 : Show that the sequence {7}, whose nthtermis 7, =2n+7 isanA.P.
Solution : Here 7/ =2n+7
substituting 7+1 in place of »
L =2(n+)+7=2n+24+T =21 +9

s :(ZH+9)—(2H+?)=2

n+l n

the difference is free from n therefore {7} isan AP,
Example 2 : Show that {7} isnot A.P. where 7, = -25.
Solution :  Here 7, = n* —2n

substituting 7+1 in placeof n

/e :(H+1)2 —2(n+l)=n*+2n+1-2n-2 =n* -1

I a.-=17, z(n: —2:?)—(1:2 —l) =—2n+1

the difference is dependent of 7 therefore {7,} isnotanAP.

Note :
1 A sequence is not an A P. ifits #7th term is not linear in 7.
2. In an A P. with first term & and common difference ¢/, the pth term from the end will be the (#— p+1) th

term from the begining and can be derived using the formula a +(n— p)d :
Example 3 : Show that the sequence 2, 7, 12, 17, ... is an A.P. also find its general term.
Solution : Here the difference between the two consecutive terms is 5 thus, it isan A.P.
Here a =2 and d = 5. Hence the general term of A.P.
T =24(n=15 =2+5n—5 =553,
Example 4: InanA P. if the Sthtermis 18 and 9th termis 10 then find the 20th term.

Solution : Here =18 — a+4d =18 (1)
Z,=10 = a+8d=10 2)
solving (1) and (2)
a=26 d=-2

T,,=a+19d =26+ 19 (-2)=26-38=-12
Example 5 : Check whether 105 isaterm of the AP. 1+4+7+ 11+ .7
Solution : Here @ = 1 and & =3 Let 105 be the n1th term of A.P,, then T =105
or at+(n-1)d=105
2
3
Here 72 1s not a natural number hence 105 is not a term of an A.P.
Example 6 : InanA P. if the common difference is 4 and the last term is 201 then find the 25th term from the
end.
Solution :Here d=4and ¢ =201

1+ (m-1)3=105 — n=35
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nthterm fromtheend= ¢ —(n—1)d
25th term from the end =201 — (25-1)4 =201 —-96 = 105.
Exercise 8.1

1. Which of'the following sequence isan A P. ?
(i)2,6, 11,17, ... (u)1,14,18,22,... (u)-7,-5,-3,-1, ... (iv) 1, 8,27, 64, ...
Find the first term, common difference and 5th term of an A P. if the m1th termis given below -
(i)3n+7 (i)a+(n-1)d (iii) 5-3n
3 Show that the sequence of following given n2 thterm is not an A P. ?

™

n

(1) £ () n~+1

Which term of the AP. 2+5+8+ 11+ ... is65?

Find the 13th term from the last of the A P. 4+9+ 14+ 19+ ...+ 124

Determine the number of term ofan AP. 2+5+8+ 11+ ... whose last term is 95.

If the 9th term of an A.P. is zero then prove that its 29th term is twice that of the 19th term.

How many two digit natural numbers are divisible by 3 ?

If'the pth term of an A P. is ¢ and gth term is p then find the (p+q) thterm

0. Ifthepthtermofan AP.is 1/¢ and gthtermis 1/p then prove that pg th termis one.

8.06 Sum of first n terms of an A.P. :

We will now find the sum of the first # terms of an A.P. It is denoted by S, with first « and common

— 00N L e

difference o and rith termsis / the generalterms are a.a + d.a + 2d... ( —2d, ( —d, ( respectively.

S, =a+(a+d)+(a+2d)+..+({-2d)+((-d)+( (1)
Rewriting the terms in reverse order, we have
S,=t+((-d)+((-2d)+..+(a+2d)+(a+d)+a )
On adding (1) and (2) term wise. We get
28 =(a+0)+(a+()+..+(a+()+(a+) (n term)
=n(a+/()

\s',,zg(aﬂ)
of 3, :2[a+a+(n—l)d] [ (=T :a+(f-1—l)a']

n

or S, :;—;[2a+(n—l)d1

Note :

il There are four variables in the formula of sum of 77 terms of A P.. if any three are known, the fourth can be
calculated.

3, If the sum of first /7 termsis S, thenits 77th term can be derived using the formula 7, = S, — §, _,

3. If the sum of an AP is given then the terms can be derived as

odd terms

3terms:a—d, a, a+d
Sterms:a—2d,a—d, a, a+d, a+2d
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eventerms etc.

4terms:a—3d, a—d, a+d, a+3d
6terms:a—5d,a—3d, a—d,a+d, a+3d, a+5d

8.07 Arithmetic mean

If three or more than three terms are in A_P. then the terms lying between the first and the last term are called
Arithmatic Meani.e. if . 4, 4,. 45..... A,.bisan AP then 4,. 4,. A;.... A, are called the arithmetic means
between « and /. Arithmetic mean is also written as A.M.
To Find A. M. between the two given numbers :

Given two numbers & and » . We can insert A between them so that a, 4, »isan A.P.

A—-a=b- A4 or 2A=a+5h
a+b

or A= . A M. between two numbers a and b

To Find n A. M. between the two given numbers :

Let there be two terms a and b and there are » arithmetic means 4,. 4,. 4,... 4, between them then
a, A, A, A,....A,,b are nAP.

In this progression first term « last term is » and number of terms in (77 + 2) . Let common difference of'this
A P. isd, then last term.

b=a+(n+2-1)d
or b:a+(n+l)d = d:(b—a)f(n—k])

— A=a+d=a+(b—a)/(n+1)

b— b—
—x A:=a+2d=a+2[ g ,.,,,A”=a+ud=a+u( a],
n+1 n+1

Which is the required A M. between aand b.
8.08 Properties of A.P. :

1. If a definite number is added or substracted in each term of given A P, then new A.P. have same com-
mon difference as that of given A.P.

2. Ifeach term of given A.P. be multiplied or divided by a non zero definite number then new progression
will also be an A P.

3.  Inafinite A P. the sum of equidistant terms from begining and end terms is constant and it is sum of first
and last terms.

4. InaAP everyterm (leaving except first and last term) half of the sum of two equidistant terms.

5.  Ifan AP numbers of terms are odd then sum of the series, is equal to product of its middle term and
number of terms .

6. If x1.%5,%3.....%, and ¥1.)2.)3..--, Yy n are two A.P.'s then

(x3).(%£2,).(%£2),.....(x, £ ¥,), willalsobean A P,

[lustrative Examples
Example 7 : Find the sum of 20 terms of an 7+ 12+ 17 +22+ .
Solution :Here a=7.d=5and n=20¢% |

S :?[bﬁ' +(20-1)5]

"
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=10 [14 +95]
=10 % 109 = 1090.
Example 8 : Ifthe nth term of an A.P. is 217+ 7 then find the sum ofits 12 terms
Solution : Here 7 =2n+7
put w=1, 2,3, .. Hee® I =9, I =11, T =13
a=9.d=11-9=2

S, :§[2><9+(12—1)><2]

=6[18+22]
=6 x 40 = 240.

1 1 1
Example9 : InanA P if ptermis E and ¢ termis ; prove that the sum pgq termis E(pq+1)

Solution : Given

7;_,:L::mfwt(p—l).c!:l (1)
q q
o =a+(q-1)d = :
) ! » (2)
solving equation (1) and (2) we have
g i b
prq P4q

thus sum of pg terms

< Pq I 1 1
‘S e i 2 5 e = ] — ] i
o2 Pq (j 4 ) pq}

(pg+1)

pq_2+pg—l 1
2 rq T2

Example 10 : Determine the sum of 30 terms ofthe series 1 — 7+ 3 — 10 + 5 — 13+...
Solution : Given series is a combination of two series, thus spliting the series into two parts we have

S=(1+3+5+...15terms)—(7+10+13+...15terms)

:g[zx1+(15—1)x2}—%[7><2+(15—1)><3]

:E[2+28]—E[14+42] =1 30-Lxs6=-195
2 2 2 2

2

Example 11 : If x*. y*.z% are in A P. then prove that

1 1 1 . x ¥
are In A.P. (ii)

(i) 2 ’ - - arein AP
yY+z2 24X X+)y Yy+z2 Z4+X X+Y

| I 1
Y+z z4+x X+)

Solution : (i) -areinA P if
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Z +X Vy+z .\'+J’ ZToX
y—x z-—y
or =
) il o ol o 2
=¥ 43 7
or '1-'2 — X" =g =y
or 2_1'2 =x? + 22

or  x°.y’.z% areinA.P. whichis given

> 2 a2 . 1 I 1 .
therefore x~. y~.z"are in A.P. then Phd TEE aEy arealsoin A.P.
. Y = . o
(i) - T are nA P if
Y+z z+4+Xx X+
= w2 i T gl i
Ghz Cehe %ty arein AP [adding (1)]
X+y+z x+y+z x+y+:z
or L ; 2 — 4 arein A.P.
YokiZ Z+X X+ Yy
1 l : in AP dividing by x
o S Zix xty MeinAR [dividing by x + y + =]
or 2y?=x%+2%, [by (1)]
X v Z

§ . . el > 2] ” #
which is given that x~. y~.z" arein AP, s ) are alsoin AP,
y+z z+x x+Yy

Example 12 :Ifthe sum of 7 terms ofan A P. is m and the sum of m terms of an A P. is 72 then prove that the

sum of (m + n) terms is — (m + n)
Solution : Let the first term be a and difference be d then

S, =n = g{2a+(m—])d}:n — 2am+m(m—l)d:2n (1)
S, =m =5 ;_}{29”“(”_1)(3}:"? — 2an+n(n—l)d:2m 2)

substracting (2) from (1)
2a(m—n)+ {m(m —1)—n(n- 1)}0’ =2n—2m

or  2a(m —n)+{(m: —n:)—(m —;r)}d =-2(m-n)

or 2a+(m+n—1)d=-2 [dividing by (2 —n)] (3)
} m+n _
or S = 5 {2(;+(m+n—1)d}
+
= mz ”(—2) =—(m+n) [ using (3)]

Example 13 :The sum of 7 terms of two arithmetic progressions are in the ratio (37+13): (517 + 3) . Find
the ratio of their 17th terms.
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Solution : Let a, A and d, D be the first terms and common differences of the first and second arithmetic
progression respectively. According to the given condition, we have

Sum of n terms of first A.P. _3n+13
5n+3

Sumof n terms of second A.P.

7 _
2[2{.r+(n—1)d] 3n+13

or :[2A+(H—I)D] Sn+3

2a+m—-1)d 3n+13

or 24+(n-1)D  5n+3

n—1
a+ d
[ 2 ] _an+13

(1)

or A+[”_IJD S5n+3
2
17" terms of first AP. a+16d
= 5
Now 17" of second AP.  A+16D 2)
) n—1 i )
putting =16 — n=33in(1)

a+16d 3x33+13 99413
A+16D  5x33+3  165+3

a+16d 112
o A+16D 168

2
3

Thus required ratio =2 : 3
Example 14 : Find 3 arithmetic means between 18 and 30
Solution : Let A, A, A be the three A M.'s between 18 and 30 therefore

18, A, A, A 30arein AP

30-18 12 [._.d:h—a}
Fap] 4 n+l
A =@+ ad= 18+ 3521
A=a+2d=18+6=24
a+3d=18+9=27

A,
Thus required A M.'sare 21, 24 and 27
-+l n+l

a
Example 15 : For what value of 1, — is the A.M. between a and 5.
a"+1

here =
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Solution : Since the A M. betweena and b is g

w

O O o

-

10.
11.

12.

b
therefore

2

thap _a+b

abx=i* 2
or 2({?”'1+b”'l):(a”+b")(a+b)
or 2" 420" =a"™ +a"b+ b"a + b
or a?t+bh"" =a"b+b"a
or a'(a—b)=b"(a-b)
or a” =B B2t
Which is only possible when n=0 [ a’® =8 = l}

Exercise 8.2
Find the sum of'the following series
(1) 7+ 11+ 15+ 19+ . upto 20 terms

1 5 .
(ii) = +1+—+—+.... upto 10 terms
3 3 3

(1i1) J_ +\/_+\/— - upto 6 terms

Find the sum of odd integers from | to 101 which are divisible by 3.

Determine the sum of first 72 terms of an A.P. whose rthtermis 2 + 3.

Ifforan AP S = n* + 2n _ then find the first term and the common difference.

Ifthe sum of nterms ofan A.P. 1,6, 11, ... i1s 148, then find the number of terms and the last term.
If the sum of p terms and the sum of ¢ terms of an A P. are equal then find the sum of (p + ¢) terms.

Ifthe sum of », 2n, 3nterms of an A P. are S, S, and S;then Prove that S, =3(S.-35,) .

Ifthe sum of n2 terms of i A P's are given by $,..5,.5;...... S, withfirsttermsare 1, 2, 3,....., m and the

common differences are 1, 3, 5,....... , (2m — 1) then prove that
. ] . . nin
S, +8,+8,+..+8, =—(mn+1)
8 e 2

If the sum of first p, ¢, r terms of an A.P. are a, b, ¢ respectively then prove that
L(q-r)+2(r-p)+<(p-q)=0.
P q
Find the three terms of an A.P. whose sum is 12 and the sum of whose cubes is 408.
Ifn A.M.'s are inserted between 1 and 51 in such a way that the ratio of fourth and seventh. A M. is 3 : 5
then find »2.
If x, v, z are in A.P. then Prove that :

() yv+z.z+x. x+yaremAP (i) ;;? arein A P.
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%

(i) (x—y)(v—-2)= % (iv) (x-z) = 4(‘1}: —.\*z-)

x*+z7 +4xz

(V) xy+yz+zx= 5

13, If x*(yv+z),»’(z+x),z° (x+y) arein A P, then prove that either x,y, zareinA P. or xy + yz + zx = 0
14.  Find the sum of AP. a,a,, a,, ..., a,, given that
a a4 g -, ta, Q. 34
15.  The difference between any two consecutive interior angles of a polygon is 8", If the smallest angle is 52",
find the number of the sides of the polygon.
8.09 Geometrical Progression
In a non zero sequence of numbers if every term is obtained by multiplying the previous term with a constant

number then that sequence of numbers is termed as geometric progression i.e. the ratio between the consective
terms is always constant. The constant ratio is called as common ratio (r). Geometric Progressionis represented

briefly as GP.
Consider the following sequences :
(1) 2,4,8,16,... (i) 1,-3,9,-27 ...
L1 o
(111) A ) a,ar,ar”,ar’, ...

In each of these sequences, we note that each term, is multiplied by a definite number e.g. in sequence (1) by

1
2 (i1) by -3 (ii1) by 5 (iv) by 1, thus these all are examples of geometric progressions.

Note :
1. In geometric progression the first term and the common ratio are always non-zero.
2, Ifthe terms of GP. are altermate positive and negative, then the common ratio of progression is negative.

8.10 General term of G.P. :
To find the n th term of a G.P. whose first term is « and common ratio is r

Let 1. L.,....T, areinGP.

I} = firstterm=a = ar

/4
— l,_-:"' — Tl F=ar=ar—",
1
L_, 53
T = =3 L=Tr=arpr=a =",
A 7 4-1 7 n-1
similarly Ly = 0 ey T, =ar

Hence of any GP. whose first term & and common ratio 7, the rith termis givenby 7, = ar™"

thus the last term is also written by /" i.e. { — g7
If the numbers of terms in a G.P. is 72 then pth term from the end willbe (72— p+ 1) term from the begining

1.e. the pth term from the end will be = &//'~7
Ifthe last termsis ¢ then there will be a sequence from the last term to the first term whose common ratio
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will be L and the n1th term from the end will be= ¢ ()"

Note :
1. Ifthe product of the terms in GP. is not given, then the consective terms of a GP. are assumed as a, ar,ar”, ...
2, Ifthe product of the terms in GP. is given, then to find the various terms can be determined in the following
manner
a
Odd term 3 terms : —.a,ar
2
o " 2
5 terms : —,—,a,ar;ar
o
a 47 ]
Eventerm 4 terms : —c— ar,ar
Sl

a a a 5
6 terms —,—,—.dr,ar . ar etc.
oo

8.11 Geometric mean :

If three or more than three terms are in G.P. then the terms between the first and the last is called as
geometric means. It is also denoted as GM. i.e. of a,G,,G,,...,G,,b areinGP. then G,,G5,,...,(G, aretermed
as geometric means betweenaand 5.

To find Geometric mean between the two numbers ¢ and b

Let G be the geometric mean between @ and b thena, G b will be in GP. and according to the definition
G b i
— == or  G*=ab
o (r
or G = ++ab. whichis required geometric mean betweena and b
Example 1: If2, 6, 18 are in GP. then the GM. between 2 and 18 is 6.

Example 2 : GM. between 3 and 27is G = /3 x 27 =9

Example 3 : GM. between -8 and -2 is. G =+,J(-8)x(-2) =—4
To find in GM.'s between the two given numbers

Lt &G 6.6 be n numbers between two positive numbers « and 5 such that

"

a,G,,G,,G,,...,G,, b isaGP. Thus b being the ( 7 + 2 )th term, we have

1
b:(ﬂ'”'“ L or r”'l :bi'{ﬂ or j“':(h;‘fa)nﬂ

hence, the required geometric means are as follows :

|
G =ar=a(b/a)m
G, =ar’ =a(b/a)mi

n
T = S S
G,=ar" =a(b/a)m

Note : Iftwo numbers «and b are of different signs then there will be no GM. between terms.
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8.12 Important properties of A.M. and GM between two quantities :
Property 1: Let Aand Gbe A M. and GM. of two given positive real numbers a and b respectively. Then
A -G

a+b

Proof : Hered = and G = Jab
| i (Ja—B
now A—(_}:uTH)—\fa B - ”b:( : ) >0 4>G

Property 2 : Let 4 and G be A.M. and GM. of two given positive real numbers a and b respectively. Then a

quadratic equation having roots a, b is - x> —=2A4x +G* = 0

1+b
Proof : Here 4 = H;L and G = Jab (1)

Quadratic equation whose roots are @ and b is
x’ —(a+b):c+ab =10
or ¥ —24x+G*=0 [by (1)]
Property 3 : Let 4 and G be A M. and GM. of two given positive real numbers & and b respectively. Then the

numbers are 4 + \ 4% — G?

Proof : Quadratic equation whose roots are given

X' =2Ax+G* =0 [Property 2]
+ H 2 . 2
or x= SAEYAL G [Shreedharacharya formula]

2

or x=A+JA* -G’

Iustrative Examples

1 11
Example 16 : Find the 10th term and the general term of G.P. SR
; 1 1
Solution : here @ =3 and 7 S therefore
9
-Jr]”:ar]n l:ar!}:lx[lj :%: ]
2 \2 2 1024

5| 9 o9

A

- ] 1 n—1 |
General term L =ar"'=—|=| =—

Example 17 : Determine the GP. if its second term is 10 and fifth term is 80.

Solution : Second term T, =ar=10 (1)
fifthterm 7; = a/* = 80 (2)
Dividing (2) by (1)

art 80
ar 10
or =8 = F=2
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Put the value of rin (1)
2a=10 = a =
required GP. is 5, 10, 20, 40, . ..

Example 18 : Find the three numbers in G.P. whose products is 1000 and sum is 35.

Lh

. a .
Solution : Let the numbers be —.a.ar that given that,
”

9 waxar=1000¥ & = 1000
.

or a =10 ()
a o 10 . o .

and —+a+ar=35 or —+10+10r =35 [using (1)]
r 5

simplifying 2/ =5, +2=0

or (r=2)(2r-1)=0

or F=2r=1/2

Required numbers are 5, 10, 20
Example 19 : Ifthe pth, gth and rth terms ofa GP. are x, v, z respectively. Prove that

x(}—-i' 1_,.1'—;.1 :p—q s 1
Solution : let the first term be & and ratio be R then given s,
I,=a RP = x,

— 4 pa-l _
Z!_c,'R =Yy,

= —1
I =aR™ =z
g-r - = S S\ —1\¥ 4
ol R o ‘:(aR” ) (aR” ) (aRf )
Ag=r)+H{r=p i p=aq) plp=1) g=r F(g=1){r=ppH{r=1{ p-q)
=gl pH(p=a) pl»-1lg ; ! r-q
=q¢"R"=1-

Example 20: Ifthe A M. between the two numbers & and b is 12 times the GM., then prove that :
alb= (2”2 —l)+2n\}n: -1

a+b

Solution : A M. between aand b = > and GM. =./gb
given
a+b
2 = nJab o a+b =2n~Jab (1)

now a-b= (a+b): —4dab or a—b=+4nab —4ab
or a—b=2Jabn® —1 (2)

o atb  n
dividing (1) by (2) B i

n++n’—1

a
o b p—n* -1
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No v

o ®w

10.
i

12;

13,
14.

()

[By rationalisation]
n - (n )

- (2;32 —])+2n\h:*2 —1

Exercise 8.3
(i) Find the 7th term of the series 1 +3 +9+27 + ...

(i)  Find the 10th term of the GP. 2+ —=+—

"

(i) Whichtermofthe GP. 64 +32+ 16+8+...is1/647

(i) Whichtermofthe GP.6+3+3/2+3/4+...is 3/2567

Find the common ratio and the sith term ofthe G .P. 5+ 10+20+40+ ...

Find the 5th term from the end of the GP. 2,6, 18,54, ..., 118098

Ifthe 3™ term of the G..P. is 32 and 7th term is 8192 then find its 10th term.

Find GP. whose 3rd termis 1 and 7th termis 16.

(i) Find three GM. 's between 3 and 48.

(i1) Find six GM. 's between 2 and 256

for what value of x, the numbersx, x +3, x + 9 are in GP. ?

Find four terms which are in GP.whose third term is 4 more than the first term and second termis 36 more
than the fourth term.

The 4th, 7thand 10th terms of a GP. are p, g and r respectively. Show that ¢* = pr.
Ifina GP. (p + ¢) thtermsis x and (p — ¢) thtermsis v then find the pth term.

5 i ; e 1 1 2
Ifa, b, carein GP. and a* =b" = ¢" then prove that —+—==
X z y

Ifn GM.'s are inserted between a and b then prove that the product of all GM.'s will be (\/ab )” :
x, v, zarein GP. | if AM. of x, vis A1 and A M. of ), zis 4, then prove that :

=2

2 -
) () 7 A, YT

1
O 8

8.13 Sum of first 7 terms of a G.P. :

Let the first term of a GP. be a, the common ratio be rr and S be the sum to first 7 terms of GP. . Then
S =a+ar+ar’+..+ar"" (1)
Multiplying both sides by r
rS. =ar+ar*+ar* +..+ar" 2)
substracting (2) from (1)
S,—rS, =a-ar”
S, (1-r)= a(l - r”)
This gives

[168]



¥ a 1—» :a—:"r
! 1-r 1—-r

a I -—l _ ;}‘—a, where l{__qu’n—] [!. = 1]
r—1 r—1 -

Note: S, canhave the following two conditions

S, :a[l_r ], r<l
l—¥

and S”:a(r _l}r“yl

il |
Actually both formule are equal. We need to keep in of mind that the above formula is not applicable for r

=]1.For r=1,8 =na.

Ilustrative Examples
Example 21 : Find the sum of first ten terms of the GP. V3,3,343,9,...

Solution : Here a = \/3_> r= \E and n=10

RAlass]

Sum of 10 terms =38, =
(1] ﬁ — 1

“ J3[243-1] _ ‘/5(342)><(\/3_+1)

:> e ](‘I = \/g_]- 5
- S, =1213+3).
Example 22 : How many terms of GP. 3, 6, 12, .... are needed to give the sum 189 ?

Solution : Here ¢ =3, 7 =2 and S, = 189

2" -1)

3(

2" —1=189/3 =063

=

= 2" = 64 = 2° = n=0
Example 23 : InaGP. ifthe first termis 7, last term is 567 and sum of the terms is 847 then find the common
ratio.
Solution :Here g = 7. 7, = 567 and S, = 847

7, =’ =567 [or]
el 26T
= 1 === 81
= =81 [multiply both sides by 7] (1)
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8 :a(L;l) = 347:M

— J, p r—1
— 121(r—1)=81r—1
= 407 =120 T

Example 24 : Find the sum to » terms of the series 5+ 55+ 555 + 5555+ . ..

Solution : § =5+55+555+5555+....n terms

=5[1+11+111+1111+....17 terms]

5
= 6[9 +99+999+....n terms]

:%[IOJAO2 +10° +....n terms- (1+1+1+1..... n terms]

y {10(10” = l) _”] :E(IO” —1)—5i |
81 9

Lh

10—-1

Example 25: If §,.5,.8; are the sum of 12, 217 and 31 terms of the G.P., then prove that
1_8‘12 + IS‘::: = i"..;l (5‘2 + LS‘:; )

Solution : Let the first term be @ and common ratio be r, then

a(r”—l) 5 _a(r:”—l) 5 _a(r“—l)
. ET 1 23 .

2 72 G‘: i 2 2n i
= 82 52 (r —1) (r*" +2r +2)_

i (r—l)z
Arid s (.S': N S}) _ a(;—” - 1) {a(;—f” — ]) +a(;—-"‘” — ])} a (r” _1) [(r:” - l)+(;—-“‘” B ])]

r—1 r—1 r—l :W
:(-,«3(r”—1) rt=1)(r" 1)+ (" =) (" "+ —M Tl
o L0 ) () e )] =TT

[170]
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a(r 1)’ .
= (—,,)(r“" +2r" + 2)
r=1)
5112 = ;_‘;; - 'Sl (612 + .S_}) .
Example 26 : Find the sum of the first 72 terms of the series : 0.2+ 0.22+0.222+.......
Solution :  The sum of'the first 72 terms of the series is

§,=0.2+0.22+0.222+....n term

=2(0.14+0.11+0.111+....n term )

2 1 1 1
==| (1+1+....nterm)—| —+—+—+...;nterm
9 10 100 10

2 1 ] % I
= | P | || Oy
9| 9[ 10”)} 81[ 10“}

10, . .
Example 27 : Prove that the sum of 1 terms of the series 11 + 103 + 1005+ . .. is 3(10 —1)+n’

I
o |

|
|-
e
il
=
W
I |

Solution : Let us the sum of 77 terms of the series S, . Then
S =11+103+1005+....nterm
=(10+1)+(10* +3)+ (10" +5)+ ...+ {10" + (2n - 1)}
=(10+10* +....+10" )+ {1+ 3+....+ (21 -1)}

10(10"-1) 10 - o
= T—f‘ ?{l +2n-1} = ?(10 = 1) + 1" [Using the formula for sum for GP. and A P]
8.14 Sum of an infinite G.P. :
Let the first term be @ and common ratio be r of an infinite geometric progression where —1 <r <1 1i.e.

|r| <1 . Then from section 8.13 in this GP. sum of ntermsis given of

) 1 — N L
g =5 rr__a _a
l-r l—r 1-r

SR
e a ar
lim$§, =lim| ———
=3 =30 l -r l_r
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S =— [ |r] <1 and limr" =0 if |r| <1]

l—r 1=

. a .
therefore S, = — if |;| <L
—

Note:

1. If || = 1, then the sum of infinite GP. tends to infinity. Thus sum of infinite terms to GP. the appropriate
formula is applicable only when numerical value of 7 is lessthen 1 i.e. |r| < 1

2. Using the above formula any rational number can be represented in fractional or by repeating decimal
expansion. By representing any number in decimal form if any one or more than one group of digits repeat
then it is called as repeating decimal expansion. For example 2-454545........, 0-3565656....... can be

written in the form of 2.45 and (.3356 respectively. mark a bar or dot on the group of digits that
repeating in decimal expansion.
Hlustrative Examples
Example 28 : Find the sum to infinite series :

i l+]+l+] + i E—i—iwt
(1) 2T oy e (i) 3B 5
1 1 3
Solution : (i) ¢=1andr = L _ B _E. —= =
) 3 2 l1—r 1 - 3 5)
2 2 § — a 2/3 23 E
(11) o= E al’]d = = ‘:’ LS l—j“ l—(—23) l+(23) 5 .

Example 29 : The sum of the first two terms of an infinite (G P.) series is 20 and every term is three times the
sum of'its succeding terms, find the GP.

Solution : Let the general termsbe . ar.ar”, ... then sum of first two terms = a + ar = 20,

or a(l+r)=20 (1)
also given each term is 3 times the sum of the succeding terms.
ar
a=3 T » or 1—r=3r = r=+
putting the value of rin
20
=T T = a=16
1

therefore the required seriesis 10, 4, 1, i

Example 30 : Find the rational number whose decimal formis O- 375
Solution : 0.375=-375 7575 ...
3+-075+4-00075+ ...
3 75 75 75
=— + + +...
10\ 1000 100000 10000000

3 75 1 1
E—ib—| kb i
10 10 100 10
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3. 75( 1 a
S [Using formula S, = -]

10- — P

_3,75 100_3 75 372_ 62
10 1000 99 10 990 990 165

Exercise 8.4
1.  Determine the sum of geometric series :
z 1

3
(1) 2+6+18+51+... upto7terms (ii) 5—§+?—Z+.,, upto 8 terms

(iii) ' —a’b+a’b’ —a’b* + ... upto 10 terms
p Determine the sum of Geometric Series :

1
(i) 2+6+18+54+ . +486. (i1) 64+32+16+,,,+Z
3. How many terms of GP. 4, 12, 36, ... are needed to give the sum 484 ?
4.  Ifthe sum of the first five terms of the GP. is 124 and common ratio is 2 then find the first term.
5. If the common ratio of the GP. is 2 and last term is 160 and sumis 3 10, then find the first term.
6.  Find the sum of'the following series up to /7 terms :
() 7+77+777+ .. (i) -5+-55+-555+ .. (iii) -9 +-99 +-999 +
7. Convert the following number whose expansion is not terminating repeating decimal expansion into a rational
number :
(i) 235 (ii) -625 (i) 2.752
8.  Ifthefirst term of aninfinite GP. is 64 and every term is three times the sum of'its successive terms, find the
GP.
2 3 5 " =
9. If y=x+x"+x +...00, where|x| < | then prove that T+
10. ¥ x=14g+a’+. o Where |a|<1and

y=1+b+b*+. o, whereb| < 1 then

Xy
prove that l+ab+a’h* +. . o0o=—"+
x+y-1

11.  Find the sum to infinity of the series :

oz zra 7w
l+— |+| =+— [+]| =+ +...00
250 \2 )\ 2

8.15 Arithmetico Geometric Series :
The series obtained after multiplying the corresponding terms as A.P. and G.P. is known as arithmetico
geometric series.

Example: [+ 3x+ 5x% + 7x° + ... is an arithmetico geometric series where 1, 3,5, 7,... arein A.P. and

L x> ... arein GP. the nth term of A.P. will be (212 — 1) the nth term of GP. is x"~! therefore the nthterm of

5 . . 3 i 1
arithmetico geometric series will be (272 — l) x"
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The General form willbe a,(a +d)r,(a+2d)r’,... andthe nthtermis 7, :{a+(n—l)af}r”"l

To find the sum of n terms of Arithmetico Geometric Series :
Let the sum of first nthterm be S, then
S, =a+(a+d)r+(a+2d)r* +(a+3d)r’ +.. +[a+(n-1)d |r""
multiplying both sides by r
rS,=ar+(a+d)r’ +(a+2d)r’ +..+ [a+(n—2)d]r” ] +|:a +(n —l)d]r”
substracting (2) from (1)

(1-7)S,=a+ [dr +dri+dr’+...+dr"! J - [a +(n- l)d} o

" R |
= ﬂ+%—[a +(n—l)d}r”

¢ __a +dr(l—r”]) [a+(n—])d]r”

= = (=r) 1-r
If |r| < I and number of terms are infinite then ", " —0

< a dr
= J5,— + ~, Ol n—>
1=~ (1-r)’

Thus when || <1If §, L dr

1-r (1-r)

-~

“)

Remark : The above result (3) and (4) should not use as a form of formula but find the sum using the given

method in this.
8.16 Sum of series by difference method :

Ifin the series, the difference of consecutive ordered termisin GP., then to find the sum of'this type of series
write the terms below the terms of same series but shifting one term, after substracting the terms of resultant series
will be in GP. We can find the nth term using this and placing n=1,2,3, .. . obtaining each term we can find

the sum of the series.

Ilustrative Examples

7 11

Example 31 :Find the sum to n terms of the series 1 + = + e i

Solution : The given series is an Arithmetico Geometric series where

; 1 1 1 ;
3,7, 11, ... isanAP and —,—,—,...isaGP.
4 4 &
nthtermofan A.P. :[3+(n—1)4]=4u—1 and
tl fan G.P 1y _ 1 =
t 2 o == 2 ==
sith term of an 2\ 2 4
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4n -1
4”

therefore the sith term will be

- 3 7 11 4n—-5 4n-1
Y, Heder—y

; +
4 4 4 47 4"

C g . 1
multiplying both sides by 1

]l = 3 7 11 dn-5 4n-1
S =—+—+—+ +—4ml

S, ==+—= Lt
47" 244 4"
substracting (2) from (1)

4 4 4 4} 4n—1
—t—t—t A ——
4.~ 4”-]

1
4
-1
[,] 3 1= ane
or S,|=|=—+
4 1

: - 1 4n—1
; LY (R |y ORI
o1 n g [ 4;:—] ] 3‘41'7

. o ; 7 .15
Example 32 : Find the sum to infinity of the series 1+ 4 —+—+

-

. 5
Solution : Let S, —1+=+ ? +L—3+,,,

; p ; I
multiplying both sides by 1

L & 1 3 ¥ 15
e e
4 4 4 4 4

substracting (2) from (1)

! - 2 4 8 1 1 1
S ——8 =l+=—4—+—+.. . =l+—+—+—+...
4 4- 4 2

: 1 1

S |1-—|=—
s abdl

I e
o 3 3

[Using formula S.. =

Example 33 : Find the sum to » terms and the sth term of the series 1 +5+ 13 +29+ 61+ . ..

(1

()

l—r]

Solution : The difference 4, 8, 16, . . . of two consecutive terms is in GP. Using the difference method the n™

term be 7, and sum to ntermsbe S,

S, =14+54+134+29+61+..+7
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substracting (2) from (1)
8, =145+134204¢ T +T ...(2)

n—l1

or  0=1+{4+8+16+. +(n—1)terms }-7,

or I, =1+{4+8+16+. . +(n—1)terms } =1+ ———~=2""-3

il

putting n=1,2, 3,...

S =T ¥+ £T=(2"—3)

+
—
12

s
|
ad
—
+
——
2
.
I
wd
e
+
+
—
12
I
4
e

:(2:+2'"'+24+,,,+2’“])—3(1+l+...ntemls): - —3n
or S =2"*-3n-4
Exercise 8.5

1. Find the sum to 72 terms of the series :

: 3 4 .. N . 1 3 4

(i) l+1+2—:+?+..‘ (i) 1+3x+5x" +7x +... (iii) E_S: +5—;—5—4+-~
2.  Find the sum to infinity ofthe series :

_ & 8 7 1 2 3 4 -

(i) A TRTRETT (i) 3 @ g g (iii) 1-2x+3x"—4x +.. ., x| <1
3. Find the n™term and sum to the n terms of the series :

(i 2+5+14+41+122+... (i) 32+5.2°+7.2°+... (iii) 1+ 4x+7x* +10x° +...

4.  Find the sumof n2terms ofthe series : 2+ 5x +8x” +11x" +... also find the sum to infinity of the series : if

|J:| <1

8.17 Sum to n terms of series of first natural numbers, their squares and cubes :
(i) Sum of first # natural numbers :

LetS, (or Xn) denotes the sum of first 7 natural numbers then

S =1+24+3+...+n
here ¢=1 and d = 1

Sy :%{QGJr(f?—])d}:g{ll+(n—1)l} =

n(n+l)

or Z”:T

(ii) Sum of squares of first » natural numbers

o _ 12 2 o a2 2 _ 2
S, =1"+2"+3+..n" =2 n

n(n+l)

Identity (x +1)’ —x* =3x* +3x+1 put x=12,3,..,(n-1),n,
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or 2 P =317+3.1+1
i e U G W |
4°-3*=33"+33+1

n —(n—l); :3(”—1)2 +3(n-1)+1

and (ﬁ*+1)3—n'1 =3n" +3n+1

adding all column wise
(n+1) =1 =3(P +2°+3* +.. 47 ) +3(1+2+...+n) +(1+1+...+ L nterms)

n(n +1)

(n+1) =P =38+ 3% n+n or m' +3n"+3n=3S,+3 +n

- 38, =1 +30% +3n— 3n +3n i 2 +3n" +n n(n+1)(2n+1)
2 2 2
§ e n(n+ 1)6(2n+ l)

(iii) Sum of cubes of first n natural numbers :
Let S =01'+2"+3"+.n' = z n
Identity (x+ 1)4 —x*=4x’ +6x* +4x+1 put x=1,2,3,..., (n—1),n
2 —1*"=41T+6.1"+4.1+1
3 -2 =42"+62"+42+1
4*-3*=43+6.3"+4.3+1

114—(.‘?—1)4 :-‘-1(.*1—1)3 +6(n—1): +4(n—1)+1,

and (n + l)"1 —nt=4n’ +6n° +4n +1

adding all column wise
(n+ l)“l - 8 :4(1" T +,..+n3)+6(12 0243 +.,,+n:)

+4(1+2+3+...+n)+(1+1+...+1,nterms)

3 5 ) (2n+1 1
or M +4n +61m +4n=4S +6. il S )6( 1) +4. i i +n
or A4S =n'+4n’ +6m° +4n—n(n+1)(2n+1)-2n(n+1)-n
A4S, =n" (Hj +2n+ 1)
or S” = 7HH (”4+ l)“ or ZH'2 = S” = |:”(I{)+ 1):|
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8.18 Sum of series by difference method :
To find the sum of the series by difference method the terms of the given series are written below the series
with one term ahead and then the terms are subtracted. Whose sum to # term can be found out then using the

formula for Y #.3 n” and 5 »° the sum can be derived.

Example : Find the nith terms and sum to 7 terms of the series :
1+6+13+22+ ..
Solution : Inthe given series, the difference of consecutive terms 5, 7,9, ...isin A P. so find its #th term and
sum of 77 term by using difference method.
Let nnth term of series it 7, and sum of » termsis S, then,
S, =1+6+13+22+...+T, (1)
Write after shifting one place
S, =1+6+13+...+7,
On subtraction, we get

0=1+{5+7+9+...+(n—1)terms} -7,

a1t @)

-1
oo I = 1+{5+7+9+..,+(n—1)temls} =1+ (”2 ){2-5 +(n—2)2} =1+(n—1)(n+3)

Simplyfying
T, =p*+2n-2
S, :ZTH :Z(n: +2ﬁ'—2) =¥n+2¥Xn-231

_n(n+ 1)6(2”+ 1) 5 u(u: ) A +66n“ +61n—12n

2 +9n* —5n
6
[lustrative Examples
Example 34 : Find the sum to 17 terms of the series whose nth termsis 72(n+1)(312—-1)
Solution : Here 7, =n(n+1)(3n-1) =3, 4 2,° —n

S, =21,

or S”=Z(3H3+2H:—H):32;1:_}_22”3_2”

:3_(”(“1)}3 L2(na)(2n41) n(nt)

2 §) 2

:”(’l’;”[_c)n(nﬂ)w(znﬂ)s]

:¥[9113 +l?n—2} =

n(n+ ])(n+2)(9n— l) |
12
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Example 35 : Find the sum to # terms of the series :

1.3.54+35.7+5.79+...
Solution : The given series is a combination of three sequences 1, 3,5, .. .:3,5,7, .. .and 5,7,9, ... thus
the nth term of'the sequence is

:{;a :(2”_1)(2”4‘1)(2”4‘3) :8”; +l2;;: _2‘”_3
So=¥ I
or S = E(Sn" +12#% —2n —3)

=83 +12Xn*-23n-331
: 2
—g{”(”; I)J 19 n(n+1)(2n+1) ~ 2n(n+1) s

B 6 2

=n(n+1)[2n(n+1)+2(2n+1)=1]-3n =n(n+1)(20° +6n+1)-3n.

Exercise 8.6

1. Find the sum to i terms of the series whose nith terms is -
)37 +2n+5 (i) 4n* +Tn+1 (i) n(n+1)(n+2)
2. Find the sum to 7 terms of the series :
() 3 +7 #1F #1574, () 2245 + 8 +1+... (iii) 1.2% +2.3% +3.4°+...
3. Find the n" term and sum to 72 terms of the series
(i) L3+3.5+5.7+... (i) 1.2.4+2.3.7+3.4.10+...
4, Find the »" term and sum to 77 terms of the series.
() 3+8+15+24+... (ii) [+6+13+22+ .
5, Find the #" term and sum to # terms of the series.
(i) 1+(1+2)+(1+2+3)+... i) +(1F+27)+ (1P +2°+3%) + .

8.19 Harmonic Progression :

If the reciprocal of the terms form an arithmetic progression then that sequence is termed as harmonic
progression.

Consider the following sequences -

1111 111
g,g,?,a,.., (ii) %aﬁﬁ,ﬁ
Above sequences are harmonic progression as its reciprocal 3,5,7,9,...;20,17,14,11, . . . fromanA P.
General term : Standard form of harmonic progression -
1 | | |

""" a+(n-1)d’

a a+d a+2d
corresponding A.P. will be

a,a+d,a+2d,...a+(n-1)d,...

The nthterm of A.P. is a + (n —1)d , so nthterm of H.P. is,
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1
T R—
- a+(n—l)d

Note :

1. To solve the problems ot H.P. the terms are reciprocated and an A P. is formed, and use the formula of A.P.
and solve.

2. Thereis no specific formula to find the sum of zzth terms of H.P.

8.20 Harmonic Mean :
Ifthree or more than three terms are in H.P. then the terms between the first and the last term are known as
Harmonic Means.

Example :If ¢.H,.H,.H;.......H,.b areinH.P. then H, H, H;....... H

e

are the » harmonic mean between
aand b,
To find the H.M. between the two given numbers :

Let the numbers be ¢ and b and let H be the H M. between them thusa, H, » arein H.P. 1.e.

1 1 1 . | 1 1 |
;Eg aren AP " a s H

- 2 . l+l - 2 _a+b - H = 2ab
H a b H  ab Ca+b

To find the n H.M.'s between the two given numbers :
Let the numbers be #and band thereben HM.'s H,,H,,H,..., H, betweenthem

a,H,H, H,, ., H_ bareinHPie.

11 11,
e e e AR
a H H, H, "H b

I

let term 1/, (71 + 2) thterm then

1 1 1

—=—+(n+2-1)d —=—+(n+1)d

e (n )¢ or - (n+1)
a—b

S_ lifiic 1 = >
implifying, : ab(n +1)

: 1 1
there are following 77 A.M.'s between — and b
o

1 | ] ]
or —+d,—+2d,—+3d,....—+nd
a a a a

l+ad 1+2ad 1+43ad 1+ nad
or 3 S

o o o o
Hence, there are following n H.M.'s between « and 5 .

a a a a | ; a—>b
l+ad 14+2ad 1+3ad’ "1+ nad’ e = ab(n+1)"

Remark : Itis clear from above that to find H.M. first we find A.M. using corresponding A.P. So the reciprocal
of obtained A.M.'s will be required H.M.'s
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llustrative Examples
Example 36 : Find the terms of the following H.P.'s

(i) l i i i - 10th term (i1) l
7117157197
Solution : (i) The A P. corresponding to the given H.P. is
T 1L 15; 190
here a=7,d=11-7=4
liy=a+9d =7+9 x4 =43
Thus the 10 term =1/43
(i) TheA.P. corresponding to the given H.P. is

21
974

2
e ,;,,,‘15tl1term

here a=5d=9/2-5=-1/2

his=a+14d =5+ 14 x (-1) =2

1
2
Thus the 15term =—1/2.
Example 37 : Find H.P. whose fourthis 1/2 and 10thtermis 1/4.
Solution : The fourth term is 2 and 10 term is 4 of corresponding an A P.
IL,=2=a+3d =2
and 7j,=4=a+9d =4
solving (1)and (2)
a=1 and d=1/3

(5)+3)
L] 1=, 14+= |,...
3 3

3
ThusH.P. is 1, 3o

3
4

o1 s

+ Whi i +—F—+.. 45 — ?
Example 38 : Which term of the series T is ="

. 5 .
Solution : Let 1—,\ be the nth term of the series

D
Tl 1 btained b 1 i I 1 3+4+S+ hichi AP
1€ series obtaine reciprocating thetermsis ——= —F=T—— ... whichi1san A P.
YRR 55
3 4
common difference = \/g a constant

f\f ff

13

The given terms of series are in H.P. thus the »th term of corresponding A.P. will be f

-1 13 3

D o FEE
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oo n-1=10 — n=11

35 . y :
s is the 11th term of the given series.

Example 39 : Find the four HM."'s between 1/ 2 and 3 .

Solution : Let there be H,.H,.H,. H, HM.'s between 1/2 and 3
2. H.H. H,.H,3
a=2 and sixthtermis 1/3
a+5d=1/3

or 5d=1/3-2 = d=-1/3

Four H.M.'s between 1/ 2 and 3
24+d.2+2d.2+4+3d.2+4d

1., 2. 3_ 4 54 2
T (/S (K W or T
3 3 3 3 22 2

33 3

Thus H.M. =y

s S are 574 5

Example 40 : Ifthe A M. between the two terms is 4 and H M. is 3 then find the numbers.

Solution : Let the two numbers be # and b

a+bh .
A, ==5=-= 4 (given)
or a+b=28
2ab
and H .M. =3
a+b
or 2ab = 3(a + b)
or 2ab =3x8 =24
or a-b=zx(a+b) - 4ab
or a—h =464 —48
oL a—h =24
taking positive sign
a-b=4
solving (1) and (2)
tii=6hb=2
taking negative sign
a—-b=-4
solving (1) and (2)
a=2h=6
thus required terms 6, 2, or 2, 6
. a b .
Example 41 : Ifa, b, ¢ are in H.P., then prove that 3 = arein H.P.
b+c c+a a+b
g ; b : ; . bh+¢c c+a a+b :
Solution : S " ‘ arein H.P. if ccordad are in AP
b+e¢ c+a a+b a b c
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[ T = a+5d]

[ a= 2]

(D
(given)

[by (D] (2)

[by (1) and (2)]

3)
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c+a b+e a+b cH+a

lLe. - = -
b a ¢ b
o ac+a* - b* - be _ab+ p? - % —ac
ab be
a—-hYa+hb+c ‘h—c)la+h +c
or ( ) ) _( I ) [or]
o c
simplifying 2ac = b(a + ¢)
2ac
or b= 2
a—+e
or a, b, careinHP, given
a h :
arein H.P.

b+c' c+a a+b

Example 42 : Ifa car travels a distance of 200 km with a speed of 40 kmph and next 200 km with a speed of
50 kmph then find the average speed of the car. Check your result.
Solution : Here ¢ =40 kmph and » = 50 kmph
2ab
a+b

Harmonic Mean H =

2.40.50 _ 4000

= = =44.4
40450 90 kmph

. . . 200
Verification : Time taken for first 200 km = 7 5 Hrs
; 200
Time taken for next 200 km = —— = 4 Hrs

50
Total time taken to travel 400 kmis 9 Hrs

400
Average speed= 5 44 .4 kmph
40 + 50
2
45 x 9 = 405 km which is wrong, thus if the speed is given in different intervals then to find the average speed
harmonic meanis taken.

Note : Here for average speed taking = = 45 1s wrong because in 9 hrs car will travel a distance of

. . . . ol
Example 43 : Ifina H.P. pthtermis g and gth term is p then prove that rth termis e

Solution : pth term is ¢ and gth term is p
then the corresponding A.P. of pthtermis 1/¢ and g thtermis 1/p thus
let first term of A.P. is 'a' and common difference is d. So,

a+(p-1)d=1/q (1) and a+(g-1)d=1/p (2)
substracting (2) from (1)
/ 11 . ) —
(pP-q)d=—-— or (p-q)d = i or d=1/pq
4 P g

putting the value of d'in (1)
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10.
11.

12.

I [(&=1]
a = — =
: 0 or a=1/pq
_ _ | 1 r
rthterm=a+ (r - 1)d = =L =
Pq Pqg g

thus the 7 thterm of H.P. is pg/r

Exercise 8.7
Determine the term of the following HP. :

(i) Ll 1 i,‘--ﬁ'thterm, (i) LIS I—,L,.,,ISthterm, (iii) L,i L,i,..,lﬂthterm,
2758 11 9719729739 14729715731

Determine the #th term of'the following H.P. :

. H& X2 2 2

® 5o’a " (i) a+b’ a’3a-b""

~J

— and seventh term is 73

Ifthe 7th term ofan H.P.is 17/2 and llth terms is 13 / 2 then find its 20th term :
Find :

(i) 4 HM.'sbetween 1 and 1/ 16

(i) SH.M.'sbetweenl/19and 1/7

(iii) 4 H.M.'s between -2 /5 and 4 / 25

If the pth, gth and 7th term of H.P. are @, b, ¢ respectively, then prove that

Determine the H.P. whose second term is

v

be(gq—r)+ca(r—p)+ab(p—¢q)=0
If a, b, c are in H.P. then prove that a.a —c.a — b arealsoin H.P.
1 I 1. 2
+ =—+4+ ==
b—a b-c a c¢ b

Find the H.M. of roots of equation ax” + bx + ¢ = 0

If a, b, c are in H.P. then prove that

In a H.P. if the pth term is ¢ and gth term is p then prove that (p + ¢) thtermis pq/(p+q)

If the roots of equation a(h — ¢)x? +bh(c —a)x +c(a —bh) = 0 are equal then prove that a, b, c are in
H.P.
If a child goes to the school with a speed of 8 kmph and comes back with a speed of 6 kmph then find the
average speed of the child if the distance from the school to the house is 6 km. Verify the answer.

8.21 Relation between A.M., GM. and H.M. :

Let 4, (+ and H arethe A.P. GP. and H.P. between the two numbers @ and /. Then

: i — h
a+b 18 =08 a5 = 2al
a+b

A=

Af = 418, 200 _ -
2 a—+b

72 = AH
i.e. Gisthe GM. between 4 and H.
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=0

a+b_\/a—:a+b—§\/;r\/[_) _ (\/E*\/f_?)

again A—-G = 3 z
A>G (1)
- 2ab  ~ab NJab F
d G-H=+ab- = a+b—2~Jab =——(Ja-b) >0
n ! a+b a+b( ) (a+b)( )
G>H
A>G>H [(1)and (2)]
8.22 Three terms a, b, ¢ are in A.P. , G.P. and H.P. if :
i a—b*a . a=b a a—b_a
(l)b—r.‘+a (")b—c‘_b (m)b—c—c
-b a—+c
(i)g_C:Z::ra—b:b—c = B
- a, b carein AP.
.oa—=-b a 5 ) ) |
(i) b—e - b = ab—-b" =ab—ac — b? = ac
- a, b, carein G.P.
_ : 2 ¥
(iii) Z _i — i—" = ac—bc = ab - ac =%, b= afc

- a, b careinHP.

Illustrative Examples

Example 44 : Ifthe A M. of two numbers is two more than its GM. and the ratio between themis 4 : 1, then

find the numbers.
Solution : Let the two numbers be @ and b then given is,

a+bh _ \-"IE L
2
a 4
and =1 or a=4b
substituting the value of @ from (2) in (1)
4bh + b
o V4b? +2 or 5h=4b+4 or b=4
a=4b=4x4=16
thus the numbers are 16, 4
Cf”_] )n+l
Example 45 : Ifthe HM. of two numbers aand b is b then find the value of 2.
a’ +
n+l n+l
Solution : Let the HM. of two numbers be @ and 5 is, anibﬁthen
a’ +
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g UL L 2ahb

a’ +b" a+bh
or CTCT”+1 + Ci'b”+| 4. b(p‘”+| + hbn+1 _ 2“n+lb + zbn+|a
or (I(I”+1 4 bh”+| _ ﬂ”+|h + h”+|£il’
or c;"“(a -b)= b”“(n -b)
or "l = prtl [ a # b:
n+1
a ] l
or e =
[b
Itis only possible when n+ 1 =0 orn = —-1.

Example 46 : Ifthreetermsa, b, ¢ are in H.P,, then prove that 15?*'(3J +c),b(c+a),c(a+b) arein A.P.
Solution : a(b+c).b(c+a).c(a+b) arein AP If

or h(c+a)—a(b+c):c(a+b)—b(c+a)

or be+ba—ab—ac=ca+cb—bc—ba

or bc+ab =2ac
2ac e .

or b= . which is true because @, b, ¢ arein H.P.
a+c

= a(b+c),b(c+a),c(a+b) areinAP.

Exercise 8.8
1. If A M. of two numbers is 50 and their H.M. is 18, then find the numbers.
2. Ifthe ratio of H M. and GM. of two numbers are 12 : 13, then prove that the numbers are in the ratio
4:9,
3. If the difference of A.M. and GM. of two numbers is 2 and the difference of GM. and H. M. is 12 then find
the numbers.

4, Three terms «, b, carein GP. and if " = 5" = ¢ | then prove thatx, v, zare in H.P,
5.  Threeterms a, b, c are in H..P. then prove that 2a — b, b, 2c— b arein GP.
6. Ifa b careinAP, x,y zareinH.P. ax, by, czarein H.P. then prove that

X z_a. c
“+ ===+
z X c a

7.  Iftherearetwo A M.s 4,. 4,: two GM.'s 5. G, : and two H.M.'s H,. H,: between the two numbers a

and b then prove that
) AH,=A4,H =GG,=ab
G) GG, HH, =(4+4):(H +H,)
8. If a b careinAP b ¢ d arein GP. and ¢, d, e are in H.P. then prove that @, ¢, e are in GP.
9.  Ifthreetermsa, b, c are in A P. and H.P. then prove that they are in G.P. also.
Miscellaneous Exercise 8

1. The 10th term of the sequence —4_.—1.+2.+5......1S
(A) 23 (B)-23 (C) 32 (D)-32
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10.

11.

12.

13.

14.

16.

17.

Ifthe 9th term of an A.P. is 35 and 19th term is 75 then its 20th termis :

(A) 78 (B) 79 (C) 80 (D) 81

Find the sum to 7 terms of the sequences 1, 3, 5, ...

(A) (n—l): (B) (n+l): (C)(Zf?—l): (D) n’

If the first term of an A.P. is 5 and the last term is 45 and the sum ofthe terms is 400 then the number of
terms.

(A)8 (B) 10 (C) 16 (D) 20

Ifthe 3rd term of an A.P. is 18 and 7th term is 30 then the sum of'its first 17 terms is

(A) 600 (B)ol2 (C) 624 (D) 636

If (x+1),3x,(4x+2) areinA.P. then its Sthterm s,

(A) 14 (B) 19 (C) 24 (D) 28

a, b, carein A.P., the AM. of aand bis x, the AM. of b and ¢ isy thenthe AM. ofx and v is

(A)a (B) b (C)c (D)a -+
If S”= 3n® +5n thenits 27thterms s :
(A) 160 (B) 162 (C) 164 (D) 166
The sum of 50 A M.'s between 20 and 30 1s :
(A) 1255 (B) 1205 (C) 1250 (D) 1225
. 1 1 )
The common ratio of GP. \/3_1 —,—,... 18!
V3733
(A) 4 (B) & (© 5 (D)3

-

The number of terms in GP. 96, 48, 24, 12, . . ., ﬁ is:
D

(A)8 (B) 10 (C) 12 (D) 15
The value of 9'° x9"° x9"*" x 0 is:
(A) 1 (B)3 (©)9 (D) 27
I Finfiity of the series V3 + =+ —=+...
The sum of infinity of the series NAEN 1S:
V3 343 3
(A) = B) 343 (€) =7 (D) 5
1 2 1 2
infini ies —+—+—+—+... is"
The sum to infinity of the series sttt is
A B) — ) D) —
()6 ()]6 ()16 ()16
If the 3rd term of the G.P. is 2 then the product of'its first five terms is :
(A) 4 (B) 16 (C) 32 (D) 64
. am] +bn-l )
For what value of n does the expression oy sa GM. betweena and b
o
(A)1 (B)2 (C)0 (D) -1

IfG] and G, are the two G M.'s between a and 4 then the value ofG]G: is:
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18.

19.

20.

21.

22

23,

24.

25,

26.

27,

28.
29,

30.

31.

32.
33.

34.

(Ayald (B) ab (C) (ab)’ (D) (ab)’
The GM. between -9 and -4 is :

(A)-36 (B)6 (C) -6 (D) 36
T N N
1e series s s

(A)AP (B) GP. (C)HP (D) other series

1 1 1
The 6th term of the sequence I,—,—,—,... is

4 7 10

1 I
(A) l,, (B) (C) — (D) none of these

13 16 15
If a, b, ¢, d are in H.P. then which among the following is true :
(A) abcd (B)ac bd (C) ad bc (D) none of these
Two numbers have HM. 4, AM. 4 and GM. G, if 24 + G* = 27 then the numbers are :
(A)6, 4 (B)8,2 (C)8.6 (D)6, 3
Ifthe ratio of H M. and GM. of two numbersis 12 : 13 then the ratio of the numbers are :
1 1 e B)2:3 {3 R K (D)4:9
Ifthe A M., GM. and H M. between the two numbers ¢ and » are A, (G and H then 4, G H will be in,
(A)HP (B) GP. (C)AP (D) none ofthese
Ifthe H.M. between «a and b is H then the value of E; + % IS
[8

1+ b b
(A)2 (B) £ + (C) _a (D) none ofthese

ab a—+b
If a, b, ¢ are in H.P. then which of the following is true :
(A) ac = b* (B) ~fac <b (C)a+c=2b (D) Jac > b

3

i 1 3
If'the r7 th term of a sequence is —; then find its first three terms.

3”
Which term of the sequence 72, 70, 68, 66, ....is 40 ?
If the ratio of sum of  and 7 terms of an A P. is m*:n* then prove that the ratio of 7 and 7 th term is

(2;19—1) :(2;1— l)

If'the sides of a right angled triangle are in A P. then find the ratio of length ofits sides.

[Hint : (Ger): :(a—a’): +a’ :>%:4]
G

2 7 )
If — rE i — 5 are in G.P. then find the value of a:

Find the sum of n terms of the series 1 =1+ 1 -1+ . ..
Find the value of 2"°.4"% 16" =

((n—] +bn+l
For what value of 77 does the expression oy isthe GM. ofaand 5?
a'+b
Ifthe A M. and HM. of aand b are 4 and H then prove that :
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a—A b-A A
< -

a-H b-H H

36. If a, b, carein AP and b, ¢, dare in H.P. then prove that ad = bc.
) a+c 2bd v 4o
[Hint » = and ¢ = nbe=3EC 254 o c(b+d)=(a+c)d or be=ad
2 b+d 5 “Bad
. ) , bl -4
37. If a+b+...+( arein GP. then provethatits sumis = ——
h—a
38. Find the sum of 7 terms of sequence 3, 33, 333, ...
39. Find the sum ofthe products of the corresponding terms of the sequences 1,2, 4, 8, 16, 32 and 32, 8§, 2,
1/ 2,118, 1/32
n+l n+l
40. Find the value of 17 so that — n é)” , may be the geometric mean between ¢ and b.
o
41. If Gand G, are the GM.'s between & and b then prove that G, G,=ab.
42. The ratio ofthe A M. and GM. of two positive numbers a and b is m : 1. Show that
a b=m+~nm?—n* m—-m* —n?
43. Ifthe AM. and H.M. oftwo numbers are 50 and 18 respectively, then find the numbers.
44. Ifthe difference of A.M. and GM. of two numbers is 2 and the difference of GM. and H.M. is 1.2, then
find the numbers.
45. Ifa, b, carein AP, x, y, zarein H.P. and ax, by, ¢z are in GP., then prove that
%.z @ 8
R O P Vi R
z X © @
46. IftherearetwoAM's A, 4, . twoGM.'s G, G, andtwoHM's H , H, ; between the two numbers
aand b, then provethat A H=A,H =G G,=ab
, { Important Points ] w

1. By asequence, we mean an arrangement of numbers in a definite order according to some logical rule.
Also we define a sequence as a function whose domain is the set of natural numbers or some subsets of
thetype N, ={1,2,3...,k}. The number of sequence is called its terms. A sequence containing a finite
number of terms is called a finite sequence. A sequence is called infinite if'it is not a finite sequence.

2. Let a,,a,,a,,... be the sequence, then the sum expressed as @, +a, +a, +... is known as series. A
series is called finite series if it has got finite number of terms.

3. Progression : Asequence is called as progression if the number value of its terms is increasing or decreas-
ing in a specific rule. Thus, if nth term of any sequence is expressed by using a finite formula so that
sequence is called as progression.

4. Anarithmetic progression (A.P.) is a sequence in which terms increase or decrease regularly by the same
constant. This constant is called common difference of the A P. Usually, we denote the first term of A P. by
a, the common difference by o and the last term by /. The general term or the nith term of the A P. is given
by 1, =a+(n-1)d
The sum S, ofthe first /7 terms of an A P. is given by
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A 7] 5 n
S, :5[2a+(n— l)d] or J,= ;[a+:’]

a+b
5. Thearithmetic mean 4 of any two numbers @ and bis givenby 4= 1.e., thesequence a, 4, hisan
AP
6. Asequence is said to be a geometric progression or GP., if the ratio of any term to its preceding term is
same throughout. This constant factor is called the common ratio. Usually, we denote the first term of a
GP. by a and its common ratio by r. The general or the nthterm of GP. is givenby 7, = ar""
| a(l-=r") .
7. Thesum S ofthe first # terms of GP. is givenby S, = ( l ) or (l ) if 21
r— —r
The geometric mean G of any two numbers & and b is givenby (G = \Jgb i.€. the sequence a, G his GP.
If the reciprocal of a sequence is an A.P. then that sequence is called as harmonic progression (H.P.)
10. The nthtermof HP. 1s 7, = —t where a, d are first term and common difference of corre-
a+(n—1)d
sponding A P.
: . 2ab
11. The harmonic mean / of any two numbers « and b is givenby H = 7
a+b
12. IfAM., GM. and H M. between the two numbers is 4, (z H then
(1) G*=AH B)A>G=H
Answers
Exercise 8.1
1. (1), (i1), (1i1) A.P. (iv) not an A.P.
2. (a=10: d=3 T.=22
(na=a : d=d T.=a+4d
(m)a=2: d=3 T =10
4. 22 5. 64 6. 32 8. 30
Exercise 8.2
1. (1) 900 12 3(74_5JE) 2. 33,1683 3 +4
: (1} (11) 3 (iii) -»,E T : . . n(n+4)
4 32 5. 8,36 6. zero 10. 1,4,7 11. 24 14. 2700 5.3
Exercise 8.3
2 11
i .- % - L — n-1 ] = = 2
1. (1) 29 (1) 12 2. ()n=13(m)n=0 3. 52 4. 1458 5. 1r=4 6. 4,2,1,
7. (1)6,12,24 (1) 4, 8, 16,32, 64, 128 8 x=3 QL_—QQ——;QQ 11
* (1) ;. g - (11) E] E] E ] n X_-)a = 20"20"20" 20 l’}
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Exercise 8.4

1. (1) 2186 (ii —63()% il 2. (1) 728 i ﬂ
. (1) (11) 3380 (m) aa+b) 2.(1)72 (11)
3. 5terms 4. 4 5. 10
70 Tn 5 1 1 1
s () — (10" —1)—— On—-1+ ==l 1=
6. (1) 81( ) (ii) 81[ 0,,] (iii) [ 10”]
7. (i 0 e 2 8. 64, 16,4, 1 L 11 7
. (1) 15 (11) (111) . . 16,4, 1, 7>e - 3
Exercise 8.5
1-(2n-1)x" 2x(1-x"") 5 1 5+6n
1. (i) 4_2;_:‘* (ii) it =) Gi) 3z ) ==
Lo 6 a3 A —
. (i) 7 (i1) 16 (iii) (l+x)'
an+l P pge 3
3 {2 ” — Gi) (2n+1)2".(2n—1)2"" +2
3l 1—™ 3n—2)x"
l=x (1-x) l—x
24 3 _(3”—1).\‘” 2+x

L o-x) (-x) 1-x (1+x)
Exercise 8.6

L G) n(n+l)(2n+3)+5” (i) n(n+l)(2n:+2n+7’)+” (i) n(n+1)(n+2)(n+3)
2 3 I

[

. (i) ;;;(n+l)(4n—l)+n (i) 3”1 (7+1)(3n=1)=n (i) %(H+l)(n+2)(3n+5)

3. (i) (21:—1)(2”+1)%(4H:+6n—l) (i) n(n+l)(3n+l)én(n+l)(n+2)(9n+7)
4 G ”(”+2),H(n+1)6(2n+?) (i) 7 +2n n(n+1)6(’)n+?)
5. (i) ”(”+l),£(;r+l)(;r+2) (ii) n(n+))(@n+l) Z(n+1) (n+2)
6 6 12
Exercise 8.7
o o 1 L2 o 2 " B
L. (1) 17 (i) 179 (i) 37 2. () 11— (i) na+(2-n)b
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4 4 4 17
ST 4 3
w1111 1 1 1 1 1.8
>0 37013 W73 W s
2¢ 6
9, — b 12, 67 kmph
Exercise 8.8
1. 90, 10 3. 1,9
Miscellaneous Answer 8
1. (A) 2.(B) 3.(D) 4. (C) 5. (B) 6.(C) 7.(B)
8. (C) 9.(C) 10. (A) 11. (B) 12. (B) 13. (C) 14. (B)
15. (C) 16. (D) 17.(B) 18. (C) 19. (C) 20. (B) 21. (C)
22. (D) 23. (D) 24.(B) 25. (A) 26. (D) 27, 1%l 28. 17 th
= =
I—(=1)" 30
30.3:4:5 31, +132. (2 ) 330 34.n=-1 39 5[10”—1]—’—;
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