Exercise 16.7

Chapter 16 Vector Calculus Exercise 16.7 1E

~0.1{x+y+2)
Use Riemann sum to approximate the integral Hf’ "as.
5

Here, f{,r,y,z):e‘“"{-"-"”’ and § be the surface of the box bounded by the planes
x=0,x=2,y=0,y=4,z=0,and z=6

Consider the Tollowing figure, which shows the surface of the box.

4 Breadth

B ;k2,4,0j;

L alzgth

The area of the face 4BCPD inthe plane y=4 is,
AS, =(length )( height)
=(2)(6)
=12
The midpoint of the face 4BCDis B, =(1,4,3).
Find the function value f(x,y,z) at B =(1,4,3).

f("'e}’,z] = o Mlxtr3)
f{l.4,3) IG_"'I“"‘H]

= ()

-8
=

F(B)=0.4493289641



The area of the face QEFG inthe plane p=0 Is,
AS, =(length)( height)

=(2)(6)

=12
The midpoint of the face QEFGis P, =(1,0,3).

Find the function value f(x,y,z) at B =(1,0,3).

2
F(x,p;z) =)
f(|,0,3} _ o)
="M
04

=€

£(P)=~0.6703200460

The area of the face (4B inthe plane z =) is,
AS; = (length)(Breadth)

=(2)(4)

=8
The midpoint of the face QEFGIs P, =(1,2,0).

Find the function value f(x,y,z)at P, =[I,2,0).

i
F(xp.z2)= o Mleyea)
.'f{l 2 0}=8_0'|“‘2+U|
=g ™)

-0
=¢

£(PR)=0.7408182207

The area of the face CPFE inthe plane z =4 is,
AS, = (length )( Breadth)

=(2)(4)

=8
The midpoint of the face QEFGis P, =(1,2,6).

Find the function value f(x,y,z) at F, =(1,2,6).

F
f(x’yvz) = e'""{-"n'-:j
£(1,2,6) =10
=g™®

-0.49
=e

f(P,) = 0.4065696597



The area of the face Q4CFE inthe plane x=0 is,
AS; =(Breadth)(Height)

=(4)(6)

=24
The midpoint of the face QEFGis P, =(0,2,3).

Find the function value f(x,y,z) at P, =(0,2,3).

f(.l'..y,Z] =g O x+yez)
F{0.23)=20

— )

L
=™

F(P)=0.6065306597

The area of the face  BGFD inthe plane y =2 is,
AS, = (Breadth))(Height)

=(4)(6)

=24
The midpoint of the face QEFGis P, =(2,2,3).

Find the function value f(x,y,z)at B, =(2,2,3).

F(rp.z)=e o)
£(2,2,3)=¢*2)
— M

0.7
=&

f(P,)=0.4965853038

Evaluate the integral:

[ s = im 53 7(17)as,

: R =

=AS,(£(R))+AS,(£(B))+AS,(f(R))
+A5,(f(R))+AS, (1 (R))+aS,(f(R))
=(12)(0.4493289641) +(12)(0.6703200460) +(8)(0.7408182207)
+(8)(0.4065696597 ) +(24)(0.6063306597 ) +(24)(0.4965853038)
= 5391947569 + 8.043840552 + 5.926545766
+3.252557278+14.55673583+11.91804729

= 49.08967429
= 49.09

0.1 x+y+2)
Therefore, the approximate value of the integral He 7S 5 (4909
5
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¥

(0,1,0)

The surface S consists of cylinder2® +3° =1, —1=2z=<1

We know if £15 a function of three wanables whose domain includes =, and 1if we
divide 5 into patches S with area A5y and P; apoint in each path then using
Riemann sum

[]7 (r2)de= i, 32307 ()45,

s

Now ifwe divide the given cylinder S into four quarter cylinders and the top and
bottom dizsks then a point in each quarter cylinder 12 {0, 1, 03, {0, -1, 0y, {1, 0, M
and (-1, 0, 0) and a point in top disk 12 (0, 0, 1) and a point in bottom disk
is(0,0,-1)

MNow the area of each quarter cylinder 13

- %x2ﬂ'[l)|:1+ 2)
o
2
And area of each circular disk 15 ﬂ'(l)g =T

Therefore Hf[x, y,z)ds
3

=f[1,0,0)><3§+f[—1,0,0)x%+j[0,1,0)><3;+

f(U,?,Cl)x3;+f(0,0,1)><;=r+f(0,0,—1)ﬂ'

= 2><3—?T+2><3—?T+3><3—?T+3><3—?T+4><3T+4?T
2 2 2 2

= 15w+ 3m

= [23n]
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=77 (0,0,0)

e



The given surface H is a hemisphere x* +3° +2° = 50
Ifwe divide thiz hemisphere into four quarter hemispheres then a point in each
cuarter hemisphere is(3,4,5),(3,-4,5),(-3.4,5).(-3.-4.5)

2

And area of each patch is %X 2;’?’(@)
=257

Then using Riemann sum
[[#(x.y.2)ds = 7 (3,4,5)x 25+ f (3-4.5)x 257

H
+7(=3,4,5)x 257+ f(~3,—4,5)% 257
=(7T+8+9+412)x 257
= 36x 25w

- [tz

Chapter 16 Vector Calculus Exercise 16.7

b

(0,0,2)

oY
X

If we divide the sphere x% 4+ ¥* +2° = 4into four quarter spheres and takes a point
in each sphere as:

(0,2,0), (0,-2,0),(2,0,0),(-2,0,0)
The area of each guarter is: %x4ﬂ'|{2)2
=4

Then using Riemann sum we have
[[ 7(x.2.2)ds = 7 (0,2,0)d5+ 7 (0,-2,0) 4+ 7 (2,0,0)47
s
+7(-2,0,0)4m
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The cross product of r, and r,is calculated as,

=i(1-(-2))-§(1-2)+k(-1-1)
=3i+j-2k
=(3,1,-2)
The modulus of r, xr,is,
e x| = 3" +1° +|[—2)2
~Jia
Determine j'(r(rr.v)]is calculated as follows:
x+y+z =[H+v}+(u—v)+(! +2u+v)
=du+v+1

The parameter domain is given by,
D={(u,v)|0<u<2,0<sv<1}

Write the surface integral as follows:
Hsf(_r,y, z} ds = Hf(r[u, v:l)lr" x 1"‘_| dA
il
Hx(x+y+z} ds =f:‘[‘:(4n+v+l)m dv du
= vﬁzf:f;[41f+ v+1) dv du

du

s 2 l z i

_\,114_['[[41.-+I:]v+5v i|,._0
: 1

=J14j04u+1+-2-du

= Jﬁj:‘h; +% i

=Jﬁ{2uz+%u] '

7.3 N
- i3[2(2) +3(2)-[o]
=\14[8+3]
=11\14

Therefore, H_.,.(-"‘*J"J“'] dgzm.
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Consider the surface

" T
Sz{(.r‘y‘z}:x=r:cnsv,y=us1nv,z=u,0<_1u<_:l,0£v<_13}

The parametric eguation is
r(u.v)::rcmviﬂ.-sin vi+uk

Recall that, if the surface S has a vector function
r(uv)=x(uv)i+y(u,v)j+z(uv)k

Then,

j;ff{x.y,z)a’zdydx = '[Jf(r(ﬂ' V)

T xr:,ldA ______ (1)



Evaluate r, .

Differentiate r with respectto w

%r(”.v:p%(uc«nsv}i+;—u(usinv)j+%(u)k
=cosvi+sinvj+lk
=cosvi+sinyj+k

Therefore

r, =cosvi+sinvi+k

Evaluate r, .

Differentiate r with respectto v

%r[u,v} = %(uccs 1.=]i+ %(usin v}j+ %(u]k
== sinvi+u cos vj+ 0k
== sinvi +u cos vj

Therefore

T, = —usinvi+ucos vj

Now, evaluate the vector r, x r,
i i K
F,Xr =| Cosv siny 1
—usinv ucosv 0
=i(0—ucosv)—j(0+usinv)+k(ucos® v+usin’v)
= —ucosvi—usinvj+uk Since cos’ @+sin’ f=1
Therefore,

T,

i

xr, =—ucosvi—usinvj+uk

Find the magnitude of the vector r, xr,

x| = J(-:rcus v)a +(~usin v)z +u’

Vf 2 2 2.: 2 3
=+u"cos v+u sintv+u

2 2 uiid 2
=,fu (COS v+sin v]+H

=vul +ut Since cos® @+sin* @ =1
=2

=H\IE

Use equation (1) to evaluate the integral HJ‘}’?“’S
¥

Here f(_\"y‘z} =Xxyz. then

f(r'{u,v]} = (u oc-w][u sin v)[rr}

So the integral becomes

j;}-xyzds= L[f(r(ﬁ,v]]
= 'E_!(rf cos vsin v](ﬂ!r}d.d

= J’:’Hu" cos vsin vdA
o

r, xr‘,ldA



Since the domain for (u,v) is

Dz{[u,v}:ﬁ cu<ll0gv < %}The integral is

H xyzdS = 2 H:.' cosvsin vedd

[

|
J u* cos vsmv dudv
(1]

3 [
-:)svsmv[ Ja‘v

i
-}

2 cos vsin vdv

5|f:ﬂ sl&

Syt | S —ta R

sin 2velv Since 2sinfcosd =sin 20

_cos 2v]'2'
il
+_]

Therefore, the integral is

2
Isj xyzdS= ET

i ]

(=1

N
|
b2
| —

sl& 2G5 3l&:
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Consider the surface of helicoid

r(u.v)=(ucosv+usinv+v),0susl0svsn
Recall that, if the surface S has a vector function
¥ (%) = 5 (o, VY )5 2 e V)R

Then,

H}"(:{yz dzdvey = j].f r(uv) |l‘ xrldA ...... (1)

Evaluate r, .

Differentiate r with respectio w

ir(u,v) = <%(ucnsv].i(i-‘3m ‘];(”))

S e .r;
E:‘ ;
r(u,v) (ccw,sm v,{}}
6:.'
Therefore
= (cns v,8inv, 0}
Evaluate r,

Differentiate r with respectto v

%r(u,v):(é{ucusv),%{usinv),%(w]>
= {—u SIMV, 1 COS V, !}
Therefore

r= (-usin V1 COS v‘l)



Now, evaluate the vector r, x r,
i J
r,xr, = cosv sinv 0

i

—usiny wucosv |
=i{SillV}—j(COSV)+k(1rCDS]V+HSi1‘I2 v)
=sinvi—cosvj+uk Since cos” @+sin* @ =1

Therefore,

r XK, = {sin v, —COo8 v,rr)

Find the magnitude of the vector r xr,

r,xr,|= \)‘(Siﬂ 1»’]2 +(~cos 1=)2 +u’

| ] 2 2
=+3In° v+COs" v+ i

=Jl+u Since cos’ G+sin° @ =1

Use equation (1) to evaluate the integral ﬂ_de
5

Here f(_x,y,;)=y: then

f(r{mv]):usin v

So the integral becomes

L{yds= ‘[;[,f[r(u.v)]
= l[;[(usin v][m)a‘ﬁ

rwxrh|dA

Since the domain for (u,v) is

D= :[u,v):l) <u<l0 <y gn}The integral is

H_}rdS: H sin v(um}dA
s ]'j.sin v(um)dudv



1
First solve the integral f:m‘l+ ’ du . substitute 1422 =¢.hen du= %d.r
0

The limits of the integration changes
If u=0thent=1
If #=1thent=2

Integral becomes

| 2

f!w‘] +itdu= !\J’;%
0 1

3

1] ¢

=§(zﬁ-1}
Substitute j‘mj'] +utdu = 15{2\"5 - I} in j‘jsin v(u--.n']+u2 )dudv.-

Hsmv(u 1+’ )dudv-_l-mnvdvI(HMJd
(ZJ_ ]Ismvdu

=—(2J5—1}(—c09v);

=—(2v2-1)(~(-1)+1)
=§(2J§ -1)

Therefore, the integral is

_Ude:%[QJE—l)
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Consider,
[[(x*+»)ds.
Here, §is the surface with vector equation r(u,v)= <2uv, W=, ut v2>,r:2 +v <.
Compare this parametric surface with its standard form, then
x= 21w,y=u2 —viz=ut+vh

The surface integral of f(_r,y,z) determined by parameters v and v is given by the following

formula:

H.xf(‘“}’*z} ds :Hf[r(u,vmr" xr,| dd

Here, D is the domain of integration.

Need to calculate |r, xr. .

The partial derivative of the parametric equation with respect to 4 and vare calculate as,
r(u.v) =<2w,uz —v:ut +v2)

r, (u,v)=(2v,2u,2u)
r,(u.,v)={2u,-2v,2v})

Mow the cross product of these two vectors is,

i i k
r,xr,=2v. 2u 2u
2u —2v 2w

=<8uv,4v2 —dt —4? —4u3)
= 4<2uv, v —Hz,—{vz —Hrz))
The modulus of this vector is,
Ir, xr,|= 4J{2uv}2 +(v2 it )2 +(—{v2 +1'.r3))2

-
= dfdu' v+ =2 vt 2

=420 v + 20t
- 4J2[[v= ]1 + 2%+ {u: ]1}
=4ﬁ1/[v2 +u‘°‘)2

=4J§[v!+:f3}




Now calculate f(r{u,v}) as,

+y =|[2mr]2 +(1.r2 - Pz):
=4V +ut =2t !

=t +2utt 0t

2
=(H2 +‘U"]
The parameter domain to this equation is

D= {[nr,v)h.r2 +1 < l}

Write the surface integral
fo(x.y.z) ds = H_f(r[u, v))|r, xr,| d4
= J‘L‘ﬂ‘ﬂ u’ +v1]z [4\5(13 +V )] dA
=42,

-+ =l

3
(02 +v*) dd
Use polar coordinate system u = rcos &, v = rsin #then the integral reduced as,

[[.(x+1) as=av2[ " [+ ar do.

=42 [2:;)['?“}
—42 (L-:)[l]

8
=72
Hence, [[ (x*+y)dS =[x2]

el

]
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Consider the following surface integral:

Hx.rzyzds
Here § is the part of the plane z =1+ 2x+ 3y that lies above the rectangle.
The planeis z=1+2x+3y.

Differentiate partially with respectto 'y'.

&z
o
Differentiate partially with respectto 'y".

=2

If § is a surface with equation z:g[,r,_y) and p is its projection is as follows:

745 - g gt (2] +(Z) +1as
Here D={(x,y): 0<x<3, 0<y<2}

Then ﬂ--“z)‘zds =Hx2y(1+2x+3y}md,4
¥ o

Jl_élﬁ{xzy + 207y +35%)° ]dxaﬁv
0

=3

L xy+x y'| dy Since fx"afr:"')
3 53 n+l

+1

Jﬁ +C

© ey 1

V'ﬁj'(:”y +3 99, ]d
1]



Now evaluate the following integral:

&

2 2 2 v
m[ﬂ+&m ]]d _Jia|e 2 8L
J; B: © B e J1_92+22+273

%

9" 81y T

s
52
2,

72+324 ]

]
N

%

=J_4[ﬁ ?2}

4
=14(99+72)

=17114

Therefore, the surface integral is ”Iz}’z ds =171V14 :
&
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MNow the surface integral can be evaluated as,

8= H.\'[ ] [ ]+ldA
= [[x(4-2x-2y){(-2) +(-2) +1d4
= [[(4x-2x" - 2x¢)V0 dld

- 3f:jj"(4x— 22 ~2xy) dy dx

i 3[: jo (4x-2x* -2xy) dy dix
= 3_[:[(4.r—2.1 ) —xy ].Z "y

=3I:[(4:c —2.r')(2—.r]—:( 2-x)’ —[0]] dx

= 3]: [81 ~ gy —4x? 20 — 3P 4 dx? - 4.1:] dx

= 3!:(4,\'— 4x +x° )d.r
=3 _212 - ix" + l r‘}x—!
3 4

=3:2(2}3—%(2}"+%(2}“:|
[ 2
=3 8-?+4}

=4

Hence, the value of the surface integral is

s=[4]-
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Since x<0,y=0,z =0, if we project z onto the xy-plane, y=2x-2 inthe fourth quadrant,
so the domain of integration is the triangle formed by the line y=2x-2 bounded by the
coordinate axis is

D={(x,y)|0sx<1,2x-2<y<0}.
The partial derivatives of z=-—4x+2y+4are

B B,
ox ay

The surface integral is calculated as,

S=[[ f(x.r.g0x) (%]z + [%] +1dd
= [[xy(-4) +(2) +1 a4
=H.\:@ ddA
= Jﬁj’r: .I-:x-z't oy
= ‘ETE [xy]i:oz:-z dx
= Jﬁj’;[r(m— x(2x-2)] dx
= —@I;{Exl —2x) dv
-V21 é—l—[ﬂ}]
- _m'_l]
& L
3

3

Therefore, the surface integral value is

V21

3

%]
[}
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Consider the following surface

3 3
;=§(xf2 +yft],05x£|,ngyg1

Find }:fde:

Recall the surface integral
Any surface S with equation z =g[x,_p) can be regarded as a parametric surface with

parametric equations x=x,y = y,z=g(x,y)-

Jirez)as= [ e(e) 1:{%’;] +[§;‘.T »

The derivative of z partially with respectto x is
Oz _ 4
(514

The derivative of z partially with respectto ¥ is

B

oy



The surface integral is

Lydczj:;[ 1+x+ya’xdy

2heexey ]

=§J:[y(2 +2)2 =1 +}’)'2]a5v

22 s -T2 - BateyE o 22y

[(2cst B 2

4 % %o Ao, s 4
EOE O E O Oae]

2
3 5 35
a[18 108 J— 32J~ 4
=2 2 \E__
3| "r ‘r 35}
1264'5-1085—56&4-64\5-4}
35

_2[18J3+8J2-4
3 35

4(9V3 + 42 - 2]
- 105

Therefore, the surface integral is

4
ﬂyatx: E{g\ﬁa, 42-2)
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Consider S is the part of the cone z? = x* 4 y* that lies between the planes

Z=

The objective is to evaluate the surface integral H‘ x°z* ds.

Thecone z? = x? 4+ y* meets plane z =1 incircle x* + y* =1 and it meets plane z=3 in circle

xz+y2=9-



Sketch the region is shown below:

Y /

PI— X2+yz= 9

-— x2+y2=1

X

The surface integral is,
H_{{x,)uz)a’S = Hf'[x. y,g{x. y}),ﬂl + zf + z_f oA
& D

where D is the projection of 5 on xy-plane.

The domain of integration is the is the part of the cone z? = x?+5? that lies between the
planes z=1and z=3.Thismeans 1< x®+y® <9 and the domain of integration can be
written in polar coordinates as,

D={(r.0)|1sr<3,0<0<2x}

Consider,




Therefore,

Hx'z ds—ﬂ X +} wf_dA
=.|-n L rieos’ @ (rz)v@rdrdﬂ'
=2[" [+ cos® 0dr e

Tn L] 3
Z\EJ: [%] cos® @de
1

w3 1Y
=»J'EI [E__] cos’ Bd@
1

o 6

& T
[3 . IJ Z cos* 0d6

_ 2[@)}!x[1+¢0526)d6
6 0 2

() o]

L]

2 2
364f_1[(2 )-(0-0)]

=364“‘F-:r

3
_ 364732

3
Thus, ﬂ:xlzz ds = 364;3\15 .

5
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Consider the following surface integral,

j_Lz d5 , where, Sis the part of the surface xzy+2z2- 0<y<], 0<z=<1.

The objective is to compute the value of the surface integral over the given surface.

The surface integral of an equation x = g(y,z) is given by,

e s[3] {5 e

where, the D is the domain of integration.

Here, the domain of integration is the part of the surface yx =_y+2z“.

D={(y.z)|0<y<1,0<z<1}.



The partial derivatives of x =y+zz’ are,

x ax

— =1, and =dz.
oy

i

Thus, the surface integral is,
[z as=[f(Z) +(Z) 41 0
s s Ox o
=’|]'z=v.l'2+ln;‘)z2 dA
i

=ID|I;2J2+1622 dy dz
=L|z\l'2+1622 d=

=[%[2+|52?]§]
=[£§[1 8): _Z'g(z)%}

12
Therefore, the value of the surface integral is,

1342
ILz Ay =T .

2w}
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Consider the function:

f(xy)=In(xy)

Here x=3r+2s,y=5r+3s

The objective is to find % at the point (r,s)=(1,0)
Rewrite the function as,

S(xp)=In(xy)

=lnx+Iny

Using chain rule, gicar: be written as,
L

Y A x T

ds dx ds dv Os

Calculate the partial derivatives -6-]’-{-,?}-,-65-,-@-:
dx dv ds Os
%:é(lnxﬂn)a)
.
x
o @
—=—(Inx+Iny
oy 6}( )
e
}!
gx &
—=—(3r+2s
= (3r+2s)
?—y—£(5r+3.s)



MNext calculate the partial derivative 1aias follows:

O
S _ o & oy
ds dx ds oy Os
] 1
=—(2)+—(3
2+-0)
2 3
= —
L
2 3
= +
3r+2s Sr+3s
Now at (r,s)=(1,0)
]
as 0.0} 3(I)+2(0} 5{]]+3(0}
2 3
=—+—
3 5
_10+9
15
E
15
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Recall that, the surface integral of an equation z = g(x, y)is given by the following formula:

2
&Y (éz
X 72l — | +|=—| +1dA-
frtenston(E] (5]
Here, the D is the domain of integration.

The domain of integration is the part of the sphere x* + »* +z* = 4 that lies inside the cylinder

x*+y* =1, or in polar coordinates.
D={(r.0)|0<r<1,0<6<2x}.

Since the part of the sphere that lies above the xy-plane is
The partial derivatives of = — 4_.[1-2 +y3} are calculated as,

T o
&m0 +)



Substitute all the values, and then the surface integral can be calculated as,

= Iff(‘-?'g(st})[ ] (g:] +1dA

_Hy £J4 = ]:[J‘;_;J:_f ]2+1d,4
S S —

- [ [

Use polar coordinates, x=yrcos#, y=rsind,r’ =x* + y*. then the surface integral can be
written as,

Ihj-[lr sin g]rdrdﬁ

2
—21' sin ﬁdﬁf[Fermg......(1)
r

- 7 I r
First evaluate the |ntegral f [
R R B

Making the substitution g = 4—r2. die = =2r dr . then the integral changed as,

f;[%]rdr _j“‘ -~ [—%]d::

] r dr as follows:

- e
X &
-
gl 3
L2 2l
u 3 Jued
1 o]
g 2
2 3
= =3




Evaluating the second integral Ihsinlﬁ dg as follows:
0

r sin® @ df = _[ ———cos29d9
(1]
=2
:[lﬂ—lsinz‘i’]
2 4 s
=[:r—0]
=7

From (1) and use the results the surface integral evaluated as,

S—ijsm adej[ r ]rdr
T V-t

—2(:r]{——3\f_ ]
=2Tﬁ(]6—94'§)

Hence, the surface integral value is

2{(16—9»@) :

by
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S is the hemisphere x? +y* +27 =4, z20

Then the region of integration D is the region below surface 2% =4 — ? —yz and above the
circle x2 + 3% =4.
Hemi sphere Is.

F=d4-x -y

Then,

220 2o=-2y
o — v
L. -
dx z ar =z

2 : 3 2
And then ].,.(?E] ) T
ax ay 22 2

J’ +x° +y

" (zz+xz+y2=4)

2
Z.
Also in polar co — ordinates

D={(r6): 0<r<2, 0<@<2r}



: '.22 e d = 2 2 gdA
So that, };I(\ +3 z) A} J;;[[.x + ¥ )zxz

=2k3r2.rdrd!9
i
ir 1
=2[d6[r dr
(1] (1]
1 p" ;
=2[0]" | —
1]
16
=2(272-0)| =-0
(2a-0)( -]
=4z (4)
=16x
Therefore,

Hl:xzz - _].’Zz)ds =
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Consider the following surface integral.

I_L xz dS

The objective is to evaluate the surface integral Hs_xz dS, where Sis the boundary of the
region enclosed by the cylinder y’ +z% =9 and the planes y=( and x+y=5

The surface integral of f(x, y,z) determined by parameters u and v is given by the following

formula:

H_‘f(x-%z) ds =H_,‘r‘[r[z.*,v))|rN xr,| d4

Where the D is the domain of integration.

Recall from the fundamental theorem of calculus that

[[ 160 dx = F(b)-F(a)
where F(x) is the antiderivative of f(x).

First parameterize the surface y? +z*! =9 and determine the magnitude of its normal vector
r(x,ﬂ):(x,f&cosﬂ,f&sin :9}
r, (x,8)=(1,0,0)
r, (x,8)=(0,-3sin@,3cos @)
i i k
rxr,=|1 0 0 |=(0,-3cos®,~3sin8)
0 -3sind 3cosd

K| = J{}E +(-3c0s8) +(-3sin@)’

=+/9¢cos’ @+9sin’ @

=3

>

Next, determine £ (r(x,8))
xz=2x(3sinf)

The parameter domain is given is from the surface the cylinder y? + 7% =9 between the
planes y=0 and x+y=5

r(x,0)=(x.3c0s6.3sinf), 0<x<5-y=5-3cosh, 0<H<2r

D={(x,0)|0<x<5-3c0s0,0<H<2r|



Now, write the surface integral

[,/ (eoroz) ds = [[ £ (r () e, xr.] dd

[[xzds=[7 [T x(3sin0)3 dx do
=3[0 [T x(3sin6) dv do
Evaluating the integral, we have
wef=3oosl
37 x(3sin0) dv do = 3‘[:”(3sin3)[% xz] do
weld
" 3‘[:”(35in8)[%(5—3cosﬂ)gj|d8
el

3[ 7 (3sin 9)[%(5-3@59)*%9:3[2(5_3%59);}

(]

Thus, the surface integral is J'L xz dS =0)
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The objective is to evaluate the surface integral.

Consider the following surface integral.
ﬁ‘(z+x'y] das
The objective is to evaluate the surface integral H‘(z+.rzy] ds .

Here, Sis the part of the cylinder y: +zf =1 and it lies between the planes y=( and y=3
in the first octant.

Forthe g and x as parameters and write its parametric representation as,
x=x,y=cosf,z=sind, where J<x<3, 05.9:_:%,

The surface integral of f(_r, y,z] determined by parameters v and v is given by the following
formula,

[[.7 (x.y.2) dS = [[ £ (r (.v))Ir, =x,| da
o
where the D is the domain of integration.

Determine r, and r, from r(x,8).
r(x,0)={x.cos0,sin @)

r, (x.6)=(1,0,0)
r,(x,0)={0,~sin@,cos 0)

Calculate r xr,

i j k
r xr, =|l 0 0
0 -sind cosf

=(0,~cos#,~sin @)

r, x rgl = J{)z + (-l;:i:ls.'f.?f)2 +(—sin 6')2
=+Jeos® @+sin’ 0

=1



MNext determine f(r(x,ﬁ']}.

z+x'y=sin@+x cosf

The parameter domain is given is from the surface the cylinder _,,-3 +z% =1 between the
planes y=( and x=73 in the first octant.

r(x.0)={x,3cos,3sin 9}, 0<x<3, Clﬁ.‘;?i%

D:{[r,ﬂ)iﬂirilﬂiﬂﬁ%}

Now, write the surface integral

fo("'h-""z} ds =gf[r(u,v))|r“ xr,| dAd

ng[z—r_r’y) ds = L; f:(sin g+x° (:036')~ 1- dx df

Evaluating the integral,

x=3
de

=l

J{.z' j-‘(sill 8+ COSH] dv do =ji§ {Is{nﬁ'-i- 1_1:3 6053]
o W0 o 3

= j2 (3sin@+9cosd) d@

0

~[-3c0s0+9sino] 2
=[0+9-(-3+0)]
=12
Therefore, the value of the integral is, _
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Consider the following integral:
II[I: +y +z’}a‘.s-
5
Here, Sis the part of the cylinder »? +y= =90 with its top and bottom discs z=0andz=2-

The region is as shown below:

S,:z=2

«—S,:X+y=9

S,:z=0




The surface S is shown above it consists of three surfaces 51, 52 and S3

For S1, taking gand z as parameters, the parametric equations are as follows:
x=3cosf, y=3sinP, z=z,058<2x, 05z52
Then F(#,z)=<3cosd, 3sind, z >

r, =< -3sinf, 3cosd, 0>

£ =<0,0,1>

Compute r, =7, as follows:

i ik
F,xF =|-3sin@ 3cos@ 0
0 0 |

=3cosfi+3sindj

Py % F =3cos#i +3sind |

Then |7, x7|=3

Compute the value of the integral is as follows:

X+ +27)dS = || (5 + 7 + 22 )|, x 7| dA
[ 027+ [ 42"+ i

gl—b;‘.'

2
j9+z 3 d=do
(1]

Ix Z" ;
=3j’ [92+—] do

1] 3 A
=3_[” |3+§}1.:9

0 3

)

=62(8)

=124r
Therefore, the value of the integral along the surface §, is [124x]

Evaluate the integral along the surface S2 is as follows:

ForS82:z=0
Then 2 2e20)ds = (48 N1 [E]v [QT dA
_E!(x +y +2%) J:!(v +37), 1+ = s >

= g(xz +y2]df1

Use polar coordinates to evaluate the integral.

In polar co — ordinates D = :(r,ﬂ) :0<0<2r, 0<r 23}

[*]
e

H(rz +y*+27)dS = [ [(#* cos® @+ sin® 9]rdrd6‘
5,

=-e_...,

I
3

¥ dr df

ol—‘:

= Ta’-fi'jlr" dr
o [

ild]
e
81

=—x
2



Evaluate the integral along the surface S, is as follows:
For S3: it is the region under plane z = 2 and above the circle x* + J,.-2 =0.
Then changing to polar co — ordinates

Jg(f+y’+zz}af5.'=];j[x2+Jﬁ+z=) 1+(%T+[%]2JA

ax

= j{.rc2 +1* +4)V1+0+0dd4

2]

-

n
oY
e

(r’ cos® @+ sin® 6 + 4) rdrdd

(r* +4)rdrdo

1l
sy
D ey L

= Tdai‘(;-“ +4r)dr

0 0

~(0)” [%m!]

=2;’r[ﬁ+|8]
4

153
T
2

3

L

The total value of the integral along the surface S is as follows:
H(_‘rz 4 yz + zz)dS = H(xz + _yz - zz}dS +ﬂ(x2 +_'|Jz +z° }a’S
5 5 5

+_|]'(Jr1 +y +2')dS

5

=124ﬁ+ﬂﬁr+£.ﬁr
2 2

=241z

Therefore, the value of the integralis [241x].
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Consider the vector field

F(x,y,z)=ze"i-3ze” j+ xpk
The surface S is the parallelogram
S={(x,y.z):x=u+v,y=u-v,z=1+2u+v,0<u<2,0<v<1}
The parametric eguation is
r(uv)=(u+v)i+(u-v)j+(1+2u+v)k

Recall that, if F is a continuation vector field defined on an oriented surface  §with unit normal
vector n. then the surface integral Fover § is

[[Ras=[[F-(rxx)dd

5 n
Evaluate r, .

Differentiate r with respectto u

- 2

d & &
—r(u,v)=—(u+v)i+—(u—v)j+—(1+2u+v]k
(H 'P) aul:ll V) au(u l]j au( i l]
=i+j+2k
Therefore

r, =i+j+2k



Evaluate r,.

Differentiate r with respectio v

%r[u, v}=a—i{u+v]i+%(u—v)j+%(l +2u+v)k

=li+(~1)j+1k
—i-j+k
Therefore

r=i-j+k

MNow, evaluate the vector r, x r,

=i(1+2)-j(1-2)+k(-1-1)
=3i+j-2k
Therefore,
r,xr, =3i+j-2k
Use equation (1) to evaluate the integral des
5
Consider the integral
[[F-as=[[F-(r,xr,)d
&) o
=H(ze“‘i ~3z¢” j+xyk )-(3i + -2k ) dd
i
= [[(32¢ —32¢™ - 2xy)
n

= H —2xydA
il

Substitute the parameters x=u+wv,y=u—v in H~2xydA and the domain for (u,p] is
i
D={(u,v):0<u <20 < v <I}The integral is

f F-dSzH—ﬂ:y-i—v)(u—v}dA

1 342
=2[[v2u—i] dv
(1] 3 0
1
=2J’[2p’-§]dv
! 3
4 1
w2t B
33 L
=2(E_§J
33
=4
Therefore
HFrdsz—df
X

Here negative sign represents the direction of the flow of the flux in to the surface S.

Hence the fiux of vector function F(x,y,z)=ze"i-3ze”j+xyk across Sis 4.
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Wehave F=zi+yj+zk Letxa=wcosv,y=usinv,andz=w, for 0 =u =1
And0=v = Then r, = {cosv, sin v, 0) and r, = (—u 310 ¥, i COSY, 1>.

1510 2w

e : _ 2
Also, r,xr, = sinvi—cosyj +uk and F . (r_uxr‘,) = vanv +u'cosy.

MNow, find Hs]_ﬂ:ds given by .I-.I-sf . [ir& ® rv) d4.

Hsfds = _I-:.I-:vsinv = usir21 2V + 1 cosvdvdy

_I-Ul_l-oav sin vebvdl — _I-Dl%du_[; sin 2vdv + _I-Dlu:* d .I-; Cosvav

We know that _I-;cosvdv =0 and .I-;sin 2wy = 0.

”SFdS = .I-;vsin v

= T+ [sinv];T

T

Thus, we get] _[Isfds =77
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Consider the vector field,

F(x,y,z)=xvi+)zj+zxk
The objective is to evaluate the surface integral H‘ F « dS for the given vector field F and the
oriented surface S.

Here, Sis the part of the paraboloid z=4-x* —_,,-? that lies above the square < x <1.
0= y =<1, and has upward orientation.

Use the following Tormula to calculate its surface integral, where P, Q. and R are the
component functions of F in the i, J, k directions, and using the partial derivatives of g with
respect fo both x and y:

. og
flFeas=I1,[-P%-

Calculate the partial derivatives of z =4 —x* —y? we have

g +R] dA
ay

B B iy,
x dy
Next determine —P@—Q% +R
ax ay

Here, P=xy,0=yz,R=2zx

fiis

_Pﬁ_g_Qij_g +R=—xy(-2x)-yz(-2y)+2x
oy
=2x'y+2y'z+zx
=2y +2y* (4-27 = )+ (42 = *)x

= [4):— )42y [S —x—25° )J-': -2



The parameter domain is given from the problem, which is the square
={(x.¥)|0<sx=<10< <1}

Evaluate the surface integral as follows:

[[,F - as= H( P Qag+R]dA

:LL[ 4.r—x"}+ 2x2y+[8—x—2xz:|y2 —2_'.*‘] dvdyx
p=d

! 1 2 2 51
L[(4x—x3)y+x:’y2+5[B—.\‘—2x')y3—§y5] _ dx

=i

1]
I
|
-
T
|
%
I
=
-
—
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Consider the following vector function:

F(x,y,z] ==X i-_yj+23 k

The objective is to evaluate the surface integral H F « g8 for the given vector field F and the
5

oriented surface S.

Here, Sis the part of the cone - — |I'_t3+y= between the planes -—-1and z=73 with

Z=

downward orientation.

To find the surface integral H‘F * S . use the following:
i o2 _ 0
H‘F-a’S-HD[—Pa—Qa+R dA

Here, F=Pi+0j+ Rk
Calculating the partial derivatives of - = ."_TE_._J,? we have
5:- 3 63 2 3 -

X+ =ylx + 2
5= =)
Consider the vector function F(x,y,z] =—x i-yj+z’ k
Here, P=-x,Q=-yandR=2"

C)
& _pk
ox

+ R as follows:

raga-{aeon o)

1 ]
= (¥ +)7) T4y (P 4)7) 24 2

Mext determine —P

2

=(x +y3)(x3+y1}_é+:"

(
( 2



The parameter domain of integration is the Is the part of the cone  z? = x?+? that lies
between the planes z=1 and z=3.Thismeans |<x®+ y* <9 and the parameter domain
of integration can be written in polar coordinates as

D={(r,0)|15r<3,0<0<27}

Write the surface integral as Tollows:
[[Feas=][ ( P Qag+RJdA
= ”ﬂ .rz +yz > +(x3 +y’)E dA
—[“[( jerrdﬁ'
= .I-:r .I-: o+t dr d@

—1 r=3
=27 =r' +=r°
3

=20 é{a)%%w)“(%*%ﬂ

17127
15
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Consider the following vector filed.
F(x,y.z) =xi-zj+rk
The objective is to evaluate the surface integral HﬁF + ¢S for the given vector field F and the
oriented surface S. Where, Sis the hemisphere x* + y* +z* =4, in the first octant, with
orientation toward the origin.
The surface integral H F « 4S of a vector field F over a parametric surface by a vector
5

function r{w,v). we use the following formula where D is the parameter domain of the vector
function:

ILF '“Sz_UDF o (r,xr,)dA

Recall from the fundamental theorem of calculus that

[[/(x) de=Fo)-F(a)
where F{x) is the antiderivative of fix).

First, we determine the normal vector and parameterization of the guarter-hemisphere. From
p. 818, the parameterization and normal vectors of the sphere are given as follows, with
respectto @ and g . where 0£8<27,0<g<m.

r(¢.0) = (asin pcos b, asin psin b, acos ¢)

Sl (az sin’ gcosé,a’ sin® ¢sin 8, a’ sin.;;ﬁ::ns;ai)

LY

For this particular problem, we have 0< gg%,ug #< %,a =2 and

r(¢.0)=(2sin gcos @, 2sin ¢sin 6, 2cos ¢)
r,xr, = (4 sin’ grcos @, 4sin” ¢sin8.4sin¢cos¢5)

The given normal vector is for an outward orientation. For the inward orientation we multiply
this normal vector by —j

_(r’ xr&.) = (—Alsin2 feosd,~4sin® gsin &, —4sin gcos q})



Next we determine F « —(r, xr,)
F(x,y,z] =<_r,—z.,y)
F(r(¢.0))=(2singcosd,~2cosg,2sin gsin 6)

F - -[r‘,xrt,)z{2sin¢c056’,-2c05@$,251n ¢sim9) . (-4sin!¢cos€,-4sin:ésinﬂ,-*’-‘lsinﬁcosé}
=—8sin’ gcos’ @+8sin’ gsinPcosg—8sin’ gsinFeos
=—8sin’ ghcos”
= -—4{5in¢5-—-sin¢cosz¢)(I+cos26')

The parameter domain is given from the parameterization of the sphere in the first octant

D={(¢,9)|0£¢-g5.05ﬁg5}

Now, write the surface integral

fJ.F - as=[],F - ~(5xn)

- ELE ~4(sin ¢ —sin ghcos” ¢)(1+cos 20) dp dO
= —4jog(1+ cos26) d.?jf (sing -singcos’ ¢) dg

Evaluating the integral we have

L x H =2 #=f
—4E(1+cos29] dﬂff(singi—sin@coszgﬁ] dg=—4 9+%sin 29} ¢ [—cosg’li-;—cas}c;-] i
L =0 g=0

~[i-o]o-(51]

-4(5]3]

4z

3

Thus, the integral is fLF L |
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Consider the following vector filed.
F(x,y,z)=xzi+xj+yk
The objective is to evaluate the surface integral H_tF « dS for the given vector field F and the

oriented surface S. Where, Sis the hemisphere x* + % 4 z% = 25, y > (0, oriented in the

direction of the positive y-axis.

The surface integral H{F « @8 of a vector field F over a parametric surface by a vector

function r(u,v). we use the following formula where D is the parameter domain of the vector

function:

.H\.F - dS =.”nF = l:r"‘ XT..)dA

Recall from the fundamental theorem of calculus that
[[7(x) de = Fp) - Fa)

Where F(x) is the antiderivative of fix).



First, we determine the normal vector and parameterization of the hemisphere. From p. 818,
the parameterization and normal vectors of the sphere are given as follows, with respecttoc g
and g, where 0<@<2x,0<g<m.

r(¢.0)= (ﬂbln;émb&' asingsin @, acm@‘a}

t‘#xt‘”:(a sin’ geos @, a” sin’ gsin 4, a* smqﬁcns;ﬁ-)

For this particular problem, we have 0<f8<r,0<¢< %’a= 5 and

r(¢.0)=(5singcos 0. 5sin gsin 8, 5cos ¢)
I Xr,= (255in2 @$ecosd,25sin’ gsin 9,253in¢5cos¢$)

= <2.‘isin2 ¢cosd,25sin’ gsin ﬁ.?sin 2¢>

Next we determine F »r, xr,

F(x,p,z)={xz,xy)
F(r(¢.0))={(5singcosd)(Scosg),5sin g cos 8, Ssin gsin )

= <22—Ssin 2¢cosd,5singeos @, Ssin ¢sin9>

F - —(r'. % rﬂ} = (%sin 2¢rcos B, 5sin g cosd, Ssin gsin 6'> . <255in2 deosf,25sin’ @sin 9.§sin 2¢>

_ %sin 2 cos’ B+ 625sin’ peos Hsin 6+ ﬁz_sginzqisimbsinﬁ

—625 2¢[1+c°525] Gi—ssm ¢sm29+%sm2¢sm¢sm6‘

(’;5[ 2¢[H—c9-s—2£]+sin’¢(sin25}+sin2;ﬁsin¢(sin3)i|
The parameter domain is given from the parameterization of the sphere in the first octant
={[¢,9)|0£¢£%,0£H5%}

We now write the surface integral

HSF -a’S=Hf Fer,xr, dd
=k 625[ [“ "3329] +sin’ ¢(sin 20) + sin 2¢sin ¢(sin 9}] do dg
625_‘- I [ [1+_czsi.9] +sin’ ¢(sin 20) +sin ?.gﬁsin;ﬂ[sinﬂ]] d6 dg
Evaluating the integral. we have

625}‘ I [ [1+c;s29)+sin3¢5(sin 28)+sin 2¢sin ¢(sin6‘}} de de

=g

=6‘_§5L Sm2¢[ +%sm29)+5m ¢[-%Ct5523]+sinZ{ﬁsiﬂ@s('cosg]}a:ndﬂi
625 a[ in¥ g < in 2¢si

=T 0 -Sln 2{9[%_0]"'5111' ﬁ[_z{]_l]]-ksm 2¢51n¢(_(_|_]]]]d¢

=6_§5.|':F%sin2¢+2sin2¢5i"¢:|d¢




Continue to the above step,
625 ¢+ 625

=K {gsin 24+ 2sin 2¢sin¢]d¢i 5 :{gsin 2¢5+45in3¢rcos¢}d¢

d=r
= %[—%cos 24;35+%sin3 é}

=0

Thus, the surface integral I 5_F «dS=0|
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Consider the following vector field:
F(x,y,z}=yj—zk
The objective is to evaluate the surface integral HxF-dS for the given vector field over the
surface S.
Where, § is the surface given by the paraboloid y=x? 4+ 2%,0< y <1 and the disk

3
+zi<ly=1

The graph of the paraboloid and disk as shown below:

Here, the surface § consists of two surfaces explained as follows:

3, ty=xt+2%, 0yl

8, ixt ez sl y=1

The surface integral ILF + ¢S of a vector field F over a parametric surface by a vector

function r(u,v) . use the following formula where D is the parameter domain of the vector
function:

j’fo - dS :.UJJF ' [r" Xl".)dA

First, parameterize the surface Sy =y +_73, 0 < y <1 and determine its normal vector.
r(xz)=(xx+2.2)

r,(x,8)={1,2x,0)

r,(z,0)={0,2z1)

Then, the normal vector is given by,

i j k
r,xr,=|1 2x 0
0 2z |

=(2x,-1,2z)



Determine the value of F.r, xr.as follows:

F(x,y.z)=(0,y,-z)
li‘[rl:_sc,z)):([),x2 +zz,—z)
For,xr, =(0,x* +2°,-z)-(2x,-1,2z)
=0—(.r2 +z’)—222
=—((x2 +z’)+2z:)

The parameter domain is given from y =x? 4+ z*, 0 <y <]. which means < x2 4 - g1.0rin
polar coordinates D= {[1-,9} [0<r< l,0£3£2:r}.

Mow. evaluate the surface integral over 5[.
fLF sdS=[[ Ferxr dd
=[[ —((x*+*)+22*) a4
= [ [}(r* +2¢" cos* 0)r dr
=—["(2+cos20) a6, dr

1 el 1 el
=—[2-9+—sin 2-‘5‘} {—r‘:|
2 (B 4 reth

1
=-[4z] =
o]
-[=
Now, set up the integral H'r F-dS where §,:x* +2° <l y=1

Parameterize the surface to obtain,

r(x.,z:} = (x, l,z)

r,xr, ={0,1,0)

F(r(x,z}) = {U,l,—z)

F-r,xr, =1

The parametric domain for §,:x*+z* <1, y=1is D= {(x,z)| 4zt gl}.
Evaluate H F-dS as follows:
5

[J, Fas=[[ Forxr dd
S IREZ

=J[oal 4
=r

Compute the surface integral H{F-a’Sas follows:

HqF-dS:jLIF-a‘S+Hs!F-dS

==—T+T
=[]

Thus, the surface integral is IL F-ds =@,
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Consider the vector F =(xyi+4x2j +_yzk] and the surface is z = x¢";0<x<1,0< y<1.

To find the surface integral H\ F « dS of a vector field F over a surface z= g(x,y)use the
dz Oz
formula HF - S =H (_PT—Q,.—+ R} dA
5 o ox Uy
Recall from the fundamental theorem of calculus that

("7 (x) ds=F(b)-F(a)

Where F(x) is the anti-derivative of f(x).

Calculate the partial derivatives of ; = yp*.

ézi(mx] E:i(xe.--]
ax oxv /And 3y oy

=g = ye*

Determine —PE—Q-&? +R.
& Ty

Here, P=xy,0=4x', and R=yz.

—Pg“;—- Q% +R=—xy(e')-4x* (xe" )+ 3z

=—xye’ —4x'e’ +xve’
=4y
From the statement, the parameter domain

D={(x,y)|0<x<1,0<y<I1]

Write the surface integral.

[[F-as =ﬁn{—P%—Q%+R] dA

[ f[(ee) b

On continuation,

= -(e- ]]_[14.139&

o

~ef]

=~(e-n[+]
=—(e-1)[1-0]
==(e-1)

=]-e

Hence, the value of the surface integral of the vector F with the surface

z=xe";05x<,08y<1 s .



Chapter 16 Vector Calculus Exercise 16.7 29E
Consider the following vector filed.
F(x,_v,z] =ypj-zk
The objective is to evaluate the surface integral ﬂv F « dS for the given vector field F and the

oriented surface S. Where, Sis the paraboloid y = Yzt 25, 0< y<1. and the disk

x4 22 <l y=1

The surface integral ﬂtF + ¢S of a vector field F over a parametric surface by a vector
function r(u,v). we use the following formula where D is the parameter domain of the vector

function:
[[[Fedas=[[ Fer,xr)ds

Recall from the fundamental theorem of calculus that
[ 1) dv=F(b)- Fa)

where F(x) is the antiderivative of f(x).

In this particular problem, S is composed of two surfaces

S :y=x'+2%, 0<y<l

Sxt+2 <l y=1

First, parameterize the surface §,:y =x*+2°, 0 £ y £1 and determine its normal vector

r(xz)= (x,x2 +zz,z)
r,(x.6)=(1,2x,0)
r,(z.0)=(0,2z1)

i j ok
r.xr,=[1 2x 0|=(2x,-122)
0 2z 1

Next, determine F «r, xr,

F(Ly*z) = (:(Ly,—z)
F{r{x,z}) = (D.Jr2 +zz.—z)

Fer xr, :(O,xi +zz,—z) . (:Zx,—I,Zz)
=O—(.r2+23)—223
=—[[I2+22]+222}

The parameter domain is given from y=x*4+z* Q< yp<|.whichmeans g< 24 2 <. 0r

in polar coordinates
D={(r,0)|0sr<1,0s0<2x}
MNow, write the surface integral

H‘-‘.F 'dS=IL_'F * X dA

=HD—({.:3 +z=)+223]dA
= —f:x ﬁ(r2 +2+% cos® Q}r dr do

g ]
=—f (2+cos26) d.‘}‘j rdr
o L
Evaluating the integral we have

Pl r=l
_I’”(2+ cos26) dej'ﬁ dr = -[ze+lsin 23] [L-"}
o ] 2

o]
=[]



Mext set up the integral Hs F = dS_where we have 5, sl 2t 1.y =1. First, we

parameterize the surface to obtain

r(x,z} = (x. Lz}

r.xr, =(0,1,0)

F(r(x.z))=(0.1,-z)

Ferxr =l
Next, obtain the parameter domain for §, : x* + 2% <1,y =1. which is the disk
D= {[x.z]|x2 +22 < IE
Next, write and evaluate Hs: F - dS

Hs F.g.fS=J]-0F-rIxr__ dA

AL

= H. 1 dA
=7

Now, compute ILF . dS

I[.F .:,fs=jLF-aS+j'L:F-as

=—T+7T
-0

Thus, the integral is H\_F «dS=0|
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Consider,
F(x,y,z] =xi+yj+5k.
There are three surfaces of the region described: the cylinder, the plane y =0, and the plane
x+y=2.
Parametrize the cylinder in cylindrical coordinates:
r(8,y)={cos@,y,sin0),0<0<27,0< y<2-cosf.
The partial derivatives of _a-(ﬂ_,;):(msg‘y,sing)is shown below:
1, =(~sin8,0,cos8),r, =(0,1,0)
The cross product of these two vectors is
1, xr, =(-sin@,0,cos 8)x(0,1,0)

i i k

=|-sinf 0 cosé#
0 1 0

=i(0-cos@)—j(0-0)+k(-sin@-0)
= {-— cos#,0,—sin H)



Since the surface §is closed, we will orient with outward-pointing normal vector.
On the cylinder, this means the normal vector should point away from the y —axis.

To orient the surface correctly, should use the surface roXry = {cosﬁ',(}, 51N .9)_

The surface integral can be evaluated as,
[[F-as=["[7""(cos..5)-(cos 0,0.5in 0) dydd
= [ [ (cos 6.+ 55in 0) dvd®
—L L COs sin & ) ey
= [ (cos* @+ 5sin 6)(2-cos 9)d0
L]

2z 2 3 . .
=_L (Zcos - cos E+IDsm6’—5$m9msﬁ]d9

= [ (2¢os* 0~ cos’ 0+ 10sin 6~ 5sin Deos O )0

o

[:"‘[{1 +c0s 20) -
E [:“[[1 +0526) -

2 22 3cos+cos 4 2% : 5 .
Use [ "(1+cos20)d0 =2 [/ [f}m:t}.jn [I{]smﬁ—ssm29)d€=0

3cosf +cos3f

+10sin 3-%sin 26‘]:{3

wnmme-%sin 219}0’9

So the integral value is,

[[.F-ds =22

Parametrize the plane y=00by

r(x2)=(x.0.2), 0 + 2 <1

The partial derivatives of the vector r(_-c,z) = {x,{},z}are calculated as,
r, ={1,0,0),r. ={0,0,1).

The cross product of », and ris,

Lzt

(1,0,0x(0.0,1)

=T =T 1

i k
I 0
0 1
=(0,-1,0)
To have §oriented outward, the plane y = 0is oriented in the negative y —direction.
So, the correct orientation is
[J,F-ds =[] (x.0.5)-(0,-1,0)dxdy
= [f, 0-cray
=0
Parametrize the plane x+ y =1by
J'I:x,z} ={x,2 -.Jr,z),x:t +z <]
The partial derivative of the above vector is
r,={1,-1,0),r. =(0,0,1).
The cross product of the these two vectors is
rxr =(1,-1,0)x(0,0,1)
i §i k
=1 -1 0
0 0 1
=(-1,-1,0)



To have §oriented outward, the plane x+ y =1is oriented in the positive y —direction.
Need to use r, xr. =(1,1,0).
So the correct orientation is
[[ F-ds =[] (x.2-x.5)(1,1,0)dxdy
=) 2dsdy

=z

Add the three results obtained in the above, the flux of Fthrough the surface §is

HSF—dS=2:r+U+2}r

iy,
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Consider the following vector filed.
F(r,y,z] =xi+y’ j+z° k
The objective is to evaluate the surface integral H‘ F « S for the given vector field F and the

2

oriented surface 5. Where, Sis the boundary of the solid half-cylinder g<z <,/1-y%.

D<x<2.

The surface integral IL F + S of a vector field F over a parametric surface by a vector

function r{u,v). we use the following formula where D is the parameter domain of the vector
function:

[[JF-as=][ Fe(rxr)dd

The surface integral H\ F « 4S of a vector field F over a surface given by the equation

z = g(x,y). we use the following formula to calculate its surface integral, where P, Q. and R

are the component functions of F in the i, j, k directions, and using the partial derivatives of g
with respect to bath x and )~

[l as=Jl,(-rE-0% k)

Recall from the fundamental theorem of calculus that

[ ) ds = F(b)- F(a)
where F(x) is the antiderivative of f(x).

In this particular problem we have the following four surfaces
§:z=4f1-y",08x<2,-1<y<1, §,:z=0,0<x<2,~-1<y<],
S,ix=2-1<ygl,0<z<,1-)*, 5, :x=0,~1<p<L, 0Lz < J1-)*

First we setup the surface integral for §,. which is the graph
z=1-?,05x<2,-12 <1

Calculating the partial derivatives of z = f] — » we have

E =—y(l—y2}_5

:0‘
dx

2|



g

Next .determine -—P——Qig-—i- R
o ay

F(x,y,z} = (xz,,}'z,zz)

_P?—; Qgim ——(—f(0))—[y=[_y{|_yz]-§]]+z=

=y"{]—y!)-i-+22
1
=P(-) 7 +(1-)

MNow, write the surface integral

f[.F-as- ﬂﬂ[ Pl gagm}m
_ﬂ 24(1-y?) dd
=, f '% - 3" dy dx

1
Before evaluating the integral, we need to find the anti-derivative of ys (1 _yz)‘z_ Using the

substitution =1~ y*, du = -2y dy. we have

fJ’3 (1 ‘}’2]_% dy = I(l —tr}u_% [-%du]

T
—Ej‘u —u *du

3 il
=l Eyz -2u*+C
213

A |
=—u?*-ut+C
3

Reverting back to the original integral we have

1 3 1.
[ 0-r)F =21 p {1y e

Evaluating the integral we have

f:J'_'Iys(l_yZ}";‘ +(1-y7) v d'.r=2_—,f—_y1+~lj(l —yz}% +y-lyjll_l
-2fi-1-(-14])

=2 i}
3

5
3



On §, we have F=(x",)",0). n=(0,0,-1) and

.[,L F.dS= _U‘ 0dS=0

On S, we have F=(4,)%,z%). n=(1,0,0}, and

[P [, man= [\ [T s s D}ty -2e
On S, wehave F=(0,5",z°). n=(-1,0,0) and

H~ FoedS= H\ 0dS=0

Now, evaluate the surface integral

J.L‘F RS ijiv_F.‘57§+U+2E+U: §+2;;

Thus, the integral is HﬂF . dS = §+ 27l
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We split the tetrahedron into its four sides, calculate the surface integral of each, and add
thetn together.

We will need the following formula for calculating the surface integrals of a positively
oriented surface:

dg 2
LjF-dS:jﬂ—Pé—Qém ...... (1)

Where F = Pi+ 5+ Bk and the surface 515 given by the graph z = g(x,») over the
region £ in the xy-plane {with normal vector of the surface pointing in the positive z-

direction).
Mote that this can also be written symmetrically for the other coordinate axes as

& G .
LjF-dS:H(—P§+Q—R§ ______ (2)

Where F= A+ 0+ Rk and the surface 515 given by the graph y= k(x,z) over the

region £ in the xz-plane (with normal wector of the surface pointing in the positive y-
direction), and

Bk ok »
L_[F-dS:_L[(P—QE—RE e (D)

Where F = Fi+ 4+ Rk and the surface &1z given by the graph x=k(x,z) over the

region £ in the yz-plane (with normal vector of the surface pointing in the positive x-
direction).

WWe first divide the region into its four faces. Three of the faces are the coordinate planes,
x=0, y=0,and z =0 The fourth (slanted) face has a normal vector that points out
along the three-dimensional diagonal, a normal vector of{l,l,l). The Cartesian equation

for the plane 15 therefore
x+y+z=d

Zince the components of the normal vector are the coefficients of the variables in the
equation. We plug in a point in the plane that 15 given, say, (1, 0, 0, to find thatd =1, so
we have the equation

x+yr+z=1

Az the equation for the slanted face of the tetrahedron.

We look at the slanted face first.

Since the surface 13 oriented positively, the nortnal vectors are all pointed outward, and
the slanted face therefore has an upward {positive) orientation when talen separately.
We rewrite the equation for this plane as z =1—x—» and use this as the equation for the

surface gix,») when applying (1) Find the necessary partial derivatives:

&
&



The region of integration 2 beneath g(x, 1) will be the projection in the xy-plane, which

1z the same shape as the triangular base of the tetrahedron The » limit will range from
¥=0 tothe diagonal y=1-x and the x limit will range fom Oto 1.

Plug into (1) with F(x ¥, z) A+iz—yk+zk {given):
FdS:j ( +R

[ (D= + x)abeix
-|-1-|-01x y+Z y+x)dydx
=J-U_[l_xlzz+x)dﬁx

0
Plug in the equation forz, z=1-x—»:

[[Fas= jul IUI (1- x— y+ x)dbed

=[], (= »)avax

Integrate in terms of y:

HFa’S [(y—y;J

1-%

ax
" x) o}fx
EI

_ ;(2 2x 1-2x+x° de

1

2

01[:2 2x—1+2x— x)dx
=517

Integrate in terms of x:
1

pra-ti ]

&

I\J|>—l [\_3|._.

The flux through the slanted face 13 1/3.

Mext we lock at the base of the tetrahedron, wherez =0,
Since the surface 12 oriented positively, the normal vectors are all pointed outward, and
the base of the tetrahedron therefore has a downward (negative) orientation when taken

separately. We will therefore have to add a negative when applying (1) to account for
thiz negative orientation.

The base of the tetrahedron 1z in the plane z = 0; we use this as the equation for the
surface g(x,») when applying (1). Find the necessary partial derivatives:



The region of integration D beneath gix, 1) 15 just itself, the triangular base of the
tetrahedron. The ¥ limit will range from »=0 to the diagonal y=1-x and the x limit

will range from Oto 1.
Pluginto (1) with Fix, »,z) = yi+(z— ik +zk (given), remembering to add a negative

for the negative orientation:

js F-dS= —J!(—P%— %m}m

1pl-x
= _.[ .[o (_y(o)_(z_Y)(0)+X:ld)tfx

= —J':J-Ul_x ( x vz

Integrate in terms of y:

[[Fas =] ()] ax

=
_ _Ll(x(l— - 0)dx

N

Integrate in terms of x:
1

ffras-{3-%]

3

The fluz through the base face 15 -1/6.

Mext we look at the side of the tetrahedron where y = 0. Zince there iz no way to write

this equation in terms of z, we want to apply formula (2) instead.

since the surface 15 oriented positively, the normal vectors are all pointed cutward and
therefore the normal vectors for the y =0 side point out through it from the positive ¥

and therefore point in the negative p-dwection. The surface 15 therefore oriented 1n a
downward (negative) ortentation when taken separately and locked at in the y-direction.
We will therefore have to add a negative when applying (2) to account for thiz negative
orientation.

The equation for this side of the tetrahedron ig in the plane y =0; we uze thiz as the
equation for the surface k(x, ») when applying (2). Find the necessary partial
derivatives:

B 5
ox
%:0
&=

The region of integration [ 15 just the surface itself, the triangular side of the tetrahedron
in the zz-plane. The z limit will range from z = 0 to the diagonal z =1—x and the x limit
will range from 0to 1.

Plug into (23 with Fix, y.z2) =i +({z— yik +zk {given), remembering to add a negative
for the negative orientation:

”F-a’S:—H[—P%+Q—R%

3

= |7 o0+ -3 - (e
=[]} (e-r)ian

Since ¥ =0 1nthis case, this becomes:

jsj Fas=-| [ (z- 0jzan

==, I, (e iz



Integrate in terms of z:
1-x

[[Fas= —]J[%J U

ol 2

=—l : 1- 2247 Jdx
3

adx

Integrate in terms of x:
1

j FdS= —l{x— pe +£J
2 3 ),

&
3
i Bl
2 3

The flux through this face 15 -1/6.

Mezxt we look at the side of the tetrahedron where x =0, Zince there is no way to write
this equation in terms of 2, we want to apply formula (3) instead.

Since the surface 15 oriented positively, the normal wectors are all pointed outward and
therefore the normal wectors forthe x =0 side point out through it from the positive x
and therefore point in the negative x-direction. The surface is therefore oriented in a
downward (ne gative) orientation when talen separately and looked at in the x-direction.
We will therefore have to add a negative when applying (2) to account for this negative
orientation

The equation for this side of the tetrahedron 15 in the plane x = 0 ; we use this as the
equation for the surface &(x,») when applying (2). Find the necessary partial

deriwatives:

=0

=0

Rleoe

The region of integration 1) is just the surface itself, the triangular side of the tetrahedron
in the yz-plane. The z limit will range from z = 0 to the diagonal z =1—y and the y limit
will range from Oto 1.

Plug into (2 with F(x, v, z) =y +(z— )k +xk (given), remembering to add a negative
for the negative orientation:

il i
L_[F-dS: —[J (P—Qa—fi’EJdﬂ
=17 - e - »)(0) - x(0)dedy
=[], oz

Integrate in tertns of 2z

[[Fas=—[oa)"

3
1
= [ (1= 5~ O)ay
1
=—[ (»-*)ay
Integrate in terms of y:

1

2 3
J' FaS=-| 2 -2
2 3|

&

The flux through this face 15 -1/6.



The total fluz through the surface is the sum ofthe surface integrals of all four faces, or
i 3(1] e
2 ) &
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The formula for the surface integral when parameterized in x and y is:

p 2
Jixp.2)dy= || fixr glxy) 1+ L & =| dd wva (1
8 & o &

“Where & 15 a surface over domain £

The surface 15z = . Find the partial derivatives % atd %:
2 &
pe =
o
3z
—=x
5

The limitz of integration are 0= x=1 and0 =y =1. We now have everything necessary

to plug into (1), Weplugin f(x, ».2) = x°yz, the equationz = xy, the partial derivatives
of z , and the limits of integration and simplify:

[[(Roe)as= (e on) o 7 + (o i
s

The problem indicates we will need to use computer software or a calculator to solve this
but specifies an exact solution. Plug in the integral to find that the exact zolution to the

surface integral is
—(15111(256(10864@“881?)(ﬁ+1))—1201n 2—48@—31?@)

2380
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Giventhat .= 3 —gf — g::
we have to find the value of

itz itz
— = —4y. — = —2y
ity ity S

The boundaries of the regionare 3 —9,° — .2 > 0. { <x <4< .and
—V3—-2x" Sy=V3i—-2x°

Using a CAS, we calculate

I_||-f

1,2 I - 2 7% 2 2 7
= [W2_gw-d j.ff.fs—zx'—_r') Vi6x® +4y> +1 dydx

= 34895



Consider the vector filed
F(x,y,z) = sin(xyz] i+x’yj+e™ k
And the upward oriented surface S consist a cylinder 4y3 + 2 = 4that lies above the xy-plane
and between the planes y= -2 and x=2.
Determine the flux of F across the surface S.

The oriented surface Sis shown below:

.

Parameterize the surface &

Here the cylinder 4y 4+ z? = 4 is an elliptical cylinder.
zl
¥ e L
Also, use x and @ as parameters.
Then the parametric equations are:
x=x y=cosf# z=2sind
r(x.0)=(x,cos#,2sinf)
But, the cylinder 4y3 +z% = 4that lies above the xy-plane and between the planes
x=-2andx=2,
S0,

2<x<2,0<8<2x.



Nextfind v, andr, :

r(x0)= ai(:c,cos 8,2sin 6'}
)4
=(1,0,0)

And

r,(x.0)= 6%(.\‘,(:036, 2sind)
=(0,~sin#,2cos )

Then r, xr,:
i i k
r xr, =|1 0 0

0 -—sin@ 2cos
=i(2cos@-0+0-sind)—j(2cosf:1-0)+k(-sin@-1-0-0)
=i(0)-j(2cos@)-ksind
=(0.-2cosd,—sin )

The vector filed is defined as
F(x,y,z)= (sin[xyz],x"‘y +z"e"""5>
F(r(x.0))= <5in{x -cos0-25in @), x’ cos0,(2sin )’ e"""ﬁ) Here y=1
— (sin (xsin28),x" cos 8. 4e"" sin’ 9:)

Find F .(r, xr,):

(:sin (xsin26),x* cos @, 4e" sin® 0)-(0,~2cos @, -sin 0)
=0-sin(xsin26)+ (xl cos E}-{ul’ cos @)+ [4-&"1’:5 sin’ H) (~sin@)
=0-2x"cos® § —4e"" sin’ @
=-2x"cos’ @ —4¢"° sin’ @

Recollect, suppose F is a continuous vector filed defined on an oriented surface S given by a
vector function r(u,v).

Then, the surface integral of F over S5is
gF-a’Sng-{ruxq}dA

Here the parameter domain D is given by

D={(x.0)|-2<x<2,0<0<2x}.



Find the surface integral of F over &:

J;fF-dS:JJF-(rtxry}dA

!

-2

( ~2x" cos® @ —4e"” sin’ 6')dx dd

" ,l,q_,..»

4

cus’efrdrda 4jsm 5]@ dx d@

= —

3

= _szs* 9[%]; d3—42j".sinl 3{%} 46
= ZIcos €|:——ﬂ]d9 4jsm 9[5315 Se'”]dﬁ
s 10 j' cos’ 0d6-20(e™* —¢ 7 }' sin® @ do

3 0 (1]

1+cos28

Use the facts that cos® & =? and sin“@=1-cos* @
Ix I

= % [M]dﬂ—ﬂ)(e” ~5) [ sin@sin® 0.d0
i i

iz

= -%f[l +¢0520)d0-20(e** —¢ ) [ sin6(1-cos’ 8) 46
L] ]

:F%j I +c0s268)df - 20( e 25)]' (sin & -sin Gcos’ @) dO
o
=F§j[l+coslﬂ}d{9~20(e3"5—e'z‘"s)l?(sinﬂ)dﬂ—TsinEcnszﬁdﬁ}
o o 0

Continuation of above simplification:

. iz 3 2
_ _E[9+51" 29] B 20(32"5 —e'z"ﬁ} [—cosﬂ)zn [cos’@
3 2 ), o |73 ),
. 2z 1 2=
= —E[fh il 29} + 20[@3"5 —e'z"s] (0039)2" A s 4
3 2 ), o N\ 73,

_E[2I+sin4ﬂ' _O_S|n2[0]]

2 2

+20(e¥ = }{CGS L0k [ ms; 2:{] i ( ‘305;(0) H

-?(2:: +0-0-0)+20(e* —e'z-"5}|:l -1 +[%]-{%H

_%(2;1] + 20(82’;5 —e 25 )[0]

32
=——x
3
Therefore, the flux of F across the surface Sis —33—23 L




Next, use Maple software to sketch the cylinder and the vector filed on same screen:
Step 1. Open the worksheet mode in the Maple.

MNext, upload with({plots) and with(VectorCalculus) packages.

Input command:

with(plots);

with(MectorCalculus);

The input and output will be displayed as shown:

Output:

> with{ plois);

[ animate, animate3d, animatecurve, arrow, changecoords, complexplot, complexploi3d,
conformal, conformal3d, contowrplot, contourplotid, coordplot, coordploi3d, densitvplot,
display, dualaxisplot, fieldplor, fieldploi3d, gradplot, gradplot3d, implicitplo,
implicitploi3d, inequal, interactive, interactiveparams, inierseciplot, listcontplos,
listcontploi3d, listdensityplot, listplot, listplot3d, loglogplot, logplot, mairixplot, multiple,
adeplot, pareto, pletcampare, poiniplot, pointploi3d, polarplot, polvganplot, polvganplot3d,
polvhedra_supported, polviiedraplor, rootlocus, semilogplol, setcolors, setaptions,
setoprions3d, spacecurve, sparsematrixplot, suvfdata, texiplor, rextplotdd, mbeplot|

Output:
> with( VectarCaleulus);

[dex, **°, "+, -0 0L < =, <| =, dbour, AddCoordinates, Arelength, BasisFormar, Binormal,
Compatibility, ConvertVector, CrossProduct, Carl, Curvature, D, Del, Directional Diff,
Divergence, DotProduct, Flux, GetCoordinateParameters, GetCoordinates, GetNames,
GetPVDescription, GetRootPoint, GetSpace, Gradient, Hessian, IsPositionVector,
IsRootedVector, IsVectorField, Jacobian, Laplacian, Linelnt, MapToBasis, Nabla, Norm,
Narmalize, Pathlnt, PlotPositionVector, PlotVecior, PositionVector, PrincipalNovmal,
RadinsQfCurvature, RootedVector, ScalarPotential, SetComrdinate Parameters,
SetCoordinates, SpaceCurve, Surfacelnt, TNBFrame, Tangeni, TangeniLine,
TangentPlane, YangentVector, Torsion, Vector, VectorField, VectorPoiential, VectorSpace,
Wronskian, difl, eval, eval VF, int, limii, series]



Next use the filedplot3d to draw the vector filed for F and use implicitplot3d to draw the surface
of the cylinder 437 + 27 = 4.

To get both vector filed and cylinder on the same screen use display command.
Input command:

display([fieldplot3d( x=-2..2 y=-1..1,z=-2_2 grid=[5,5,5].color=blue}],
[implicitplot3d(4y"2+z"2=4 %=-2_2 y=-1..1,2=-2..2.grid=[3,8.8])]):

The input and output will be displayed as shown:
(ﬁ.v;)!f{v( I_ﬁe.‘f.ﬂrﬁmi’d[ (:sin{.\’ vz), i ¥, 2 -cxp( % ]),.r ==2.2y=-1.1,z=-2.2 grid=5,
5,5], calor = MueJ ] Limpliciplot3d( 4y + Z =4,x=-2 .2, y=-1.1,2=-2.2, grid

=1s.s.a})_l]-,

| F(x,y.z)=sin(xz)i+x’y j+ %" k |

i e — p
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The surface 5 is given by vy = hix, z). We can find # | the unit normal wector to 3,

by consideringf[x,y,z) =y—}z[x,z) . where 3 15 a lewvel surface tof(x,y,z) =0

Let (=, v, z) be any point on the surface. Then ﬁf[x,y,z:l 15 notrmal to the

surface 3; and then the umit normal vector 15
()
[ (z..2)
R (x,z:lf-l-}— b I:x,z)ﬁcA
\/[}zx [i:Jr,z)]2 +1+|:}:ex [Z:J:,z):|2

Since j component is positive, this is an outward unit normal vector.
b, [ix,z)f—_?+hx [x,z)kA
\2[.32* (x,z)]g +1 +[32, (x2)

=0 the unit normal vector to the leftis —n=

:|2

i [x,z)?—f%-}zx[:x,z).icA
L[(PI +Qj+Rk:l NP

n( é‘%

Where D 15 projection on zz — plane
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The surface 3 1z given by x = ﬁc[y,z) . We can find # , the unit normal vector to =,

by considering f (x,,2) = x — k(y,2). Where § is a level surface
tof(x,y,2)=0
Let(x, ¥, z)be any point on the surface.
Then Vf[x ¥,z )is normal to the surface 5 and then the unit normal vector is:
se V7 (x,5.2)
Wﬂxyﬂﬂ
(r.2)i-k (r.2)E

JI+i + i

Sinced component 15 positive, this 15 an cutward unit normal vector,

-k

i

Take ﬁ(xyz) P[x ¥ z)z +Q[x,y,z)J+R[xy z)k
Then Hﬁ.dEz”ﬁﬁds
I3 [

- [[(20+ g+ i) Tl hlr2)k

5 R
2 2
5 ok +[%J +1 44
) %

”(P— o2 R%}M
;] @ o
Where D is projection on ¥z —plane

*
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,G(x,y,z) = constant k [say)

Then m= _[ ,G(x,y,z)dS
5

Where S iz the hemisphere 2° +3° +2% = &%, zz0
Then wm= .ic_[ ds
3

Mow the surface S is the region under z = | Ja® —szz +y2)

And abowe the circle 2° + 3% = a®

].‘~Tu::uv~r%=—£and%=—z
x s ay z

& 2 % 2 2 2
Then 1+[_] +(_J sted
o =



Changing to polar co — ordinates
Az a

m:aﬁ:jj(ag—rg)_%rdrdﬂ
00
dx G
=—ak 5') [ az—rz)r_n
LE. m=2mak

Changing to polar co — ordinates

dra =
m=a§c_[ J(az —rg) Hrdrdﬂ
0o

1LE m=oma’k

By the symmetry of the surface ¥ = F=10

Nowz = i_l!z ,O[x, y,z)dS

. a
Hence the centre of mass 1s [0,0,—}
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,G(x,y,z) =10-z

We lnow the mass 15 given by
= ” ,o(x,y,z) ds
3

Mow the surface 3 has parametric representation

x=Zcosd, y=zsind, z=z
1=z =4, D=8=2mr
Then ;(2,9)2 <zcosd, zan B, z =
Fo=<cosfsind 1>
Fo=<—zsind, zeosd, 0
>

Then 7 ®f,= <—-zcosd, —zsind, z»

> T__1 7 o2 Z
And |rx><r,|=\[z cos  8+z sin” G4z
=42z

-



Therefore m=

)

[ o(x.7.2)f; 7] a4

=ID (10-z)z-/2d4

= 2y2m(75-21)
= 227 (54)
= 10827

Hence the mass of the funnel 1z 1084{5}1’
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(&)

If @15 the density function, then the moment of inertia about =z — axis is given by

= ”(x2 +y2)p[x,y,z)d5"
5
(B)

The surface has parametric representation
x=zcosd y=zand z=z
l2z=4 0=8=2m

(B)

The surface has parametric representation
x=zcos8,y=zand, z=z
lz=z=4 0=8=2m

Then F(z,é‘) = <zcosd, zsin &, z »
ro=<cosd, snd, 1>

F,=«—zand, zrosd, 0>

Then L=][(#+y")(10-2)ds

(22 cos® & +sin’ 5:] (10—2) (Z'\J’E) dA

Il
e e

22 (10-2) dA

)

2 (10-z)dzd 8

1

o
Dn—.:“;’ Q‘—h:J
1 ey o 1t Py

[1033—z‘)dzd9



e A, =J§!d9{(1oz3—z“)dz
4
dx 5 1
:\E(Q)D 524_525]1
1024 5 1
= v2(27)| 640-——-Z+-
v2( ﬁ)( 5 5]
4329
= 2211 —
()
= 43292
5
Hence [x:%
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Using spherical coordinates to parametrize the sphere we have r(@,8) =5 sin ¢ cos 8 i+ 5 sin

psingj+5cos gk, and |F‘¢ > r,-;l = 25 sin¢ - S is the portion of the sphere where z = 4,

s0 USq‘)Stan_'[%janU 0<f<2rm.

(a)

tan ™ |f.'! 14

m= ﬂgp[x,y, szS= 2 [ () k25 sing) d b d 6= 25k (2" d g}

3

= 25&{2#)[—003[@1_' ?J + 1]= 504w —% + 1) = 10wk

Because S has a constant density, -

i by symmetry and so we find that

2= — s zp[x.- » :JdS =— 7] (304 k(5 cos ¢)[25 sin ¢J doda

Zﬂ'] [} sin’ fp]‘

/
! 2w an (35 F 1
- m{lzsa} idef™ Vsingcosg d g = MLIZ%J[

and so the center of mass is [;c, ¥, }J = [g’ 0. %}
(b)
The moment of inertia about the z-axis is
= \
=[5 x" +y2jp[x,y, szS= o[ k(25 sin” @) (25sing) d § d 6

iy y

tan [ 3/4

lu11_]|(3e'4J v 'J
%

0

625k [ d sin’ ¢ d ¢ = 625k(27) [{ cos® ¢ —cos ¢]

]

R ar e _ 4 )y _ 140,
1250«&[7[?) i1 +1]— 1250«&[ — ]— 22
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Consider that the density of a fluid is 870 kg,.fm-‘ and velocity is v =zi+ p j+x°k -
Determine the rate of flow outward through the cylinder x? +_y2 =4.
Take the surface §: x* + y* = 4 which is oriented outward.

Parameterize the surface §-

Here the cylinder x4+ y* =4has , -2 incylindrical coordinates so, use @ and z as

parameters.
Then the parametric equations are:

x=2cosf y=2sinf z=:
r(0.z)=(2cos8,2sind,z)

Where, 0<z<1,0<8< 2.
Nextfind r, andr, :

7} :
@,z)=—1{2cos 8, 2sind,
r,(6.2) 69{ cos @, 2sin 0, z)

=(-2sin#,2c0s0,0)

And

r.(6.z)= a%(Ecos 8.2sin8,z)

=(0,01)
Then r, xr, :
i i k
r,xr. =|-2sinf 2cosf 0
0 0 1

=i(2cos@-1-0)—j(-2sin@-1-0)+k(-2sin@-0-2cos8-0)
=i(2cosf)+j(2sin@)+k(0)
={2cos#,2sin 0,0)

The vector filed is defined as
=Tty
v(r(z,@]] =<z.(2sin9): ,(2:059}2) Here y=1
=(z,4sin:9.4cos2f}‘>
Find v . (r,xr):
(z,zls‘-in2 6,4 cos’ 8}-(2c056'.2sin9.0)
=z:2c080 +(4sin’ 0)-(2sin 0) +(4cos’ §)-0
=2zcosf+8sin’ 0
Recollect, suppose F is a continuous vector filed defined on an oriented surface S given by a
vector function r(u,v).

Then, the surface integral of F over S5 is
JJF'dS:gF-{rhxq,)dA

Here the parameter domain D is given by

D={(6,z)|0<9<27,0<z<1}



Thus the net flow rate out of the cylinder is defined as
pf[v-as=p[]v-(rpx.)as

Where, gisthe density of the fluid and is 870 kgjm’.

Find the surface integral of F over S:

_E}Iv-dS=Hv-{rﬂxr:]dA

25

a

2z<:os.§f+85in'I B)dﬁdz

9"—-—.

b
0

2z cos BdOdz +j [ 8sin’ Od@dz

Il
|

= —

2| wn

L]

cos Odf + sj zd:'fsin-" Ao

0 ]

D.—h;:

= 2Izdz -[—sin.ﬁ%‘]i&r + Sj‘zdzzf(l —cos’ Q)Sin 0da
0 L1} 0

< zjzdz-[-u +U}+8J.zdzT[:cusz 6—1)(~sin0d6)
(1] L] 1]
Hv-dS = szdzT(COSZS— ])(—sin gde) . (1)

Use the substitution to solve the integral j[cus3 6’—1}(—sin 0d0):
o

Take u=cosf-

Differentiate:

du =—sinfdg
When @ = (). the value of u becomes
u=cos(0)
=1
When g = 2. the value of U becomes
u =C05(2)1‘,’)
=1

Substitute y =cos@and gy =—sin@gd@in _j [COS: 9—]}(—5"’18{3’6)

L]

zj: (cos®0-1) sinede}zj'(zf-l)(du)

' ]
=|—=u

3 1
=0

2w

Substitute j(cus] 6- I}(—sin 0d@)=0in (1):

i

[[ v-dS =8| zdz [ (cos® 0-1)(~sin 0d6)
5 o

Therefore, the net flow rate out of the cylinder is (0 kg/s|.
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Consider that the density of seawater is 1025 kgfm’ and velocity filed v = yi+x j.
Determine the rate of flow outward through the hemisphere x® 4+ y* +z2 =9,220..
Take the surface §:x* + y* +z* =9,z 0. which is oriented outward.

Parameterize the surface §-

Here the hemisphere x* + y* + z* =9 has , =3 in spherical coordinates so, use ¢ and @ as
parameters.

Then the parametric equations are:
x=3singcosd y=3singsing z=3cos¢
r(6,z)= {35in¢cos€,33in dsin 6'13cns¢)

Where, 0<g<ar,0<8<2x.

Nextfind r, and r,:

r,(0.z)= %(3 sin ghcos @, 3sin gsin £, 3cos ¢)

={3cosgcosd,3cos gsin @, -3sing)

And

rﬁ{ﬁ.z)=%{3sin¢cosﬁ.3sin¢sin 0,3cos @)
. =(—35in¢sin€,35in ¢cosd,0)
Then r, xr,:
i j k
r,xr, =|3cosgcosd 3cosgsind —3sing
—3singsiné  3singcosd ]
=i(3cos¢sing-0+3singcos @ 3sing)
—j(3cosgcos@-0—3singsin@-3sing)
+k[3cos¢cos€-3sing#cosﬁ+3sin¢sin9-3cos¢sin9]
=i(95in2¢c056)+j[')sinzc,ﬁsin 6‘]
+k (9sin gcos g cos’ 6+ 9sin gcos gsin’ 6)
. =(9sin® gcosd,9sin’ gsin 6, 9sin pcos )

>

The vector filed is defined as

v(x3,2)=(p.x,0)
Here y=1
v(r(z.8))=(3singsin 6,3sin g cos 6,0) s
Find v . (r, xr.):
{3sin ¢55in6‘.35in¢cos€,0)-(Qsinzgﬂcosﬁ,‘?sinzgaisin #.,9sin ﬁcosé)
=27sin’ gsin@cos @ +27sin’ ¢sinPcos @ +0
=54sin’ ¢sinfcosd

Recollect, suppose F is a continuous vector filed defined on an oriented surface S given by a
vector function r(u,v).

Then, the surface integral of F over Sis
j:JF‘dS =j;J.F'(",. xr‘,}df!
3

Here the parameter domain D is given by

D={(6.z)|0<0<2r,0<p< 7}

“



Thus the net flow rate out of the cylinder is defined as
plfv-as=p[fv-(s,)

Where, pisthe density of the fluid and is 1025 kg,l’m’_

Find the surface integral of F over S:

Hv -dS = H\ >-<rtg dA

b

j [ (s4sin’ gsin 6 cos 0)dgdo

iz a2
- i .
—54‘!5111 chsﬂdﬂ‘j sin’ gdg
Hv .dS = 54jsmﬁwsed.9[sm dp ..

Use the substitution to solve the integral j sinfcos @ d8

Take y =sind-
Differentiate:
du = cos 0df
When g = (. the value of u becomes
u =s'1n(l))
=0
When g = 25, the value of u becomes
u=sin(2x)
o =0

Substitute y =sin@and gy = cos@4AIn j sin@cos@d@:

2z 1]
| sin@cos 6 do = [udu)
(1]

2]

Substitute j' sin@cosd dd =0in (1)
[1]

[[v-as =54Tsin acosadeTsin’ édp
5 [ il

a2

=0-54 [ sin’ § dg
L]
=0

Therefore, the flow rate out of the sea water is [0 ke / s|.
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Consider the electric filed E(:r, y.z)=xi+yj+2zk.

Find the charge contained in the solid hemisphere x* + y* 4+ 2% < 4°,z > 0 by using the
Gauss’s Law.

Gauss’s Law.
The net charge enclosed by a closed surface § is Q= EuHE'dS-
5

Here, g, is a constant (The permitiivity of free space).



For the given problem, the surface § is a hemisphere and its boundary is a disk x? +y2 =g,

The closed surface §is shown in the below figure:

n]

ﬁijuuluuuuluu..lluuul

&

The parametric representation of the upper hemisphere x? + y? + 2 <4,z >0 is given
below:

x=asingcosd
y=asingsind
z=qacosg

05.@5%,05952;:.

The corresponding vector equation is,

r(¢.0)=(asingcosf)i+(asingsing)j+(acosg)k

So, the parameter domain is the rectangle D :[ﬁ,%]x[ﬂ, 2;;],

The partial derivatives of r are
r,(#.0) = (acosgcos )i +(acos gsinf) j—asin gk
1, (¢.0) = (—asingsin@)i+(asingcosd)j
The normal vector r, xr, is.
i j k
r,xr, =|acosgcostl acosgsing —asing
—asingsing  asingcosd 0

=a’ (sin’ gcos B +sin’ gsin j + sin pos gk )
Rewrite the field E(x,y,z) = xi + yj+ 22k using the parametric equations.

Then, E{r(@i,ﬂ))=(asingicosﬁ]i+[a$in¢sin€)j+(2acos¢:|k,
E(r, xrﬂ] _ (asingcos@)i+(asingsin ﬂ}jJ i [sin’ peos i -r_—:’.in2 ¢sin Bj]
+(2acos¢)k +singcos gk
=i {sin3 gcos’ @+sin’ gsin’ 6+ 2sin gcos’ gﬁ]
=q {sin3 nﬁ(cos’ @ +sin’ 6‘] +2sin ¢cos® gb)
=a’(sin’ $(1) + 2sin pcos’ ¢
=a sim@ﬁ[sin3 @+ 2co0s’ @]
= a’sinqzﬁ[sinzé+m5=¢+coszgé)

=a singﬁ[l +cos’ gﬁ)



The net charge enclosed by a closed surface § is.

ngujl_I-E'dS

=z, I[E{r*xrﬂ}:ldzf

el

s
when ¢ — E,: =0

-t
=-a'g,[27] :+—}

L 3 1
=-a'g,[27] 0+0—]—I—£
L 3
[ 4
= —aiﬁ'&[zi’]_—g]
. 8a'e,
3

Therefore, the net charge contained in the solid hemisphere §is Q=
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Use gauss law to find the charge enclosed by the cue with vertices [il,tl,il] if the

Put cos¢ =1 => —singdp = dlt
when ¢ — 0,f — 1

electric charge is given by the vector function xi+yj+zk.

At first. draw the cube with vertices (il.il,il].

8
—TaE,|
3

O /
\ S,
(hll) | & L,L,1)
}
i BT % S
|
I
| 8,
1
(111} (LD
1 -~
@00 '
S, L1-1)L .- (-1,1,-1)
S,
(1,-1,-1) << i (1,1,1)
L’ X



From the above figure it is observed that, the region containing the electric charge is enclosed
by 6 surfaces which are planes.

According to the gauss law, the net charge enclosed by the surface Sis

0= sﬂﬂ E- dS (Electric Flux of E through the surface S.)
5

Where g, is permittivity of free space (In Sl system &, =8.8542x 10°2CH/N-m?)
Now the cube has six boundary surfaces S1, 52, 53, 54, 55 and S6 as shown in the figure.
So the total electric flux of E =xi+ y j+zk through the surface 8§
(i.e. Cube with vertices (£1,£1,1)) is the sum of the electric flux of E through the surfaces
$1, 82, 83, 5S4, 55 and S6.
That is

Q=cf[E-ds

= q,HE- dS, +£UHE- dS, +£ﬂ”E' ds, +sﬂHE- dS, +sﬂ_|]-E- dS, +.90HE- dS,
5 5 5 A LA

%

=g, _[J'Eds]+[fﬁ:d5+_[jEdsj+j;J’Eds4+j:{EJS+.{jEdsb

Find the electric flux of E=xi+ yj+zk through the surface §,.

Observe the vertices of the surface §,, in which the y-coordinate is same and it is equal to1.
So the surface 8, is the plane parallel to yz —plane with equation y=1.

Since the plane is parallel to yz —plane. the outward normal is parallel to y-axis.

So the unit outward normal to surface §, is j

Thatis n=j= {0,1‘(]) . over the surface S, the variable x varies from -1 to 1 and the

variable z varies from -11to 1. Thatis, -1<x<1,-1<z<1

Then

HE-d‘S,:”E-n dA
=I (xi+yj+zk)-jdA

jlfydxdz

j_t(l:ldxdz

=(2)(2)
=4

Hence the electric flux of the electric field given by the vector function E=xi+ yj+:zk
Through the surface 8, (Plane: y =1)is HEdS; =4,
]

We use the same criteria as in the step-3, to find the electric flux of the given electric field
through the remaining surfaces.

Similarly on 8,, y=-1, -1<x<1, -1£z<|

And n=-j={(0,-1,0)



Then

_[!-E-dS::_f_!'E-ndAz

= [[(xi+yi+zk)-(-i) dA,

I
— v d:
‘[,'[ vdxdz

= JJ—{—l)d_rdz

= [[E-as, =4
(X

Similarlyon 8, z=1, —1<€x<1, -1<y<]1

And n=k =(0,0,1)
Fhei j'j'E.ds, =4
8.

Similarly on §,, z=-1, -1<x<], -1<y<]|

And n=-k={0,0,-1)
Then !E ds, =4
LH

Similarly on 8., x=1, —-1<y<l, -1£z<]1

And n=i=(1,0,0)
Then J[E d8,=4
H.“

Similarly on 8., x=-1, ~1<y<l, -1<z<1

And n=-i={-1,0,0)

Then IE ds, =4
S,
Therefore, the net charge enclosed in the cube is given by

Q=2 [[E-dS,+[[E-dS, +[[E-aS, + [[E- a8, +[[E- a8, + [[E- as,,]
=€u(""+4+4+4'+’4+4) : X .!

=.
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u(xy.z) = 2% +22°
Then Vu (x,y,z) = 4y_} +azk
Then hea_lj: flow is B
F [x,y,z) =—-kVu
= —6.5( 4y +42k)

= —26yi — 262k
(Where k is the conductivity of metal)



Therefore the rate of heat flow across 3 13

[| 5.2z

3
Mow 2 has parametric representation

x=x, y=-+brosd, z=J6snd
D=x=d 0=8=<2m
LE. F(x,9)=<x, 60039,\lfgsin9>
Then =<100=>

And <0 — \ffgsmé? \r{gcosﬂ:‘-

TR

Therefore 7, =7, = <O,—\fgcos 8, —\fgsing >

(Since heat flow is inward we take 7, x7,)

Then |7, %7 |= Nbcos® 8+6:in’ 8 =6

Now B ()= =2636 cos 8 j—26+/6 sin 9k

Therefore [ F.a7

I
£F-(axa)dﬂ

I
J

( 26 60055‘_; 26J€s1n9k)( \fgcosgf—u{gsinﬂﬁ.:)dﬂ
(

Il
—

26 ><6) cost 4 [26 * 6) sin? 8d4

||
bl\_:

]
H
=

=156 | | dxdd

—
—,

(=]

]

—

Lh

<
o

[
i
f_‘\.
u

= (12487

Chapter 16 Vector Calculus Exercise 16.7

Taking the centre of the ball to be origin we have
e

B e

Where ¢ 1z constant of proportionality

Then the heat flow 15
F [x, y,z) =&V

it —x1 _ yf _ z£
[xz —i—y2 +zg)% (xg +_y2 +22)% I[;':2 +y2 +22)%
_ xf+y} +zk
I:x2 —i—_y2 +22:l%

WWhere I iz the conductivity of metal

We know the outward unit normal to the sphere x° +3° +2° =a” at the point
[x,y,z) 18

= l(ﬁ-ﬁ-yf—i—z:%)

v



Therefore the rate of flow across 3 1s

[[F.d5=|[ Fads

5 5
=§g$

Hence ” Fdi=dkem
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Consider the inverse square field F
cr
F(r)=—
I
Where r = x i+ y j+z kand cis the constant.
Determine the flux of F across a surface S is a sphere with center at origin and independent of

radius.

Use the fact that the equation of sphere with radius a and center as origin is defined as

)
S: x4yt =dt

Parameterize the surface §:

The surface of the sphere is shown as

Here the sphere x* + y* +z* = ¢® has r =g in spherical coordinates so, use ¢ and @ as
parameters.
Then the parametric equations are:
x=asingcost y=asingsind z=acosg
r(¢.0)=(asingcosb,asingsin,acos ¢)
Where, 0<g<ax,0<6<2nr.
Next find r, andr,
a : : ;
r,(6,2) =%<ﬂsm¢cos€.asm¢sm d.acosg)
= (acosgcos B, acosgsin B, —asin @)
And
3| , , ;
r,}{ﬁ‘.z}=E{asmqﬁcosﬁ.asmgﬁsm .acosg)
= (—asin gsin @,asin $cos 6,0)



Then r,xr,:
i j K
r,xr, =|acosgcosd acosgsingd —asing
—asingsing  asingcosf 0
=i(acosgﬁsin6'-0+usfn-;6cos6'-asin¢)
—jlacosgcosd-0—asingsin@-asing)
+k (acosgcos@-asindcosf + asin gsin §-acosgsin )
:i(azsinz.g;&cosﬂ)wtj(az sin® @sin 6‘]
+l¢(.arz singcos geos’ @ +a* sin geos gsin’ !9)

L {at sin” gcosf,a’ sin” gsinf,a” sin.;ﬁcnsgai)

First find |.-;’:

' = [\f(asinﬁcnsﬁ}: +(asingsing)’ +(acosg)’ )

3
. .3 . 2
=[J; sin’ gecos” @+ a” sin” gsin® @+ a” cos’ v,ﬁ)

= [Ja] sin® ¢(cos’ 6 +sin’ 9]+ a’ cos’ ¢)3

= (Ja: sin® ¢+ a” cos’ ga‘-]l

(,('az [sin2 ¢ +cos’ r;i))l
(

3

J7)

GS

Then the vector filed F is defined as
F(x,y,2)={x».2)

v(rw))ﬁrme)

LI l * 0
- ?{asm peos@,asingsin @, acos ¢)

Find F .(r,xr,):

c ;. L 5
F. (r‘, % ra}= — (asingcos @,asin gsinf,acos @)
&
(azsin?;ﬁlcosﬂ,az sinicpsin&a:singﬁcosﬁ)
c iy 2 . | . 2
=—(a’sin’ gcos® @+ a’ sin’ gsin’ G+ a’ sin gcos’ §)
o

= —E;-(a" sin’ ¢ cos” @ +sin’ €)+a" sin g cos’ é)
a

¢ ; % 3

=—1[czJ sin’ ¢+ a’ sin ghcos” @)
=
& Pl v A

=—a S|n¢[5|n'¢+cos'¢}
=

=csing

Recollect, suppose F is a continuous vector filed defined on an oriented surface S given by a
vector function r(u,v).

Then, the surface integral of F over Sis
F-dS=||F-(r =r, )d4
s

Here the parameter domain D is given by

D={(¢.0)|0<0<27,0<$<x}



Find the surface integral of F over S:
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Therefore, the flux of F across a sphere S with center at origin and independent of radius is
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