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2.2 · Trigonometry 

MEASUREM.ENT OF ANGLES 

Angles in Trigonometry 
1n trigonometry,. the idea of angle is more general; it may be positive or negative and has any magnitude 
(Fig. 2.1). 

B 

Fig. 2.1 

In trigonometry, as in case of geometry, the measure of angle is the amount of rotation from the direction of 
one ray of the angle to the other. The initi'al and final po~itions of the revolving ray are respectively called the 
initial side (arm) and terminal side (arm), and the revolving line is called the generating line or the radius vector. 
For example, if OA and OB are the initfal and final positions of the revolving ray, then the angle formed will be 
LAOB. . 

Angles Exceeding 3 60 o 

In geometry, we confine ourselves to angles from 0° to 360°. But there may be problems in which rotation 
involves more than one revolution, fqr example; the rotation of a flywheel. In trigonom.etry, we generalise the 
concept of angle to angles greater than 360°. This angle can be formed in the following way: . . -

The revolving line (radius vector) starts from the i~itial position OA and makes n complete revolutions in 
anticlockwise direction and also a further angle a in the same direction. We then have a certain angle f3n given 
by f3n = 3 60° x n + a, where 0° < a < 360° and n is a positive integer or zero. 

Thus, there are infinitely many f3n angles with 'initial side OA and final side OB. 
For example, {30 = a, /31 = 360° + a, f1L. = 720° + a, etc. 

B 
B 

a= f3o 360° + a .= /31 

B 

Fig. 2.2 

Sign of Angles 
Angles formed by anticlockwise rotation of the radius vector are taken as positive, whereas angles fonned by 
clockwise rotation of the radius vector are taken as neg~tive. -
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B 
B 

Fig. 2.3 

Relation between Degree and Radian 

Radian is a constant angle. One radian is the angle sobtended by an arc of a circle at the centre. It is equal 

to arc/radius. It is expressed as rad.' 

Fig. 2.4 

Consider a circle with centre 0 and radius r. Let A be a point on the circle. 
Join OA and cut ofT an arc of length equal to the radius of the circle. 
Then, LAOP = 1 rad. ProduceAO to meet the circle at B. 
~ LA OB = a straight angle ~ 2 right angles 
We know that the angles at the centre of a circle are proportional to the arcs subtending them. 

LAOP arcAP ::;:::) = 
LAOB arcAPB 

LAOP r 
=> - -

2 right angles rrr 

=> LA OP = 2 right angles 
Tr 

180° 
Hence, l rad = -- => 1l' rad = 180°. 

1C 

Note: 

[-:are APB ~ ~ (cireu~ference)] 

• When an angle is expressed in radian, the word radian is generally omitted 
• ]

0 =60'(60min)and 1'= 60"(60sec) 
• Since 180° = 1t rad. Therefore, I 0 = 1t' /180 rad. 

1l' 1l' 
Hence, 30°::1 - x 30 = - rad, 

180 6 
1C 1t 

45°= -x45=- rad 
180 4 ' 

Tr 1C 
60°= -x60=- rad, 

180 3 



2.4 Trigonometry 

1C 1r 
90° = -x90 =- rad, etc. 

180 2 
• Wehave.rrrad= 180° 

=> 1 rad = 
1800 

= ( 
180 

x 7)o ;::: 57° 16'22" (appro.,·) 
1t 22 

• 180° = n rad => 1° = ..!!_ rad = ( 22 
) rad- 0.01746 rad. 

180 7 x l80 
• Sum ofimerior angles on convex polygon ofn sides is (n- 2)rr rad. 

E:\amplc 2.1 Express 45°20'10" in· rad measure (1r = 3.1415). 

Sol. 
10 . JO J 

IO" =- mtn;::: degrees=- degrees 
60 60 X 60 360 

20 I 
20' =- degrees = -degrees 

60 3 

45
CY'l·

0
, 
1 0

, _ (
45 

:1 1 ) d _ t6200 + 1 + '120 _ 16321 
.. .e. - + - +- egrees- - --

360 3 360 360 

Now (1632'1)" = 1632'1 x ...:!:_rad = 16321 x 3.1416 = 51274.054 =0.79 rad 
360 360 180 360 180 64800 

·Example 2.2 . Express 1.2 rad in degree measure. · 

Sol. (l.2)R= l.2x -degrees= 1.2 x ·:;r=-(approx) 180 180 X 7 [ 27 ] 
rr n 7 

= 68.7272=68°(.7272x 60)'=68°(43.63)'=6S0 43'(.63x 60)" =68°(43'37.8") 

Example 2.3 Find the leng1h of an arc of a circle of radius 5 em subtcndinga central angle measuring .15°. 

Sol. Lets be the length of the arc subtending an angle 9R at the centre of a circle of radius r. Then, 6= sir. 

Here, r = 5 em and 9= 15° = (15 x _E_)R = (!!_)R 
180 12 

s 1C s 5Tr 
6= - => -=- =>s= -em 

r 12 5 12 

Find in degrees the angle subtendcd at the centre of a circle of diameter 50 em by an arc of 
length 11 em. 

Sol. Here, r = 25 em and s = I J em. 

(sJR _ (J:IJR -(II l80)o .. (}= - ~ 8- - - -x-
r 25 25 1C 

0 

= (.!..!. X 180 X 7 J 
25 22 
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Examplc2.5 I fares of same length in two circles subtcnd Angles of60° and 75° at their centres, find the 
ratios oftheir radii. 

Sol. Let r 1 and r2 be the radii of the given circles and let their arcs of same lengths subtend angles of 60° 
and 75° at their centres. 

Now,6o•= (6ox ,;a)"=(;)' andW= (1sx ,;o)' = (~;)' 
·TC s Str s tr 51C 1C 51C 
-=-and - · =- => - lj =sand -r2 =s=> -lj =-r2 =>4r1 = 5r2 =>r1 : r2 = 5 :4 
3 'i J 2 '2 3 12 3 12 

Hence, r 1 : ~2 == 5:4. .. 

Exnrnplc 2.6 Assuming the dista nee of ca rth from the moon to be 38,400 km and the angle su btended by 
the moon at the eye of a person on earth to be 31', find the diameter of the moon. 

Sol. 
A 

c 0 

B 
.Fig. 2.5 

Let A B be the diameter of the moon and 0 be the observer. 

. 0 3 , 31 1C d G1venLA 8= 1 =- x -ra 
60 180 

Since the angle subtended by the moon is very small, its diameter will be approximately equal to the 
small arc of a circle whose centre is the eye of the observer and the radius is the distance of the earth 
from the moon. Also the moon subtends an angle of3l' at the centre of this circle. 

I 31 n AB 
=> f)= - therefore - x -

r' 60 180 38400 

3.1 22 8 . 
=> AB=- X X 38, 400 = 3464- km 

60 7 X 180 63 

Exam pic 2. 7 Find the angle between the minute hand and the hour hand of a clock when the time 
is 7:20AM. 

Sol. We know that the hour hand completes one rotation ·in 12 hr, while the minute hand completes one 
rotation in 60 min. 
Therefore, the angle traced by the hour hand in 12 hr c 360° 

Angle traced by the hour hand in 7 hr 20 min, i.e., 
22 

hr = ( 360 
x 

22
)

0 

= 220° 
3 12 3 

Also, the angle traced by the minute hand in 60 min= ~60° 
0 

The angle traced by the minute hand in 20 min = ( 
3
: x 20) ~ 120~ 

Hence, the required angle between the two hands = 220°- 120° = I 00°. 



2.6 Trigonometry 

E\amplc 2.S ·For each natural number, k, let Ck denote a circle with radius k centimeters and centre at 
origin 0 . On the circle Ck a particle moves k centimetres in the counter-clockwise 

Sol. 

· direction. After completing its motion on Ck, the particle moves to Ck + 1 in the radial 
direction. The motion of the particle continues in this ma,.ner. The particle starts at (1, 0). 
If the particle c'rosses the positive direction of x-axis for the first time on the circle en, 
then find the value ofn. 

Fig.2.6 

The motion of the particle on the·first four circles is shown with bold line in Fig. 2.6. Note that on every circle 
the particle travels just 1 rad. The particle crosses the positive direction of x-axis first time on Cm where n is 
the least positive integer such that n;;:: 2n ==> n = 7. 

: ~·"i~..tmm~r. '·,.f." n~·:1WI.t····~ ·htiiili~ • u~ii.,Jit~;,.••~-t=:~.···,.,~. l 
r-----------1 Q.~.~.~~~~--~pp"1.1~~~.1-~!l.:§~~~h~i.!!.~~~.lf--------....., 

I. A horse is tied to a post by a rope. If the horse moves along a circular path always keeping the rope tight 
and describes 88 m when it has tra~ed out 72° at the centre; find the length of the rope. 

2. Jfth~ angular diameter of the moon is 30' , how far from the eye a coin of diameter 2 .2 em can be kept to 
hide the moon? . 

3. Find_jn degrees and radians the angle between the h~ur hand and the minute hand of a clock at half past 
· three. 
4. There is an equilateral triangle with side 4 and a circle with the centre on the one of the vertex of that 

triangle. The arc of that circle divides the triangle into two parts of equal area. How long is the radius of 
the circle? 

TRIGONOMETRIC FUNCTIONS 
Trigonometric Functions of Acute Angles 
An angle whose measure is greater than 0° but less than 90° is called an acute angle. Consider a right-angled 
triangl~ ABC with right angle at B. The side opposite to the right angle is called the hypotenuse, side oppos ite 
to angle A is called the perpendicular for angle A and side opposite to the third angle is called the base for 
angleA. · 
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C' 

c 
p' . 

p 

A' b' B' 

Fig. 2.7 

The ratio of any two sides of the triangle depends only on measure of angle A, for if we take a larger and 

smaller right angle triangles as shown in Fig. 2.7, we have -4. = b,;:: p, (as these triangles are similar). 
h b p . · 

Thus, the rali<? of the lengths of any two sides of a triangle is completely determined by angle A alone and 
. is independent of the size of the triangle. There are six possible ratios that can be formed from the three sides 
of a right-angled triangle. Each of them has been· given a name as follows. 

·Definitions 

(i) sin A= P (ii) 
b 

(iii) tan A= P cos A= -
h , ' b 

(iv) 
b 

(v) 
1l 

(vi) 
,. 

cot A=- sec A=- cosec A = -
p b p 

The abbreviations stand for sine, cosine, tangent, cotangent, secant, and cosecant of A. respectively. These 
functions of angle A are called trigonomctrical functions or trigonometrical ratios. 

Example 2.9 The circumference of a circle circumscribing an equilateral triangle is 24nunits. Find 
the area oft he circle inscribed in the equilateral triangle. 

Sol. 2rrR = 24rr(R is the radius of circumcircle) 
R= 12 

sin 30° =.!.... (r is the radius ofincirclc) 
R 

r=.!.3.=6 
2 

Therefore, area of incircle = 7rTl = 36rr 8 Fig. 2. 

E~am pic 2.10 'In triangle ABC, BC= 8, CA = 6 and AB = J 0. A line dividing the triangle ABC into two 

regions of equal area is pcrpcndic~lartoABat the point X. Then find the ''alucof~X/.J2. 
c 

(
xx)•) 8x6 

Sol. From the figure, 2 - - = -- = 24 
. 2 2 

x xx tan B = 24 

x2 x ~ =24 
4 

>.J. = 32 ~X =4 Ji_ 
At----+.-----~8 

~ X X .. I 
Fig~2.9 
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·Let PQ and RS be tangents at the extremities ofth'e diameter PRof a circle of radius r. Jf PS 
and RQ intersect at a point X on the circumference of the circle, then prove that 2r 

=~PQxRS s 

Sol. From the figure, we have PQ = tan (rr/2- f:J) = cot 8. Q 
. PR 

RS 
and- = tan 8 

PR 

=> PQ xRS = l 
PR PR 

=> (PRi = PQx PS 

=> (2r)2 = PQ x PS 

~2r= ~PQxPS Fig. 2.10 

-Exmnplc 2.11 1\vo circles of radii 4 em and J em touch each other externally and 6 is the angle contained 

Sol . 

. 8 3 
Sin-=-

2 5 

(] 4 
cos-=-

2 5 

by. their direct common tangents. Then find sin 8. 

. 3 4 24 
:. sm 8= 2 x - x - = -

5 5 25 
Fig. 2.11 

2 . 

"If angle C oftriangleABC is 90°, then prove that tan A+ tan B =E._ (where, a, b, car~ 
sides opposite to angles A, B, C respectively) ab A 

Example 2. q 

Sol. Draw M BC with LC = .90° · 

a b 
tan A + tan 8 = - + -

b a 

a 2 + b2 c2 

= 
ab ab 

Fig. 2.12 

Examplc2. 14 In the following diagram LBAO= tan- 13, then find the ratio BC: CA 

Sol. :. tan B= 3 

oc oc 
:. AC =tan 8, BC =cot 8 

BC tan8 
=>- =-- =tan2 9 = 9 

AC cot9 

... 

. B • 

0 
Fig. 2.13 

b 
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Trigonometric Functions of Any Angle 

Let A be a given angle with a specified initial ray. We introduce a rectangular coordinate system in the plane 
with the vertex of angle A as the origin and the initial ray of angle A as the positive ray of the x-axis (Fig. 2. 14) .. 
We choose any point P on the tcm1inal ray of angle A. Let the coordinates of P be {x, y) and its distance from 
the origin be r, then we define 

(i} sin A= 1.. (ii) 
X 

cos A=- (iii) tan A= 1. 
r r X 

(iv) 
X 

(v) 
r 

(vi) 
r 

cot A=- sec A=- cosec A=-
·y X . )' 

y 

L' L 0 X 

Fig. 2.14 

. These quantities are functions of angle A alone. They do not depend on the choice of point P and the 
terminal ray. Jfwe choose a different point P' (x',JI) on the terminal ray of A at a distance r' from the origin; it 
is clear thatx' andy' will have the same sign as that ofx andy, respectively, because of similar triangles llOPL 
and !lOP' L'. 

Also, any trigonomctrical function of an angle A is equa·l to the same trigonometrical function of any 
angle 360n +A, where n is any integer since all these angles will have the same terminal ray. ·For example, sin 
60° =sin 420° =sin (-300°). After the coordinate system has been introduced, the plane is divided into four 
quadrants. An angle is said to be in that quadrant in which .its terminal ray lies. For positive acute angles, this 
definition gives the same result as in case of a right-angled triangle since both x andy are positive for any 
point in the first quadrant. Consequently, they are the length of base and perpendicular of angle A. 

Graphs and Other Useful Data of Trigonometric Functions 
1. y = f(x) =sinx 

Domain ~ R, Range~ [- I, J] 
Period~27r 

sin2x ~ lsinxl E [0, I] 
s inx = 0 :::::> x = n1r, n e I 

sinx= I ::::>x = (4n +I )ro'2, n e I 

sinx=-1 ::::>x=(4n- J}ro'2,nE 1 

sinx = sina=>x = n1r+(-Jta, ne 1 

sin x ~ 0 => x E .U [2mr , 1r+ 2mr] 
liE/ 

•,, 



2.10 Trigonometry 

2 . . y = f(x ) = cosx 
Domain ~ R, Range~ [- 1, 1] 
Period~2n 

cos2x , JcosxJ E [0, I] 
cosx = 0 :::::> x = (2n + I )m'2, n E I 
cosx= 1 :::::> x= 2mr,ne 1 
cosx = - 1 :::::> x = (2n + 1 )n, n E I 
cosx= cosa::::::> x= 2m~± a , n e .] 

y 

cosx ~ 0 ::::::> x e U [2mr- n , 2mr+ 1l12] 
ne l 2 · 

3.- y=f(x ) =tan x 
Domain ~ R- (2n + l.)m'2, n E I 
Range~ (-oo, oo) 

· Period~ n 
Discontinuous at x = (2n + 1) 1l12, n E I 
tan2x , itanxl E [O,.oo) 
tanx = 0 ::::::> ~ = nn, n E I 
tanx = tan a:::::> x = nn+. a, n E ·f 

Fig. 2.15 

y 

Fig. 2.16 

y 

Fig. 2.17 
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4. y = f(x) = cotx 
Domain -> R - mr, n E 1; Ra~ge ~ (-oo, oo ); Period ~ 1L, 

Discontinuous at x = mr, n E 1 
cot2x, lcotx/ e [0, oo) 
cotx = 0 ~ x = (2n + 1) m'2, n e 1 

5. y = f(x) = secx 

7r 
I 
I 
I 
I 
I 
I 

y 

0 

I 
I 
I 

'I 
I 
I 

Fig. 2.18 

TC 
I 
I 
I 
I 

Domain~ R- (2n + ] )7i/2, n E 1; Range~ (-oo, - 1] u [1 ' oo) 
Period~ 2rr, sec2x ' jsecxl E [I , oo) . 

y 

1 

. : :u: I I I 
I I I 
I I I 

-- -- _!_ --- -- -- ---- -L---- -----L ---
I I 

I 
I 

----+-----~~-----+------~------~~----+-------~~x 
Q I 7r 1C I 31t 21t I 51t Ttl 

-2: -- --r-- --- -
1 - 1 

6. y = f(x) = cosecx 
Domain ~ R - nrr, n E J;. 
Range~ (-oo, - 1] u [1 , oo) 

1- 1 - 1---

--- -- -!-r\6_-- -----i-_2 __ -- --- --- - r -~--
• I I I 

I I I 
I I I 
I , , I I 
I I I 
I I I 
I I I 

Fig. 2.19 

Period ~2rr, cosec2x , lcosecxl E [I , oo) 
y 

1 ----1 -- ----- ---
\J

I I 
I I 
I I 

' ' 
j ___ ____ ____ l_ __ 

--~-----;----~~----r-----+---~~----~~~x 
1t1 3n 1 27r 
' 2 ,. 

0 1l' 

2 -={ --- -- ---rn-- -- --r---
1 I 
I I 
I I 
I I 

Fig. 2.20 



2.12 Trigonometry 

Signs of the Trigonometric Ratios or Functions 
The signs of trigonometric functions depend on the quadrant in which the terminal side of the angle lies. We 
always take the !ength OP = r to be positive. Thus, sin ()= ylr has the sign ofy and cos 6= xlr has the sign of 
x. The sign of tan 6 depends on the signs of x andy and ·similarly the signs of other trigonometric ratios are 
dctennined by the signs of x and/or y. Sign can also be determined by the graphs. Thus, we have the following: 

Function lst 2nd 3rd 4th 

quadrant quadrant quadrant quadrnnt 

sin 8 +ve +ve -ve -ve 
cosec 8 

cos 0 +ve -ve -ve +ve 
sec 8 
tan 8 +ve -ve +ve - ve 
cotO 

Variations in the Values of Trigonometric Functions in Different Quadrants 

1 ~• quadrant 2"d quadrant 3nt quadrant 41h quadrant 

sin 0 i from Oto I -1- from 1 to 0 ! from 0 to -I i from-l toO 

cos 8 ! from I to 0 ! from 0 to - I i from-1 toO i from 0 to I 

tan6 i from Otooo i from -oo to 0 i from Oto oo i from -oo to 0 

cot 6 ..L from oo to o .! from 0 to -oo ! from oo to 0 J, from 0 to -oo 

sec 0 i from 1 to oo i from-ooto-1 J. - 1 to-oo .J, frorn oo to I 

cosec 0 ! from oo to I i from I tooo i fro m -oo to-I ..L from - 1 to -oo 

Note: 
+oo and - oo are two symbols. These are not real numhers. When we say that tan() increases from 0 to 
oe~ as () varies from 0 to rr/2, il means thai tan 6 increases in the interval (0, 7r/2) and it allains 
arbitrarily large positive values a,,. 6 lends to rc/2. Similarly, this happens for other trigonomelrical 
functirms as well. 

Trigonometric Ratios of Standard Angles 

Angle( D)--+ JOO 45° 60° 
T-.RatioJ. 

sin 8 112 Jt...fi ../312 

cos 8 ...J312 Jt.../2 1/2 

tan 0 11.../3 I .J3 
cosec 8 2 J2 2/../3 

sec 8 21$ -J2 2 

cot 6 J3 ] It.J3 
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Transformation of the Graphs of Trigonometric Functions 
1. To draw the graph ofy= j{x +a)~ (a> 0) from the graph ofy=j{x), shift the graph ofy= j{x), a units left 

along the x-a~is. 
Consider the following illustration. 

y 
y =sin (x + 1) 

.Fig. 2.21 

To draw the graph ofy = j{x- a);·(a> 0) from the graph ofy = j{x), shift the graph ofy== j{x), a units right 
along the x-axis. 
Consider the following illustration. 

y 

y =cos (x- 2) 

' ' 1 
---J-------~-----~~ .... ' ' .-........... 

I I 

' 

-1 

:Fig. 2.22 

2. To draw the graph ofy = j{x) +a·; (a> 0) from the graph ofy = j{x), shift the graph ofy = j{x), a units 
upward along they-axis .. 
To draw the graph ofy =j{x)- a; (a> 0) from the graph ofy =j{x), shift the graph ofy = j{x), a units 
downward along they-axis. 

y 

:- : : 2 
-------~----------r-- -·-----t-----·-~-r~ 

I I I 
I I 

t ' I I I ------- ·----------r---------

' I 
I 
I 
I 

I I I 

--~--------- ----------k---------1 I I 
I I 

' ' ' ' 

Fig. 2.23 

y= COS X+ 1 

y= COS X 

:· y.=cosx-2 
I 
t 
I 

I I I 

---------~ ------ --- ---------~----1 t I 
I I I 

I I 
I I 

' . ' ' ' ' 
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3. lfy = j(x) has period T, then period ofy= j(ax) is T~al. 

Fig. 2.24 

Peri.od ofy =sin (2x) is 211'/2 = n 

y 

y =sin (x/2) 

Fig. 2.25 

Period ofy =sin (x/2) is 211'/(J /2) = 4n 

4. Since y ::::' [f(x)l ~ 0, to draw the graph ofy = [f(x)l, take the mirror of the graph ofy =.f{x) in x-axis for 
f{x) < 0, retaining the graph forj(x) > 0. 

Consider the following illustrations. 

y 
r= !sin XI 

Fig. 2.26 

Here period ofj(x) =I sin xI is n. 

y 
y = Ieos x1 

Fig. 2.27 



Here period ofj{x) = lcosx I is 11: 

·y =tan x 

I 
~ -.--

1 
I 
I 
I 
I 

__ I_-' 
I 
I 
I 
I 
I 
I __ , ___ _ 
I 
I 
I 
I 
I 

y 

5. Graph ofy = aj{x) from the graph ofyj(x} 

.Y 
y = 2 sin x 

Fig.2.28 

Fig. 2.29 

Example 2.1 S Which of the following is possible? 

. 9 5 a SID =-
3 
1+p2 

c. cos 8 = 2 ' (p*±J) 
1-p 

Sol. b. sin()=~ is not possible as-1 ::;; sin()::;; 1. 
3 

Trigonometric Ratios and Identities 2.15 

y = ltan xl 

h tan 8= 1002 

1 a. sec 9= 
. 2 

7d2 1r 3tr12 21r 5m2 
·+· .t••' I ·· ••• 

----t-:m/-- : --·\-. 1 -----r -: -- ~ -· 
I : I ~ 1 I I 

,. I : I ~ I I I 
I : I ! I I 1 
I : I ~ I I I 

----+~ ---~-- ~~-----~----~-· 
I : I tl I ' 

! : 

1+ 2 
cos 9 = p 

1- p 2 
is not possible, as in .] + p: 'numerator is always greater than the denominator f<;>r 

1- p 

1+ 2 
any value of p other than p = 0. Hence, P 

2 
does not lie in [ -1 ; I ]. 

1-p 
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sec e=..!.. is not possible as sec (J.E (-oo, - I] u [1, oo). 
2 . 

tan (J = L002 is possible as tan 8 can take any real value. 

Example 2. 16 Which ofthe following is greatest? 
a tan 1 · b. tan 4 c. tan 7 

Sol. a. tan4 = tan(n + ( 4 - 1r)) = tan( 4 - 1r) = tan(0.86) 

tan7 ;;;;; tan(2n+ (7 - 2n)) = tan(7 - 2.TC) = tan(O. 72) 

tan 10 = tan(3n+ (1 0 - 3n)) = tan(1 0 - 3 n) = tan(0.58) 

Now 1 > 0.86 > 0. 72 > 0.58 

d tan 10 

==> tan] > tan (0.86) > tan(0.72) > tan(0.58) [as 1, 0.86, 0.72, 0.58lie in the first quadrant and tan 
functions increase in all the quadrant] 

Hence, tan 1 is greatest. 

Example 2.17 Which ofthe following is least? 

a sin 3 h sin 2 c. sin l d sin 7 
Sol. d. sin 3 = sin[n- (1r- 3)] = sin(n- 3) = sin(0.14) 

sin 2 = sin[n- (n- 2)] = .sin(n- 2) = sin(1.14) 

~in 7 = sin[2n+ (7-2n)] = sin(7-2rr) = sin(0.72) 

Now 1 :14 > 1 > 0.72 > 0.14 

==> sin( 1.1 4) > sin 1 > sin(0.72) > sin(O. J 4)[as J.14, 1, 0.72, 0.14 lie in the first quadrant and sine 
functions increase in the first quadrant] · 

Hence, sin 3 is least. 

Alternative solution: 
y 

. . ' 
I • I I 
I I . I 

~.--..c-------~- - -------T-------- -,-------

2 
' ' 

I I I 
I I I 

3: : : 

' ' ----- -------- -t---------1--------
-1 2: : 

Fig. 2.30 

From the graph, obviously sin 3 is least. 

Example 2.18 If A = 4 sin 9+ cos2 8, then which oft be following is not true? . 

a Maximum valueofA isS h Minimum value of A is-4 
c. Maximum value of A occurs when sin9:= 1/2 d Minimum value of A occurs when sin8= 1 

Sol. a, c, d. 
f(B) = 4sin9+cos26 = 4sin8+ 1 -sin20 

= 5 - (4 - 4sin0+ sin29) = 5 -(~in8~2)2 

Now maximum value off((}) occurs when'(sin8- 2? is minimum. 
Minimum value of(sin0-2i occurs when s'in6= 1, then maximum value of/(9) is 5 -(1-2i =4. 
Also minimum value of/(8) occurs when (sin8- 2i is maximum. 
Maximum value of(sin8-2ioccurs when sinO=-], then minimum value off( B) is 5 - (- l - 2i=- 4. 
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Sol. 

4xy 
Is the equation sec2

(J ;;; 2 possible for real values of x andJ'? 
(x + y) 

G. 2 a - 4xy 1ven, sec - . 2 (x+ y) 

Exarnple2.19 

2 · 4xy 
Since sec 8 ~I , we get 2 ~ 1 

(x+y) 
~ (x + y)2 :S 4xy 
~ (x + y)2-4xy~ 0 or (x-y)2 ~ 0 
But for real values ofx andy, (x-y)2 ~ 0 
Since (x-y)2 =0, x=y. Alsox + Y* 0 ~x *O,y:# 0 

4xy 
Therefore, the given equation sec? 8 = 2 is possible for real values of x andy only when x = y (x :# 0). 

(x+y) 

Example 2.20 Show that·the equation sin9c x+.!. is impossible ifx is real. . ~ 

S G. . (} 1 
Ol. JVCO, Stn =X+ -

X 

.. sin28==x2 + -
1 

+2x .!...=x2 +-
1 

+2=(x-.!...)
2 

+4~4 
· x2 x x2 x · 

which is not possible since sin rP ::;; 1. 

Example 2.21 If sin281 + sin2~ + sin283 = 0, then which of the following is not the possible value of cos61 
+ cos 82 + cos 83• 

a. 3 h -3 c. -1 d -2 

Sol. d 

sin281 + sin292 + sin293 = 0 

=> sin28, = sin2~ = sin28J =: 0 ~ cos291, cos2~, cos28J = 1 
cos81 + cos82 + cos83 can be -3 (when all arc-1) 
or 3 · (when all are + 1) 
or - 1 (when any two are -1 and one+ 1) 
or I (when any two are +1 and one -I) 
but ""72 is not a possible value. 

Exn 111 pic 2.22 For real values of 6, which of the following is/are positive? 

a. cos(cos B) b cos (sin·9) c. sin (cos 9) 
Sol. a, b. cos 9, sin 8 E (-1, 1] or (value lies in JS' or 41h quadrant) 

For which cos (sin 9) is always greater than 0. 
sin (cos 8) < 0, when cos 8 E (-1, 0] and sin( sin 8) > 0 when sin 8 e [0, 1] 

] 
Exam pic 2.23 Find the range ofj{x) = 

4 3 
· 

Sol. - 1 s; cos x s; 1 
=> -4 $ 4cosx $4 
=> -7 S 4cosx-3 $ I 

COS X-

I 

d sin (sin B) 
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=> -7 S 4cos x-3 < 0 or 0 < 4cos x- 3 s 1 ( ·: 4cosx - 3*0) 
1 . 1 ] 

=> .-- ~ > - oo or oo > ~ I 
7 4cosx-3 4cosx - 3 

=> . ] E (-oo, _!] U fl , oo) 
4cosx-3 7 

E.x:'IIUJliC 2.24 . 
1 

.Find the range off{x)""' 
5 

i 
6 

· 
s n x-

Sol. -IS sinxS I 
=> -5 S 5 sin x::;; 5 ) 

=>-11 S5sinx-6S- I 

1 
=> -J S . S- 1/1 I 

5smx - 6 · 

I 
=> . 

6 
E (-1 ,-1/11] 

5sm x-

Exmnplc 2.25 Find the range of j{x) = cos1 x + sec2 x 
Sot. We have 

j(x) = cos2 x + sec2 x . 
= (cos x - sec x )2 + 2 cos x sec x 
= 2 + (cos x - sec x )2 ~ 2 

Ex:Hnplc 2.26 .Find the range ofj{x) = sin2 x- 3 sin x + 2 

Sol. j{x) = sin2x - 3 sin X+ 2 . 

=(sin x- 3/2)2 + 2 - 9/4 

=(sin x - 312i- l/4 

- IS sin xS 1 

=> - 512 S si.nx-3/2 S - 1/2 

=> I /4 ~(sin x-3/2)2 ~ 25/4 

=> 0 ~(sin x- 3/2)2 - I /4 ~ 6 

Example 2.27 Find the rangc'ofj{x) :0: ~sin1 x- 6 sin x + 9 + 3. 

Sol. j(x) = ~sin2 x - 6sin x + 9 + 3 

= ~(sin x- 3)2 + 3 

=isinx-3 1+3 

Now- 1 SsinxS J 

=> - 4 ~sinx-3 S-2 

=> 2 ~ lsin x - 31 ~4 
=> 5 Sjsin x- 31 + 3 ~ 7 
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Ex;fmplc 2.28 Find the range offt.x) = cosec2 x + 25 sec2 x. 

Sol. f (x) = (I +cot2 x) + 25(J + tan2 x) 

~ 26 + cot2 x + 25 tan2 x 
= 36 + I 0 + (cot2 x + 25 tan2 x- 2 cot x 5 tan x) 
= 36 + (cotx- 5tan x)2 ~ 36 

Example 2.29 Find the value ofx for whichft.x) = .Jsin x -cos x is defined, x E 10, 21t]. 

Sol. f(x) =~sin x - cos x is defined if sin x;:::: cos x, 

y 

I 
I 
I 

I I I I I I 

----L-----
: y = sin: x : · . : : : 

~....,.~-;.::- -_I_ --___ .J------ .1.------'------ .J _ _ --
1 
I 
I 
I 
I 

: : : :v = cos:x 

I 
I 

-~/4 7tl4 
I I 
I I 
I I 

: - 1 • : I : ----r----- -----,------r- -----r---
' I t I 
I I t I 
I I I I 

Fig. 2.31 

I I 
I I 
I I 
I I 
I I 

I 
I 
I 

I I 
I I ---,------T·--
1 I 
I I 
I I 

From the graph, sin x:?: cos x, for x E [TC 5TC]· 
4 ' 4 

Exam pi~ 2.30 Which of the following is highest? 

a. cosec 1 h cosec 2 · c. cosec 4 d cosec (-6) 

Sol. d. Consider sin 1, sin 2 and -sin 6 (sin 4 is negative; hence, cosec 4 cannot be maximum). 

y 

I 
I 
I I 

~.--~--------r-------- - , ------
1 
I 
I 
I 
I 

1t/2 
i 
I 

I 
I I 

I I I -------,----------T·--------,---· 
I ' I I 

I 
I 
I 
I 

I I 

- --------~----------1--------1 I 
I I 

Fig. i.32 

From the graph, sin (-6) is Jea_st, hence cosec (-6) is maximum. 

Example 2.3 ~ Solve tan x > cotx, wherex E 10, 2~r]. 
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Sol. 

I 
I ___ J __ 

I 
I 
I 
I 
I 
I 
I ___ .J __ 
I 
I 
I 
I 
I 
I 
I ___ .J __ 
I 
I 
I 
I 
I 
I 
I ___ .J __ 
I 
I 
I 
I 
I 
I 

I 
I 
I 
I 

---~---1 · 
I 
I 
I 
I 
I 
I 

---~---2 · 
I 
I 
I 
I 
I 
I 

---~---3 

Trigonometry 

y 

I t I I I t I 
I I I I I I t 

- .J---- -~-- ----L - ---J·-- ~------L-----~--· I I I l I I I 
I I I I I I I 
I I I . I I I I 
I I I I I I I 
I I t I I I I 
I I I I I I I 
I I I I I I 

- ~ - ---- · y = cot.x --{-- ----~ ----- ~ -.-· 
I I I I 
I I I 
I I I 
I I 
I I 

I I I I I I 

y =::tan x·:------r--- ---:------r-----t--· 
I I I I I 
I I I I I 
I I I J I 
I I I I I 
I I I I I 

I I I I I I 

---- ---- - ~ -----~------L----- -----~- -----L-----~- --1 I I I I I 
I I I I I I 
I I I I I I 
I I I I I I 
I I I I I 
I I I I I 

I 
I 
I 

I I _ __ _ ,L ____ _ J ____ _ 

I I 
I I 
I I 
I I 
I I 
I I 
I I 

----'------.J---1 I 
I I 
I I 
I I 
I I 
I I 

' ' ____ a. ___ __ .J __ 
' ' t I 
I I 
I I 
I I 
I I 
I I 

---- .L ---- -..1-, ' 
I I 

I 
1 
I 

I I ~ I I I 

-----L----- ~---- - ~------ -----i--. I f I 1 
I I I I 
I l I I 
I I I I 
I I I ' I 
I I I I ___ L _____ J _____ j___ _ __ l ___ . 
I I I I 
I I I I 
I I I I 
I I I I 
I I I I 
I I I I 
I I I I 

- - L---- - .J-- ---~-- -i- • • I I I I 
I I I 
I I I 
I I I 
I I I 
I I I 
I I I I 

- L- ----~-----..J- - ..! - - . 
I I I I 
I I \ I 

Fig. 2.33 

We find that tan x ~ cot x 
Therefore, values o~tan x are more than the values of cotx. 
That is, values of x for which graph of y ""' tan x is above the graph of y = cot x. 
F~om the graph, it is c1ear thatx e· (.ro'4, 7r/2) u (31d4, tr) u (5m'4, 3.ro'2) u (7m'4, 2n'). 

'" .. "r.u"'tl :-t,..-o~, • .o.t ............ ~~ .. "1·~1 ... " ":J:~·N·· '"e.twr:u.,..... .. "".._r,-..r:a.. · ..• ll .. i~, "i ··-... ~ ,---------1 Concept 1AppUcation ;Exercise 2.2 . ...,_ ______ _ 
~t'*"'!'•-··_. •. ., #.I!Wft•4 ... .1 .. -t'~l~--tU~"""·••ar»R.:::!t,!•l--..,._.,.. !!""'t.._ ill.:. 

J. Find the least value of2 sin2 8 + 3 cos2 8. 
2. Find the range off (x) = sin (cos .X). 
3. Find the range of 12 sin 8 - 9 sin2 8. 
4. Find the minimum value of9 tan2 (} + 4 cot2 8. 
5. Which offollowi~g is correct (where n E N)? 

. 
9 

n + 1 n2 + 1 n + 2 n 
a. sm = - .- h sin 9 = -- c. sec lJ = -- d sec 9 = 

n n+l n-1 )n2 + 1 

6. If sin2 81 + sin2 82 + ... + sin2 811 = 0, then find the minimum value of cos 81 +cos 82 +···+ cos Bw 
7. Ifsin2 8= x2- 3x +3 is meaningful, then find the values ofx. 

8. Find the range ofj{x) = ~4- ~I + tan2 x . 
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1 
9. Find the range ofj{x) = 21 I 

3 
. 

cosx -

10. Find the range ofj{x) = cos4x + sin2x- I. 

11. Find the minimum value of the functionj{x) = (1 +sin x)( I + cosx), 'V x E R. 

J 2. Prove that (sin 6 +cosec 8)2 +(cos 6+ sec 6)2 ~ 9. 

PROBLEMS BASED ON TRIGONOMETRIC IDENTITIES 

Example 2.32 Show that 2(sin6x + cos6 x) ...:. 3(sin4 x + cos4x) + 1 = 0. 

Sol. 2(sin6x + cos6 x)- 3(sin4 x + cos4x) + 1 

= 2[(sin2x)3 + (cos2 x)3]-3(sin4 x + cos4x) + I = 2[(sin2x + cos2 x)3
- 3sin2xcos2x(sin2x + cos2x)] 

- 3[(sin2 x + cos2x)2 - 2 sin2 xcos2x] + I = 2[1- 3sin2xcos2x]- 3[1- 2 sin2 xcos2x] :+ 1 = 0 

Example 2.33 Prove that 
l+~no H H = secO + tanO, -- < 0 <-. 
1-~nB 2 2 

Sol. L.H.S. = 
l+sin 6 

l-sin6 

1 +sin 6 l+sin 6 
1- sin8 1 +sin 8 

= 
(I +sin 8)2 = (I +sine? 
1 -sin 2 8 cos2 (} 

l +sinO 1 sinO = = --+ - - = sec9 +tan6 
cos9 cos 9 cos O 

= R.H.S. 

1 1 1 1 
Example 2.34 Prove that A A --A = cosA sec - tan cos sccA +tanA · 

Sol. 
I I I 1 

To prove - -- = --- ----
sec A -tan A cos A cos A sec A + tan A 

I .I J 1 2 
or + =--+-- =-- · 

' sec A -tan A sec A + tan A cos A cos A cos A 

S 
1 J secA+tanA+sccA -tan A . 2 

NowL.H .. = + = . = - -
secA-tanA secA+tanA (secA - tanA)(sccA+tanA) cosA 

Example 2.35 lf3 sin 9+ 5 cos 6= 5, then show that 5 siri 6-3 cos 8=±3. 

Sol. Given, 3 sin 6 + 5 cos 8= 5 
Let 5 sin 9-3 cos 8 = x 
Squaring and adding, we get 
(9sin28+ 25cos29+ 30sin9cos fJ) + (25sin29+ 9 cos28- 30sin 9cos 6) = 25 + x2 
~ 9(sin2 8+ cos29) + 25 (sin29+ cos29) = 25 + xf:. · • 
~ 34 = 25 + x2 or x2 = 9 - · · -

(i) 

(i) 
(ii) 
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=> x=±3 · 

Exam ph.' 2.36 U(secA +tan A) (sccB+ tan B)(secC+tan() c(sec~ -tanA) (secB-tanB) (secC- tanC), 
pro\'c that the value of each side is_± 1. 

Sol. Let (secA +tan A)(sec B +tan B) (sec C + tan C)= x · (i) 

(sec A - tan A) (s.ec B - ·tan B) (sec C - tan C)= x. (ii) 

Multiplying Eqs. (i) and (ii), we get_ 

(sec2A - tan2A)(sec2B - tan2B)(scc2C - tan2C) = ~ 

or~= I 

:.x=± I 

Hence, each side is equal to ± 1. 

Ex;uuplc 2.37 lftanO+ sec8= 1.5, find sinO, tan8, and sec8. 

Sol. Given, sec8+ tan9= ~ 
. 2 

1 2 
Now, sec8- tan8::: 

8 9 
=-(see Fig. 2.34) 

sec +tan 3 · 

Ad~ing Eqs. ( i) and (ii), w~ get 2s~8 = ~ + ~ = 
1
: 

13 
.. scc8= -

12 
5 

tan8 = -
12 

and sin8 = 2._ 
13 

Exampl_l' 2.38 If cosec 6-sin O=mand s~c8-cos6=11,eliminatc 6. 

Sol. G. . () . () I . 9 tven cosec -sm =m, or-- - sm = m 
· sin9 

1 - 'sin2 9 cos2 9 
or, =m or = m 

sinO ' sinO 

1 
Again sec 8 - cos8= n, or--- cos8=n 

cosO 

I-cos2 0 sin2 9 
or, =n, or--=n 

cosO cos 8 

F E (.) . 8 cos
2 

9 rom q. 1 , sm = · · 
m 

P . . E (") cos
4 
8 3 () 2 uttmg m q . 11 , we get 2 =n. or cos = m n 

· m cosO 
I 2 

· ·~as 0 = (m2n)3 , or cos2 8 = (m2n)3 

A 

5 

12 

Fig. 2.34 

(i) 

(ii) 

(i) 

(ii) 

(iii) 

(iv) 



Trigonometric Ratios and Identities 2.23 

2 

F E ( ... ) . 8 cos 9 rom ·q. 111, sm = --

2 

sin28= (mn2)3 

m 

Adding Eqs. (iv) and (v), we get 

2 2 

{1n2n)3 +(mn2)3 =cos29+ sin29 

2 2 

or, (m2n)3 + (mn2 )3 = 1 

m Ill 

cos4A sin4 A 
.If 2 + 2 = 1 , then pro,•e that 

cos B sin B 

a. sin4A + sin4B "" 2 sin2A sin2B 
cos4 8 · sin 4 B 

1 b. + = 
cos1 A sin1 A 

4 A . 4 A 
G. cos SIO . 1 ( 2 . 2 A) Sol. 1ven, 

2 
+ 

2 
= cos A +sm 

·cos 8 sin B 

4 A . . 4 A 
cos 2 A . 2 A sm 
- - - COS = SIO - --:--
COS2 B sin2 B 

=> 

=> 
cos2 A (cos2 A -cos2 8) . (sin2 8 -sin2 A) 
-----'---::------= sm2 A....;.._--~----

cos2 B . sin2 B 

=> cos 
2 

A ( ) · 
2 

A [ ] --2 - cos2 A - cos2 B = s~n 
2 

(1 - cos2 n) - (1 -cos2 A) 
cos 8 sm 8 

cos 
2 

A ( 2 2 . ) sin 
2 

A ( ., 2 ) -~2 - cos A - cos B = . 
2 

cos· A - cos 8 
cos B Sin B 

=> 

2 

h 
cos A 

wen - -
cos2 B 

sin2 A 2 . 2 
-..,...-

2
- = 0, cos Asm B = sin2 Acos2 B 

sin B 

=> cos2A(1 - cos2B) = (l - cos2A) cos2B 

=> cos2A - cos2 A cos2 8 = cos2 B - cos2 A cos2 8 

=> cos2 A = cos2 B 

Thus, in. both the cases, cos2 A =:=" cos2 B. 

(v) 

(i) 

(ii) 

. . 
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(iii) 

a. L.H.S. = sin4A + sin4B 

= (sin2A- ~in2B)2 + 2 sin2A sin2B = 2 sin2A sin2 B= R.H.S. 

= cos2B + sin2B = I 

lfx=sec 8-tan 8andy = cosec 9+ cot 8, then prove thatxy + l =y-x. 

Sol. 
] -sin 9 1 +cosO 

1 
1-sin 9 +cos 9 

xy+J= + =--- - -
cos8 sin 8 sin 9cos8 

= 
(sin2 9+cos2 8) (sin8-cos8) 

sin8cos9 sin8cos8 

-= _(tan 8+ cot 8)- (sec 8- cosec fJ) 

= (cosec 9 + cot 8) - (sec 8- tan 6) = y - x 

Concept Applif;ation Exercise 2.3 

1. Show that 3(sin x- cosx)4 + 6(sin x + cosx)2 + 4(sin6 x + cos6 x) = 13. 

2. 'If sec 9+ tan 9= p, then find the value of tan 9. 

3. If (I +sin A)(l +sin B)(l +sin C)= (1 - sin A)(1 -sin B) (1 -sin C), then find the value of( l +sin A) 
(l +sin B) (1 +sin C). 

4. lf (sec 8 + tan 6) (sec¢ + tan ¢)(sec Vf+ tan 'I'}= tan 9tan If> tan lJI, then (sec 9- tan 8) (sec <P- tan¢) 
(sec 1Jf- tan 'II) is equal to 

a. cot 9 cot If> cot lJI b tan 8 tan <P tan lJI 

.c. tan 8 + tan If>+ tan lJI d cot 8 + cot If>+ cot lJI 

5. Jf x cos9 + Y sin 9 = I , x sin 9- Y cos9 = 1, then eliminate 8. 
a b a b 

6. If a+ b tan 8 =sec 8 and b - a tan 9 = 3 sec 9, then find the value of c1- + b2
• 

7. If a sin2 x + b cos2 x = c, b sin2 y + a cos2 y = d and a tan x = b tan y, then prove that 

a2 
= (d-a)(c -a) 

b2 (b-c)(b-d) 

TRIGONOMETRIC RATIOS FOR COMPLEMENTARY AND SUPPLEMENTARY ANGLES 
In each ofthe following figures,x andy are positive. Also triangles OPM, OP'M', or OP'Mare co.ngruent. . . 



sin(-8) =-sinG 

cos(- 6) = cos9 

sin(90°- (/) = cos9 

cos(90° - 9) = sin9 

sin(90° + (/) = cosO 

cos(90°+ 8) =-sin8 

sin (180° - 8) = sinG 

cos (180° - 8) 

= - cose 

sin (180° + 8) 

=-sin e 

cos ( 180°+ B) 

-=- cos 9 
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. -y y . . 
sm (-9)=- = - - =-sm e. y 

r r 
X V 

cos ( -(/) = - = cos 9, tan( -8) = - ~ = tan 6 
r x 

Taking the reciprocals of these ---*---'T-- ---4- -x 
trigonometric ratios, we have cosec(- 6) x' 

= - cosec 8, sec(-9) = sec 8 and cot( -8) 
=- cot 9 

sin(90 - 8) = ~= cos 0 
r 

cos(90- 8) = 1. = sin 9 
r 

X 
tan(90 - 8} = - = cot 8 

y 

X 
sin(90 + 8) = - = cos 0 

r 

- y 
cos(90 + 8) = - = - sin 6 

r 

x -x 
tan(90 + 6)=-=-=-cot 9 

-y y 

Now, sin(180 - 6)= 1.::::: sinO 
r 

X 
cos( 180 - 8) = - - = - cos 9 

r 

·v 
and, tan(J 80 - (/) = -" =-tan 9 

-x 

- y 
=sin(180+8)= :- =-sinG 

r 

- x 
cos(180 + B) = - :;;: - cosO 

r 

- v Y 
tan( ISO+ 8) = -· =- = tanG 

-x X 

x' 

A' 

x' 

x' 

y' 

y A' 

0 M' M 

y' 

A' 
y 

y' 

y 

M' M 
y' 

y A 

A 

y ' 

A 

X 

A 

A 

X 

X 
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Since the terminal sides of co-terminal angles coincide, hence their trigonometrical ratios are same. 
Clearly, 360°- 8 and -8 are cotenninal angles. · 
Therefore, sin(360°- 9) = sin(-9) = - sin ·e, cos(360° - B) = cos(-8) = cos 8, and tan(360°- 8) = tan(- 9) 
= - tan 8. Similarly, cosec(360°- 9) =-cosec 8, sec(360°- B)= sec ()and cot(360°- B)= -cot B. 

Also Band 360° + Bare co-tenninal angles. Therefore, sin(360° + 8) = sin 9, cos(360° + 9) =cos B, tan(360° 
f B) = tan 8, sec(360° + 9) = sec 9, cosec(360° + B) :;: cosec 9 and cot(360° + 9) = cot B. 

ln fact, for any positive integer n, (360° x n + 8) is co-terminal to B. Therefore, for any positive integer n, we 
have sin(360° x n + fJ) =sin 8, cos (360° x n + 8) = cos 8, tan(360° x n + 9) :;: tan B, cosec (360° x n + 8) = cosec 8, 
sec(360° x n + B) = sec Band cot(360° x n + 9) = cot 8. ' 

Example2.41 Prove that sin (-420°) (cos 390°) +cos (- 660°) (sin 330°) =-1. 
o( 

Sol. L.H.S. = sin(- 420°) (cos 3~0°) + cos (-660°) (sin 330°) 
= -sin 420° cos 390° +cos 660° sin 330° [ ·: sin (-9) = - sin 8, cos(- 9) = cos 6] 
=-sin (90° x 4 + 60°) cos (90° x 4 + 30°) + cos (90° x 7 + 30°) sin(90° x 3 + 60~) 
=-(sin 60°) (cos 30°) + (sin 30°) (- cos 60°) 

= - J3 X Jj +!(-.!.) = - 1 = R.H.S. 
2 2 2 2 

Example 2.42 
cos(90° + 9 )sec(-O)tan(180° - fJ) 

Prove that = -1. 
sec(360° - O)sin(180° + O)cot(99° - 0) 

cos(90° + 8) sec( -6) tan(180°-8) = (-sin 8)(sec 8)(- tan 8) = _
1 

= R.H.S. Sol. L.H .S = _ _ .;._ __ _;._.:._....;.._ __ ;..__ 

. Exam pit 2.43 

sec(360° - fJ) sin(180° + 8)cot(90°-8) (secfJ)( -sin fJ)(tan 9) 

Jf A, B, C, Dare angles of a cyclic quadrilateral, then prove that 

. cos A + cos B '+ cos C + cos D = 0. 

Sol. We know.thatthe opposite angles of a cyclic quadrilateral are supplementary, i.e., A -:1- C = 1t and B + D = 1t. 

:. A=n-CandB=n-D 
=> cos A = cos(n- C) = -cos C 
and cos B = cos (n- D) :;: - cos D 
. . cos A + cos B + cos C + cos D ;.:; - cos C- cos D + cos C + cos D = 0 

Example 2.44 Show thattan 1° tan2° . .. tan 89° = .t. 
Sol. L:H.S. :;: (tan] o tan89°) (tan2° tan88°) ; .. (tan44° tan46°) tan45° 

Exampk2.45 

= [tan I o'tan(90°- 1 °)] [tan2° tan(90° - 2°)] ... [tan 446 tan(90° -44°)]tan45° 

= (tan I 0 cotl 0 ) (tan2° cot2°) ... (tan44° cot44°)tan45° 

= 1 [·: _tanBcotfJ= l andtan45°= l) 

Show that sin2 5° + sin2 1 0° + si~2 l5° + · · · + sin2 90° = 9.!. . 
. 2 

Sol. L.H.S. = (sin25° + sin285°) + (sin21 0° + sin280°) + ··· + (sin240° + sin250°) + sin245° + sin290° 

= (sin25° + cos25°) + (sin2 10° + cos210°) + ··· + (sin240° + cos240°) + sin245° + sin290"0 

( 
1 y 1 

= (1 ~ 1 +1 + 1 + 1 + 1 + 1+1) + .J2) +1=9 2 
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Exam pic 2.46 
• :z 1r 2 3tr 2 Str 2 111 

Fmdthevalueofcos -+cos -+cos - +cos -. 
16 16 16 16 

Sol. L.H.S. =cos -+cos"-+cos --- +cos - --2 1r · ')3tr. · 2 (1r 3n) · 2(1r n) 
16 16 2 16 2 16 

2 1r 2 3n · . 2 3n . 2 n 
= cos - +cos - + san - +sm -

16 16 .16 16 

= (cos2 2:.. + sin2 2:..) +(cos2 3
1r + sin2 3n) 

16 16 16 16 

= 1 + I = 2· 

Example 2.47 If sin (120°-a)=sin (120°- fJ), 0 <a, fJ< x, then find the relation between a and f! 
Sol. If sin A = sin B, where A = 120°- a and H= 120°- f3 

==} A== BorA= Tt- 8, i.e., A + B == n 
~ 120°-a= 120°-fJ,or 120°-a+ 120°-{3= 180° 
==) a= f3 or a+ {3 = 60° 

~-------1 Concept Application Exercise 2.4 t--------....., 

1. ln triangle A_BC prove that 

a. sin A = sin(B +C) 
n sin2A = - sin(28 + 2C) 
c. cos A == - cos(A + B) 

·d tan(A+B)=.cot C 
. 2 2 

2. Prove that sin (- 420°) (cos 390°) + cos(..:..660°) (sin 330°) = -1 . 
3. Prove that 

b. sin 780° sin 480° +cos 120° sin 150° = .!.. 
2 

4. If a= n , prove that cos a cos·2acos 3a cos 4o:cos Sa cos 6a= __ :J • 
·3 16 

. n 3n 5n 7n 9n 
5. Fmd the value of tan- tan- tan-tan- tan- . 

20 20 20 20 20' 

6 F .. d h 1 f cot54° tan 20° . m t eva ue o + 
ran 36° cot 70° 

7 P h . 2 1{ • 2 7r . 2 71r . 2 41Z' 2 
• rove t at sm -+sm -+sm -+sm -= . 

18 9 18 9 

8. Prove that sef; -9 }ec( 9-s; )+tan( s; +9) tan ( 9 -
3
; )=-I. 

9. In any quadrilateral ABCD, prove that 
a. sin(A+B)+sin(C+D)==O 
h cos( A + B)= cos ( C + D) 
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TRIGONOMETRIC RAnOS FOR COMPOUND ANGLES 

Cosine of the Difference and Sum of Two !\ngles 
1. cos (A -B) = cos A cos 8 + sin A sin 8 
2. cos (A + B) = cos A cos B - sin A sin 8 

for all angles A and B. 

Proof: 

I. cos (A- B) 
Let X' OX.and YOY' be the coordinate axes. Consider a unit circle with 0 as the centre (Fig. 2.35). 

Y P1(cos A, sin A) y 

___,........._P3 [cos (A- 8), sin (A - 8)] 

P2(cos B. sin 8) 
Pt{COS A, sin A) 

x'-+-----,_.:;.....J..~,..;;;;...,_----ll~ x 
Po(1,0) 

p3 
[cos (A- 8). sin (A - .8)] 

y' y' 

Fig. 2.35 

Let P1, P2 and P3 be the three points on the circle ~uch that LXOP1 =A, LXOP2 = 8 and LXOP3 =A - B. 
As we know that the terminal side of any angle intersects the circle with centre at 0 and unit radius at a 

point whose coordinates are the cosine and sine of the angle. Therefore, coordinates of P1, P2 and P3 are 
(cos A, sin A), (cos B, sin B) and (cos (A- 8), sin (A - B)), respectively. 

We know that equal chords of a circle make equal angles at its centre and chords P0P3 and P1P2 subtend 
equal angles at 0 . Therefore, 

Chord P0P3 =Chord P1P2 

~ )tcos(A - B) - 1}2 +{sin(A-B)-0}2 = )CcosB-cosA)2 +(sin B-sinA)2 

~ {cos(A- B)·- I } 2 + sin2(A - B) = (cos 8 - cosA)2 + (sin B - sin A)2 

::::) cos2(A -B) - 2 cos (A -B)+ I + sin2(A -B)= cos2 B + cos2 A - 2 cos A cos 8 + sin2 B 

::::) 2-2 cos( A-~) '= 2-2 cos A cos B- 2 sin A sin B 
=> cos(A -B)= cos A cos B +sin A sin 8 
2. cos (A+ B) 

""cos (A- (-B)) 
=cos A cos (- B)+ sin A sin(-8) [Using Eq. (i)] 

+ sin2 A - 2 sin A sin B 

(i) 

= cos A cos B- sin A sin 8 [ ·: cos (-B)= cos B, sin (-B)= -sin B) 
Hence, cos (A +B) ::::cos A cos B- sin A sin B 

~ -~~~ .. ---- ··-~ ·· ~~-~----- : 
I Thi; 71Jethod of proof oft he above formula is true for all values of angles A and B whether positive,' 

zero or negatNe. · 
I .. - .. ..- - -· ., ___ . 



Sine of the Difference and Sum of Two Angles 
1. sin(A-B)=sinAcosB-cosAsinB 
2. sin (A+ B)= sin A cos B+ cos A sin B 

Proof: 

I. We have 
sin (A- B) = cos(90°- (A - B)) 

= cos ((90°-A)+ B) 
= cos (90°- A) cos B- sin (90°-A) sin B 
=sin A cosB- cosA sinB 

2. sin(A+B)=sin(A - (- 8)) 
=sin A cos (-B)- cos A sin (-B) 
= sin A cos B +cos A sin B 

Tangent of the Difference and Sum of Two Angles 

(A B) 
tan A +tan B 

I. tan + = - ----
1- tan A tan B 

2• tan (A _ B) = tan A - tan B 
l+tan A tan B 

Proof: 

). We have 

(A B) 
sin( A+ B) sin AcosB +cos A sin B 

tan + = = --------
cos(A +B) cos A cos 8- sin A sin B 
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( ·: cos (90°- 8) =sin 8] 

[Using equation (i)] 
[ ·: sin(-B) =-sin B] 

(j) 

tan A +tan B = 
1-tanAtan 8 

(i) [On dividing the numerator and denominator by cos A cos B] 

2. tan(A -B)= tan (A+ (-B)) 

tan A+ tan(-B) 

1- tan A tan( -B) 

tan A- tan 8 
= 

1 +tan A tan B 
Similarly, it can be proved that 

·cot (A+ B) = cot A cot B - 1 
cot B+cot A 

d (A B) 
cot A cot B +1 

an cot - = ----
cot 8-cotA 

Some More Results 
J. sin(A +B) sin (A- B)= sin2 A- sin2 B= cos2 B- cos2 A 
2. cos(A +B) cos(A- B) = cos2 A- sin2 B = cos2 B- sin2 A 

[Using Eq. (i)] 

3. sin(A + B +C)= sin A cos B cos C +cos A sin B cos C +cos A cos B sin C - sin A sin B sin C 
4. cos(A + B + C) = cos A cos B cos C- cos A sin 8 sin C- sin A cos B sin C- sin A sin 8 cos C 

S. tan(A + 8 +C)= tan A +tan B +tan C- tan A tan B tan C 
J - tan A tan B - tan B tan C - tan C tan A 
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Proof: 

I. sin(A +B) sin(A- B)= (sin A cos B +cos A sin B) (sin A cos B- cos A sin B) 

= sin2 A cos2 B- cos2 A sin2 .8 

= sin2 A (I - sin2 B)- ( I - sin2 A) sin2 B 

= sin2 A- sin2 A sin2 B- sin2 B +.sin2 A sin2 B = sin2 A- sin2 B 

= (I - cos2 A) - (I - cos2 B) = cos2 B - cos2 A 

2. cos (A+ B) cos (A- B)= (cos A cos 8- sin A sin B) (cos A cos B +sin A sin B) 

= cos2 A cos2 B - sin2 A sin2 B . 
= cos2 A (I - sin2 B)- (1 - cos2 A) sin2 B:::: cos2A- sin2 B 

= (1 - sin2 A) - (I - cos2 B)= cos2 .B- sin2 A 
5. tan(A + B + C)= tan((A +B)+ C) 

tan A +tan B C 
-----+tan 

= tan(A + B)+ tan C = 1- tan A tan B = tan A +tan B +tan C- tan A tan B tan C 

I-tan(A+B)tanC .1-( tanA+tanB )tanC :1-tanAtanB-tanBtan C -tan CtanA 
1- tan A tan B 

Example 2.48 
sin(B- C) sin(C -A) sin(A-B) 

Prove that + + = 0. 
cosB cosC cosC cos A cos A cosB 

Sol. First term of L.H.S. is 

sin(B -C) sin 8 cosC - cosB sinC sinB cosC _...;..__..;... = = ----
cos 8 cos C cos B cos C cos B cos C 

Similarly, second tenn ofL.H.S. = tanC -tanA 
and, third term ofL.H.S. =tanA -tanB 

cosB sinC 
8 

C . :;:;: tan -tan 
cosBcosC 

Now L.H.S. =(tan 8- tan C)+ (tanC- tan A)+ (tanA -tan B)= 0. 

Example 2.49 If sin a sin fJ- cos a cos /3+ I = 0, then prove that J +cot a tan /J= O. 

Sol. Given, sin a sin f3- cos a cos /3 + 1 = 0 
or cos a cos /3 - sin a sin f3- 1 
or cos (a+ /3) = I . 

N l /3 1 
cos a sin f3 

ow +cot a tan = + -- x --
sina cos/3 

= sin a cos/3 + cosasin/3 

sin acos/3 

= sin(a + /3) 

(i) 

sin a cos/3 
0 = =0 

sin a cos f3 
[ ·: sin2 (a+ /3) = 1 -cos2 (a+ /3) = 1- I= 0] 

Example 2..50 Show that cos28+ cos2(a+ 8)-2 cos a cos 8cos (a+ 8) is independent of 8. 

Sol. cos2 6 + cos2
( a + 6) - 2 cos a cos 6 cos (a+ 6) = cos2 8 + cos( a+ 8)[ cos( a+ 8) - 2 cos a cos 8] 

= cos26 +cos( a+ 8)[cos a cos e.- sin a sine- 2 cos a cos 0] 
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= cos29 - cos(a+ 9)[cos a cos 9+ sin a sin 9] 
= cos2 0- cos( a+ 9) cos( a - 8) 
= cos2o.:.. [cos2a- sin2o) = cos28+ sin29- cos2a 
= 1 - cos2a, which is independent of e. 

Exan1Jllc 251 lf3tan Btan rp= I, then prove that 2 cos (9+ q>) ~ cos(O- rp). 

Sol. Given, 3 tan Btan cp = I or cot Ocot cp= 3 

cos8 coscp 3 
or, sine sin q> =1 
By componendo and dividendo, we get 

cosO cos q> +sinO sincp 3 + 1 ___ _.:... ___ ~=--
cos8 coscp-sin8sinq> 3-1 

=> .cos(8- cp) = 
2 

cos (8+cp) 
=> 2 cos (9+ cp) =cos (8- q>) 

Example 2:52 If sin (A -B)= ~ , cos (A+ B)= ~ , find the value of tan 2A where A and B lie between 
Oandm'4. vlO · v29 . · 

Sol. 
tan (A + B) +tan (A- B) ('t) tan2A =tan [(A +B)+ (A -B)] = -___:____,--....:.....-.,,.-.--~-~ 

1- tan(A+B) tan(A - B) 

Given that, 0 <A < n and 0 < B < !!.. 
4 . 4 

1l 
· O<A+B<-

2 

Also _ !!._<A-B < n andsin(A -B)= -
1
-=(+)ve 

' 4 4 ~ 

1C 
. . O<A-B<-

4 

l 
Now, sin (A -B)= r:-:. 

vlO 

1 
=> tan (A -B)= '3 

2 
cos(A+B) = ~ 

v29 

5 => tan(A+B)=-
2 

Fro.m Eqs. (i), (ii) and (iii), we get 

5 1 
-+- 17 6 

tan 2 A = 2 3 = - x- = .17 
. 1-~ X.!._ 6 J 

2 3 

(ii) 

(iii) 
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cos 10° +sin 10° 
E~:-~mplc 2.53 Prove that 

10
o • 

10
o = tan 55°. 

cos -sm 

E~arnplc 2·.54 'Prove that tan 70° = 2tan 50° +tan 20°. 

tan 50° + tan 20° 
Sol. tan70° =tan (50° + 20°) = 

1 500 200 . -tan tan 

=> tan 70° (1 -tan 50° tan 20°) = tan50° +tan 20° 

::) tan70°- tan50° tan 20° tim70° = tan50° + tan20° 

=> tan70° = tan70° tan50° tan20°+ tan50° + tan20° 

= tan(90°- 20°) tan50° tan20? + tan50° +tan 20° 

= cot 20° tan 50° tan 20° + tan 509 +tan 20° 

= ta·n 50°· + tan 50° + tan 20° = 2tan 50° + tan 20° 

(i) 

Example 2.55 Let A, B, C be three angles such that A + B + C= n. Jftan A · tan B = l . Then find the value 

f 
cos A cosB 

0 . 
cosC 

Sol. Given tan A· tan B = 2 

cos A cos B cos A· cos 8 cos A· cos 8 
Let y= C -- = 

cos cos(A +B) sin A sin B- cos A cosB 

I I ____ .._. - = -- = I 
tan A tan B - I 2 - 1 

Range of/( 6) = a·cos(J + bsin6 

Let a = r sin a and b = r cos a, then?- = c1- + b2 and tan a= alb · 

Nowf(9) = acos8 + b sin8=·r sin acos8+ r cos a sin 9 = r sin(B+ a)_= ~a' +b' sin( B+tan-1
: J 

Now-1 ~sin( 9+tan- 1 ~) ~- ., 

=> -,J a2 + b2 ,;;,j a' +b2 sin ( 8 +tan -I : J S ,J a2 +b2 

He~ce, range is [ -.Ja2 +b2
, .Ja2 +b2 J. 
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Example 256 Find the maximum value of J3 sinx+ cosx andx for which a maximum value occurs. 

Sol. J3 sin x + cosx ~ 2( ~sin x +~si~x) ~ 2 sin (x.+ ro'6) 

which is maximum when x + n/6 = n/2 or x = 60° and has a maximum value 2. 

E:xarirplc 257 Find the maximum an~ minimum values of cos2 8-6 sin 8cos 8+ 3 sin2 6+ 2. 

Sol. cos2 8 - 6 sin 8cos 8 + 3 sin2 8:r 2 

1 +cos 28 3 . 28 3 (1-cos 28) 2 = Sin + + 
2 2 

= 4 - cos28- 3sin28 

Now, -cos28 - 3sin 26 e [ -:.ftO, JiO] 

=> 4 -cos 29- 3sin 29 E [ 4 -.JiO, 4 +M] 

,...----------4 Concept Application Exercise 2.5t---------"""' 

cot A cot B 
1. 1f A + B = 225°, then find the value of x 

1 +cot A I +cot B 

2. If tan A- tan B = x and cot 8 - cot A ::: y , then find the value of cot(A-B). 
3. Ifx is A.M. oftan TCI9 and tan 5Jr/1 8 andy is A.M. of tan 1d9 and tan ?n'/18, then.relatex andy. 

tan2 28- tan2 8 
4. Prove that 2 2 =tan 3 8tan 8: 

1- tan 28tnn 8 

5. If A+ B = 45°, show that (I + tan A)( I +tan B)= 2. 
6. If tan A= '1/2, tan B = 1/3, then prove that cos 2A =sin 28. 

7. Find the maximum value of I +sin(: + 6) + 2sin (: -6) for all real values of 6. 
8. Find the maximum and minimum values of6 sinxcosx+4 cos 2x. 

9. ·.If p(x) =sin x (sin3 ~ + 3) +cos x (cos3 x + 4) + ! sin2 2x + 5, then find the range of p(x). . 2 

1 . tn t eva ueo cos- sm-+-cos- + Sm- cos--sm-. 0 F. d h I f rc ( . 5rc 1C) . 1C ( 5Tr . 1C) 
12 12 4 12 12 4 

·u. If cos( a+ ,B)+ sin( a-P> = 0 and tan {J¢ I, then find the value of tan a. 

12. If sin A+ cos 2A = J/2 and cos A+ sin 2A = 1/3, then find the value of sin 3A. 

13. If sin x + siny + sin z == 0 = cos x +cosy+ cos z, then find the value of expression cos(6-x) + cos(9-y) 
+ cos(9- z). 
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TRANSFORMATION FORMULAE 
Formulae to T.ransform the Product into Sum or Difference 

We know that 
sin A cos 8 +cos A sin 8 =sin (A +B) 

sin .A cos 8- cos A sin B = sin (A- B) 

cos A cos B- sin A sin 8 = cos (A + B) 

cos A cos B +sin A sin B =cos (A- B) 

Adding Eqs. (i) and (ii): we obtain 
2 sin A cos JJ =sin (A+ B)+ sin(A - B) · 

Subtracting Eqs. (ii) from (i), we get 
2 cos A sin B- sin' (A + B)- sin (A- B) 

Adding Eqs. (iii) and (iv), we get 
2 cos A cos B= cos (A+ B)+ cos (A -B) 

Subtracting Eqs. (iii) from (iv), we get 
2 sin A sin 8 =cos (A- B)-cos (A+ B) 

Formulae to Transform the Sum or Difference into Product 

. C+D C-D 
LetA+ B= CandA - 8 = D. Then. A= and B= --. 2 2 
Substituting the values of A, B, C, and Din Eqs. (v), (vi), (vii}, (viii), we get 

. C . D 2 . (C+IJ) (C-D) sm +sm = sm 
2

. cos -
2
-

. C . D 2 . (C-D) (C+D) . sm - sm = sm 
2 

cos 
2 

(C+D) ·(C-D) cos C + cos D = 2 cos 
2 

cos 
2 

. 

D C 2 . (C+D) . (C-D) cos -: cos . = sm 
2 

sm . 
2 

or C .D 2 . (C+D) ·. (C-D) cos - cos -== - ~m 
2 

sm · 
2 

or · (C+D) (D-C) cos C - cos D = 2 sin 
2 

sin 
2 

(i) 

(ii) 

(iii) 
(iv) 

(v) 

(vi) 

(vii) 

(viii) 

(x) 

(XI) 

(xiQ 

These four fonnulae are used to convert the sum or difference-of two sines or two cosines into the product 
of sines and cosines. · 

I. I . ) '·c;;u .. :. ~amp c -·- o If sin A= sin Band cos A= cos R, then prove that sin A-B = 0. 
2 

Sol. We have sin A = sin 8 and cos A =cos B 
~ sin A -:- sin B = 0 and cos A -cos 8 = 0 
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2 . (A- B) ( A + B) O d 2 . (A - B) . (A +B) •O sm -
2

- cos -
2

- = an - sm -
2

- sm. -
2
- = 

=> sin A-
8 

= 0, which is common for both the equations. 
2 

. Ex~1111 pic 259 Prove that cos SS0 +cos 65° +cos 175° = 0 . 

Sol. l.H.S.=cos55°+cos65°+cos 175° 

55° + 65° 55°- 65° 
;::; 2cos cos +cos 175° 

2 2 

l = 2 COS 60° COS (-5°)+ COS 175° = 2 X .:... COS 5° +COS (180°- 5°) =COS 5°- COS 5°= 0 
. 2 

Example 2.60 Prove that cos 18°-sin .18°. = .fi sin 27°. 

Sol. L.H.S. =cos 1 8°-sin 18° =cos 18°-sin (90° -72°) =cos 18~-cos72° 

18° + 72° 72° - J 8° 
= 2sin sin---

2 2 

c: 2 sin 45° sin 27° = 2 __!_ sin 27° = .fi sin 27° 
.J2 

Exnmplc 2.61 Prove that 

sin SA -sinJA A 
& =tan 

cosSA +cos3A 

sin A +sin 3A 
2

A 
· h =tan 

cos A +cos3A 

Sol. 

2 . (5A-3A) (5A+3AJ s1n cos---
a. L.H.S. = sin5A-sin3A = 2 2 2sinAcos4A 

cos5A+cos3A 2coseA;3A}oseA;3A)- 2cos4AcosA =tanA=R.H.S. 

2 . (3A+A) (3A-A) sm cos 
h L.H.S.= sin3A+sinA = 2 2 = sin2AcosA =tan2A=RHS 

cos3A+cosA 2 (3A+A) (3A-A) cos2AcosA · · .' cos cos . 
2 . 2 

Ex~1mplc 2.62 · 
. · a+P P+r r·+a 

Prove that r.os a+cosf:J+cos y+cos'(a+ /3+ ')?=4 cos-
2

- cos-
2

- cosX. 

Sol. L.H.S. =cos a+ cos {3+ cosy+ cos (a+ {3+ i? 
=(cos a+ cos jj) +[cos r+ cos (a+ p + y)] 

- 2cos( a;J}os( a;'}zcos( a+P;r+r) cos( a+P;r-r). 
- 2cos( a;P)cos( a;P)+zcos( a;P) cos( a+~+Zy) 
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• 

= 2cos(--{3J 2cos 2 2 cos 2 2 
. a + ·1 [ a- f3 + a+ f3 + 2y l [ a+ f3 + 2y a - /3]) 

2 2 2 

= 2cos( a; ilJ{2cos( a;r Jc••(il;r )} =4cos( a;jl}os(fl;r )cos( r:a J= RHS. 
E:\amplc 2.()3 

sin A+ sin2A+ sin4A +sin SA 
Prove that . = tan 3A. 

cosA+cos2A+cos4A +cos SA 

Sol. 
sin A +sin 2A +sin 4A +sin SA 

cos A +cos2A+cos4A +cos5A 

= (sin5A+ sinA} + (sin 4A+sin2A) 

(cos5A +cos A) +(cos4A+cos2A) 

_~ 2 sin3A cos2A + 2sin 3AcosA 

...,. 2cos3Acos2A +2cos3Acos A 

2sin3A(cos2A +cos A) 
= . =tan3A 

2cos.3A(cos2A+cosA) · . . 

[:\ample 2.64 (
cosA + cosB)" (sin A +sinB )n · A-B . . 

.Prove that . . + = 2 cot11 
--or 0, accordmgly as n IS 

smA - ·smB cosA - cosB 2 
even or odd. 

Sol. 
[ 

A +B A- B ]
11 

[ • A+ B A-B ]
11 

2 COS COS 2 Sin COS--

L.H.S. = 2 2 + 2 2 

2 
A +B . A - B . 

2 
. A+B . B-A 

cos sm - sm - - sm- -
2 2 2 2 

.( A -8)11 

( ·A -B)n ;:: co~-2- + -cot 
2 

[ ·: sin (- 9) = -sin 9) 

A - B ( )" A - B A- B [ . J ;:: cofl 
2 

+ - 1 cotn 
2 

= co~n -
2

- ~ +(-1r 

{

0, if n is odd 

= 
11 

A - B ifniseven. 
2cot . , 

2 

Sol. 

Provetbat(cos a+cos Jll' +(sin a+sin P1'.=4cos2 
( "'; p). 

.L.H.S. =(cos a+ cos f3f +(sin a + sin ,Bl . . · · 



= 4cos2 (a; .B) 
= R.H.S. 

[
·: cos2 a+ {3 +sin 2 a+ f3 :::: I] 

' 2 2 
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Example 2.66 · Usee (8+ a)+ sec (8- a)= 2 sec 9, then show that cos2 8= 1 + cos:a. . . 
Sol. sec (0+ a)+ sec (9- a)= 2 sec 8 

J J 2 
----+ ---
cos(B+a) cos(9-a) cos8 

cos(8-a)+cos(8+a) 2 
=--

cos(O+a)cos(fJ-a) cosO 

2cos9cosa 2 
-------:-- = --
cos2 8-sin2 a cosO 

~ cos28 cos a = cos28 - sin2a 

~ sin2a=cos28(I - cosa) 
I - cos2 a = cos2 8 ( l -cos a) ::::> 1 + cos a= cos2 8 

Example 2.(,7 In quadrilateral ABCD ifsin (A; B) cos( A; B) +sin ( C; D) cos( C; D)= 2, 

h fidh I f
.A.B.C. D 

t en m t eva ueo sm-sm-sm-sm-. 
2 2 2 2 

Sol. sin( A; 8)cos( A; 8) +sin( C; D) cos( C ;D)= 2 

~ .!. [sin A +sin B.+ sin C + sin D)= 2 
2 

::::>sin A +sin 8 +sin C +sin D = 4 
~A =B=C=D=90° 

. A . B . C . D 
114 :=)Sm-sm-sm-sm- = 

2 2 2 2 

..-----------1 Concept Application Exercise 2.6 1-----------, 

I. a. Prove that sin 65° +cos 65° = .Ji cos 20°. 
b. Prove that sin 47° +cos 77° =cos 17°. 

2. Prove that cos 80° +cos 40° - cos 20° = 0. 
3. Prove that sin 10° +sin 20° +sin 40° +sin 50° =sin 70° +sin 80°. 

n 2n 6n 7n 
4. Prove that cos-+cos-+cos·-+cos- = 0. 

5 5 5 5 

5. If sin a- sin f3 = ! and cos j3- cos a= ..!.. , show that cot a+ {3 = 3.. 
3 2 2 3 

A+B 
6. If cosec A+ sec A= cosec B +sec B, prove that tan A tan B = cot--. 

2 

7. Pro~e that sin 25° cos 115° = .!.(sin 40° -I). 
2 
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8. If cos A = ~,then find U1e valll<! of32 sin (~}in ( s: J 
9. 1rx coso= ycOs o~+ ~;) ·= z cos ( li+ ~),prove thatxy + yz+ zx = o . 

. 10. Jfy sin qJ=x sin(20+ <p), show that (x + y) cot (0+ <p) = (v-x) cot 0. 

11. lfc.os (A+ B) sin (C +D)= cos (A- B) sin (C-D), prove that cotA cotB cot C =cot D. 

12. J f tnn(A +.B) = 3 tan A, prove that 

a. sin(2A + 13) = 2 sin 8 b. sin2(A + B)+ sin 2A = 2 sin 2.8 

TRIGONOMETRIC RATIOS OF MULTIPLES AND SUB-MULTIPLE ANGLES 

Formulae for M~ltiple Angles 

t. cos2A =cos( A +A)"" cos2 A - sin2 A = l - 2sin2 A = 2cos2 A - I 
. 1 . 1 ° 

A I so sin2 A = -(1-cos 2A), cos2 A = -(I +cos 2A) 
2 2 

2. sin2A = sin( A+ A)=. sinA cosA + sinA cosA = 2sinA cosA 

tan A + tan A 2 tan A 
3. tan2A =tan( A +A) = I - tan A tan A = J -tan 2 A 

4. sin 3A = sin(2A +A) 

=sin 2A cos A+ cos 2A sin A =2 sin A cos A cos A+ {l-2 sin2 A) sin A 

= 2 sin A cos2 A +sin A-2 sin3 A 

= 2 sin A (I - sin2 A)+ sin A-2 sin3 A 

= 2 sin A -2 sin3 A+ sin A -2 sin3 A 

= 3 sin A -4 sin3 A 
5. cos 3A = cos(2A +A) 

=cos 2A cos A- sin 2A sin A = (2 cos2 A- I) cos A -2 sin A cos A sin A 

= 2 cos3 A- cos A-2 cos A ('I - cos2 A) 

= 2 cos3 A -cos A -2 cos A+ 2 cos3 A 

= 4 cos3 A - 3 cos A. 
. 6. sin 2A and cos 2A in terms of tan A 

. . 2sinAcosA 2tanA 
stn2A = 2 Sill A cos A = 

2 
= ---

cosA+sin2A l+tan2A 
[dividing numerator and denominator by cos2 A) 

2 • 2 cos2 A-sin2 A l-lan2 A 
cos 2A ""cos A - sm A .., = 

AI 2A 1-cos 2A sotan =--
.1 +cos2A 

cos2 A+sin 2 A l+tan2 A 
[dividing numerator and denominator by cos2 A] 
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7. ln the fonnula oftan(A + B +C), putting B =A and C = A, we get 

3A 
3tanA-tan3 A 

tan = -----:---
l-3tan2 A 

. . cot 3 A - 3 cot A 
Similarly, we can prove that cot 3A = 

2 3cot A-1 
sl - s3 + Ss - s7 + ... 

8. tan(A 1 +A2 + ... An)= , 
1- s2 +S4 - s6 + .. · 

where 
sl =tan A I +tan A2 + ... +tan An= Sum of the tangents of the separate angles, 
82 = tan A 1 tan A 2 + tan A 1 tan A 3 + · · · = Sum of the product of tangents taken two at a time, 
S3 = tanA 1 tanA2 tan A3 + tanA2 tanA3 tanA4 +··· =Sum of the product of tangents taken three at a time, 
and so on. 
If A 1 = A2 = ·· · =An ::: A, then we have 

S1 = n tan A, S2 = "C2 tan2 A, S3 = nc3 'tan3 A, ·· · 

~:xaniplc 2.68 

Sol. 

sin20 tO b =co 
1-cos20 

d l+sinO-cosO =tan0/2 
1 +sin 0 .+cos 0 

cosO _tan(!!. 0) 
f. 1 +sin 0 - 4 - 2 

a. L.H.S.:::~ sin28 = 2sin8cos8 = tan 8 =R.H.S. 
J +cos 28 2cos2 () 

ll LHS= sin28 =2sin8cos8= 8 =RHS 
. . . r-cos28 2sin2 8 cot .. . 

c. L.H.S. = 1 +sin 28 +cos 28 = (1 +cos 28) +sin 28 
I +sin 28- cos 28 (1-cos 28) +sin 28 

d L.H.S. 

2cos2 6 + 2sin 6cos 9 
= 

2sin2 6 + 2sin 8cos6 

= 2cos8(cos8+sin8)_cos8 _ e-RHS -------- -cot - . . . 
2sin9(cos8+sin8) sinO 

l+sin6-cos9 (1-cos8)+sin9 = =~---------
1 +sin 8 +cos8 (1 +cos 8) +sin 9 

2 8 6 8 2 . 8 ( . 8 8) 2sin -+2sin-cos- sm- sm-+cos-
= 2 2 2_ 2 2 2 

cos -+ sm-cos- 2cos- sm-+cos-2 2 8 2 . 9 8 - 6 ( . 8 8) 
2 2 2 2 2 2 

8 
= tan - = R.H.S. 

2 
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e. L.H.S. = cos 28 
1 +sin 28 

sin(~ -28) 
= --::......,-----'-"""'" 

l + cos( ~ -28) 
2sin( ~-e )cos( ~-e) 

= 
2 coS

2 
(: -: 9) 

~ tan(: -9) ~ R:H.S. 

2sm --- cos ---cos 8 sin (%-e) 
f. L.H.S.= l +sin8 = (1'C ) = 

l +cos --8 
2 

·. (n e)· (n e) 
4 2 4 . 2 (1'C 8) 

2 (n 8) =tan 4-z = R.H.S. 
2cos ---

4 2 

. 2 

Example 2.69 P l+sin20 (l+tanO) rovethat . = . 
l-sm20 1-tanO 

Sol. L.H.S. = 1 +sin 28 
l -sin28 

= 
sin2 8+cos2 8 +2sin0cos8 

sin2 8+cos2 8- 2sin 8cos8 

= (sin8+cos9)
2 

= (l+tan9)2 

sin8 - cos8 " 1- tan 8 
(dividing numerator and denominator by cos 8) 

Example 2. 70 If a+ {j= 90°, find the maximum value ofsin a sin f3. 

Sol. Let y = sin a sin f3 = sin a sin (90°-.a) ,; sin a cos a = ..!_sin 2a 
. . . 2 

which has the maximum value 1/2 when sin 2a= 1. 

E\amplc2.71 

·z(7r ) . 1-tan 4-A . 

Prove that 
2 

( 1r ) = sm 2 A. 

Sol. 

l+tan - -A 

2(1C ) ' 4 1-tan --A 

---;--
4
----::-- l- tan

2 8 
(where: - A = e) = cos 2~~ cos(~- ~A.) =sin 2A 

I + ~an 2 ( : - A) 1 + tan 2 8 

Example 2.72 P~ove that (cos A - cos B)'!· +(sin A - sin B)1 = 4 sin2 A- B . 
. . . 2 

Sol. L.H.S. = (cosA -cos Bf + (sinA- sinBi · 
= cos2 A + cos2 B - 2cos A cos B + sin2 A + sin2 B - 2sin A sin B 
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Exampll'2.7J 

= (cos2 A+ sin2 A)+ (cos2 8 + sin2 B) - 2(cosA cos 8+ sin A sin B) 

= 2-2cos(A -B) = 2( I -cos(A -B)) = 4 sin2 A -B 
2 

If sin A= 
3 

and 0° <A < 90°, find the ~a lues of sin 2A, cos 2A, tan lA, and sin 4A. 
5 

·Sol. Given sin A= land A is an acute angle. 
5 

4 
:. cosA = - [· : A is acute] 

5 

and tan A =~ 
4 

Now, sin 2A = 2 sinA cosA = 2 x ~ x 
4 

= 
24 

5 j 25 

cos2A = l-2sin2A = 1 -2x J.... = ~ 
25 25 

2 X 3 6 6 

tan2A = 2 tan ~ = __ 4~ = 4 = ..!_ = . 6 x 16 = 24 
1 - tan A ( 3 ) 2 

1 __ 9 7 4 7 7 
l - 4 16 16 

. . 24 7 336 
sm4A =2sm 2A cos2A = 2x- x - =- . 

25 25 625 

E\ampll' 2.7.t 
1 . 1 1C 1C . 'lr 

If tan a=-, smp = ~' prove that a+2fJ= - , whereO< a<- and 0 < p < -. 
7 · vlO 4 2 2 

1 
- +tan2j} 

( 2
/?\ • tan a + tan 2{3 7 

. Sol. tan a+ JJJ = :::: --=-----
1 -tan a tan 2{3 l f3 l -..:.._tan 2 

7 ' 

(i) 

2x.!_ 
Now tan 2{3= 2 

tan f3 = --3 = ~ 
' · 1- tan 2 {3 

1 
_ .!_ 4 

[tan P> 0 as 0 < f3 < .n12] 

9 
Substituting the value of tan 2{3 in Eq. (i), we get 

. 1 3 
-+-

tan(a+2fJ)= 7 4 =
25

=1 
1 - 1-xl 25 

7 4 

K 1r 
Now, 0 < a < - and 0 < f3 <-

2 2 
3 

:. 0 < 2/3 < n, but tan 2/3= - > 0 
4 

n 
=:) 0 < 2{3 <-

2 
Hence, 0 < a+ 2/3 < rc. 
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In the interval (0, n), tan e takes value 1 at n/4 only 
. 7r 

· a + 2{3="4 

Show that ~2-+:~2+ ) 2+ 2cos 80 = 2cos 0, . 0 < 8 < n/16. 

Sol. L.H.S. = ~2+~2+)2(1+cos88) 

= /2 +~2+ ~2(2cos2 49) 

= ~2+~2+~(4cos2 48) 

= )2 + .J2+2cos48 

= ~2 + ~2(1 +cos 48) 

=. ~2+~2(2cos2 28) [ ·: I + cos48= 2cos2 28] 

= .J2+2cos28 = )2(l+cos28) = ~2(2cos2 8) = 2cos8= R.H.S. 

E:\amplc :!.76 
sec80 -1 tan80 

Prove that sec4e -1 = tan 20 • 

1" 
---1 

Sol. L.H.S. = sec88-l = cos88 = 1-cos88 x cos48 
sec48-1 1 _ 1 cos88 1- cos48 

cos48 

(2sin48cos48) sin48 
= X - - -

COS 88 2 Sin 
2 28 

= ( 2sin 48cos48J x (2sin 28cos28 J 
cos 89 2 sin 2 28 

= (sin2(48)J x (cos28J = (sin 88Jx(cos28J 
cos 88 sin 28 cos 88 sin 28 

tan88 = tan88cot28 = =R.H.S. 
tan 28 

Example 2. 77 Show that J3 cosec zoo -sec l0° = 4. 

.[3 · 1 .J3 cos 20° -sin 20° 
SoL L.H.S. '=" --

sin W0 cos W 0 sin 20° cos 20° 

·: J -cos88 = 2sin2 88 
= 2sin 2 48 

2 

and 1-cos48=2sin2 48 
= 2sin2 28 

2 
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z( ~ cos20°- ~sin 20•) 

= ~--------------~ sin 20° cos 20° 

= 2 (sin60° cos20°-cos60°sin20°) 

sin 20°cos 20° 

= 2sin(60°- 20°) _ 2sin40° 

sin 20° cos 20° sin 20°cos 20° 

4 sin 40° 4 sin 40° = ------= =4 
2 sin 20° cos 20° sin 40° 

Exampll' 2.78 Prove thai (I + cos ; W + cos 
3
;) ( 1 + cos s;) ( 1 + cos 

7
;) : i. 

Sol. We have cos ?n =cos '(n- n) =-cos " 
8 8 8 

and cos 
5
: - cos ( 1r -

3
:) : - cos 

3
: 

· L.HS.; (1 +cos:) (1 +cos 
3:) (1- cos 

3:) (1- cos;) 

- ( 1 - cos
2 

; ) ( 1 - cos 
2 3
:) 

. 2 n . 2 3n 
=stn - sm -

8 8 

I ( 2 · :2 1t) (2 · 2 3n) = 
4 

SIO g Stn g 

4 1t 4 3Tr 4 51Z' 4 71Z' 3 
Prove that cos -+cos - +cos -+cos - = - . 

8 8 8 8 2 
Example 2.79 

Sol. 
7n 1r 5n 3n 

We have- = 1!-- and-= TC ---
8 8 8 . 8 

7rr 1C 5n 31! 
=> cos-:::= -cos- and cos-= - cos-

8 8 8 8 

4 7rc 4 n 4 5rc 4 3n 
cos - =cos -and cos -=cos -

8 8 . 8 8 
4 7r 4 "37r 

L.H.S. = 2cos -+2cos -
8 8 

[':I- cos 8 : 2 sin2 ~] 
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Sol. 

Trigonometry· 

~ 2( (cos' ; )' +(cos' 3: )'] 

= 2 4 + 4 !I + cos 1C )

2 ll +cos 31C )

2 

2 2 

_ ~ { (. + cos :) \ (. + cos 3: )' r 
- ~ {(•+ Jz)' +(•- Jz)'} 
= ~ {(• + ~ + J2) +(I+ i-F2)} =% = R.H.S 

. .Jt +COS X + ~~- cos'x (X TC) 
If n<x <2n; prove that 1 1 

= cot - + - . 
'i 1 + COS X - 'i J - COS X 2 4 

_ .Jl+cosx+.Jl-cosx _ R+R 
L.H.S. - -R R ~1 +COS X - .Jl- COS X 

2 
2 X 2 . 2 X 

cos -- sm -
2 2 

·= J2lcos~I+Jilsin~~ 
Jil cos~ 1-Jil ~i~11 
I cos x I + I sin x I 

= 2 2 
X . X 

I cos21 - lsin 
2

1 

X . X 
-cos- +sm-

=--...!:::2 __ .::.2 
X . X -cos --sm-

[·: n < x < 2n , :. ~ < x < n] . . 2 2 

2 2 
~ cos x/2 is negative and sin x/2 is positive. 

X . X X l cos-- s1n- cot--
2 2 = 2 
X • ·x X 

cos- + s1 n - cot-+ 1 
. 2 2 2 

= [dividing numerator and denominator by sinx/2] 

= cot(x + ~) = R.H.S. 2 4 . . 

lfsin a+sintJ=aandcosa+cosJJ=b,provethattan a- p = ± 
. 2 

Sol. Given, sin a+ sin {3= a. (i) 
(ii) and cos a+ cos /3= b 
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Now.(cos a+ cos /3}2 +(sin a+ sin {3)2 = b2 + a2 

=> cos2 a+ cos2{3 + 2 cos acos/3 + sin2a + sin2/3 + 2sin a sin fJ= b2+ a2 

:::> (cos2a + sin2 a)+ (cos2/3 + sin2 /3) + 2(cos a cos /3+ sin a sin /3) =if+ b2 

=> 2 + 2 cos (a- f3) = cJ + b2 

a2 + b2
- 2 

or cos (a- /3) = --
2
--

a-{3 
Now, tan . =± 

2 

1 -cos(a- {3) 
l+ cos( a- /3} 

Exam ph.• 2.R2 

= 4± 

a2 + b2
- 2 

1-----
2 ::;± 

a 2 +b2
- i 

1+----
2 

0 ~a-b 1p . acostp+6 
lftan - = --tan -,provcthatcosa= b • 

2 a + b 2 . a + cos q> 

8 j8-b q> Sol. Given, tan-= --tan-
2 a+ b 2 

() a - b 2 qJ 
l-tan2 - I - --tan -

2 a +b 2 
Now, cos 8 = ---

8
= ::; --a---b--

2
- m-

I +tan2 - 1 +--tan :r.. 
2 a+b 2 

sin2 qJ 
· a- b 2 I------=-

a +b 2 (/) cos -
= ------2~ 

sin 2 lfJ 
I+ a- b 2 
· a "+ b 2 q> cos -

2 

(a +b) cos2 qJ -(a - b }sin2 (/) 
= 2 2 

(a+b} cos2 q> +(a- b}sin2 qJ 
. 2 2 

a( cos
2 ~- sin

2 ~)+ b ( cos
2 ~ + sin

21) 
= 

a( cos
2 ~ + sin

2 ~ )+ b (cos'~ - sin
2 ~) 

= 
a COS(/)+ b 

a+ bcosqJ 
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Exam pit' 2.R3 
· 0 +a 0 -a 2 P 

If cos 9:::::cos acosp, prove that tan-- tan--= tan - . 
2 2 2 

. cosO 
Sol. G1ven, cos (}=cos a cos{J, we have cos f3 = -

cos a 

2 f3 1 -cos/3 
Now tan - = = 

' 2 1 + cosf3 

1 
_ cos6 

cos a 

I 
case 

+-
cosa 

cosa -cos() 

cos a +cos(} 

2
. a+6 . 8-a 

sm 2 sm 2 () + a () - a 
==----==-----=-- =tan tan 

()+a 8 - a 2 2 
2cos--cos--

2 2 

(i) 

....-------------4 Concept Application Exercise 2.7 .-..-------., 

1. Prove that cot 8- tan ()= 2 cot 26. 

cos()- sin(} 
2. Prove that =sec 28- tan 26. 

cos6+sin(J . 

3. Prove that tan (: +9 ) - tan(: -9) = 2tan 29. 

4. Prove that I+ tan 8tan 29 === sec 29. 

1 +sin 2A -cos2A A 
5. Prove that = tan . 

·1 +sin 2A +cos2A 

6. Show that 
1 

- J3 ;;;;; 4. 
sin 10° cos 10° 

7. Prove that cosec A -'- 2 cot 2A cos A = 2 sin A. 

8. Prove t at = = tan - + A . h l+sin2A cosA+sinA (n ) 

cos2A cosA-sinA 4 

9. J>rove.that cos36 sin 36+ sin3 6'cos 39= ~sin 49. 
4 

.I 0 .. Prove that tan 8 +tan( 60° + 6) +tan( 120° + 6) = 3 tan 3 9. 

11. If a and f3 are the two different roots of equation a cos (} + b sin 9 = c, prove that 

2ab 
a. tan{ a+ /3).= 2 2 a - b 

a2 - b2 
b cos( a+ /3) = 

2 2 a +b 

cos a -cos f3 () . a f3 
12. If cos 9= /3 , prove that one·ofthe values of tan - JS tan -cot-. 

1 - cos a cos · 2 2 2 
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(a -b) 
13. Jf tan 6 tan fP= ~(a +b) , prove that (a- h cos 26)(a- b cos 2(/>) is independent of 6 and fP. 

14. If 8 is an acute angle and sin 
8 

= ~ x -l , find tan 8 in tenns of x. 
2 2x · 

tan86 
15. Provethat(l +sec28)(1 +scc40)( 1 +sec86)= tanB . 

Sl.rt2 3A cos2 3A 
16 P h 8 2A . rove t at 

2 
- 2 = cos . 

sin A cos A 

1 +~1 + tan
2 2A 

.17. If A= 110°, then prove that 
2

A =-tan A. 
· tan 

. . 
18. In triangle ABC, a= 3, h = 4 and c = 5. Then find the value of sin A +sin 28 +sin 3C. 

VALUES OF TRIGONOMETRIC RATIOS OF STANDARD ANGLES 
I. Value ofsinl5°, cosl5°, sin75°, cos75°, tan I 5°, tan75°: 

2. 

sin 15°= sin (45°-30°) = sin45°cos30°-Sin30°cos45°= -1-~ _!_l_ =~-I 
J2 2 2 .J2 2../2 

Also, sin 15° = cos75° =- cosl 05° 

J3+1 Similarly, we can prove that cos I 5°= --=-
2.fi 

Also, cos15° = sin75°= sin105° 

tan 60°- tan 45° J3- 1 r::; 
tanl5°=tan (60°-45°)= = r; = 2 - 'V3 

J +tan 60° tan 45° "'3 +I 

tan 60° + tan 45° .J3 + 1 r; 
tan75° = tan (60° + 45°) = = r::; = 2 + "'3 

· 1- tan 60° tan 45° 'V3 - I 

Valucofsin l8°,cosl8°: 

Let 9= 18°, then 59=90° 
~ 29+ 36-=90° 
~ 29=90° - 39 
~ sin29=sin(90°-38) 
~ sin 29= cos 39 
~ 2 sin e cos 9 = 4 cos3 8-3 cos 8 
~ 2 sin 8=4 cos2 0- 3 
~ 2 sin 9 = 4 (J - sin2 8)- 3 = I - 4 sin2 9 
~ 4 sin2 6+ 2 sin 9- I = 0 

. -2±../4+16 - 2±2-JS - I±JS 
~ sm8= = =---

8 8 4 
.. 9= 18° 

.. 

[dividing by cos 8] 
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:. sin e= sin 18° > 0, for J 8° lies in the first quadrant. 

• l) • • 180 .[5 - 1 sm u, t.e., sm = -
4
-

Value of cos 18°: 
2 0 

cos2 18o = 1 - sin2 18o = 1 - ( J5 - I) = 1- 5 + 1-2.[5 = 10 + 2../5 
0 4 16 16 

=> cos 18° = .!~10+ 2../5 
4 

3. Value of cos 36°, sin36°: 

(..Js-1)2 
J5+I cos 36° = J -2 sin2 18° = I -2 

4 
= 

4 

Value of sin 36°: 

sin2 36o = 1-cos2 36o ·= 1_(..[5 +I )
2 

= j _ 6+2J5 = 16-6- 2JS _
0
°10- 2..[5 

4 16 16 16 

.. sin36°= ~~10-:2../5 . 
4 

.. -.Note: - o- ---- 0

-----

0

-~ 

• sin 54°= sin (90° -36°)= cos36°:::: .J5 + 1 
. 4 

[ ·: sin 36° > 0) 

. • cos 54°,; cos (90° - 36°) =sin 36° = ~ ( Jr-w---2:~150 5~) 
..____ - . --- ~- -- . . -· . . -- --: - - .. - . - ··!-- - . - ·- . . - - . . ! - . '-· --·-- -·----- _........__ _____ ·-"-------

] 0 ]0 
4. Value of tan 7-, cot 7-: 

2 2 

Let 9= 7 .!_o then 28= 15° 
2 ' 

l-cos28 
tan 8= 

sin28 
[ ·: I-cos 28= 2 sin2 8 and sin 29= 2 sin 8cos 8j 

1-cos15° 
1-../3+1 . 0 

2J2 = 2..J2-J3-J = <.J3-.J2)(..Ji-1) = --- = 

JO 
Value of cot 82-: 

2 

.J3- I .J3- l 
2.fi 

1 10 ]0 
cot82 - 0 = cot(90°- 7-·)=tan 7- = (J3-.fi)(../2-l) 

2 . 2 2 
• JO 

Value of cot 7 - : 
2 

1 0 

Let 8= 7-, then 28= 15° 
2 

• I 
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1+ J3+1 
Now cotO= l+cos26 =l+cosl5° = 2.J2 = 2.J2+J3+1 = (.J3+.fi.)(J2+l) 

' sin26 sinl5° .J3-l J3- t 

. 10 
Value of tan 82-: 

2 

2..fi 

] 0 ]0 10 
tan 82- = tan (90° - 7 -) =cot 7- = (.[3 + .fi)(..J2 + 1) 

2 2 2 

All these values arc tabulated as follows: 

7.5° 15° 18° 22.5° 

sin 
J8- 2../6- 2.J2 J3 -1 J5 - 1 J2- .J2 

4 2..fi 4 2 

J8 + 2J6 + 2Ji JJO + 2J5 ~2+J2 fj + 1 
cos 

2.fi 4 4 2 

JJO + 2.J5 
tan ( fj -Ji)( .fi.- 1) 2- J3 .J2- I ... 4 

cot ( J3 +Ji)( J2+ 1) 2+ .J3 ~ (5 + 2J5 . .J2 + 1 

36° 

Jw- 2JS 

4 

..[5 + J 

4 t 

Js - 2JS 

A 
[xarnplt• 2.H4 Find the angle Owhosc cosine is equal to its tangent. 

Sol. Given, cos 6= tan 6 =::::) cos2 6= sin 8 
=> I - sin2 8= sin 6or sin2 8+ sin 8- I = 0 

=> sinO= - l±../5 =2 ../5-J =2sin 18° 
2 4 

=> 8= sin-1(2sinl8°) 

Find the value of cos 12° +cos 84° +cos 156° +cos 132°. 

Sol. cos 12° +cos 84° +cos I 56° +cos 132° 

= (cos 12° +cos 132°) + (cos 84° +cos 156°) 

67.5° 

J2+J2 
2 

~2-J2 
2 . 

.J2 +) 

..fi -l 

= 2cos cos + 2cos . cos ---. ( 12" + 132" J (132" - 12" J (84" + 156" J. (156" - 84" J 
2 2 2 2 

= 2cos 72° cos 60° + 2cos 120° cos 36° 
= 2sin I 8° cos 60° + 2cos I 20° cos 36° 

75° 

J3 + 1 

2.J2 

J3 - 1 

2.J2 

2+ .J3 

2- J3 
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Example 2.N6 
. f 

Prove that cos 36° cos 72° cos 108° cos 144° = - . 
16 

Sol . . cos 36° cos 72° cos 108° cos 144° 

= cos 36° s'in 18° (- sin 18°) (- cos 36°) 
. . 2 2 

~ cos'36° sin2 1 8°~ ( .J5
4
+ 1) ( .J5

4
-

1
) 

/ 

1 

16 

t-• . .. . !t-t~l'l!.l.S'.,.1r ·.~,.~·,.--,,uc,·~·~~~.,. . .:!'_.. ..... .,.;a~.· .... ,J.~tr-:·.,.. •. ., 

~g·~-~~~~~:~~P.!!:~~~.~~ ... ~~~~r~~<!!~t~~~! 

.1. Prove that s in2 48°-cos2 12° = 
J5+1 

8 
2. Prove that4 (sin 24° +cos 6°) = .J3 +.Jls. 
3. Find thevalueofsin47° +sin61 ° - sin ll 0 - sin25°. 

SUM OF SINES OR 'COSINES OF N ANGLES IN A.P. 

. n/3 sm- · 
sin a + sin(a + a/3) +sin(a+·2/3)+ · · · +sin (a+n-1 {3) = 2 x sin[a+(n-1)~] 

sin {3 

Proof: 

2 

LetS = sin a+ sin (a + {3) +sin (a+ 2{3) + .. · + sin (a+ n-1 {3) 

Here angle are inA.P. and common difference of angles= {3 

Multiplying both sides by 2 sin f3 , we get 
. 2 

2S sin {3 = 2sin asin f3 +2sin(a .+ {J)sin {3 + .. ·+2sin(a + n-lfJ) sin {3 
2 . 2 2 . 2 . 

Now, 2 sin a sin ~ = cos( a- ~)-cos( a+~) 

2 sin (a+ /J)sin ~~cos( a+ ~)-cos( a+ 
3
:) 

2sin (a +21J)sin ~=cos( a+ 
3
:)-cos.( a+ 

5
:) 

2sin(a + n - 1jl)sin ~ = cos[ a+ (2n- 3) ~].-cos [ a(Zn ~ 1) ~] 

Adding, we get R.H.S. of. Eq. (i) = cos (a - n-cos[ a + (2n - 1)~] . 

(i) 



Trigonometric Ratios and Identities 2.51 

or 2 sin f3 S = 2sin(a + (n -1) /3]sin n/3 
. 2 2 2 

. n/3 
Stn- [ /3] ~ S= . p sin a+(n-1)'2 

· sm-
2 

.In the above result replacing a by rc/2 +a, we get 

. n/3 
. sm- [ /3] 

cosa+ cos(a+/3)+cos(a+ 2/3) + .. · +cos(a+ n-l/3) = . ~cos a+(n-1) '2 
san-

Ex;t m pte 2.87 
. 27r 47r 67r 

Fmd the value of cos -+cos -+cos -. 
7 7 7 

. 2n 4tr 6tr 
Sol. S= cos-+cos-+cos-

7 7 7 

sin(3~) (n 3.1l'J 
= · ( ) cos -+-. n 7 7 sm -

7 

= 

2 . (31l'J (4.1l') . (7Tr) 0 (7r) sm . ? cos T _ sm 7 - sm 7 

2sif;) . - 2;in(2;) 
I 

2 

2 

Ex a ntplr 2J~8 
sin2 rzO 

Prove that sin 6+ sin 36+ sin 56+ ···+ sin (211 -I) 6= . 0 . sm 

Sol. 

. [ (28)] sm 11-

2 . (e + (2n - 1)8) 
sinO+ sin38+ sin59+ .. + sin(2n- 1) 8= -..::. . ....,(-

2
-
9

.,..;.)-=.sm 
2 s1n-

2 

sin2 H9 · 
=---

sine 

,.....---------~J Concept Application Exercise 2.9 1----------.., 

. Tr 31l' 5n 7rc 9n 
I. Fmd the value of cos -+cos- +cos-+cos-+cos- . 

11 IJ 1J JJ ll 
2. Find the average value of sin 2°, sin 4°, sin 6°, ... , sin 180°. 

n- 1 rn 
3. Find the value of 'Lsin2

- . 

r;:l 11 
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CONDITIONAL IDENTITIES 
Some Standard Identities in Tria':lgle 

1. tan A + tan B +tan C =tan A tan B tan C 

Proof: 
lnfl.ABC, we have A+ B + C "' ~ 

~ A + B = n-C 

~ tan (A+ B) = tan (n- C) 

tan A + tan .B = _ tan C 
1 - tanA tanB · 

~ tan A + tan B = - tan C + tan A tan B tan C 

~ tan A + tan B + tan· C = tan A tan B tan C 

,_ . 

.A B C B . C A 
2. tan- tan - + tan - tan-+ tan- tan-= 1 

2 2 2 · 2 2 · 2 

Proof: 

. A B ~ c · 
SmceA + B + C "' 7t. we have-+ -=- --

' 2 2 2 2 

(A . B) (n C) C 
~ tan - +- = tan - -- =cot -

2 2 2 2 · 2 

A B 
tan - + tan - 1 2 2 

~ ·· A a=---c 
1- tan - tan - tan-

2 2 2 
\ l 

A C 8 C. A B 
~ tan - tan- + tan - tan - = 1 - tan -tan -

2 2 2 2 2' 2 

A B B C C A 
=> tan -tan - +tan- tan -+tan- tan- =1 

2 2 2 2 2 2 

3. siri 2A + sin 28 + sin 2C = 4 sin A sin B sin C 

Proof: 
(sin 2A +sin 2B) +sin 2C = 2 sin (A+ !1) cos (A -B)~ sin 2C 

= 2 sin (~-C) cos (A - B)+ sin.2C 

= 2 sin C cos (A - B) + 2 sin C cos c· 
= 2 sin C [cos (A - B)+ cosC] 

= 2 sin C [cos·(A - B) + cos {n- (A + B)}] 

= 2 sin C [co~ (A -. B).- cos (A + B)] 

= 2 sinCx 2 sin A sin B = 4 sin A sinE sinC 



4. cos 2 A + cos 2 8 + cos 2C =-I -.4 cos A cos B cos C 

Proof: 

(cos 2 A + cos 2 B) + cos 2 C 

= 2 cos (A + B) cos (A -B) + 2cos2C- 1 
= 2 cos (n- C) cos (A- B)+ 2cos2C - I 
= -2 cos C cos (A- B)+ 2cos2C -1 
= - 2 cos C [cos (A - B)- cos C) - 1 
=-2cos C [cos (A - B)- cos { 1C- (A +B)}] -I 
=-2cos C [cos (A- B)+ cos (A+ B)] -1 
= - 1 - 4 cos A cos 8 cos C 

5 A B C I 4
. A . 8 . C 

. cos + cos + cos = + stn - sm- sm-
2 2 2 

Proof: 

(cos A+ cos B)+ cos C- I 

A +8 A- B 
= 2 cos cos +cos c - 1 

2 2 

= 2cos(1C- CJcos A -B + cosC -1 
. 2 2 2 . 

2
. c A-B 

1 2
. 2c 

1 = sm - cos + - sm - -
2 2 2 

2
. CA-B 

2
. 2C 

= sm -cos - sm -
2 2 2 

2 . c[ A-n . . c] = SJO - COS - Stn -
2 2 2 

=2cos;[cos A;B sin(;_ A;B)] 
. C[ A-B A+B] = 2sm2 cos 

2 
-cos -

2
-

2 . C ( 2 . A . BJ 4 . A . · B . C = sm- sm- sm- = Sin -sm-sm-
2 2 2 . 2 2 2 

. A . B . . C 4 A .. B C 6. sm + sm + sm = cos- cos- cos-
2 2 2 

Proof: 

(sin A +sin B)+ sin C 

. A+B A - 8 
= 2sm- cos +sinC 

2 2 

2 . ( n CJ A - B . C = sm - - - cos + sm 
2 2 2 

C A - B . C C = 2cos- cos +2sm -cos -
2 2 2 2 

.• 
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"" 2 cos - cos + sm-c[ A- B . c] 
. 2 2 2 

C [ A - B . ( 1r A + B)] = 2 COS 2 COS 
2 

+ SIO Z -
2 

- 2cos- cos +cos--C [ A- B · A+ /J] 
, 2 2 2 

A B C 
= 4cos- cos-cos-

2 2 2 

Note: 

tan A + tan 8 + tan C::; tan A tan B tan Cis true for A + B + C = mr. where n E N. 

Example 2.89 Jf A+ 8 + C = 180°t prove that cos2 A+ cos2 8 + cos2 C= 1 - 2 cos A cos B cos C. 

2 2
8 2 C l+cos2A l+cos2B l+cos2C 

Sol. cos A+ cos +cos = + +---
2 2 2 

1 3 = -(cos2A+cos2B+cos2C) +-
2 2 

I 3 
= -(-l-4cos A cos BcosC)+-

2 2 

= 1 - 2cosA cosB cosC . 

Example 2.90 . Prove that in triangle ABC, cos2A + cos2 B- cos2 C= 1-2 sin A sin B cos C. 

Sol. cos2 A + cos2 B - cos2 C = cos2 A + sin2 C- sin2 8 

Example 2.91 

= cos2 A + sin( C + B)sin( C-B) 

= 1 -sin2A +sin A sin (C -8) 

=- I - sin A[sinA- sin (C- B)] 

= I -sin A[sin(B +C)- sin (C- B)] 

= 1 - 2 sin A sin B cos C 

In triangle ABC, prove ~hat 

sin (B+ C-A) +sin (C+A -8)+ sin (A+ ~-C)= 4 sin A sin B sin C. 

Sol. sin(B+ C - A)+ sin(C +A - B)+ sin(A + B- C) = sin(n-2A) + sin(n-28) +sin (n- 2C) 

= sin 2A +sin 28 +sin 2C = 4 sin A sin B sin C 
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Example 2.92 
2x 2y 2z 2x 2y 2z 

. lfx+y+z=xyz,provethat 2 .+ 2 +-- 2 = 
2 2

. 
2 

• 
· 1-x 1-y l-z l-x 1-y 1-z 

Sol. Letx =tan A,y =tan 8, z = tan C 

Nowx+y+z=xyz 
=> tan A + tan B + tan C = tan A tan B tan C 
=> A+B+ C=mr 
=> 2A + 28 + 2C =2nn 
=> tan 2 A + tan 2 B + tan 2 C = tan 2 A tan 2 B tan 2 C 

2 tan A 2 tan B 2 tan C 2 tan A 2 tan 8 2 tan C 

1 - tan 2 8 1 - tan 2 C 
+ + = 

l-tan2 A "l-lan2 B 1- tan2 C 1- tan2 A 

2x 2y 2z 2x . 2y 2z 
=> --+-- +--=----- -

. 1-x2 1- y2 1-z2 1- x2 1- i J - z2 

Example 2.93 Jf A+ R + C='" prove that sin2 A + sin2 !!_ -sin2 C = ·1-2 cos A cos 
8 

sin C 
·~ 2 2 2 2 2 2' 

Sol. sin2 ~ -sin2 ~ +sin2 ~ e sin( A;C)sin( A;C)+l-cos2 ~ 

(B) . (A-C) B =cos '2 sm -
2
- -cos2

2 +1 

(B)[ . (A-C) JJ] =cos '2 sm -
2
- -cos2 +J 

( B)[ . ( A-C) . . . ( A +C)] I =cos 2 sm -
2
- - sm ~ + 

I 2 
A 8 . C = - cos- cos- sm-

. 2 2 2 

Example 2.9 .. . The product oft he sines of the angles of a triangle is p and the product of their cosines 
is q. Show that the tangents of the angles arc the roots of the equation q.il-p.~ + (1 + q) 
x-p = 0. 

Sol. From the question, sinA sinB sinC;::. p and cosA cosB cosC = q 

p 
:. tanA tanB tanC = -

q 

. p 
Also, tanA + tanB + tanC = tanA tanB tanC = -q 

Now, tanA tanB + tanB tanC + tanC tanA 

sin A sinB cosC + sin 8 sinC cos A+ sinC sin A cosB 
= 

vOS A cos BcosC 

= -
2
1 

[(sin2A + sin2B- sin2C) + (sin2B + sin2C sin2A) + sin2C + sin2A.:.. sin2B)] 
q . . 

(l) 

(ii) 
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=·-1 
[sin2A + sin2B+sin2C] = -

1 
[3 - (cos2A + cos2B + cos2C)] =.!. [l+cosA cosBcosC] =_!_ (I +q) 

2q 4q q q 

The equation whose roots are tanA, tanB tanC will be given by 
x3 - (tanA + tanB + tanC).xl +(lanA tanB + tanB tanC + tanC tanA)x- tanA tanB tanC = 0 

or x3 - 11 x2 + 
1 

+ q x - P = 0 , or qx3 - p.xl + ( I + q )x - p = 0 
·q q q 

....----------1 Concept Application Exercise 2.10 1-------....., 

I . In triangle ABC, prove that 

2 A 2 8 2 C A ·. B . C 
a. cos -+cos - -cos- =2cos - cos-sm-

2 2 ·2 2 2 2 

b. 2 A 2 8 2 C 
2 2

. A. 8 . C 
cos -+cos- +cos - = + sm-sm-sm-

2 2 2 2 2 2 
2. If A+ 8+ C= 7d2, show that 

a. sin2 A+ sin2 B + sin2 C= I - 2 sin A sin B sin C 
h cos2 A + cos2 8 + cos2 C = 2 + 2 sin A sin B sin C 

3. a. If A + B = C, prove that cos2 A + cos2 B + cos2 C = I + 2 cos A cos 8 cos C. 
h If a+ {3 = 60°, prove that cos2 a+ cos2 {3- cos a cos {3 = ;3/4. 

4. Prove that cos2({3- n + cos2(y- a)+ cos2(a- {3) = 1 + 2cos ({3 - a)·cos (y- a) cos (a- {3). 
5 . .If A+ 8 + C = 7d2, show that 

a. cot A + cot 8 +cot C =cot A cot B cot C 
b. tan A tan 8 + tan B tan C + tan C tan Jl = 1 

6. If A + 8 + C = rr, prove that 
a. tan 3A + tan 38 +tan 3C =tan 3A tan 3Btan 3C 

A B C A B C 
h cot -+cot-+cot - =cot-cot-cot-

2 2 2 2 2 2 

cos A cos 8 cos C 
7. ·(fA + B + C = rr, prove that + + = 2 . 

· sin Bsin C sin Csin A sin A sin B 

SOME IMPORTANT RESULTS AND THEIR APPLICATIONS 
. 1 

Result 1. cos A cos (60 -A) cos (60 + A) = - cos 3A 
. . 4 

Proof: 

We have 
L.H.S.=cosA cos(60-A)cos(60+A) . . 

=cos A (cos2 60° - sin2 A) [ ·: cos (A +B) cos (A- B)= cos2 A- sin2 B) 

~ cos AG·-sin2 A) -cos A(~· - (1 -cos2 A)) ~_cos A(-! +cos2 A) 

= ~ cosA.(- 3+4cos
2 A)= ±{4cos3 A- 3cosA) 

1 
= -cos3A=R.H.S. 

4 



Result 2. sin A sin (60- A) sin (60 +A) = .!. sin3A 
4 

Proof: 

We have 
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L.H.S. = sin A sin (60 -A) sin (60 + A) 

= sin A (sin2 60° - sin2 A) [ ·: sin (A + B) sin (A - B) = sin2 A - sin2 B] 

= sinA (! -sin
2 A) = ~ sinA(3-4sin

2 A) 

= : (3sin A-4sin3 A) 

= _!_sin3A = R.H.S. 
4 

Result 3. tan a tan (60° - a) tan (60° +a)= tan 3a 
Using the above two results, we can prove this result 

Example 2.95 
. 1 

Prove that cos 20° cos 40° cos 60° cos 80° = -· . 
16 

Soi. cos 20° cos 40° cos 80° cos 60° =cos 20° cos(60°-20°) cos (60° + 20°) cos 60° 

= ..!_ cos(3 x 20°) cos 60° = .!. cos 2 60° = ..!_ x..!.. = -
1 

4 4 4 4 16 

Example 2.96 Prove that sin 10° sin 30° sin 50° sin 70° = _!_. 
16 

Sol. sin 10° sin 30° sin 50° sin 70° = sin 1 0° sin ( 60° -1 0°) sin ( 60° + 1 0°) sin 30° 

= .!_sin(3 X ] 0°) sin 30° = _!_ sin2 30° = _!_ 
4 . 4 16 

Exam pi(.' 2.97 , Prove that tan 20° tan 40° tan 80° = tan 60°. 

Sol. tan 20° tan 40° tan 80° 
= tan 20° tan (60°- 20°) tan (60° + 20°) = tan (3 x 20°) = tan 60° 

Result 4. cos A cos 2A cos 22A cos 23A ... cos 2 n - 1 A = sin 
2

n A 
211 sin A 

Proof: L.H.S. = cos A cos 2A cos 2 2A cos 23A .. · cos 2n - l A 
1 = . [(2 sin A cos A) cos 2A cos 22A cos 23A · .. cos 2~ - 1A] 

2 SlO .4. • . 

= 
2 

.
1 

[(sin 2A cos 2A·COS 22A cos 23A .. · cos 2n- l A]' 
Sin A 

1 . 
= 2 . [(2sin 2A cos2A)cos22A cos23A ... cos2"- 1A] 
. 2 sm A 

1 = 2 . [sin2(2A).cos22Acos23A .. ·cos211
-

1A] 
2 Stn A . 

= . 
3 

~ .[(2 sin 22A cos 22A)cos23A ... cos211
-

1A] 
2 Stn A 
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I . 
""' . [sin(2x22A) cos23A ·· ·cos2"- 1A] 

23 
Stn A 

I 
= · [(sin 23 A cos 23 A cos 24A · · · cos-2"- 1A] 

2~ sin A · · 

1 = [sin 2"- J.A cos 2"- 1 A] 
2"·- 1 sin A 

. I 
= [2 sin zn -l A cos 2" - 1 A] 

2" sin A 

J . 
= sin(2x2"- 1A) 

2'1 sin A . 

::: sin 2n A= R.H.S. 
2" sin A 

Example 2.98 
1f . 2 I ] 

If 8= , show that cosO cos 29 2cos 2 0 ··· cos·2"- 8= -. 
2" + 1 . 2" 

. 7C 
Sol. ln the above result, put 8 = -,--

2 +I 

sin 2"8 .sin (-2-"n_+-J2" sin ( 2::~~1 )n 
=> R. H .S. == , = ( ) = ---'--(-:---____;,.-:-)-2 sin 9 n 1C 2" sin -- 2" sin· --

2" +l r +I 

Sol. We have 

sin (1r--1C ) 
2" +I = _ __;:_----:-.;;;...._.;........:-

2" sin (- 7C ) 
2" + 1 

• ( 1C ) Sin--
211 +I 

=--~-~ 

2" sin (-rr-) 
211 +l . 

2" 

21f 47r 811' 1411' 1 
Prove that cos - cos - cos - cos - = - . 

15 15 15 .15 16 

L.H.S. =cos -. - cos - cos - cos n - -21r · 471' 8n · ( 1r ) 
15 . IS 15 15 



( 
2n · 4n 81t) ( 1r) ::;; cos - cos - cos - - cos -
15 15 15 15 

1r 2n 4n 81r 
= -cos- cos- cos- cos-

15 15 . .15 '15 
=-cos A cos 2A cos 22 A cos 23 A, where A = m'l 5 

=- [sin 2
4 

A]= - sinl6A 
24 sin A 24 sin A 

sin (15 A+ A) - sin (n+A) - - = 
'16 sin A 16 sin A 

sin A I J 
= 16 ~i'n A = i6 = }6 =R.H.S. 

Ex:fn1 pic 2.100 Prove that sin 6° sin 42° sin 66° sin 78° = ..!... 
16 

Sol. sin 6° sin 42° sin 66° sin 78° 
=sin 6° cos 48° cos 24° cos I 2° 

. 60 2
3 sin 1 2° cos J 2° cos 24 ° cos 48° 

=sm 
23 sin 12° 

. 60 sin96° 
=stn 

23 sin 'l2° 

2sin 6°cos6° sin 12° 1 = =---
24sinl20 24 sinl2° 16 
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,---------""""'il Concept Application Exercise 2.11 :~----------...., 
. 1r . 1 

I. If a=-, provcthatcos2acos4acos 8acos 14a= - . 
15 '16 

2. Prove that sin 20° sin 40° sin 60° sin 80° = ~ . 
16 

. 3 
3. Prove that cos 1 0° cos 30° cos 50° cos70° = - . 

16 

IMPORTANT INEQUALffiES 

Example 2. 101 In 6ABC, tan A+ tan B+ tan C~3 .J3, whereA, .B, Care acute angles. 

Sol. In AABC, 
tan A + tan 8 + tan C = tan A tan B tan C 

AI tan A +tanB+tanC V A 8 C so, ~ tan tan tan . 3 [since A.M. ~G.M.] 
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=> tan A tan B tan C ~ ~tan A tan B tan C 

~ tan2 A tan2 B tan2C 2 27 

=> tan A tan B tan C ~ 3 J3 
=>. tan A + tan B + tan C ~ 3 .J3 

Exmuplc 2.1 n2 In AABC, prove that cos A+ cos B +cos C~3/2. 

Sol. Let cosA + cosB + cosC = x 

=> 2cos (A~ 8 )cos( A; 
8 )+ 1-2sin2 ~ ~ x 

. C (A -B) 2 . 2C => 2 sm -cos - - +1- sm -= x 
2 2 2 

2 . 2 C 2 . C (A-B) 1 0 ·=> Stn -- SJO-COS -- +X- = 
2 2 2 

This is quadratic in sin C/2 which is real. So, discriminantD ~O. 

4 cos2 (A; 8 ) - 4 x2(x-l) « 0 

=> 2 (x- I) s cos2 (A ; 8 ) 

=> 2 (x-I)~ 1 
=> .X~ 3/2 
Thus, cosA + cosB +cosC ~ 3/2 

Nole: Since cos A+ cos B +cos C = I+ 4 sin A sin 
8 sin C 

2 2 ' 2 
UT h . A . 8 . c ..... 1 
vvC ave Stn - Stn -Sin - ~-. 

2 2 2 8 
Students are advised to remember this as a standard result. 

[cubing both sides] 

Exa·m pic 2.103 Find the least value of sec A + se.c B +sec C in an acute angle triangle. 

Sol. In an acute angle triangle, sec A, sec Band sec Care positive. 
NowA.M.~H .M. 

sec A +secB+sccC 3 
=> ~ . 

3 cos A +cos 8 +cos C 
But in !!!ABC, cos A+ cos B +cos C::;; 3/2 

=> sec A +sec B+secC ~ 2 
3 

=> sec A +sec B+sccC ~ 6 
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' Example 2.104 
A 8 · C 

In M.BC, prove that cosec - +cosec -+cosec-~ 6. 
2 2 2 

Sol. J A "BC k h . A - B . c I nL.l./1' , we nowt atsm- sm-sm-$;-
. 2 2 2 8 

NowA.M.~G.M. . 
A 8 C 

_ _ .....;2::.,._ _ _ ...... 2;;::__ __ --=2~ ~ cosec - cosec- cosec -
cosec- +cosec-+ cosec- ( . A 8 c)"3 

3 2 2 2 

-
-=-:-A ---=B~C >[ I ]

1

'

3 

cosec - +cosec - + cosec -
2 2 2 

3 - . A . B.C 
sm-sm-sm-

2 2 2 
A B C 

cosec - +cosec - +cosec -
=> 2 2 2 ~(8t3 

3 
A B C 

=> cosec- +cosec-+ cosec-~ 6 
2 2 2 

EXERCISES 

Subjective Type Solutions on page 2.85 

I. Arc the set of angles a and Jl given by a= ( 2n + ~) ." ±A and Jl = mn+ (-I )m (; -A) same, where 

n,mel? 

2. )f ABC is a triangle and tan ~. tan 8 , tan C are in H.P., then find the minimum value of cot B/2. 
2 2 2 

3. Find the sum of the series cosec 9+ cosec 29+ cosec 48+ ... ton terms. 
4. In LlABC, ifsin3 8= sin (A- 9) sin (B- 8) sin (C- B), prove that cot 6= cot A + cot B +'cot C. 

5 I . I A B. C h . A . B . C ,.... 3 JJ d d th . n tnang e , prove t at sm -+ sm -+sm- ~ -. ~ence, e uce at 
2 2 2 2 

1r + A .n + B 1r + C 1 
cos--cos-- cos--=::;;-. 

4 4 4 8 
x v - x+y 

6. If == • :::: .(. ' then show that I--sin2(a-p) == 0. 
tan(8 +a) tan(8+ P> tan(8+ y) x- y . -

7. lftan66=p/q, tindthevalueof ~(pcosec26-qsec28) .intermsofpandq. 

8. 1 fO < a < 1C/2 and sin a+ cos a+ tan a+ cot a+ sec a+ cosec a= 7, then prove that sin 2a is a root of 
the equation x2 -44x- 36 = 0. 

9. Prove that ) +cot B::;; cot () for 0 < () < n. Find 8 when equality sign holds. 
2 

J 0. Show that 2sin x + 2 cosx ~ 21 -t/..Ji. . 

II. If A, Band Care the angles of a triangle, show that tan2 ~ + tan2 B + tan2 C ~ I. 
2 2 2 
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12. Let A, B, C be three angles such that A·= 1rl4 and t~m B tan C = p. Find all possible values of p such that 
A, B, C are the angles of a triangle. 

13. Eliminatex from the equations, sin (a+ x) = 2b and sin( a-x)= 2c. 

nsinacosa · 
14. Jftan/3= . 2 , provethattan(a-/3)=(1-n)tana. 

1 - n stn a 

sin x sin 3x cos 9x 1 
15. Show that 

3 
+ 

9 
+ 

27 
=- [tan 27x- tanx]. 

COS X COS X COS X 2 

2cos2"8+1 . 2 -• 16. Prove that = (2cos8-1)(2cos28-1)(2cos2 B-1)· .. (2cos2" · 8-J). 
2cos8+1 · 

tan 2"8 
J 7. Prove that = (1 +sec 28) (I+ sec 22 8) (1 +sec 23 8) · ·· (I+ sec 2" 8). 

tan8 

- ·-~. 

Objective Type Solutions on page 2.9i 

Each question has four choices a, b, c, and d, out of which only o11e answer is correct. Find the correct answer. 
I. Which of the following is correct? 

a. sin I o > sin 1 

. x 2 +i 
2. The equation sin2 9 = is possible if 

2.\)1 

· c. sin I 0 = sin 1 d sin I 0 = _!!__ sin l 
180 

a. x = y h x = -y c. 2x = y d none of these 

3. If 1 +sin x + sin2 x + sin3 x + ... oo is equalto'4 + 2..J3, 0 <x < 1r, thenx is equal to 

1r 1C 1t 1r 1C 2tr 
a - h - c. - or - d - or -

6 4 3 6 3 3 
sfn x cos x tan x 1 ak . 

4. If -- = --=--= k, then be+ - + 1s equal to 
a b c · ck 1 + bk 

h .!. (a + _!_J · 
k a 

d~ 
k 

5 )fA B C I. f . I h 2 . A B . C . . B . . , . are ang es o a tnang e, t en sm - cosec - sm - -san A cot - - cos A 1s 
- 2 2 2 2 

a. independent of A, B, C b. function of A, 8 
c. function of C · d none of these 

6. The le~st value of 6 tan2 ¢J + 54 cot2 ¢J + 18 is 
1: 54 when A.M.;:: G.M. is applicnblc for 6 tan2 4J, 54 cot2 4J, 18. 

II: 54 when A.M. ~G.M is applicable for6 tan2 ¢, 54 cot2 ¢and 18 added further. 
Ill: 78 when tan2 ¢J =cot:¢. 

a. r is correct h I and J I are correct 
c. Ill is correct d none of the above is correct 



Trigonometric Ratios and Identities 2.63 

5sin 8-3cos 9 . 
7. lf5 tan 8= 4, then Js equal to 

5sin 8 + 2cos8 
aO hl c. 1/6 

8. lf2 sec 28 = tan ¢J +cot ¢J, then one oft he values of 8 + ¢J is 
a n/2 h rr/4 c. n/3 

9. If sin x + cosec x = 2, then sinn x + cosecn x is equal to 
a 2 h 2n c. 2 n-J 

l 0. A quadratic equation whose roots are cosec2 8 and sec2 (J can be 
a. .xl-5x + 2 = 0 h ~-3x + 6 = 0 c . .x2- 5x + 5 = 0 

3rr 1 - cos a I + cos a 
II. lfn<a<- , then + isequalto 

2 J+cosa :1-cosa 
2 2 1 

a. - - h - -- c. -.-
sin a sin a sm a 

d6 

d none of these 

d 2n-2 

d none of these 

I 
d --

sina 
1r 2n 3n 4tr 5n 6tr 7Tr . 

12. The value of cos ....:. +cos-+cos- +cos- +cos- +cos- +cos- IS 
7 7 7 ' 7 7 7 7 

a. ] h -1 . c. 0 d none of these 
J 3. The least value of.2 sin2 9 + 3 cos2 e is 

a.] b.2 c. 3 d5 
14. The greatest value of sin4 8 + cos4 

(J is 
a. 112 h I c. 2 d3 

15. lf/(x)=cos2 8+sec2 8, then 
a. f(x) < I hf(x)= I 

'16. lff(x) = sin6 x + cos6 x, then range ofj(x) is 
c. 2>/(x)> I d/(x)~2 

b. [.!. ~] 
4'4 

d none of these 

17. Jf a~ 3 cosx + 5 sin (x-n/6) ~ b for all x, then (a, b) is 

a. (-M, ../19) h (- 17, 17) c. (-..fii. ·fii) ·d none of these 

J 8. The equation sin x (sin x +cos x) = k has real solutions if and only if k is a real number' such that 

a: O~k$ 1 + ..J2 b. 2- .J3 $k $2+.J3 c. O $k~2- J3 d l-fi $k$I+Ji 
2 2 2 

19. If cot (a+ /3);, 0, then sin (a+ 2/3) can be 
a. -sin a h sin f3 c. cos a d cos f3 

0 f x y z h . I 
2 · 1 cosfJ = ( 2rr)= ( 21r) 't enx+y+z•sequa to 

cos 9-- cos 8+-
3 3 

a. I ti 0 c. -1 
21. sin2n x + cos2n x lies between 

a. - I and I h 0 and I c. I and 2 

22. The roots of the equation 4..\.2- 2 J5 x + 1 = 0 are . 
a. sin 36°, sin I 8° 

. 31r . 
23. If - < a < 1r , then 

4 

a. 1 +cot a 

h sin 18°, cos 36° c. sin 36°, cos 18° 

2 cot a + . ·~ is equal to 
sm a 

h -1 - cot a c. 1 - cot a 

· d none of these 

d none of these 

d cos I 8°, cos 36° . 

d- 1 +cot a 
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24. If /(9) = 5 Cos 8+ 3 Cos ( 9 +;) + 3, then range of/(9) is .. 

a. f- 5, II] b [-3, 9] c. [-2, I 0] d [-4, 10] . 

25. If a, {3, y, o are the smallest positive angles in ascending order of ~1agnitudc which have their sines 

equal to the positive quantity k. then the value of 4 sin a + 3 sin f3 + 2 sin r + sin ° is equal to 
. 2 2 2 2 

a. 2JJ::k b 2Ji+k c. .Jl+k 
2 . 

d none of these 

26. LetA0A 1 A2 A3 A4A5 be a regular hexagon inscribed in a circle of unit radius. Then the product ofthe 
lengths of the line scgme_nts A0 A 1, A0 A2 and A0 A4 is 

.a. 3/4 b 3.J3 c. 3 d 3J312 

27. lfsin 8, +sin 92 +sin 93 = 3, then cos e, +cos 92 +cos f)J ~s equal to 
a.3 h 2 c.l dO 

x2 + )'2 + 1 
28. If sin2 f) = , then x must be 

2x 
a. - 3 h -2 c. I d none of these 

29. ·If sin (a+ /3) = I, sin (a- f3) = .!.. , then tan (a+ 2/J) tan (2a +,B) is equalto, a, f3 e (0, 1t/2) 
2 

a. 1 h - I c. 0 d none of these 
30. Which of the following is not the value of sin 27° - cos 27°? 

. h ~ Js-~ 
2 

31. If cosec 8 - cot fJ =·q, then the value of cosec 8is 

] 
a. q+

q 

.1 

1 
hq-

q 

32. If sin 8+ cos 9 = 5 and 0 .~ () < n, then tan 8 is 

.J5 -1 
c. - 2.fi 

I ( l) c. 2 q+ q 

a. -4/3 b -3/4 c. 3/4 

2sin8 h 1-cos8+sin8 
33. lfx =- , t en is equal to · 

l+cos9+sin8 l +sin9 

d none of these 

d none of these 

d 4/3 

a. 1 + x · h I 7 x c. x d I /x 

34. If 8= Td4n, then the value of tan 8 tan 28 .. · tan (2n- 2) 8tan (2n- 1)9 is 
a. -l h I c. 0 d 2 

2(sin I 0 +sin 2° +sin 3° + .. ·+sin 89°) 
35. The value ofthe expression 2(coslo+cos2o+ · .. +cos44o)+l equals 

a.J2 c.J/2 dl 

36. If sec a and cosec a are the roots of x-2 - px + q + 0, then 
a. p2 = q (q - 2) h p2 = q(q + 2) c. p2 + cl = 2q d none of these 
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37: If sin x + sin2 x = 1, then the value of cos12 x + 3 cos10 x + 3 cos8 x + cos6 x- 2 is equal to 
a. 0 h J c. -1 d 2 

38. If cos (A -B)= 3/5 and tan A tan 8 = 2, then 
a. cos A cos B = 1/5 b sin A sin 8 =-2/5 c. cos A cos B = -1/5 d sin A sin B = - J /5 . 

39. lf(l +tan a) {1 + tan 4a) = 2, a e (0, n/16) then a is equal to 

n 
a.-

20 

·n 
b-

30 

7r 
c.-

40 
40. If A= sin 45° +cos 45° and 8 =sin 44° +cos 44°, then 

a A>B h A <B c. A=B 

4 J. ~ [ J3 cos 23°- sin 23° J is equal to 

a. cos 43° c. cos 53° 

(J -8 (J +8 
42. If cos 81 = 2 cos 82~ then tan 1 

2 
2 tan 1 

2 
2 is equal to . 

a. 
1 

3 . 

1 
h--

3 

3 +cot goo cot 20° 
43. Value of goo 200 is equal to 

cot +cot 

a cot 20° h tan 50° 

c. 1 

c. cot 50° 

44. lftan /3= 2 sin a sin ycosec (a+}'), then cot a ; cot /3, cot yare in 
a A.P. h GP. c. H.P. 

d~ 
60 

d none of these 

d none of these 

d- J 

d cot ..J200 

d none of these 

45. Jn triangle ABC, if sin A cos 8 = .!_and 3 tan A= tan 8 , then cot2 A is ~qual to 
4 

a 2 b.3 c.4 
46. tan 100°+'tan 125°,+tan 100°tan 125°isequalto 

a 0 b. 1/2 c. -1 

47. tan 20° +tan 40° + J3 tan 20° tan 40° is equal to 

a~ b. J3 
] 

c.-JJ 

J2- sin a- cos a 
48. is equal to 

sin a -cos a 

h cos(;-~) c. tan(~-;). 
49. lf sin 81- sin 91 =a and cos 91 +cos 92 = b, th~n 

a c? + b2 ~ 4 b. a2 + b2 ~ 4 c. cl + b2 ~ 3 

so. 1 + sin 2x 2 ( rc J lf . ""COt (a+x)Vxe R- nn+- , ne N,thenacanbe 
l-sm 2x 4 

an hx ~~ 
4 2 4 

d5 

d 1 

d- .J3 

d none of these 
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51. 

52. 

53. 

54. 

55. 

.. Trigonometry 

Iftan a is equal to the integral solution of the inequality 4x2- 16x + 15 < 0 and cos f3 is equal to the slope 
of the bisector of the first quadrant, then sin (a+ {3) sin (a - {3) is equal to 

3 3 2 4 
a. - h - c.- d -

5 5 ~ 5 

cos(x- y) cos(z+t) f . 
If + · = 0, then the value o tan x tan y tan z tan t IS equal to 

cos(x + y) cos(z- t) · . · 
a. J h - 1 c. 2 d -2 . . 

Letf(n) = 2 cos nx V n E N, then/( 1) f(n + l) - f( n) is equal to 
a. f(n+3) h f(n+2) . c. f(n + l)/(2) d f(n+2)f(2) 

If in triangle ABC, sin A cos B = J /4 and 3 tan A = tan B, then the triangle is 
a. right angled h equilateral c. isosceles d none of 'these. 

l f A and B are acute positive angles satisfying the equations 3 sin2 A + 2 sin2 8 = 1 and 
3 sin 2A - 2 sin 28= 0, then A +2 B is equal to 

a.n hn 
2 

7l' 
c. -

4 
d n 

6 
.cote 5n 

56. Letf( 0) = 
1 

. 
0 

and a+ fJ = - , then the value /(a) f( /3) is 
+cot 4 · 

1 
a. -

2 

l 
h - -

2 
c. 2 

57. Ify = (1 + tan A) (1-tan B) where A -B= n , then (y+ I)Y"1 is equalto · 
4 

a.9 h4 c. n 

d ·none of these 

d 8l 
58. If sin (y + z -x), sin (z + x-y), sin (x + y - z) are in A.P., then tan x, tany, tan z are in 

a. A.P. h GP. c. H.P. d none of these 
59 . .If cos a+ cos {3 = 0 =sin a+ sin /3, then cos 2a + cos 2{3 is equal to 

a. - 2 sin (a+ /3) . h -2 cos (a+ {3) c. 2 sin (a+ {3 ) d 2 cos (a+ fJ) 
60. Jfx1, xb x3, . .. , xn are inA.P. whose common difference js a, ~hen the va]ue of sin a (sec x1 sec x2 

+ sec x2 sec x3 + · · ·+ sec x11_ 1 sec xn) is 

sin(n.:.. l)a 
a. 

COS x1 COS Xil 

sinna 
h --- -

cos X't cos x, 
c. sin (n - 1) acosx1 cosxn d sin n a cos x1 cos xn 

61. Ifta~ 1C , x and tan 
5~ are in A.P. and tan 7r

9 
,y and tan ?n are also in A.P., then 

9 18 . ] 8 
a. 2x = y h x > 2 c. x = y . d none of these 

62. Let x = sin J 0 , then the value of the expression 

1 1 

a. x h 1/x c . .fi I X d xtfi 

63. Let a and, f3 be su~h that n < a - ,B < 37r. If sin a + sin f3 = - E and cos a + cos f3 = - .!2, then the 
. ~ ~ 

value of cos a - f3 rs 
2 
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3 
a---

JI30 
h _3_ 

.jJ30 

f 
sin(x+ v) a+b 

1 
tanx . 

1 64. I · =--, t1en - - ts equa to 
sin(:~:-y) a-b tany 

b h!!.. a. 
a b 

65. 
sin 3B+sin 59+sin 79+sin 99 

cos 38 +cos 58+ cos 7 9 +cos 98 
is equal to 

a. tan 38 h cot 38 

sin x-sin z 
66. lfx,y, z are inA.P, then is equal to 

a tan y 
cosz - cosx 

b coty 
67. If cos 25° +sin 25° = p, then cos 50° is 

68. 

a )2-p2 b-J2-p2 

sin2 A-sin2 8 
-------- is equal to 
sin AcosA-sin BcosB 

a. tan (A - B) h tan (A+ B) 

69 A 
l -cos B A . 

. lftan = , then tan 2 1s 
sin B. 

a tan 2A = tan B 

6 
c.-

65 

c. ab 

c. tan 68 

c. sin y 

c. cot (A -B) 

h tan 2A = tan2 B 

c. tan 2A = tan2B + 2 tan B d none of these 

6 
d--

65 

d none of these 

d cot 68 

d cosy 

d cot(A+B) 

70 . .If a+ b = 3- cos 48 and a- b = 4 sin 28, then ab is always less than or equal to 

I 
a. -

2 
hl 

2 
c.-

3 
7 J. The value of cos2 I 0°- cos l 0° cos50° + cos2 50° is equal to 

a~ h! c.~ 
3 3 4 

72. The numerical value of tan 20° tan 80° cot 50° is equal to 

a. J3 h -
1 

c. 2../3 
J3 

73. Iftan2 8 = 2 tan2 fP+ I, then cos 28+ sin2 ¢eq'uals 

a. - 1 h 0 c. 1 

74. The value of cot 70° + 4 cos 70° is 

l 
a-

.J3 
c. 2J3 

d~ 
4 

d3 

d _I_ 
. 2.J3 

d none of these 

d_!_ 
2 

75. If x1 and x2 are two distinct roots of the equation a cos x + h sin x = c, then tan x1 ~ x2 is equal to 

a 
a 

b 
h b 

a 

c 
c. -

a 
d!: 

c 
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76. Giv.en that (1 + ~1 + x) tan y = 1-+ ~1-x. Then sin 4y is equal to 
a. 4x h 2x c. x 

77. If cos x = tan y, cosy= tan z, cos z =tan x , then the value of sin xis 

a. 2 cos 18° h cos 18° c. sin l8° 
78. Jf sin 29 = cos 3 8 and 8 is an acute angle, then sin 8 equals 

a. ./54-1 . h -(./54-.I) c • ./54+ I 

d none of these 

d 2 sinl8° 

-{5-l 
d---

4 

79. If 81 and Oz are two values lying in [0, 2n] for which tan 8= A., then tan ~ tan 62 is equal to 
2 2 . ' 

a 0 h - 1 c. 2 d 1 

80. If tan 8 = .J;, .where n E N, ~ 2, th~n sec 29 is always 

a. a rational number h an irrational number c. a positive integer 

81 lf . . .j7 I I x . I 
1. sm x + cos x = - w 1ere x e A, t 1en tan - IS equa to 

2 . 2 

3-.Ji .Ji-2 4-../7' 
a b. · c.--

3 3 4 

82 Th 1 
·r . 2 n . 2 3n . 2 5n . 2 71! . 

. eva ue o sm -+sm - + sm - + sm - Js 
8 8 8 8 

a 1 b2 
1 

c. 1-. 8 

d a negative integer 

d none of these 

83. lfx E ( 1<, 
3
;). then 4 cos2 

(:- ~) + .J4sin4 x + sin2 2x is always equal to 

a. I b. 2 c. - 2 · d none of these 
II 

84. cos3 xsin2x= I,.ar sin(r x) Vxe R, then 
x=O 

an = 5, a 1= 1/2 hn = 5, a 1 = 1/4 c.n=5, a2 = 1/8 
8S. The value of cos 2(9 + ip) + 4 cos(9'+ ¢)sin 8sin ¢+2 sin2 ¢ is 

a independent' of 9 only . 
c. independent of both 8 and ¢ 

h .independent of¢ only 
d dependent on 6 and ¢ 

cos(A+C) · . 
86. lf cos 2 B = , then tan A, tan B, tan Care m 

cos(A-C) 
a A.P. h GP. c. H.P. .. 

87. 
2cosy-l x y .. 

lfcosx = ,wherex,ye (O, ,n), thentan - cot-. Jsequalto 
2 - cosy . 2 2 

1 
c . .fi ' a. .fi b. ../3 

88. lftan x=.b/a,then J<a+b)l(a-b)+J(a-b)l(a+b) isequalto 

a. 2 sin x I ~sin 2x b 2cosx I ;Jcos 2x c. 2 cosx l~sin2x 

d none of these 

d _1_ 
.fj 

d 2 sin xI ~cos2x 
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89. If a is a root of25 cos2 6+ 5 cos 8- 12 = 0, n <a< n, then sin 2a is equal to 
2 . . 

a · 24 b. _ 24 c. ,!2 d _ ~ 
25 25 18 18 

90. Tlic value of tan 9°- tan 27°- tan 63° +tan 81° is 
a2 b.3 ~4 d none of these 

9 .1. .If sin-• a+ sin-• b + sin-• c = rc, then aJ1- a2 + bJl-b2 + cJl- c2 is equal to 

a. a+ b + c h a2b2c2 c. 2abc d 4obc 
92. If A+ B + C =3m2, then cos 2A +cos 28 +cos 2C is equal to 

a. 1 - 4 cos A cos B cos C h 4 sin A sin B sin C 

~ 1 + 2 cos A cos B cos C d 1 -4 sin A sin 8 sin C 

93. In triangle ABC. tan A. tun B. tun C are in H .P., then the value of cot ~ x cot C is equal to 
- . 2 ' 2 2 2 2 

a.l h2 c.3 d4 
94. In any triangle ABC, sin2 A - sin2 B + sin2 Cis a·Jways equal to 

a. 2 sin A sin B cos C h 2 sin .A c'os 8 sin C 

c. 2 sin A cos B cos C d 2 sin A sin 8 sin C , 

95. If tan2 a tan2 f3 + tan2 f3 tan2 y+ tan2 y tan2 a+ 2 tan2 a tan2 f3 tan2 y = I, then the value of 
sin2 a+ sin2 f3 + sin2 r is 

a. 3 h 2 c. I. d none of these 

sinA+sin B +sin C 
96. In triangle ABC, is equal to 

sin A +sin 8 -sin C 
A JJ 

a. tan -cot-
2 2 

A IJ 
h cot-tan-

2 -2 

sin 2A +sin 28 +sin 2C 
97. is equal to 

sinA+sinB+sinC 

8
. A . 8 . C 

a. sm -sm-sm-
2 2 2 

A 8 C 
c. 8 tan - ran - tan -

2 2 2 
98. If cos2 A+ cos2 8 + cos2 C = I, then AABC is 

A lJ 
c. cot-cot-

2 2 

A B C 
h &cos--cos---co~--

2 2 2 

A .B C 
d Scot-cot-cot-

2 2 2 

A B 
d tan-tan-

2 2 

a equilateral h isosceles c. right angled d none of these 
99. In triangle ABC, tan A + tan 8 + tan C.= 6 and tan A tan B = 2, then the values oft~m A, tan B, tan Care 

a. 1,2,3 h3,2/3,7/3 c.4, 1/2, 3!2 dnone.ofthese 
100. The value oftan 6° tan 42° tan 66° tan 78° is 

a. I h 1/2 
n . 

I 01. IfO <a< - , then a (cosec a) is 
6 

a. less than 1CI6 h greater than 7r/6 

c. 1/4 d 1/8· 

c. less than n/3 d greater than rd3 
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102. Jf 9 is eliminated from the equations x = a · cos(9 - a) and y = b cos (9 - /J), then 

x 2 l 2xv -
- +---~ cos (a-~) is equal to 
(1

2 b2 ab 
2 2 

a. sec (a- f3) h cosec (a- f3) 
2 

c. cos (- 13) 
2 . 

d sin (a - J3) 

J 03. If Ieos 9{sin 9+ ~sin2 9 +~in2 a}l::;; k, then the value·of k is 

a. ~1+cos2 a. h ~'l+sin2 a c. ~2+sin2 a - d ~2+cos2 a 

104. If sin 91 sin 02 - cos 91 cos 02 + I = 0, then the value of tan ( 8tf2)cot ( 9/2) is always equal to 

105. 

106. 

.107. 

JOS: 

'109. 

a. - I b 1 c. 2 d - 2 

Tl · f 1C 2 21r 4 41r 8 Sn · I 1e numencal value o tan - + tan - + tan - + tan - IS equa to 
3 . 3 3 3 

a. -s../3 11 -51.../3 c. s../3 
tan 6 .::_ - 33 tan 4 !:.. + 27 tan 2 7r is equal to 

9 9 9 . 

a. 0 b. .J3 
. 3 

lfcosx·+ cosy- cos (x + y) =-,then 
2 

c. 3 

d st.f3 

d 9 

a. X + )'::: 0 h X = 2y · C. X = y d 2x = )' 
If a sin x + h cos (x + 8) + b cos (x- 9) = d, then the minimum value oflcos 01 is equal to 

a. -1 -~cP -a2 h -1-~d2 -a2 . c. _}_~d2 -a2 • d none of these 
2lbl . 2la[ . 2ldl 

sinx 1 cosx 3 ( 1C) · . If -.- ::;;-,--=- wherex,ye 0. - , thenthevalueoftan(x+y) •sequalto 
Sill'' 2 COS V 2 2 · · "' ~ 

a. .Jjj b Ji4 . c. ..JJ7 d .Jl5 

J I 0 If ( 2 ) d 
,./J +COS X + J1 - COS X 

. x e n, 1! an 
.JJ +cosx -.JJ -cosx 

coi. (a·:.. ; ). then a is eq ualto 

1C 

HJ. 

J 12. 

113. 

a.-
4 

h 1t 

2 
c. -

3 
J ftan x = n tan y, n e R+-, then the maximum value of sec2 (x - y) is equal to 

a. (n + 1)
2 

h (n + 1)2 
c. (n + 1)

2 

2n n 2 
If cot2 x = cot (x-y) cot (x- z), then cot 2x is equal to (where x ~± n/4) 

1( ) 1 . . ) 1 . . . 
a. - tan y +tan z b. -

2 
(cot y +cot z c. - (sm y + sm z) 

2 2 

d none of these 

d none of these 

Jf A , B, Care acute positive angles such that A + 8 + C = nand cot A cot B cot C = k, then 

zr I h. K , I ,, 1- d K 'I a."'::=;-- ~- C./\. < -:- >-
3J3 3..[3 9 3 



114. 

115. 

116. 

117. 

118. 

1'19. 

120. 

121. 

122. 

'123. 

124. 
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lfu= ~a2 cos2 9+b2 sin2 6+~a2 sin2 6+b2 cos2 9,thenthcdifferencebetweenthemaximumand 
minimum values of rr is given by 

a. 2(cl + b2) h 2J,.....a2_+_b_2 c. (a+ bi d (a- b)2 

If (sin x +cos x)2 + k sin x cos x = 1 holds 'V x e R, then the value of k equals 
a. 2 h 2 c. -2 d 3 

The range of k for which the inequality k cos2x- k cos x + I ~ 0 'V x e ( -oo, oo ) , is 

a. k < - l b. =.!_ ~k~ 4 c. k>4 d .!. ~k~S 
2 2 2 

The minimum vertical distance between the graphs ofy = 2 +sin x andy= cosx is 

a.2 hl c . .J2 d2-.J2 
a 

If 9= 3aand sin 9= I The value of the expression a cosec a-b sec a is 
ya2 + b2 

a 
a. 

~a2 -f:"b2 
b. 2~a2 + b2 c. a+b d none of these 

If the equation cot" x - 2 cosec2 x + t? = 0 has at least one solution, then the sum ofal1 possible integral 
values of' a' is equal to 

a.4 b.3 c.2 dO 
If the inequality sin2x +~a cos x +if> I +cos x holds for any x E R then the largest negat ive integral 
value of'a' is 

a. -4 b. -3 c. -2 d -1 
In triangle ABC if angle Cis 90° and area of triangle is 30 sq. units, then the minimum possible value of 
the hypotenuse c is equal to 

a. 30.,[2 h 60.fi c. 120../2 d J30 
The distance between the two parallel lines is 1 unit. A point 'A ' is chosen to lie between the lines at a 
distance ' cf from one of them. Triangle ABC is equilateral with Bon one line and Con the other parallel 
line. The length of the side of the equilateral triangle is 

.. ~~d2 +d+l h 2Jd'-3d+l c. 2~d2 -d+l d ~d2 -d+l 
Given that a, b, care the sides of a triangle ABC which is right angled at C, then the minimum value of 

c c . 
( )

2 

a+ b IS . 

a.O h4 c.6 d8 
Lety= (sin x+ cosecx)2 + (cosx + secxf + (cosx + secx)2

, then the minimum value ofy, 'V x E R, is 
a.7 b.3 c.9 dO 

Solutions on page 2. 116 

Each question has four choices a, b, c, and d, out of which one or more answers are correct. 
1. If cos {3 is the geometric mean between sin a and cos a, where 0 < a, {3 < tr/2, then cos 2/3 is equal to 

a. - 2 sin2 
(: - a) h - 2 cos2 

(: + a) c. 2 sin2 
(: + a) d 2 cos2 

(: - a) 
. 2 0 2 "' 

2 lfo <9< ct81~'" +81CO$I7=30th 1'1' • _ _ 1r an . , en u 1s 
8. 300 b. (:IJO C. )_J)O d 1500 
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3. Suppose.ABCD (in order) is a quadrilateral inscribed in a circle. Wttich of the following is/are always true? 
a. sec B :::;; sec D b cot A + cot C = 0 c. cosec A = cosec C d tan B + tan D = 0 

4. Which of the following statements are always correct (where Q denotes the set of rationals)? 

a. cos 29e Q and sin 28E Q => tan ~E Q (if defined) 

b tan 8E Q=> sin 29,cos28andtan 28E Q(ifdefined) 

C. ifsin 8 E Qandcos 9E Q=>tan38 E Qtifdefined) 

d if sin BE Q => cos 39E Q 
5. Which ofthe following quantities are rational? 

. (ll7rJ . (57rJ a. sm - sm -
12 12 

c. sin
4 

( ~ J + cos' ( ~ J d (I + cos 
2: J (I + cos ~ J ( 1 + cos 

8: J . 
6. ln which of the following sets the inequality sin6x + cos6 x > 518 holds good? 

a. (- m'8, Jli8) h (310'8, 510'8) c. (m'4, 371i4) d (7m'8, 97d8) 
7. Whicl1 of the following inequalities hold true in any triangle ABC? 

· . A . B . C 1 A B C 3J3 
a. sm - sm - sm - ~ - h cos - cos - cos - ~ -- . 

2 2 · 2 s 2 2 2 8 . . . 
. 2 A '. 2 B . 2 c 3 

c. sm - + sm - + sm -=- < -
2 2 2 4 

8. For a = 7r/7 which of the following hold(s) good? 

a. tan a tan 2a tan 3a = tan 3a- tan 2a- tan a 

h cosec a= cosec 2a+ cosec 4a 

c. cos a - cos 2a +cos 3a= 1/2 

d 8 cos a cos 2acos 4a= 1 
9. Which of the following is/are correct? 

a. (tanx)ln (sinx)>(cotx)ln(sinx), 'Vxe (0, Jr/4) 
c. (l/2)In(cosx) < ( 1/3)ln(cosx) , 'if X E (0, Jr/2) 

, A 2 .8 2 C 9 
d cos- - + cos - + cos - ~ -

. 2 2 2 4 

h 41n cosecx < 5ln cosecx, 'if X E (0, .Jr/2) 
d 21n (tanx)>21n(sinx\ 'Vx E (O, m'2) 

I 0. Which of the following do/does not reduce to unity? 

sin (180° + A) 'cot (90° + A) cos (360° - A) cosec A 

a. tan (180° + A) tan (90° +A) sin (- A) 

sin (- A) 

h sin (180° + A) 

tan (90° + A) cos A ____ ____;_ + - ----
cot A sin (90° + A) 

sin 24 o cos 6° - sin 6° cos 24 o 
c. 

sin 21° cos 39° :...cos 51 o sin 69° 

cos (90°.+ A) sec C- A) tan (180°- A) -

d sec (360° +A) sin (180° + A) cot (90° - A) 



Trigonometric Ratios and Identities 2.73 

11. Which of the following identities, wherever defined, holq(s) good? 

a. cot a - tan a = 2 cot 2a h tan (45° + a)-tan (45°- a) = 2 cosec 2a 

c. tan (45° +a)+ tan (45° - a) = 2 sec 2a d tan a+ cot a = 2 tan 2a 

.12. A circle centred at 0 has radius J and contains the point A. SegmentAB is tangent to the circle at A and 
LAOB = 8. If point C lies on OA and BC bisects the angle ABO, then OC equals 

cos2 8 
a. sec fJ (sec fJ - tan 8) h ---

1 + sin 8 

Fig. 2.36 

1 
c. 1 +sin 8 

13. The expression (tan4 x + 2 tan2 x + l) cos2 x when x = n/12 can be equal to 

1 - sin 8 
d --

cos2 8 

a. 4(2 - .J3 ) h 4( .J2 + I) c. 1 6 cos2 ni 12 d 16 sin2 ni 12 

14. Let a, f3 andy be some angles in the first quadrant satisfYing tan (a+ /3) = 15/8 and cosec y = 17/8, then 
which of the following hold(s) good? 

a. a + [3 + r= 1C 

ctan a+tan/J+ ~ny = tanatan /Jtany 

J 5. (a + 2) sin a + (2a- l) cos a= (2a + J) if tan a is 

a. 3/4 h 4/3 

b. cot a cot /3 cot r = cot a + cot ,B + cot r 
d tan a tan /3 +tan ,B tan r+ tan r tan a= 1 

c. 2al(~ + 1) d 2a_/(cl-- l) 

16. Let.f(x) = Jog (log113 (log7 (sin x +a))) be defined for every real value ofx, then the possible value of 
a is 

a. 3 h4 c. 5 . 

17. If h > 1, sin t > 0, cost > 0 and log17(sin t) = x, then log11( cos t) is equal to 

a. .!_ logh(l - b2x) 
2 

c. Iogb ~1-b2
x Jog,i I - b'b) 

18. The equation x3
- ! x ~ -~ is satisfied by 

lu = cosC:) ( 231t) 
C. X = COS ls. 

d 6 

(
177t ) d. X= COS lS . 
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19. Jf sin (x + 20°) = 2 sin x cos 40° where x e (0, 7r/2) then which of the following hold(s) goqd? 

a. cos 2x = 1/2 . h cosec 4x = 2 

• • .I' -- ... - · • ·~ ~- -

. 

c. sec x = J6.- .fi 
2 

X f':n 
d tan - = (2 - v3) 

2 

Solutions on page 2. I 22 

Each question has four choices a, b, c, and d, out of which 011/y rme is correct. Each question contains 
STATEMENT land STATEMENT2. 

a. Both the statements are TRUE and STATEMENT 2 is the correct explanation ofSTATEMENT 1 

h Both the statements arc TRUE but STATEMENT 2 is NOT the correct explanation ofSTATEMENT I 

c. STATEMENT J is TRUE and STATEMENT 2 is FALSE 

d STATEMENT J is FALSE and STATEMENT2 is TRUE 

I. Statement I: If x + y + z = xyz. then at most one of the numbers can be negative . . 
Statement 2: ln a triangle ABC, tan A + tan 8 + tan C = tan A tan B tan C and there can be at most one 
obtuse angle in a triangle. 

2. Statement J: cos I < cos?. 

Statement 2: I < 7. 

3. Statement 1: tan 4 <tan 7.5. 

Statement 2: tan xis always an increasing function . 

4. Statement J: cos I <sin I. 

Statement 2: Jn the first quadrant, cosine decreases but sine increases. 
5. Statement l: If/( 9) =(sin 0+ cosec 6)2 +(cos 0+ sec fJ)2, then the minimum value off( 8) is 9. 

Statement 2: Maximum value ofsin29is 1. 

6. Statement 1 : J f sin2 fJ1 + sin2 62 + · · · + sin2 9,, = 0, then the different sets of values of ( 01, fJ2, • • · , 9,) 
for which cos e, +cos 92 + .. . + cos 9, =:= n - 4 ~s n(n - 1). 

Statement 2: lfsin2 01 + sin2 92 + ·· · + sin2 8, = 0, then cos 81, cos 82, .. ·, cos 8, := ± I. 

7. Statcm~nt 1: The minimum value of27cos 2x 81 sin 1" is -
1
- . 

243 

Statement 2: The minimum value of a cos 6+ hsin 0 is -~a2 +h2
. 

8. Statement 1: If A, B, Care the angles of a triangle such that angle A is obtuse, then tan 8 tan C > 1. 

. tan 8 + tan C 
Statement 2: In anytnangle, tan A;;:;----

tan Btan C-1 
9. Statement I: tan 5° is an irrational number. 

Statement 2: tan I 5° is an irrational number. 
10. Statement 1: sin 7r/18 is a root of8x3 - 6x + I = 0. 

Statement 2: For any Oe R, sin 38= 3 sin 8 :.... 4 sin3 8. 
11. Letfbe any one of the six trigonometric functions. Let A , Be R satisfying f(2A) = /(28). 

Statement 1: A= mr+ B~.for some n e Z. 
Statement 2: 2nis one ·ofthe period off 
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12. Statement 1: sin 3 <sin I <sin 2. 
Statement 2: sin xis positive in first and second quadrants. 

13. Statement J: The maximum and minimum values of the function f(x) = 
1 

do not exist 
3 sin x + 4 cos x- 2 

Statement 2: The given function is an unbounded function. 
14. Statement 1: The minimum value ofthe expression sin a.+ sin {3+ sin r is negative, where a, {3, rare 

real numbers such that a+ f3 + r = n. . 
Statement 2: If a, {3, rare the angles of a triangle, then sin a.+ sin f3 +sin y=o 4 cos aJ2 cos {3'2 cos "fl. 

15. Statement 1: J fin a triangle, sin2 A + sin2 B + sin2 C = 2 then one of the angles must be 90°. 
Statement 2: In any triangle sin2 A+ sin2 8 + sin2 C = 2 + 2 cos A cos 8 cos C. 

16. Statement 1: In a t~iangle, the'least value ofthe sum of cosines of its angles is unity. 

Statement 2: cos A +cos B +cos C;;;; I + 4 sin A sin 
8 

sin C , if A, B, Care the angles of a triangle . 
2 2 2 

17. Let a, /3, and r satisfy 0 <a< {3< r< 2nand cos (x +a)+ cos (x + /3) +cos (x+ r) = 0 'V X E R. 

21C 
Statement I: r- a= - . 

3 
Statement 2: cos a+ cos {3+ cos r= 0 and sin a+ sin {3 + sin r= 0. 

18. If A + B + C = n. then 

Statement I: cos2 A+ cos2 B + cos2 C has its minimum value ~. 
4 

St·atement 2: Maximum value of cos A cos 8 cos Cis ~. 
19. Statement 1: lfxy+yz+zx =I wherex,y, zE .R+, 

X V Z 
then + - + ----=-

1 + x2 I + l I + z2 
2 

Statement 2: In a triangle ABC. sin 2A +sin 28 +sin 2C = 4sin A sin B sin C. 
20. Statement l: J n any triangle ABC, 

In cot - + cot- + cot - = In cot-+ ln cot - + In cot-. ( 
A 8 C) A B C 
2 2 2 2 2 2 

Statement 2: In (1 + J3 + (2 + J3)} =In I +In J3 +In (2 + .J3 ). 
' 

Solutions on page 2.126 

Based upon each paragraph, three multiple choice questions have to be answered. Each question has 4 
choices a, b, c, and d, out of which only one is correct. 

For Problems 1 -3 

If sin a -== A sin (a+ {3), A"# 0, then 
J. The value of tan a is 

A sin {3 
a 

1- Acos/3 
A sin /3 h--.....:....._-

1 + Acos/3 

Acos/3 c.--......;...-
1-A sin /3 

d Asin/3 
J +Acos/3 
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2. The value of tan f3 is 

sin a (I + A cos {3) 
a. - - ------'--

; Acos acos{3 

h sin a (l - A cos /3) 
Acosacos f3 

cos a (I - A sin fJ) c. ,:..._· _ ___ ....;____ 
A· cos a cos f3 

3. Which of the following is not the value of tan (a+ ./3)? 

sin f3 sin a cos a 
a. h --- --

cos /3 - A Acos f3 -sin2 a 
sina cosa 

c. 2 
A cos f3 + sin a 

For Problems 4 - 6 

d cos a(l +A sin {3) 
Acosacos {3 

d none of these 

If a, {3, r. 0 are the sol~tions ofthe equation tan ( 9 + :) = 3 tan 39 , no two of which have equal tangents. 

4. The yalue of tan a+ tan f3 + tan r + tan 8 is 

a. 1/3 h 8/3. c. - 8/3 d 0 

S. The value of tan a tan {3 tan r tan 8 is 

a. - -1/3 . h - 2 

. 1 1 1 1 . 
6. Thevalueof--+--+--+-- ts 

tan a tan {3 tan r tan 0 

a. - 8 ll 8 

For Problems 7 - 9 

. . f3 1 d . f3 1 s m a+ sm = - an cos a+ cos = -
4 . 3 

7. The value of; sin (a+ {3) is 

a. 24 . h Q 
25 25 

8. The value of cos (a+ {3)· is 

12 7 
a. - b.-

25 25 
9. The value oftan (a + ,8) is 

a. 25 . h 25 
7 12 

·For Problems 10 - 12 

. c. 0 

c. 2/3 

12-
c.-

13 

12 
c.-

13 

25 
c.-

13 

To find the sum sin2 2~ +sin 2 4n +sin~ 8" we folJow the following method. 
7 . 7 7 

Put 7 8 = 2n7r, where.n is any integer. 

Then siil46= sin (2mr- 36) = -sin 36. 

·d none of these 

d 1/3 

d none of these 

d none of these 

d 24 
7 

~his means that sin Btakes the values 0, ± sin (21!17), ±sin (41!17) and± sin (87r /7). 
Since sin( 61t 17) = sin (87d7), from equation ( 1 ), we now· get 
2 sin 28cos 28= 4sin36-3sin8 

. ::::> 4 sin Ocos 8(1- 2 sin2 B) = sin 0(4sin26-3) 
Rejecting the value sine~ 0, we ·get 

4cos 8(1 - 2 sin2 fJ) = 4 sin2 8- 3 

(i) 
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~ 16 cos2 ((1 -2 sin2 ())2 = (4 sin2 e-3)2 

~ 16 (I -sin2 8) (I -4 sin2 8+ 4 sin4 6) = 16 sin4 8-24 sin2 (J+ 9 

=> 64 sin6 e- 112 sin4 8-56 sin2 8-7 = 0 
This is cubic in sin2 ()with the roots sin2(2tr 17), sin2(4tr /7) and sin2(8.n:l7). 

Th f h 
. . 2 2tr . 2 4n . 2 81r 112 7 

e sumo t ese roots as sm -+sm -+sm - =-=-. 
7 7 7 64 4 

Now answer the following questions. 

10. The value of tan - +tan -+tan - cot - +cot -+ cot - ts ( 
2 1t 2 21r 2 37r) ( 2 7r 2 2tr 2 3tr) . 

7 7 7 7 7 . 7 

a 105 h 35 c. 210 d none of these 

2 1T 2 2tr 2 3tr 
tan - + tan - +tan -

11. The value of 7 7 7 is 
2 7r 2 211: 2 3tr 

cot - + cot - + cot -
7 7 7 

a. 7 h 35/3 c. 21/5 d none of these 

2 1T ') 21r 2 3tr . 
12. The value of tan -tan- - tan - IS 

7 7 7 
a-3 h-7 c.-5 d none of these 

For Problems 13- J 5 

An altitude BD and a bisector BE are drawn in the triangle ABC from the vertex B. It is known that the length 
of side AC= l, and the magnitudes ofthe angles BEC,ABD,ABE, BAC form an arithmetic progression: 

13. The area of circle circumscribing M BC is 

7r 
a.-

8 
h 1t 

4 

1t 
c.-

2 
dtr 

14. Let' 0.' be the circum centre of MBC, the radius of the circle inscribed in l:l.BOC is 

1 
a.--

s:J3 
b _I_ 

4..[3 
1 

c. 2..[3 d..!.. 
2 

15. Let Fr be the image of point B with respect to side AC of MBC, then the length BB' is equal to 

a. 
..[3 
4 

Matrix-Match Type 

h../2 
4 

d../3 
2 

Solutions on page 2.129 
. . 

Each question contains statements given in two columns which have to be ~atched. 
Statements (a, b,-c, d) in column I have to be matched with statements (p, q, r, s) in column IJ. If the correct 
matches are a-p, a-s, b-q, b-r, c-p, c-q and d-s, then the correctly bubbled 4 x 4 matrix should be as follows: 

p q r s 

a@@)0@ 
b@@00 
c@@0G) 
d@@)00 
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1. If cos 0- sin 8 = ]_ where 0 < 8< Tr 
5 2 

Column'( Column n 

a. (cos 9+ sin fJ)/2 
4 

p. -
5 

h sin29 
7 

q. -
10 

c. cos 28 
24 

r. -
25 

d cos 8 
7 

s.-
25 

2. For all real values of 0 

Column I Column II 

a. A = sin2 8+ cos4 8 p AE [ - 1, 1) 

'1. 
b A= 3 cos2 0+ sin4 8 ~Ae[!-t] 
c. A = sin2 8 - cos4 8 r. A E [2.J2! oo) 

d A=tan2 8+2cot2 8 s. A E [) ,3] 

3. If cos a+ cos {3= 1/2 and sin a+ sin /3= J/3 · 

Column I Column II 

a cos (a; ll) .Ji3 
p±-

12 

h cos (a; 13) 2 
<} -

3 

~tan (a; ll) 3 
r. ± .jT3 

d tan (a; llJ s. ± ~ 131 
13 
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4. 

Column! Co!umnll 

a. sin (41 oo - A) cos(400° +A)+ cos(41 0° -A) sin(400° +A) has )1- 1 
the value equal to 

h 
cos2 1° - cos2 2° 

2 .sin 3° sin )0 is equal to q.O 

c. sin(- 870°) +cosec (- 660°) + tan (- 855°) 1-2 cot (840°) +cos ( 480°) 
l 

r. -
2 

+sec (900°) 

d 4 (3n ) 3 ( n) Jfcos 9=- where ()e - , 2n and COS f/J=- where l/>E 0. - , 
5 2 5 . 2 

s. I 

then cos ( 8- 4>) has the value eQual to 

5. 

Column I Column II 

a. The maximum value of {cos (2A + 0) +cos (2B + 6)}, p 2 sin (A+ B) 
where A, 8 are constants, is 

b The maximum value of {cos 2 A+ cos 2 B}, q. 2 sec (A + B) 
where (A+ B) is constant and A, 8 e {0, n/2), is 

c. The minimum value of {sec 2 A+ sec 2B}, r. 2 cos (A + B) 
where (A+ B) is constant and A, Be (0, 7r/4), is 

d The minimum value of~{ 1an 6 +cot 8-2cos 2(A + B)l . s. 2 cos {A - B) 

where A, Bare constants and 8 E (0. Jr/2), is 

6. 

Column I Columnll 

a cos 20° +cos 80° - J3 cos 50° p. -I 

1r 2n 3n 47r 5n 6n 3 
h cos 0° + cos- + cos- + cos - + cos- + cos- + cos- q.--

7 7 7 7 7 7 4 

c. cos 20° +cos 40° +cos 60°-4 cos 1 0° cos 20° cos 30° r. 1 

d cos 20° cos l 00° +cos 1 00° cos 140°-cos 140° cos 200° s. 0 
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7. 

Column 'I Column]) 

a Suppose ABC is a triangle with three acute angles A, Band ( . p. 1 81 quadrant 
The point whose coordinates are (cos B - sin A, sin B 
- cos A) can be in the 

h If2sinEI> I and 3005 9 < 1, then Be • q 2nd quadrant 

c.jcosx+sinxl = lsinxj+jcosxj r. 3rd quadrant 

11- sin A sin A 1 . . 
s. 41h quadrant d If~ + --= --,for all permtsstble values 

1 + sin A cos A cos A 

of A, then A can belong to 

8. 

Column I Column]] 

a. If .x2 + y = 1 and P = (3x - 4x3i + (3 y - 4 ;Vi, then P is p. 1 
equal to 

h If a+ b = 3 - cos 46and a - b = 4 sin 28, then the maximum q.4 
value of(ab) is 

c. The least positive integral value ofx for which r. 5 
3 cos 8 == x2 - 8x + J 9 holds good is 

4A. 2 - 2/l:l 
d .lfx = 2 andy= 2 , where A. is a real parameter, 

l+lt l+A. 
s. 8 

then x2 -xy + y lies between [a, b] then (a+ b) is 

9. 

Column I Column II 

a. Jn triangle ABC, 3 sin A+ 4 cos B = 6 and p6QO 
3 cos A +4 sin B= I, then L C can be 

h In any triangle, if (sin A +sin B +sin C) q. 30° 
(sin A +sin B- sin C)= 3 sin A sin 8 , then the angle C 

c. Jf8 sin x cos5x -·8 sin5x cos x = 1, then x = r. 165° 

d '0' is the centre of the inscribed circle in a 30° - 60° - 90° s. 7.5° 
triangle ABC with right angled at C. If the circle is 
tangent to AB at D, then the angle LCOD is · 

Integer Type Solutions on page 2.135 

J. If /(8) = 
1

- sin 
28 

+cos 
26 

then value of 8[( II 0 ) ·[(34°) is----' 
2 cos 28 

2. If/(x) = 2(7 cosx +24 sinxX7 sinx-24 cosx)~ foreveryx E R, then maximum value of(j{x))114 is __ ---= 

3. In a lriangle ABC, LC = ; . If tan ( ~ ) and tan ( ~) are the roots of the equation ax' + bx + c = 0 (a" 0), 

a+b 
then the value of-- (where, a, b, care sides of 6 opposite to angles A, B, C resp.) is _ _ __ _ 

c 
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4. If (I +tan 5°)(1 +tan 1 0°)(1 +tan 15°) ... ( I + tan 45°) = 2k, then the value of' k ' is 
-----' 

6. Ifx,yE Rsatisfy(x+Si+(y-12)2 =(14)2, thentheminimumvalueof is 
--~ 

7. Suppose x andy are real numbers such that tan x + tan y = 42 and cot x + cot y = 49. Then the prime 
number by which the value of tan(x + y) is not divisible by .5 is-----' 

8. Let 0 :r; a, b, c, dS nwhere band care not complementary) such that 
2 cos a + 6 cos b + 7 cos c + 9 cos d = 0 

cos( a+ d) 
and 2 sin a- 6 sin b + 7 sin c- 9 sin d = 0, then the value of 3 b is 

· cos( +c) --~ 
9. Suppose A and B are two angles such that A, B E (0, n), and satisfy sin A + sin B = 1 and cos A 

+cos B = 0. Then the value of 12 cos 2A + 4 cos 28 is 
------' 

10. a and f3 are the positive acute angles and satisfying equations 5 sin 2{3= 3 sin 2a and tan {3 = 3 tan a 
simultaneously. Then the value of tan a+ tan fJ is------' 

I Th b I 1 f h 
. 1C Str 9n I 3.1t' . 

J. e a so ute va ue o t e express1on tan - + tan - + tan - + tan - IS------' 
16 16 16 16 

1 l 
12. The greatest integer less than or equal to 

2900 
+ ~ 

. cos "3 sin 250° 
] 

13. Themaximumvalueofy=. 6 6 is __ ___; 
Sin x+ COS X 

14. The maximum value of cos2 ( 45° + x) +(sin x- cos x)2 is------' 

sin 4 r + cos 4 
t - 1 

15. The value of 9 . 6 6 is __ _...;; 
Sin f + COS I - 1 

16. The value of cosecl0° + cosec50°- cosec70° is __ ____; 

is 
--~ 

17. The minimum value of J<3sin x - 4cos x -10)(3sin x + 4cos x -10) is __ _ 

18. Number of triangles ABC if tan A = x, tan B =- x + I and tan C = J - x is __ ____: 

(1og10 n) -1 
19. If log10sin x + log10cos x =- I and log10(sin x +cos x) = 

2 
, then the value of 'n/3 ' is 

sin 1° + sin 3° +sin 5°+ sin 7° 
20. The value of is 

cosl0·cos2°·sin4° . --~ 

21 . ln a triangle ABC, if A - B = 120° and sin A sin B sin C = -
1 then~ the value of 8cos Cis __ ____; 

2 2 2 32 

. . 1 1 1 . 
22. Jn a tnangle ABC tf tan A= 

2
, tan B = k+ 2 and tan C = 2k+ 2, then the poss&ble value of[k], where 

[·] represents greatest integer function is __ ____. 

23. If sin3x cos 3x + cos3x sin 3x = 3/8, then the value of 8sin 4x is - - ----
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.. :Arc~ iv~s. .' · : · Solutions on page 2. 141 
'' 

Subjective 

I. If tan a=_l!!_ and tan ·{3= 
1 

, find the possible values of(a+ /1). 
m+.l 2m+l 

2. a.Drawthegraphofy = ~ (sinx+cosx)fromx = _ n tox= 1t . 
· v2 2 2 

b. If cos (a+ {J) = ~,sin (a- {J) = 2_ , and a, f3lie between 0 and.7r/4, find tan 2a. 
5 13 

3. Prove that 5 cos 8 + 3 cos ( 8 + ~) + 3 lies between - 4 and I 0. 

4. Given a+ f3 - r = n, prove that sin2 a+ sin2 f3- sin2 ·r= 2 sin a sin f3 cos y. 
5 • . For all 8 in [0, 1fl2] show that cos (sin 8) ~sin (cos 8). . 
6. Without using tables, prove that (sin 12°) (sin 48°) (sin 54°) = 1/8. 

7. Show that 16cos(
2

tr)cos(
4
1r)cos(

8
7r)cos(

16
n) = 1. 

15 IS 15 15 

(IIT-JEE, 1978) 

(IIT...JEE,J979) 

(JJT-JEE, .1980) 
(JlT-JEE, J98J) 
(IIT-JEE, 1980) 

(IIT-JEE, 1983) 

8. Prove that tan a+ 2 tan 2a+ 4 tan 4a+ 8 cot 8a= cot a. (JJT-JEE, 1988) 
9. A_BC is a triangle such that sin (2A +B) = sin (C - A) = - sin· (B + 2C) = l/2. If A, .8 and Care in A.P. 

determine the values of A, B, and C. · (JIT-.JEE, 1990) 

tan x . I 
1 0. Show that the value of , wherever defined, never ltes between - and 3. 

tan 3x -3 · 
OIT-JEE,1992) 

n- 1 2k 
J 1. Prove that L (n- k) cos 2 = _!!_ , where n ~ 3 is an integer. 

k= l n 2 
(UT-JEE, 1 997) 

12 F. d h f I f ~ h .. h 2 · I-2x + Sx
2 

[ 1t tr.] • m t erangeo vaucso t,orw 1c smt= Jx2 _
2
x - l , I E -2' 2 · (liT ...iEE, 2005) 

13. Find the maximum value of the expression 2 

1 
. 2 . 

sin (} + 3 sin () cos e + 5 cos 0 
(IIT-JEE, 201 0) 

Objective 
Fill in tlte blanks 

n 

1. Suppose sin3 x sin 3x = L Cm cosmx is an identity in x, where C0, C1, ... ,Cnare constants, and 
m=O 

Cn ~ 0, then the value of n is (IIT-JEE, 1981) 
2. The side of a triangle inscribed in a given circle subtends angles a, f3 andy at the centre. The minimum 

value of the arithmetic mean of cos (a+ ~} cos (II,+ ~) and cos ( y + ~) is equal to. __ 

(I.IT -J E E, J 987) 
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3 Th I f 
. 1r • 31l' . 51r . 71r . 9TC . tl1r . 131l' . 

1 . evaueo · sm-sm-sm-sm-sm-sm- sm- 1sequa to __ 
14 14 . 14 14 14 14 14 

(IIT-JEE, 1991) 

(IIT-.JEE, 1993) 
(liT -JEE, 1993) 

4. If K =sin (7dl8) sin (511118) sin (7rdl8), then the numerical value of K i,:)...s __ . . 
·s. If A> 0, B> 9 and A+ B= 1l'l3, then the maximum value of tan A tan B is __ 

6. If cos (x-y), cosx and cos (x + y) are in H:P., then cosx sec ( ~) = __ 

True or fal.~e 

1-cosB 
1. If tan A= , then tan 2A =tan B. 

sin B 

Multiple clwice que.'itio11s with oue correct answer 

.1. If tan 6+ sin 6"'"' m and tan 6- sin 6= n, then 
a. m2 - n2 = 4mn 

c. m2 - ,2 = m2 + n2 

2. If tan 8= -
4

, then sin8 is 
3 

4 4 
a -- but not -

5 5 
3. If a+ f3 + y == 2n, then 

4 4 
ll --or-

5 5 

n m2 + ,2 = 4mn 

d m2 - n2 = 4~ 

4 4 
c. - but not - -

5 5 

(JJT-JEE, 1997) 

(IIT-JEE, J 983) 

OIT-JEE, 1970) 

(HT-JEE, 1979) 

d none of these 

a P y a P r 
a. tan -+ tan-+ tan-= tan-tan-tan-

2 2 2 2 2 2 
ll tan a tan /3 +tan p tan"' +tan"' tan a= 1 

2 2 2 2 2 2 

a P r a P r 
c. tan-+ tan-+ tan- = -tan-tan-tan- d none of these 

2 2 2 2 2 2 
4. Given A = sin2 8+ cos4 8, then for all real 8, 

a.1SAS2 ll 3/4SASI c.l3/16SASI 

S. The value of ( 1 + co~ ; ) (1 + cos 
3
;) (1 + cos 

5
:) {1 + cos 

1
:) i; 

a. 1/4 b. 3/4 c. 118 

6. The value of the expression ..[3 cosec 20°- sec 20° is equal to 

a. 2 b. 2 sin 20°/sin 40° c. 4 

7. 3 (sin x- cos :~Y + 6 (sin x + cos x)2 + 4 (sin6 x + cos6 x) is equal to 
a. 11 b. 12 c. 13 

4xv 
8. sec2 8 = ... is true if and only if 

(x+ y)2 

a. x+y:;tO h x=y,x:tO 

9. Letf(8) =sin 8(sin 8+ sin 38). Thenf(8) is 
a ~ 0 only when 82:0 h S 0 for all real 6 

c.x=y 

c. 2: 0 for all real 8 

· (llT-JEE, 1979) 

d 3/4SAS 13116 
(IIT-~JEE, 1980) 

d 3/8 {IJT...,JEE, 1984) 

d 4 sin 20°/sin 40° 
(IIT-JEE, 1988) 

d 14 (IIT-JEE, 1995) 

d x:;tO,y:tO 
(IIT-JEE, 1996) 

d SOonlywhen 8:50 
(liT .JEE, 2000) 

·~ 
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10. The maximum valu~. of.( cos a1) (cos a:z) ···(cos an), under the restriction~. 
0 ~ ab ~ • . .. , a,~ !di and (cot a1) (cot~)· · · (cot a,)= I is 

c. 1/2n 

II. If a+ {J = n/2 and fJ + y= a, then tan a equals 

a 2 (tan {3+ tan.J? h tan {J +tan r c. tan {J+ 2 tan r 

dl 
(IIT-JEE, 2001) 

.d 2 tan {J+ tan r 
(liT -JEE, 2001) 

12. Given both 9 and ifJ are acute angles and sin 9= 112, cos ifJ = 1/3, then the value of 9 +¢belongs to 

a (~ ~] 
3 ' 2 

h ( ~ 2~] 
2' 3 

~ e~ s~] 
3 ' 6 d e:.~J 

(IIT-.JEE, 2004) 

13. Let 0 < x < 1'(}4, then (sec 2x- tan 2x) equals 

a. tan(x- :) h tan(: -x) c. tan(x+ :) d ~n2 (x+ :) 

(I.IT-JEE, 1994) 

14. Let n be a positive integer such that sin~+cos2:... = .fx. Then 
2n 2n 2 

a. 6~n~8 h 4<n~8 c. 4~n~8 d 4 <n<8 
(IIT-JEE, 1994) 

J s. Let 8 E (0, n:/4) and,, = (tan B)'nn 8, '2 =·(tan B)CQ' 6, 13 =(cot Bt3
" Rand '4 =(cot O)cot 8, then 

d /2 > 13 > ,, > /2 

(IIT-JEE, 2006) 
Multiple clio ice questions with one or more than one correct '!nswers 

• 

I. The expression 3[sin4 G ~-a )+sin4 (3~ +a)]- 2 [sin6 G ~+a )+sin6(5~- a) }• equal to 

a. 0 hi c. 3 

... 00 -

· 2. For 0 < tfJ::=;; n:l2, ifx = I,cos2
n 4> ,y = L sin2

" ¢, z = L cos2
n q>sin211 ¢,then 

n=O 11=0 n=O 

a. xyz =xz+y h xyz=xy+z c. ~z=x'+y+z 

3. ·which of the following number(s) is/are rational? 

·a. sin 15° h cos 15° c. sin 15° cos 15° 

d none of these 
(IIT-JEE, 1984) 

d ~~z::;;yz+x 
(IIT~EE, 1992) 

d sin 15° cos 75° 
(IIT..JEE, 1998) 

4. for a positive integer n, let /
11
(8) =(tan 8 /2)(1 +sec8)(.1 +sec28)(1 + sec48) · · · (1 +s~c2n 8). Then 

a. fi(n/16)= 1 bf3(n/32)= I c.J4(n/64)= I dfs(nll28)= 1 
(IJT-JEE, 1999) 

J• 
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5. The minimum value of the expression sin a+ sin /3 +sin y, where a, {3, rare real numbers satisfYing a 
+ f3 + r = tris 

a positive b. zero c. negative 

ANSWERS AND SOLUTIONS 

Subjective Type 

1. Let m =:= 2k, i.e., m is e_ven where k e I 

Now, f3=2kn+ ; -A= ( 2k + ~) n-A 

Jf m = 2k + 1, i.e., m is odd, then 

f3 = (2k + I )1t- (; - A) = ( 2k + ~) 1t + ~ 
From Eqs. (i) and (ii), {3 can be expressed as 

f3 = ( 2k + ~) 1t± A, k e I 

which is same as a. 
2. A+B+C=tr 

A B 1r C 
=> -+-=---

2 2 2 2 

~ cor(~ + ~) = cot ( ~ - ~) 
A B 

cot- cot--J 
2 2 = tan C = _1_ 
A B 2 C 

cot-+cot- cot -
2 2 2 
A 8 C A 8 C 

~. cot-cot-col- = cot- +cot-+ cot-
2 2 2 2 2 2 

B A B C . HP ut tan -, tan-, tan- are m . . 
2 2 2 
A 8 C . AP :. cot - , cot - , cot - are m . . 
2 2 2 

A C B 
So, cot-+ cot-= 2 cot-. 

2 2 2 

E ( .) b A B C 3 .8 A C 3 Hence, q. 1 ccomes cot-cot-cot- = cot- ~cot-cot-= 
2 2 2 2 2 2 .. 

A C A C - ~ 
=> G.M. of cot- and cot-= cot-cot- = v3 

2 2 2 2 
A C 

A C cot-+cot-
andA.M. of cot- and cot- = 2 2 =cot 

8 
2 2 2 2 

d -3 (IIT-JEE, 1995) 

(i) 

(ii) 

(i) 



2.86 

.But A.M.· ~ G.M. 

~ cot 
8 ~J3 
2 

Trigonometry 

Therefore, the minimum value of cot B/2 is .J3. 
I 

3. cosec () = --
sinO 

I sin0/2 sin( e- ~) · n 9 e·e stn ucos--cos sm -
- -- = ----'------:,..-'-:-

sine sin 9/2 . ·e · (e) sm sm 2" · 
. () 

:. cosec()= cot--cotl~ 
2 

Similarly, cosec 28= cot 8-cot 28 
cosec 49= cot 28- cor48 

. . 
cosec 2n - l (J = cot 2n- 2 B:-cot2n-t () 

() 
Therefore, sum = cot- - cot2"-1 9 

2 
'4, Let cot 8= cot A+ cot 8 +cot C 
~ cot e-cotA = cot B+ cot C 

sin(A -8) sin(B +C) 

sinAsinO sin/JsinC 

. (A 8-)- sin
2 

AsinB 
~ sm - - -----

sin Bsin C 

S
. .1 1 . (B 8) sin

2 
Bsin 8 1m1 ar y, sm - = ----

sin AsinC 

sin2 Csin8 
and sin (C- 8) = ----

sin A sin B 

( 

2 2 
. e. B s1n sm -

2 

By multiplying corresponding sides ofEqs. (i), (ii), and (iii), we have 
sih3 (}=sin (A- B) sin (B- (J) sin (C- 8) 

5 L . A .B .C k . et sm-+sm -+sm- = · 
2 2 2 

. A+B A-B A+B 
or2sm --cos-- +cos --=k 

4 4 . 2 

~ 2sin2 A+B -2cos A-B sin A+B +k-1 =0 
4 . 4 4 . 

S. . A + B . I 4 2 A- B S(k. ) 0· · mce sm -- 1s rea , cos --- ·-I ~ 
4 . 4 

2 A-8 .. 
~ 2(k -1) 5 cos -- :$; 1 ~ k :$; 3/2 

4 

(i) 

(ii) 

(iii) . 
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Hence 2sm-- cos---sm-- S-0 0 A+B[ A-B 
0 

• rr-CJ 1 
' 4 4 4 2 

. A+B[ A-B tr+C] 1 => 2sm-
4

- cos-
4

- - cos-
4

- S 
2 

4 
. A+B . tr+C+A-8 . n+C-A+B l 

sm--sm Stn S -
4 8 8 2 

TC-C tr-B 1r-A 1 
~ 4sin--sin--sin--S-

n+C n+B 1r+A 1 
~cos--cos--cos--$-

4 4 4 2 4 ° 4 4 8 
x tan(8+a) .. 

6. Here - = {3 . By componendo and dJv1dendo, we get 
y tan(8+ ) 

x + y .,. tan(8+a) + tan(8 + ,8) ,., sin(28 +a+ ,8) 
x - .y tan(8 +a)- tan(8 + /3) sin( a - J3) 

:. x+ Y sin2(a- fJ) = sin(28+ a+ ,8) sin( a-{J) 
x-y 

= .!.rcos2(8 + {J) -cos 2(6 +a)] 
2 

Similarly, y + z sin2 ({J - y) =.!.[cos 2(9 + y) - cos 2(9 + ,8)] 
y-z 2 

~+x J 
and -'-sin2(y-a) = -[cos2(8+a)-cos2(8+y)] 

z-x 2 
Adding Eqs. (i), (ii), and (iii), we get L.H.S. = 0. 

7. Here, we have tan 69= plq 

s · n 68 I p2 + {/ r--:------:-~ I =p ==> p = q ='V =.Jp2+q2=k(say) 
cos69 q sin 68 cos68 .Ji 

Now y= _!_(pcosec 8-qsec28) = .!.( . p - q ) 
2 2 s1n 28 cos28 

1 [pcos 28-qsin 28] 
~ y = - ..;....._ __ ___;;, __ 

2 sin 29cos29 

= [2k sin 68cos 28 -2k cos68sin 28] = k sin(68-29) = k = ~ 2 + 2 

. 4sin 28 cos29 . sin 48 P q 

8. sin a+cos a+(tan a + cot a) + (scc a+ cosec a) = 7 

. l sina+cosa 
==> {stna+cosa)+ . + . =7 

sm a cos a sm a cos a 

( . )(1 ° 1 . ) . 7 1 ~ sma+cosa + . = --
0
---

sm a cos a sm a cos a 

=> (l+sin2a)(1 + 
0 4 

+ ; ) = 49- -
2
-
8

-
sin 2a sin 2a sin 2a 

4 
+--:--

sin2 2a 

(i) 

(ii) 

(iii) 
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Let sin 2a. = x 

::::} ( 
4 4) 28 4 (l+x) 1+-+- =49--+-
x x2 x x2 

::::} x3 - 44r - 3 6x = 0 
::::} r - 44x -36 = 0. (asx=s·in2a:it0) 

9. We have 

2 () . 

9 .cot 
2 

- 1 8 
1 +cot.O- cot- = 1 + - cot -

2 e. · 2 , 
2 cot 2 
e 2 8 ·2 e 

2 cot - + cot - - 1 - 2 cot -
= --~2 __ ____.:2::....__ ___ ---=..2 

2 cot 
9 
2 

~ 0 for 0 < 8 < 1r 

8 
::::} 1 + cot 85 cot -

2 

Equality holds when cot 
8 - 1 = 0 ::::} 8 = 7r . 
2 2 

10. Since A.M. oftwo positive quantities ~ their G.M., we have 

. - 1 I - I 

::::} 2sin X + 2COSX ~ 2 ·X 2 T2 = 2 J2 

A B c. 1r . 
11. We have - +- + - = - , so that 

·2 2 2 2 

tan(~+~) =tan(;-~) 
A B 

tan - +tan - 1 2 2 ----==----=:.... = --
·1 - tan A tan 8 tan C 

2 2 2 

A B B ·C C A 
~ tan- tan - + tan - tan-. + tan -tan- = 1 

2 2 2 2 · 2 2 
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2 A 2 8 .,C 
Now tan -+tan -+tan· - -1 

2 2 2 

= - L,2 tan - - I2 tan - tan -1 [ 2 A A Bl 
2 2 2 2 

1 [( A B )
2 

( B C )
2 

( C A )
2

] = 
2 

tan Z - tan 2 + tan 2 - tan 2 + t~n2 - tan 2 ;;:: 0 

12. A+B+C=tr 

3n · 3tr 
=> B + C = - => 0 < B, C < - Also tan B tan C = p 

4 4 

sin Bsin C p 
= 

cos BcosC 1 

cosB cosC -sin BsinC 1-p 
=--=> 

cosB cosC +sin Bsin C 1 + p 

cos ( 8 + C) · I - p 

=> cos ( B-C) = 1 + p 

). (:P-I) =cos (B -C) 
' Since 8 or C can vary from 0 to 3.1Z'/4, we get 

3n I 
0 ~B-C< 4 => - .J2 <cos(B -C)~ I. 

Equation (i) will now lead to- ~ < J + 
1 

. S 1 
v2 2 (p-1) 

p +l 2p 
For 0 < I+-- => ( ) >0 

p - 1 p -1 
=>p<Oorp> I 

p +I -Ji (p - 1) 
Also < 0 

..[2 (p-1) -

( p - (.J2 +Jt) 
=> ~0 

(p-1) 

=> p < I or p "?:. ( .J2 + J t 
Combining Eqs. (ii) and (iii). we get p < 0 or p ~ ( J2 + 1 t. 

13. Adding sin( a + x) +sin( a - x) = 2(b +c) 

=> 2 sin a cos x = 2(b +c) 

b+c 
=>cosx= -.-

sma 

•• 
r 

' f c,l,' ., 
,· (' 

(i) 

(ii) 

(iii) 

. (i) 



2.90 : Trigonometry 

Subtracting, we get 
sin(a + x)- sin( a-x)= 2(b- c) 
~ 2 cos a sin x = 2(b - c) 

b-e 
~sinx=-

cosa 
Squaring and adding Eq. (i) and Eq. (ii), we get 

(b+c)2 .(b-c)2 

...;,______::._ + = I 
sin2 a cos2 a 

(ii) 

f3 
n sin a cos a 

14. tan ::1 .., 

1-nsin"a 

nsinacosa 

= __ c~o~s_2 =a:.......:~ 
1 nsin2 a 

(dividing numerator and denominator by cos2a] 

cos2 a cos2 a 

n tan a n tan a · n tan a = = ---:------:-- = ------
sec2 a_·, tan2 a 1 +tan2 a-n tan2 a 1 +(1- n) tan 2 a 

tan a- tan {3 
Now, L.H.S. =~an( a- {J) = {3 

1 +tan a tan 

n t.an a 
tan a - -----,.---

= I + ( 1-n) tan 2 ~ 
ntana · 

l+tana------
1 + (:t - '!) ·tan 2 a 

(i) 

[From Eq. (i)] 

= tan a+ (1 - n) t.an
3 a - n tan a = 

1 +(J -n)tan2 a +ntan2 a 

(1- n) Lana +(1- n)tan3 a 
. 

1 2 = ( I - n) tan a 
· +tan a 

15. L.H.S. containsx, 3x, 9x and 27x, whereas R.H.S contains 27x andx only. So, we will manipulate tenns 
as shown below 

1 
R.H.S.=- (tan 27 x - tan x] 

2 

= .!. [(tan27x- tan9x) + (tan9x- tan3x) + (tan3x- tanx)] 
2 

=]_[(sin27x _ sin9x).+(sin9x _ sin3x) +(sin3x _ sinx)] 
2 cos27x cos9x cos9x cos3x cos3x cosx 

_ 1[sin(27x-9x) sin(9x - 3x) sin(3x-x)] -- + +-----....:... 
2 cos27xcos 9x ' cos9xcos3x cos3xcosx 

l [ sin 18x sin 6x sin 2x ] 
= 2 cos27xcos9x + cos9xcos3x + cos3xcosx 
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.I [2sin9xcos9x 2sin3xcos3x 2sinxcosx] 
=- + +----

2 cos27xcos9x cos9xcos3x cos3xcosx 

sin 9x sin 3x sin x sin x sin 3x sin 9x 
= + + - + + = LHS 

cos27x cos9x cos3x cos3x cos9x cos27x · · · 

2cos2n 8+1 
16. We have to prove =(2 cos 8- I) (2 cos.28-1) (2 cos22 8-1) ... (2 cos 2n-l 9-I) 

2cps8+1 
or 2 cos 2" 8+ 1 = ((2 cos 8+ 1)(2 cos 8- 1)](2 cos 29- J )(2 cos 22 9- I) ... (2 cos 2n-l 8- 1) 
NOW ( (2 COS 8 + ] ) (2 CQS 8 - 1 ) ) (2 COS 2 8- ] ) (2 COS 2 2 8 - I ) ... (2 COS 2"- 1 8- 1) 
= (4 cos2 8- 1) (2 cos 28- I) (2 cos 22 8- I ... (2 cos 2" - 1 8-1) 
= (2 cos 29+ 1){2 cos 28- 1 )(2 cos 22 8...: I) ... (2 cos 2n-l 8- 1) [using cos 29= 2 cos2 8- 1] 
=(4 cos2 28-1)(2 cos22 9-1) ... (2 cos2n-l 8- I) 
= (2 cos 2 2 8 + 1 )(2 cos 2 2 8- I } ... (2 cos 2 n- 1 (J- I) 
= ( 4 COS 2 2 2 8- 1) (2 cos 2 3 9- I ) ... (2 COS 2 n- 1 8- 1) 

=(2cos2"- 1 8+ 1)(2cos2"- 1 8-1) 
= 4 cos2 2" -• 8- I 
= 2 cos 2" 8+] 

tan 2" 9 2 3 
17. We have to prove that = (I+ sec 28)(1 +sec 2 8)(1 +sec 2 8) ... (1 +sec 2n 8) 

tan8 
or tan 2" 9 = tan 8(1 +sec 28) (1 +sec 22 8) (I +sec 23 8) ... (1 +sec 2" 8) 
Now tan 8(1 +sec 28) (1 +sec 22 8) (I+ sec 23 8) ... (1 +sec 2" 8) 

(
l+cos28) 2 3 = tan 8 (1 +sec 2 8) (I +sec 2 8) ... (1 +sec 2n 8) 

cos28 

= -- ( J + sec 2 8) ( 1 + sec 2 8) ... (l + sec 211 8) sin8(2cos
2 8J 2 3 

cos8 cos29 

=(tan 28)(1 +sec 22 0) (I +sec 23 8) ... (I +sec 2" 8) 

(
J +cos228 l 3 =(tan 26) 

2 
) (1 +sec 2 0) ... (I +sec 2" 8) 

cos2 8 

(
2cos

2 
28) " =(tan28) 

2 
(1 +sec2· 8) ... (1 +sec2"8) 

cos2 8 

=(tan 2 2 8) (1 +sec 23 8) ... (1 +sec 2" 9) 

=tan 2"- 1 8(1 +sec 2" fJ) 

=tan 2"-1 8 (I +cos 2" 8) 
cos 211 8 

· (2cos
2 2"-'eJ =tan 2"- 1 8 

cos2" 0 
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Object;ve Type 

I. b. Sincef(x) =sin xis an increasing function for 0 < x < 1d2 and I radian is approximately 57°. Therefore, 
I 0 < 1R~sin l 0 <sin 1. 

2. a. We have ;:;; - -+-x2 + y
2 

1 (x y) 
2xy 2 y X 

[ ·: sin2 f)~ 0] 

Therefore, x andy have the same sign. 

Now, x2 + l = .!.(~ +1.) 
2xy 2 y X 

x2 + 2 · 
:= y ~I ( ·: A.M. ~GM.) 

. 2.xy 

x2 +l But sin2 8~ I. Therefore, = J =x=y. 
2xy 

3. d. Since 0 < x < n. Therefore, sin x > 0 

We have J + sin x + sin2 x + · · · oo = 4 + 2.../3 

1 
;:;;4+2./3 

1-sinx 

. . 1 
=> smx = I--~= 

4+2../3 

3+2../3 = --
4+2../3 2 

n 2n = x = - or-
3 3 

cos x tan x 1 sin X· 
4. b. 2 + -- + -----

k tan x · I +cosx 

_ sin x cosx (1 +cos x) +sin2 x cos x(l +cos x) + (1- cos2 x) a 1. a 1 
--+ = =-+--=-+ -

k2 sinx(l +cosx) sin x(l +cosx) k sin x k ak 

. A · B S.a. 2 sm- cosec-
2 2 ( . C A B) sm - -cos-cos- -cosA 

2 2 2 

= 2 sm - cosec - cos - cos - cos - - cos A . A B ( A+B A B) 
2 2 2 2 2 

2 . A ,B ( . A . B) · . 2 A = sm-cosec- -sm-sm- -cosA = - 2sm - - cosA= - 1 
2 2 . 2 2 2 
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6. b. Applying A.M.~ G.M. in 6 tan2 ~'54 cotl ~. 18, we get 

6 tan 
2 

<P +54 cot 
2 

l,b + 18 ~ ( 6 x "54 x 18) 113 ~ 1 8 
3 

This is true if 6 tan2 <P =54 cot2 ~ = 18 

=> tan2 ¢ = 3 and cot2 <P = 113 
Therefore, 1 and II are correct. 

7. c. 5 tan 8 = 4 => tan 8 = 
4 

5 

8.b. 

5 
sin e _

3 
Now 5sin8-3cos8 = cos8 

Ssin 8+2cos8 
5 sinO + 2 

2 sec 28= tan l,b +cot l,b cos8 

2 sin2 ~ +cos
2 

<P 
= 

cos 28 sin ¢ cos <P 

2· 1 
=> == 

cos28 sin¢ cos¢ 

=> cos 28= sin 2¢ 

=> 2(}"= 90°- 2 <P 

1t 
~ 9+ <P = 4 

9. a. sin x + cosec x = 2 
=> (sin x- 1)2 = 0 

=> sin x= I 
=> sinn x +cosec" x = I + I = 2 

Also, sec2 8 cosec2 8 = 4 ~ 4 
sin2 28 

= 

4 
Stan8-3 

5x--3 
5 = 

5tan8+2 4 
Sx-+2 

5 

l - -
6 

Hence, the only equation which can have roots cosec2 8 and sec2 8 is~- 5x + 5 = 0. 

11. b. 
J-cosa - --+ 
1 +cos a 

1 +cos a .I -cos a +I +cos a 
= 

1-cos a .JI-cos2 a 
. . 

2 
= ~ (since 1r <a< 37! 12) 

-sma lsinx l 
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1C · 2rr 3TC · 4tr 5tr 6rr 1n 
12. b. We have cos- +cos- +cos-+cos-+cos- +cos- +cos-

7 7 7 7 7 7 7 

(
. 1C 6i) ( 21t 51C) ( 31C - 41l') . = cos-:.;+cos? + cos7 +cos7 + cas7 +cos7 +cosTC 

= (cos~ -cos~)+( cos 2; _.;,s 2;) +(cos 3; -cos 3;) +Cos" 
=cos n= -1 

13. b. 2 sin2 8+ 3 cos2 6 = 2(sin2 6+ cos2 8) + cos2 8= 2 + cos2 8~ 2 
[ ·: cos2 9> 0] 

14. b. sin4 9 + cos4 9 = (sin2 9 + cos2 9)2 - 2 sin2 6 cos2 9 = 1 - 2 sin2 9 cos2 8-5: I 
15. d. We have . . 

1 (x) = cos2 B + sec2 8 = <cos o-·sec 8)2 + 2 cos B se~ 9 = 2 + <cos 8 - sec 9)2 ~ 2 

J6.a. f(x)=cos6 x+sin6 x 
= (cos2 x + sin2 x) (sin4 x + cos4 x- cos2 x sin2 x) 

='((sin2 x + cos2 x)2
- 3 sin2 i cos2 x) 

J 3 . 2 2 = - -sm x 
4 

=-. f(x)e [>] 
17. a. f(x) = 3 cos x + 5 sin (x- rr/6) 

1 5 .J3 . = -:-COSX+ X -Sin X 
2 2 

Theri,- cr +(5~)' Sf(x)S G)' +(5
:.)' 

~ --J)9 '5: f (X) '5: .Jl9 
18. d. I -cos 2x +sin 2x;;; 2k 

~ sin 2x - cos 2x = 2k - I 
. 2k-l 

.=> sm (2x - a)= .[i 

-I< 2k -1 <I 
=> .. -J2-

l- J2 k l+..fi => < < - -
2 - - 2 

19. d. cot( a + {J) = 0 ~ a+ {3 = 1d2 + mr, n E I 
=> sin( a+ 2/3) = sin(~Oo + {J) =cos {3 (for n;;; 0). 

20. b. We have 

X ·Y - z --= 

cos( 9-
2
; r cos(o+ 2;) 

cosO 

' 
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Therefore, each ratio is equal to 

x+y+z _x+y+z 

cos8+cos( II-
2
; )+cos( II+ 

2
;)-

0 

=> x+y+z=O. 

21. b. Since 0 ~ sin211 x ~ sin2 x 
0 ~ cos2

n x ~ cos2 x [as sin4 x = sin2 x sin2x ~ sin2 x, sin4 x ~ sin2 x and so on] 
=> 0 ~ sin2n x + cos2n x ~ sin2 x + cos2 x = I 

=> 0 :::; sin2
" x + cos2

" x $ 1 

22. b. 4Xl-2 J5 X + l = 0 
Let a and {3 be the roots, we have 

2.J5 J5 ] 
a+fJ=4=2,af3= 4 

S. . J go J5-] 36o .J5 + J mcesm ·= . cos = --
4 . 4 

. . 2J5 J5 . .s -1 4 1 
sm 18°+cos36°= -- ==- sm 18°cos36°= ~ =- =-
. 4 2 16 . '16 4 

Here the required roots are sin 18°, cos 36°. 

23. b. 2 cot a + . ~ = J2 cot a + coscc2 a 
sm a 

= ~2 cot a + l + cot2 a = 1:1 +cot a I ,;, - 1-cot a 

[since cot a <- 1 when 3n/4 < a< 1r , p + cot a I = - )..:.. cot a] 

. ( 7r) 3 3J3 . 13 3.J3 . . 
24.d. f(B)= 5 cos 8+3 cos 6+- + 3 = 5 cos 9+- cos{}-- sm 6+ 3 =- cos 8-- sm 8+3 

3 2 2 2 2 

= C ~9 + 
2
:) sin( II- a) + 3. Tlius, the range of/( 9) is [- 4, I 0]. 

25. b. Since a< IJ< y< Sand sin a= sin ,B= sin r= sin 8= K, therefore {3= n- a, y= 2n+ a: 8= 3tr- a 

. a 3 . /3 2 .r .8 . a a . a a => 4 sm -+ sm-+ sm-+sm- =4 sm -+3cos--2sm--cos-
2 2 2 2 2 2. 2 2 

a a -~ ~ 
=2 sin-+2cos-=2.JI+sina =2v1+K 

2 2 



2.96 Trigonometry 

26. c. Let 0 be the centre of the circle 

Fig. 2.37 

360° . 
Since LA00A 1 = -

6
- = 60° 

A00A 1 is an equilateral triangle, we get A0A 1 = 1 [radius of circle = I] 

. J3 
Also Aey4i = Aotf4 = 20D = 2[0A0] sin 60° = 2( I)~= .J3 

. 2 

• (AoA 1) CA_oA2) (A 0A 4) = (I) ( -/3)( ..J3) = 3 

· 27. d. The given relation is satisfied only when sin 81 =sin 8, =sin 83 = 1 

=> cos 81 = cos 82 = cos e3 :;:; o 
=> cos 8, + cos ~ + cos 83 = 0 

28. c. sin2 8$ I · 

=> xz + i + I $ 1 => il + Y- 2x + I $ 0 
2x 

[asx > 0] 

;;;) (x- 1 )2 + l $0 
It is possible, iff x- 1 andy = 0. 

29. a. sin (a+ fj) = I =>a+ /3=!!. sin (a- tJ) = .!.=>a - {3 =!!. 
2 2 6 

Solving, we get a~ 7d3 and /3 = 7r/6 

Nowtan(a+2/3)tan(2a+{J) = tan -+- tan -+- =tan-tan-·- -cot- -cot-(n ") (2n rr) 21! 5n ( rr) ( Tr) 
. 3 3 3 6 3 6 3 6 . 

30. a. sin 27°- sin 63° =-2 cos 45° sin 18° 

= -../2( !5 -) ) == - .J5 -1 = - ~3-J5 
4 2../2 2 
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31. c. cosec 8 - cot 9= q 
1 

cosec 9+ cot 9=
q 

. . cosec 9= .!.[q +(1/ q)] (on addition). 
2 

32. a. Squaring both the sides, we get 

1 
1 +sin29=-

25 
24 

~sin 28=-
25 

21 24 
.Lett= tan 9, we get - -2 ==--

25 l+t 

=:) SOt + 24 + 24~ = 0 
~ 12r2+25t+ 12 =0 
=> (41 + 3)(31+ 4) = 0 

(i) 

~ t = -4/3 (as fort=- 3/4 (rejected) as if tan 9=- 3/4, then Be [1r/2, n) and sin 8 +cos 8=- 1/5) 
33. c. Multiplying x above and below by 1 -cos 8+ sin 9, we get 

2sin 8(1 -cos8+sin 8) 2sin 9(1-cos9+sin 8) X= = __ ___:___....,..--___ ...;... 
· (1+sin9)2 -cos2 8 (l+sin8)2 -(1-sin2 fJ) 

. . 2 . . 2sin9 l-cos8+sin8 
Puttmg 1- sm 8= (1 + sm fJ) (I - sm 8), we get . . = x. 

2 Sin 8 ] + SJO 8 
34. b. 2n9= rd2 

. . 8, (2n - 1) 8-(nt2) - 9; 26, (2n - 2) 6=(nt2)-29, ... 
They fonn complementary angles A and B so that tan A tan B =tan A cot A = 1 for each pair. 

35. a. N r = 2[(sin 1 o + sin 89°) +(sin 2° +sin 88°) + ... +(sin 44 o + sin 46°) +sin 45°] 

Nr 
=:)Dr = 2{sin45°[2(cos44°+cos43~+ .. ·+cos1°)) + 1} 

= 2 sin 45° 

=.J2 
36. b. sec a+ cosec-a= p, sec a cosec a= q 

sin a + cos a d l 
=> . =pan . =q 

sm a cos a sm a cos a 
1 + 2 sin a cos a 2 =p 

sin2 a cos2 a · 

2 
1 +-

~ __ q = p2 
I 

q2 

=> l(l+~)=p2 =>q(q+2)=p2 
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37. c. 

38.a. 

Trigonometry 

We have sin x + sin2 x = I 
~ sin x = J - sin2 x ·=> sin x = cos2 x · 
Now cos 12 x + 3 cos 10 x + 3 cos8 x + cos6 x - . 2 = sin6 x + 3 sin5 x + 3 sin4 x + sin3 x- 2 

= (sin2 x)3 + 3(sin2 x)2 si~ x + 3(sin2 x) (sin x)2 +(sin x)3 - 2 
=(sin2x+sinx)3-2=(1)3-'2=-1 

· 3 
cos(A - B)=-

5 
~ 5cosAcosB+5sinAsinB=3 
From 2nd relation, we have 
sin A sin 8 = 2 cos A cos B 

~ cos A cos B = .!.. and sin A sin B = ~ 
. 5 5 

39. a. ( 1 + tan A)( I + tan B) = 2 
~ tan A + tan B = 1 - tan A tan 8 

~ tan(~+ B)= 1, i.e., A+ n"= !!_. 
4 

4 
1! • 1C 

or a+ a = -. 1.e. a= -
4 . ' 20 

40. a. A c ~ + ~ = J2 sin 90° 

B= ~[ ~sin44°+ ~cos44•] =~sin (45°+44~) 
= ·J2 sin ggo < J2 sin 90° = .fi :. A > B ~(a) 

. 41. d . . .!.c.JJ cos 23° - sin 23°) = .!.(cos 30° cos 23° -sin 30° sin 23°) = .!.cos (30° + 23°)=.!. cos 53° 
. 4 . 2. . 2 . . 2 

42. b. tan( e, -IJ, }•n( IJ, +IJ,) = sin( IJ, ~IJ, }in( IJ, ;9,) . 
· 

2 2 
cos( 

9
• ~92 

)cos( 
9
• ;

92
) 

43. b. 

44.a. 

= cos 82 - cos 81 -I - -. 
cos 81 :t cos (}2 3 

3 
+ cos goo cos 20° 

sin 80° sin 20° 2sin goo sin 20° + ( cos80° cos 20° +sin 80°sin 20°) 
= 

cos80° cos 20° sin 20° cos 80~ +cos 20° sin 80° ---+---
sin goo sin 20° 

- cos 1 00° +cos 60° +cos 60° 

sin 100° 

{3 
. . 2 sin a sin y 

tan =2smasmrcosec(a+n==. ( ) 
sm a+ r 

. sin (a+ rY 
~ · cot {3 = ----:..-____;;..... 

2 sin a sin r 

I -cosl00° 
sin 100 =tan soo 

(i) 

(ii) 

) 



/3 
si 11 a cos r + cos a sin r 

=> 2 cot = . . = cot a+ cot r 
Sin a Sin y 

~ cot a, cot /3, cot yare in A.P. 

45. b. 3 sin A cos B =sin B cos A 

~ cos A sin B= 2 
4 

~ sin(A+B)= I 

1r 1( 
~ C=-. 8 =--A 

2 " 2 

=> 3 tan A - tan ( ~ -A) 
~ 3 ::::cot2 A 

46. d. tan( I ooo + 125o) = tan 1 ooo +tan 125o 
1- tan 100°tan 125° 
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. 2250 _ tan 100° +tan 125° . 
1 

= tan J 00° +tan 125° 
. . tan - . , 1.c .• 

l - tanl00°tan125° · l -tan 100°tanJ25° 

i.e., tan 100° +tan J 25° +tan I 00° tan 125° = I 

tan 20° + tan 40~ 
47. b. We know that tan (20° + 40°) = 

1
_ tan 200 tan 400 

48. c. 

.J3 = tan 20° + tan 40° 
I - tan 20° tan 40° 

~ J3 - .J3 tan 20° tan 40° =tan 20° + tan 40° 

=> tan 20° + tan 40° + .f3 tan 20° tan 40° = ..fj 
J2- sin a - cos a 

sin a- cos a 

_ .J2- ,12 (i-sin a+* cos a) 
,12 ( ~ sin a - ~ cos a) 

J2 - J2 cos (a -:) 
= ------:-----'--~-=-

.fi sin (a -:) 
. 

.Ji (1- cos 8) · 1r 2 sin
2 

(9/2) (} (a n) 
= .Ji sin 8 • where 8 =: a- 4 = 2 sin (9/2) cos (9/2) = tan 2 =tan 2-8 

49. b. sin e, - sin 82 =a, cos e, +cos 82 = b 
~ if + b2 = 2 + 2 cos < e, + 92) 

=> 0 ~ if + b2 s; 4 
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SO. c. l+sin2x = (sinx+cosx)
2 

= (l+tanx)
2 

= (tan(tr +x))
2 

= tan2(Tr +x) 
l-sin2x (sinx-cosx)2 1-tanx 4 4 

51 . d. 

=cot'(~+: +X)= cot2e: +x) 
3n 

:=) a=-
4 

3 5 
We have4.x2-16x+ 15 < 0 ==> -<x<-

2 2 
Therefore, the integral solution of 4.x2- 16x + 15 < 0 is x ""' 2 
Thus, tan a= 2. Jt is given that cos f3 ==tan 45° = 1. 

. ( . {3) . ( 1?\ • 2 • 2 f3 I (I 2 {3) 1 0 4 sm a+ sm a-p1=sm a-sm = - -cos = --- = -
. 1 +cot 2 a . 1 + _!. 5 

Sl. b. cos(x- y) + cos(z +t) = 0 
cos(x+ y) cos(z-t) 

~ 1 + tan x tan y + I - tan .z tan t. = 0 
I - tan x tan y I + tan z tan t . 

4 

~ 1 + tan z tan t + tan x tan y +tan x tan y tan z tan t + 1- tan z tan 1 - .tan x tan y 
+ tan x tan y tan z tan 1 = 0 

~ tan x tan y tan z tan t = - 1 . 
53. b. f(n) = 2 cos nx 

~ f(l)f(n+ l)-f(n) = 4cosxcos(n + J)x - 2c_osnx=2(2 cos(n.+ l)xcosx - cosnx] 

= 2[cos (n + 2)x +cos 11\"- cos 11\"] = 2 cos(n + 2)x = f(n + 2). 

tan A J sin A cos 8 1 
54.a. --=- ~ -

tan B 3 cos A sin B -· 3 

'I 
Put sin A cos B=-

4 

~ cos A sin 8 ""' ~ 
4 

~ sin (A +B)= .!_ + ~ = I 
4 4 

~ sin C= )'::::::sin ;r/2 . 
::=> C = 1d2. Hence, the triangle is right angled. , 

55. b. 3 sin2 A + 2 sin2 B = 1 

~ 3sin2 A=.cos2B 

Also 3 sin 2 A- 2 sin 2 8 = 0 

==> sin 28 = ~sin 2A 
2 



56. a. 
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Now, cos( A + 28) ==cos A cos 28 7 sin A sin 28 ==cos A 3 sin2 A- sin A ~ sin 2A 

= 3 sin2 A cos A -'3 sin2 A cos A= 0 

:. A + 28 = rr/2 

!(.6) = t(5
:-a) 

. Cote: -a) 
= 

1 + cot ( 
5
: - a) 

l = ------:....-------:-

1 +tan e:- a) 
1 1 +tim a = =---

1 + 1- tan a 2 
1 +tan a 

cot a 1 · 1 
Asj(a) - = , we havef(a)f(/J) = -

1 + cot a I + tan a 2 

1t 1t 
57. c. A - 8 = - ~ tan (A -B) == tan -

. 4 4 

tan A- tan B 

1 + tan A tan· B 

~ tan A -tan 8- tan A tan B = 1 

~ tan A - tan B- tan A tan B + 1 = 2 

~ (I +tanA)(l-tan8)=2~y=2 

Hence, (y+ l)Y+ 1 = (2 + li+ 1 = (3)~ = 27. 

58. a. Applying b- a= c- b for A.P., we get 2 cos z sin (x - y) == 2 cos x sin (v- z) 

Dividing by 2 cos x cosy cos z. etc.; we get tan x- tan y = tan y- tan z. 

59. b. (cos a+ cos /3)2 - (sin a+ sin Pi= 0 

~ (cos2 a+ cos2 f3 + 2 cos a cos {J)- (sin2 a+ sin2./3 + 2 sin a sin {3) = 0 

~ cos 2a + cos 2{3 =-2( cos .a cos f3- sin a sin /3) 

= - 2 cos (a + /3) 
60. a. We have 

sin a sec x1 sec x2 +sin a sec x2 secx3 + · ·· +sin a sec x,_ 1 sec xn 

_ sin(x2 - x1) sin(x3 - x2 ) sin(x11 - x,_1) - + + ... + ___ ;.;...__...;.;......;...._ 
cos x1 cos x2 cos x2 cos x3 cos x,_1 cos x, 

.= (tan x2 - tan x1) +(tan x3 - tan x2) + · · · +(tan x,- tan x,_1) 

sin(x - x ) · sin(n -l)a 
;; tanx

11
-tan X1 = n I = ----;......__ 

COS xn COS x1 cos x, COS x1 
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6 B h . d' . 1C Sn z I. a; y t e giVen con 1t1ons tan g + tan )8 = x 

1r . 77! 
tan - + tan - = 2 '' 9 18' -
~ ·2x = tan zoo +tan 50° 

\ 

sin 20° sin 50° 
= +---

cos 20° cos 50° 

sin 20°cos 50° +cos zoo sin 50° 
= 

cos zoo cos 50° 

sin 70° 
=------

cos zoo cos 50° 

cos 20° l . I . 
= = = : = cosec 40° 

cos 20° cos 50° cos 50° sin 40° 

2y =· tan zoo + tan 70° 

sin 20° sin 70° 
= +---

cos 20° cos 70° 

sin90° =------
cos 20° cos 70° 

1 
= =------

cos 20° cos 70° cos 20° sin zoo 
2 2 

= Z . 20o 20o = . 40o . = 2 cosec 40o sm cos sm · 

2y =2(2x) ~y=Zx 

1 
= - .-[tan I 0 + (tan 2°- tan J 0 ) +(tan 3°- tan Z0 )+(tan 4°- tan 3°) +· ·· + (tan45°-tan 44°)) 

Sin 1° . · 

I . 
= = 

sinl 0 x 

63 W h . . j3 Zl • a. e ave sm a+ sm =- -
65 

17 
cos a+ cos ·/3 = - -

65 

Squaring Eq. (i), we get sin2 a+ sin2 (3 + 2 sin a sin (3 g G; )' 
. . 2 

Squaring Eq. (ii), we get cos2 a+ cos2 f3 + 2 cos a cos j3 = ( 
27

) 
65 . 

(i) 

(ii) 

(iii) 

(iv) . 
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Adding Eqs. (iii) and (iv), we get 2 + 2 cos (a- /3)= -
1

-
2 

[(27)
2 ~ (21?] = ~(729 + 441) 

. (65) (65) 
1 18 

==> 2 +2 cos(a- {3)= -- (1 170) =-
(65}2 65 

9 
==> 1 + cos (a- {3) = -

65 
a - {3 9 

~ 2cos2 --=-
2 65 

a -{3 3 · 
=> cos -2-=- $30 n a-{3 3:zr (a- /3) [·: n<a.- {3<3tr=> -<--<-~cos -- <0] 

2 2 2 2 

64. b 
sin(x + y) a +b - -'---=....;..=--
sin(x- y) a -b 

~ sin(x+ y)+sin(x- y) = (a+b)+(a-b). 

sin(x+y)-sin(x-y) (a+b)-(a-b) 

2sinxcosy 2a 
=> =-

2cosxsin y 2b 

tanx a 
=> --=-

tan y b 

sin 39 + sin 59 + sin 78 + sin 98 (sin 38 + sin 98) + (sin 58 + sin 78) 
65. c. = 

cos 39 +cos 59+ cos 79 +cos 98 (cos 38 +cos 98) +(cos 58+ cos 78) 

2 sin 60 cos 38 + 2 sin 68 cos 8 2 sin 69 (cos 38 +cos 8) 
= = = tan 68 

2 cos 69 cos 38 + 2 cos 68 cos 8 2 cos 69 (cos 39 +cos 8) 

sin x- sin l • 
2 

CQS ( T )sin ( ~) ( x + z) ( ) 
cosz-cosx = 

2
. (x+z) . (x-z) =cot -2- ;::cot y 

· SlO -- SJn --
z z 

66.b. 

67. c. cos 50° = cos2 25°- sin2 25° =(cos 25° +sin 25°) (cos 25°- sin 25°) = p(cos 25°- sin 25°) 
Now(cos 25°-sin 25°)2 + (cos2S0 +sin 25°i= 1 + J 

:. cos 25°- sin 25° = J2- p 2 

We have taken +ve sign as cos 25° >sin 25°, therefore cos 50° = pJ2-p 2 , by Eqs. (i) and (ii). 

68. b. 
sin2 A-sin2 B = 2sin(A+B)sin(A-B) = 2sin(A+B)sin(A-B) 

sin A cos A -sin Bcos 8 sin 2A -sin 28 2sin(A- B) cos( A+ B) 
= tan(A +B) 

1- cos 8 2 sin2 (8/2) B 
tan A = = = tan -

sin B 2 sin (B/2) cos (B/2) 2 
=>tan 2A = tan 8 69. a. 

. 3 - cos 48 + 4 sin 28 . . 2 
70. b. On addmg, we get a= ;:: (.1 + stn 28) 

2 

On subtracting, we get b=(1- sin 28)2 => ab = cos4 28~ J 

(i) 

(ii) 
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71. c. cos2 l 0° ..;. cos 1 0° cos 50° + cos2 50° 
1 . 

= 2 [1 +cos20° -(cos 60° +cos40°): (1 +cos 10.0°)] 

1 1 . 
= - [ l + cos 20°- - - cos 40° + 1 - cos 80°] 

2 . 2 . 

= - - + cos 20° ~ ( 2 cos 60° cos 20°) = -I [3 . ] 3 
2 2 · 4 

72. a. tan 20° tan 80° cot 50° =tan 20° tan 80° tan 40° 

= tan 20° tan( 60°-20°) tan( 60° + 20°) ~ tan 60° = J3 
73. b. tan2 8= 2 tan2 q>+ 1 

~ l + tan2 e; 2( ] + tan2 ¢) . 

~ sec2 8 = 2 seeP q, 
~ cos2 ¢= 2 cos2 e 

= 1 +cos 28 

~ cos 26= cos2 ¢- 1 

=- sin2 4> 

~ sin2 ¢'+cos 28= 0 

74 b 700 4 700 
cos70°+4sin70°cos70° 

. . cot + cos = _ ___;·~------
sin700 

=-------
sin 70° 

= cos 70° + 2 sin( 180°-40°) 

sin 70° 

sin 20°+sin 40°+sin40° ;::: ________ _ 
· sin 70° 

=-----'------

= 

75. b. a cos x + b sin x = c 

·sin 70~ 

sin 80°+sin 40° 

sin 70° 

a(l-tan2 
;) 2bfan x · 

_....; ___ ..:;.. + 2 = c 
X X 

1 + tan 2 
- I + tan 2 

- . 
2 2 

•' 
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2x x 
~ (c+a) tan --2btan-+c-a =0 

. 2 2 

x1 x2 2b x1 x2 c-a 
tan-+ tan-=-- and tan -tan-=--

2 2 c+a 2 2 c+a 

2b 

~ tan(xl +x2J= c+a = 2b = b 
2 · l-~ 2a a 

c+a 

76. c. 
I+~ 

tany= ~ 
I +vi +x 

Jfx = cos 8, then .Jt:::x = J2 sin(8/2), ...{~"+; = ".fi cos(8/2) 

,-;;[_I + Sl·n !!_] . · ~ · (} 
. "'~ .fi 2 sm-+sm-

~ tany = . = 4 2 .fi[-1-+cos 
8

] cos 7r +cos 
8 

· .fi 2 4 2 

1C 
~ 4y= -+8 

2 
~ sin4y =cos0=x 

77. d. We have cos x = tan y 
~ cos2 x = tan2 y 

= sec2 y- I 
= cot2 z-1 

~ l + cos2 x == cot2 z 

tan2 x 
=---

1- tan 2 x 

=-~--~ 
cos2 x-sin2 x 

~ 2 sin4 x - 6 sin2 x + 2 = 0 

3-JS 
~ sin2 x= --

2 

[ ·: cosy= tan z, sec y =cot z] 

[ ·: cos z = tan x] 
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. ~ - 1 2 . 18° ~ smx= = sm 
2 

78. a. sin 28= COS 38 => 2 sin 8 COS·8 = 4 COS
3 8-3 COS 8 

=> · 2 sin 0=4(1-sin2 9)-3 ~4 sin2 8+2 sin 8~ 1'=0 

. ~-1 
=> sm8= --

4 

2 tan 812 79. b. tan e = ~' we get ;::; .A. 
1- tan 2 8/2 

2 8- -() 
=> A tan -+2tan--A = 0 

2· 2 
81 82 

~ tan - . tan - = - 1 
2 2 

80. a. tan ()= J;; 
2 . 

1-tan () 1-n 
=> cos 2 () = 2 = --= rational. 

1 +tan 8 1 +n , 

81 
. J7 .b. smx+cosx=-

2 
x 2 x 

2 tan - I - tan - .fj 
-:-----=2~+ 2 = _}_ 
( 1 + tan 

2 ~) 1 + tan 
2 ~ 2 

~ 
X X . cJ7 +2)tan2 --4tan - +C.J7 - 2) = 0 
2 2 

X 4±~16-4(7 - 4) 1 X 7r 
tan - = = as- < -

2 2cVi+ 2) c..Ji + 2) 2 8 

.J7 -2 
= 

3 

82. b. . 7n . ( tc) . n . 5n . ( ' 3n) _ 3n sm - = sm n -- ;;;:: sm - · sm - = sm n - - = sm-
8 8 . 8' 8 8 8· 

Therefore, the given value= 2[sin2 n + sin2 3
n] = 2 [sin2 n + cos2 n] 

. ' 8 '8 8 8 

· [ ·. 3n . (n n) n] =2(1)=2 ·: sm g = sm 2 - S =cos B 

4cos2 (n- x)+.J4sin4 x+sin2 2x = 4cos2 (n- x)+~4sin2 x(cos2 x +sin2 x) ' 
4 2 . -- 4 2 

83. b. 

~ 2(l+cos(~ -x)J+2Isinxl ~2~2sinx-2sinxasxE (n, 3;) ~2. 



Trigonometric Ratios and Identities 2.107 

84. h cos3 x sin. 2x = cos2 x cos x sin.2x 

_ C-c;s 2x Je•in 2;cos x) 

= .!. (1 - cos 2x)(sin 3x +sin x) 
4 

= ![sin 3.~ +sin x- .!.(2sin 3x.cos 2x) - .!. (2c~s 2x sin x)J 
4 2 . 2 

. 
'[·3 . I ' 5 . ) 1( ' 3 . >] =- sm x+smx--(sm x+smx -- sm x - smx 
4 2 2 

I[. J . 3 :1 . 5 ] . = - sm x+-sm x--sm x 
. 4 2 2 

=> t.i1 = 114, a3 = 118, n = 5 ·' 

85. b. Given expression is 2 sin2 ¢+ 4 cos(8+ ¢)sin 8sin ¢+cos 2(8+ ¢) 

= (J -cos 2¢) + 4 cos (0+ ¢)sin 8sin ¢+ 2 cos2 (8+ ¢)-I 

=-cos 2¢+ 4 cos (8+ ¢)sin 0 sin¢+ 2 cos2 (6+ ¢) 

=-cos 2¢+ 2 cos (8+ ¢) [cos(O+ ¢) + 2 sin 0 sin¢] 

=-cos 2¢+ 2 cos (8+ ·</J) [cos 8cos ¢+sin 8 sin¢] 

=-cos 2¢+ 2 cos (8+ ¢)cos (8- ¢) 

=- cos 2¢+ cos 28+ cos 2</J =cos 28 

cos28 cos(A+C) 
86. h =-~-....:.. 

cos(A-C) 

Applying componendo and dividendo, we get 

I -cos 28 cos(A- C) -cos( A+ C) 
= 

J +cos 28 cos( A- C)+ cos( A+ C) 

2sin2 8 2sin A sin C 
= 

2cos2 B 2cos AcosC 

=> tan2 8 = tan A tan C 

=> tan A, tan 8, tan Care in G.P. 

87. b. 
2cos y - 1 

COS X= ---=--
2-cosy 

2 
x 2(1- tan 2 y I 2) _ 

1 1 -tan - 2 2 _ · I+ tan y I 2 · ----=-
"2 x - J - tan 2 vI 2 

1 + tan - 2- "' 
2 1 + tan2 y I 2 
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=> tan x cotL = J3 
2 2 

88. b W h l§)-(a +b) ~a-b) a+b+a-b e ave - - + -- =-'-'";:== ==-
a- b a+b )caz .-b2) 

2a 2 
= = 

~(a2 .-b2) ~[1 - (b I a )2
) 

2 2cosx = = 
~(1- ran2 x) )ccos2 x - sin2 x) 

2cos x 
= -;:::::== 

~(cos2x) 

89. h Since a is a root of25 cos2 8+ 5 cos e.:. 12 = 0 

. . 25 cos2 a + 5 cos a - 12 ~ 0 
. ' - 5 ± /25 + 1200 4 [ 7r ] 

=> cos a = v 50 =- 5 ·: 2 < a ·<.n 

and sina= ~ =~; therefore, sin 2a = 2sinacosa= 2 (~)(--4)= -24 

~ 1 
- 2s 5 . 5 5 25 

90. c. We have tan 9° - tan 27° - tan 63° +tan 81 o = (tan 9° +tan 81 °) - (tan·27° + tan 63°) 

91 . c . 

1 ] 
= - ---------

sin 9° cos 9° sin 27° cos 27° 

2 2 
= ---

sinl80 sin54° 

= 2[ sin54°-sinl8°] 
sin 54°sin 18° 

= 2[2cos36°Sinl8°·] = 4 
sin 18° cos 36° 

Let A = sin-1 a, B = sin- 1 b and-C = sin-1 c, we have A + B + C = n. 

. a.JI - a2 +b.JI - b2 +c.JI - c2 = .!_(sin 2A +sin2B +sin 2C) = _!_[4sin A sin B sin C] = 2 abc 
2 ' . . 2 

92. d. cos 2A +cos 2B + cos 2C = 2 cos (A + B) cos (A - B)+ cos 2C 

= 2cos (
3
; - C )cos(A-B)+cos2C 

=- 2 sin C c~s (A _.: B) + I - 2 sin2 C 
= 1 - 2 sin C (cos (A -B) + sin C) 
= 1 - 2 sin C {cos (A -B)+ sin (3n/2 - (A + B)]} 
= 1 - 2 sin C [cos (A - B)- cos (A + B)] 
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= I -4 sin A sin 8 sin C 

93. c. 
2 I 1 ---n=--A +~ 

tan- tan- tan-
2 2 2 

A C 8 . C B A A C 
=> 2 tan-tan- = tan- tan-+ tan- tan- = I -tan- tan-

2 2 2 2 2 2 2 2 

A C I 
=> tan-tan-=-

2 2 3 

A C 
::::> cot - cot-= 3 

2 2 
94. b. sin2 A- sin2 B + si~2 C = sin(A +B) sin( A.- B)+ sin2 C = sin C {sin (A - B)+ sin C) 

=sin C (sin (A - B)+ sin (A+ B)) = 2 sin A cos B sin C 

2 2/3 2 
. 95. c. sin2 a+ sin2 fJ + sin2 r= tan a + tan + tan r 

l +tan2 a 1 +tan2 {3 I +tan2 y 

X V Z 
= --+-~ -+--

l+x I+ y l+z 
(Where X= tan2 Cl, y = ta~2 /3, Z = tan2 YJ· 

= (x+ y + z) +(xy+ yz + zx+ 2.\)'Z)+.\)'+ yz + zx+xyz. 

(1 + x)(l + y)(l + z) 

= I + x + y + z + ·'Y + yz + zx. + .\YZ = 1 
. (I +'x)(l + y)(l + z) 

[ ·: .l)l+ yz + zx+ 2xyz = rl 

96. c. Dr= sin A+ sin 8-sin C 

2 
. A+B A-8 

2 
. C C 

= Sill --COS--- Stn -COS-
2 2 2 2 

-2cos ~[cos( A; B)-sin~] 
= 2cos- cos---cos--. C[ . A-B A+B] 
. 2 2 2 

2 C[2 . A . B] = cos- sm-sm-
2 2 2 

4
. A. B C 

o::: sm -sm-cos-
2 2 2 

AI .. A . . B . C 4 ' . A B C so sm + sm + sm = cos-cos-cos-
2 2 2 

sin A +sin B+sinC A B 
=> = cot- cot.-

sinA +sinB-sinC 2 2 

sin 2A+sin2B+sin2C 4sinAsin8sinC 
8

. A. B. C 
97. a. .- = = sm-stn-sm-

sinA+sinB+sinC A B C 2 2 2 4cos- cos-cos-
2 2 2 

[·:sin A= 2sin ~cos~] 
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(i) 

(ii) 

tan 1.8° 

= t~n6° tan(60° - 6)_tan(60°+6) = tanl8° =l 

tanl8° tanl8° 
IOL c. 

y 

Fig. 2 .. 38 

In the graph ofy =sin x,letA =(a, sin a), B = ( ~, sin~ J 
sin a sin n/6 3 a n 

Clearly, slope of OA > slope of 08, so --> = - => -.- < -. 
a n/6 n . sm a 3 

1 02.d. (a- {3) = ( e- f3)- ( ()- a) 
~cos( a- {3) = cos (8- {3) cos (fJ- a) + sin (8 - {3) sin (0 - a) 

• 

=2'.xx+ ~l-x2 ~1 -y' 
b a a2 b2 



xz y2 2~y . 2 
:=:) -+---cos( a- {3) = sm (a- {3) 

a 2 b2 ab · 

103. b. Let u =cos(} {sin(} +"sin2 8 + sin2 a} 

:=:) (u-sin 9cos ())2 =cos2 8(sin2 6+sin2 a) 

:=:) u2 tan2 0- 2u tan 0+ t?- sin2 ll"'" 0 

Since tan 8 is real, 4t? - 4u2(ri- sin2 a)~ 0. 
:=:) z? ~ 1 + sin2 a 

=> lui~ "1 +Sin
2 a 

I 04. a. sin 61 sin 82 - cos 61 cos 82 = - 1 

:=:) cos (61 + 02) = I 
=> 9, + 62 = 2mr ~ n E I 

6 9 
=> - 1 +..1.. = nn 

2 2 
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Thus tan- cot-= tan- cot nrr-- =-tan-cot-= - .1 01 02 91 ( 01 ) 91 01 

'2 2 . 2 2 2 2 

.n 2n 4n 8rr 
I 05. a. tan - + 2 tan - + 4 tan-+ 8 tan-

3 3 3 3 

= tan ~ + 2 tan ( rr- ~) + 4 tan ( 1r + ; ) + 8 tan ( 3n- ; ) 

= tann -2tan!:+4tan7r -Stann =- 5tan .~=-5.J3 
3 3 3 3 3 

. 3tan9-tan3 9 
106. c. Smce tan 39= 

2 1-3tan 8 
1C J'lr 3tan--tan -

Putting 0= 7r , we get tan rr = 9 9 
9 3 l ~ 3tan2 rr 

:=:) 3(1- 3tan
2

; r = ( 3tan; -tan'; r 
:=:) tan6 ~- 33 tan4 ~+ 27 tan2 7r = 3 

9 9 9 
' 3 

107. c. cosx +cosy- cos(x + y) = -
2 

9 

=> 2 cos( x; )')cos ( x; Y )-2cost; )'}1 = ~ 

. . 
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~ 2cost; Y )-2cos(x; Y)cof; Y )+ ~ ~ 0 

Now cos ( x; Y') is alw8ys real: thefi disc~iminant ;:>; 0. 

=> 4cos2 
( x; y )-42:0 

=> . cos'(x;y);:>;J 

2 (X-") ~ cos 2 =1 

x-y 
~ --=O~x=v 

2 -
1 08. a. a sin x + b cos (x + 9) + b cos (x- 9) = d 

~ asinx+2bcosxcos (J.=d 

=> Ia! ~ .J a 2 + 4li cos2 8 

d2 02 
- ~ cos2 8 . 

4b2 => 

sin x l cos x 3 tan x 1 ( ) tan x + tan y 4 tan x 
J09.d. --=-, --=- => --=-· ~tanx+y::;; = 

sin y 2 cosy 2 tan y 3 I- tan x tan y 1-3 tan2 x 

I . 2 . 2 A so stny= stnx, cosy= -cos x 
. 3 

., 
4cos- x 

· ~ sin2 v + cos2 J' = 4 sin2 x + = 1 . 9 
=> .36 tan2 x + 4 = 9 sec2 x::::: 9(1 + tan2 x) 

~ 27 tan2 x= 5 

JS. 
~ tanx= -

3./3. 
4$ 
3J3 4J5 X 27 ,.-;. 

~ tan(x+y)= · = r:; =v15 
J -~ 12 x3v3 

27 

II 0. a. ./1 +cos x ;, J2 cos2 ~ ~ .J2Icos ~~ and ./1- cosx ~ J2sin 2 ~ ~ .J21sin ~~ 

.JI +cosx +.JI-cos x 
=> -;:::===---;=== = .:-----:--:--~ 

.J1 +cos X - ~./I -cos X X I· X 
COS 

2
- SI02 

X . X cos-+ stn-
2 2 

\ 



X . X 
-cos-+sm

= _ _:2::,...___.::.,2 
X . X 

- ·COS--SJn-
2 ° 2 

X o, X 
cos--sm-

= 2 2 
X . X 

cos-+stn-
2 2 

X 
l-tan-

= __ _..2=-
X 

1 +tan-
2 
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1t X ) -< - <'It 
2 2 

= tan (: -~) -co{; -(: -~)) = cot(: + ~) 
J J 1. d. tan x = n tan y, cos(x-y) = cos x cosy+ sin x sin y 

;::;:> cos (x-y) == cos x cosy (1 +tan x. tan y) =cos x c~s y (I + n 'tan2 y) 

2 2 
__.... 2( ) sec x sec v - sec x-y = .. 

(J+ntan2 y)2 

= (J+tan2 x)(l+tan2 y) 

(1 +n tan2 y)2 
0 

_ (1 + n2 tan2 y)(l + tan2 y) 

- · (lfntan2 y}2 

= 
1 
+ (n -1}2 tan 2 y 

(l+ntan2 y)2 

(
1 + n tan2 y)2 

0 Now~ 
2 

~ n tan 2 
y (·:A.M. ~GM.) 

tan2 y 1 
~ <-

(1 +n ta~2 y)2 - 4n 

2 (n-1)2 (n + 1)2 

~ sec (x-y)~ I+ = 
4n 4n 

112. b. co~ x =cot (x-y) cot (x-z) 

~ co~ x ==(cot xcot y + 1 )(cot xcot z + 1) 
cot y -cot x ~ot z - cot x 

~ cot2 x. cot y cot z - cot3 x cot y - cot3 x cot z + cot4 x 
= cot2 x cot y cot z + cot x cot y + cot x cot z + 1 

;::;:> cot3 x (cot y + cot z) + cot x (cot y + cot z) + 1 - cot4 x = 0 
==> cot x( cot y + cot z )( 1 + cot2 x) + ( 1 - cot2 x )(I + cot2 x) :::: 0 
;::;:> [cot x (cot y + cot z) + (1 - cot2 x)] = 0 

, 
cot- x-I 1 

==> =-(cot y +cot z) =cot 2x 
2cot x 2 
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1J 3. a. A + B + C = n ~ tan A + tan 8 + tan C = tan A tan B tan C 

Now, A.M. ~GM. 

tan A+ tan B + tan C ( A 8 C)113 
-------~ tan tan tan . 3 

tan A + tan B +tan C ( A 8 C)l/3 
~ ~ tan tan tan 

3 
=> (tan A tan 8 tan C)213 ~ 3 

( 
1 )2/3 

=> - ~3 
K 

. 1 
· => KS-

3.J3 . 
114. d. u2 = (a2 cos2 e + b2 sin28) + (a2 sin2 8 + b2 sin2 8) 

= a2 + b2 + 2~a2 cos2 8+b2 sin2 8 Ja2 sin2 8 + b2 cos2 8 

= c? + b2 + 2 .~sin 2 8cos2 e(a4 
+b4 )+.a2

b2 (sin4 
8+cos

4 e) 

= d + b2 + 2 ~a2b2 (t-2sin2 8c~s2 e)+(a4 
+b

4 ) sin~ 8 cos2 e 

=(al +b2) +~ ~a2b2 + (a2 - b2t sln2 e cos2 e 

Max. u2 = (a2 + ·b2) = 2 

Min. ~12 = (d + b2
) + 2ab 

=.)(a2 + b2t - 2ab = a 2 +b
2

- 2ab = (a - b)2 

·ns.c. (sinx + cosx)2 +ksin xcosx = l 

~ 1 + sin 2x + ~sin 2x = t 
-2 

~sin 2x[l+ i] ~ o 
For this to be an identity, 1 + ~ = 0 => k = - 2 

2 



116. b. k cos2x - k cos x + I ~ 0 \:f x E ( -oo, oo) 

=:=> k(cos2x - cosx) + I ~ 0 

Now cos2x- cosx = (cos x- ~ )' 

~ _ _!_ S cos2x- cos x:::; 2 
4 

k 
Wehave2k+ 1 ~Oand -- + 1 ~0 

1 
Hence, -- :::; k :f 4. 

2 

4 

1 
4 

117. d. min (2 +sin-:- cosx) =min [ 2 + ,/2 sin( x- : )] = 2-,/2 

a b 
118. b. a cosec a-bsec a=-.-+-

sm a cos a 
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. · ~ 2 b2 [sin3a cosa -cos3a sin a] 2J 2 12 g1ves a + . = a + ~ 
sma cos a 

~ cot4 x- 2 cot2 x + if - 2 = 0 

~ ( cot2 x - I )2 = 3 - tl 
To have at least one solution, 3 - t1- ~ 0 

=>if .:.. 3~0 

a E (-J3, -/3] 
Integral values are -1 , 0, I; therefore, the sum is 0. 

120. b. sin2x + a cos x + cf > 1 + cos x 

Putting x = 0, we hiwe 

a+a2 >2 

=>d+a-2>0 

==>(a+2)(a- 1)>0 

=> a <-2 or a > 1 

Therefore, the lar.gest negative integral value of' a'- -3. 
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121. d. ~ = .!ab =::::) ab = 60 
2 

b = c cos 6; a = c sin 9 

I . 2 . · c2 sin ·29 
~ ~ =- c sm 6 cos 6 = = 30 

2 4 

=> c2 = 120 cosec·2 9 

=::::) C min = 120 

=> Cmin = 2.[30 
122. b. From the figure, 

X COS (9+ 30°) = 9 

and x sin 9 = I - d 

~ J+d 
Divid_ing "~ cos 6 = 

1
_ d, squaring Eq. (ii) and 

. . 1 
putting the value of cot 9, we getx2 = 3 (4d2 - 4d+ 4) 

I 
~x- 2-

2 

123. d. a = c sin 6, b = ccos 9 

( 
c c )

2 
( 1 1 )

2 
4(1 + sin 26) 

=> a+-;; = sin6 + cos6 = . sin2 26 

= 4 + where 0 < 8 < 1C · 
( 

1 . l J 
sin2 26 sin 29 2 

· => (.=. + ~J
2 

· = 8 when 28=90°. a b mm. 

=> 9=45° 

8 

a 

c._._ __ _..~A 
b 

Fig. 2.39 

B 

1-c1 

ao·- 9 

Fig. 2.40 

Fig. 2:4U 

J 24. c. y= (sin2 x + cos2x) + 2 (sin x cosec x +cos x sec x) + sec2 x + cosec2 x 

= 5 + 2 + tan2x + cotl x 
= 7 + (tanx - cotx)2 + 2 

:. Ymin =9 

Multiple Correct Answers· Typ·e · 

I. a, b. 2sin a cos a= 2 cos2 f3 
sin 2a= 1 +cos 2/3 

-.- -· - ·- ·- -·-- -

L1 
(i) 

(ii) 

L2 

8 

a 

.. . . . __ ,_] 

. . cos 2iJ=-(I -sin 2a) =- (• -cOs(; -2a )) =-2 sin2 
(: -a) =-2 cos2 (:+a) 
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2 • 2 8lsin2 9 81 2 ' 2. a, b, c, d. cos 8= I - sm 8. Let = z, we get z + - = 30 or z - 30z + 81 = 0 
z . 

. 2 8 3 J . . 8 .J3 1 sm = - - orsm =±- ±-
4 . 4 2 • 2 

9= 30°,60°, 120°,150° 

3. b, c, d. Opposite angles of a cyclic quadrilateral are supplementary. 

4. a, b,c. 

.I - cos 28 
a. tan e= ==>(a) is correct. 

sin 28 

2 tan 8 
b.sin28= 2 I + tan 8 

1- tan2 8 
cos28= --~-

1 + tan2 8 

i tan 8 
tan 28= 2 l- tan 8 

=> (b) is correct. 

sin 38 
c. tan 3 8 = 

38 
==> (c) is correct. 

cos 
d. sin 8= 1/3 which is rational but cos 38:::: cos 8(4 cos2 8 - 3) which is irrational. 
=> (d) is incorrect. 

. 5. a, b, c, d . 

. (ll1r) . (51t) . (1t) ('rc) a. s1n - sm - = sm - cos -
12 12 12 . . 12 

= ~ sin (:) = ~ E Q 

b. cosec ( ~~) sec ( ~} - - cosec ( ~) sec ( ~) 
=-----

sin 18° cos 36° 

16 
= - (JS _ J) ·(J5 + 1) -=-4 E Q 

c. M (;) + cos' (;) = I - 2 sin2 
(;) cos2 

(;) 
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n 2n 4n · l 
d. 2 cos2 - 2 cos2 - 2 cos2 - = 8 (cos 20° cos 40° cos 80°) =- e Q 

9 . 9 9 . 8 

6. a, b, d. (sin2 x + cos2 x)3 - 3 sin2 x cos2 x (sin2 ~ + cos2 x) > ~ 
. 8 

=> I - 3 sin2 x cos2 x > .?_ 
8 

=> ~ > 3 sin2 x cos2.x 
8 

=> 1 - 2 sin2 2x > 0 . 
=> cos4x>O 

=> 4xE -- -( rr nJ 
2'2 

=> 4x e (2nrr - 1C , 2mr + !:...J , n e Z, gen~ral izing now· verify. 
2 2 . . 

7. a, b, d. 
' . 

A 1 . 
c. I,sin2 

2 = 
2 

[3.- (cos A+ cos[!+ cos C)] 

= ~ - .!_ ( ~os A + cos 8 + cos C) 
2 2 

3 
but [cos A + cos B + cos C)lmas = 2 

~ . 2 A 3 
.L,sm - ~-

2 4 

;::;;> (c) is incorrect . 
a, b) dare correct and hold good in an equilateral triangle as the maximum values. 

8. a, b, c. 
a. tan a tan 2atan 3a= tan 3a-tan 2a-tan a · 

always .holds good. 

sin 4a + sin 2a 
b. R.H.S. = . 

2 
. 

4 
. 

sm asm a 
2 sin 3a cos a 1 · 

. 
2 

. = - .- =cosec a(using 1rf7 =a) 
sm asm4a sma 
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~ (b) is correct 

6n . ( n) 
· sin3a sin6a sin- sm n+-

c. cos a+ cos 3a+ cos 5a = cos3a = . = _.........:..7_ = 
7 =.!. 

. · · sin a 2sin a 
2 

. 1Z" 
2 

. Tr 2 sm- sm -
7 . 7 

2n ( Sn) (5n) Also~os2a= cos7 . = -cos n-7 = -cos? .= - ·cos5a 

. 8tr . 1t' 
sin 8f.X sm- san-

d 8 cos a cos 2a cos 4a = . = ---'7--' =-__ 7 = -1 
sm a . n . n 

9. a,b,c,d . 

. a. Forxe ( 0, :).tan x <cotx 

Also In (sinx) < 0 
~ (tan x)'" (sinx) > (cot x)ln(sinx) 

b. Forxe ( 0, ~). cosecx~ I . 

· ~ ln(cosecx) ~O 

::::> 4'" cosec.x < stn(eosec.r) 

c. X E ( 0, ; ) ~ COS X E (0, I) 

::::> ln (cos x) < 0 

1 l 
Also->-

2 3 

=- Gr=·l < Gr=·l 
d. Forxe ( 0, ~) 

sm- sm-
7 7 

Since sin x <tan x, we get In (sin x) < In (tan x) 

::::> 2'" (sin x) < 2'" (Inn .f) 

10. a,c,d. 
a. 1 
b.3 

sin 24° cos 6° - cos 24~ sin 6° sin (18°) 
c. sin 2l0 cos 39°- sin 39° cos 21°.= sin (-18°) ""-

1 

d. -1 
11. a, c •. 

cos2 a- sin2 a 
a. =2 cot 2a 

sin a cos a 
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l+t 1-t 
b. ----- wheret = tan a 

l-t I+t 

2 2 . 
(l+t) - (1 - r) 4t 2x2tan ·a 

::::: = --2 = 
2 

. = 2tan2a 
-- 1 - t 

2 
1 - t 1- tan a 

~ (b) is incorrect. 

1 + t 1 - I (I + 1)2 + (1 - 1)2 2 (1 + t2
) 

c -- + -- = = ---::--
. 1 - t l + t 1 - t 2 I .- t 2 

2 
= - -

2
- =2 sec 2a 

cos a . 
~ (c) is correct. 

1 2 
d.tana+cota= . = . 

2 
= 2cosec2a 

cos a sm a sm a 
~ (d) is incorrect. 

12. a,c,d. 

8 

Fig. 2.42 

Using property of angle bisector, we get 

sec8 x --=--
tan 8 1- x 

sec 8 I 
=> x= sec 9+tan9 =sec 9(sec 8-tan 8)= 1 + sin 9 

. (1 + tan2 x)2 

I 3. a, d. y = 2 = I + tan2 x 
1 + ·ran x 

::;:: 1 +(2-J3Y 
= 8 - 4.J3 = 4 (2 - ..[3 ) 

. =4[(~- ~n 

(where 1 = tan a) 



= 16 sin2 !!... 
12 

15 ] 7 8 
14. b d. tan (a+ tJ) = - and cosec r= - ~tan Y"" -

' 8 8 15 

:. a+ {3+ r=·!!.. ~(b) is true. 
2 

A I ( /3) tan a + tan {3 
so tan a+ = -------'--

1 - tan a tan f3 

. tan a + tan {3 
~ cot r = ----'--

1 - tan a tan f3 
=> tan a tan {3 + tan {3 tan r + tan r tan a = 1 
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15. b, d. Divide by cos a and square both sides and let tan a= 1 so that sec2 a= 1 + t2 

=> [(a +2)t +(2a-1)]2 = [(2a + J?(l +r)] 

=> r2[(a +2)2- (2a + Ji] +2{a+2)(ia-l)t+[(2a- 1)2- (2a+ liJ =O 
=> 3( I- c?) ~ + 2(2if + 3a-2)t-4 x2a= 0 

=> 3( I - c?) ~-4 {I -if) I + 6al- 8a = 0 

=> t(l -if)(3t-4)+2a(3t~4)=0 
=> (3t - 4)[(l-a2)t +2a]=O 

4 2a 
=> t =tan a=- or--

. 3 a2 - 1 
16. a, b, c. Jog113 log7(sin x +a)> 0 

=> 0 < log7 (sin x +a)< I 

=>I <(sinx+a) <7, Vxe R 

It is found that ' a' should be less than the minimum value of7- sin x and 'a' must be greater than the 
maximum value of 1 -sin x 

=>I- sin x <a< 7- sinx V x E R 

~2< a<6 

17. a, c. logbsin 1 = x =>sin 1 =If 

Let log,.,( cost)= y, then b'' =cos 1 

=> b2-" = cos21 = I - sin2t = 1 - b2x 

~ 2y = Iogb( I - b2x) 

=> y = ~ logh( I - b2x) = Iogb ~~ - b2
·t 

2 
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10. a. Statement 2 is true as it is one of the standard results of multiple angles. 
Putting A= ;r/18 in the formula sin 3A = 3 sin A - 4sin3A, we get 8x3 -6x+1 = 0, wherex =sin ;r/1.8. Hence, 
statement 1 is also true because of statement 2. · 

11. a. Statement 2 is true, because each trigonometric function has a principle period of nor2nand hence 21r 
is one of the periods of ~very trigonometric function. · 
Thusf(2A) = /(28) 
~ 2A = 2nn+ 2B, for some· n E Z 
~ A = mr+B 
=> Statement 1 is true because of statement 2. 

12. b. From Fig. 2.43, sin3 < sin I < sin2 
But statement 2 is· not sufficient to ensure this. 
Hence, answer is (b). 

sin 2 

sin 1 

sin 3 

• I 
I I --- ~-~--------~---1 I 
I I 
I I 
I I 

I 

0 2 3 

Fig. 2.43 

13. a. Let g(x) = 3sinx + 4cosx - 2 

Maximum value of g(x) = ~32 + 4 2 ....: 2 '- 3 

.Minimum valueofg(x)= -~32 +42 -2 = - 7 

Therefo;e, therangeofj(x) = -
1
- is R-· (-.! , !) 

g(x) 7 . 3 

Hence, it is an unbounded function, andf(x) has no maximum and no minimum values. 
14. b. Statement 2 is true as it is one of the identities in triangle. 

R.H.S. in statement 2 is a lways posit ive as a, /3, yE (0, n/2) 
Statement .1 is true as select a= 2n, [3 = - ;r/2, r=- 7!12 . . 
Then sin a+ sin j3 + siny= 0 - 1 - 1 = - 2, which shows that minimum value will be negative. 
But statement~ is not the correct explanation of statement 1, as a + [3 + r= n does not fo11ow that a, [3, 
rare angles of a triangle. 

15 
. 2A . 2

8 
. 2C 1- cosiA l -cos28 l - cos2C 

.a. sm +sm +sm = + +----
2 2 2 

= 3-(cos2A+ cos2B +cos2C) 

2 

= 3- ( - 1- 4 cos A cos B cos C) 

2 

= 2 +2cosAcos8cos C. (i) 
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Hence, statement 2 is true. 
From statement I using Eq. (i), we get cos A cos 8 cos C == 0, then either A, B or Cis 90°. 
Both statement J and statement 2 are true and statement 2 is the correct explanation of statement l . 

16. d. Statement 2 is true as it is one of the conditional identities in the triangle. Since R.H.S. > J in statement 2, 
statement I is false. 

17.d. Givencosx Icos a - sinx :Lsin a = 0 'V xe R 

Hence, cos a+ cos {3 +cosy= 0 

and sin a + sin f3 + sin r = 0 
Hence, statement 2 is true. 

Now (cos a +cos f3i = (-cos y)2 

u·~d (sin a + sin {3)2 = (- sin y)2 

. Adding, we get 
2 + 2 cos (a - {3) = 1 
~ cos (a- {3) =- 1/2 
Similarly, cos ({3- y) =- 1/2 and cos (y- a) =- 1/2 
NowO < a<{3< y<21l' 
· => {3-a< r- a 

. 2;rr 41r. 
Hence. {3-a=- andy-a=-

. 3 . 3 
Statement I is false. 

J 8. a. cos2 A + cos2 8 + cos2 C = I - 2 cos A cos B cos C 

· :Lcos2 AI . = J - 2 x.!. =.I-.!_=~ 
. rmn s· 4 4 

l9.d. Letx=cotA ;·y=cot8andz=cotC 

~ L cot A cot 8 = 1 

~ A+B+C=1i1r 
In statement I 

L.H.S. = .!. [sin 2A +sin 28 +sin 2C] 
. 2 

= 2 sin A sin 8 sin C 

R.H.S.== I I cosec A cosec 8 cosec C 

2 

= ± 2 sin A sin B sin f: = L.I-J.S. 

Statement 2 is true as it is one of the conditional identities in the triangle. 
20. b. In triangle ABC, A+ B+ C= 1r ... 

A 8 C A 8 C 
and cot-+ cot-+ cot- =cot- cot- cot-

2 2 2 2 2 2 

( 
A - 8 C) A 8 - C 

Therefore, In cot - +cot- + cot - = In cot-+ In cot - + In cot-
2 2 2 2 2 2 

Hence, statement J is true. 

ln statement 2, R. H.S. =In I+ In J3 +In (2 + .J3) ==In (I .J3 (2 + .J3 )) =I~ (2 .J3 + 3) = R.H.S. 

But statement 2 does not explain statement J. 
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.J3 
18. a, b, d. Let x =cos 9, then 4 cos39- 3 cos 9= - -z 

5rt 
~cos 39= cos6 

57t 
~39=2mr±-. 6 

~ 9= 2n1t ± 57t 
3 18 

Putting n = 0, we get 9= 57r/18 

. Zn 51t 171t 
n=l~9=-±-=-

3 . 18 18 

21t 57t 171t 
and 8=---=-

3 18 18 

J9. a, c, d. sinx cos zoo+ cosx sin 20° = Z sin x cos 40° 
~sin 20° cos x =sin x(2 cos 40°- cos 20°) 

sin zoo sin zoo sin 20° 
~ tanx = = - = ----------

2 cos 40°- cos 20° cos 40° +cos 40°- cos 20° cos 40° + 2sin 30° sin (-I 0°) 

sin 20° sin 20° 
= =------

sin 50° -sin 10° 2 cos 3b0 sin 20° 

1 
~tanx=- ~x=3'0° 

.J3 

Reasoning Type 

- (x + y) 
1. d. Statement 1 is wrong as z can be written as . 

1 -xy 

It implies that for any values of XJ' (xy "~; 1 ), we get a value of z and statement 2 is correct. 
2. b. cos? = cos(2tr+ 7-2tr) = cos(7-2Tr) = cos(0.72) 

Now 1 rad and 0.72 rad angles are for first quadrant where co~ is decreasing, hence 
cos I <cosO. 72 or cos 1 < cos?. 
But statement 2 is not the correct explanation for cos 1 < cos7. 
Note that cos 0.5 > cos7. 

3. b. tan 4 = tan(n+ (4 -n)) = tan(4 -1r) = tan 0.86 
tan7.5 = tan(2n+ (7.5 -2n)) =tan (7.5 -2n)= tan 1.22 
Now both angles, i.e., 0.86 rad and 1.22 rad are for first quadrant, hence tan0.86 <tan 1.22 as tanx is an 
.increasing function. But this is not always trite, as 3 > 1 but tan3 < tanl. 
Hence, both statements are true but statement 2 is not the correct explanation of statement I . 
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4. b. In first quadrant, cos 9> sin lHor 9e (1CI4, 1C/2). 
Hence, cos I <sin I . 
Also in ~rst quadrant, cosine is decreasing and sine is increasing, but this is not the correct reason for 
which cos' l <sin I. Thus, the correct answer is (b). 

S. a. /( 8) =(sin 8 +cosec 9)2 + (cos 8 + sec 9)2 

6. d. 

- sin2 9+ cos2 8 +. cosec2 8+ sec2 8+ 4 

1 l 4 
=5+ + =5+ ~9 

sin2 8 cos2 9 sin2 29 
Hence, the correct answer is (a). 

sin2 8, + sin2 82 + ... + sin2 ell= 0 

=> sin81 = sin92 = ... = sin811 = 0 

~ cos281, cos292, . .. , cos2811 = I 

=> cos 81, cos ~ .... , cos 811 =±I 

Now cos 81 +cos 82 + · · · +cos 8, = n - 4 means two of cos 81, cos 82, .. . , cos 911 must be -1 and the 
others are 1. Now two values from cos 81, cos 82, ... , cos 811 can be selected in 11C2 ways. Hence,. the 

b f I 
. . nc 11(11- 1) num er o so ut1ons 1s 2 = . 

2 
Hence, statement l is false, but statement 2 is correct. 

7. a. Let y = 2 7cos 2.T x 8 1 sin2x = 33cos2r+4sin2r 

Now -~32 +42 53cos2x+4sin2xs;~32 +42 

or -5 5 3 cos 2x + 4 sin 2x ::;; 5 
=> rs ~ 33cos2x+4sin2x 5 35 

Hence, the correct answer is (a). 

8. d. Obviously in triangle ABC, 

tan A = tan(tr - (B +C)) 

= - tan(B+C) 

tanB+tan C :::;: ____ _ 
tan BtanC -1 

If angle A is obtuse, then tanA < 0 

=> tan B + tan C < 0 
tan Btan C-1 

=> tan B tan C < I (as 8 and C will be acute) 
Thus statement I is false and statement 2 is true. 

9. a. We know that tan 15° = 2- .J3 which is an irrational number. Hence, statement 2 is true. 

S . I ·r so . . I b h I 5o 3tan 5o- tan3 5" . h ld b tatement 1 IS a so true as 1 tan JS a rattona num er, t en tan = 
2 

s ou e a 

rational number, which is not true. 
Hence, tan 5° is an irrational number. 
Obviously, sta~ement 2 is the correct reasoning for statement 1. 

l-3tan 5" 
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' .. _ . .,. .. __ ,..___.,.., ____ ____ ..__t ________ . ---___ ... ----... 

' Linked Comprehens;on Type ·--"'-···· • -.--,.·- "'o· :.. . .,t- .. ··· · --- - - ......_, ____ .. _ __ ,_..:::._ ------" 

For Problems J - 3 

1. a., 2. b., 3. c. 
Sol I. a. sin a = A sin (a+ /3) =A (sin a cos P+ sin {Jcos a) 

=> sin a(l -A cos /3) =A sin f3cos. a 

A sin {3 => tan a= __ ___;__ 
· (1- A cos /3) 

2. b. tan/3= sin/3 = (1-Acos{J)tana = (1-Acos,B)sina 
cos f3 Ac~s f3 . A cos a cos f3 

3 
·( fh ._ tan a + tan f3 

. c. tan a+ p 1 - -----:.-
1 - t~n a tan 13 

A sin f3 sin /3 __ ..:____+--
= J - A cos f3 cos 13 

1
_ . Asin/3sinl3 

(1 - A cos {J) cos 13 

• 

= A sin 13 cos {3 +sin /3- A si.n f3 cos f3 = sin f3 
cosf3-Acos2 f3 - Asin2 f3 cosf3-A 

AI ( 
fh tana+tan{J so tan a+ ,.,, = ___ _..,.;_ 

l - tan a tan f3 

sin a sin a(l- A cos {J) --+ _ _....:, __ __;__:;,. 
= cosa Acosacos/3 

1
_ sin2 a(J- Acos/3) 

A cos2 a cos f3 

= [A sin a cos f3 +sin a- Asi~acos{J]cosa 

Acos2 a cos f3 -sin2 a+ Asin2 acos/3 

sin a cos a = -----:----
Acos{J-sin2 a 

For Problems 4- 6 

4. d, 5. a, 6: b. 

Sol. We have tan ( 8 + :) = 3 tan 3 8 

1 + tan 8 = 
3 

x 3 tan 8 - tan 3 8 
1-tan B 1-3 tan 2 B 

(i) 

. (i~ 

[from Eqs. (i) and (ii)J 

[from Eq. (ii)] 



1 + t 3 ( 31 - t 
3 

) . (p . Jl\ - = 
2 

uttmg 1 =tan v 1 
l -t 1-31 

~ 3t4
- 612 + 8t- I ='= 0 

Hence, 
S1 = sum of roots= It+ l2 + /3 + f4 == 0 
S2 = sum of product of roots taken two at a time =- 2 
S3 = sum of product of roots taken three at time =- 8/3 
s4 = product of all roots =- 1/3 

1 . 1 1 l L,tlt2t3 - 8 
- +- +- +-= =-
II !2 f3 t4 t1t2t3t4 3 

For Problems 7-9 

7. a, 8. b, 9. d. 

Sol. sin a+ sin /3= 3 

=> 2sin( a;JJ}os( a;P)~ 3 
cos a+ cos fJ = 4 

=> 2cos( a; P)cos( a; P) =4 · 

Dividing Eq. (ii) by Eq. (iv), we have 

tan(a;JJ)=! . 
2tan --(a+ 13) 3 

2x-
24 4 

::::) sin( a+ P)= · 2 · = 

!+(!)' 
--

I+tan2
( a;P) 

!-tan'( a+/l) 
and cos( a+ /3)= 

2 

1 + tan 2 
( a ; f3) 

For Problems I 0 - 12 

I 0. a, 11. c, 12. b. 

ll1l' 
Sol. Let()== - (so that 76= mr) 

7 · 

~ .. 49+ 3B=mr 

= 

~ tan 48= tan (mr- 39) =-tan 38 

~-m' 
1+(%)' 

4 tan 8 - 4tan3 () 3 tane -tan3 8 
------:---:---- = -
1-6 tan 2 e + tan 4 9 1-3 tan 2 e 

25 

·- 7 --
25 
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(i) 

(iQ 

(iii) 

(iv) 
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[where tan 8=~(say)] 

=> (4-4z2)(1-3i)=-(3-z2)(I-6?+z4
) 

=> z6- 2Jz4 +35z2- 7 = 0 (i) 

This is a cubic equation in z2, i.e., in tan2 8. 

The roots of this equation are t11erefore tan2 rrn, ·ran 2 2rrn and tan 2 3nn rrom Eq. (i), sun1 of the 

-(-21) 
roots= == 21 

1 

=> tan2 !!. + tan2 2
;r + t~n2 3

;r = 21 
7 7 7 

Putting lly in place ofz in Eq. (i), we g~t-7l + 35l ~21;? + 1·= 0 

or ?i - 35/=21/- 1 =0 
This is a cubic equation in;?, i.e., in cot2 8. 

The roots of this Eq. are therefore cot2 nn. cot2 2rrn andcot2 3nn. 

Sum of the roots ofEq. (iii)= 3517= 5 

==> cot2 1C + cot 2 2
;r +cot2 3n = 5 

7 7 7 

By multiplying Eq_s. (ii) and (iv), we get 

(tan2 ~+tan2 21t' +tan2 31rJ(cot2 !+cot2 27r +cot2
.
37rJ = 21 x 5 = 105 

7 · 7 7 7 7 7 

For Problems 13- 15 

13. b, 14. b, 15. d. 

Sol. Angles BEC,ABD, ABE, and BACare inA.P. 

Let LBEC= a - 3{3, LABD= a-{3, LABE= a+ j3and LBAC= a+ 3/3 

' 8 

Fig. 2.44 

(ii) 

(iii) 

(iv) 



Tr 1C 
~ 2{3+2{3=- ~a+ {3 =-

2 4 
Now, a-3{3 =(a+ 3{3) +(a+ {J) 

=> a=-7{3 

1C 77! 
{3 =-- a = -

24 ' 24 

. Fig. 2.45 

: . LB=2(a+{3)= 1C LA= n LC= 1C ·· 
2 ' 6' 3 

~ ABC is a 30°-90°-60° triangle. 

13. Area ofthe circle circumscribing l> ABC= "G)' = : . 

l> ~(H I 
14. l> BOC is equilateral => r = -; = ~ G) = 4.fj 

0 
,1C l.Tr .J3 

15. BD = B sm - =- sm - = -
3 2 3 4 

· BB'=2BD= J3 
2 

Matrix-Match Type 

J. a ~ q; b ~ r; c ~ s; d ~ p 

cos 8- sin 8= !. . where 0 < 8< 1C. 
. 5. 2 
Squaring both sides of Eq. (i), we get 

1 -sin28= -
1 

25 

. 211 24 
~ sm u = -

25 

7 
~ cos28=-

25 
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(using exterior angle theorem] 

. (i) 

Also, (cos 8+ sin 8)2 =(cos 8- sin 9)2 + 4 cos 8 sin 8= -
1 

+ 2 sin 28= -
1 

+ 
48 

= 
49 

25 25 25 25 
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=> cos 8+ sin 8= 2 
· 5 

=> (cos 8+ sin 8)/2 = }__ 
. 10 

Also solving Eqs. (i) and (ii), we get cos 8=415. 
2. a ~ q; b -+ s; c -+ p; d ~ r · 

a. A = sin2 8+ cos4 8 

= l - cos28 +(l+cos28)
2

· 
2 2 . 

= _!_ _ _!_cos28+..!.+.!.cos28+.!.cos2 28 
2 2 4 '2 4 

3 1 (cos 48 + I ) 3 1 1 
= 4 + 4 2 =4+8+8c0548 

Now,-1 ~cos48~ J 

-1 cos 48 1 . 
=> -< <-8 - 8 -8 

=> ~ +.!. -.!. ~ ~ +.!. ('} +cos 48) s ~ +! + ~ 
4 8 8 ·4 4 2 4 8 8 

. 2 

h 3 2 8 . 4 8 3 1 + cos 28 ( I -cos 28) 
A = cos + Sin = + 

2 2 

3.+ 3cos 28 1-2cos 28 + cos2 28 = +-------------
2 4 

7 + 4cos 28 + cos2 28 =-------4 

Now, I ~cos 2 0 + 2 S 3 

=> 1 ~ (cos28+2)
2 

+3 S 3 
4 

c. A= sin2 0- cos4 8 

(cos 28 + 2) 2 + 3 

4. 

] J J 1 1 2 
= - --cos20----cos20--cos 28 

2 2 4 2 4 

(ii) 



I 1 2 
= --cos20--cos 28 

4 4 

; - ( ~ cos2 28+cos28- ~) 

5 ( 1 )
2 

= 
4

- 2cos29+ 1 

1 1 1 
Now -- ~ -cos 20 ~-

' 2 2 2 

1 1 3 
::) - ~ - cos29+ I~-

2 2 2 

1 (1 )2 .9 
~ - ~ -cos 28 + 1 ~-

4 2 4 

9 (I )2 1 ~ --~- -cos28+1 ~ --
4 2 4 

5 (1 . )2 

~ -l ~ -- -cos28+1 ~ 1 
. 4 2 

d. A = tan2 8+ 2 cot2 9= (tan 8- ..fi cot 8)2 + 2 .J2 ~ 2 ..fi 
3. a~ r; b~p; c~q;d ~s 

cos a+ cos {3= 112 

~ 2cos( a; /J)cos( a; 13) =~ 
sin a+ sin {3 = J/3 

~ 2sin(a;/J)cos(a;/J)=~ 
Dividing Eq. (ii) by Eq. (i), we get 

tan( a; 13); ~ 

~ cos(a + !3) = ±-3-
2 J13 

Squaring and adding the given results, we have .. 
13 

2 + 2cos (a - {3) = 
36 

=> cos(a- {3) = - ~~ 

Now, 2 cos'( a; 13)-1 =cos (a- /3} 

=> 2cos2(a- {3) = T - 59 =~ 
2 72 72 
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(i) 

(ii) 
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• 

=> · cos(a- 13) .= ± JJj 
2 12 

=> ian (a ; /3) ~ ±m 
4. a -4 s; b ~ r; c ~ p; d ~ q · 

· a. sin ( 41 0° + 400°) =sin 81 0° =sin (720° + 90°) =sin 90° = 1 

sin2 2°- sin2 1° sin3° sin 1° l 
b. 2 sin 3° sin 1° = 2 sin 3° sin I 0 = 2 
c. sin(- 870°) +cosec(- 660°) +tan(- 855°) + 2 cot (840°) +cos (480°) +sec (900°) 

=- sin (81 0° + 60°)- cosec (720~-60°)- tan (8 I 0° + 45°). + 2 cot 120° +cos 120° +sec I 80° 

1 2 2 I 
=--+- + 1----- 1 =-I 

2 ..[3 ..[3 2 

(e 9 
. 9 . 4 3 3 4 

d. cos - tP) =cos cos tP + sm sm l/J = - x - - - x - = 0 
. . 5 5 5 5 . 

5. a ~ s; b -4 r; c -4 q; d -4 p 
a. {cos (2A + 6) +cos (28 + 9)} "'".2cos(A- B) cos (A + 8 + 9) 

Maximum value is 2cos (A - B) when cos (A+ B + (]) = 1 
b. {cos 2 A + cos 2 B } 

2cos (A + B) cos (A - B) . 
Maximum value is 2c'os (A- B) when cos (A+ B)= 1 

c. For y = secx, x e (0, n/2), tangent drawn to it at any point lies completely below the graph of 

sec2A+sec2B ( } v =sec x. thus ~ sec A+ B - . 2 . 
=> sec 2A +sec 28 ~sec( A +B) 
Hen~e, the minimum value is 2 sec (A+ B). 

-------------------------
d. JttanO + c~tB-2cos2(A +B) I = j(~-~t +2-2cos2(A +B) 

.= J(.Jtan6-.Jcot9)
2 

+4sin2 (A+B) 

Min.imum value occurs when .../tan 6 = .Jcot 6 and 

mini~um v~lue is J4sin2 (A +B) = 2sin(A +B) 

6. a -4 s; b ~ r; c ~ p; d ~ q 

a. cos 20° + cos 80°- J3 cos 50° = 2cos 30° cos50°- J3 cos 50° 

-= J3 cos 50"- .J3 cos 5oo = 0 

n 2n 3n 4n 5n 6n 
b. cos 0° + cos - +cos - + cos - + cos - + cos - + cos -

7 7 7 7 7 7 

( 
· n 6n) ( 2n 5n) ( 3n 4n) =I+ cos-::;+cos7 +. cos7 +cos7 + cos7 +cos7 

.... 
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=I+ (cos; +cos(~- ;) ) + (cos 2; +cos( n-
2
7" )) + (cos 3; +co{r-3

;)) 

= 1 +0+0+0= 1 
c. cos 20° + cos 40° +cos 60°-4 cos I 0° cos 20° cos 30° 

=cos 20° +cos 40° +cos 60°-4 cos 10° cos 20° cos 30° 
= 2cos 30° cos 10° + 2cos2 30°- I - 4 cos I 0° cos 20° cos 30° 
= 2cos 30° (cos I 0° +cos 30°)- I -4 cos 10° cos 20° cos 30° 
= 2cos 30° (2cos I 0°cos20°) - I -4 cos I 0° cos 20° cos 30° = - I 

d. cos 20° cos l 00° +cos I 00° cos·l40° ...... cos J 40° cos 200° 

I 
"7 - (cos 120° + cos 80° +cos 240° + cos 40° - cos 340° - cos 60°) 

2 

1 1 I 1 I 3 
·= -(-- +cos80° - - +cos40°-cos340°- -)= -(-- +cos80°+cos40° - cos20°) 

2 2 2 2 2 2 

= .! c-1. + 2cos 60° cos 20°- cos 20°) = .!. (-i)::.: - ~ 
2 2 2 2 4 

7. a ~ q; b ~ q; c ~ p, r; d ~ p, s 
a. Since angles, A, Band Care acute angles 

:.A +B > TC/2 
1r 

A>--B 
2 

sin A- cos B > 0 
~ cos B -sin A < 0 

Again 8> 1r- A , 2 
sin B > cos A 
s in B - cos A > 0 

1:rom Eq. (i) at\d ( ii), we get that x-coordinates is - ve andy-coordinate is +ve. 

Therefore, line is in 2"d quadrant only 
h 2sin 9 > I ~sin 8> 0 = 8e 151 or 2nd quadrant 

J COS 
9 < I ~cos e < 0 = () E 2"d or 3rd quadrant· 

Hence, e E 211d quadrant 
c. ]cosx + sin xl = ]s in x] +I cos x] 

==) cos x and sin x must have same sign or at least one is zero. 
= x e 211d or 4 th quadrant 

J -sinA sinA 1 
d L.H.S = I AI +--=- whichis tr ueonly if] cosA ]=cosA 

cos cos A cos A 

8. a~p;b~p;c~q;d~s 
a. x = sin 8, y = cos 8 

P = (3sin 0-4sin30)2 + (3cos 8-4cos38)2 = sin230+ cos238= I 
. 3 - cos48 +4sin 28 . 2 b. On addmg, we get a= = ( I + sm 28) 2 . 

On subtracting, we get b = (I - sin 28)2 ~ ab ;;;: cos42 8~ 1 
c. 3cos 8=x2-8x + 19 
~ 3cos 8= (x - 4)2 + 3 

(i) 

(ii) 
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Now L.H.S. = 3cos 9~ 3 or L.H.S. has the greatest value 3. 
But R.H.S. (x-4i + 3 ~ 3 or R.H.S. has the least value 3. 
Hence, L.H.S. = R.H.S. when 3cos 0= (x-4)2 + 3 = 3 
~cos 9= I andx-4 = 0 

~ 9= 2nTCandx = 4, where n E Z. 
d A. = tan (J 

x = 2 sin 20and y= 2 cos 2 0 
. E=xl-xy+ y = 4 -4 sin 28cos 20=4 - 2 sin 48 

E E [2, 6] :::> a+ b = ~ 

9. a~ q; b ~ p; c..-..+ s; d..-..+ r 

a. 9 + J 6 + 24 sin (A +B) -.3 7 (on squariflg an~ adding) 
. 24 sin (A+ B)= 12 

sin (A + B) = .!.. ~ sin C =.!.. 
2 2 

C= 30° or 150° 

:=C=30°(·: fore = 150°) 

b. (sin A + sin 8)2 - sin2 C = 3 sin A sin 8 
~ sin2 A -sin2 C + sin2 B =sin A sin 8 

~sin (A + C) sin (A -C)+ sin2 8 = sin A sin·B 
:::;;>sin B[sin (A- C)+ sin (A+ C)] d sin A sin 8 

~ 2 sin A cos C= sinA(as sin 8* 0) 
~ cosC = 1/2 

=>C=60° 

c. 2 sin x cos x[4 cos4x- 4 sin4x] = I 

d 

=(sin 2x)[2(cos2x + sin2x)][2 cos2x-2 sin2x) =I 
=>(sin 2x)2 x 2 cos 2x = 1 
:=2sin 4x= 1 

. 1 
~sin4x=- ~4x=30°=>x=7.5° 

2 

. ·. 

x..f3 
Fig. 2.46 

Obviously,AEOD is a cyclic quadrjlateral, ~e have 
L.COD= 120°+ 45°= 165° . 



· Integer Type· 

1 - sin 29 + cos 29 
I. <4> /(B) = 2 cos 29 

(cos 8 - sin 8)2 + (cos2 8 -·sin2 8) 
;::: 

2(cos 8- sin 8)(cos 8 +sin 8) 

cosO 
=----

cos 8+sin 8 
1 

- 1 +tan 8 

1 
/(11°)f(34°) = x---

(1 + tan 11 °) (I +tan 34°) 

I I 
= x------------

(1 +tan II 0 ) (1 +tan( 45° -11 °)) 
'I 1 = x~---~ 

(1 + tan 1 l 
0

) (l + 1 - tan 11 °) 
1 +tan 11° 

J (1 + tan 11 °) 1 
= X =-

(1 + tan 11 °) 2 2 

2. (5) j(x) = 2( 7 cosx + 24 sin x) ( 7 sin x- 24 cosx) 
rcos8• 7; rsin8= 24 

24 
? = 625· tan8=-

' 7 
j(x) = 2r cos (x - f:J) x r sin (x- (}) 

= ?(sin2 (x - 8)) 

f{x)max = 252=> (j{x))l/4 = 5 

3.(1) tan(~) +tan(~)= - : ; tanG) xtan(~) =: 
A+B· 

A+B=90°=> -- =45° 
2 

b 

(A+B) --
=> tan 2 =.1 = 1-ac 

c b 
=> l- - ==- 

a a 
=>a+b=c 

=>a+b = J 
c 

a 
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4. (5) ~ I + tan 9}[1 + tan(45°- 9}] ~(I+ tan 9) (1 +:: :: :: J 

~ ;, + tan 9) ( l+ ~n 6 ) = 2 

5.(3) 

Hence, L.H.S. is equal to 

2(1 + t:n 5°t( l + tan40°)(1 +tan 10°)(1 + tan 35°)(1 +tan 15°)( 1 +.tan 30°)( 1 +tan20°)(1 + tan25°) 

=2x2=2 · · . 

-2s1n(40°)cos(40°) sin(20°) __ .;..___:.,_____:_....::.._ + --~ 
J3 cos(80°) . cos(20°) 

cot(20°) + tan(80°) 
cot(20°) 

= J3 tan(20°) - tan(80°) 

· I +.tan 20° tan 80° 

= .J3 tan( 60°) = 3 

6. (1) Let X + 5 = 14 cos 8 andy.- J 2 = 14 sin e 
:. x2 + y ~ (14 cos 8- 5)2 + (14 sin f!+ 12)2 

= 196 + 25 + 144 +28(12 sin 8-5 cos 6) 

= 365 + 28(12 sin 8-5 cos 6) 

: . ~ X2 
+ / 1 . = ~365 - 28 X I 3 = ~365 - 364 = I 

mm 

7. (5) cot x + coty = 49 

1 I 
~-+--=49 

tan x tan y 

=> tan y +tan x = 49 
tanx tan y . 

· tan x + tan y 42 6 
~ tan xtany= · =- =-

49 49 7 

~tan (x + y) = 42

1 
= 

42 
= 294 which is divisible by 2, 3 an·d 7 but not by 5. 

l-(6 7) 1/7 
. 

8. (7) From the given equations, we have 

(2 cos a+ 9 cos d)2 = (6 cos b + 7 cos c)2 

And (2 sin a- 9 sin d)2 ,;, (6 sin b- 7 sin c)2 

Adding; we have 36 cos (a+ d)= 84 cos(b +c) 

·cos( a+ d) 7 
~ cos(b + c) = 3 



9. (8) Since cos A +cos B = 0 

=>A+B=tr, 

:. B = n-A 

=>sin A+ sin(tr-A) = I 
' 1 =smA=-

2 
=A = 30° and B = 150° or A = I 50° and B = 30° 

=> 12 cos 60° + 4 cos 300° = 8 

2 tan f3 ·2 tan a 
l0.(4) 5 1+ tan2 f3 = 3 1 + tan2 a 

5 tan f3 3 tan a 

=> J + tan 2 f3 = 1 + tan 2 a 
Substituting tan {3 = 3 t~n a, we have 

5 x 3 tan a 3 tan a 
----:~ = 2 
1 + 9 tan 2 a 1 + tan a 
= 5 + 5 tan2a = 1 + 9 tan2a 
=> 4 tan2a= 4 · 
=> tan a= 1, i.e., tan {3= 3 
:. tan a+ tan /3.= 4 

1r 1C 
11. (4) Let f)= ]6 => 89= 2 

y =tan 8+ tan 58+ tan 90+ tan 138 
:. y c (tan fJ- cot 8) +(tan 59- cot 58) 
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(i) 

[as tan 138= tan(88 + 58) = - cot 58 and tan 98= tan(88 + B)=- cot 8] . 
c (tan 8-cot 8) +(cot 38-tan 38) · 

= sin2 fJ- cos2 f) + cos2 38 - sin2 38 

sin 8 cos e sin 38 cos 38 

=> v = 2(cos 68 _ cos 28] 
• sin 68 sin 28 

= 2(sin 28 cos 68- cos 28 sin 68] 
sin 69 sin 28 

=-2 [ sin 48 ] = - 4 
cos 29 sin 29 

Hence, absolute value = 4 . 
. 12. (2) cos 290° = sin 20°; sin 250° = -sin 70° =-cos 20° 

1 
=>--

.J3 cos 20° sin 20° 
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J3 cos 20° -= sin 20° 
=--=--- - - -

.,[3 sin 20° cos 20° 

2[ sin 60° cos 20° - sin 20° cos 60°] 

- J3 sin 20° cos 20° 

4 sin 40° 4..[3 
= =--

J3sin 40° 3 

'Hence, the greatest integer Jess than or equal to is 2 
13. (4) sin6x + cos6x = (sin2x + co~2x) (sin4x + cos4x - sin2x cos2x) 

. 3(sin 2~)2 
= J - 3 sm2x cos2x = 1 - __ ____;._ 

4 

4 
=>y= 

4 - 3(sin 2xi 

4 
=> Ymax = 4- 3(1) = 4 

0 2 ' ' • • 

. · [cosx sinx] ( . )2 
14. (3) cos2(45° + x) +(sin x - cos xi = ..fi - .fi . + sm x- cos x 

3 . ' . 3 ( ) 
= 

2 
(1 - sin 2x) = 

4 
1 - ( - 1) 

Hence, the maximum :alue is=:' ~ (1 - ( - 1) ~ ~ 3 ·· 

15. (6) Nr. = (sin2 t + cos2 t)2 - 2 sin2 t cos2 t- 1 =- 2 sin2t cos2t 

Dr. = (s in2 t +: cos2 t)3
- 3 sin2 t cos2 t - 1 =- 3 sin2t cos2t 

1 1 1 1 1 1 
J 6. ( 6) . 1 oo + . soo - . 700 = + ---

sm sm sm cos 80° cos 40° cos 20° 

0 ' 

cos 40° cos 20° + cos 80° cos 20° - cos 40° cos 80° 

cos 20° cos40° cos80° 

= 8[ cos20°( cos40° + cos80d)-cos~oo cos80° ] 

=. 8[2COS20° COS60° COS20° - COS40° COS80°] 

= 4[2cos22oo- 2cos40° cos80°] 

= 4[1 + cos40° - (cos120° + cos40°)] 

3 
= 4 x- = 6 

2 
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I 7. (7)/(x) = 9 sin2x- 16 cos2x- 10(3 sin x- 4 cosx) - 10(3 sin x + 4 cos x) + 100 

= 25 sin2x-60 sinx + 84 

= (5 sinx-6)2 + 48 

The minimum value ofj(x) occurs when sin x = 1. 

Therefore, the minimum value of~ f(x) is 7. 

18. (0) In 6.A BC, tan A +tan 8 +tan C =tan A tan 8 tan C 

~ x + x + I + I - x = x(l + x )(1 - x) 

~2+x=:x-x3 

~ x3 = - 2 => x = - 2113 

=> tanA = x < 0 ~ A is obtuse 

=> tanB =X+ 1 = 1 -2 113 < 0 

Hence, A and Bare obtuse, which is not possible in a triangle. 

Hence, no such triangle can exist. 

(
sin 2x) 

19. (4) Given Jog10 2 = - 1 

sin 2x 1 
=> --2 10 

. J 
=>sin 2x=-

5 

. ~ log1o -
10 

Also log10(sin x + cos x) = 
2 

11 
=> I + sin 2x = -

. 10 

1 n 
=> l +- = 

5 10 

6 IJ 
=>-=-

5 10 

n 
=>- =4 

3 

(i) 
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20
. (

4
) 2sin4° cos3° + 2sin 4° cosl 0 ~ 2sin 4°[cos 3° +cos 1 °] 

cosl 0 cos2°sin4° cos l 0 cos 2°sin 4° 

= 4cos 2°cosl 0 =
4 

cosl 0 cos2° 

. 2c 1 . c 1 
0 ~ sm --·-sm-+- = 

2 2 . 2 16 

~C-•in~r ~o 
. c l 

~Sin-=-

2 4 

• 2 c 1 7 
~ cos C = 1 - 2 san - = 1 - - = -

2 8 8 
22. (2) In the triangle, 

tan A + tan 8 + tan C = tan A tan B tan C 

1 (2k + 1)(4k + 1) 3 
=> . =- + 3k 

2 2 2 2 

8k2 + 6k +] 3+6k 
:;:::) 8 = --

2 . 
:;:::) 8/2 + 6k + I = 12 + 24k 
~ 8~ - 18k- I I = 0 
~ 8/2-22k+4k-ll =0 
=> (2k + 1)(4k- 'II) = 0 
=> k=-112 or 11/4 
Fork= -1 /2, tan B = 0 (not possible) 
:.k=ll/4 

23. (4) 4 sin3x cos 3x ~ 4 cos3x sin 3x = % 
' 3 

:;:::) (3 sin x- sin 3x) cos 3x + (3 cos x +cos 3x) sin 3x = -
. 2 

:;:::) 3 [sin x .cos ~x + cos x sin 3x] = .% 

. f 
:;:::) sm 4x = -

2 
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. Archives · . 

Subjective 

tan a+ tan {3 
1. We have tan( a+ ,8) = -------'--

1- tan a tan p 

= 

m 
--+--
m+l 2m+l 

m · 1 
1---x-

m+J 2m+l 

=2m
2 

+2m+.l = 1 
2m2 +2m+J 

~ a+ /3= mr+.Td4, where n E Z. 

2. a. To draw the graph ofy = ~(sin x+cos x) from x = - n tox = TC 

"'2 2 2 

y y =sin x 
y = sin (x + n14) 

","" 
~~~ 
~/ 

, , , 
\ ' \ I 

" ~---+--+-~--~-+---r---•X 
X' -n/2 - n/4 0 Tt/4 rr/2 3rr/4 

y 

Fig. 2.47· 

y~ ,fi<sinx+cosx)=sin(x+:) 

h We have cos (a+ /3) = ~ and sin'(a- /3) ~ 2... 
5 13 

3 5 
~ tan (a + /3) = 

4 
and tan ( ~- /3) = 

1 2 
5 3 
-+-

2 [( !h. ( lh.] tan(a-fJ)+tan(a+/3) 12 4 56 
tan a=tan a+p1 + a-pJ = = =-

l-tan(a-/3)tan(a+{J) I - C~)(~) 33 

3. We have, 

5cos8+3cos (e+tt)+3=5cos0+3cos0cos n -3sin0sintr +3 = .!2cos8- 3J3~in8+3 
3 . 3 3 2 2 
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Now,- C}J +( 
3~J ~ '} cos9~ 3~ sin9~ c:r +(3~J 

13 3J3 . = -7 5: -cosB--sm8 5:7 
2 2 

13 : 3.J3 . = -45. - cos8--sm8+3 $;; 10 2 2 . 

4. Given a+ /3 - r= rrand to prove that 

sin2 a+ sin2 f3- sin2 r= 2 sin a sin f3 cos r 
L.H.S. ""'sin2 a+ sin2 {J-sin2 r 

= sin2 a+ sin(/3 + y) sin (/3- y) 

= sin2 a+ sin(/3+ y) sin (rr- a) 

= sin2 a'+ sin(/3+ n sin a = sin a [sin a+ sin (/3+ y)) 

=sin a[sin[rr-(/3- nl + sin(/3+ n] 
=sin a(sin(/3- y) +sin (Jl+.y)] =sin a [2 sin t1 cos il 
= 2 sin a sin f3 cos r 
=R.H.S. 

5. We have, 

cos 9+ sin 9= J2[ ~cos9 +~sin 9] = J2 sin(tc '.4 +9) 

.. cos 8+ sin 85. J2 < rc/2 

. . cos 8+ sin 8 < tr/2 ~ cos 8 < T£12 - sin 8 

(·: a+/3-r=Tt) 

( 
... .J2;:; l.414) . 
1r /2 = 1.57 

(i) 
As 9 e [0, tr/2] in which sin 8 increases, taking sin on both the sides of Eq. (i) we get 
sin( cos (J) < sin(T£12- sin 8) ==>sin( cos 8) <cos( sin 8) 
~ cos( sin (J) >sin (cos 8) 

6. L.H.S.=sin I2°SJn48°sin54.0 

;:; .!. [2 sin 12° cos 42°] sin 54° 
. 2 

= ~[sin2 54°-~sin54°] 
= ~[ 2sin2 54°-sin 54° J 

= !H'+4~r -(l+4~JJ . 
= ~Hl+s,:2~}('+j5)] 

1 1 ~ ~ 1 .1 
= -x-

8
(6+2v5 -2-2v5] = -x4 =- = R.H.S. 

4 . . 32 8 

(ii) 
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7. We know that 

n l . , (2n + l A) cos A cos 2A cos4A ·· ·cos 2 A= 1 sm 
2n + sin A 

16 cos 
2
n cos 2 (

2
n) cos 22 

(
2n) cos 23 

(
2
n) 

15 15 15 15 

sin (24 A} 
= 16 ---'---'-

24 sin A 
(where:4 ""2m'15) 

= J
6

sin(32tr/l5) = sin(327r/15) = sin(32tr/15) _
1 

16 sin 21r 115 sin ( 21r + 2n 115) sin (32n /15) 

8. We know that 

2 
2tan a 

tan a;;; ., 
1 - tan- a 

1 2 . 
- tan a 

2 2 ----= cot a => cot a-lan a = 2 cot 2 a 
tan a 

Now we have to prove tan a+ 2 tan 2a + 4 tan 4 a+ 8 cot 8a= cot a 
L.H.S. 
=~na+2~n2a+4~n4a+4~c~8~ 

= tan a+ 2 tan 2 a+ 4 tan 4 a + 4 ( cot4 a - tan 4 a) 
=tan a+ 2 tan 2a+ 4 tan 4a+4 cot4 a-4 tan 4 a= tan a+ 2 tan 2a+ 2 (2 cot 4a) 
=tan a+ 2 tan 2 a+ 2 (cot 2 a - tan 2 a) 
= tan a+ 2 cot 2 a = tan a+ (cot a~ tan a) 
= cot a= R.H.S. 

9. Given that in ~ABC, A, Band Care in A.P. 
:. A+B=2B 
Also A+ B+C= 180° => .B+ 28= 180° => .8=60° 

Also given that sin (2A +B)= sin (C -A)= -sin(B + 2C) = .!_ 
2 

=> sin (2A + 60°) === sin (C -A} =-si~ (60 + 2C) =.!. 
. 2 

From Eq. (i), we have 

sin (2A + 60°) =.!. 
2 

=> 2A +60°= 150° 
=> 2A = 900 
;;::;:} A =45° 
=> C = n-A - 8 = 75° 

tanx 
10. Let y =--

tan 3x 

= 
tan x ( 1 - 3 tan 2 x) 

3 tan x - tan 3 x 

1-3 tan2 x 
= 

3- tan2 x 

(i) 

[using Eq. (i)] 

[using Eq: (i)] 
[using Eq. (i)] 

(i) 
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=> 3y- (tan2 x)y = 1-3 tan2 x 
=> (y- 3) tan2 x = 3y -I 

~ tan2 x = Jy- 1 · 
y-3 

3y -1 
-'---~ o. 
y -3 

+ve - ve 

·~ -.... 1/3 

I 
=> y < - or y ~ 3 

3 
Thus,y never lies between l/3 and 3. 

Fig. 2.48 

(L.H.S. is a prefect square) 

+ ve 

3 

rr-l 2kn 
11. S= I,Cn-k)cos-

k=l 11 

2n · 2n . ( 2tr ('I) =(n- l)cos-+(n-2)cos2- + ··· + l cos n-1)-
n n n 

We know that cos 8= cos (2n- 8). Replacing each angle ~by 2n- 9in Eq. (i), we get . 

. 2n 2n 2n [ . (')] c1•1·) S = (n- I )cos (n - I)-+ (n- 2) cos(n..,... 2)- + · · · + 1 cos - usmg Eq. 1 
' II . , ll 

Adding terms having the same angle and taking n common, we have 

[ 
2n 4n 6tr 2n] 2S = n cos- + cos- . +cos- +···+cos(n-1)-
n n n.. . n 

2 
stn(n- 1)-- -+(n-1)-

:;; ..l!.. -= n n cos n n 
[ 

. tr 2n 2n l 
n . 7r 2 · sm --

n . 

= n 1 cos n=-n ( ·: .sin(n- 9) = s~n B) 
. . .S=-n/2 

12. Given that 

. 1-2x+ 5r2 

2 sin t= · 
2 

• ,I e [-n/2,tr/2] 
3x -2x-I · 

This can be written as 
(6sint - 5)x2 +2(1 -2sinl)x- (l +2sint)=O 
For the given equation to hold, x should be a real numher, therefore the above equation should have 
real roots, ie., D ~ 0 
=> 4(1-2sint)2 +4(6sinl-5)(1 +2sint)~O 
=> · 16 sin'2 I- 8 s'in 1-4 ~ 0 
~ ( 4 sin2 1-2 sin 1- 1) ~ 0 
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=> 4( . J5 + 1 J( . .J5 -I J 0 Sin t -
4 

Sin t + 
4 

~ 

=> . (Fs-JJ sm 1 :s;-
4 

. J5+1 
Stn/2:--

4 

=> sin 1 :s; sin (- 71'/1 0) or sin 12: sin (3n'/J 0) => 1 ::;;- tr/1 0 or 12: 371'11 0 
(Note that sin xis an increasing function from -tr/2 to n/2. 

Therefore, the range of 1 is [-71'/ 2, - nil 0] u 13n/1 0, n/2]. 

1 
13. -------:--3-- = ---------

4 cos2 0 + 1 + -sin 28 2(1 +cos 28] +I+~ sin 28 
2 . 2 

=--------
2cos 28+~ sin 28+3 

2 

Now -J22 + (~)' 52 cos 28 +~ sin 28 5)2' + ( ~)' 
or - ~ ~ 2 cos 29 + ~ sin 28 ::; ~ 

. 2 2 2 

=> .!_ ~ 2 cos 28 + 1 sin 28 + 3 :s; .!..!. 
2 2 ·2 

2 
=>-~ $2 

11 3 . 
2 cos 28 +-sin 28 + 3 

2 
Hence, the maximum value is 2. 

Objective 

Fill in tile hla11ks 

1. According to the giv~n question, we have expressed L. H.S. in the form 
Co+ CtCOSX + c2 cos 2x + ... +en cos nx. 

Now, 

. 3 . 
3 

3sinx-sin3x . 
3 

3sinxsin3x- sin2 3x 3(cos2x-cos4x)-(l-cos6x) Sin X Sin X= Sin X = = __;_ ____ ____;_..;....__ _ _ .....:.., 
4 4 8 

Hence, n=6. 

2. We know that A.M. 2: G. M. 
It implies that the minimum value of A.M. is obtained when A.M.= G.M. 
Therefore, the quantities whose A.M. is being taken are equal. 
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A 

Fig. 2.49 

That is, cos (a+ ~)=c~s(fl+ ~)=cos(r+ ~) 
~ sin a= sin /3= sin r 
Also, a+ f3 + y= 360° 
=> a = f3 = r= t20° = 2n/3 

(
21r 1C) (21C tr) ( 2Tr 1C) cos -+- +cos - +- +cos -+-

Therefore, the minimum value of A:M. = 3 2 . 3 2 
3 2 

3 

3 
. 2n 

- sm- J3 3 = =--,. 3 2 

3
. . 1C . 3n . 5n . 7n . 9n . l ln . 13n 

. sm-stn-sm-sm-sm- sm-stn-
14 14 14 14 14 14 14 

. rr . 3n . 51C . rr . ( 5tr) . ( 3tr J . . ( 1C ) . 2 1r . 2 3rr . 2 5Tr = sm- sm-sm-·-sm-stn n-- sm 1C-- sm Tr-- = sm -sm -sm -
14 14 14 2 . 14 14 14 14 '1 4 14 

= [cos(Tr _!!_)cos(!E.- 37r)cos(n- S1r)]
2 

2 14 2 . 14 2 14 

1 1l' . 1l' 21C 31C 
[ { }]

2 

= 2cos-sm-cos- cos-
2sin7rl7 7 7 7 7 

[ { }]

2 
1 . 2n · 2n 3n = 2sm-cos-cos-

22 sin tr 17 7 7 7 

[ ]

2 
l . 4TC .1l' -3Tr 

= 3 . (2stn -cos( )) 
2 SIOTr/7 7 7 



= ( sin(7r + 1r /7)]
2 
= ( - sin 1r I iJ2 

= (!J2 
:= _l 

8sinrr/7 8sinn/7 8 64 

4 k 
. n . 5n . 7n . . = Sln-san-san-

14 18 18 

1l' 2n 41l' · 
""' cos-cos - .-cos-

9 9 9 

. l . 81t 1 
=---s1n-= sin1t/9 = -. 

23sin n 9 Ssinn/9 8 
9 

5. A+ B= rr/3 => tan(A + B) = .J3 
tan A + tan 8 = .J3 
1- tan A tan 8 

tanA+-)'-
__ ----:.:la:.:.n:...:A.:.. = J3 [where y = tan A tan B] 

1- y 

=> tan2 A+ J3(y -I) tan A+ y = o· 
For real value oftan A, 

3(y- 1)2 -4y ~ O 

~ 3;f- 10y+3 ~0 

=> o~ -3) ( y -~)~o 

1 
=> y~- ory;;:::3 

3 
ButA) 8 > 0 and A + B x:: n/3 =>A, B < n/3 
=> tan A tan B < 3 

.. y ~ ~,i.e., the m'axit~ut~ va.Juc ofy is 1/3. 

2 
6. We have 

cosx 

2cosx cos v - --- +-- -- = , " 
cos(x - y) cos(x+ y) cos2 x-sin2 y 

=> cos2 x- 2 sin2 y = cos2 x cosy 
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[ ·:sins; =sin(n·-11' /9)=sin lr /9] 
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=> cos2 x(l -cosy) = s in2 y - . 

~ cos2 X 2 sin2 y = 4 sin2 I. cos2 I 
2 2 2 

=> cos2 x sec2 X = 2 
2 

=> cos x sec Y = ±J2 
2 

True or false 

2 ' 28 
1 -cos B sm 2 8 

J. tan A = = =tan-
sin 8 . ·2sin 8 cos!!.. 2 

2 . 2 

B 
2 tanA 2 tan -

Hence, tan 2A = 
2 

= --....;2=--- = tan 8 
J - tan A I - tan 2 B 

2 
Therefore, the statement is true. 

Mt1ltip/e choice questio11s with o11e .correct a11swer 

J.d. From the given relations, m + n = 2 tan 9, m- n = 2 sin 8 
=> m2 - n2 = 4 tan 8 sin 9 

Also 4 .r;;:;;; = 4.Jtan 2 9- sin 2 8 ;:: 4 sin 6 tan 8 

From Eqs. (i) and (ii), we get m2 - n2 = 4J;;;;. 

-4 
2. b. tan (} = -

3 
=> 8e 11 quadrant or IV quadrant 

If(} e II quadrant, siri 8 = 4/5 
If 8E IV quadrant, sin 8=-4/5 

J . a . . a+ f3+ r=2tt=> a+ f3 +I= n 
2 2 2 

tan a 12 + tan {312 .
12 --------"-- = tan r 

1 - tan a I 2 tan {312 

=> sin 9= ±415 

=> tan a/2 + tan {312 + tan y/2 =tan a./2 tan {3/2 tan y/2 
4. b. We have sin2 8 + cos4 9 = sin2 9 + cos2 cos2 8 ~ sin2 (J + cos2 (J 

Thus. A= sin2 8+ cos4 OS I 

(i) 

(ii) 
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Again, A= sin2 8 + cos4 8 = J - cos2 8 + cos4
. f)= I + ( cos4 8 - cos2 fJ) 

( 
2 1)

2 
I 3 ( 2 1)2 

3 = 1 + cos (J -- --= - + cos (:)- - ~ -z 4 4 z 4 
Hence, 3/4 ~A~ I. 

5. c. We have cos ?1r =cos (n - ·7r) =-cos 7r 
8 8 8 

and cos 
5
: = co~ ( tr -

3
:) = - cos 

3
: 

. . L.H.S. = (1 +cos ;)(1 +cos 
3
: )(1- cos 

3
:) (I-: cos ; ) 

= (1- cos' ; ) (1 -cos' 
3
:) 

• 2 1f . 2 37r = sm - s1n -
8 8 

I (z . 2 rrJ (2 . 2 3Tr) = 
4 

sm g Sin S 

= H (I -cos :) (I -cos 
3
:)] [ ·: 1 - cos 6 = 2 sin

2 ~] 

= H (I -Jz) (I + Jz)] = : ( 1 -~) = ~ = : (I - ~) = ~ = R.H.S 

~ .J3 l 
6. c. The given expression is"./3cosccZ0°-scc20° = ----

sin 20° cos 20° 

.J3 cos 20° - sin 20° 
= 

sin zoo cos zoo 

../3 20° 1 . 20° -cos --sm 
= 4 z 2 

Zsin 20°cos20° 

= 4[sin 60°cos20°:....cos60°sin zoo] 
sin 2xZ0° 

= 4sin(60°- 20°) = 4sin40° = 4 
sin 40° sin 40° 

7. c. 3 (sin x- cos x)4 + 6(sin x +cos x)2 + 4(sin6 x + cos6 x) 
= 3 (1 -sin bi + 6(1.+ sin 2x) + 4[(sin2 x + cos2 x)3 - 3 sin2 x cos2 x (sin2 x + cos2 x)J 

= 3(1 -2 sin 2x+ sin2 2x) + (6+ 6 sin 2x)+4[1-~sin2 2x] 

,.; 13 + 3 sin2 Zx - 3 sin2 2x = 13 
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4J.y 
8. b. Given> sec2 9 = 2 . (x+ y) 

N 2 8 > J 4xy . > 1 ow,sec _ ~ 
2 

_ 

(x+ y) 
• ==> (x + y)2 ~4xy 
=> (x+ y)2 

- 4xy S 0 
=> (x-y)2 ~0 
But for real values ofx andy, (x-y)2 2:0 
:. x=y 
Also x + y:;t:O =>x:;t:Q.y:;t!=O 

9. c. [(9) =sin 8 (sin 9+ sin 39) =(sin 9+ 3 sin 9-4 sin3 8) sin 9= (4 sin 9-4 sin3 6) sin 9 
= 4 sin2 9( I- sin2 6) = 4 sin2 9cos2 8= (2 sin 9 cos 8)2 =(sin 28)2 ~ 0 

which is true for all 8. 
I 0. a. We are given that 

(cofa1)(cot ~)···(cot an)= I 
=> (cos a,)(cos CXz) ... (cos an)= (sin a,)(sin a2) .. . (sin an) 
Lety= (cos a1) (cos az) ···(cos an) (to be maximum) 
Squaring both sides, we get 
y 2 = (cos2 a 1) (cos2 ~)···(cos:,) . 

= cos a, sin a, cos ~ sin lXz ... cos an sin an 

} I . 2 . 2 . 2 ·.) = 2n"'·Sin a1 Sin a2 .. • Sln an 

=> 0 ~sin 2a1, sin 2a2, ... , sin 2an ~ I 
1 1 ' 

.. ~.2< -1 =>y<-
y - 2n - 2n/2 

Therefore, the maximum value ofy is 112n12• 

' f3 7r 7r /3 H. c. a+ = - => a= --
2 2 

=> tan a = cot {3 => tan a tan {3 = 1 

Again, {3+ y= a=> y= a - f3. 

tan a - tan f3 tan a - tan {3 
tan r = :; - .------''--

1 + tan a tan /3 2 

=> tan a""' tan f3 + 2 tan r 
12. b. Given that sit) 9 = 1/2 and cos tP= 1/3, and 9 and tP are acute a~gles. 

I 1 
· 8 = n/6 and 0 < - < -

3 2 
or cos n/2 < cos ¢ < cos tc/3 or rc/3 < ¢ < tc/2 

1t' 1t' 1t' 1t' 1t' 21t' ( 1{ 27C ) .. - + - <9+¢ < - +- or - <9+¢ < - · => 8+¢e -
2
,-

3 ,3 6 2 6 2 3 

(i) 

[using Eq. (i)] 

(i) 

[using Eq. (i)] 



13. b. sec 2x - tan 2x = = ( ) 
cos2x sin 2 ; -x 

l-cos2(!!_
4 
-x) 

I -sin 2x 

• 1C '1C ..r;; 
14.d. sm -+cos-=-

2n 2n 2 

.2n 2Tr 
2

. 1t n n 
sm -+cos -+ sm-cos- = -

2n 211 2n 2n 4 

1 
. n n => +sm- =-

• Tr n-4 
=> SJn-=--

n 4 ll 4 

For n = 2, the given ~quat ion is not satisfied. 

Considering that n > 1 and n ~ 2, 0 <sin Tr <I => 0 < n-
4 

< I 
IJ 4 

=> 4<n<8 

15. b. 8e ( 0, :) =>tan 8< I and cot()> I. 

Let tan 9= 1 -x and cot 9= I+ y, where x,y> 0 and are very small, then 
It::;:: (1 - x)l-x, /2 = (1 - x)l+y,h = (1 + y)l-x, 14 .... (I + y)l+y 

Clearly, 111 > t3 and t1 > 12• Also t3 > t 1• 

Thus, 14 > 13 > 11 > 12• 

Multiple clloice que.~tions willl one or more titan one correct am•wers 

l. b. 3[ sin
4 G"-a )+.sin4 

(31!' +a)]- 2 [sin6 G I!' +a)+ sin6 
(51!'- i:t)] 

= 3(cos4 a+ sin4 a)- 2(cos6 a+ sin6 a) 
= 3(1 - 2 sin2 a cos2 a)- 2[(sin2 a cos2 a)3 - 3 sin2 a cos2 a(sin2 a+ cos2 a)] 

= 3(1 - 2 sin2 a cos2 a)-2[ 1 - 3 sin2 a cos2 a] = 1 

2. b, c. All are infinite G.P. 's with common ratio < 1 

1 1 I I 
. x= l - cos2.¢ =-si_n_2 _¢ ,y= l - sin2 ¢::::; cos2 ¢,z= 1- cos2 ¢sin2 ¢ 

orxy+z=xyz 

sin2 ¢+cos2 ¢ 
Clearly x + y = = .\)~ 

' ~n2 ¢cos¢ 

:. x+ y+ z=~yz 
-

13-1 
3. c. We know that sin J 5°= ..fi (irrational) 

2 2 

·../3+1 . . 
cos 15° r:: (irrational) 

2v2 

(i) 

[using Eq. (i)) 
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= .!.. sin 30° =.!.(rational) 
2 4 

sin 15° cos 75° = sfn I 5° cos (90 -:- I 5°) 

=sin J so sin 15° ~·sin2. 15° = .!_(I+ cos'30°} = !(J-.J3 J (irrationa~) 
. . 2 2 . 2 

4. a, b, c, d. 

/,(9)= sin(8/2).[2cos
2
(8/2) 2cos

2 
8 2cos

2 
29 ···] 

" . cos(9/2) cos9 cos26 . cos46 

= sin 8 [2cos
2 e 2cos

2 
28 .. ·] 

. cos 8 cos 28 cos 49 

= sin 28 [2cos
2 

29 ·· ·] = tan 2"9 
. cos 29 cos49 . 

. . 

( 1C) 1C 1C 
' 2 - = tan 4 - = tan- = 1 

J: 16 ' 16 4 . 

Similarly, ! 3 (!!.._),. /4 (.!!_) and fs (_!!_) are found to be tan !!_ = I 
32 64 128 4 

5. c. For 8.= -rr/2, f3:::d -Ti/2 and y = 2rr 
·sin a+ sin {3+ sin r=-2. 
Hence, the minimum value of the expression is negative. 


