Exercise 14.7

Answer 1E.

(A)
f(L)=4, £,(L)=1, £,(1L1)=2

Then D= fu(LD)f, (LY)-[7, (1T
=(9)@)-0
=8-1=7>0

Now D>0and £, (1.1)=4>0

Then f(1.1) 15 a local minimum

(B)
F= (L) =4, 7 (1L1)=3, £, (L1)=2

Then D= fu(LD) 7, (LY)-[7, (01T
=4(2)-9
=8-9
=-1<0

Now ) < 0, then (1, 1) 15 a saddle point of

Answer 2E.
(&) g.(0.2)=-1, g,(0.2)=6, g,(0,2)=1

Then D= g.(0.2)g, (0.2)~[,(0.2)]

=(-D()-(6)’
=-1-36
=—37<0
Now D < 0, then (0, 2) 15 a saddle point of g

®) g.(0.2)=-1, g,(0.2)=2, g,(0,2)=—-8



()

Then D= g.(0.2)2, (0.2)~[,(0.2)]

=(-)(-8)-(2"
=8—-4
=40
NowD>0and g (0,2) <0, ﬂlﬂng(ﬂ,E)is a local mazimum

g.(0.2)=4, g,(0,2)=6, g,(0,0)=9

Then D=ga(0.2)2,(0.2)[2, (0.2
=(4)(9)-(6)
=36-36

Now D =0, then the second derivative test fails here and gives no information
about g(0, 2)

Answer 3E.

f(x,_}r)=4+x3+_}r3—31y

First we locate the critical points

f.=32-3y
f,=3"-3x

Setting these partial denvatives equal to zero, we obtain
3 =3y =0

And 3y -3z=0

Or x—y=0 and y*—x=0

To solve these equations

¥ -y=0

»(»*-1)=0
LE. y=0,1
Then x=0,1

Thus the critical points are {0, 0) and (1, 1)



Now the contour map of the function f 1s given

The level curves near (1, 1) are 1n oval shape and indicate that as we move away
from (1, 1) 1n any direction the values of f are increasing thus f has a minima

at (11)

Also the level curves near (0, 0) resemble hyperbola

They reveal that we move away from onigin, the values of f decrease 1n some
directions but increase in other directions, thus f has a saddle point at (0, 0)

Now f,=6x, f,=06y
Fp="3

Then D(xy)= fnfn_(fv)z
= 36579

At (1, 1)
D(1,1)=36-9
=27>0
Since D > 0 and f_ =6 > 0f has a local minima at (1, 1)

At (0, 0):
D[U,U):Bﬁ(ﬂ)—ﬂ
=—9<0
Since D < 0, fhas a saddle point at {0, 0)

Answer 4E.
Fflxy)= Ix—x — 2_}?2 +_}r‘

First we locate the critical points
f.=3-3¢
fy=—4y+4y’

Setting these partial derivatives equal to zero, we obtain
3-322=0

Or  3(1-5)=0

And Ay+4y° =0

Or  —4y(1-3")=0

On solving these equations we obtain
x==%1, y=0, *1

Then the critical points are: (L—1), (—1,1), {11), (1,0), (~1,0)and (-1,-1)



Now the contour map of the function f 1s given

The level curves near (1, -1), (1, 1) and (-1, 0) resemble hyperbola thus f has
saddle points at (-1, 0), (1, -1) and (1, 1)

Also the level curves near (-1, 1), (-1, -1) and (1, 0) are 1n oval shape As we
move away from (-1 1) and (-1, -1) in any direction, the values of f are increasing
thus f has a minima at (-1, 1) and (-1, -1)

But as we move away from (1, 0) in any direction, the values of f are decreasing,
thus f has a maxima at (1, 0)

Now f,=-6x
£, =—4+12y"
So=0
Now D=f.f,—Fo

= 24z(1-3)")

At(l, -1): D= 24(—2)
=-—48<0
That 15 (1, -1) 1s a saddle point

At (-1, 1) D=-24(-2)
=48>0

And £ (-L1)=6>0

That 1s (-1, 1) 15 a local minima

At(1,1);,  D=24(1-3)
=24(-2)

=—48<0
That 15 (1, 1) 15 a saddle point

Ar(l, 0); D=24>0
And fn(l,ﬂ)z—ﬁ <0
That 15 (1, 0) 15 a local mazima

At (-1, 0); D=-24 <0
That 15 (-1, 0) 1s a saddle point



At (-1, -1); D= —24(—2)
=48>0

And  fo(-1.-1)=6>0

That 15 (-1, -1) 15 a local minima

Hence f has:
Local minima at {-1, 1), (-1, -1}
Local mazima at (1, 0)
Saddle point at (1, -1), (1, 1), (-1, O)
Answer 5E.

Wehaveﬂx,y)=xz+;}r+)3+y_

Find fi(x, ¥), H(x. ¥). fulx. 3). fplx. ). and fo(x, ¥).
f,(x, _}r) = 2x+y

Je(x ) =2

_}’;(x,_}r) = 2y+x+1
j.r(x'-}') = 2

fv(x' -7") =1

Equate £;(x, ») to 0 and £(x, ») to 0.
2x+y =10
¥ = —2x
2y +x+1=10
Replace y with—2x 1n 2y + x + 1 =0 and solve forx.

2(—2;{)+x+1 =0
-3x+1=0

1

x=-

3



Substitute % forxiny=-2x.

4

Now, evaluate D givenby £, (a.5)f,(a.8)~ [/, (a. )] .
D =(2)@)-[1f

=7y

Since D> 0, fix(x, ) = 0, the given function has a relative minimum at (% - %)

Replace x with % and_}*with—% andﬁndthevalueoff(%,—%].
(5--9- 6 -0+ (3)
fl=-—=1=1=]| +|=ll-=|+]|—=]| |-

3 3 3 3 3 3 3
1 2 4 2
= ——— 4 — — —
9 9 9 3
-
E:

1 2 1
Thus, the given function has a relative minimum f(— - —] = —=]

Answer 6E.

By soving f, =0, f, =0.

Multiply (2) by 2, and add to (1),

—3y—-6=0
y=-2
By (2).
x-2(-2)-2=0
x=-2

Therefore the critical point of fis (-2,-2)



Next caiculate the second partial derivatives and D(:, _y):

_9.

o=
-2 (r-2:-2)
=0-2-0
=-2
_9.

I >

d
=—(y—2x-2
Ew(r )
=]
And,
%

-'f.-lr i ay
=§{I—2}P-2)
=0-2-0
=-2

Also,
D(I'!P}=fnf_|:r—f;:
=(-2)(-2)-(1y
=3

Then,

D(-2,-2)=3>0

Now,

fo(-2-2)=-2<0

So, by the Second Derivative Test, the local maximum of £ is,

F 2
£ (-2-2)=(-2)(-2)-2(-2)-2(-2)-(-2)’ -(-2)
=4+4+4-4-4
As D ¢ (. from the Second Derivative Test, there are no saddle points of f_

The graph of the given function is shown below:



. —>local maximum of f

z=4

=0

==1

Answer 7E.
Consider the following function:
f(xy)=(x-y)(1-x)
Rewrite the given function as,
f(xy)=(x-y)(1-2)
=x-xy-y+z

Find the local maximum and minimum values and saddle points of the given function.



Recall that the second derivative test as,

Suppose the second partial derivatives of f are continuous on a disk with center (a,b]_
suppose that f, (a,b)=0and f (a,b)=0.

Here {a,b)is a critical point of £

Let D(a,) = £..(ab) £, (a:b) (7, (a.b))"
It D>0and f_(a,b)>0then f(a,b)is a local minimum.
It D>0and f_(a,b)<0then f(a,b)is a local maximum.

If D<Othen f {a,b)is not a local maximum or minimum.
First partial derivative of f(x, y)with respect to x.

£ (x2) = f (x.9)
=2 (x-2y-y+07?)
éx
=1-(2x)y—0+(1))"
=1-2xp+)’

Equate the expression f, {x, _}-}tD Zero.

f,{x.,y)=l]
1-2xp+y =0

First partial derivative of f(x, y)with respect o y.

=

£, (x.y) =§f (x.»)

c
=—(x-2y-y+x’
= )
=0-x*(1)-1+x(2y)
=—x" —1+2xy
Equate the expression fv {1, _}r)tD Zero.

f,(x.y)=0
-’ =1+2xy=0



Solve the two equations | -2xy—y* =0 and —x* -1+ 2xy=0.
Add two equations as,
1-2xp+y° =0
—14+2xy-x*=0
y=-x=0
y=x

So, y=%1x.

Substitute x for ¥ in 1-2xy+y* =0.
I—2.:r|:.rj+l[.w:)z =0
1-2x" +x* =0
¥ =1
x=+I

S0, y=+I1.

Thus, the points are (1,1),(-1,-1).

Substitute —x for ¥ in 1-2xy+y* =0.

I—2x(—x)+(-x) =0
1+2x* +x° =0
35 =—1

S0, x have no real roots.

Thus, the critical points are (1,1)and(-1,-1).
Second partial derivative of f (x, y)with respect io x.

. (x.}')=§f}(w)

=§(I —2.1)’+}'2}

='ﬂ—2{|)y+ﬂ'
=2y



Second partial derivative of f(x, y)with respect to y.
y_ O
IIF{I?})_E-{)‘{I’}T]

= qi[—xz —1+2xy)
oy
=0-0+2x(1)
=2x
Partial derivative of f, (x, y)with respect to y.

fr_r(x.y}%mx,y}

=§{1—2_1y+y2}

=0-2x(1)+2y
==2x+2y

The value of pis,

D(x.y)= 1t —(£.)
=(-2y)(2x)-(-2x+2y)
= —4:}:—(41‘3 +4y° —8.1}')
=—4x° —4)° +4xy

Al the critical point (1,1).

D(1L,1)=-4(1) -4(1)" +4(1)(1)
=—4-4+4
=-—8+4
=—4



At the critical point (~1,-1).

D(=1,-1)=—4(=1) =4(=1)" +4(=1)(-1)

=—4-4+4
=—8+4
=—4
fol(xy)=-2y
fo(00)=—2

By the second derivative test

Since D < (. the given function has no maximum and minimum at (1,1)and(-1,-1).

Therefore, the given function has |saddle pointsat(1,1)and(—1,-1)}

The graph of the function f(x, y)=(x- y)(1-xy)is as shown below:

Use maple software.




Answer 8E.
Wehave f(xy) = e > 7
filx y) = eV _ 42V
= ¥ ¥ (1-42%)
Falx ¥) = 1207 1657673
= 4z (=3 + 42%)

5 (xy) = — 4™

fp(x, _}r) = — 4V, 1\‘.Sx_'y:ﬂ'—i'ﬂ_2""i
= 4139‘2'1' =l (—1 + 4_}!23_2'1_2’1)

fv (x, y) = - 4_}@_::*_:;* — 1\‘5;[2_';,@—2'1_2"i
= 4y -1+ 42)

‘We equate £i(x, ) to 0 and £,(x, ¥) to 0 to get
e ¥ (1-42") = 0 and — g™ ¥ = 0.

On solving both the equations, we get (é ﬂ] and (—% U).

Find £, G u) by replacing x with % and y with 0 in
ful® ) = 42 (3 +42%).

(3) 4[3;{%}1”""’*[—3“@]‘]

1

=491

Similarly, we get
1 L
N U = 4'2 2,
7u(-39)



Now, evaluate D(é UJ and D[—%, U] given by

D = fu(a.b)fy(a.b) - [ (@.5)]"

o) (2ol ]

I
&
|
B |
I
I
&
|
p—
I
pr—
=
=

1

We note that D(% U] =8> 0 and fn(%, U] = —4¢ ? < 0. This means that
1 ! ]

f(E U) 15 a local mazimum.

Replace x with % andy withOin f(x,y) = ==

(b))

1
_ 1l
.
_ _ _ _ 1 1
Thus, the given function has a relative mazimum |f E 0| = EE I




1
Since D[—%,U] = 8> 0 and fn[—%, U) =4e 2> 0, we can say that f(—%, ﬂ)

15 a local mimmum.

Substitute % forx and 0 fory in f(x y) = xe B

39 (5

1
L
2
: : N 1 1 =
Thus, the given function has a relative minimum | 7 —E, 0| = _EE I
Answer 9E.
Consider,

f{x,y)z_}'j +3x°y—6x" —6y" +2

To find the local maximum, local minimum values, and saddle points of this function by using
the Second Derivative Test as follows.

Suppose the second partial derivatives of the function f are continuous on a disk with center
(@,b). and suppose that f, (a,b)=0, f, (a,b)=0

That is, the point (a,b)is a critical point of f

Let D(a,b)=f..(a.b) £, (a.b)-[ £, (a.b)]

1.If D>0and f_(a,b)>0.then f(a,b)is a local minimum.

2. If p>oand f_(a,b)<0.then f(a,b)is alocal maximum.
3.If D<Qthen f {a,_b}is not a local maximum or local minimum.

In case (c), the point {a,,b)is called a saddle point of f.

To find the critical points:
f(ey)=y +3y—6x" -6y +2

af

fen=L A==y
=6xy—12x =3y +3x° 12y _j",J,fLJt.',_;l.#)=i
o, o, »
Sox -"')=Er £ (x, y)==% =6x

=6y-12 —6y-12



Solve the equation, f, =0

6xy—12x=0
x(ﬁy-]?}zﬂ
x=0,6y-12=0
x=0, y=2

Substitute y=2in the equation, f, =0
3y +3x° 12y =0
3(2) +3x° -12(2)=0

1243 -24=0 ___

Substitute x=0in the equation, f, =0
37 +3(0)" —12y=0
¥(3y-12)=0
y(3y-12)=0
y=0,y=4
Thus, the critical points of f are (2,2),(-2,2),(0,0),and(0,4).

Now,

D(ab)=£. (a.b), (a.b)-[ £, (ab)]

At the critical point (2,2).
D(2.2)=1.(22)£,(22)-[ £, (22)]
=(6(2)-12)(6(2)-12)-[6(2)]

={0)(0)_[] 2]2 A5 D <), there i5 no local maximum or local minimum of

=—144<0
fat(2,2)



At the critical point (-2,2).
D(-2,2)=f_(-2.2) f,_,(—l.z}—[f,_,(—ll}T

=(6(2)-12)(6(2)-12)-[6(-2)]
=(0)(0)-[-12]

==144 <0

As D < (. there is no local maximum or local minimum of f at (-2,2)
At the critical point (0,0).
D(0,0)= 1. (0.0) ;;_,(u,n)—[f,_,{n,ﬂ)]-

=(6(0)-12)(6(0)-12)-[6(0)]
=(-12)(-12)-[o]

=144>0

S0. D>0

And,

£.(0,0)=6(0)-12
=-12<0

Therefore, by the Second Derivative Test, the local maximum of f is.
£(0,0)=0° +3(0)"(0)-6(0)" —6(0)" +2

=[2]



At the critical point (0,4).
D(0.4)=£..(04)1, (0.4)-[£, (0.4)]

=(6(4)-12)(6(4)-12)-[6(0)T
=(12)(12)-[o]

=144>0

S0, D>0
And,

f. [ﬂ,4}= 6(4]—12
=12>0

Therefore, by the Second Derivative Test. the local minimum of £ is.

£(0.4)=4"+3(0)(4)-6(0)" -6(4) +2
—64-96
=[-32

The graph of the given function is shown below:

/ I — local maximum of f

=-2

w0

—}l::u:ﬂ minimum of f



Answer 10E.

Consider,

f{I,_}")=1:P(1-I—J-’)

To find the local maximum, local minimum values, and saddle points of this function by using
the Second Derivative Test as follows.

Suppose the second partial derivatives of the funclion f are continuous on a disk with center
[a,b)., and suppose that f, (a,b) =0, f, (a,b] =0

That is, the point (a,b)is a critical point of f .

Let D(a,b)= /.. (a5) £, (a:b)~[ £, (a8)]

1.If p>opand f_ {a,b) > 0. then f{a,b)is a local minimum.
2.1f p>oand f,_(a,b)<0.then f(a,b)is alocal maximum.
3.If p<othen f(a,b)is not a local maximum or local minimum.
In case (c), the point [a,b)is called a saddle point of f

To find the critical points, soive f, =0, f, =0

Consider,

f(xy)=xp(1-x-y).or f(xy)=xy-xy-x"

fxn)=Z

=y-2xy-y
=y(1-2x-y)

7(x r}=%

=x-x" —2xy
=x(l-x-2y)



If f.=0.then
y(1-2x-y)=0
y=0orl-2x-y=0 ..... (1)
If f,=0.then
x(l-x=2y)=0
x=0o0rl-x-2y=0 ... (2)

From the equations (1), and (2), ({],ﬂ] is a critical point of f

Substitute y=0from (1) in 1-x=2y=0.
x=1
Therefore (1,0)is a critical point of f
Substitute x =Qfrom (2) in 1-2x-y=0.
y=1
Therefore (0,1)is a critical point of f
Multiply the equation 1-2x—y =0 by 2, and subtract from the equation 1-x-2y=0.
l1-x-2y=0
2—4x-2y=0
—1+3x=0

1
x=—

3

Then by (2),
l=-x=2y=0

1
I
32

Therefore [%%JIS a critical point of f

Therefore all the critical points of f are ({Lﬂ),{l,n},{ﬂ,l],(%i%J



Now find the second order partial derivatives:
fo(xy)=y-2xp-)
of,
xy)=—*
=2y
fy{‘r".}r]zx_‘tz-zx}.
d,
f,,{x,y]=g’
=—2x
Also,
o
f!:-' {I’y}=gj
c 2
=E{x-—x'-—2.1y]
=1-2x-2y

Now, find the values of all second order partial derivatives at the critical points,

{ﬁ,ﬂ],(],ﬂ].{ﬂ,l){%,%]
At the critical point (0,0).
f(0.0)=-2(0)
=
£,(0.0)=-2(0)
=0
£, (0.0)=1-2(0)-2(0)
=1
And,
D(0,0)=£..(0.0) £, (0.0)-[ £, (0.0)]

=(0)(0)-[1]
=—1

As D{ﬂ,{}) < (. by the Second Derivative Test, there is no local maximum or minimum for f,
and a saddle point of f is (0,0)



At the critical point (1,0).
£..(1.0)=-2(0)

=0
f_u-{l’ﬂ} = _2“}

=-2
£,(1.0)=1-2(1)-2(0)

=-1
And.
D(1.0)=1..(10) £, (10)-[ £, (LO)]

=(0)(-2)-[-1
=-1

As D{LB) < (. by the Second Derivative Test, there is no local maximum or minimum for f .
and a saddle point of f is (1,0)

At the critical point (0,1).

S (0.1)==2(1)
=-2
£,(0.1)=-2(0)
=0
£, (0.1)=1-2(0)-2(1)
=-1
And,

D(0.1)=£.(01) 7, (0.)-[ £, (0.0)]
=(-2)(0)-[-1]

1

As D{ﬂ,l) < (), by the Second Derivative Test, there is no local maximum or minimum for f,
and a saddle point of f is (0,1)



At the critical point [ll)
33

gOnE
AIONROR

As D(0,1)>0.and f_ [5,3

(53]

S0, the local maximum of £ is,
N O e

080

27
=0.037037

=[0.04]

And. the saddle points of fare (0,0),(1,0).(0,1)

]{ 0 by the Second Derivative Test, the local maximum of f is




The sketch of the surface f(x,y) =xy(1-x - y)is shown below:

=0

= 0.5

Answer 11E.

Consider the function f(x,y)=x'-12xy+8y".

Find the local maximum and minimum values and saddie points of the given function.
First locate the critical points:

Differentiate the function f(x,y) with respectto x, we get

f(xy)=32"-12y

Differentiate the function f{x, _].r) with respect to y, we get

£ (xy)=-12x+24)".

Set these partial derivatives f,, f, equal to 0, we obtain the equations

3 -12y=0 .. (1)

—12x+24y* =0 ... (2)



From equation (1). we have

3 -12y=0
12y =3x*

Substitute y=.r_' in the equation (2), get
4
—12x+24y° =0
-12x+24[£] -0
4

4
126+ 2 o
16

()

3
.t{l—zi]ﬂ]
16
2 -

eitherx=00r1———=0
16

eitherx=0or 1—§=U

eitherx=0orx =8
eitherx=0o0rx=2

Find the value of y correspondingto x=(.

LB

J?:

S al? aln

The corresponding critical points is [{‘.I,II]}‘



Find the value of y comesponding to y=2.

¥
-

The corresponding critical points is (Z,I]‘

Now calculate the second partial derivatives and D(x,y):
Differentiate the function f, (x,y) with respectto x, we get f_(x,y)=6x.
Differentiate the function f, (x, y) with respectto y, we get f_(x,y)=-12.
Differentiate the function £, (x,y) with respect o y, we get f_(x,y)=48y.
Now find D(x,y):

D(x,y)=fof— 1o

= (6x)(48y)—(-12)
=288xy— 144

Therefore, D(x,y)=288xy—-144.

At {{].ﬂ]:
D(x.y)=288xy—144
D(0,0) =144

Since D(ﬂ,ﬂ) =—144 < 0. by second derivative test we conclude that f {_r, y}has neither a

local maximum nor a local minimum at {{],ﬂ].

The critical point (0,0)is a saddle point.



AL (2,1):
D(x,y)=288xy—144
D(2,1)=288(2)(1)-144
=432
fo(x,y)=6x
£.(2.1)=6(2)
=12
since D(2,1)>0and f_(2,1)>0. by second derivative test we conclude that f(x, y)has a

local minimum at (2,1).

Find the function value at (2,1).

_)"(x,__v) =x -121y+3_}-3

S (2.1)=2"~12(2)(1)+8(1)
=8-24+8
=8
Therefore, the local minimum value is (2,1,-8).

Use Maple software to graph the function f(x,y)=x'-12xy+8y’.
Follow the commands given below:

with(plots):

a = pointplot3d([[2, 1. -8]. [0, 0, 0]]. color = [red], axes = normal, symbol = box)
b := plot3d(x"3+8*y"3-12"Xxy. X=-5 .5, y=-5 _5)

display(a, b, axes = boxed, style = surface, color = blue, transparency = .5)
Maple output:

> with( plots) :

> a = poiniplo3d([[2. 1.-8]. [0, 0, 0]]. color = | red], axes = normal, symbol = box)
a=PLOT3D(...)

> b= plo3d(x’ — 12-x-y + 8y, x=-5.5,y=-5.5) :

> display{a, b, aves = boxed, style = surface, color = biue, transparency = 0.5);



L&

B

£ 8

Saddle point and the local minimum value are located on the graph f/(x, _].?} =x —12xy+8y

shown below:

1000
st
] Saddle point (0.0,0)
" kT J
. Local minimum ;| 2.1.—
- LS
_51]]_:
1mu~

.
.



Answer 12E.

1 1
Consider the function f(x,y)=xy+—+—.
X ¥y

Find the local maximum and minimum values and saddle points of the given function.
First locate the critical points:

Differentiate the function f(x, y) with respectto x, we get

1
Differentiate the function f(x,y) with respectto y, we get

1
f(xy)=x 7

Set these partial derivatives f,, f, equal to 0, we obtain the equations

y——=0 . 1(1)

I-L,=ﬂ' e (2)

¥

From equation (2), we have
1

]

¥

in the equation (1), get

2

Substitute x= :
y

y-y'=0
»(1-»%)=0
y=00or)y =1
y=0ory=1
Take only y=1 since y =10 is not in the domain of the function f[_t,y].

Find the value of x correspondingto y=1.

The comesponding pointis (1,1).

Therefore, the only critical pointis (1,1).



Now calculate the second partial derivatives and D(x,y):

Difierentiate the function f (x, _p) with respectto x, we get f_=

F.

Difierentiate the function £, (x, ) with respectto y, we get f =1.

Differentiate the function £ (x,y) with respectto y, we get f_ =

Now find D(x,y):

D(-‘*J"} =fufy 'f;i

Gz

Therefore, D(x,y)=——-1.

r’y’
At (1,1):

D(.x,y)=%—l

20~y

=4-1

| ro

3

y



since D(1,1)=3>0and £_(3,11)=2> 0. by second derivative test we conclude that
£ (x,y)has a local minimum at (1,1).

And the local minimum value of Fis
1 1
f{'rs_,v}="}'+_+_
xr ¥y

1 1
=)+ 43
=]+1+1
=3
Therefore, local minimum value of f(x,y) is [3]obtained at (1,1).

Graph the surface and locate the minimum value on it.
Use Maple to graph the surface.

Maple commands:

with(plots);

a = implicitplot3d(z = x*y+1/x+1/y, Xx=-5 .. 5, ¥y =-5 .. 9, Z=0 .. 5, style = surface, transparency
.5, color = gold);

b = pointplot3d({[1, 1, 3]}, color = red);

display(a, b, axes = boxed);

Maple output

> with( plots) :

o= fmpficirpfﬂrjd[z= Xy + Il + i,.t=—5..5,_p=—5..5,z=ﬂ..5,s{ﬂe= surface,

>
l‘rms;mrfnq=ﬂ.5,cufﬂr=guid] :

> b := pointplot3d({[ 1. 1.3]}. color= red) :
> display(a, b, axes = boxed);
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Answer 13E.

Sf(xy)=e"cosy

Then f, (x, _}r) =g cosy

_}‘;(x,y)z—ersin_}r

First we find the critical points by setting f, =0, £,=0

Le g cosy=0

And —£siny=10

But these two equations cannot be solved for = and y. This gives that f has no
critical point.



Answer 14E.

Consider the function

f(ri_p] = yCosXx

The partial derivative of f/(x, y)with respect to x.

Sf(x.y)=ycosx
f.(x.y)=—ysinx
Equating this expression to zero,
f(xy)=0

-ysinx=0 ... (1)

¥y=0 or sinx=0

y=0 or x = nx for any integer n

The partial derivative of f (x, y)with respectio y,

f(x.y)=ycosx
fy {I"'-F) =Ccosx
Equating this expression to zero,
f_r {_r,y] =0
cosx=0

2n+1
x=u for any integer n ------ (2)

For any integer n, x cannot satisfy (1) and (2) simultaneously.

So, the only possibility is y=0.
Hence, the critical points of f {;nc+ _p] = ycosxare

It appears that  had infinitely many critical points.

[

[2ﬂ+l}ﬂ'+ﬂ

2

|

where n is any integer.



The second partial derivatives of f {_r,, y} with respect to x,
Fue) =[x 3)]
e ax X
= g[— ysinx|
0 ;.
- (sinx)

=—yCosX

The second partial derivatives of f (x, y) with respectto y,
c
fnl{'ri.y]z fr{‘r‘i.}‘:}
)= 2]

=2 feosx
= 2 feos]
=0

The partial derivative of £, (x, y)with respectto y,
c
[y (xy)= @[L(x,y:u]
= %[— ysin x]
——Z (y)sinx

oy

=-sinx

Mow

D(x.)= fu (x:3) fy (5.0)~(fu ()
={—J,?v::n::m!i;r](lﬂl]—-—(—sirlx}3

= 7
=—5In X



Second derivative test

Suppose the second partial derivatives of f are continuous on a disk with center [a,b)and
suppose that f (a,b)=0and f (a,b)=0 [ (a,b)is a critical point of f]

et D(a.b)= 1. (a.b) £, (ab)~(, (a))

(@) If D>0and f_ {a,b] > (0then f{a,b)is a local minimum.

(b) If D>0and fn{a,b] <Qthen f {a,b)is a local maximum.

(c)if D<Othen f {a,b)is not a local maximum or local minimum.

The value of D at the critical point [@,ﬂ]:

D{.r,_]r} =sin’ x

D(M,n]hsinz(w]

2
=
<0

2n+l)x
Since D(u,ﬂ] < (), t follows from case (c) of the second derivative test that

(2n+)x ) - _ _ .
— [ |is a saddle point; that is, f has no local maximum or minimum at

)

Sketch the graph f (x, _p) = yoosx using computer algebraic system:
First load the package, with( plots);
After that use the following command, to plot the function

> plotdd(y-cos(x ), x=-2x.2" y=-4_4)
The graph of f {x, y): ycos xas shown below:



Saddle points

Answer 15E.
Consider the function f/(x,y)= ( 2+ f}e*"‘ -
Find the local maximum, minimum values and saddle points of the function.
The partial derivative of f(x, y)with respect io x,
f(xy)=(x+y*)e" "
2 2 d o 2o d 2 2

fi(xy)=(*+y )E[E‘” o ]+e’ - El:x +5')

= {I: +y )E'; i (-2x)+ e (2x)

=2xe” * (-x* = )" +1)
Equate this expression to zero,

f(x.y)=0
IIE'T:_I: (—Iz -_}-'3 + I) =0

x=0or—-x' -y +1=0



The partial derivative of f(x, y)with respectto y.
S(xy) ={x3 +y° )e’:":
£ (xy)=(~ +y3)i{e’;"")+e‘:"z i{x’ +y%)
dy dy
=(+y7)e” (20)+ e (20)
=2ye” " (2 +)7 +1)
Equate this expression to zero,
f,(x.y)=0
2ye” * (x* + ' +1)=0
y=0 sincee” © #0,x° +y° +1=0 for all values of x, y

Substitute y=0in x* =1- y*(From (1)).

2 =1-(0)
=1
x=x*]
Hence, the critical points are (0,0),(1,0) and(-1,0)-

The second partial derivatives of f(x,y)are,
Differential two times with respect to x,
f(ey)=(F+y)e ™

fi(xy)= 2xe” " (—f —y? +I)
=2 (—.’(’3—1}?2 +.r)

Sfulxy)= [—.t’ . .r)e";": (-2x)+2e" {—311 v+ I)
=(2x* +20°° -2 —6x" -2)7 +2)e”
=(2x* +2x°)* -8x* -2)7 +2)e" "

The value of fll_(x., _}r]is_

fxy)=(F+57)e "

fi(xy)=2xe""" (—.r’ —y? +I)
=2e" ~ (—f - +.r)

fi(xy)= 2¢" 7 (-2xy) + 2(—:’ - +.'(‘:|E"; ~(2y)
={—4.1}*—4x’y—4.1}r’+41}-)e"’"";
={—4.t3y—4,t}=3}e’;“:



Differential two times with respect to y,
fley)=(¥ +J,==].¢a";""~
f_,{.r,yj=2ye":"; (.t’+f+1)

=29";":(:r’y+y3+_p)

fy(xy)=2e" 7 (2 +357 +1)+2(Fyp+ 7 + y)e” 7 (2)
=e” 7 (207 +6)7 +2+4x7) +4)* +4y7)
=" (ax')? + 227 +4y* +10)7 +2)

The value of f_ at critical points (0,0),(1,0) and(-1,0)is

fulxy)= (21' +2x7y" —-8x" =2y’ +2)e‘l";
f.(0,0)=(0+0-0-0+2)¢"

=2
£.(1,0)=(2+0-8-0+2)e"™"

e

f(-1,0)=(2+0-8-0+2)""
4

e
The value of f, at critical points (0,0),(1,0) and(-1,0)is.
[ (xy)= (—413_}?—4:}’3)3"' d
/,(0,0)=(0-0)e**

=0
1,(1.0)=(0-0)e""
=0
£, (-1,0)=(0-0)e""
=0

The value of f, at critical poinis (0,0),(1,0) and(-1,0)s.

fn{x,yj=e’;": (41"‘}:3 +2x° +4y* 4107 +2)

£,(0.0)=¢""" (0+0+0+0+2)
=2

£, (L0)=€""(0+2+0+0+2)

f,,_[—l,ﬂ}:ef'f{ﬂ+2+ﬂ+ 0+2)

m |



Recall the second derivative test

Suppose the second pariial derivatives of f are coniinuous on a disk with cenier {a,b)and
suppose that f, (a,b)=0and f (a,b)=0 [ (a,b)is a critical point of f1].

Let D(a.b)= f..(a.b) £, (@.b)~(f, (a.b)) -

(@) If D>0and f,_(a,b)>0then f(a,b)is a local minimum.

(b) f D>0and f(a,b) <0then f(a,b)is a local maximum.

() If D<Othen f (a,b}is not a local maximum or local minimum._

At critical point (0,0). the value of pis,

D(a,b)=f..(a.b) £, (a.b)-(, (ab))
D(0,0)=(2)(2)-[o]
=4

Since D~ (@and fﬂ > (), the critical point [{],{I) is a local minimum.
The local minimum values is
£(0.0)=(0%+0%)e**
At critical point (1,0). the value of pis.
D(ﬂ,b} = fn (ﬂ‘b}fﬂ (a‘b) _{fn;r {a’b})-
D(1.0)=(—4e")(4e™)-[0]
=-16e™
Since D <. thus, the point (1,0)is a saddie point

At critical point (~1,0). the value of pis.

D(a.b)=f.(a.b) 1, (a.b)~(1, (a.b))
D(-1.0)=(~4e") (4e”)-[o]
=—-16e””
Since ) < (). thus, the point {-l,{l}is a saddle point.



The graph of f {_r* rr}is shown below,

Use the Maple sofiware, give the command as shown in the following, and then press the
ENTER button, get required graph.

> f= (xy) = + %) eply? - )

f=lry)—=(F+3) &’

plotdd (f(x,¥). x =-0.5. 1.5,y = 0.5.1.5, style = patchcontour
> color = red, axes = boxed , view =-10..20,
lightmodel = light4);




Answer 16E.

Consider the function f(x,y)=¢’(y*-x*).

Find the local maximum and minimum values and saddie points of the given function.
First locate the critical points:

Differentiate the function f {x, _}r) with respect to x, we get

fi(x, y} ==2xe"
Differentiate the function f(x, y) with respectto y, we get

2

j;{x,y} =.|=:’{2‘],’-_r2 +y ]

Set these partial derivatives f,, f, equal to 0, we obtain the equations

e’ =0 (1)
ef(Iy—xz+y2)=l] ez §2)

From equation (1), get x = since exponential function never be zero.
Also from equation (2) get 2y —x* + % =0.
Substitute x =( in the equation 2y—x* + % =0.

2y-x*+y* =0

2y-0°+y* =0 [Substitute x=0.]

¥(2+y)=0
y=0,-2

Therefore, the critical points are (0,0),(0,-2).



Now calculate the second partial derivatives and D(x, y):
Difierentiate the function f (x, _p) with respect to x, we get f_=-2¢".
Differentiate the function £, (x,y) with respectto y, we get f, =-2xe’.
Differentiate the function fI{x,_p} with respectto y, we get f =e‘r{2 +4y—x° +yz];
Now find D(x,y):
D(x.y)=fuf = s
=(-2¢)e (2+4y-2 +3°)—(-2¢¢’)
= (—Ze” )(2+4}=—f +y3}—4x:el”
Therefore. D(x,y)=(-2¢")(2+4y-x"+)*)-4x7e".
Find the value of D(x,y) at (0,0):
D(x.y)=(-2¢")(2+4y-x* +))-4x’e™
D(0.0)=(-2¢"")(2+4(0)-0* +0%)-4(0)" &

=(=2M)(2)
=—4
fuley)=-2¢
£.(0,0)==2¢
=-2

Since D(0,0)=—4<0and f_(3,11)=-2<0. by second derivative test we conclude that
f (x, y)has a saddie point at (0,0).

And the value of f(x,y) at (0,0).
f(xy)=€(y' -x')
£(0,0)=¢"(0*-0%)

=0
Therefore, (0,0,0) be the saddle point



Find the value of D(x,y) at (0,-2):
D(x.y)=(-2¢")(2+4y-x"+)")-4x’e”
D(0,-2)=(-2¢"7)(2+4(-2)- 0% +(-2))-4(0)" &
=(-2¢7)(2-8+4)
=4
So(xy)=-2¢
£.(0,-2)==2¢"
since D(0,0)=4e™ >0and f,_(3,11)=-2¢" <0, by second derivative test we conclude that
£ (x,y)has a local maximum value at (0,-2)-

The local maximum value of Fis
f(xy)=e (¥ -x)
£(0.-2)=¢?((-2)-0?)
=4e”
=0.54136
Therefore, the local maximum value of f(x,y)is nbtained at (0,-2).

Graph the surface and locate the maximum value on it.
Use Maple to graph the surface.

Maple commands:

with(plots).

a = implicitplot3d(z = exp(y)*"(-x*2+y*2), x=-2 .5, ¥y=-5..5,Z=0 __ 1, style = surface,
transparency = .5, color = goid)

b = pointplot3d({[0. -2. .54136]. [0, 0. O}. color = red);
display(a, b, axes = boxed);

Maple output

> with( plots) -

, a= impliciplo3d(==&"-(3? —),x=-5.5,y=-5..5,2=0.. 1, style=surface,
transparency =5, color= gold):

> b := pointplot3d( {[0, -2,0.54136], [0, 0, 0]}. color= red);
> display{a, b, axes = boxed);



Local maximum
ra N
[0,-2.4¢72
LY r

Saddle point (0.0.0)
Answer 17E.
f(xy) =y2 - 2ycosx
To find the critical points for this function, you need to pariially differentiate this function with

respeci to x and y. Then you equate the two equations to 0 and solve for x and y to get the
critical points:

f(>x.y) = 2ysinx

fy(x.y) = 2y - 2cosx

Now to solve for them by equating them to O:
X(x.y) = 2ysinx=0 (1)

fy(xy) =2y -2cosx=0=>y=cosx (2) plug thisinto (1)

fx(X.y) = 2cosxsinx = sin2x = 0 (by trig identities)

and you get the values x =0, /2, m, 3n/2, 2w intherange | <y <7



You plug these values back into (2) to solve for the corresponding y values:
x=0,y=1 (D, 1)

Xx=mw2,y=0 (w2, 0)

X=T,y=-1 (. -1)

X=3m2,y=0 (3n/2,0)

x=2my=1 (2m1)

Now you use the second derivative test to classify them:
XX = 2ycosx

fyy =2

fxy = 2sinx

D= fxx fyy - fxy2

x=0,y=1 D:(2)(2)-0=4>0 fHox=2>0 local minimum
Xx=T2.y=0 D (0)(2)-1<0 saddle point

Xx=my=-1 D (2)(2)-0>0fx=2>0 local minimum
x=3W2,y=0 D (0){2)-(-1)2=-1<0 saddle point

x=2my=1 D (2)(2)-0=4>0 fxx=2>0 local minimum

(0, 1) = 12 - 2c0s0 = -1
f(mr, -1) = (-1)2 + 2cos™T = -1

f(2m, 1) =12 - 2cos2mw = -1

Therefore, the local minima are: f{0,1) = (1, -1) = f{2m. 1) =-1. The saddle points are
f(Tr/2, 0) and f(317/2, 0).



Answer 18E.
The second pariial derivatives of f (x, y}are calculated as follows:

Differential two times with respect to x,
f(x.y)=sinxsiny
f.(x.y)=cosxsiny

S (x,y)=—sinxsiny

Differential two times with respect to y, then the partial derivatives are,
f(x.y)=sinxsiny
f.(x.y)=cosxsiny

£, (x,y)=cosxcosy

Differential two times with respect to y,
S(x.y)=sinxsiny
£, (x,y)=sinxcosy

j_:T{.r,y] =—sinxsin y

Recalls that, assume the second pariial derivatives of f are continuous on a disk with center
(a,b)and suppose that f, (a,b)=0and f, (a,b)=0 [ (a,b)is a critical point of f]

Let D(a,b) = £..(a.b) £,, (a:) (1, (a:b))
(2) If D>0and fn{a,b] >0then f {a,b}is a local minimum.
(b) If D>0and f,_(a,b)<0then f(a,b)is a local maximum.

(€)If D<othen f(a,b)is nota local maximum or local minimum.

Substitute all the values in D(a.b)= £, (a.b) f, {ﬂebl_{fq {‘Lb})!" ek vale ol s,
D(a.b)= f..(a.b) f,, (a.b)~(1, (a.b))
D =(—sin xsin y )(-sin xsin y) - [mﬂrmsf]z

=(sin xsin y)’ —(cos xcos y)’

=sin” xsin® y—cos’ xcos” y

Since all the values are squared, we can find the value of D{t%, +

|

]in a single equation.

D(a,b)=f. {a,b)j;_, (a.b) -(fr_r {a,b])z

b= Z.£2)-()()-(0)(0)

=2
>0



At the critical point [-%-g] the second derivative is,

f.(x.y)=—sinxsiny

ol 5

Since p>(0and f_ <0, the function has local maximum at [-%,—E]_

2

Substitute (x, y)= [-%,-g) in f(x,y)=sinxsiny, and then the maximum value is,

A55)sel 5}l
=(-1)(-1)
=1

Therefore, the local maximum value of the function is,



At the critical point [—%,%} then

fo(x.y)==sinxsiny

foms 3 i )

=1
=0
And

f(x.y)=sinxsiny

(EHRERE

=—1

Since p>g0and f_ >0, the function has local minimum at (-%,%).

Substitute (x, y)= (- %,%] in f(x,y)=sinxsin y. and then the minimum value is,

NG
~-1)0)
=—1

Therefore, the local minimum value of the function is,



Al the critical point [% —%} then

fo(x.¥)==sinxsin y

ro=s(Spo(-3)

=]
=0
And

Sf(x.y)=sinxsiny
(57)-(5)l5)
=1

Since p>gQand f_ > 0. the function has local minimum at [%-%)

Substitute (x, y} = [%*-%] in f {x, _].r) =sin xsin y. and then the minimum value is,

533

1

Therefore, the local minimum value of the function is,

f(ii_f]:@_

2 2

At the critical point [%%J then

fo(x.y)==sinxsiny

en{ 2]

=-1
<0



And,
f{.r,y} =sinxsin y
T . (x). (&
f (55] =sin [E)SIH(EJ
=1

since p>0and f, <0, the function has local maximum at [%%]

Substitute (x, y}:(g'%] in f(x, _p) = sin xsin y. and then the maximum value is,

755)(3)(3)
()0
=1

Therefore, the local maximum value of the function is,

f(z,z]:m_

22

At the critical point (0,0). then
D(a.b)=1..(a.b)f, (a.b)~(7, (a.b))
=(0)'-(1)’
==1

<0
Since D < (. the function has saddle point at |(0,0))-

fo(x.y)=—sinxsiny
f.. =—sin(0)sin(0)
=0



Use maple software, the graph of f(x, y)=sinxsin yis shown below.
Maple input command: f.=(xy)—sin(x)"sin(y)

Maple Output:

f={x,v)—sin{x) sin{y)

Maple input command:

plot3d(f(x. y). x=-5 .. 5,y =-5 . 3, siyle = patchcontour, color = red, axes = boxed, view = -1 _.
1, ightmodel = light4);

Maple output-

plot3d(f(x, ¥). x=-5 .35, y=-5 .5, style = patchcontour, color = red, axes = boxed, view =~ |
-1, lightmodel = lightd):

The sketch of the function is shown below:




Answer 19E.

Consider the function.

f{x,y] =x +4_}r: —4xy+2
Diffierentiate the function pariially with respect to x and y to get the following:

S =25 + 47 -4n+2]

Gy O 2y © ¢
=g(1')+g(4-”')—g(4-ﬂ’)+g(2}
=2x+0-4y+0
=2x—-4y

And
ﬁ{r,y}:%[xz +4y' —dxy+2]

g,z O 2y O c
=—I|x" )J+—(4y" |—(4 —(2
5= )5, (9) 5, 40) 5 ()
=0+8y—4x+0
=8y—4x

Find the critical points, by setting f, =0.and f =0.
2x-4y=0 By—4x=0
:}1—2;=ﬂ Ane :}J.:*—Iy =0
Solve these two equations.
x=2y=0
x=2y=0
0=0 (Subtract]
Observe that the two equations are identical, so there are infinitely many solutions.
Since, x=-2y=0=x=2y.
Let y=keR.then x=2k.
Thus, the function f/(x, y} has an infinite number of critical points and the critical points are of
the form (2k, k). for all real numbers k.



Find the second order pariial derivatives of f(x, y)-

f.=2 f,=8 and f =—4
The variable D is given by the following:

D=D(a.b)= f.(a.b)-1,, (a.b)-[ 1, (a.b)]
D(2k.k)=(2)(8)~(-4)
=16-16
=0
Therefore, at each critical point. the value is _

Find the value of f(x, y). at each critical point.

£ (2k,k)=(2k)" +4(k) -4(2k)(k)+2
=4k* +4k* —8k* + 2
=2
So, f,=2>0and f(x,y)=2.
Thus b'_lf Second Denvative Test, fhas a local [and EhSﬂ-ll..l'lE} minimum at each critical point

and the minimum value is E

Answer 20E.
Cntical points occur when the partial derivatives f, and f, are either 0, or when one of
them does not exist 'We find these partial derivatives.

To find £, , hold y constant and apply the Product Rule, which states that the derivative of

a product of two terms 1s the derivative of the first term times the second plus the
derivative of the second term times the first.

Fxy)=2tye™7
£ =200 T )+ ()20 ™ )
=2 (1= )

There are no domain restrictions, so 7, always exists. We find where 1t equals 0:

Folxy) =227 (1-5%)
0=2mpe" 7 (1- %)



In order to satisfy this equation, we must have x=0,y=0 orl— x* = 0, which would
mean x =141
To find £, , hold x constant and apply the Product Rule.
fEy)=2ye
S E») =ENe™ T )+ ErN2pe )
=57 (1-2)%)

There are no domain resirichions, so f, always exzists. We find where 1t equals 0:
£,y =27 (1-2%)

0=x" 7 (1-2)°)

In order to satisfy this equation, we must have x=0 orl—2y* = 0, which would

2

meany=1+—.

4 2
Cntical points happen when one of £, and f, does not exist (which never happens) or
both are 0. When x=0, both partial denivatives are 0. The other possibility to make f,

equal 0 isyzi%,which 15 mutually exclusive with y =0, so in order to make £ zero

as well we would have to set x=11. Therefore, the critical points occur at the following

{x, ») points:
(0,a)

[ﬂ,ié]

2

Where a 15 any real number.

To determine whether critical points are mazima or minima, we use the Second
Dernivative Test, which states that under most commonly encountered conditions, if a
function f has a critical point at (a,&), then if we let

D= f,@.0)f, @0~ f,@s)]



Then the following rules determine whether / has a local minimum or local mazimum at
(a, &):

(1) If D>0and 7/_{a,&) >0, then f has a local minimum at (g, &).
(2) If D2>0and 7_(a.b) <0, then f has a local mazimum at (g, 4).

(3) If D <0 _ then (a, &) 15 a saddle point.
{4) If D=0 then the test is inconclusive.

In order to apply the Second Denivative Test, we will need D, for which we will need to
calculate all the second partial derivatives. Start with f, and take another partial

derivative 1n terms of x:
fzmy) =207 (1- %)
faGEW) = @™+ Ro2r 7 |-+ (20 ) (20)
=29 7 [ (1-22)(1- )27 |
=29 7 (1-3 +21* - 27%)
=29 7 (155" +25*)

MNow start with 7, and take a partial derivative in terms of y:
flxy) =207 (1-2%)
Fo(x3) = 20)E™ 7 (- 2N+ Qo) -2y 7 (1- )
=2z " 7 (1-)(1-2)")

Finally, start with 7, and take another partial derivative in terms of y:
£,&x =7 1-2%)
Fp®.3) = (2™ 7)1 20" + (e ™ 7 )(—4y)
=2y T (1-257 +2)
=227 (3-2%)



Now we calculate D for each of the four critical points [il,i%] . Start with {1, %}

D= £, @8/, @5 -[fas]

- [2 v * 7 (1522 +2x‘}][—2 e 7 (3 zy“)] —[zxg*"” (1-)(1- 2y’)T

- l?[%]f{%]‘ (1-50y° +2(1)‘]][_2 [% ) m,;xf{g]‘ [3_2 {%ﬂ]
zm;m{#]‘ﬂ_m“) [l—z[gﬂ]‘

-2 | 2 |-oop

EE_Z

00" & 0 [l_ E[gﬂ],

= [—zﬁe_g][—z@%] —[of

=R

So for [1, %} Dhas a positive value. In the course of finding 1) we also found 7 to

3
be—2+2¢ 7, which is negative. Therefore, by the Second Derivative Test, |f has a local

maximum at [1, E} I
2

V2

Now apply the Second Denivative Test to [—1,?}

D= f.(@.b) 1, @) [ f )]

_ [2_1@“’"’ (1-55° +2x‘)] [—2;::‘?"” (3-2 y‘)] —[m*’"’ - z)(1- 2_}?2]]1



- l [%}’W{%T (1-5-17+ 2(—1)‘)] —z[g] (—1)*5'“'{%]1 [3_ , [% J’]]
o)

[_zﬁe—i][_mﬁ]_[uf
2e

3

2

The values of D and f_ for [—1,?] worked out to be the same as the values

JZ

for [1, ?} Once again, /) 1s positive and £, 1s negative, so by the Second Denvative

?

Test, fhas a local mazimum at[—l,? I

Now apply the Second Denvative Test to [1,— g} :

D= f @8], @) £, 5T
- :23@"’"‘ (1-52*+ 2:‘]][—2;&“‘“" B zy’)]— [zm“" 7 -2 (1- zy’)T

_ _2[_§]e"’{‘€]1 (1-50* + 20 )_ [_2 [‘%] ot [3_2[_§ﬂ]

Eﬂ); {j]ﬂ ﬂ))[l 2[ J_ﬂ]r

A

=[2ﬁe_i][2\f’f]—[u]’

.



The values of D once again turn out to be 8, a positive value, but this time in the

3
course of finding 1t we found 7 to be 222 T also a positive value. Therefore, by the

Second Denivative Test, |f has a local minimum at [1,— %} I

2

Now apply the Second Derivative Test to [— 1,—?] 3

- @B @b-[ L]
y :z_w-f-?‘ (1-52+ zx‘)][—zyx“e-f-?‘ G- 23:’)]— [zxe-" 7 (1- 2)1-2 y’)T

='2[_§];—1r{~‘§]‘(1_5(_1):+2(_1)4) - [ }(—l): {J]l[g 2[ ]]

2%
Jreo* Ho-cnfi{
A

:[2459—3][2@":']_[[,]2

=R

2

Just as at [1,— ?] ,the value of Dis 8, a posttive value, and the value of f

3
was E-q"ie_i , also a posttive value. Therefore, by the Second Denivative Test,

2

ocal minimum at [—1,—?] I




‘We have already shown that / has an infinite number of other critical points, since it also
has a critical point at any We now calculate 1) for any of these critical points.

D= £ @b, @t -[f,an]
_ [zﬁ“"” (1-55* +2+* )][—z_wr‘e""” (3— 2y‘)]— [zm*"” (1- 22)(1- 2;:‘)]1
_ [zae*"‘*‘ (1-5(0)* +2(0 )][—za(n)‘e*“f*‘ 3- za‘)]
-[2@e ™ a-©H0a-24H ]

=[ 20 Jio]-[of

0
So at the critical points of the form (0, &).

To figure out what 1s happening at the critical points of the form (0, a), ezamine £ Since
fEy)=xy™7

The function value 1s 0 whenever x 1s 0. So at all of these critical points, which line the
y-axis where x =0 _ we have f =0_

Let us see what happens when we stray off the y-axis slightly. Examine the positive y-
axis first If we stray shghtly 1n either x-direction, making x shghtly positive or shghtly
negative, the function value of f is positive: x° is a square so is positive, y is positive as
we are on the positive y-axzis, and powers of 2 are always positive. Since f =0 along the
posihive y-axis but 1s greater than 0 if we stray shghtly off the y-a=is, the points
mimma for y¥ > 0] Visually, the positive y-axis forms a trough and increases to either
side.

Nexzt exzammine the negative y-axis. If we stray shghtly in erther x-direction, making x
slightly positive or slightly negative, the function value offis negative: x° is a square so
1s positive, ¥ 15 negative as we are on the negative y-axis, and powers of ¢ are always
postive. Since f =0 along the negative y»axis but 15 less than 0 if we stray shghtly off

the y=-axis, the points {0, a) are mazima for y <0} Visually, the negative y-axis forms a
ridge and decreases to either side.

Finally examine y=0. Since we know that as y 15 a trough with minimum # =0 on the
positive y side and a ndge with mazimum f =0 on the negative y side, and since
F(0,0)=0 1tself, we can wvisualize what 1s happeming—;{ 15 always 0 along the y-axis but

on the positive side starts to rise to either side of that line and to the negative side starts to
fall to either side of that line.



With this setup, drawing a straight line in the xy-plane through the origin will never result
in the function values along that straight line having a mimmum at (0, 0) or a mazimum
at (0,0}—in all cases there will be an inflection point, as any straight line through the
origin (other than the y-axis) will rise from the negative y-side and keep on rising on the
posthive y-side. Since a saddle point requires the cross-sections show both mazima and
mimma, this 1s not a saddle point. However, it 15 not a maximum or minimum etther, as
when we venture out 1n different y-directions the graph grows on one side and lessens on

the other. So the point kﬂ, 0} 15 not a mimmum, mazimum, or saddle po'mtl

Answer 21E.
Consider the function,
f(xy)= Yy exy’
The object is to find the local maximum, minimum values and saddle points of the function.
Use maple sofiware to estimate the local maximum, minimum and saddie points.
Maple input command: F=(x y)—x"2+y*2+x"(-2)"y*(-2).
Maple output:

> f= (xy)=x"2 + "2+ x([-2)*y(-2)

3 5
(x,¥v)—=x +y +

r

Iy
Maple input command:

- plot3d(f(x.¥),x=-1_1,y=0_2 stvle= paichcontour, color= red, axes = baxed, view= -3 .. 5,
lightmodel = lightd):

The graph is shown below:




Use maple software to find the level curves of the function as follows.
Maple input command:

plots{contourplot}(f(x.y).x=-5..5.y=-5_5 grid=[10,10].contours=10);
Maple output:

> plots| contourplot](f(x. ¥). x=-5..5, y=-5_5, grid = [ 10, 10], contours = 10);

The contour sketch is shown below:

7 N




From the graph, it appears that f has a local minimum f {il,il) =3 and the function has no
saddle points.

Consider the function,
f{x,_]r} = +y +x Ty

The partial derivative of f(x,y)=x"+y* +x7ywith respect to x are.

b 2 (:,y}:%{f +y +I_zy'=)

L0 1
=2.’(+_}' IE(I—I]

)
2
=ZI—F

Equating this expression to zero,



The partial derivative of f {x, y}with respectto y,

Ir{x‘*y} :%{Iz +_],I'2 +_r‘1y-1‘}

-

B 2
_zy_ﬁ

Set f, {x, _}r) = () for critical points, then

2

2y— =0
y y;xg

So the point of intersection is,
[{‘.I,l]l} and [t],il}.

Thus, the four critical points of the function are (0,0),(-1,£1) and (1,£1).



The second partial derivatives of f(x, y)are,

Differential two times with respect to x,

2
f(xy)= Z.r—r,—yz

fe (I-r}=§[h‘—$]
330
2

53]
¥y ix
6

x*y*

=2+

Differential two times with respect to y,

2
'y
2

_9(5 2
f"’(x’y}_ﬂy[h r’.v"]
:-_ii[LJ

x eyl y’

-2)

fo(x.y)=2x-

B 4
xy’

Differential two times with respectto y .

2
f}{l’,_}’] :23’-}?1_‘__:

_,_ 2081
fn(x,y)—z e By[y’)

2(-3
i Tt i
f(r‘]

6

oy




Suppose the second pariial derivatives of f are continuous on a disk with center {a?b)and
suppose that f, (a,b)=0and f (a,b)=0 [ (a,b)is a critical point of f].

Let D(a.b) = /., (a.b) £, (a.b)~(f, (a.b))"-

(@) If D>0and f_(a,b)>0then f(a,b)is a local minimum.

(b) If D>0and f,_(a,b)<0then f(a,b)is a local maximum.

(O If D<Qthen f {a,b)is not a local maximum or local minimum.

Plug all the values, the value of pis,

D(a.b)=f..(ab) £, (a5)~(, (b))

6 6 4 T
b= [h x'y? )(h <yt J_[ff"‘]

20 12 12
Ilﬁylh I*}"z IZIPJ

+4

At the critical point (0,0). then the value of pis,
D = (not defined )

At the critical point (1,1),(-1,1),(1,-1), and (-1,-1). then the value of pis,

D(a.b)= f.(a.b) £, (a:b)~(1, (a.6))

e |

=4




6
fﬂ(l,—l]=2+m—_]]=
=8>0
pe 6
BRI}
=8>0

Since D= not defined . SO the test is in conclusive at the point (0,0).
since D> (and f, >0, the point (1,1),(-1,~1),(1,~1), and (-1,1)is a local minimum.
Therefore, the local minimum values of the function are,

(1,£1) and (-1,1).

At the critical point ( ],I)the minimum value is,

f(xy)=x*+y"+x7y~
£(L21) =1+ (21) + (1) (1)
=3
S L) = (1) + (@) (1) (@)
=3

Therefore, the local minimum value of the function is 3 at the points [],il} and [-Lil).

Answer 22E.

k]

Flxy)=zpe™

Then £, =_}*e_'=_"# - Efye_'i_’i

5= P d —2x? i

First we find the critical points by setting 7, =0, £, =0
(_}r— Efy)e_"i_’i =0
(2-07)e™ 7 =0

ie.  y(1-22")=0
x(1-2y")=0

On solving these equations we find the cnitical points

o (57 78 ) (Ew




Now f_= —21}@"’1_’: - 41{_}?&"’1_’1 +4x’y i
=2pp(142-22%)e ™"
=—217(3-2x)e ™7
Fy=2" 7 —Age™ Y +4pte ™Y
—21_}*(3— Eyn)e_':_f
o= 7 2T 2% T raxtyle ™
=(1-2y* -2 +4x*)e ™7

Then D=f.%, —f;
~[4x352 (3-22)3- %) - (1-222 — 2 + 423 | )

At (0, 0); D=[0-(1-0)]e"

=—1<0
That 15 f has a saddle point at (0, 0)

s(g5): o= G)5)Jeve-tmrn)

=[4- ﬂ]e
=42 >0

Ju (%%) = —ze] (3-1)e

=—21 <0

5

That 15 f has local mazimum at[

[ ! _1) D=4e2 >0

2

And f( .. _1) =—2¢1 <0

V272

That 15 f has local mazimum at[_—l _—1]
J2

And mazimum value is j[—,i]— j[_—l,_—l]zle"l



] D=422>0

(J_ V2
And fn[ﬁ,%)=2(%](3—l)e‘l
=27 >0
That is £ has local minimum at[ 1]

=

AI[_TI%) D=4e >0

w2 ()2)e0e
=27">0

That is £ has local minimum at[

%)

And the mimmum value 1s:

3

Hence f has saddle point at local maximum at[ 1 1 ] [—1 —1]

J2T )2

With maximum value

Andithaslucalmjnimumat[ 1] (_1 leithmjnimumvalue

2222

Answer 23E.

f(x,y)=5iﬂ1+5iﬂy+5iﬂ(x+y)
0=x=2w, 0=y=2mw




Then f, = cosx+ms(x+_}r)
f,: cos y+cCos (x+_}r)

First we locate critical points by setting f, =0, f,=10

LE. cosx+cos(x+y)=0

And cos_}r+cos(x+y)= 0

Le COS X = COS Y

1E x=y

Then only values of z and yE[ﬂ,E?r]and satisfying equations f, =0, f, = Oare

e 3
x:}r:- g —

3773
Then the critical points are (J'r ;rr) (}T J'r] [Eﬁ_ﬂ]
33 %3
Now f,=-sinzx—sin(x+y)
frz—sin_}r—sin(x+y)
fvz—sin(x+y)

Then D=fnfp—fo
= [sm x+sin (x+_}r)][sin_}r +sin (Jr+_jy,if):|—si1:|J (x+¥)

mE. L | BLBBLB
3[3’3]’ [2+2][2 2]4
BE—E}U
T4 4
And £ [;—r g):—smg—mn[z;-)
BB



That 15 f has locate mazimum at [g g)

‘With the maximum value; f(ﬂ E)_sj_ﬂ£+sjn‘;_r+sm

3 3 3
_3. 3.8
2 2
_|3¥3
2
At 5—?{5—” D= _E_E _é__3 _3
3 3 2 2 2 2_ 4
:3—3:3}[]
4 4
POTRIE N ot D S
3 3 3 3
J3 4B
:—-l—_
2 2
=\E}ﬂ
That 1s f has locate mimmum at(j?jr 5?”)
With minimum value # 5—” 5—”
373
Answer 24E.

f(x.y)=sin x+sin y+cos(x+y)

0<x<Z pey<Z
4 3

Then £, = EGSI—SiIl(I+_}i')
_}‘; = cnsy—sin(x+y)



First we find the critical point by setting /, =0, £, =0
LE. cos x—sin (x+y)=0

And  cosy—sin{x+y)=0

LE COSX=COS)

LE. x=y

The only values ofx,ye[ﬂ,g]saﬁsfyingf: =0and £, = ﬂm‘gx:y:;_r
Then the critical pomtis(;—’,%)

Now f_ =—5inx—t:cs(x+y)
f_rz—sin_}r—cos(x+y)
Fo =—cos(x+y)
Then D=f.f,—fo
= [am x+[:05(x+_}r)] [sin_}r+ CoS (I+_}?):|—E052 (x+¥)

!
4
=E}U
4
And £, EE - gin T~ pog s
6 6 6 3
T 1 1
f“(E'E =272
=-1<0
3
That 15 f has local mazimum HI(EE
6 6}
With mazimum walue
T B A 5 ¥
F| —=.—|=s1n—+sn—+cos| —
65 6 () () ]
1 1 1
=—+—+—
2 2 2
3

2



Answer 25E.
When one of the variables is associated with another in an equation, the function is called the
implicit function.
The partial derivative of a function in two or more variables with respect to a variable is
determined by keeping the other variables as a constant in the function.

Consider the function:
f{x,y) = x* +_}r4 -4fy+2y

Determine the partial derivatives as shown below:
fo(xy)=4x-8xy

=x(4x"-8y)
fo(x.y)=12x" -8y
f,:_.(.r,y)=-8.r

Also, the other pariial derivatives are:

Sf(xy)=4y —4x’ 42
IEF{I"-F]= |2_y2

Equate f (x,y)and f (x,y)to 0.
I{4.t2 - Ey} =0
4y —4x° +2=0
Solve the obtained equations to get the critical points.
The critical points are:

(0.-0.794).(1.592.1.267).(-1.592.1.267),
(0.720,0.259) and (—0.720,0.259)




Evaluate D(0, -{I.T'M) as shown below:

D=7.(ab)f, (ab)-[/, (ab)]
D(0,-0.794) = £, (0.~0.794) £, (0.-0.794) - [ £, (0,-0.794)
=(6.352)(7.565)-[0]
=48.053

Similarly obtain the values for the other coordinates:

D(1.592.1.267) = 228.411
D(-1.592,1.267) =228.411
D(0.720,0.259) = -29.838
D(-0.720,0.259) = -29.838

Observe that D(0,-0.794)>0 and f_(0,-0.794)>0.

So, the point  f(0,-0.794) is a local minimum.

Replace x with ( and y with —( 79410 obtain £(0, —-0.794) = —1.191.
Similarly, observe that

D(1.592,1.267) >0 and D(-1.592,1.267) >0
f=(1.592,1.267) > 0 and f(~1.592,1.267) >0

So, the points f{1.292, 1.267) and f{—1.292, 1.267) are also the local minimum.

Substitute the known values in the original function:

f(xy)=x'+y'-ax’y+2y
£(1.592,1.267) =—1.310

Since, the points D(0.720,0.259) < 0 and D(-0.720,0.259) < 0. so the function has saddie
point at f(+0.720, 0.259).

Compare the values of f at its local minimum points, so that the absolute minimum value of fis
f{iLSSIZ,LZﬁ?) =-1.310.

Hence, the absolute minimum point is [-1.310]-



Answer 26E.

Find the critical points by examining where the partial derivatives both equal 0, or where
one of them doesn’t exist. Then use the Second Derivative Test to classify them, and
compare the extrema to find the absolute maximum and absolute mimmum.

First find the critical points. For that we need the partial denivatives.
Differentiate 1n terms of x, holding y constant:

FE=y" -2y +2 -y +y
S(xy)=2x
The partial derivative f, always exists and equals Q0 whenx=0.

Differentiate in terms of y;, holding x constant:
FE»=y'-2p'+2 -y +y

£, (x.7)=6y" -8y’ 2y+1

The partial derivative f, always exists. Find where 1t equals 0:
0=6y"—8y—2y+1

The problem indicates that a calculator should be used to solve this. Plugging it in, we
get the following approzimate solutions for y:
y=—1.345,03471.211

The (x, ) points that make both f, and f, equal 0 are:
{0,—1.345)
(0,0.347)
(0,1.217)

These are the critical points of £
Use the Second Denvative Test to see whether the critical points are maxima or mmmma
The Second Denivative Test: Let (a, #) be a critical point of function £, and

let D= £,(a,b)f,,(a.6)~[ £, (ab)I'. Then:

If D>0and f, >0,then f{a,&) 15 alocal minimum.
If D>0 and /, <0,then f{a,&) 15 alocal mazimum
If D <0, then {a,&) 15 a saddle point.
If =10, then the test 15 inconclusive.



In order to find D for the Second Derivative Test, we must find the second partial
derivatives.

Find 7, -
Sz y)=2x
Sz y)=2
Find £,
Sz y)=2x
Jo(x.¥)=0
Find £,

£,(x.7)= 65" ~8y*~ 2y +1
F(®,3) =30y —24y* -2

Hote from (1) that 7 =2 always, so 15 always positive. This will be important when

applying the Second Derivative Test.
Find D) and test the critical points:

D= £ (a.b)f,(a.b)-[f,(a.0)}

= (G0 -24y* -2 (0)?
= 60y* —48y" -4

For critical point (0,-1.345),
D=60(-1.345"-48(-1.345° -4
#105.521
Since D >0 and £ >0, by the Second Dervative Test fhas a local mumimum at {0,-
1.345).
For critical point (0, 0.347),
D=60(0.347" —48(0.347)* -4
~—8910

Since D <0, by the Second Denivative Test f has a saddle point at (0, 0.347).
For the critical point (0, 1.211),

D=60(1.21D" —48(1.211)* - 4

= 04 648
Since D >0 and £ >0, by the Second Derivative Test fhas a local mimmum at (0,
1.211).

Find the function values at the critical points:

F&=y"-2y'+2 -y +y

F(0,—1.345) = (-1.345)° - 2(-1.345)' + (0)* — (- 1.345)* +(-1.349)
s—3.779



F(0,0.347) =(0.347° - 2(0.347"* +(0)* —(0.347)* + (0.347)
% 0.199

F0,1.21D=121D° - 20210 +(0* — .21 + (1.211)
s —1.403

The full classification of the critical points 15 therefore:

Local mimma
F(0,-1.349)=-3779
F({0,1.211) == —1.403
Saddle pont:

{0, 0.34ywth function value approzimately 0.199.

The limit of the function as x and y both go to infinity 15 infinity, so the function has no
absolute mazimum (also, it can have no absolute mazimum as 1t has no local mazimum).
Since 3° dominates the y-terms as y increases and x° is the only x term, and since both
have even exponents and are therefore positive, as the function mowves sufficiently out
from the origin it will always be posttive. Its polynomial natures mean it 1s continuous,
so since it eventually increases 1n all directions, 1t must hawve an absolute mumimum. The
absolute minimum will be the least of the local mimima, or -3.779.

Therefore, the function has the following absolute eztrema: lowest point -3.779 at (ﬂ,—l
|1.345j, and ho highest poi.ntl.
Answer 27E.

We have _,1"(::,_:1,#)=.1r‘+_:r,if3—3.i|:2 +_}r2+x—2_}*+1.

Finding we have

Lo (®=2). 7, (x.3). o (x.5). £ (x.¥) andf, (z.).
fi(x y) =45 -6x+1

fel(x. ) = 122°- 6

H(xzy)=3'+2p-2

fr(x, _}r) = by +2

fo(xy) =0



We equate 7, (x, y)to 0 and _f,[x,y)toﬂtoget 4x* — 6x+1=0 and

3P4+ 2y—2=0.

Using a graphing dewvice, solve the obtained equations.

‘We get the cnitical points as
(U.l?ﬂ,—].?lﬁ),(—1_301,0_549),(1.131,(]_549),(—1_301,—1_215)

(0.170,0.549), (1.131,-1.215)
Evaluating D{0.170,—1.25) givenby D = f_(a.b)f, (a.5) - [fv (a, b)T

D(0.170, -1.215) = £,(0.170,-1.215) £, (0.170, -1.215) ~ [ £, (0.170, ~1.215) ]

= (-5.65)(-5.29) - [of
= 2989
Similarly, we get
D(-1.301,0.549)=75.76

D(1.131,0.549)=49.49
D(-1301,-1215)=-7571
D(0.170,0.549) =—29.93
D(1.131,-1215)=-49.46

We note that
D(U.l?ﬂ, —1.215)::- 0 and £, (ﬂ.]?ﬂ,—l.?lﬁ) <0

This means that f(ﬂ.l?ﬂ,—l.?lﬁ) 15 a local mazimum.
On replacing x with 0.170 and y with —1.215, we get j(ﬂ.l?l'.], —1_215) s 3.197.

Similarly, D{-1.301,0.549) >0 and D{1.131,0.549) > 0.

Also £, (—1.301,0.549) > 0 and £, (1.131,0.549)> 0.

Then, f(—1.301,0.549) and £ (1.131,0.549) are the local minimum.

‘We substitute the known values 1n f(x,y) =x +_',nr3 -3 +_‘,lr:I +x-2y+1
to get f(—1.301, 0.549) = —3.145 and £{1.131,0.549) = ——0.701.

Since
D{-1.301,-1.215) <0, D(0.170,0.549) <0, D(1.131,-1.215) <0
we can say that the given function has saddle point at the corresponding points.



Answer 28E.

Find the critical points by examining where the partial derivatives both equal 0, or where
one of them doesn’t exist Then use the Second Derivative Test to classify them, and

compare the extrema and the points on the boundary to find the absolute mazimum and
absolute minimum.

First find the critical points. For that we need the partial derivatives.
Differentiate in terms of x, holding y constant:

fix )= 20677 sin 3x cos 3y
F.(x.5) =206 7 (—2x)(sin 3x cos 3y) +20e ™ 7 (3cos 3xcos3y)
=206 7 cos 3¥(3cos3x— 2xsin 3x)

The partial derivative f, always exists.
Differentiate in terms of y, holding x constant:
Fflx. )= 202 7 sin3xcos 3y

7, (x.)=20e" 7 (~2)(sin 3x cos 3y) +20e ™ 7 (~3sin 3xsin 3)

=202 sin 3x(2y cos 3y +3sin 3y)
The partial derivative f, always exists.

Find where both partial derivatives equal 0. Since 2027 is always positive, equation
1) equals 0 when cos3y =0 or when 3cos3x—2xsin3x= 0. Likewise, equation (2

equals 0 when sin3x=0 or when 2y cos3y+3sin 3y =0_. Solve these equations:
cos3y=0

i

Ay =—+kmw

4 2

y_:r_l_hr
6 3

Since| ¥ [£1, this gives the solutions_}rzi%_

As calculator assistance 15 indicated for this problem, we solve 3cos3x—2xsin3x=0
using a calculator to get x= H) 430 as the solutions between -1 and 1.

Therefore, to make f, zero, we must have x=30430 oryzi%_

Solve the equations that make equation (2) equal zero:
sin3x=0

Sx=0+&w

r=—

3
Since| ¥ |=1, this gives the solutionx=0.



As calculator assistance 1s indicated for this problem, we solve 2y cos3y43smn3y =0
using a calculator to get y=0,10.872 as the solutions between -1 and 1.

Therefore, to make _jf,, zero, we must have x=0,y=0 ory=10872.

Since both £ and 7, mustbe zero at the critical points, we mix and match to find all

possible (x, ¥) matches that make both partial denivatives zero. Do this by matching each
x that makes £, zero with ay that makes f, zero and then vice versato get:

(430,0)
(—.430,0)
(430,.872)
(—.430, 872)
(430,—.872)
(—.430,—872)

i3
(D’E)

i3

0,——
( 6)
These are the critical points for f.

Use the Second Denivative Test to see whether the critical points are mazima or mimima
The Second Denvative Test: Let (a, &) be a critical point of function £, and

let D= f.(a.0)f,(a.0)- 1, (a,b)f. Then:
If >0 and £ >0,then f{a,d) 1s alocal minimum.
If >0 and f <0,then f{a, &) 15 a local mazimum.
IfD <0, then {a,&) 15 a saddle point.
If D=0 then the test 15 inconclusive.

In order to find D) for the Second Derivative Test, we must find the second partial
denivahives.
Find f_:
Flx = 207 cos 3y(3cos3x—2xs51n3x)
Fulx,y) =202 cos3y(—2x)(3c0s 3x— 2xsin 3%)
+20e7 7 cos3p(=9sin 3x— (2sin 3x+67 cos 3x))
= 20e™ 7 cos 3y(—bxcos 3x+4x" sin 3x—11sin 3x— 6xcos 3x)

= 206 7 cos3y(4x® sin 3x—11sin 3x— 12xcos 37)



Find f,,:
fxy)= 202" cos 3y(3cos 3x— 2xsin 3x)
Fo (& 7) = (20677 (=2y){cos 33)— 20¢™ 7 (Jsin 3y)(3c0s 3x— 2x5in 3x)
+206 7 cos3p(0)
=—20e77 (2ycos3y+351n 3y)(3cos 3x—2x51n 3x)

Find £,
7,(x.7)=—20e7 sin3x(2ycos 3y+3sin 3y)
£,y (%) =—20e 7 (-2} sin 3x(2ycos 3y + 3sin 3y)
— 202 7 sin 3x(2 cos 3y— 3(2) ysin 3y +Icos 3y)
=207 sin 3x(—4y" cos 3y —6ysin 3y+11cos 3y— Ey sin 3y)
=207 7 sin 3x(—4y* cos 3y +11cos 3y —12ysin 3y)

Find D:
D= f (a.b)f,(a.b)-[f,(a.B)f
=[20 7" cos 3y(4x” sin 3x—11sin 3x— 12xcos 3x)]
[~2067 7 sin 3x(—4y® cos 3y +11cos 3y—12ysin 3y)]
—(—202™" " (2y cos 3y + 3sin 3y)(3cos 3x— 2xsin 3x))°

Test the critical points in D and in 7, (equation (3)), then apply the Second Derivative

Test to classify the critical points. As this 1s a problem with calculator assistance, plug
into a calculator to find the values.

For critical point {(430,0), D =32971.256 and f_ =—187.657. As D >0 and f/_, <0,
there 15 a local mazimum at this critical point.

For critical point (—.430,0) , D=32971.256 and f_ =187.657. As D>0and 7 >0,
there 15 a local minimum at this critical point.

For critical point ((430,.872), D=9598.098 and /_ =75.886. As D>0 and f_ >0,
there 15 a local minimum at this critical point.

For critical point{—430,.872), D=-1796.205 and /_ =—75.886. As]) <0, this critical
point 15 a saddle point.

For critical point{430,—872), D=-1796.205 and 7 =75.886. AsD <0, this critical
point 15 a saddle point.

For critical point{—430,—872), D=9598.098 and f, =—75.886. As D>0

and 7 <0, there 15 a local maximum at this critical point.



For critical point (0,77/ 6), D =—187247767 and f_ =0. AsD <0, this critical point is a
saddle point.

For critical point (0,—7rf6), D =—18724.767 and f_, =0. AsD <0, this critical point is
a saddle point.

For the points that are local exirema, we find the values of those exirema, 1e., the
function values at those critical points.
F(430.00=15973

£(=430,0)=—15973
£(430, 872) =—6.459
£(-430,—872)= 6459

The full classification of the critical points 15 therefore:
Local mimma

F=430,00=-15.973
F(430, 872y =-6459

Local masima

£(430,00=15.973
£(=430,— 872)=6.459

Saddle points:
{(—430, 872)
{(430,—872)
(0,7xf6)
(0,—7r{6)

Now we find absolute extrema We're looking within | x|<1 and| ¥ [£1, which a closed

and bounded region, so the function does have an absolute mazimum and an absolute
minimum. The possible absolute exirema are either the most extreme of the local extrema
or any point on the boundary. We find upper and lower bounds on the boundary of the

function

Onthe x=1 boundary,

Fix, )= 20 sin 3xcos 3y
=207 sin 3(Dcos3y

=202 sin3cos 3y



Since y* is always positive, any increase in the absolute value of y makes the exponent
more negative and therefore decreases 20" 5o 2067 is mazimal at ¥=0 and
minimal at y=11. The mazimum and minimum walues of cos3y are 1 and -1 ({though
they do not necessarily correspond with the mazimum and minimum values of 207" ).
Aty= l:l,El:Il.a=.'_1_""'t =7.357, and the maximum value of cos3y anywhere 1s 1, so we know
that onthe x=1 boundary,
F(x.y) =207 sin3cos3y

< (135N (s 3)(D
F(x,») <1038
Which is already less than any of the local mazima

The minimum value of cos3y anywhere 15 -1, and cos 3y being negative i1s the only way
to make the function negative as 206" and sin3 are both positive. The lower
boundary on the function will be the most negative value we can possibly get, so we still
use the maxzimum value for 2067 to calculate the lower bound on the function, since

the minimum value for 20e™7 will not make the function as negative.
So we know that on the x=1 boundary:

F(x¥) =20 sin3(-1
> (7.35T)(sin (-1)
Flx.y)>—1.038

‘Which 1s already greater than any of the local minima
On the x=—-1 boundary, we do the same thing:

Fx ) =207 sin 3xcos3y
=207 sin 3(—1)cos 3y
=20 sin3cos 3y

Notice that this 15 the opposite of the function when x=1. Therefore, its lower bound
will be the opposite of the upper bound on the x=1 boundary and its upper bound will
be the opposite of the lower bound on the x=1 boundary Since both upper and lower
bounds on the x=1 boundary had the same absolute value, switching them changes
nothing, and the bounds onthe x=—1 boundary are exactly the same, and as such are
less extreme than the local maxima and minima

Onthe y=1 boundary, we have:
Fx ) =207 sin 3xcos 3y
=20 sin3xcos 1)

= 202" Lgin 3xcos3



Here cos3 15 a negative constant, so the upper bound on this function will be when
sin3x=—1 and 202 7 is maximal Since the x andy are symmetric in the 202 7
expression, its mazimum will be the same as 1ts mazimum value on the x boundaries, or

7.357. The lower bound on this function will be when sin3x=1 and 20e™ * still has its
maximum value of 7.357, as that will make the function as negative as possible.

The upper bound:
f(xy)=20e7 sin 3(-1)
<(1.357)(=1)(cos3)
S(x,») <7283
Which is less than the greatest of the local mazima

The lower bound:
F(x) =207 sin3(-1)

>(1.35N(1)cos3)
Flx, ) >-—1283
This 15 greater than the least of the local minima

As y* and cos3y are both even functions, £(x,y) is symmetric in y, and therefore the
upper and lower bounds are the same on the y=—1 boundary as they were on the y=1
boundary and are still not as extreme as the most exireme of the local extrema

Since none of the points on the boundary can exceed or be less than the most extreme of
the local mazima and minima, we choose the greatest local mazimum and the least local
mimimum and know that they are the hughest and lowest points of the function in the
givenregion Lherefore, the function has the following absolute eztrema:

ILowest point -15.973 at (- 430, (|

[Highest point 15.973 at (430, 0)




Answer 29E.
Consider the function:
f(:ny)z;z +_}'! -2x
Here pis the closed triangular region with vertices (2,0),(0,2)and(0,-2)-
The objective is to find the absolute maximum and minimum values.
Since fis a polynomial, it is continuous on the bounded friangular region p.

Find partial derivatives of f {_r, y)with respectto x and y

f(xy)=x'+y"-2x

fi(ey)y=2-2 (1)
And
filxy)=20 (2)

Now, set f, =0and f, =0 to find the critical points.

50,
f(x.x)=0
2x-2=0
x=1
And
f;{x,y]=ﬂ
2y=0
y=0

Hence, the critical point is (1,0).

The value of the function f at (],ﬂ) is,
f(xy)=x"+y"-2x
F(LO)=1+0"-2(1)

=-1



The closed triangular region pis drawn below.

(0,2)

D,

0,-2)

Now evaluate the values of the function on the boundary of .

Along line D, since x=0.

flxy)=x"+y"-2x
F(0.y)=0"+y*-2(0)
=5
This is an increasing function of f, the maximum value lies at y=-2and y=2
7(02)=4
7(0.-2)=4



Along line D,, y=2-x

f(x2-x)=x+(2-x) -2x
=x'+4+x" -4x-2x
=2x" —6x+4
Along line D,, 0<x<2.
The value of the function at these endpoints is,
f(0.2)=4
£(2,0)=2(2) -6(2)+4
=8-12+4
=0
Find the partial derivative with respecito x of f (x,_l—x) and set it zero to find the critical
points.

L{I,E—I]zd-x—ﬁ

4x-6=0
3

x=—

MNow plug this value of x, into the relation y=2-x_

y=2-x
3

=2-=
2

2

The value of f at the critical point (% %]is_

flxy)=x'+y" -2x

=05
Hence, along D, the maximum value is f(0,2)=4 and the minimum value is f(2,0)=0.



Along line D,, y=x-2

f(rx-2)=x +{.:r—2}2 —2x
=x'+4+x* —4x-2x
=2x" —6x+4
Since this function is the same as the one we found for Dz__ the maximum and minimum values
along D, are the same.
Hence. along D;the maximum value is f(0,2)=4and the minimum value is f(2,0)=0.

Compare the maximum and minimum values inside D and along the boundaries D,, D, and D,

Hence, the absolute maximum at | f(0,+2) = 4| and absolute minimum at | f(1,0)=—1

LN

Answer 30E.
Consider the following function on the set p. where pis the closed triangular region with
vertices (0,0),(0,2),(4,0)
f(xy)=x+y-xy

To find the absolute maximum and absolute minimum of f on the set p, use the following
procedure.

1. Find the values of f at the critical points of fin p
2. Find the extreme values of f on the boundary of p

3. The largest of the values from steps 1 and 2 is the absolute maximum value; the smallest of
these values is the absolute minimum value.



Step1:
Consider,

f(xy)=x+y-xy

fo=1-y.f =1-x
To find the critical points, solve the equations f, =0, f, =0
1-y=0

y =1
1-x =0

x =l
Thus, the critical point is obtained as (1,1).
The values of f at the critical point (1,1)is,
f(L1)=1+1-1-1
=1

Step 2-
The sketch of the region pis shown below:

¥
A




The equation of the boundary g4 (in intercept form) is,

£+£=|

4 2
4-x
2

Along B4 .

4—x 4-x 4-—x
f[_r._T]-:r+ 5 -.r[ > ]

_ 2x+4-x—dx+x’
2
_x —3x+4




The equation of 4is. y=0
Along 40.
f{:r,ﬂ)=x+l]-:r(l])

=i where 0<x<4

Therefore the minimum of f is f {ﬂ,l]) =0. and the maximum of fis f(4,0)=4

The equation of ggis. x=0
Along op .

f(0,y)=0+y—(0)y
=y, where 0 y<2

Therefore the minimum of £ is f(0,0)=0. and the maximum of fis f(0,2)=2

Step 3:
The smallest value of f from the SIEFIS 1and 2 is 0

And the largest value of f from the steps1and 2 is 4

So, the absolute minimum of fis £(0,0) =[0]. ana absolute maximum of fis 7(0,4) =[4]



The absolute minimum and absolute maximum of f are as shown below:

10.4)

Answer 31E.
Consider the function f(x,y)=x"+y' +x’y+4.
And the domain D ={(x,y)|[x<L|]<1}.
The objective is to find the absolute maximum and minimum of f on the set D.
The partial derivative of f {_n rr}wiih respect to x to get,
f.=2x+2xy
The partial derivatives of f {_r. _r]. with respect to y to get,

f} =2y+ x



To find the critical points, set f, =0 and f, =0.

2x+2xy=0
1.1'{]"‘_}']:0 and 2_]:1-_1'1:1]
x=0or y=-1

Substitute y =0 in 2y+f =0 to get.
2y+[l})= =0

2y=0
y=0

So. (0,0) is a critical point.
Substitute y =-1in zy+f = () to get,
2(-1)+x*=0
x*=2
x=+2

So, (tﬁ,—l) are fwo critical points.

Hence, the critical points are (0,0) and (:t»fl_’,—l).

The value of f at (0,0)is.

f(xy)=x+y +xy+4
£(0,0)=0+0-(0)(0)+4
-4
The value of fat (tv‘rl_’,—l)is.
flxy)=x"+)y"+xy+4

f(£42,-1) =(iJ§}2 +(-1)° -{i‘ﬁ)z (-1)+4

=3



Observe the values of f on the boundary of D={(x,y): |q<1, |y|<1}.
So, D:{(I,y}:—lixil,—liyil}

The set D consists of line segments L,.L,.L;,and L. as shown in the figure below.

(-1,1) Y L, (LD

1) g, (1,1

Evaluate the values of f on the boundary of D.
Along ine L. x=1. the function f becomes,
f(Ly)=1+)"+y+4

=y +y+5 -1<y<1
This is an increasing function of f, the maximum value lies at y=1.
f(Ly)=y" +y+5
f{l,1]=l+l+5

=7
To find the critical point of f(1,y). find its partial derivative with respectto y.
f;{],y)=2y+l
For critical points, set f, (1,y)=0.

2y+1=0

y==g

Hence, the critical point of the function is {I,_?l]_
So, the value of the function at critical point (I,-?l] is,

f(xy)=x"+y"+x’y+4

)3 o)

=1+l L4
4 2

B
4



Online L,. y=1. the function becomes,

f(Ly)=x"+1+x"+4
=2x*+5 -1gx<1
This is an increasing function of f, the maximum value lies at y=-]and y=|]
F(2L1)=2(21)" +5
=2+5
=7
So. fhas a maximum value f(1,1)= f(-1,1)=7

To find the critical point of f {_r.]]. find its partial derivative with respectto y.
L(I,|)=4I+“
For critical points, set £, (x,1)=0.

4x=0
x={
Hence, the critical point of the function is (0,1).
The value of rat (0,1) is:
£(0,1)=2(0) +5
=0+5
=35
And a minimum value f£(0,1)=5.

Along line L,, x=-].the function f becomes,

f(xy)=x"+y" +x°y+4
F(ALy)=(-1) + 37 +(-1) -y +4
=y +y+5 -l<y<l

To find the critical point of f [-], _p}, find its partial derivative with respectto y.

f!{—l,_].r}=2y+l



For critical points, set f (-1,y)=0.

2y+1=0

F=—E

Hence, the critical point of the function is [-1,_?'].

This is a parabolic function with maximum value f (—I,l): 7 and minimum value
-1} 19
-l,—|=—
f( 2 ) 4

Along line L,, y=-1. the function f becomes,
f(ey)=x"+y" +x°y+4
f(x=1)=x+(=1)" +2°*-(-1)+4
=5
Which is a constant function with f(—1,-1)= f(1,-1)=5.

Thus, by comparing these values with the value of 7 obtained at critical points to see that the
absolute maximum of fis [7] and the absolute minimum is [4]

Answer 32E.
Consider the function

f(xy)=4x+6y-x'-y' .. (1)
And the domain D ={(x,y)|0<x<3,0<y<2}
Find the absolute maximum and minimum of the function.

First find the critical points.

To find the critical points find the first derivative partially with respect to x and y. and equate
them to zero.

Differentiate (1) with respect to x.
f.=4-2x
Differentiate (1) with respect to y.
f,=6-2y



Locate the critical points by setling f, =0. f, =0
4-2x=0
2(2-x)=0
=2
And

6-2y=0
2(3-y)=0
y=3
On solving these equations, the critical points x=2,y=3

Substitute the critical points in (1).
£(2,3)=4(2)+6(3)—(2)" —(3)" Use (1)
=8+18-4-9
=13

Find the extreme value of f on the boundary.

Observe the value of * on the boundary of
D={(x,y):0<x<4,0<y<5|

The boundary D constant of the line segments L ,L,,L,and L, is as shown in the figure
below.

P
L,
(0,5) (4.5)
£y
L,

i

0.,0) I, (4,00 =«




online L1, y=0
S0,

f(x,0)=4x-x". 0<x<4
This i5 a parabolic function of x.

Find £(0,0), f(4,0) to find the maximum and minimum.

£(0,0)=4-0-(0)’

=0

7(4,0)=4-4-(4)
=16-16
=0

At the critical point xy =2
f(x.0)=4-2-2°
=8-4
=4

S0, the minimum value on the line 11 is 0 and the maximum is 4.

Online L2, y=4
So,
f(4,y)=16+6y-16—-y". 0<y<5
=-y’ +6y
This is a parabolic function of y.
Find f(4,0),f {4_5) to find the maximum and minimum.
f(4.0)=-0°+6-0
=0
f(4.5)=-5"+6-5
=-25+30
=5
At the critical point xy =2
f(4.3)=-3"+6-3
=-9+18
=9

So, the minimum value on the line L, is 0 and the maximum is 9.



Online L3, y=5 and
f(x.5)=4x+30-x"-25. 0<x<4
=—x" +4x+5
This is a parabolic function of x.
Find £(0,5), f(4,5) to find the maximum and minimum.
7(0.5)=-0"+4-0+5
=5

f(4.5)=—4"+4-4+5
=-16+16+5
=5

At the critical point xy =2
f(2.5)=-2"+4-2+5

=-44+8+5
=9

S0, the minimum value on the line L} is 5 and the maximum is 9.

Online L4, x=(
f(0.y)=6y-y". 0<y<s

This is a parabolic function of y.

Find £(0,0), £(0,5) to find the maximum and minimum.

£(0.0)=6-0-0

=0

7(0,5)=6-5-5°
=30-25
=5

At the critical point y =3
£(0.3)=6-3-%°
=18-9
=9
So, the minimum value on the line JL,Jl is 0 and the maximum is 9.

On comparing these values with the value of the polynomial function £ obtained at critical
point, see that the absolute maximum of fis 13 and absolute minimum is 0.



Answer 33E.
f(x,_}r) =x +_}r‘ -4+ 2

Then £, =4x -4y

f,=4y"-4x
First we find the critical points by sething £/, =0, £, =0
ie.  4(x-y)=0

And  4(y*-x)=0
On solving these equations we find the critical points (0, 0). (1, 1) and (-1, -1)

But (-1, -1) does not lie in region D
‘We consider cnitical points (0, 0) and (1, 1)
Now f (U, U) =2
f(L)=0
Now we observe the values of “f” on the boundary of
D= [(x,y): 0<x<3 ﬂE_}rEE}
Where D consists of the ine segments 1, Lo, Lz and Ly as shown 1n the figure

below

3,2)




On hne Ly, y=0and
F(x0)=x'+2, 0=x<3
Which has minimum walue f{0, 0) =2 and mazimum value {3, 0) =83

On hne 1o, x=3, and
F(3.7)=814y"-12y+2, 0<y<2

=y*—12y+83
‘Which has mazimum value £3, 0) =83 and minimum valuﬂj(3,3}g) s 70

Online L3, y=2 and
F(x2)=x"+16-8x+2, 0=<x<3
=x*—8x+18
Which has mazimum value £3, 2) =75 and minimum value_f(-{-"i, 2)= 10.44

On line Iy, =0 and

F(oy)=y"+2, o0<y=<2
Which has mazimum value £0, 2) = 18 and minimum walue 0, 0) =2

On comparing all these values with the value of “f” obtained at the critical
points, we see that the absolute mazimum of “f" 15 f(3, 0) = @ and absolute

minimum is f(1, 1) =[]



Answer 34E.
Consider the following function:

Find the absolute maximum and minimum of the function 7 on the domain.
D= [[r,y“rzﬂ,y >0,x" +y 53}.

First find the critical points.

To find the critical points, find the first derivative partially with respect to x and y and equate
them to zero.

Differentiate (1) with respect to x as follows:
or 2
1= a,r[‘!y ]
= l}lz
Differentiate (1) with respect to y as follows:
or_z
I, =$[-‘3’ ]
=2xy

Set the equation f, (x, y) equal to zero as follows:
y'=0
y=0
Setthe equation f (x,y)equal to zero as follows:
2x=0
x=0 or y=0.

Therefore, the only critical point of the function f(x,y)=x" is (0,0).
Substitute the critical point (0,0) in  f(x,y)=xy’, to get the following:

£(0.0)=(0)(0)’
=0



Next, find the values of f on the boundary of D:
The boundary of D is shown below:

(0.43) D={(x.y)|x20.y>0x"+) <3},

L 1 ( Jiﬂ) 2

From the figure observe that, the boundary D consist of the line segmenis L L, L,

Look at the values of f on the boundary of D.
The boundary of the region is ;‘+f=3_
¥4y’ =3
Y =3-22, 0<x<\3
Substitute the above value in equation (1) to get,
f(xy)=0"
f(xx)=x(3-x7)
=3x—x"
Let f(xx)=g(x)=3x-x



The partial derivative of g with respect to x is,

& (x)==(2(x)
= %{3: - xs)

=3-3x°
To find critical points of g. set g_( _r) =0

3-3x"=0

=1

x=x%l

But, the value of x ranges from 0 to ,ﬁ
S0, the value y = —] will be omitted.
Hence, x=1.
When yx=1]find y-
¥ =3-x
¥ =3-(1f

=2

y=+2
The critical points are (],—wﬁ } and (1, JE)



Evaluate the values of f at these points:
f(xy)=x0"
7(1=2)=0)(~2)
=2
f(xy)=x7
1L ‘.*’5]=(1)(w.:‘17)2
=3
From the figure observe that, the boundary points of D are {Uﬂ](ﬂﬁ),(ﬁﬂ)
Evaluate f at these boundary points:
Evaluate rat (0,0).
£(0,0)=(0)(0)’
=0
Evaluate rat (0.43).
7(0:5)=(0)(+3)
=0
Evaluate rat (+3,0).
1(5.0)=(B) oy
=0

On comparing these values with the value of the polynomial function Jf obtained at critical
point, see that the absolute maximum of fis 2 and absolute minimum is 0.



Answer 35E.

Consider the following function and the domain:
f(ry)=2x+)", D={(x,y]x"+y3 51}
The objective is to find the absolute maximum and minimum values of f ontheset p.

Since fis a polynomial, it is continuous on the closed, bounded rectangle, D,

Recall the exireme value theorem,

If f is continuous on a closed and bounded set D, then f attains an absolute maximum and
an absolute minimum in D.

As the function § is closed bounded on D, f attains an absolute maximum and an absolute
minimum in D.

To find the absolute maximum and minimum values of a continuous function 7on a closed and
bounded set O

1. Find the values of f at the critical points of f inD
2_Find the extreme values of f on the boundary of D

3. The largest of the values from step1 and step2 is the absolute maximum value; the smallest
value is the absolute minimum value.

The partial derivatives of f with respect to x and y is:

f;(rsr)=§(f (x.))

= g(h} +y )
= 6x°

And

£ (m2)=2(/ (x)
=%(2r" +y4 )

=4y°



According to step1. first find the critical points.
To find the critical point of f. set f,(x,»)=0and ki (x,»)=0 and solve the resulting
equations.
f.=0
6x° =0
x=0
And
f,=0
4y =0

y=0
Thus, there is only one critical point ({],I]] inside the circle x* + y* =1.

The value of fat (0,0)is:

f(xy)=2+y"
£(0.0)=2(0) +(0)’
£(0.0)=0

In step 2; look at the values of f on the boundary of D.
The boundary of the region is x* + y* =1.

x+y =1

¥y =1-x°, -1gx<1

Substitute the above value in equation (1),

f(xy)=22+y"

f(xy)=20+(»")

f(xx)=22+(1-2)

=2x +1-2x° +x*

=x'+2x -2x" +1



Let f(x.x)=g(x).
The partial derivative of g with respect to x is,
é
xj=—\glx
=£(.t"‘+2,1r3—2.x2 +1 )
cx
=4x° +6x% —4x
To find critical points of g. set g_(x)=0

4x® +6x° —4x=0
1:[211 +3x- 2) =() Factor out the common term, 2y

2x(x+2)(2x—1)=0 Factor the expression inside the parentheses
x=0, % —2 Set each factor equal to zero and solve.

Here, y=-2doesnotliein -1 < x<]|

So, —2 is not a critical point of g(x).
Thus, the critical points occur at x =0 and %
When x=0,

J’E‘ ='I_IZ

¥y =1
y==*I

X

o | =
Hl‘._‘ﬂ-]
"'hll_-l"'

The critical points are (0,+1) and [



Evaluate the values of f at these points:

f(xy)=2x"+y*
£(0.£1)=2x0 +(£1)’
=0+1

The values of f at the end points of the interval are

f(xy)=2x"+)"

£(1,0)=2(1)" +0*
=2+0
=2
And
f(x,y)=2x"+y"
£(-1,0)=2(-1) +0°*
==2+0
=-2
In step3, comparing these values with the value f {ﬂ,ﬂ} = () at the critical point

Thus, conclude that the absoluie maximum value of f onDis f {l,{]) = and the absolute
minimum value of f onDis f(-1,0)= [=2]



Answer 36E.

> =<

(-2,3) C - B(2,3)

A(2.2)

D{(-2,-2)

Given f(zy)=z —3x—)" +12y and D is the quadrilateral ABCD.
Differentiating f partially with respectto x,

3 2
E=a|:xz—3x—y3+12y:l

=3x"-3
Differentiating f partially with respectto ¥y,
izi(x’ —3x—y’ +12y)
& &
=37 +12

For fto have mazimum and minimum walues

gz 0 And g= 0 give critical points.
ox ay
Now, %: 0 gives 32 -3=0=x"=1=zx=1-1

And %:u gives -3 +12=0= y*=4= y=2,-2

Therefore, the critical points are (12), (1.-2), (-1.2), (-1.-2)
HNow the points (1,—2) and (—1,-2) do not lie in D.
Value of fat (12)=x"—3x—»" +12y
= (1) —3x1-(2) +12x2
=14
Value of fat (-1,2)= x —3x—»" +12y
= (-1 -3x-1-(2)’ +12x2

=-1+3-8+24
=18.



Let us check the mazimum and minimum wvalues of f at the points which lie on the
boundary of the region D
Now, along the boundary line AR x=2 2<y=<3
Therefore,
Ff=x -3z—y +12y

=(2) -3x2-y* +12y

=2-3 +12y
Differentiating f with respect to y.

£=—3y2+12
dy

Forf to be mazimum of minimum.
Y o> -3 +12=0
dy

= y=2-2

y=—2 1snotin 2<y<3 S0 y£E—2
2
Also Hz—ﬁ_}r
'
2
H aty=21s =—6x2
dy’
=-12 (Negative.)

= f has mazimum value at (2.2) along the line AB.
Value of fat (2,2)=x"—3x—»" +12y
=(2) -3x2-(2)’ +12x2
=18
Since f has mazimum value at y =2 and along the line AB z 15 constant and y 1s
increasing. 5o fwill have minimum value at (2, 3) in the line AB.
Therefore,
Value of fat (2,3)=x"—3z—»" +12y
=(2) —3x2-(3) +12x3
=8-6—-27436
=11

Now, along the line BC, y=3 —-2<x<2



Therefore, f=x —3x—3» +12y
=2 —3x—(3) +12x3

=x -3x+9
Dufferentiating f with respect to x,

£=i(f—3x+9)
drx  dx

=3x"-3
df

For fto have mazimum and minimum value E:U = 3 -3=0

= =1
—

Also

d*f
dxﬂ

atz=115 = 6x1=6 (Positive)

d*f

7

Therefore, f has local maximum at (—1, 3) and local minimum at (1, 3) on the line
BC.

atx=-115 = 6x—1=—6 (Negative)

Therefore, f=x—3x—» +12y
=2 —3x—(3) +12x3
=x -3x+9
Dufferentiating £ wnith respect to =,

izi(f—hw)
dx  dx
=3x"-3

For fto have mazimum and minimum value %:u =  3x*-3=0
= =1
= x=1-1
2
Also jx‘{zﬁx
2
jx{ atz=115 = 6x1=6 (Positive)
2
jx{ atx=-11s = 6x—1=—6 (Negative)

Therefore, f has local mazimum at (—1, 3) and local minimum at (1, 3) on the line
BC.



Now, Value of fat {—1,3)= £ —3x—»’ +12y
=(-1°-3x-1-(3) +12x3
=143+ (-27)+36
=11

Value of fat (L3)=x"—3x—»* +12y
=1 —3x1-(3)’ +12x3
=1-3-27436
=7

Value of fat (2,3)=x"—3x—y +12y

={-2)’ -3x—2—(3) +12x3
=—8+6-27+36
=7

Value of fat (2,3)=x"—3x—)" +12y
=(2) -3x2-(3) +12x3
=8-6—27+36
=1]

Thus mazimum value of f along BC i1s 11 and munmimum value 15 7.

Also along the boundary CD, x=-2,-2<y=<3
Therefore, f=x —3x—y3 +12y
=(-2) -3x—2-y* +12y

=-8+6—y +12y
=—3 +12y-2
Differentiating f with respect to y.
£=—3y2 +12
dy

For f'to have mazimum and minimum walues

Y o= —3*4+12=0

=
= y=-2,2
Alzo,

2
d_fz_ﬁ
&’
df _ .
—— aty=-—215 =—6x—2=12 (Positive)
&
& f

aty=215s =—6x2=—12 (MNegative)

dy’*
Thus f has local mazima at (—2, 2) and local minima at (—2 —2) along the
boundary CD.



Value of fat (-2,2) =~ 3x—y* +12p
= (-2) —3x-2—(2) +12x2
=—8+6-8+24
=14
Value of fat (—2,—2)=x —3x—y’ +12y
=(-2)’ —3x—2—(-2) +12x-2
—8+6+8-24
-18

Value of fat (—2,3)=7
Thus the mazimum walue of f 1s 14 and minimum walue of f1s -18 along the

boundary CD.

Equation of ine AD 15 y=x, —2<x<2
Therefore, along the boundary DA
F=x-3zx—y"+12y
=x-3x—-r +12x
=9

% =9 (Postive)

Thas tells us that f 1s increasing along the lhine DA
Therefore, mazimum walue of falong DA will be at (2, 2) and minimum at

2 -2).

Value of fat (2,2)=x"-3x—»" +12y
=(2) -3x2-(2)’ +12x2
=8-6-8+24
=18
Value of fat (—2,-2)= 2 —3x—»" +12y
=(-2) —3x—2—-(-2) +12x-2
=—8+6+8-24

=-13
Thus mazimum value of f1s 18 and minimum walue of f 15 —18 along the

boundary.
From all the observations we found that the absolute mazimum walue of Fi1s 18

and absolute minimum walue of F15 —18
Hence,

Absolute mazimum walue of f15 18 which 1s at (2,2) and
Absolute minimum wvalue of f 15 —18which 15 at (—2,—2)




Answer 37E.
Consider the function
Fe)=~( 1) ~(y-x-1)
First simplify the function as follows.
f{:i_}’) =—(11 —l]- —(I:_}"—I—])-
=—(x* -2 +1)—;':“_;,r3+2(:,J|r+]}:.:*3_;:r—|:,1|r+])=
=—x'+27 -1-x'y + 2 y+ 2y —x* —2x-1

=—x'-xy +27y+ 2%y +x* -2x-2
=—1"(|+y2)+213y+2:2y+x: -2x-2

It is required to find the critical points of fand prove that the function has local maxima at these
two critical points.

To find the critical points find the partial derivatives of f independently with respect to x and y
and equate them to zero.

First find the partial derivatives.

L(.t,y]=§[—x‘(l+f)+h’y+2ﬁy+x=—Ex—l]

=§[—:‘(l+}r= }]+§[2r’y]+§[1x"y]+§[f]+§;[—lt]+§[—2]

Use sum rule

3y € é Ora7. r.a d d
= —{l+y')a[.r‘]+Iya[r’]+2ya[.r']+E[I']—Ea[x]+a[—2]
Use constant multiple rule
=—(1+)%)(4x")+2p(3x* )+ 2y(2x) + 2x-2+0

Use power rule and g{,{-] =0



=—(1+)%)(4x* )+ 67y +4xy+ 2x-2 ... (1)

fr{.n}’}=%[- 4(l-irj.?:)+:!hri}.:f+2;r:d7,:r+.1'1--—..'!:Jr--—Z:l

dr . ] Br. s & 2 8 D
=a['—l (I"l"_]? ]]+E[h _F]"FE[ZIZ_}?]"FE[I:]i'E[—"EI]"FE[—I]
Use sum rule

. D 5 ) 8 Or a1 O 8
=—X E[(I*I-_}‘ )]4‘21}5[_]?]"?2125[_]?]"?5[1 ]‘I"E[—h]‘l'al—'z]
Use constant muliiple rule
=—x*(2y)+2x* +2x* Use power rule and g{k):ﬂ

Ox

=-2.I"'y+lrj'+lt: ceemee (2)

Set the derivatives equal to zero.

f.(xy)=0

~(1+57)(4x° )+ 6x"y + 4xp + 2x-2=0

£ {x. _}r) =0

“2x'y+2x° +2x° =0

f{—lx"y+lt+2) =0
Solve the equations using maple.
First enter command as follows.
solve ({-(1+4y*2) (4 "X 3)+6 X 2y +4" XY +27X-2=0 X 2*(-2 "X 2"y +2"x42=0}.{x.y}):
The maple output is as follows.

> solve({-4(F —1)x—2(Fy—x—1) 2xy—1)=0-2- (F v—x—1) -2 =0}, {x.3});

{x=1Ly=2}, {xr=-1,y=0}

Therefore, the only possible critical points are |(1,2)| and {—I,ﬂ')l_




Classify the behaviour of the critical poinis of f.
Recall the second derivative test,
A function f has continuous partial derivatives on disk (a,b)and f, (a,b)=0, f, (a,b)=0.
Let
D=D(a.b)= f.(a.b) £, (a:b)-[ £, (a:8)]
a.lf p>0and f_(a,b)>0then f(a,b)isa local minimum
b.If D>0 and f_(a,b)<0 then f(a,b) isa local maximum

cif p<Qthen f {a,_b} is not a local minimum or local maximum.
To find D(J,y}. find f_ (I,_}F],f;}_ (:r,_}r) andfg, {_t,y} "
f.= %(—{H}r:){4.1")+6fy+4.\}*+2.t—2)
Differentiate (1) with respect to x
= 2 ((14°)(42)+ 2(665) + 2 4m)+ (20 22)
ox cx cx cx cx
Use sum rule

=-12x" - 12"y’ +12xy + 4y +2

f,= %{—2:‘ y+2x* +2x" ) Differentiate (2) with respect to y

- %(—zf y)+ %{h’ )+ %(21’ ) Use sum rule
=-2x"

£ =§(—(I+f}{4ﬁ)+ﬁfy+41}r+2:—~2)

= -8’ y+6x" +4x

Substitite f_.f. andf,, in D

D= fo(x3) £, (x3)-[ £ (x0)]

_ [—lzf +4-2(2xy-1)’ —4{x=y—.r—1}y][—zx"]—[—sfy+ﬁx= +4x]
=2(12¢° -12%) +12xp + 4y +2)x* -4 (4x*y -3x-2)

=24x° +24x°)* — 24x"y - 8x*y—4x* — 427 (4x'y—3x-2)’

=24x" + 24x%y" - 242 y —8x'y —dx* —4x (16x")7 +9x7 +4-24x"y +12x-16x"y)
=24x" +24x°y° = 24x y—8x' y —4x* —64x°y* —36x" —16x7 +96x" y—48x" +64x"y
=24x°" —40x°y" + 72x°y + 56x" y - 40x* —48x" —16x°



Find D, f; and behaviour for the three critical points and tabulate them as follows.

Critical point | Value of 7 ; D Conclusion

£.(1,2)=-26

(1.2) £(1.2)=0 »

16 > 0 | Local maximum

f.(-1,0)=-10

(-L0) | £(-10)=0 .

16 > 0 | Local maximum

Therefore, conclude that the local maxima exist at only two critical point and value of fis

f(1.2)=f(-1.0)=0|

Sketch the graph of the function by choosing a viewing rectangle that displays the critical points
exactly.

. (—1.0.0)
(L2.0) - :

= fley)s—(2 1) ~(<y—x-1)




Answer 38E.

Consider the following function:
f(xy)=3xe' -2 =€

It is required to find the critical points of f and prove that the function has local maxima at
these two critical points.

To find the critical points, find the pariial derivatives of f independently with respectfo x and
¥ equate them to zero.

Difierentiate f(x,y) with respectio x.
fi(xy) =§(3er' A

_ % (3’ ) -2 ()L (o
_&(36) &r(""j} ax{ej)
=3e' =3x" -0

=3¢’ -3x°

Differentiate f (;c1 y)with respect to y.
¢
y)=—|3xe" —x' —&”
£, (x)= 5 (3 )

é N O 0 (3
=5)-3,(2)-3(<")
=3xe’ —0-3¢"
=3xe’ — 3¢’

Set the equation £, (x, y) equal to zero.
3¢" -3x* =0
3¢’ =3x°

2
&=x



Set the equation f (x,y)equal to zero.
Ixe’ -3¢ =0
3x(x)-3(x*) =0 Substitute ¢’ = x°.
30 -3x"=0
3 (1-x°)=0
x=0 orl-x’'=0
x=0 or {l—:}(|+x+x:}=ﬂ

x=0 or x=1

Solve the equation gr = ? for y.

e =x
y=Inx*

=2Inx
When x=0:
y=2In0

= undefined
When x=1:
y=2Inl

=0

Therefore, the only possible critical point is (I,[l'} .

Classify the behavior of the critical points of f .

Recall the second derivative test as follows:

Function f has continuous partial derivatives on disk (a,b)and f, (a,b)=0, f, (a,b)=0.
Let DxD(a,b)= 1. (a.b)f, (a.b)-[ £, (a.b)] .

If D>0and f_(a,b)>0 then f(a,b)Isa local minimum.
If D>0and f_(a,b)<0 then f(a,b) s a local maximum.

If D<0then f {a,b) is not a local minimum or local maximum.



Tofind D(x,y), calculate f_(x,»).f, (x.») and f_ (x, ).

Difierentiate £, (x,y) with respect o x.
¢ :
=—|3e" —3x°

é 3. o
-L(se)-2o7)
=0-6x
=—6x

Differentiate £, (x, y) with respectto y.
'a ¥ ¥
I = E(lﬂ? ~3e” }

-5 (3)-2(5¢)

=3xe” —9¢”
Difierentiate £, (x, ) with respect o ».



Substitute the values of f_,f_ andf_ in D,

D(I*-}!) 2 fn-‘ﬂr _{fn )1
= (~6x) (33" ~9¢ ) - (3¢’)’
=—18x"¢" +54xe’”” -9

Find D, f_ and behavior for the three critical points and tabulate them as follows:

Critical
Valueof f | f. D Conclusion
point
Loyeg | P(b0)=-18+54-9
(L0) | f(10)=1 1(1.0)= =77 Local maximum
<0
=0

So, conclude that the local maxima exist at Dnl}r one critical pﬂint and value of f is,
7(10)=1]

Therefore, the highest point of the graph is (l, ﬂ,l)l.

Sketch the graph of the function by choosing a viewing rectangle that displays the critical points
exactly as shown below:




Answer 39E.

The distance between the point (x, ¥, 2) and (2, 0, —3) 15 given by
d = J(x— 2)2+_y'2+(;a'+3:]2 Wehavextytz=lorz=1-x—»

Replace zwith 1 —x —y.
d = J(x—2)2+yz+(—x—y+4)2
= P-4z +44 7+ 2+ 2y - 8x+y -8By +16
= 22— 12x +20 + 2)* + 2y - 8y
d*= 222 —12x + 20+ 25 + 22y — 8y

Letd® =fix, ).

Find fi(x, ¥). f(x. ). fulx. ¥). fplx. ¥), and fo(x, ¥).
=412+ 2y
Ja=4

f,z 2x+4y -8
Sy=

Jo=2

Equate f,(x, y) to 0 and £(x, ) to 0.
4x-124+2y =0

2x+y =6
¥y =6-2x

2x+4y-8=0
x+2y =4

Replace y with 6 — 2x in x + 2y =4 and solve for x.
I+2(ﬁ—2x) =4
x+12-4x =4
—3x=-8

| Ca

x =



On replacing x with g my=6-—2x,we get y = %
8 2y .
Now, evaluate D(E E) givenby f, (a,.8)f,,(a &) - [fv (a, b:]:r
8 2 2
p(%.2]- @@-@

=16-4
=12

Since 22> 0 and f;; = 0, the given function has local minimum at (g %]

Substitute gforxaud % foryind = sz’—lzx+ 204+ 27 + 2z — 8y .

2y 8 2y 2\ 2 2
d= 1212 =12 2]+20+2| 2| +2[2]|2]-28]| 2
3 3 3 3)\3 3

— IE_E_%+2[]+§+E_E

3 9 5 3
_J*T
3

2

B
Thus, the shortest distance between the point (2, 0, —3) and the given plane 15 obtained as
2

Al




Answer 40E.

The distance between the point (x, ¥, 2) and (0, 1, 1) 15 given by

d = \]JF2+(J"—1:)3+(:s:—‘1)2 Wehavex —2y+Z=6o0rz = #
Eeplace z with #

2
d = Jf+(y—l)j+(#—l]

2x 4y x* 4 4
= Jx:+y:_2y+1+1__x+_y+___v+i
3 3 9 9 9

_fo. 1B, 2 2 4

= + —=y——x—--—xpt2
g« g7 3V 3T ¥
0, 13, 2 2 4
dl= P+ =y -Zy-x——xp+2
9 9 ~3¥ 3% ¥
Let d° = £z, ).
Find £:(x, ). £(x. Y). fulx. ). fp(x. ). and f(x, 3).
o e Sy 2
T g T Y T3
20
fn_?
% 4 2
5= 377573
_ 2%
g
4
»~ g



Equate f,(x, y) to 0 and f(x, y) to 0.

—x—-—y——=10
9 9}' 3
201—4}?—6_0

9

¥ =5%x—-=

Lol T S
97 9% 3"
26y —4x -6 _

9

139 - 2x-3 =10

Replace y with 5;{—; in 13y — 2x— 3 = 0 and solwe forx.

13(5x—2)—21—3= 0
2

ﬁﬁx—E—Ex—Bz 0
2

63:—£= 0

2

5

X = —

14

. N 3 2
Onreplacingxwith — in y = 5x— —, we = v
replacing 14 ¥ 5 get y 3

Now, evaluate D(% %) givenby £, (a.d)f,(a. b) - [fv (a. b):r

o3 (-

52016
"~ 81 81
_ 56
)

Since 22> 0 and f;; = 0, the given function has local minimum at (% %)



6—x+ 2y

Substitute i for x and E forym z =
14 7 3

(1) +3)
14 7
3
34-5+8
42

29

14

5 2 29
Thus, the closest point to {0, 1, 1) 1s (ﬁ -, —] I

Answer 41E.
Consider the point (4,2,0)and the cone z* = x* +)*.

Find the point on the plane that is closest to the point.

The distance from point (x, y,z)on the cone to the point (4,2,0)is

d=\(x-4) +(y-2) +(z-0)
& =(x-4)+(y-2)+7 .. (1)

The point (x,y,z)lies on the cone z? = x* +7,
S0,
_'-;': = _]': -|--"|,-'1 ...... {2]



We need to minimize the distance.

To find the minimum distance, we consider 4?as a function of (x, y).

So,

f(x,y,z}z{x-—ﬂz +{y-2}1+zz

Plugging the value of z* = x* +)°

f(xy.2)=(x=4) +(y-2) +7
f(xp.2)=(x-4) +(y-2) +(x*+»?)

Take partial derivative of f(x, y)with respect io x,

fo(xp)=(x-4) +(y-2) +(x*+»")
= 2{x—4)+21
=4x -8
Taking partial derivative of f(x,y)with respectio y.

j}(.r,y] =[I—4]'" +{y—2]= +(.r: +_}’:}

=2(y-2)+2y
=4y-4

Equating this equation to zero,

L(.t.,y]={]
4x-8=0

Equating f (x,y)to zero,
4y-4=0

=3
y=1
Hence. critical point of the function is (2,1).



The second partial derivatives of f(x,y)are,
Differential two times with respect to x,
f(.r,y}={.r-—4]z +[y—2}3 +(I= +f)
fi(x.y)=4x-8
fo(xy)=4
Differential second time with respectto y,
f(xy)=(x-4) +(y-2) +(xF+57)
fi(x.y)=4x-8
fi(xy)=0
Differential two times with respect to y,
f(xy)=(x-4) +(y-2) +(¥ +))
fr{x,y)zl{y-2}+2y
L."(I’F}=4

Suppose the second partial derivatives of f are continuous on a disk with center [a,,b)and
suppose that f (a.b] =0and f_r{g,b): 0] (a,b)is a critical point of f].

Let D(a.b)= 1. (a.5) , (a.b)~(f, (a.5))"

() If D>0and f_ (a,b)>0then f(a,b)is a local minimum.

(b) If D>0and f, (a,b)<0then f(a,b)is a local maximum.

()If D<Othen f {a,b}is not a local maximum or local minimum.



The value of pat the critical point (2,1)is.

D(a,b)= f.(a.b) £, (ab)~(f, (a.b))
D(2.1)=(4)(4)-[o]

=16-0
=16
Since p - pand f_“_ >0, the point (Z,I]is a local minimum.
The value of zis,
z=x"+y
#=2+0
=5

z=iJ§

Thus, the points on the cone closest to (4,2,D}are (2,1,-.@ )and(l,l,—u@) i

Answer 42E.

Consider the origin and the surface,
y: =9+1z.
The objective is to determine the point on the plane that is closest to the origin.

The distance from point ( x, y, z)on the cone to the point (0,0,0) is,

d=(x-0) +(y—0) +(-0)’
d’ = [x]z +(_].’)2 +z
The point (x, y,z) lies on the cone y? =9+ xz. S0 that

_yz =94+xz ... (1)



To find the minimum distance, need fo consider g?as a funciion of x,y.

So,
f(xy.2) =|[;1v:)z +(y)1 +2z2 . (2)

Plug in the equation (1) into the equation (2), to get:
f(x,y,z]=_rz+9+::z+zl.

The first partial derivatives of f are,

.ﬂ(fsz]=21’+z and L{Lz):lz+x

Equate these equations to zero, to get

f(x.2)=0 Ax+z=
2z+x=0 _ ., %20
=5 x=0

Plug in the value of x=( info z= _2—: to obtain:

—x
z=—
2
-0
I=—
2
z=0

So. the critical point of the function is (0,0).



The second partial derivatives of f are,
J(x.z)=2x+z f(x,z)=2x+z . Sf(x,z)=2z+x
fo(x2)=2, Sfo(x2)=1, Lo (xz)=2
Use the second derivative test, a function 7 has continuous partial derivatives on disk (a,_b}
and f (a,b)=0, f.(a,b)=0
Let
D=D(a,b)= [, (a.b) £ (a:b)-[ f..(a.5)]
alf p>0and f_(a,b)>0then f(a,b)isa local minimum
b.If p>0and f_(ab)<0 then f(a,b) s a local maximum
cIf D<@ then f {a,b) is not a local minimum or local maximum. It is called saddle point.

d. If p=(.we cannot say anything with this test.
At the critical point (0,0).
D(0,0)=(2)(2)-(1) =3>0
Since p>(Qand f_ >0, the point ({),ﬂ] is a local minimum.

The value of y at that local minimum is,

¥ =9+xz
y*=9+(0)(0)
=9
y=43

Thus, the points on the surface 3,-* =9+ xz that are closest to the origin are,

(0.-3.0), and (0.3.0)]




Answer 43E.

Let the three positive numbers be x, y, =z
Then the sum1sx +y +z= 100 N )
Product of numbers be xy=
From (1) rewnite
z=100—x—¥
Substitute the value of z 1n the product
xy (100 —x—y)
Take f(x.y)=xp(100-x-y)

f(x.y) =100y —x'y—x"

Differentiate the function f(X,y) with respective x and y

Then
fe =100y—2xy—y*
f, =100x—x" —2xy
First find the critical points by setting f, =0. f, =0
That is y(100—2x—y)=0 And x(100—x—2y)=0 T
On solving (2)
100—2x—y
2(100—x—2y) Multiply with 2
—100+3y=0 On subtraction
-100=-3y
;A0
-3

Substitute the value of ¥ in any one of the above equation get the value ng

So the critical pomnts are (0, 0) and (%g)

[we cannot take (0, 0) to be critical point as 1t 1s not feasible since 1t 1s gives xpz = 0]



Now f,=-2yand f,="2x
Similarly

fe=100y—2xy—)"

f, =100—2x—2y

By second denvative test:
Suppose the second partial denivatives of fare continues on a disk with center (a,b). and
suppose that f,(a,b)=0 and f, (a,b)=0[ that is (a.b) is a critical point of /]

Let D=D(a,b)=f_(a,b)f,(ab)-| £, (ab)]

If D>0andf (a.b)<0.thenf(ab) isalocal maximum

Then D=f.fo,—fs
D =4xy—(100-2x-2y)’

Substitute the (g%} in the equation (3)

F
D:M—[lm—@—@]
9 303
40000 (300—200-200Y
G _( 3 J
m_[—lmjl
: 3

By continue the above

~ 40000 10000
9 9

D




So D>0andf, (a,b)<0,thenf(a,b) isa local maximum

From the above results at (%,%) a point of maxima
Thatiswhmng,yzg,“f‘“dﬂhaﬂ:mﬁmm value

The product of the three numbers x_ v, z will be maximum

Required numbers are
x_lﬂ(} _ 100
37 g
And
z—100- 10 100
3 3
_ 300-100-100
3
_300—-200
3
_ 100
="
3
Therefore:

Answer 45E.

Consider the rectangular box is to be inscribed in a sphere of radius r.
For convenience assume that the sphere is centered at the origin.
This sphere has equation x* + y* +z* =1*.

By symmetry the box must also be centered at the orgin. If not, then at least one corner will
not lie on the surface of the sphere. It is convenient to assume that the box is oriented along
the axes.

Let the point (.r,_v z) represent the corner of the box in the first guadrant that lies on the

sphere.
The volume of the boX is:
¥ = length x breadth x height

= (20)(22)(22)
= 8;}:

The goal is to maximize V, subject to the constraint x* + y* 4+ 2% =#".



Let f{_r_}?‘z]: V =8xyz. then

vf ={S ﬁ,&m,ﬂxy}

And, the constraint is:
g(xyz)=x+y '+ -r
Vg =(2x,2y,2z)

Therefore, Using Lagrange’s multipliers,
Vf=4iVg
(8yz,8xz,8xy)=4(2x,2y,2z)
dyz=4Ax

4z
:},{:— ...... I
: )
dxz=Ay
4xz
=2Al=— ... 2
- (2)
4xy=Az
. (3)
z

From equations (1) and (2),
4z _4x=

X ¥y
4y’ z=4xz
=y=x ... (4)
Similarly using equations (1) and (3),
o W

X Z
4yz* =4x"y
T T S ——" (5)
From (4) and (5), we conclude that,

.rl=y:=z:



Substitute x = y =z in the constraint equation, we get

& * b 4
X+y' +z=r
- -

Ix =r

5
£

2
r

X =—
3

r ;
=S =— Since x>0
3

Therefore, x=y==z =

V3

The maximum value of the rectangular box is,

Eeon

3

3}_5

Hence, the maximum volume of a rectangular box is |V = T X
343

Answer 46E.

Find an expression for surface area for the given volume, and find the mmmimum of this
surface area using partial denivatives.

Let the three dimensions of the box be x, ¥, andz The volume 1s 1000 oo
V=xz
1000 = o=

The surface area 1s the function we wish to minimize:
A=2xy+2x=+2)=

Use equation (1) to substitute 1n forz in A:

. 1000

Xy
A=2xy+2x=+2yz

zzvﬂx(muu}b(muu)
b3Y k94

2000 2000
=2p+—+

¥ X




To find the (x, ) point that minimizes A, find the cnitical points of A. Critical points
occur when the partial denivatives A, and A, are either zero or when one of them does
not exist. We find these partial derivatives.

To find A _, hold y constant and take the deriwative in terms of x.

A= 2+ 2000 e 2000
¥ X
2000
A=
To ﬁnddy, hold x constant and take the derivative in terms of y.
A=2ap+ 2000 " 2000
¥ x
2000
A, =2x- =

If x=0 ory=0, at least one of these partial derivatives does not exist However, that

would make one dimension of the box 0, which would give it a zero volume, and
therefore would not satisfy the real-life constraints of the problem. Therefore, we discard

the cnitical points resulting from x=0 and y=0.

‘We find the critical points that occur when A4, and A, both equal 0:

02, 2000

Multiply through by the denominators to simphfy:
0 =2yx* —2000
0= 2% — 2000

yx* =1000

o~ =1000



Solwve this system by substitution  Solwve the first equation 1n (2) for y:

1000
=73
x

Plug into the second equation 1n (2):

2
x(mﬂﬂ] =1000

'S
I[mno’) =1000

4
x

mnu_l
=
= =1000

x=10

Back-substitute to solve for y:
_ 1000
o
¥y=10
‘We now have (10, 10) as the only wiable critical point for A

It remains to show that the critical point (10, 10) gives mimimal surface area To show it
15 a mimmum_ we use the Second Denvative Test, which states that under most
commonly encountered conditions, if a function fhas a critical point at (a.2), then if we
let

D= £, @05, @0 -[/as]

Then the following rules determine whether f has a local minimum or local mazimum at
(a &):

(1 If D>0and £ (a,b) >0, then f has a local minimum at (a, &).

(2) If D>0and f_(a,.b) <0, then f has a local maximum at (g, &).

(3) If D <0, then (a, &) 15 a saddle point.

4 If D=0, then the test 15 inconclusive.

In order to apply the Second Dernivative Test, we will need D, for which we will need to
calculate all the second partial deriwatives. Start with A, and take another partial
denivative in terms of x:
2000
=2y
A=2r-—

2000
A =@ —-

_ 4000
x



MNow start with A, and take a partial denivative in terms of y-

2000
s B S0
A=%r——
4,=2
Finally, start with A, and take another partial denivative in terms of y:
2000
=2x————
G
2000
=25
&0
4000
=T
y

Now we calculate £ for the critical point {10, 10):
D= f.@bn)f,@n)-[fa@s]

() ).

()0
L1t 10

= @E)-2

-14

So for (10, 10), D2 =14, a positive value. In the course of calculating /), we found A to

be 4, which 15 also positive. Since both are positive, by the Second Derivative Test the
function A must have a minimum here. Since mumimum surface area 1s what we were

looking for, {x,))=(10,10) indeed fits as a solution
Plugging x=10 and y=10 into the original volume equation in (1) gives
1000=(1M(10)=z

z=10
So dimensions of the box with minimal surface area and a volume of 1000 cm® are



Answer 47E.

Consider a rectangular box in the first octant with three faces in the coordinate planes and one
vertex of the rectangular box is in the plane x+2y+3z=6.

The objective is to determine the volume of the largest rectangular box.
It means that, one needs to find the maximum volume of the rectangular box in the first octant.

Here, x,y,z >0 because, the rectanguilar box is lies in the first octant.

Let (x, _}r,z} be the vertex on the plane x+2y+3z=6, and x, y, and Z are the length, width,
and height of the box

The volume of a rectanguiar solid is ¥ = (length )( width)(height).
V = (length )( width )( height)
=Xz
Next, solve the plane equation x+ 2y+ 3z =6 for z as follows:

xX+2y+3z=6
3z=6-x-2y
- 6-—x-2y
3

Substitute z=2"%"2Y in ¥ =nz.

V (I,y,z} = XyZ

B 6—x-2y
“3{ 3 ]

v '[Irf}=%(ﬁll"1!}"21}'z)
To find the critical points, one needs to find the partial derivatives of F{J, _1;] independently
with respect to x and y and equate them to zero.
Find ¥,_(x, y) as follows:
Differentiate V(_t, y]with respect to x by assuming y as constant:

VJIJF%[%(GAT—:@—:@*)]

1( @ o a s
=§[E[ﬁj}']+a[-xzy]+a[-zxy ]] Use the formula i.t"' =mx""
=%[6y§[1]-1‘§[f2]‘2-"2§[x]) N
Z%(ﬁy{'}-f(h}'zfz[']}

V. (xy)=3(6r-20-2%) ()



Find ¥, (x,y) as follows:

Differentiate V (x, _p)with respect to y by assuming x as constant
dll

V (x,v)=—| =[6xy—x"y-

(%) ay[}[{v y hyz)]

-3{ ot gl 3]

o212 201221

Use, — x" =mx™"!

=1 (6x(1)-(1)-2¢(20)
Fr{.t,y}=%(ﬁ.t—.r3—4.1}rj e (3)

Set the equation (1) equal to zero as follows:
1
E(ﬁy—m—zﬁ}ﬂ
6y—2xy—-2y" =0
2y(3-x-y)=0

¥y=0 and 3-x-y=0
v=0 and 3=x+y

Set the equation (2) equal to zero as follows:
1 3
—(6x—x"—4xy)=0
S )
bx—x"—4x=0
x(6-x—4y)=0

x=0 and 6-x-4y=0
x=0 and 6=x+4y

Find xwhen y=0:
To solve for x, substitute y=0in x+4y=6 as follows:

I+4}’=6
x+4(0)=6
x=6

This implies that, [6._[!} is the critical point.



Find ywhen x=0-
To solve for y, substitute x=0Q in x+ y=3 as follows:
x+y=3
0+y=3
y=3
This implies that, (0,3) is another critical point.
Solve x+y=3andx+4y=26 forxand y
First, solve x+ y=3 for x

x+y=3
x=3-y

To solve for y, subsiitule x=3-y in x+4y=26 as follows:
J-y+4y=6
3+3y=6
3y=3
ry=1
Substitute y=1iIn x=3-y. lo solve for x
x=3-1
=2
Therefore, the critical points of the function are (0,0),(0,3),(6,0), and (2,1).

It can be observed that, when x=0, and y =0 the volume V will be zero, which is absolute
minimum.

Use the second derivative test, a function  has continuous partial derivatives on disk (a,b)
and f (a,b)=0,f,(a,b)=0.
Let
D=D(ab)= f.(a.b) £, (a:b)-[ £, (a.5)]
a.lf p>oand f_(ab)>0then f(a,b)isalocal minimum
b.If p>0and f_(a,b)<0 then f(a,b) s alocal maximum

cIf D<Qthen f {a,b) is mot a local minimum or local maximum.



Find second order partial derivatives as follows:
Tofind D(x,y).find ¥_(x,y).V,_(xy) and V_(x,y) -

Find ¥_(x,y) as follows:

()= 2 {3(6r-20-2)
=%|:ﬁy§(])-2y§{f}‘3}’z%(1}]
=%[ﬁy[ﬂ}—2}'{]]‘2yz(ﬂ}]

=3[

2
Fnr(x’ -F): -Ey

Find Fﬂ-{-"* y) as follows:
cdfl ;
F‘-}'(I'y}za[i(ﬁx—x _41},})
! ¢ » O a8
:5[&5{1}-r 5(1}-4175(}.)]

=%[ﬁx{u}—f{u}—4x(n]
4

=——X

Find ¥_(x,y) as follows:
v, (x») =§[%(ﬁr-f -41_1:]]
-6 20-2()-4 2]

=2[6(1)-25-4y(1)]
_ 2x+4y-6
B 3



Substitute FF.F” and V# in D.
2
D=V, (x,y]F#{x,y}—[VF{x,f}]
( 2 J 4 ( 2.u.‘+4;p,>*—ﬁr)2
=| —§ | —Xx—| ———
3 3 3
(3 (2x+4y-6)
'(9”’] 9
_ 8xy—4x’ —16xy—16)" + 24x + 48y —36
9

_ —4x” —Bxy—16y" +24x+48y-36
9

Find D, f_ and behaviour for the three critical points and tabulate them as follows.

Ve (%)
Critical point | Value of ¥ (x,y) 2 D Conclusion
=y
3
Neither
(0.3) ¥(0,3)=0 F"{ﬂ’j}:;z —4 < () | local maximum
<
nor minimum
Neither
(6,0) V(6,0)=0 V.(6,0)=0 | _4<0 |local maximum
nor minimum
4 v (21)=-2]| 4
(2.1) F{I,I}:E e 5}0 Local maximum
<0

From the above table, it is concluded that the local maxima exist at only one critical point

; 4
2.1), and the value of fis 2.1)=—|
(2.1) f8|f(21)=3

Thus, volume of the largest rectangular box in the first octant is %



Answer 48E.

Suppose that the dimensions of the rectangular box are x,y, and z.
The volume of the rectangular box is v=2xyz_

The surface area of the rectangular box is 2(1y+ yZ +zx).

Given that the surface area of rectangular box is 64cm2.

That is,

2(.\:}?+_}Jz+zx]=ﬁ4

64
.1}*+yz+zr—? Divide by 2 on both sides
xy+yz+zx=32
w+(y+x)z=32

{y+1]z=32-1y Subtract xy from both sides

i . by y+Xxon both sides
y+Xx
Substitute z=22"" in v=xyz, obtain
Y+
=)
X+y

3y Xy

X+y X+¥

3233«'_::‘3_}#3

Take v:f{x,y}zx_l_y 5

Differentiate  f (x, y)partially with respect to x.
' (32-x* -2y
fi= ;
(x+¥)
Differentiate f(x, y)partially with respect to x.
x*(32-y" -2xy)
o (xy)




Now find the critical points by setting f, =0. f, =0
That is,
32-x' -
»( 29) .

(x+y)
32-x"-2xy=0

And
x’{:u-f-zxy):n
(:+_}=):
32—y =2xy=0
Solve these two equations. get x* = y* orx=y-

Substitute x=yin 32-—;: -—l],:y:ﬂ. get

32-x"-2x(x)=0
32-x"-2x"=0
32-3x" =0
3x* =32
, 32
3

X

]
b -

To find the value of z, substitute _1-=4J§, y=4 Jg inz= 32_'1}'. obtain
3 3 y+x
2 2
32-| 4= || 4.)=
3 3

2=

by
1]
™
oo




Definition:
Suppose the second partial derivative of f are continuous on a disk with center (a,b)and
suppose that f, (a,b)=0and f (a,b)=0[thatis (a,b) a critical point of f].
Let

D=D(ab)= f.(a.b)f, (a.b)-[ £, (a.b)]
If D>0and f_(a,b)>0.then f(a,b)is alocal minimum
If D>0and f_(a,b)<0.then f(a,b)is alocal maximum
If D<0.then f {a,b}is not a local maximum or local minimum
Tofind f_ (x, y)differentiate f, {x, y) partially with respect to x.
) -2y* (07 + " +32x+32y)
: (x+»)
=2y* (x+y)(32+)%)

(x+y)

_-2_];1(32-1-}?:)
C (x+y)

S

Tofind f_(x,y)differentiate f (x,y)partially with respectto y.
-2x°(32+x7)
T (x+y)

And
_ -2x* (x+y)+64xy(x+y)
(.l'+_]?}'t

1

_ 64xy-2x*
{.r+_p}}
Now,
D=f.f,—1s
_ax’y’(32+27)(32+ ) - (64— 2x°)
(:+_p]"




(8

4]

sylatil)
)48

)

(+61:8)

F 4
=%{|zsx11&-ﬁ4xﬁ4]

_4(32)'(64)
a0




The volume of the box will be maximum and the maximum volume is

v=xz

[+ )5)

AE]

)

128 |2
=|—_|=CIn"
3 V3

And the dimensions are,

4J§- 4J§. 4J§cm
3 3 3

Answer 49E.
Let the dimensions of the rectangular box are x, y, z
Then the volume of the box 1s
v=XZ
It 1s giventhat 4x+4y+4dz=c {constant)

LE. x+_}r+z=%=k {constant)
LE z=k—x—Y¥
Then the volume 1s

v=xy(k—x—y)

Take v=f(xy)=ky-xy-n’
Then f, =kv—2zp—»"

=_}r(k— 21—_}*)
And  f,=kx-x" -2y

= x(.i’:—x—Ey)



First we find critical points by setting f, =0, f,=10
LE. y(k-2x-y)=0

And x(k—x—y)zﬂ

LE 2x+y=k {x, » >0}

And x42y=k

On solwing we find the critical point (%%]

Now f,=-2r, f,=—2x, fp=k-2x-2y
Then D=f.f,—fo
=dxy—(k-2x-2y)

2
Dzﬁ_[k_%_ﬁ]
9 3 3
_& 1w
9 9
=£::~ 0
3
And f, =—%{U

That 15 [%g} 1s the point of mazimum walue of 7

That 15 whenng, _}rzg,ff’wﬂlbe maximum
i k ik ik i )
That 15 whenng, y=§ zzgt'he volume will be mazimum
Hence we see that the box 1s a@with dimensions lc_E {ask= %}
Answer 50E.

Let the dimensions of the base of the aquarium are x, ¥ and 1ts height be z

Then the volume v = XyZ - (1}

Let the cost of making the walls 15 1 per unitt area then the cost of making the base
15 3 per unit area



Then the total cost of making aquarium 1s
c=0xy+2xz+2y=z

Bui  z=— (fom (1))
3

Then c=5x+ 2;1r1+2_}r1

Xy xy
2v 2v
=S+ —+—
¥y X
Take c=f(x,y)=5xy+§+§
Yy x
Then f,zﬁy—&j
x
2v

First we find critical points by setting f, =0, £, =0

Le. 5_]?—2:0
X

And 5:-2—0
yl
On comparing we find = = y this gives
5% =2v
1E x3=§
5
_ o)
LE. X=y=| —
7 (5]
w4 (2v\4
Tnte st s (3 (2
4y 4y
Now f==?, ”=F,fv=5
Then D=f.f,—fo
_15#_25



» (@

4y*

=75>0
And £ =10>0

3 A
That 1s [[ﬁ] [ﬁ] ] 1s a point of mimima

D= x25—25

5 5

That 15 at this point “” will have minimum wvalue

_ v} v )4 o
That 15 when x= = e = the cost of the aquarium will be minimum

Hence the dimensions of the aquarium for the cost to be minimum are

() -2 -2

Let the dimensions of the cardboard are =, v, z
Then volume = xyz= 32000 cm®>  -————mmm ()
The amount of cardboard will be minimum if the surface area of the box 15

I I

Answer 51E.

The surface area (when =, ¥ are dimensions of base z 15 height)
A=2xz+2y=z+xy

But =z= 2000 {from (1)}
£
= —, where 32000 =k (say)
X
Then A=xy+ E+E
v
2k 2k
=p+—=—

¥ X



Take A:f(x,y):mEJr%
¥ X

2k
Then f, =_}r—?

2k

L:I_F

First we find the critical points by setting 7/, =0, £,=0

LE y——=0
X

And x—§=ﬂ
y-:

On solving we findx=y = (2]:)5
That is the critical point is ((2.::)3’5 (265 )

Now f,:i_f, =ﬁ,fv=1q‘a’+b‘

That is (.3.,"2_;1: 32k ), is the point of minimum value of “f”

That 15 when x= (2&)% y= (2&:)H the surface area of the box will be minimum
Hence the required dimensions of the box are
k
x=(2)%, y=(2)*. 2= —=
(2%)
As  k=32000 cm’
Then |x=40cm, y=40cm , z=20cm




Answer 52E.

(a)

Consider the rectangular building that is given in the problem, which is being designed to
minimize the heat loss.

Let x be the length of the walls on the north and south sides, y the length of the walls on the
east and west sides, and z the height of the building.

The following shows the rectangular building.

4_>

‘e

The rectangular building is being designed to minimize the heat loss. The east and west wall
lose heat at rate of 10 units/ m2 per day, the north and south wall at a rate of 8 units/ m2 per
day, the floor at a rate of 1 unit/m2 per day, and the roof at a rate of 5 units/m2 per day.

The objective is to find and sketch the domain of the heat loss as function of the lengths of the
sides.

The heat loss,
By (x,3.2)=10(2yz)+8(2xz) + Lxy + 5xy
=6xy+16xz+20)z
The volume of the rectangular box is xyz = 4000 .

xyz = 4000



Substituie =z =

into the heat function A, and get ihe following function.
Xy

)=y 16 2 2 490)

=6xy+ +
y x

It is also given that each wall must be at least 30 m long, and the height must be at least 4 m.

So, the constraints on the dimensions says

x,¥ =30, z =4, and xyz = 4000

xyvz30,z24,andz=
xy

x,yz30, =4

xy
x,y 230, mz_y

X
Thus, y>130 and 305}:5@_

X
_ - . 1000
Therefore, the domain of the heat functionis D=1{(x,y)eR*|x>30,30<y< :
¥

Sketch the domain of the heat function.



Set h, =0 and implies the following result

6x————=0
¥
bx=——
3
= 64000
6
» 32000
3
Substitute y= in the equation ,1}3 = 2 and get the below result.
32000
0=
3
I(:mmo)’ 32000
3x° 3
s 50000
X =
3
x=} =2554

So, this cannot lead to a critical point in the domain. So the answer must lies on the boundary.

So on the horizontal line y =30, we have 30< xi% . The restriction of § to the line gives

Sﬂﬂ{]{]+64ﬂﬂ
x 3 -

afunction g, (x)=/h(x.30)=180x+

Find the derivative of g,:
80000

2
X

g, (x)=180-

Which is positive on the interval [Eﬂ,%] . 50 no critical points.



So on the horizontal line y =30, we have 30< ;5% . The restriction of j to the line gives

a function g,{x}:ﬁ[x,:!ﬂ}:lﬁﬂx-rs ==
X
Find the derivative of g,:
’ 80000
g (x)=180- =

Which is positive on the interval [30, %:I . 50 no critical points.

The end points yields £(30,30) = g,(30)=10,200 and

(5253

), s s

+
I
3
=10,533.
On the vertical segment with y =30 we obtain g,(y)=180y+ +3!]31]ﬂ _where
JI]E}?E%-

Find the derivative of g,°

' 64000
& ()=180- 2%

yl

We check g1' ( J,-.) - () on the interval and the endpoinis yield

2.(30)=4(30,30)=10,200 . which g, [%] =ﬁ(30,¥] ~10587.



Finally we consider the hyperbola with bound the third side, y= @ . The function
X

g(x)= Ir[_t,E] =6000+64x + :
X X

for 3054*5%.

80000

=

X

Since g; ( x] = 64—

< () for 31]5;5%. so g, is decreasing on the interval

achieving a maximum at g, (30)~ 10587 and a minimum at g{%) ~10533.

Thus, the absolute minimum is  4(30,30) =10,200.

(C)
: - : 50000 80
From the above part, we discarded the critical point of x =3 =2554and y=—==,
3 460
40000 ) ) ) i
and hence z=—— for approximate dimensions x=25.54, y = 20.43, and z = 7.67 which

Xl
has the minimum heat loss.

Answer 53E.

Let the dimensions of the rectangular are =, y, z
Then the length of the diagonal 1s

J2+P+z2=L  (Given)

0 B o N 27 A —— (D

The volume of the box 15
v=xz

=:gr.,,‘f—x2—yz {Using (1) as z > 0}
Take vzf(x,_}r):z_]n!f—xj—_}rj
Oy
The =y JP - ————
S e

y(f _2 _yi)_xiy
JE 25
x(Lj _ 2 —JFI)—IJ'?

JE-2-,

And  f,=




First we find the critical points by setting £/, =0, £, =0
1E _}r[f—xl—y::l—x’_}rzﬂ
And x(Z-%-)")-0"=0

On comparing we findz=1y
Then P2-z*—y*=x*
1e =37

ie. =13

pe x=%=y xy=0)

Then the mtu:alpomtm(ﬁ -\E)
oW = 2%y Ly
Sl JL’ = ¥ JE-7-7 (L’—x’—y’)g
-y 2xy =3 »
N e (2-x- )%
P 2 2y

JE —n ¥ JE-2-7 (Lﬂ_f_y*)'ﬁ

Then D=f.f,—fo

Ny
oo 25 (-3
(4] (4]
LN
J3
And f,:—(1+%){n
'I'hal:1s(“'E -\-"3_) 15 a point of mazimum of “f"



That 1s whenxzi,yziﬂle function “f" will have maximum value
BB
. L L L . .
That 1s whenx=—, y=—, z=—the volume of the boz will be mazimum
BB B

And the maximum wolume is i
(225

It 1s given that
P=2pg+2prit2rg

Also p4+g+r=1

LE. r=1-p—g

Answer 54E.

Then P=2pq+2p(1—p—q)+2q(l—p—q)
=2pg+2p—2p* —2pg+29—2pg-24°
=2p+29-2pg—2p*-24°

af

Now =2—-2g-4p

and Zoo 9y 4
dg

‘We find critical point by settinggzﬂ, ﬁ=l:l
dp ag

LE. 2(l—q—2p)=ﬂ

And 2(l—p—2q)=ﬂ

On solving these equations e find

—
p=g=:

Then the critical point is G %]

a’P_4@=_4 Fr

Now et —— , ——=—-2
dp g &p &g
Then D— a’f_a’f_[ Fp
dp” d7° |dpdy
=16-4

=12



That 15 [% %) .15 a point of mazimum value of P (by second denivative test)

ThﬂiSWhEﬂPZ%-Q=%andr=1—

.

ed | =y
d | =y

!
3
P will have maximum walue

And the mazimum wvalue of P 15

R0

3

Hence P15 at most%

And the mazimum walue of P 13

()00

Hence P15 at mnst%



Answer 55E.

The vertical deviation of the point (x;,);) from the line is
d; = y; — (»m; +B)

Now, in order to make the sum of squares mimimum,_ we are to minimize

§=3d7 =3 (- =)

S will have its extreme walues when

dh

Differentiating S partially with respect to b,

We get
BS g <
5 2 0n—mm -8)’
Tl
= 323~z ~b)-(-1)
i
=-22.(% —mx-5)
id
Differentiating S partially with respect to m,
We get,
&
—b
5 == !Z_l',(y, mx,—b)

=§,2(J's—ﬂﬂq ~b)-{-x)

=—2é',1q (7 —mx;—B)

% will have extreme walues when %: 0

Y8

Ay .
Now, —=10 .
oW, = gives
20— —8)=0
i1
=  Dw-mp,x—b21=0
i1 i1 id
- Z-Fi — mz;q 1 bn <] [SiHCE Z]= .u:l
i1 id il



Also, ﬁomﬁz 0, we have,
&b

—2% % (s —mx—b)=0

ful
= Dmnm-mx’-bx)=0
f=l
= Zan=LmE +2.bx
Tl Foml ful
= Tan=mrntrxm —=—(2)

Solving equation (1) and (2) we can find the values of m and b.
Hence, the hine of best fit 15 obtained when

min +bn :Z-Pi
id ]

LER=MLE +b3 5,
Tml Tl Teml

Answer 56E.




Let the plane passing through the point (1,2,3) and cuts off the smallest volume in
the first octant cuts off intercepts a, b and ¢ from the co-ordinate azes. Let the
required plane meets the co-ordinate azes at points A, B, C respective.

Therefore the equation of plane 15

£+£+E=]
a & ¢
Since it passes through (1, 2, 3).
Therefore, l+E+E=1
a & ¢
3 1 2
=  Z2-1--_=
c a &
3 ab—b-2a
c ab
Or. o 3ab
ab—b—2a

Now, the plane forms tetrahedron in the first octant OABC and the volume of
tetrahedron

6 ab—-b—2a
a’b’
~ ab—b-2a
Differentiating v parhially with respect to a,

v _ af a%
3 dalab—-b-2a
:bii L
8zl (ab—b—2a)

v (ab—b—?a)%az—f%(ab—b—h)]

(ab—b—2a)"
8’| (ab—b-2a)2a-d* (b-2)]
(ab—b—2a)

_ab®[2ab—2b—4a—ab+2a]
- (ab—&—2a)
_ab’[ab—2a-2b]
" (ab-b-2a)




Differentiating v partially with respect to b,

»_af_ a%
8b 8kl (ab—b-2a)
. 8 b
=g —| —
oblab—b—2a

a’ _(ab—b—za)%b‘ —%[ab—b—?a)]

(ab—b-2a)
a’[(ab—b—2a)2b— 5" (a-1)]
(ab—b—2a)"

_ a'b[2ab-2b—4a—ab+b]
- (ab—b—2a)"

_ a’blab—da—-b]
 (ab—2-2a)

For critical points, gzﬂ and E=IIII

ob
ov .
Now, — =0 mives,
P a1

ab’[ab—za—zb]_ﬂ

(ab—b—2a)
= a=0o0r =0 or ab—2a—-26=0
Since a and b cannot be zero [if a=0,b =0, tetrahedron will not formed]
Therefore,
ab—2a-2b=0
= ab=2a+2b
1 1 1
o S —{
a & 2 )
Also, from E=l:l
ob

a’b[ab—4a—5| i
ab—b—2a
= a=0o0r =0 or ab—4a—-4b=10
Since a # 0,5 # 0 Therefore,
ab—dg—b=10
= ab=4a+h

ek ==a




Subtracting equation (1) from equation (2)

3 1
h 2
=3 b=6
Putting value of b = 6, 1n equation (1) we get.
1 1 1
e s T
a 6 2
1. 1 1 1
a 2 6 3
= a=3
Putting values of a and b 1n the value of c,
3ab 3x3x6
We get, £= =
ab—b—2a 3x6—-6-2x3
M
6
=9

Now, differentiating % partially with respect to a,
8 8 ab’(ab—2a—2p)
d’ 8 (ab-b-2a)
2 2
:b:i{a b—2a —2{.25)
& (ab—b-2a)

) 8 G
5 _(ab—b— 2a)' (0’2"~ 2ab)~(a" - 24" ~2ab) ——(ab~b~ za)‘]

(ab—b-2a)"
8| (ab—5-24)" - (2~ 40— 2)~ (a8~ 24" ~2a)- 2(ab~ b—2a)- (3-2) |
(ab—b-2a)'
_ 8| (ab—b-23)(2ab—4a-2b)-(a"— 23" - 2ab)2(5-2) |
(ab—&-2a)

Therefore,
g ata=3andb=26.

=12



Dhfferentiating g parhially with respect to b,

Fv v
abaazﬁ[ﬂ)
_ 3 ab'(ab—2a-2b)
"% (ab-b-2a)
I (b’ —2a8" - 257)

% (ab-b-2a)

a (ab—.b—2::)2%(4&3—24511—2513)—[::&3—2::&2—2&3)%(:1&—&—2.1)2

T (ab—b-2a)’

a|(ab—b-2a)* (305 — 40— 652 ) (ab® — 2ab* - 2*)2(ab—b—2a)(a~1)

T (ab—b—2a)"

_ a|(ab—b-2a)(3ab" —4ab— 6*)-2(a—1)(ab’ - 3ab" - 28} |
(ab—b—2a)

Therefore at a=3 and b=6 ,ﬂ =3
Abda

Differentiating % partially with respect to b,
v 3 [ap]

' Bl
_ 8 a'blab—4a-b)

8 (ab-b-2a)




2 @ (abj_ b _‘b:)
@ 3
ob (ab—b—Ea)

a (ab—,b—2.:)%[@’—44&—&‘)—[@‘—m-a‘)%(ab—b—za)‘]
T (ab—5—2a)'
a?| (ab—b—2a)" (2ab—4a—2b)—(ab® — 4ab—4")2(ab—b—2a)(a 1)
(ab—b—2a)"
_ @*|(2ab—4a—2b)(ab~b—2a)~2(ab® ~4ab—5")(a—1)]
(ab—b-2a)’

Therefore,

v

Now, Data=3andb=61s

o~(Z)SHZ]

=12x3-(3)’

=369

=27

>0
Therefore, volume ¥ 1s minimum ata=3, b =6 and c = 9 by second denvative
test and equation of plane 1s,

£+£+E=]
a & ¢

18
= 6x+3y+2z=18

Hence,

The equation of plane passing through(1,2,3) and cuts
off the smalledt wolume in the first octant 15

6x+3p+22=138






