For any such transformations, the trigonometric functions

remain same. sin — Sin, cos — cos etc.

COS(

3T

N B) = —sinf}

Now have a look at the figure 4.3,

R—B‘ B

T+ P 2m — B

Figure 4.3

Choice of sign is according to the quadrant of the original function. The trigonometric point
P(Tt + B) is in the third quadrant and sin(TT + B) is —ve in the third quadrant.

Hence, sin(t + ) = —sinf,

tan(mt + B) = tanf

Now P21 — [) is in the fourth quadrant.

(tan(Tt + I.))) is +ve in third quadrant.)

Hence, sec(2t — B) = secP, cosec(2m — P) = —cosec3

(as sec takes +ve and cosec takes —ve values in the fourth quadrant.)

Now, let us find sin(SSTn) and cos(an) using there rules.

sin(T

387‘c)

(36m+2m
sin T

2 2T
sin 3
(3T
Sin 3
o —Z
sin(T = %)
I
sm3
REl
2

60T+ T
cos 4
cos(15T +2

yis
cos| 0+ 4)
—coe L
cos
L
2

The Principle Period of tan :
We know that sin(Tt + 0) = —sin®, cos(t + 0) = —cos0. So tan(T + 0) = tan®

(12T is a period of sine function.)

(sine takes +ve values in the second quadrant.)

(14T is a period of cosine function.)

(cosine takes —ve values in the third quadrant.)

Thus, T is a period of fan. Now we will prove that T is the principal period of fan.
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Suppose the principal period of fan is p.
Now, tan(® + p) = tan, VO, 0 + p € R — {(2k+ 1)%|k€ Z}
In particular, taking © = 0, we get

tanp = 0

p = km

The least positive value of p is .

Thus, T is the principal period of tan.

Example 1 : Evaluate : (1) cos120° (2) sin(_”n) 3) tan(lm) @) 3sec(ﬂ)

4 4

Solution :
cos120° = _71
@ sin(ZE) = —sin(2E)
( 16T+ T )
= —sin 2
= —sm(4TC +%) = —sin% = —ﬁ
wl25) -
3) tan(BTn) = ftan 1211:4+1t) = tan(3TE +%)
= Icm% =
on{ 1) =1
) 3sec(#) = 3sec(7Tn)
8T — T
= 3sec( )
= 3sec(27€ — %)
= 3sec(_Tn)
= 3sec% = 35
3sec(%) = 35
sin(@ - %) tan(% + 6) cosec (2T +8)
Example 2 : Evaluate : (1) cos@—1) + cot 3% +0) sec(%’t—e)
2) sinlOTTc . cosHTTc + coszTn . sins?7t

(3) cos? % + cos? % + cos? 5?“ + cos? 7%

4

(1) cos120° = cos(90° + 30°) = —sin30° = 5L (cos(5 +6) = —sind)

(4T is a period of sine.)

(31 is a period of fan.)

(sec(—0) = secO)

(21 is a period of sec.)
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sin[e - %j tan(% + 6) cosec(2T +0)

Solution : (1) cos(0—m) + cot (3w +0) sec(3—“— ej
2
_ _Si”(%— 9) —cot O cosec 9
- TCos(m-0) cot® 1T “cosec ©
—cos 9

o506 T D+ (=D
=1—-1-1 =-1

. 10TC 11T 2TC . STC
2) sin—— - cos=c= + cos== - sin==

3 3 6
M+ T RE—T7 3M—T 6M—T
= sin 3 - cos 6 + cos 3 - Sin 6
- o . - - ; -
= szn(3TC+ 3) cos(ZTC 6)+ cos(TC 3) sm(TC 6)
- _—enl . I —cosE) . o
= sm3 cos6+ ( c0s3) Sm6
- =B 11
2 2 2 2
- =3 _1 __
4 4 1
2T 230 4 2 (T ST 2 (& — I
(3) cos 2 + cos S + sin (2 )+ sin ( 3 )

= cos? % + cos? % + sin? (T) + sin? (_)

8
= (cos2 % + sin? %) + (cos2 n + sin? 3—“)

= 14+1 =2
Example 3 : Decide whether following numbers are positive or negative.

(1) sin110° + cos110°  (2) coseclf—f - “0117_?

sin(180° — 70°) + cos(90° + 20°)

Solution : (1) sin110° + cos110°
= sin70° — sin20°
Now sine is an increasing function in the first quadrant.
70 > 20. Hence sin70° > sin20°
sin70° — sin20° > 0
sinl110° + cos110° is positive.
@) 177 171

COS€CT — Sec B

12T + 57T 18T —TC
cosec\ " 13 | — sec| T3

Smy _ (3_7t_£)
cosec(TC+ 12) sec{= B

- _ ST T
cosec5 + cosec>

Now, as sine is increasing and so cosec is a decreasing function in the first quadrant and

T ST
12 < 12
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cosec£ > cosecs—n

12 12

o 5_7t)
(cose012 cosec 3 >0

7 1T - .
cosec— sec5- 18 postitive.

Exercise 4.1

1. Evaluate :

(1) cos135° @) an(ZE)  (3) cos(2E)

(@) 5ec690°  (5) cosec B (6) cor( L)

Prove : (2 to 11)
2. cos(%"‘ 9) - sec(—0) « tan(mt — 0) + sec(2mw + 0) - sin(w + 0)- cot(%—e) =0

Sin(m—-6) cosec(m+90) cosec2m+0)
sin(m+0) " cosec(-w+0) " sin(3n-0)

= —COS6026

sin(-9) - tan(% - 9) - Sin(m—9) - sec (377‘ + 9)

=1
Sin(T +6) -cos(%c - 9) -cosec(w—0)-cot(2m - 0)

5. sin(n + 1)A-cos(n + 2)A — cos(n + 1)A - sin(n + 2)A = —sinA
6. sin%(40° + 0) + sin?(50° — 0) = 1

; cot 333° — cos567° |
* tan297° + sind77°

5ec?129° — cose31°

= o __ 0
8. cosec39° — secl21° cosec39 sec59

9. cos(A + B + C) = cosA cosB cosC — sinA - sinB - cosC — sinA cosB sinC — cosA sinB sinC
10. sind. - sin(B — 7y) + sin - sin(y — o) + siny - sin(0. — B) =0
11. (sinOL — cosQl) - (sinB + cosB) = sin(OL — B) — cos(OL + B)
12. For AABC, prove following results :
(1) sin(B + C) = sinA (2) cos(A + B) = —cosC

(B+C A
(3) sin| — = cos5 4) tan(A — B — C) = tan2A
sin(B+C)-cos(B+C)-sin%-cos%

®) sin(B+C) - cos

2

1

(B;C)-sin(n+A)-cos(27t—A) -

(6) If cosA = cosB cosC, then prove that 2cotB cotC = 1.
13. For a convex quadrilateral ABCD, prove that

(1) sin(A + B) + sin(C + D) = sin(B + C) + sin(A + D)

(2) cot(tA+ B+ C)+ cotD =0
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14.

15.

16.

17.

18.

19.

20.

4.4

For cyclic quadrilateral ABCD, prove that
(1) cosA + cosB + cosC + cosD = 0
(2) sinA + sinB = sinC + sinD
Ifo—P= %, then prove that 2sin0l — cosf} = ﬁsinB.
If0 = 197[ , then prove that cos?0 — sin?0 — 2tan® + sec?0 — 4cor?0 = 0.
, Fid 23n 2 5| .2 IR .9 9T 2 1R
Evaluate : (1) sin? + sin + sin 2 + sin 2 + sin P + sin 7

(2) sinx + sin(TT + x) + sin(27W + x) + ... 2n terms.

(3) cosx + cos(t — x) + cos(QM — x) + cos(3M — x) +...(2n + 1) terms, if x = %
r RIS I, I
4) cot = 20 " COL S e cot Sn e cot Sk - cot S

Determine whether each of the following is positive or negative :

(1) sinl155° + cos155° 2) tan— + co t( 67t)
(3) tanlll® — corl11° (@) cosec— + sec71—72t

_ Sin(T — 0) + tan(w + 6) + tan4w - 0)
If tan® = (TS) and % < 0 < T, then find the value of ( )
sin(m + 9) + 605(57c - 9)

Prove that sin(nTt + (—1)" 0) = sinB, for all n € N.

b3
Some Important Results

(1) We have already obtained values of trigonometric functions for &=, & % With the help of

6’ 4
sin(0, — [B) and cos(0 — [3), we will obtain values of smﬁ and cos%.
Let & 3,[3 7 ora 4,B 6
—_B==I
o B 12
T o (B _T
Sinyy = S’”(4 6)
= sinl cosE — cos& sinZk
Sin: cos< — COS Sing
_ LB
272 2
e R £l RO (R
02 W2 T2 4
sink = Jo—+2
12 4
Similarly, we can show that cos% = ’/EIJE
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3L = sin(Z-L) - o _ Jo+\2
Also, sin 5 = sinl5 13 cos5 T
n _ Jo—2

cos 12 cos ) 2 Sin 12 7

2) () sin(ow+ B) - sin(0L — B) = sin®0l — sinZB = cos2[3 — cosZal
(i) cos(@ + PB) - cos(at — B) = cos’o — sin’P = cos’P — sin’a

(i) sin(ol + B) - sin(OL — B) (sinOL cosB + cosO. sinB)(sinO( cosB — cosO sinB)

= sin’0L - cos2B — cos’0. - sinZB

sin®oL (1 — sinzﬁ) — (1 — sin*Q) - sin2[3
= sin*0L — sin®QL sin’ — sin®P + sin’0L sin’3

= sin’0L — sin2B

sin(00 + B) - sin(0L — B) Sin?oL — sinZB
Now, sin(O + [3) - sin(00 — B) = sin*0l — sin2[3
= (1 — cos?0) — (1 — coszﬁ)

= COSZB — cos?OL

sin(0L + B) - sin(0L — B) 0052[.)) — cos*L

Similarly, it can be proved that

cos(0L + B) - cos(OL — B) cos?0. — sin2B = coszﬁ — sin?oL

4.5 The Range of f(Q) = acosO. + bsinO, 0L € R, a, b € R, a* + b* # 0
As a? + b? # 0, we consider three cases :
1) a=0,b#0 2a#0,b=0 @B)a#0,b#0
Case (1) :a=0,b#0

Then, f(O) = bsinO.. Range of sinQ is [—1, 1].

—1 < sin0l <1
& —b < bsind < b (b>0)
For b > 0, the range of bsinO. is [—b, b] = [-| b], | b|]. (16| =b)

Now; for b < 0, =1 < sin0t < 1 < —b = bsinO, = b
& b < bsinOl < —b
For b < 0, the range is [b, —=b] = [—| b, | b]| ]. (|| =-b)
The range of f(0) = bsinO. is [—| b |, | b |].
Case 2) :a#0,b=0
Then, f(0) = acosO. Its range is [—| a |, | a|] as before.
Case 3) :a#0,b#0
In this case, we shall express acosQ. + bsinO. in the form r cos(0 — QV).
As rcos(® — o) = rcos® cosO + rsin® sin0l, we shall find » and O such that a = r cos0,
b = rsin®. (r > 0)
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These equations imply that a* + 5% = r2 and tan® = %.

L . b
r= ‘,az +b%. As the range of tan function is R, corresponding to real number g e can
find © € R — {(2n - l)% | n € Z} such that tan® = %.

Hence, for given a and b (both non-zero), we can select r = ‘,az + b2 and O such that tan = %.
We can select 0, so that rcos® = a, rsin® = b.
Thus, f(0) = acosO. + bsinQl
= rcosO cosOl + r sin0 sin0L

= r (cosO cosOl + sin0 sin)

=rcos(B — Q)
f(0) =rcos(B0 — )
—1<cos@®@—)< 1< —r<rcos(®@—a)<r r>0)

The range of f(Q) is [—r, 7].

Hence, range of f(Q) is [— a’ +b%, ‘/az + b2 ]

This means that the maximum value attained by f(Ql) is ‘,az +b% and the minimum value is

4.6 Addition Formulae for fan and cot

(1) Ifo, Band ot + Be R — {(2k—1)§ | ke z},then

__tano.+tanf
tan (0. + ) = 1—tano. - tanf
and if o, Band 0 — B € R — {(Zk—l)% ‘ k € Z},then

__tano.—tanf
tan (0. — B) = 1+ tano. - tan

sin(@+P)  sinocosB+cosasin
cos(@+PB)  cosocosP—sinasinf

Proof : tan (0L + ) = (+Pe R—{(Zk—l)%|ke z})

As. o Be R—{@k—1E | ke z}. coso #0. cosP # 0

Hence, dividing both numerator and denominator by cosO. - cosf, we get

tano. + tan3
tan (0. + ) = 1 — tano. - tanf
o tano.— tanf3
Similarly, we can get, tan(Ot — B) = m

(2) Ifo, Band oo + B € R— {knt | k € Z}, then
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4.7

cota-cotP—1

cot (0. + P) = cotP+ cota
and if o, Band 0 — B € R — {kl | k € Z}, then

_cotu-cotB+1
cot (00 = P) = cot—cota
cos(t+B)  coso-cosB—sina-sin

sin(ot+B)  sind-cosp+cosa-sin

As, O, B € R— {krt | k € Z}, sino # 0, sinf} # 0.

Proof : cot (0L + B) =

Hence, dividing both numerator and denominator by sindt - sinf3, we get

coto.-cotB—1

cot (0L + B) = cotP+cota -

o coto.-cotP+1
Similarly, we can prove that, cot(Qt — B) =

cotBp-coto -
TT TT
Value of ran 3 and cot 5
T _T_=X n_nT_ =
We have {5 = 3 — Jor 7 =4 — ¢
T _ ik
Dtk = ¢ (L_L):M
(D) tan{s = tan{3~% 1+tanZ tan &
J3-1
T 1+43
-1 -1
T IR
_ 32341 _4-243 -3
3—-1 2
tank =2 — J§
12
T 7
T T cot=cot=++1
Q) cot% = cot(;‘j) = —3 4
cott —cott
4 3
L .1+1
J3
-
J3
J3+1
31
1+43  J3+1
=G XA

3-1 2

3+2w/§+1 4+2J§:2+‘/§

cot%=2+ﬁ

B O+PeR- k| ke 7))
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— o E __’T) — o X — 3
Also, tan% 12 tan(2 1 cot12 2 + /3 and
ST (_ﬂ __71) _ -9 _

cotT3 = col\3 ™13 tan12 2 — 3.

Example 4 : If sinQl = i, % << T and tanB = _?12, —% < B < 0, then determine the quadrant of
P(a. + ) and P(at — P).
Solution : Here % < O < T and —% < B < 0. On addition, we get 0 < o0 + B < 7.

P(ov + B) is in the first or in the second quadrant. As cosine takes +ve value in the first
quadrant and —ve value in the second quadrant and sine takes +ve value in the first and the second

both quadrants, so to determine the quadrant of P(Q( + B), we must find cos(Ol + B).

cosO(=—‘/1—sin20t = — 1—% = _?3 (% <0< 1'C)
tanﬁ—?z,—%<[3<0

secf} = ‘/1+tanz[3 = 1+% = % (—% <B< 0)

cosB = E’ smB = tanB COSB = —12 % _ %

cos(0L + ) = cos0L- cosP — sinOL - sinfd

-FE - 65

_ oI5 4 48 .33

65 65 65
cos(OL + [3) >0
P(ot + B) is in the first quadrant.
Second method for determining quadrant :
To determine the quadrant of P(Ot + B), we can use another method.

sin(0L + B) = sin cosP + cosol sinfd

)+ () - 2 -

5/\13 5 13 65
= —_ 3 / = 2
cos(OL + B) cosOL cosB sinQ( smB %5 (Method 1)

As sin(0L + B) >0 and cos(O + B) >0, P(O + B) is in the first quadrant.

Now, for P(00 — B) <0L<Tcand——<[.))<0

T —
Z>-p>0

— I i .
0< B<2and2<OC<Tl: (i)
% < OL—B < 3771 (adding inequalities in (i))
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P(ow — [3) is in the second or in the third quadrant. As sine takes +ve values in the second
quadrant and —ve values in the third quadrant and cosine takes —ve values in the second and in the

third both quadrants, so to determine the quadrant of P(0t — [3), we must find sin(0t — [3).

sin(0L — B) = sin0. cosP — coso sinfd
- (5)5) -

sin(OL — B) <0

)8 - 25 -2

5 13 65 65

P — [3) is in the third quadrant.

Example 5 : Find the range of sin@ + cos(9+%).

Solution : Suppose f(e) = sin® + cos(e +%)

= sin® + cosO cos% — sin® sin%

= sin@ + %cose — gsine

() = %cose + (l_éj sin® = acos® + bsin®

Comparing f(0) with acos® + bsin®, we get

—l iy
Z’b ! 2
‘/52
Now. r2=a2+b2=%+(1—7)
=1 - 3
=1+1-3+3
=2 J_

3
23 :J3—2J§+1 :‘/(JE—DQ
2 2

R ’2_’/_:\/4_ -
. _ S-1 _ 1

TR \/% 2
The range of f(0) is [—r, 7] = [ﬁ—ﬁ, g—ﬁ}

Example 6 : Determine whether the sin110° + cos110° is positive or negative.

Solution : Suppose f(0) = sin110° + cos110°
= ﬁ(ﬁsinlloo + %coslloo)
= ﬁ(cos45° sinl110° + sin4d5° cosllOO)
= J2 sin(110° + 45°)
= 2 sin155° > 0 (90 < 155 < 180)

sin110° + cos110° is positive.

Note : The example 3 solved earlier in this chapter can be solved by this alternative method too.
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Example 7 : Express J3sin0 — cosOL in the form rsin(00 — ©) and find » and ©, where, » > 0,
0<0<2m
Solution : Let f(Ot) = \/gsinoc — cosOL

Multiplying and dividing by ‘,(ﬁ)z 4 (-2 =4 =2,

fo) = 2(§sinoc - %cosoc)

= 2(s1’n0( cos% — cosQL sin%)
= 2sin (OC — %)
= rsin(0L — 0)

r=2,6=%.HereG=%satisﬁesOS9<21t.

Example 8 : If \/gcosoc — sinOt = rcos(0L — 0), find » and 0. r > 0,
where (i) 0 < 0 < 21 (ii)‘T’T<e<0

Solution : Let f(Q) = ﬁcosoc — sinQL

Multiplying and dividing by r = J(ﬁf + (=% =2,

fo)= 2(§cos(x - %sinoc)

= Z(COS% cosOl — sin%sinoc)

= 2cos (O( + %)
sonfe ()
Now comparing with rcos(0t — 0), we get

r=2,9=_—6nand9=_—6nsatisﬁes_7n<9<O

2cos (OC + %) = 2cos (OC + % - 21‘5) = 2cos (oc - HTE)
0= “Tn satisfies 0 < O < 2T.

Example 9 : Prove that sin?A = cos’(A — B) + cos’B — 2cos(A — B)cosA cosB.

Solution : RH.S. = cos’(A — B) + cos’B — 2cos(A — B)cosA cosB.

= cos’B + cos’(A — B) — 2cos(A — B) cosA cosB

= cos’B + cos(A — B) [cos(A — B) — 2cosA cosB]

= cos’B + cos(A — B) [cosA cosB + sinA sinB — 2cosA cosB]
= cos’B + cos(A — B) (sinA sinB — cosA cosB)

= cos’B — cos(A — B) cos(A + B)

= cos’B — (cos’A — sin’B)

= cos’B + sin’B — cos?A

= 1— cos?A

= sin?A = L.H.S.
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10.

11.

12.

13.

Exercise 4.2

Evaluate :

222710 _ ;2710 2 2z~r1o 2710 272710 _ ;22710
(1) sin 372 sin 72 (2) sin 522 cos 72 (3) cos 372 sin 372

Prove that : sin?A + sin’B + cos* (A + B) + 2sinA sinB cos(A + B) = 1.

(1) If cosA = %, cosB = % and 0 < A, B < %, then prove that A — B = %

2) If sinA = ﬁ, cosB = ﬁ and 0 < A, B< E, then prove that A + B = %.

(1) Find the quadrant of P(0t — ), if cosOl = %, cosP = }—2 3775 <o, B<o2m

(2) Find the quadrant of P(0t + P), if cosOl = S, < o< wand tanf} = %, T<P< 3771

137 2

-1 - =3 3T T :
If coroL = =, secP = = Where T < @ < 5 and 5 < B < m. Find the value of tan(ol + )

and find the quadrant of P(O( + [3).

Determine the range of (1) 7sin® + 24cos® (2) cosO® + sin(e —%) + 1

Prove that 5cos® + 3c0s(9 +%) + 7 in [0, 14].
Express ﬁsine + cos0 in the form rcos(B — ), where » > 0 and 0 < O < 2Tt.

_Tn < 0 < 0 and cosO. — 3sin0L = rcos(06 — 0), find r and 0.

Prove :
| (n 0() J3cos o.— sin o 5 390 J3cos 21° — sin 21°
() tan(3 "~ cos 0.+ 3 sin o @) tan T cos 21° + 43 sin 21°

(3) tan3A - tan2A - tanA = tan3A — tan2A — tanA

(4) cotA - co2A — cof2A - cot3A — cot3A - cotA = 1

(5) tan25° - tan15° + tanl15° - tan50° + tan5° - tan50° = 1
IfA+B= %, then prove that

() (1 + tanA)(1 + tanB) = 2
2) (cotA — 1)(cotB — 1) =2

(1) Prove that A + B = % => fanA = tanB + 2tan(A — B)
(2) Prove that tan65° = tan25° + 2tan4(°
IfA+B+C=Q2k+ 1)%, k € Z, then prove that

(1) tanA tanB + tanB tanC + tanC tanA = 1

(2) cotA + cotB + cotC = cotA cotB cotC
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14. If A+ B+ C = kR, k € Z, then prove that
(1) tanA + tanB + tanC = tanA tanB tanC
(2) cofB - cotC + cotC - cotA + cotA - corB = 1
15. If tanA = 3, tanB = %, 0<A BK< %, then prove that A — B = %
16. If tanB = 2 and tanC = 3 in AABC, then prove that tanA = 1.
17. If 0 <A, B< %, tanA = # and tanB = ﬁ, prove that A + B = %
fan o X sin@  x+y
18. foo+PB=6,00—B=0and anB "y then prove that G x—y-
tan (A — B) sin *C 5
19. It — 57— + A 1, then prove that tanA - tanB = tan-C.
20. If tan(A + B) = 3 and fan(A — B) = 2, then find tan2A and tan2B.
T nsint. cost n N |
. tanB = —l—nsinza , then prove that tan(Ol — B) = (1 — n) tanQ.
*
4.8 Expression of a Product in the Form of a Sum or a Difference

We have studied the following formulae valid for all real 0, 3 € R :
sin(0L + PB) = sino cosP + cosaL sinf3
sin(0L — B) = sin0 cosP — cosal sinfd
cos(0L + PB) = cosoL cosP — sint sinf3
cos(0. — ) = cosol cosP + sino. sinf}
Taking sum and difference of (i) and (ii), we get,
sin(0 + PB) + sin(ot — B) = 2sin0 cos
sin(0L + B) — sin(0l — [3) = 2cosOl sinB
that is,
2sin0L cosB = sin(0L + B) + sin(0L — B)
2cos sinB = sin(0C + B) — sin(0L — B)
In the same way, taking sum and difference of (iii) and (iv), we get
cos(0L + B) + cos(ot — ) = 2cosd. cosP
cos(OL + B) — cos(0L — B) = —2sinQ sinB
that is,
2cosO cosB = cos(OL + B) + cos(OL — B)

2sin0L sinf3 = cos(0t — ) — cos(aL + PB)

@@
(ii)
(iii)
(iv)

)
(vi)

(vii)

(viii)

In each of (v), (vi), (vii) and (viii), the left side is the product of trigonometric functions where as

the right side is the sum or difference of a trigonometric functions with variable o + 3 or ot — 3. It would

therefore be easy to express product of trigonometric functions in terms of a sum or a difference.
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For example, 2s5in30 cos50 = sin(30 + 50) + sin(30 — 50)
= sin80 + sin(—20)
= sin80 — sin20
Now, if we take bigger angle first, then calculation become simpler
2¢0s30 - 5in50 = 2sin50 - cos30 = sin(50 + 30) + sin(50 — 30)
= sin80 + sin20

Example 11 : Express each of the following as a sum or a difference.

(sin(—0) = —sin0)

(1) 25in50 cos® (2) 2c0s§ sin% (3) 2sin30 sin5SO (4) sin® (5) 2cos50 cos%

Solution : (1) 2sin50 cos® = sin(50 + 0) + sin(50 — 0) = 5in60 + sindO

2) ZCOS% sin% = sin(% + %) - sm(Sze 39) = sin40 — sind

(3) 2sin30 sin50 = cos(30 — 50) — cos(30 + 50) = cos(—20) — cos80
= c0s20 — cos80

(4) sin?0 = sin0O sind = %[ZSine s5in@] = %[cos(e —0) — cos(© + 9)]

= %[cosO — cos20] = %[1 — cos20]
(5) 2cos50 cos% = cos(59+g) + COS(Se_g) = coslle + cos== 29
Example 12 : Prove that sin20° - sin40° - sin60° - sin80° = %

sin20° - sind0° - sin60° - 5in80°

sin60° - (sin20° - sin40°) - 5in80°

Solution : L.H.S.

_ % X £ (25in40° + 5in20°) - sin80°

g [cos(40° — 20°) — cos(40° + 20°)] sin80°

= ﬁ [cos(20°) — cos60°] sin80°

S -

= (cosZO0 - %) sin80°
-3 (25in80° cos20° — sin80°)

[szn(80° +20°) + 5in(80° —20°) — 5in80°]
[sm100° + 5in60° — sin80°]

sin(180° — 80°) + f — s5in80°]

o
( in80° + @ - sin80°)

b el ol =l =l <l

R.H.S.
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(sin0 = 0)

Example 13 : If A + B = 90° then find the maximum and minimum values of sinA - sinB.
Solution : Let y = sinA - sinB = sinA sin(90° — A) = sinA cosA
Then, y = %(ZSinA . cosA) = %[sin(A + A) — sin(A — A)]
_ 1.
= 2sm2A
Now, =1 <si2A <1 & F < simA< 1 & L <y<d

Hence, >

1. Express as a sum or a difference :

(1) 2sin70 - cos30 2) 2sin% . cos% (3) 2cos50 - sin30
4 2cos% . sin? (5) 2cos110 - cos36 (6) 2cos% . cos%
(7) sin90 - sin110 ® 2sinL2 9 . sm% (9) 2sin0 - cosO
2. Find the value :
. 5T T . 5T 1T 5T
() 2smﬁ . smﬁ 2) 2Sll’lﬁ * cos 3) ZCos1 smﬁ
4 2c0s51—12t . c0s71—;E (5) 8cos15° « cos45° « cos75° (6) 8sin10° - sin50° -
3. Prove :
(D sin(%"'e) sin(%—e) = %cosZG
(2) sinB - sin(%—e) . sin(%‘*‘e) = %sin?»e
ST _
3) ZCOSE . cosﬁ + cos3L 13 + cos o7 0
4) co0s20° - cos40° - cos60° - cos80° = %
(5) 4cos12° - cos48° - cosT2° = cos36°

Exercise 4.3

4. Prove that 4cosO - cos(%—e) cos(%‘i'e) = ¢0s30 and deduce that

cos6° cos42° cos66° cosT8° = %

5. Find the value of 2sin 10° 25in70°.
6. Prove that cos 27n + cosi + cos 6771:

and _71 are respectively the maximum and minimum values of sinA sinB.

sin70°
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4.9 Expressing the Sum or the Difference as a Product

We have seen the formula (v) to (viii) which are reproduced below :
2sinQL - cosB = sin(0L + B) + sin(OL — B)

2cosOL - sinB = sin(00 + B) — sin(0L — B)

2cosOL - cosB = cos(OL + B) + cos(OL — B)

2sinQL - sinB = cos(OL — B) — cos(OL + B)

Let us substitute 0t + 3 = C and o0 — B = D in these formulae.

C+D
2

C+D C-D

sinC + sinD = 2sin( 5 ) cos( 5 )
) C+D (C-D

sinC — sinD = 2cos( > ) sm( ) )

C+D C-D
2cos > cos| =

{(C+DY _(C-D
cosD — cosC = 2sin ) sin| — or

(Cc+DY _(C-D
—2sin ) sin > )

These formulae are useful as they express sums or differences as products.

Then, O = and 3 =C_TD. We get

cosC + cosD

cosC — cosD

Example 14 : Express the following as products :

(1) 5in60 + sin40 (2) sin60 — sin20 (3) cos50 + cos20
(4) cos60 — cos100 (5) sin® — 1 (6) cosO + 1

60 + 496 60—496
Solution : (1) sin60 + sind® = 2sin( ) ] cos( > j = 25in50 cosO

60 +296 66 —20
(2) sin60 — sin20 = 2COS( > ] sin( > ) = 2c0s40 sin20

50 +20 50—20
(3) cos50 + cos26 = 2cos(T) cos( 5 ) = 2c0s? cos%

60+ 100 60 —100
4) cos60 — cos100 = —2sin 5 sin 5

= —25in80 sin(—20) = 2sin80 sin20

o+L o-L
(5) sin® —1 = sin® — sin% = 2COS( > - ) sin( 2)

= 2cos(

w|o

5) -3

(v)
(vi)
(vii)

(viii)
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0+0 0-0
(6) cosO +1 = cosO + cosO = 2COS( > j cos( 3 j = 2cosg cos%
= 2cos2%

Example 15 : Prove that

(1) cos20° + cos60° + cos100° + cos140° = %
2) 1 + cos2A + cosdA + cos6A = 4cosA - cos2A - cos3A
3) \/gsinloo + ﬁsinSSO = c0s80° + 2c0s50°

Solution : (1) L.H.S.= c0s20° + c0s60° + cos100° + cos140°
1 100° + 140° 100° — 140°
=c0s20° + & + 2cos\ T 5 |cos| T 2

= cos20 + % + 2c0s120° cos(20°) (cos(—20°) = co0s20°)

c0s20° + £ + 2cos(180° — 60°) cos20°
+ c0s20° — 2c0s60° cos20°
+ c0s20° — 2. %cos20°

+ c0s520° — cos20°

= R.H.S.

(2) L.H.S.

1 + cos2A + cos4A + cos6A

(cosO + cos2A) + (cos4A + cos6A)
= 2cosA - cosA + 2cos5A - cosA

= 2cosA(cosA + cos5A)
= 2cosA(2cos3A - cos2A)
= 4cosA - cos2A - cos3A = R.H.S.

(3) L.H.S. = 3sin10° + 2 sin55°
=2 gsinloo +2- ﬁsinSSo
= 25in60° sin10° + 2sind5° sin55°
= ¢c0s50° — cos70° + cos10° — cos100°
= c0s50° — cos(180° — 80°) — (cos70° — cos10°) (rearranging)
= c0s50° + c0s80° + 25in40° sin30°
= c0s50° + cos80° + 2sin(90° — 50°) %
= ¢c0s50° + cos80° + cos50°
= ¢c0s80° + 2c0s50° = R.H.S.
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Exercise 4.4

1. Convert into a form of product :

(1) sin70 + sin30 2) szn— + sin== 39 (3) sin30 — sin50
4) sin? - sin% (5) cos110 + cos90 (6) cos22 + coslle
(7) cos50 — cos110 (8) cos— - cosﬁ (9) cos® — 1

(10) sin® + 1 (11) cosO + sin® (12) sin® — cosO

Prove : (2 to 7)

2. (1) cos55° + cos65° + cos175° =0  (2) cos L — cos & = _—21

12 12
sin 2& — cos 2L 1
o o _ o B o _ L
(3) sin65° + cos65° = 2 cos20 “4) cos 3L + sin & NG}

12

cos TA + cos 5A
(5) Sin7A —sinsa — COIA

(6) cos20 cos% — cos30 cosge = sin50 smSe

(7) sin® + sm(e"'—) + sm(B +—) =0

3. (1) (cosOl + cosP)? + (sina. + sinf)> = 4cos? (Ot;B]

(2) (cosOL — cosP)? + (sin0t — sinP)? = 4sin? (a;[}]

A+B . B+C . C+A

4. (1) sinA + sinB + sinC — sin(A + B + C) = 4sin 5— Sin—— sin—

(2) cosA + cosB + cosC + cos(A + B + C) = 4cosA_2|_B cosB;C cosc-;A
. sin(A +B) —2sinA + sin (A — B) 3 A
5. cosS(A +B) —2cosA +cos(A—-B) tan
COS 3A +2coS5A + cosTA )
(2) CosA +2cos3A tcossA ~ COS2A — sin2A tan3A
6. (1) —— — J3 — =4 (2) J25in10° + J3c0s35° = s5in55° + 2c0s65°
sin 10 cos10

7. (1) sin0O = nsin(@ + 200) < tan® + o) = 1+ 1—, tan

(2) sin(2A + 3B) = 5sinB = 2tan(A + 2B) = 3tan(A + B)
®
Miscellaneous Problems :
Example 16 : Prove that 0 < o, B < % = sin(0 + B) < sin0t + sinf and deduce from this that

sind9° + sind1° > 1.
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Solution : sin(0l + [3) — sinQl — sinB

= sin0. cosP + cosOl sinfd — sin0, — sinf3
= sinQl (cosB - 1)+ sinB (cosOL — 1)
Now,asO<O(,B<£,soO<sin0(< 1,0<sin[3< 1 and

0<cos0l<1,0<cosP <1
cosO — 1 <0, cosp —1<0

sinO((cosB — 1)< 0 and sinB(cosO( -1H<O0

sinOL(cosB -+ sinB(cosoc - 1H<0
sin(0L + B) — sinot — sinfd < 0
sin(OL + [3) < sinQ + sinB

Now, taking 0L = 49°, 3 = 41°

As 0 <49 <90 and 0 < 41 <90
sin(49° + 41°) < 5in49° + sind1°
sin90° < sind9° + sind1°
sind9° + sind1° > 1

(@

= 36

Example 17 : If cos(ot + B) = %, sin(0L — B) = % and 0 < o, B < %, then prove that fan20l R

Solution : We have, 0 < O < %, 0< B < %

T —T - i
0<o+PB<fand=F<o-PB<E

cos(OL — B) and sin(OL + B) are positive.

Now, sin(0t + ) = ‘,1_0052«1_1_3) = J1-16 =
cos(0.— ) = \/l—sinz(a—ﬁ = ‘/1—% I%

sin(OL + B) = % and cos(OL — B) = %

sin(g+8) =
Now,tan(O(+B)=W_|ﬁE):?=%

sin(o.=B) &
andtan(a—ﬁ)=m:it§:%

tan20l = tan[(O. + B) + (0 — B)]

tan(o +B) +tan(o —B)
~ T—tan(g + B) tan(o —B)

<a-P<

e<a+p<Z

INE
A
0|3
—
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Example 18 : If o and [3 are roots of acos® + bsin® = c, then show that,

a’-b’ 2¢% — (@*> + b?)
(1) cos@ + By = s @ eos(@ — Py = 77—
Solution : We have, acos® + bsin® = ¢ (i)

acos® = ¢ — bsin®

a*cos?0 = (¢ — bsin0)?

a*(1 — sin?0) = ¢2 — 2besin® + b2 sin*0

(@* + b?) sin*0 — 2bcsin® + (¢ — a®) =0 (i)
Since Ot and B are roots of equation (i), sinOl and sinB are the roots of the equation (ii).

. . Cz _ a2 see
sinQl smB “ 2+ (iii)

Again, acos® + bsin@ = ¢

bsin® = ¢ — acosO

b2(1 — cos?0) = ¢2 — 2accos® + a* cos?O

b? — b2cos®0 = a* cos?® — 2accosO + 2

(@* + b?) cos?0 — 2ac cos® + (¢ — b?) =0 (iv)
Since Ot and B are roots of equation (i), cosQL, cosB are the roots the equation (iv).

C2 _ b2
cosQL cosf = ey )

Now, cos(0t + ) = cosl cosP — sin0t sinf3

2 —b? 2 — g2 @ —b?
T a2+ A+ a2 +p?

a* - b?

cos(OL + B) = _a2 e

and cos(0L — B) = cosO cosP + sinot sinfd

¢t —b? N ct—a? 202 —(@* + b
T at+b? at+b* a’ +b?

(from (iii) and (v))

2¢% — (@* +b?)
cos(OL — B) = —a2 b2

Example 19 : If asin® = bsz’n(6 +27n) = csz’n(6 +4T7t)’ then prove that ab + bc + ca = 0. (abc # 0)

Solution : Let asin® = bsin(e +ZTR) = csin(e +4T7t) =k

It is clear that k£ # 0 (why ?)
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sin® + sin(e +2T7t) + sin(B +4Tﬁ)

Q =
+
S =
+
o=

= sin® + sin(e +4T7t) + sin(e +277t)

2sin(9 +277t) coszTn + sin(e +277t)
= 2sin(e +2T1t) X (—%) + sin(e‘*'zTn)

k k k_
+5+ 0

a c
bc +ca +ab
P Tt
ab + bc +ca=0 (k # 0)
Exercise 4

1. Prove that :

c0s?33° — cos*57°

M sin? %0 - sin? %0 - _ﬁ @) sii;/io" - coslzoO =4

2. Provethat0 <o, B < % = tan(0L + B) > tan0. + tanf} and deduce that tan35° + tan25° < J3.

3. Prove that 2tand + cot} = tan0. = 2tan(o. — B) = corP.

ksino. sin ¢

4. If 0 + B = o and sin = ksinf, prove that ran® = Tt kcoso and tanf} = T coso

5. If sinA + cosB = 0 in AABC, prove that AABC is an obtuse angled triangle and that

0 < sinA < %

6. If cos(B — Y) + cos(y — Q) + cos(0t. — B) = _73, prove that sin0 + sinf} + siny = 0 and
cosOL + cosP + cosy = 0.
7. If tan(0L + 0) = ntan(0 — 0), then prove that (n + 1) sin20 = (n — 1) sin20L.

8. If o and [ are the roots of the equation atan® + bsecO = c, then prove that tan(c. + B) = %.

—C
9. Find the maximum and minimum values of 3cosO + SSin(e —%).

10. Prove that sin10° - sin30° - sin50° - sin70° = %.

11. Prove : cos% + cosgi—qt + cos51—71t + cos71—71t + cos9—71I = %
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12.

13.

14.

c0580 cos50 — cos120 cos90
sin80 cos50 + cos120 sin9O

Prove that = tan40.

m+n

T 2T
Prove that mtan(e—g) = ntan(e*‘T) = co0s20 = e

Select a proper option (a), (b), (c) or (d) from given options and write in the box given on the right
so that the statement becomes correct :

cos 10° + sin 10°

(1) The value of 05 10° —sin10° 'S [
(a) tan25° (b) tan35° (¢) tan55° (d) tan80°
(2) The value of c0s245° + sin155° is ... ]
J2+1 S+ J3-1
(@ 0 (b) 5 (©) 5 (d) W2
(3) The value of cos(270° + ) cos(90° — o) — sin(270° — L) cosOL is... ]
() —1 (b) 0 © 3 (d) 1
(4) The value of 2sin(%) sin(sl—jzt) is ... ]
—1 -3 1
(a) St (b) 1 O (@ 1
(5) If A =125 and x = sinA° + cosA°, then [ ]
(a)x<0 (b)yx=0 (c)x>0 dx=0
(6) If tanow = n’}rl and tanf} = 2nl+19 O<aoP< %), then o + P is ... [ ]
T T yis
(@) 0 b T ©Z @z
tan 50° — tan 40°
(7) The value of EEsra— R []
(a0 (b) 1 (c) 2 (d) 3
(8) sin190° + cos190° ... []
(a) is negative (b) is zero
(c) is positive (d) is not defined.
fan 225° + tan 345°
o _ .
(9) If cot15° = m, then o 195 —tan To° 1S []
m-1 om m’—1 m+1
(@) m? +1 (b) m2+1 (©) e +1 (d) e +1
(10)The value of log tan1® + log tan2° + ... + log tan89° is ... ]
(a) 0 (b) 1 (c) 2 (d) 3
1—tan15°
(11) The value of _1+tan215° 1S ... []
(@ 1 (b) L © 2 @ V3
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(12)The value of cos480° sin150° + sin600° cos390° is ...

(@ 3 (b) 0
(13)tan25° + tan20° + tan25° tan20° is

(a) 0 ) 1

(© -1
equal to ...

© 3

d) 3

(d) 2

(14)In AABC, if tanA = %, tanB = L, then the measure of angle C is ...

3
s i
(@) () 5
(15)The value of J3cosec20° — sec20°

(a) —4 () 1

37T
() &
is ...

(c) 2

(16)The value of J3sin75° — cos75° is ...

O (b) 1

2T 231 25T —
(17)cos = + cos = + cos >

(@ 3 (b) 0
(18)The value of cos15° — sinl5° is ...
—1
@ 5 (b) 0
(19)cos27%O — cos237%0 is equal to ...

(@) 3 b) 7

We studied following points in this chapter :

1.
P

e

cos(0. — B) = cos cosP + sin0t sinfd
cos(O + B) = cosa cosP — sindt, sinfd
cos(%—e) = sin0, sin(%—e) = cos0O
. sin(0L + PB) = sino cosP + coso sinfd
. sin(0L — B) = sin0t cosP — coso sinf3
sin% = _,/E;,/E cos% = ,/E-:,/E

() V2

© 3

© 3

© 3

Summary

. sin(OL + [3) - sin(OL — B) = sin®0L — sinZB

sin(OL + B) - sin(OL — B) = COSZB — cos?0l

(d) 2

(d) 4

(d) 242

d) 3

@) 75

@) 75
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8. cos(0 + P) - cos(at — B) = cos?or — sinfd
cos(OL + [3) - cos(OL — [3) = c0s2[3 — sin?oL

9. The range of f(O) = acosO. + bsin3, o, B € R, a, b, € R, > + b> # 0
is [_Jaz +b° ‘/az+b2 ]

In proper domain,

tano. + tanf3
10. tan (0L + B) = T=tanc-fanp

tano. — tanf

1L an (0.~ ) = 1+ tana. - tan

cota-cotf—1

12. cot (0L + B) = cotP+ cota

cota.-cotP+1

13. cot (0 — PB) = cotB —cota.

14. tan%=2—\/§, c0t%=2+\/§

15. 2sindi, cosP = sin(oL + B) + sin(ar — P)
16. 2cosOl sinB = sin(00 + B) — sin(OL — B)
17. 2cosO. cosB = cos(OL + B) + cos(OL — B)
18. 2sindl sinfd = cos(ot — B) — cos(ot + P)

C+D C-D
19. sinC + sinD = 2sin( > ) cos( 5 )

C+D C-D
20. sinC — sinD = 2cos( > ) sin( > )

C+D C-D
21. cosC + cosD = 2cos( ) ) cos( > )

C+D C-D
22. cosC — cosD = —2sin( > ) sin( > )

— ‘ —
L X

Aryabhata is also known as Aryabhata I to distinguish him from the later mathematician
of the same name who lived about 400 years later.

The surviving text is Aryabhata's masterpiece the Aryabhatiya which is a small
astronomical treatise written in 118 verses giving a summary of Hindu mathematics up to that
time. Its mathematical section contains 33 verses giving 66 mathematical rules without proof.

The mathematical part of the Aryabhatiya covers arithmetic, algebra, plane trigonometry
and spherical trigonometry. It also contains continued fractions, quadratic equations, sums of
power series and a table of sines.
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Chapter S

VALUES OF TRIGONOMETRIC FUNCTIONS FOR
MULTIPLES AND SUBMULTIPLES

Geometry is not true, it is advantageous.
— Henri Poincare

Since the mathematicians have invaded the theory of relativity, I do not
understand it myself anymore.
— Albert Einstein

5.1 Introduction

In this chapter we shall use addition formulae to obtain values of trigonometric functions for
multiples like 20(, 300 etc. of O and for sub-multiples like % of O.. Then we will obtain the values of
trigonometric functions for some standard particular numbers and finally, we will use them for proving
some conditional identities.

5.2 Trigonometric Functions of 20
(1) Formula for sin20. : For O, B € R,

sin(0L + ) = sin0L cosP + cosaL sinf3

Substituting B = o in this formula,

sin(0 + Q) = sinQ cosO + cosOl sinQL

sin20, = 2sinQ, cosO. (>i)
(2) Formulae for cos20. : For O, B € R,

cos(0L + PB) = cosoL cosP — sint sinf3

Putting 3 = o in this we see that,

cos(OL + O) = cosO. cosOl — sinQL sinQL

cos20, = cos*OL — sin*QL (ii)
cos20. = cos?0. — (1 — cos*Ql)
cos20. = 2cos*0L — 1 (iii)
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Again, cos20 = cos>0L — sin?QL
=1 — sin®0, — sin’o.
cos20. = 1 — 2sin®0 (iv)

So we have, cos20L = cos?0, — sin?*0, = 1 — 2sin*0, = 2cos?0, — 1

Thus, once sin®t and cosOl for & € R are known, we can obtain the values of sin20( and
cos20. using above formulae. Also values of sine and cosine functions for numbers that are twice of
the given numbers can be obtained.

From (iii) and (iv) we have,

1 + cos20. = 2cos?0l, 1 — cos20, = 2sin?0.
These are quite useful forms.

If we replace 200 by Ot (and so O by %), we get

. e O o
sinQ( 2sm—2 cos=

_ 200 .20

cosOl cos 5 Sin 5

Also we have 1 + cosOl = ZCosz% and 1 — cosOl = 2sin2%

(3) sin20l, cos20 and fan20. in terms of tanCl.
Sin200 = 2sinQ. - cosOl

28in0L - cosoL.

= 2 . 2 —
cos*a.+ sin*o. (cos“0L + sin“0lL = 1)

Ifooe R— {(2k - 1)% ‘ k€ Z}, then cosQ # 0. So let us divide both numerator and denominator

by cos?0L. Then,

2tanoL
sin200 = T o0 )
cos20. = cos*0L — sin®0L
cos0. — sintu.
T coso.+ sinto,

Again, taking 0t € R — {(2k - 1)% | ke Z}, cosOL # 0, we divide both numerator and denominator

by cos?dl, to get

_ 1-tarto, .
cos20l = T+ a0 (vi)
Now suppose O and 20( both are in the domain of fan. Then
tan20. = tan(OL + OU)
tano. + tanoL.
I e T T
= T=ranoiana @ € R—[{ek—D% | ke z} v ek - 1T | ke Z}
. 2tang. ..
That is fan20L = 7_, 2 (vii)
Finally, assuming that Ol and 20 are in the domain of cof, we can similarly prove that
_ cot 20— 1 _ (km
cot20L W ((X € R { 3 | k € Z}) (Vlll)

Note that if o0 # kTTE for all k£ € Z, then certainly Ot # kTt for all k£ € Z, because ATt = Zan,
2k € 7.
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2
Thus, if o # &2 for all k € Z, then cor20r = 2 %1

2cotL
In the results (v), (vi) and (vii), if we replace 200 by O (and so replace O. by %), we get
2tans 1—tarr < 2tans
sin0L = m, cosOlL = m and fanQl = m.
If we put tan% = 1, then above formulae become
) _ar - _ar
sinoL = 1+12> cosOL = 172 and tanQl = 1—72-
5.3 Trigonometric Functions of 30
(1) sin300 = sin(200 + O0)
= sin20L - cosOL + cos20L - sinOL
= (2sin0L - cosQl) - cosO + (1 — 2sin*QL) - sin0L
= 25in0L - cos?0L + sinO — 2sin> Ok
= 2sin0 (1 — sinQl) + sinOL — 2sin>0L
= 2s5in0L — 2sin30L + sinOL — 2sin>0l
= 3sin0l, — 4sin> oL
$in30L = 3sin0. — 4sin30L (ix)
(2) cos30L= cos(OL + 20QL)
= cosO+ cos20. — sinQL. - sin20L
= cosO, - (2cos?0. — 1) — sin0L (2sin0L cosOL)
= 2c0s30L — cosO. — 2cosOL - sin*OL
= 2c0s300 — cosOL — 2cos0. (1 — cos0L)
= 2cos30L — cosOL — 2cosOL + 2cos3OL
= 4cos30L — 3cosOl,
cos30.= 4cos30l — 3cosOL (x)
(3) Taking O, 20, 30 in the domain of tan,
that is 00 # (2k— D&, o0 # 2k — DT and o0 # (2k - NE ke z
(Remember that every odd multiple of % is an odd multiple of %, for example 37n = 9%[

ie. {(2k— 1)% | ke z} - {(Zk— 1)% | ke z})

tan30L = tan(20. + L)

__tan20.+ tano.
T 1—tan20o. tan

2tan o

1—tan’o.

= 2tan o
1

+tan O

lan o

1—tan’o,

2fan o, + tan oL — tan >a.

1 — tan >0 — 2tan 0.
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3tan 0, — tan 3o,

_ Jan O —fan "o _ _ &
= T g ®ER {(2k DE. ke z}

3tan o, — tan’ o

_ Jlano —fan 0 _ _nE i
tan30 = ——_—-—. 0 € R {(2k D%, ke z} (xi)

This formula remains true even if 20 is in the domain of 7an. 20t € D,,,)

Similarly, we can prove that if O, 20 and 30t € D, , then
o %k o= AL oz A fe 7
km
fim ke 2 c (= ke
cot’oL— 3cot o
= —— _ (kn ..
cot30L oo -1 a e R { 3 ‘ke Z} (xii)

Indeed, this is true for all O = kTTC, ke Z.

Thus, for any 00 € R, we can calculate sin30,, cos300 and fan30l, if sinO, cosOl and fanQ.
are given. Also values of trigonometric functions of 40, 5Q(, ... etc. can be expressed in terms of
trigonometric functions of OL.

sin 9+ cos%

@) 1+sin%—cos 0

Example 1 : Prove : (1) % = tan®

= cot8
cot2

3) % = tan(%—e) (4) sec® + tanB = tan(%+%)

$in20 25in0 cosH

Solution : (1) LH.S. = 77755 = 2cosB tan® = R.H.S.

8
2
1+sin%—cos 3]

sin 0 + cos

(2) L.H.S.

B 0 0
2sin 5 cos 5+ cos =

sin%+ (1-cos 8)

0 . 0
cos= (2 sin =+ 1)

8
2

sin2 + ZSiI’lZ%

0 . 0
C0S7 (2 sin = + 1)

B | -0
s1n3(1+2sm3)
s}

COSE

= = e =
sin% cot2 R.H.S.

. T
sin (— -20

cos20 2
1+ sin20 —

(3) LHS. =

(cosA = sin(%—A), SinA = cos(%—A))

1+cos(%—26)

2sin (%—8) cos (L—G)
= o (%—6; = tan(%—e) = R.H.S.
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(4) L.H.S.

= tan(£+2) = RHS.

Example 2 : Express cos40 in terms of cosO and sin50 in terms of sin0.
Solution : cos40 = cos2(20)
= 2c0s%20 — 1
=2(2c0s%0 — 1)2 — 1
= 2(4cos*0 — 4cos?0 + 1) — 1
= 8cos*0 — 8cos?0 + 1
sin50 = (sin50 + sin@) — sind
= 25in30 cos20 — sind
= 2(3sin® — 4sin30)(1 — 25in?0) — sin®
= 6s5in0 — 12s5in°0 — 8sin0 + 16sin°0 — sind
sin50 = 16sin°0 — 20sin30 + 5sin®
Example 3 : Prove that cosA . cos(60° — A) cos(60° + A) = %cos3A and use it to find the value of

c0520° . cos40° . cos60° . cos80°.

Solution : L.H.S. = cosA - cos(60° — A) cos(60° + A)

= cosA(cos?60° — sinA)
- cosA(% — sinzA)

- cosA(% - (1 - coszA))
= cosA(—% + coszA)

= i(4COS3A — 3cosA)

= %cos3A = R.H.S.

Now, c0520° . cos40° . cos60° . cos80° = 5(cos20° - cos(60° + 20°) cos(60° — 20°)

= %Hcos3(200)] (A = 20
-1 o1 1 _ 1
8(:0s60 S X > T

Example 4 : Prove that cos30 + 0053(2%+9) + cos3(47n+9) = %00539.

Solution : We know that cos30 = 4cos30 — 3cos0. So, cos30 = %(c0s39 + 3cos0)
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L.H.S. = cos’0 + cos3(2?n+e) + 0053(4%+e)
= %[cos39 + 3cos0] + %[cos(m‘t +30) + 3cos(2?n+9)]
+ %[005(475 +30) + 3cos(4?n+6)]

= %[00539 + 3cos0] + %[00539 + 3605(2?7:4_6)]

+ %[cos39 + 3cos(47n+9)]

= 300530 + é[cose + cos(z—n"'e) + cos(4—n+9)]

4 4 3 3
= 30530 + i[cose + 2cos(T + 0) cosﬂ]
4 4 3
=3 3 — 1
4cos39 + 4[c0s9 2co0s0 X 2]
= %cosSG + %(cose — cos0) = %cos39 = R.H.S.
5 : sin2" A )
Example 5 : Prove that cosA - cos2A - cos2A - cos2’A - ... - cos2"~ 1A = s and use it to find
27T 47T 8T 147C
the value of cos (5 + COSTE + COSTT - COsT=
Solution : sin20 = 2sin® cosO
0= sin20
cos 2s5in 0
L.H.S. = cosA - cos2A - cos2?A - cos23A - ... . cos2" = 1A
_ simA SimQA)  sin2*A)  Sin22°A) sim22" ~'A)
28inA © 25im2A T osin2?a 0 2sin2A T 2sin2"7'A
sin2(2" 1A) sin2"A RS
- 2".sinA 0 2%esina T
2n AT 8m T _ _ 21 A 8T I
COSTT + COS=5 + COSTT » COS—% COS<5 - COSS + COST T - COSTE
4r _ ( - E) S E)
(cos 15 cos\TC 15 cos 15
. 16T
_ Sll’ll—5
s, TU
16sznﬁ
sin (n+%)
-
16smﬁ
- T
- sin = L
. T
16smﬁ 16
Exercise 5.1
Prove (1 to 19) :
, sin20 0 5 cos20 (n .8
© T—cos2B _ o © Ttsinzd NG )
; 0 9 _ 5 0 s cosO 3 (n 9)
. tani + cot; = 2cosec © Trsin® - tan T
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1+ 5in20 + cos20 T 0 T 0} _
5. T¥sin20 cos20 cor® 6. tan(z ?) + m”(f_f) = 2sec
cot® —tanBd
7. —1 i = secO - cosecO = 2cosec20
—2sin"0

8. sec20 — tan20 = tan(%—e)

sin 50 —2sin 30 + sin 6
cos 58 — cos O

= tan0

sin® —sin30

10. = 2sin0

sin*0 —cos’0
11. \/§COS€CZOO — sec20° =4
12. 2(cos®0 — sin®0) = cos20 + cos320

13. If tanol = 3 and l‘anE =1 then tan(OL + B) = 3.

14. If cosB = %( ) then cos20 = 2(x2 +éj and cos30 = %(X3 +L3j

sin’A — sin’B

2raA-sm o 1

1S. SIN2A — sin2B ztan(A +B)
sin 30 cos30

16. S0 T co® 2
cos30 , sin30@ _

17. 050 + == S0 = 4¢0s20

18. c0s30 sin30 + sin30 cos30 = %sin49
19. ¢0s30 cos30 + sin30 sin30 = cos320

20. If sinA = 2 LI AL = then find the value of sin2A, cos2A, tan2A and sindA.

21. If 150 = T, then prove that cosO . c0s20 . cos30 . cos40 . cos50 . cos60 . cos70 =

22. Show that \/2+‘/2+ ‘/2+2c0s89 = 2co0s0, where 0 < 0 < %

128 )

23. Prove that tan® + tan(%JrG) + tan(—+9) = 3tan30 and deduce that
1an20° + tan80° + tan140° = 34/3.

24. Prove that tan© . tan(%+9) tan(——e) = tan30 and deduce that

1an6® . tand2° . tan66° . tan78° = 1
25. Prove : cos60 = 32¢0s%0 — 48cos*0 + 18cos?0 — 1

*k

5.4 Trigonometric Functions of % in Terms of cosOl

(1) We know that cos20t = 1 — 2sin?0L. If we put O in place of 20( (and % in place of ), we get

cosO, =1 — 2sm2g
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(@)

(€))

5.5
(1)

2

2Sil’l2% =1 — cosO
oo _ l—cosa
Sin°=3 —

Similarly, substituting O in place of 20¢ (and % in place of Q) in cos20L = 2cos?OL — 1

2cos2% =1+ cosOl

5oL 1+ cosd
A ? = —

CO =
2
. 1—cos
sin*&
0L _ 2 _ 2
tan 5 = cos2l T 1+ cos o
2 2

5 1—cos .
lan“= = T cosa

Values of Trigonometric Functions for Some Special Numbers

sin18° :

Suppose 0 = 18°

50 =90°
30 + 20 =90°
20 =90°— 30

sin20 = 5in(90° — 30)
sin20 = cos30

25in0 cosO = 4c0s30 — 3cosO

25in® = 4c0s?0 — 3

2sin® = 4(1 — sin?0) — 3
2sin® = 4 — 4s5in’0 — 3
45in’0 + 2sin® — 1 =0

sin@ =

24 ‘/22 — 44 (-1

2(4)

_ —24J20 _ 2425 _ —1+45

8

Here © = 18°. Hence, P(0) is in the first quadrant.

sin® > 0
sin18° = S5
4
cos18° :

Substituting 6 = 18° in cos?0 = 1 — sin0, we get

cos?18°= 1 — sin?18°

:1_(&

4

8

]2:

4

16—5+2J5—1

16

O # 2k — )T k € Z)

(cos18° # 0)
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cos?18°=
16
cos180 = |10 J;62'/§ (0 < 18 < 90. So cos18° > 0)
(3) cos36° :

Substituting © = 18° in cos20 = 1 — 2sin?0, we get
c0s36° = 1 — 2sin18°

S-1Y

5-2/5+1
1 =2 "7 —
_8—5+2d5-1 _ 2+2/5 _ J5+1

8 8 4

J5+1

4

cos36° =

4) sin36° :
Substituting © = 36° in sin20 = 1 — cos20, we get
$in?36° = 1 — cos?36°

(J§+1]2

B (5+2'/§+1} _16-6-2J5 _ 10-245

16 16 16

sin36° = |10 ‘162‘/5 (0 < 36 < 90. So sin36° > 0)

We can similarly get sines and cosines of multiples of 18 like 54, 72, 144 etc. In fact,

sin72° = sin(90° — 18°) = cos18° = ““;62'/5

and sin54° = sin(90° — 36°) = cos36° = J§4+1

Similarly, cos72° = 5in18° and cos54° = sin36°

. 1° . T,
&) st22 or sin-g :
Putting 6 = %O in sin?0 = ﬂ, we get
. 2450 . 1—cos 45°
sint S = T
—L
_ 2
2
21
202
Lot 2 2
22 V2 4
sind2” = 2;‘/5 0 < 224 < 90. S0 sin221° > 0)
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(6) In the same way, we get COSQQ%O — JZ-IZ-JE

7) tanZZ%0 :

2450 _ 1—cos45
2 1+cos4s

i
l_ﬁ J2-1 J2 -1 E—l_(ﬁ_l)z

- 1+% R R SRR - S

Now, 0 < 221 < 90. Hence, 1an221" > 0
@22 = 2 -1
Similarly, we can show that cot22%o = V2 + 1. We can also get value of sines and cosines
of 67%0 etc.
1 &) . lO . lO _ lO lO _ lO
cos675 = sm222 s sm672 005222 and tan672 cot222
0

Example 6 : If cor® = = g + cos3-.

= % < O < T, then find the value of sin

Solution : Since cot® = 1_—25, tan = _le

se029=1+tan29=1+%=%

secO = i%. Since % <O<T, secO <0

=5

13 =
13

5 - Hence, cosO =

sece = -

.29 _ 1-cos® _ 15 _ 18
Now, sin > — 5 3
. So sine >0

; i T8 g
Smce2<9<7t,4<2< 5

wla

Q
S
(o2}
vl
Il
|N
—_
ENH
N
w|@
N
w|s
N

Example 7 : Prove that sin*Z + sin* 3 sint A+ gin

8 8
Solution : L.H.S. = sin4% + sin* 3% + sz‘n“%E + sin*

I
2
I
=
|2
+
2
I
=
(O8]
a o0
+
2
I
=
—_—
a
|
oo|;;
p—
+
2
I
~
—_——
a3
|
oo|
S ——

[
()
—_
]
S
=~
|a
+ .
]
—~ o0
[98)
=
N—

Il
[\®]
—
—
”
<
S
NS
)
ool
~
[§8}
+
U
<
[}
W
4

2
)]
- T2 - 3T \2 —
_ 2[(1 02054) n (1 czos4 ) ] (sin29 _1 c;)sze)
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&

[(1 = cos %)Z (1 - cos 2z )Z]
(%) + (-]
-2 +1+14+42]

= R.H.S.

Il
I\le—

[\CY [SCT S (T

[1+

Nl»—

Example 8 : If sin0, + sinfd = a and cosO. + cosP = b, prove that

(1) cos(ot — By = =2 (g tan(ugﬁ) - iﬁ%
Solution : (1) We have sinQ. + sind = a and cosO. + cosP = b
Squaring and adding,

(sinOL + sinB)2 + (cosOl + cosB)2 =a? + b?

sin* 0L + 2sin0l sinfd + sin?B + cos?0l + 2cos cosP + cos?P = a® + b2

2 + 2(cosO cosP + sinQ., sinf) = a* + b?
2 + 2cos (0L — B)=a2 + b2

2352 _
cos(()c—f)):%b2
S(o—=B)  I—cos©—B)
(2) Now, fan ( > j ~ 1+ cos (o —B)
a’+bh%—2

] - ———o
o P
tanz( B) = a2+p2_n

1+ >

- 4—a’-b?
i[858 er

2 a’ +b?

o-p ’4—az—b2
tan( > ]=i a’ +b?

S}

Example 9 : Prove sin*0 « cos*0 = - : (3 — 4c0s40 + c0s80)

128
Solution : sin%0 - cos*0O = (sin® cose)4

%(2sin9 cos0)*

%(sin29)4

A2 2
16(sm 20)

1 {1=cos49 2
16 2

(1 — 2cos40 + cos?40)

_4
_ 1 _ 1+ cos80
=% (1 2¢0s40 + T)
= o5 (2= 4cos40 + 1 + cos80)

= % (3 — 4cos40 + cos80)
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10.

11.

12.

5.6

Exercise 5.2

If tanx = 2 ,T<x< 37[ , find the values of smi, cos% and tani.

If cosOlL = %, cosf =

o — o —
13, 0<aq, [3 < & then find the values of sin ( 3 B] and cos? (TB)

Prove : (3 to 12)
cos®0 — sin0 = Z(cos329 + 3c0s20)

cos’A + cosz(A +2?7t) + cosz(A—zTn) = %
sin?A + sin (A +—) + sin (A +4T7t) = % Deduce this from example 4.

(1 + cos—)(l + cos—)(l + cos—)(l + cos%c) = %

sin*0 - cos?0 = L [2 — 0520 — 2cos40 + cos60]
sin%0 = 3% [10 — 15¢0s20 + 6c0s40 — cos60]

5in6° « sind2° - sin66° - sin78° = %

cos6° « cos42° + cos66° - cos78° = %

27T 47 8T 14T _
16cos15 COST5 * COST T * COST3 =1

(1 + cosﬁ)(l + cosig)(l + c0s716c )(1 + cosglg) = %

%
Conditional Identities

Now we shall discuss some identities satisfying certain conditions.

e.g. sin2A + sin2B + sin2C = 4sinA sinB sinC for A + B + C = . This identity is true for all

A, B, C satistying the condition A + B + C = Tt. Therefore, this identity is called a conditional identity.

On the other hand sin?A + cos?A = 1 is true for every A without any condition. This is an example of

an unconditional identity.

Most of the relations, relating to the angles of a triangle are of the type of conditional identities. They

are useful in understanding the properties of a triangle. Here we need to keep the following in mind.

A+B+C=1
A+B 1 C

A+B=m—C and

A+B
sin(A + B) = sin(m — C) and sin( ; ) - sm(% %)

. . . ({A+B C
sin(A + B) = sinC and sin| — = cos>

In the same way,

A+B . C
cos(A + B) = —cosC and cos| — = sin=
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