Chapter 5 Quadratic Functions

Ex 5.6

Answer le.

Let fix) =anx” + ... ta1x +a, be a polynomial function having integer coefficients.

The Eational Zero Theorem states that every rational zero of Fwill have the form:
p _ factor of constant term a,

i  factor of leading coeffeicient a, -

Therefore, if a polynormial function has integer coefficients, then every rational zero of

the function has the form E, whete p 15 a factor of the constant term and g 15 a factor of
g

the leading coefficient.

Answer 1gp.

The rational zero theorem states that if Ax) =a,x" + ... + a1x + @, has integer coefficients,
then every rational zero of Fwill have the form:

P factor of constant term a

& " factor of leading coeffeicient a, '

We need to find the factors of the constant term as well as the factors of the leading
coefficient to find the list of possible rational zeros

The constant term in the given function 15 15, and the leading coefficient 15 1. Find the
positive and negative factors of these two numbers.

Factors of the constant term: +1, £3, £5, £15
Factors of the leading coefficient: £1

How, divide the factors of constant termm by the factors of the leading coefficient to get
the list of possible rational zeros.

Possible rational zeros il, i%, i?, i%
The list can be simplified.
cimplified list of possible zeros: X1, £3, £5, £15

Therefore, the possible rational zeros of the given function are £1, £3 5, and £15.



Answer 1q.

The monomial 21z common among the terms in the given polynomial.

We can talee out 2 from each term

2x — 54 = 2(x° — 27
The expression x° — 27 can be identified as the difference of two cubes.

Factor using the pattern a - = {ex — E:n]{cxz + @b + ,3;.3:._
2(x - 27) = 2(¥ - F)
2(x-3)(x*+3x +9)

Theretore, the given polynomial in completely factored form 1s

2(x — 3xZ + 3 + 9.

Answer 2e

We need to describe a method we can use to shorten the list of possible rational zero
when using the rational zero theorem.

To find the possible rational zeros of / we use the followmng Rational Zero Theorem:
If

f(x)=ax"+. . +ax+a,
has integer coefficients, then every rational zero of f has the following form:
P factor of constant term a,

g N factor of leading coefficient a,

The above Rational Zero Theorem list only the possible values.
In order to find the actual zeros of a polynomial function | we must test values from the

list of possible zeros.

When the leading coefficient is not 1, the list of possible rational zeros can increase
dramatically.
In such cases the search can be shortened by sketching the function’s graph.

Answer 2gp.

We need to list the possible rational zeros of f using the rational zero theorem.
Flx)=2x +3x2" —11x—6

Let us use the Rational Zero Theorem to find the possible rational zeros of f .
The Rational Zero Theorem: If

flx)=ax"+ _ +ax+aqa

has integer coefficients, then every rational zero of f has the following form:
P factor of constant term g,

g ~ factor of leading coefficient a,




Consider the function:
f(x)=2x"+3x" -11x—6
Factors of constant term: +1,+2 13 46
Factors of leading coefficient: +1, 2
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Answer 2q.

We need to factor the polynomial
flx)=x-3"+2x-6
completely.

Consider the given polynomial
f(x)=x"-3x"+2x-6
=x" (x—3)+2(x—3) [Factor by grouping]
=(x*+2)(x-3) [Distributive property]
Thus, the factorization of

Ff(x)=x"-3x"+2x—6

15

(xz +2](x—3:]|

Answer 3e.

The Rational Zero Theorem states that if fix) =@, x™ + . +a1x + a, has integer
coefficients, then every rational zero of Fwill have the form:
p  factor of constant term a,

i " factor of leading coeffeicient a, -

We need to find the factors of the constant term as well as factors of the leading
coefficient to find the list of possible rational zeros.



The constant term in the given function 15 28, and the leading coefficient 15 1. Find the
positive and negative factors of these two numbers.

Factors of the constant term; £1, £ 2, £4, £7, 14, + 28
Factors of the leading coefficient: +1

Mow, divide the factors of constant term by the factors of the leading coefficient to get
the list of possible rational zeros.

2 .4 1 28
*

. . 1
Foszable rational zeros: +—, £ —, £ TiT

1 1

e

— | =

The list can be simplified.
cimplified list of possible zeros: £1, £2, £4, £7, £14, £28

Therefore, the possible rational zeros of the given function are
+1, 2, 4, £7, £14, and £ 28

Answer 3gp.
STEP 1 List the possible rational zeros.
The leading coefficient of the given function 1s 1 and the constant term 1s
18. Diwide each factor of the constant term by each factor of the leading
coefficient to get the list of possible rational zeros.
xr = il, i%, iE, iE, iE, iE
1 1 1 1 1
The possible rational zeros of the function are
+1,+2, £35, £6, 25 and £18.
STEP 2 Test these zeros using synthetic division
Test x = -1 Test x = -3
-111 4 =15 13 -311 -4 =15 18
-1 =5 =20 =3 21 =18
1 -5 =20 =2 1 =7 & 0

The remainder 15 0 in the case of =3, which means that —3 15 a zero of fix).
Thus, we have x + 3 as one of the factors of the function. We can use this
result to express fix) as a product of factors.

Ax)=(x+ D -Tx+6)



STEP 2 Factor the trinomial 1n f{x) and use the factor theorem.
Jxy =+ 3x-6)x -1

The other two factors of fiz) are x — 6 and x — 1, from which we get the
two zeres & and 1.

Therefore, the zeros of fare =3, 1, and 6.

Answer 3q.
Apply the pattern for factoring by grouping.

Take out the common monomial x° from the first two terms in the given polynomial.
A+l =D+

How, use the distributive property.
A+ D+E+1) = 4 Dix+ 1)

Therefore, the given polynomial in completely factored form 1s {xg + iz + 1)

Answer 4e.
We need to list the possible rational zeros of f using the rational zero theorem.
flx)=x —4x"+x-10

Let us use the Rational Zero Theorem to find the possible rational zeros of [ .
The Rational Zero Theorem: If

flx)=agx"+ . +ax+a,

has integer coefficients, then every rational zero of f has the following form:

p  factor of constant term a,
g factor of leading coefficient a,

Consider the function:
fx)=x —4x" +x-10
Factors of constant tenm: +1, +2 15, +10

Factors of leading coefficient: +1

Possible rational zeros: = % 3 % e ? ¥ o ?
simplified list of possible zeros: 1, £2 +5 +10

Thus, the list of possible rational zeros of [ iinL 2 45 110



Answer 4gp.

We need to find all real zeros of
fx)=x"—8x"+5x+14

Let us use the Rational Zero Theorem to find the possible rational zeros of f.
The Rational Zero Theorem: If

flx)=ax"+. . +ax+aq,

has integer coefficients, then every rational zero of [ has the following form:
P factor of constant term a,

—

q N factor of leading coefficient a,

Consider the function:
f(x)=x"—8x"+5x+14

Let us list the possible rational zeros.
Factors of constant term: +1.+2_ 7 114

Factors of leading coefficient: +1
Possible rational zeros: 1.2 +7_ 114

Let us test these zeros using synthetic division.

Test x=1:

11 -8 5 14
1 -8 -3

|1 8 3 11

Here the remainder 15 11 and hence 1 15 not a zero.

Test x=—1:
1|1 -8 5 14
-1 9 -14
|1 -9 14 0

Here the remainder is (0 and hence —1 1z a zero.

Because —1 1s a zero, we can write
fx)=(x+1)(x* —9x+14)
Let us factor the trinomial in f(x) and use the Factor Theorem.
f(x)=(x+1)(x* -9x+14)
=(x+1)(x" - 7x—-2x+14)
=(x+1)(x=T7)(x-2)



Thus, the zeros of f(x)are |—1.7 and 2

Answer 4q.

We need to factor the polynomial
f(x)=6x"—150x
completely.

Consider the given polynomaal
f(x)=6x"-150x
= Gx{x" — 25) [Factor out 6x]

:-ﬁx[(xi }2 —52)
Let us use the following identity:
a—b =(a—b)(a+b)
Here, a=x".b=5
Therefore,
flx)= 53:([:::: :]1 —51)
=6x((x2)—5)((x2]+5\}
Thus, the factorization of

f(x)=6x" —150x

15

6:\:{(;:1}—5)({12 )+ 5}‘

Answer 5e.

The Rational Zero Theorem states that if Ax) =@, x" + . +a1x + a, has integer
coefficients, then every rational zero of Fwill have the form:

p  factor of constant term a,

i " factor of leading coeffeicient a, -

We need to find the factors of the constant term as well as factors of the leading
coefficient to find the list of possible rational zeros.



The constant term in the given function 15 9, and the leading coefficient 15 2. Find the
posttive and negative factors of these two numbers.

Factors of the constant term: £1, £3, £ 5
Factors of the leading coefficient: £1, £2

Mow, divide the factors of the constant term by the factors of leading coefficient to get
the list of possible rational zeros.

. . +1, +3 +5
Fosable rational zeros = —————
+1, +2
= il, _E, J_rg, J_rl, J_rE, ig
1 1 1 2 2 2
The list can be simplified.
simplified st of possible zeros: £1, £3, £9, i%, i%, i%

Therefore, the possible rational zeros of the given function are

+1, £33 19, il, iE, ard ig.
2

2 2

Answer 5gp.
STEP 1 List the possible rational zeros.
The leading coefficient of the given function 15 3 and the constant term 1s

48. Divide each factor of the constant term by each factor of the leading
coefficient to get the list of possible rational zeros.

P L R L A
1'72°73 7476 "8 12° 716 24’ 43
p bl gl b gl gl 411 I
1'72°73 74 76 8 12 160 24" 48

The possible rational zeros of the function are

i3,ii,il,ié,il,iE,il,ii,il,ii,il,il,il,ii,
2 2 8 4 16 & 1l 3 & 8 12
il ii an-::lii

167 247 48



STEP 2

STEP 3

wlketch the graph of the function using any graphing utility.
JE‘

A
Y =

¥ =48 + dx? - 20x + 3
-2

Y

Lmong the possible zeros found i step 1, x = —— and x = > seem to be

reasonable based on the graph.

Test the reasonable zeros found in step 2 using synthetic division,

Test x = ——

4 —36 24 -3
48 —32 4 0

3

The remainder 13 0 in the case of ——, which means that —— 1z a zero of

4 4
Fix). Thus, we have x + E as one of the factors of the function We can

use this result to express fx) as a product of factors.

Flx) = (x + ﬂ (48x" — 327 + 4]



STEP 4 Factor the trinormial in f{x) and use the factor theorem.
Take out 4 from the second factor.

3
f[x:l = [x + 5]4(129:2 - 8x + 1:]
Multiply the first factor by 4.
) =x+ (12 - B + 1)

Iow, factor the trinomial 12x° —8x + 1.
Fixr={dx+ 3tx — D2x - 1)

On solving 6x — 1 =0and 2x — 1 =0, we get the other two zeros as

l and l
& £
31 1
Therefore, the real zeros of fare —E, E at1d E

Answer 5q.

The given expression contains a cotmmon monomial 3.
It - 2427 +48 = 30t -+ 16)

Iow, rewrite the expression within the parentheses using the replacement & = x°

3’ — Bu + 16)

Factor the perfect-square trinomial w® — Bu+ 16,
3wt — Bu+ 16) = 3(u -4

Now, replace & with %

3 — 4 = 3(x% — 4)°

We can factor x% — 4 using the pattern for the difference of two squares.
32 —4F =3 (x + 2(x - 2

Theretore, the given expression in completely factored form 15 3[(x + 2i(x — 2)]2.
Answer 6e.

We need to list the possible rational zeros of f using the rational zero theorem.
h(x)=2x +x" —x—18



Let us use the Rational Zero Theorem to find the possible rational zeros of f .

The Rational Zero Theorem: If

Flx)=ax"+ +ax+a,

has integer coefficients, then every rational zero of f has the following form:
J factor of constant term a,

g ~ factor of leading coefficient a,

Consider the function:

h(x)=2x"+x" —x—18

Factors of constant term: +1. +2_1+3_+6 19 +18
Factors of leading coefficient: 1, £2

]_:"{Jns.si“nd:a1':1t1'.'::u:lal:;:-:1'-:',&5:il,ig,tg,ié,ig,iE,il,ig,iiziﬁ,ig,iE
1 1 1 1 1 1 2 2 2 2 2 2
simplified list of possible zeros: i]_,ﬂ,ﬂ,iﬁ,ﬂ,ilﬂ,i%,igzig
1 3 9

Thus, the list of possible rational zeros of his|+]1 +2 43 +6 +0 +18 +— +— +—

[~
[
[

Answer 6gp.

We need to find all real zeros of
F(x)=2x*+5x" —18x" —19x+ 42

Let us use the Rational Zero Theorem to find the possible rational zeros of .

The Rational Zero Theorem: If

flx)=ax"+. . +ax+aq

has integer coefficients, then every rational zero of f has the following form:
P factor of constant term a,

f=—

q N factor of leading coefficient a,




Consider the function:

F(x)=2x"+5x" —18x" —19x+42

Let us list the possible rational zeros.

Factors of constant term: +1, 32 13 +6 +7 +14, 121 42
Factors of leading coefficient: £1 12

Possible rational zeros:
J1,2,3,6,7 14 2141
1" 11 1 1 1 11 2

That 1s the possible rational roots are
11,122 13 16, i?,ilﬂr,i‘ﬁl,iﬂtﬁ,il,ii,iz,i‘ﬂ

22 2 2
Choose the reasonable values from the above list using the graph function.
Let us observe following graph.

y 1 f

4
« f(x)=2x"+5x —18x" —19x +42
2
X

Y -13 -1 0.3 a5 1 1 2
-2
.|

Thus the values x=—-2,x=1.5x=1.83are reasonable based on the graph.



Let us test these zeros using synthetic division.
Test x=-2:
212 5 -18 -19 42
-4 -2 40 -42
12 1 20 21 0

Here the remainder is (0 and hence x=—21s a zero

Factor out a binomial using the result of synthetic division.
Because —2 1s a zero, we can write

S(x)=(x+2)(2x" +x" —20x+21)
Now consider,
g(x) =2x" +x* —20x+21
Any zero of g(x)=2x"+x* —20x+21will also be a zero of f(x).
The possible rational zeros of g(x) are:

i]_,-i_‘li’,",ill_,ilziE iz Ji‘E

272 2

Let us observe the following graph of g(x):

y | l
4
2
X
45 4335 -3 25 2 15 -1 05 035 1 1 2 235 3 335 4 45
-2

g(x)=2x +x" —20x+21

4

The graph of g shows that x = %may be a zero. Synthetic division shows that x = % 1sa

zero of g(x) and
F(x)=(x+2)g(x)
=(x+2)(2x—3)(2x" + 4x—14)



Let us find the remaining zeros of f(x}by solving 2x* +4x—14=0

—4+,/16-4(2)(-14)
= 2%2

44128
4
=_1+8J2

Thus, the zerors of f(x)are —2,%,—14—3\-@ arwd —l—E\E

Answer 6q.

We need to factor the polynomial
flx)=2x—3x" —12x+18
completely.

Consider the given polynomaal
f(x)=2x*-3x" -12x+18

=x*(2x— 3)—6(2x—3) [Factor by grouping]
= {xz — 15}{21: -3) [Distributive property]

Thus, the factorization of
Fx)=2x —3x" —12x+18

15

(x* —6)(2x-3)

Answer 7e.

The Rational Zero Theorem states that if Ax) =a,x” + . + a1z + @ has integer
coefficients, then every rational zero of Fwill have the form:
p  factor of constant term a,

& " factor of leading coeffeicient o, '

We need to find the factors of the constant term as well as factors of the leading
coefficient to find the list of possible rational zeros.



The constant term in the given function 1z =14, and the leading coefficient 13 4. Find the
posttive and negative factors of these two numbers.

Factors of the constant termm: +1, £2, £7, £14
Factors of the leading coefficient: 1, £2, 4

Mow, divide the factors of the constant term by the factors of leading coefficient to get
the list of possible rational zeros.

Foszaible rational zeros = il, iE, iz, il—, il, ig, iz iE, il, ig, iz iE
1 1 1 2 2 2 2 4 4 4 4
The list can be simplified.
simplified list of possible zeros: +1, £2, £7, +14, il, i%, ii, i%
Therefore, the possible rational zeros of the given function are
+1, +2, £7, +14, il, iz, il, and iz.
2 2 4
Answer 7gp.
STEP 1 Write an equation for the volume of the 1ce sculpture.

TTze the fact that the volume of a pyramid 12 given by one-third the product
of the area of its base and height

Volume Area of base Height

[cubicf&et) 3 [squarefeet) | [feet)

U U l

| —

) = : [;f: + 1)2 : x

)| =

We get the equation 6 = %[x + 1:]2 .

Lultiply both the sides by 2 and simplify.
18 = (x+1)"x

12 = 2%+ 2%+ x

Iow, rewrite the equation in standard form.

O=x4+2x+x-18



STEP 2 List the possible rational solutions.
The leading coefficient of the function 12 1 and the constant term 1z 15

Thus, the possible rational zeros are 1, £2, £35, 6, £92 and 18

STEP 2 Test possible solutions. Only positive x-wvalues make sense.
Test x=1 Test x =2
111 2 1 —13 211 2 1 18
1 3 4 2 8 18
1 3 4 -14 1 4 9 0

The remainder being 0 in the case of 2, means that 2 15 a zero or solution
of the function. We can use this result to express the function as a product
of factors.

O0=(x—2x +dx + 9

STEP 4 Check for other solutions.

For this, solve x° +4x +9=10 using the quadratic formula. On solving, we

get the other two solutions satisfying the equation as -2 * z'\ff?, which can
ke discarded because they are imaginary numbers.

The only reasonable solution 15 thus x = 2. Since the height of the
sculpture 15 2 feet, the length of each side will be 2+ 1 or 3 feet.

Therefore, the dimensions ofthe mold are 2 feet by 3 feet.

Answer 7q.

When a polynomial fix) 12 divided by a divisor dix), we obtain a quotient g(x) and a
Fix s

() _ 44 700

a(x T dx)

In polynomial long division, include 0 as the coefficient of the missing terms in the
dividend The x term 15 missing in the given dividend Use 0 as its coefficient.

remainder #{x) such that

x2+5x—2)x4+x3—8x2+5x+5

Then, divide the term with highest power 1n what 15 left of the dividend at each stage by
the first term of the divizor.

)
Multiply the divisor by x_z or 0,
x

XE

x2+5x—2)x4+ x3—8x2+5x+5

2+ 57— 27




subtract the corresponding terms and bring down the next term.

IE

x2+5x—2)x4+ x3—8x2+5x+5

P P, P

—4x3— 5x2+ Sx

453
How, multiply the divizor by 7.;: Lo —dx

X — 4y
x2+5x—2jx4+ -8 +5x+5

.1:4 + 5:1:3 - 2;:2

—4;':3— 6;':2 + ax
—4x - 20x° — 8x

Subtract the terms and bring down the next term.
x4 — dx

x2+5x—2)x4+ F-8x°+5x+5

P P P

—4;:3 - 6;:2 + ax
—4x— 20x°% + 8x

14x* - 3x + 5
Eepeat the process by multiplying the divizor by li‘j ,oor 14
x2—4x + 14
x4+ 5% — 2)x4+ -8xi45x 45
x4+ 5x - 2%
—4x— 6xf 452
— 47— 20x% + 8x
14x% = 3x + 5
14x* + 70x - 28
—T3x+ 33
T -8+ 55+ 5 i e i —;3“33 |
4+ 5x -2

x4+ 55— 2



iheck the result by multiplying the quotient by the divisor and adding the remainder. The
result should be the dividend.

(= 4x +14)(x*+ 5x - 2) +(~73x + 33)

xz(x2+5x— 2)—4x(x9+5x— 2)+14[x3+5x— 2)—?3x+33

xSt 22— A - 20x° + 8x + 14x°+ 70x — 28 — 73x + 33

x4+x3—8x2+5x+5

The solution checks.

Answer 8e.

We need to list the possible rational zeros of f using the rational zero theorem.
F(x)=3x*+5x" —3x+42

Let us use the Rational Zero Theorem to find the possible rational zeros of .
The Rational Zero Theorem: If

flx)=ax"+ +ax+ta,

has integer coefficients, then every rational zero of f has the following form:

p _ factor of constant term a,
g factor of leading coefficient a,

Let us list the possible rational zeros.
Factors of constant term: +1. +2 +3 +6 17 +14. 121 42
Factors of leading coefficient: +1 13

Possible rational zeros:

(102,3,6,7 14 200 1,2 3,6
3

11717171 1717173 373
That 1s the possible rational roots are

Lid
+

I | =
T
|
'
|

i]_,iE,ﬂ,iﬁ,iT,-FH,ﬂLiilﬂ,il,ig,izjﬂ
3 3 3 3

Thus, the list of possible rational zeros of

. 1 2 7 14

Ss| 2142 £3 46 +7 +14 21 42 +— +— +— +—
3 3 3 3

Answer 8q.

We need to divide the polynomial

4x* +27x" +3x+64

by the polynomial

x+7

using polynomial long division or synthetic division



Let us do the division by polynomial long division.
45’ —28x +223x—1558
x+7)4x" +0x +27x" +3x+64

4x* +28x°
—28x° +27x°
—28x" —196x*
223x” +3x
223x" +1561x
~1558x + 64
~1558x 10906
10970
Thus, 227X 43464 _ 3 o2 093y 1558+ 10970
x+7 x+7
Therefore,

Quotient = 4x° —28x" +223x —1558
Remainder =10970

Answer 9e.

The Rational Zero Theorem states that if Ax) = a,x™ + . +ax + a, has integer
coefficients, then every rational zero of Fwill have the form:

p  factor of constant term a

g " factor of leading coeffeicient a, -

We need to find the factors of the constant term az well as factors of the leading
coefticient to find the list of possible rational zeros.

The constant term in the given function 15 15, and the leading coefficient 15 8. Find the
positive and negative factors of these two numbers.

Factors of the constant term: +1, £3, £5, £15
Factors of the leading coefficient: £1, £2, £4 +3

How, divide the factors of the constant term by the factors of leading coefficient to get
the list of possible rational zeros.

1

Lh

1

L )

Fosaible rattonal zeros = -, & , * iE Fo. T F

]

iE, +
1

Ia | w
b= | Lk

B2 | LA
Pl =

Lo |

H

15
B

Ca| oy —

£ gl 43 4
2



The list can be simplified

cimplified list of possible zeros: X1, £35 £5, £15, il, ii, ii, iE, il, ii,
2 2 2 2 4 4

FEURC RS U I I

4 4 2 8 B B

Therefore, the possible rational zeros of the given function are £1, £3, +5, +15,

il, iE ii, iE, il, iE, iE, iE, il, iz, ii arid iE.
8

S S R T . T R B - A A -

Answer 9q.
STEP 1 List the possible rational zeros.
The leading coefficient of the given function 15 2 and the constant term 1s
30, Diwide each factor of the constant term by each factor of the leading
coefficient to get the list of possible rational zeros.

I_,ilﬁ 30

H

r==x- % *

H

E

— ] —
— | 3
"

—., t

T :
2

H

B2 Lh — |k
H

L2 o= | o
H+

£3) 15
1 1 1

ii, 10,15 30
Z 2

e

The possible rational zeros of the function are

+1, £2, 3, £5 £6, £10, £15, £30, il, i; ig, and ig.

STEP 2 wleetch the graph of the function using any graphing utiity.

fly = 2x* — 195 + 50 + 30

20
X
. i 4 2 2 4 6 =
|
40
: : 1
Armongthe possible zeros found 1n step 1, x = _E seerm to be reasonable

baszed on the graph



STEP 3 Test the reasonable zero found 1o step 2 using synthetic division
Test x = —1
2

1|2 -19 50 30

z -1 10 =30
o—20 &0 0

The remainder 15 0 which means that —% 15 a zero of fix). As a result,

1. . .
x + = 15 one of the factors of the function We can use thiz result to

express fix) as a product of factors.

Fx) = [x+ %J(z;ﬁ ~ 20 + 60)

STEP 2 Factor the trinorual 1n f{x) and use the factor theorem.

Fx) = [x + %](2.::2— 20x + 60)

Tale out 2 from the second factor.

HOE (x+ %]z[f— 10x + 30

Multiply the first factor by 2.
Fixy=(2x + Dix? - 10x + 30

We can find the remaining zeros of Fby solving - 10x+30=0 using
the quadratic formula Eeplace a with 1, & with =10, and ¢ with 30.
10+ ,10° - 4 (1)(30)

2(2)
10 £ =20
—
10 £ 245

4
5415

2

r =

cannot be considered.

5455
p

Az we seel only the real zeros of 7,

Therefore, the only zero of 15 —%.



Answer 10e.

We need to list the possible rational zeros of f using the rational zero theorem.
h(x)=6x" —3x*+12

Let us use the Rational Zero Theorem to find the possible rational zeros of .
The Rational Zero Theorem: If

flx)=ax"+ +ax+ta

has integer coefficients, then every rational zero of f has the following form:
P factor of constant term a,

g "~ factor of leading coefficient a,

Let us list the possible rational zeros.

Factors of constant term: +1 +2 +3_ +4 +6 +12
Factors of leading coefficient: £1 +2 +3 +6
Possible rational zeros:

_—,i—,i—,i—,i—,i—.il,ig,ii,ii.iE,iE,
11 1 1 1 1 2 2 2 2 2 12
1,2,3,4,6,12,1.2.3 4.6.12
33 3 3 3 3 6 6 6 6 6 6
L 1,2,3 4,6 1
12" 12 12" 127 12 12
That 1s the possible rational roots are
i]_,iE,i’iiﬂLin‘fi,illiliE il,ig,ii.il,il
22 373 6 4
Thus, the list of possible rational zeros of
hisil,ﬂ,ﬂ,i{i‘ﬁ,ili,il,ié,il.ig,ii,il,il
2 2 3 3 3 6 4

Answer 10q.

We need to all real zeros of the function
f(x)=x"—4x —25x-56

Let us use the Rational Zero Theorem to find the possible rational zeros of 1.
The Rational Zero Theorem: [f

f(x)=ax"+ . +ax+aq
has integer coefficients, then every rational zero of f has the following form:

p _ factor of constant term a,
g factor of leading coefficient a,




Consider the function:

F(x)=x"—4x" -25x-56

Let us list the possible rational zeros.

Factors of constant tenm: +1,+2 +4 +7 +8 +14 +28 +56

Factors of leading coefficient: +1

Possible rational zeros: il,ig,ii,iz ,iii
1 1 1 1 1

That 1s the possible rational roots are

11,12 +4 +7 18 114 +28 +56

14,28 , 56
1 1 1

Choose the reasonable values from the above list using the graph function.
Let us observe following graph.

y |

150

100

Thus the value x =8 1s reasonable based on the graph.

Let us test this zero using synthetic division.

Test x=8:
8|11 4 -25 -56
8 32 56
1 4 7 0

Here the remainder 1s 0 and hence x=81s a zero



Factor out a binomial using the result of synthetic division.
Because —2 1s a zero, we can write

f(x)=(x—8)(x" +4x+7)

Now consider,
g(x)=x"+4x+7

Any zero of g(x)= x* 4+ 4x+ 7will also be a zero of f(x).

Compute the zeros using quadratic formula.

_ —4E16-4(1)(7)

2

—4+.J16-28

2
4112
B 2

Thus both the zeros of g(x)=x" +4x+7 are imaginary.

Thus, the zero of f(x)is

Answer 1le.

STEP 1 List the possible rational zeros.
The leading coefficient of the given function 1s 1 and the constant term 1s

—24 Diwide each factor of the constant term by each factor of leading
coefficient to get the list of possible rational zeros.

r=+- +t— +- +— +— + ,il—,iE
1 1

—t | —
n—llm

e
=

-
— | o
— | 0

The possible rational zeros of the function are
x] sk 3k F 6 AR T2, and £24.

STEP 2 Test these zeros using synthetic division
Test x =1
11 =12 35 =24
1 =11 24

1 -11 24 0

The retnainder 15 0 which means that 1 15 a zero of f{x). Thus, we have

x — 1 as one of the factors of the function We can use this result to express
Fix) as a product of factors.

Fixy=(x - DiE - 11x + 240



STEP 3 Factor the trinorial in fix) and use the factor theorem.

Sy = x = 1x - 8)(x - 3]

The other two factors of fx) are x — 8 and x — 3, from which we get the
two zeros 2 and B

Therefore, the zeros of fare 1, 3, and 8.

Answer 11q.

STEP 1 List the possible rational zeros.
The leading coefficient of the given function 15 2 and the constant term is

4. Divide each factor of the constant term by each factor of the leading
coefficient to get the list of possible rational zeros.

=t xt—, -, £ % ,iE
1

— | —
— | a2
— | k)

.
-

— | o

The possible rational zeros of the function are
+1, £2, £3, £4, £6 and £12.

STEP 2 Test these zeros using synthetic division

Test x =1

11 4 -1 -4 12
1 5 -8 -1z

1 5 =% =12 0

The remainder being 0 in the case of 1, means that 1 15 a zero of f{x). Asa

result, x — 11z one of the factors of the function We can use this result to
express fix) as a product of factors.
A =x-DE +5% -8 - 12)

STEP 3 Factor the polynormial in f{x) and use the factor theorerm
We can repeat the steps abowe for glx) = %0+ %% — 8x — 12 and find its
tactors.

The possible rational zeros of g are again +1, £2, £3, £4, £6 and £12.

Mowr, we can test these zeros using synthetic division Take —1 for

instance.
Test x =-1
-111 5 -8 -1z2
-1 -4 12
1 4 -12 0

=ince the remainder 15 0, we have x + 1 as one of the factors of the
function Tse this result to express g(x) as a product of factors.

glx)=(x + D +dx - 12)



Replace x° + 5%% — 8x — 12 with (x + 1)(x* + 4z — 12) in Ax).
Fix=(x — Dix + Dix® +4x — 12)

Factor x° +4x — 12,

Fxr=ix—Dix+ Dix+6ix -2

since any zero of g 18 also a zero of £, we get the other real zeros of the
function az —6, -1, and 2

Therefore, the zeros of fare —6, -1, 1, and 2.

Answer 12e.
We need to find all real zeros of

f(x)=x"=5x-22x+56

Let us use the Rational Zero Theorem to find the possible rational zeros of £ .

The Rational Zero Theorem: If

f(x)=ax"+ +ax+a,

has integer coefficients, then every rational zero of f has the following form:
p _ factor of constant term a,

q * factor of leading coefficient a,

Consider the function:

f(x)=x'—5x"-22x+56

Let us list the possible rational zeros.

Factors of constant term: T1. +2 +4 +7 18 +14 +28 +56

Factors of leading coefficient: +1
Possible rational zeros: +1,+2 +4 +7 +8 +14 +28 +56

Let us test these zeros using synthetic division

Test x=1-

1|1 -5 =22 56
1 -4 -26

|1 —4 -26 30

Here the remainder 15 30 and hence 1 1s not a zero.

Test x=—4:
41 -5 22 56
—4 36 -36
|1 9 14 0

Here the remainder 1s 0 and hence —4 1s a zero.



Because —4 1s a zero, we can write

F(x)=(x+4)(x* —9x+14)

Let us factor the trinomial in f(x) and use the Factor Theorem.

f(x)=(x+4)(x* -9x+14)
— (x-l—ii:}{xz —Tx—2x+ 14)
=(x+4)(x-T)(x-2)

Thus, the zeros of f(x)are | 4,7 and 2

Answer 12q.

We need to all real zeros of the function

f(x)=4x*—5x +42x-20

Let us use the Rational Zero Theorem to find the possible rational zeros of 7.

The Eational Zero Theorem: If
flx)=ax"+ +ax+a,

has integer coefficients, then every rational zero of f has the following form:

p _ factor of constant term g,
g factor of leading coefficient a,

Consider the function:
F(x)=4x"—5x" +42x-20
Let us list the possible rational zeros.

Factors of constant term: =1, 2 +4_ +5 +10,+20
Factors of leading coefficient: +1 +2 +4

Possible rational zeros:

12451[}20+

o b be b= b b =

32

1
i R TR TR T T

That 1s the possible rational roots are

i]_,ﬂ,t{ﬂ,ilﬂ,ﬂﬂ,i%,i%,i%,

B2 | L

i‘i.i
7

+2
4

T+
b | S

[
u|g

I+
S

I+
+ | b

|+
o

|-
= |

H
|2

T+



Choose the reasonable values from the above list using the graph function.
Let us observe following graph.

¥

150

X — f(x)=4x* -5 +42x-20

X

L 876-543 123 456 78 0101112153141516171819

-100

-150

Thus the values x = ; and x =— ; are reasonable based on the graph.

Let us test this zero using synthetic division.

Test x=—:

%4{!—542—20

2 1 2 20
4 2 4 40 0

Here the remainder 1s 0 and hence I=%isazem



Factor out a binomial using the result of synthetic division.
Because E 15 a Zero, we can write

F(x)=(2x-1)(4x" +2x" —4x+40)

Now consider,

g(x)=4x"+2x" —4x+40

Any zero of g(x)= 4x" +2x —4x+ 40 will also be a zero of f(x)-
Let us observe the graph of g(x] =4y +2x" —4x+40

[ y
15
10
5
8 6 4 |2 3 1 ; :
5
—g(x)=4x" +2x" —4x+40

Thus the value x=— % 1s reasonable based on the graph

Let us test this zero using synthetic division

Te.stxz—i:
2
-5
— |4 2 —4 40
2
=10 20 -40
4 -8 16 0

Here the remainder 15 (0 and hence x:—%isazem_



Factor out a binomial using the result of synthetic division.

Because — E 1% & ZETO, We Can write

F(x)=(2x—1)(2x+5)(4x" —8x+16)
Let us find the zeros of the quadratic
4x” —8x+16

using quadratic formula:

8+ [64—4(4)(16)

2(4)

_ 8+4/64-256
- g
_8+.[192

8

Thus, both the roots of the quadratic are immaginary.

Thus, the zeros of f(x)are |x =

Answer 13e.
STEFP 1

STEP 2

STEP 3

1=
2° 2

List the possible rational zeros.

The leading coeflicient of the given function 15 1, and the constant term 1s
—30. Divide each factor of the constant term by each factor of leading
coefficient to get the list of possible rational zeros.

R’=i,i :i :i

— | 2

iE, +
1

— | Lk
|—I-|Cﬁ"|

10,15 430
1 I 1

—t | —t

The possible rational zeros of the function are
+1, £2,£3, +£5 £6, £10, £15, and 30,

Test these zeros using synthetic division

Test x =1 Test x = -1
11 0o =31 =20 -11 0 =31 =30
1 1 =30 -1 1 30
1 1 =30 =60 1 =1 =30 0

The remainder O 1n the case of —1 means that —1 1z a zero of g(x). Thus, we
have x + 1 as one of the factors of the function. We can use this result to
express g(x) as a product of factors.

g(x) = (x + 1(x* —x — 30)

Factor the trinomial in g(x) and use the factor theorem.

gxi=x+Dix-6x+

The other two factors of gix) are x — 6 and x + 5, from which we get the
two zeros 6 and =5

Therefore, the zeros of g are =5, -1, and 6.



Answer 13q.

STEP 1 Write an equation for the wolume of the square patio.
“We use the fact that the volume of a square 15 given by the product of its
area and thickness.

WVolume Area of square Thickness

(cubic feet) - (square feet) | (feet)

U U U
128 = %2 - (x-15.5)

We get the equation 128 = xz{x - 15.5).

Eemove the parentheses using the distributive property.
128 =2 — 1554

Mow, rewrite the equation in standard form.

0=x —15.5x° - 128

STEP 2 List the poszible rational solutions.
The leading coefficient of the function 12 1 and the constant term 15 125

Thus, some of the possible rational zeros are

+1, +2, +4, 16, +16, £32, 64, and £125.

STEP 3 Test possible solutions. Only positive x-values make sense.
Test x = 16
161 =155 0 -128
16 8 128

1 0.5 & 0

The remainder being 0 in the case of 16, means that 16 15 a zero or

solution of the function We can use this result to express the function as a
product of factors.

0=(x—16)x% - 0.5 + &)



STEP 4 Check for other solutions.
For this, solve x° — 0.5z + 8=10 using the quadratic formula On solving,
we get two values for x which are 2.05 and —2.55. Discard —2.55 because it
15 negative.

If x = 16, the thickness of the patio will then be 16 — 15.5 or 0.5 feet. And,
if x =305, the thickness will be 205 - 155 or —12.45 feet.

The only reasonable solution 15 x = 16, Thus, the dimensions of the square patio are

16 feet by 0.5 feet

Answer 14e.

We need to find all real zeros of
h(x)=x"+8x —9x—T72

Let us use the Rational Zero Theorem to find the possible rational zeros of 7.
The Rational Zero Theorem: If

flx)=ax"+ +ax+a,

has integer coefficients, then every rational zero of f has the following form:

p _ factor of constant term q,
g factor of leading coefficient a,

Consider the function:

h(x)=x"+8x" —9x-T72

Let us list the possible rational zeros.

Factors of constant term: £1. +2 +3 +4 +6 18 +0 +12 +18 +24 +36 172

Factors of leading coefficient: +1
Possible rational zeros: £1. 32 13 +4 +6 1§ 10 +12 +186 124 +36 172

Let us test these zeros using synthetic division.

Test x=1-

1/1 8 -9 -72
1 9 0

|1 9 0 -T2

Here the remainder 15 —72 and hence 1 1= not a zero.

Test x=3:
31 &8 -9 =72
3 33 72

Here the remainder 1s 0 and hence 3 1s a zero.



Because 3 is a zero, we can write
h(x)=(x—3)(x" +11x+24)
Let us factor the trinomial in {x} and use the Factor Theorem.
h(x)=(x—3)(x* +11x+24)
=(x—3)(x +8x+3x+24)
=(x—3)(x+8)(x+3)

Thus, the zeros of h{x) are |3.—3 and —8

Answer 15e.

STEP 1 List the posaible rational zeros.
The leading coeflicient of the given function 15 1 and the constant term 1s

24. Divide each factor of the constant term by each factor of the leading
coefficient to get the list of possible rational zeros.

1 24

n == —,
1 1

—_— ] —t
u

ig,i ad=y &
1

— | k)
n—ll_[‘_-.
— | o

ig,i
1

The possible rational zeros of the function are
+1, 2, £3, 4, 6 £8, £12, and £24.

STEP 2 Test these zeros using synthetic division
Test x =1 Test x = -1
11 7 26 44 24 =111 7 26 44 24
1 8 34 78 -1 -6 =20 -24
1 8 34 78 102 1 & 20 24 0

The remainder being 0 means that —1 1z a zero of 2(x). Thus, we have x + 1

as one of the factors of the function. We can use this result to express 2(x)
as a product of factors.

(%) = (x + 1)(F + 62° + 20x + 24

MNow, we can test these zeros using synthetic division Take 2 and =2 for

instance.
Test x =2 Test x = -2
211 & 20 24 =2 it 6 20 24
2 16 T2 -2 -8 =24
1 8 36 %96 1 4 1z 0

=ince the remainder 15 0 1in the case of =2, we have x + 2 as one of the

tactors of the function Use this result to express glx) as a product of
factors.

glx)=(x + 2 +4x + 12



Replace x° + 622 + 20x + 24 with (x + 2)(x% + dx + 12) in A(x).
hix) = (x + 1(x + D2 +4x + 12)

since any zero of g 15 also a zero of b, we get the two real zeros of the
function as —2 and —1.

Therefore. the zeros of & are —2 and -1,

Answer 16e.

We need to find all real zeros of
Flx)=x"—2x" —9x* +10x—24

Let us use the Rational Zero Theorem to find the possible rational zeros of .
The Rational Zero Theorem: If

f(x)=ax"+ +ax+a,

has integer coefficients, then every rational zero of f has the following form:
p factor of constant term a,

q ~ factor of leading coefficient a,

Let us test these zeros using synthetic division
Test x=4:

411 =2 -9 10 -24
4 8 -4 24
|1 2 -1 6 0

Here the remainder 1s ) and hence x=41s a zero

Factor out a binomial using the result of synthetic division.
Because 4 15 a zero, we can write

flx) ={x—4:}{x3 +2x —x+6)

Now consider,

g{x)zxa +2x" —x+6

Any zero of g(x)=x"+2x" —x+6will also be a zero of f(x).
The possible rational zeros of g(x} are: 1 +2 +3 16

Let us find the remaining zeros of f(x)by solving 2 —x+2=0

1 1-4(1)(1)

2

13

2
These two roots of f {x} are ymaginary.




Answer 17e.
STEP 1 List the possible rational zeros.

The leading coeflicient of the gmiven function 1s 1 and the constant term 1s
#. Divide each factor of the constant term by each factor of the leading
coefficient to get the list of possible rational zeros.

r=x- - £

S
1

— | oo

[ e
— | 2

The possible rational zeros of the function are 1, £2, £4 and £8.

STEP 2 Test these zeros using synthetic division Take 1 first.
Test x =1
g 2 =% -2 3
1 3 -6 -8

1 3 -6 -8 0

The remainder being 0 means that 1 15 a zero of fix). Thus, we have x — 1
az one of the factors of the function We can use this result to express fix)
as a product of factors.

Ffr=-DET+ 3 - -8

STEP3 Factor the polynormuial in f{x) and use the factor theorem.
We can repeat the steps above for g(x) = x + 3x% — fx — 8 and find its
factors.

The possible rational zeros of gare £1, 22, £4 and £5

Iow, we can test these zeros using synthetic division
Take -1 for instance.

Test x = -1
elsll 3 -6 B
-1 -2 &
1 2 -8 0

=ince the remainder 15 0, we have x + 1 as one of the factors of the
function. Use this result to express g(x) as a product of factors.

glx)=(x+ 1)(x* +2x — 8)

Answer 18e.
We need to find all real zeros of
g(x)=x*-16x" —40x—25



Let us use the Rational Zero Theorem to find the possible rational zeros of f.
The Rational Zero Theorem: If

f(x)=ax"+ +ax+aq,
has integer coefficients, then every rational zero of f has the following form:

p _factor of constant term a,
g factor of leading coefficient a,

Consider the function:
g(x)=x*—16x" —40x—25

Let us list the possible rational zeros.
Factors of constant term: *1 £5 325

Factors of leading coefficient: +1
Possible rational zeros: +1.1+5 125

Factor out a binomial using the result of synthetic division.

Because 5 is a zero, we can write

g(x) =I:x—5]{x3 +5x% +9x —I—S}

Let us test this zero using synthetic division.

Test x=—1:
4|i 5 5 3
i 4 -5
1 4 5 0

Here the remainder 15 0 and hence x=—11s a zero

Synthetic division shows that x =—11s a zero of h(x) and

g(x)=(x=5)h(x)

= (x—5)(x+1)(x* +4x+5)
Thus, the real zeros of g(x)are m

Answer 19e.

STEP 1 List the possible rational zeros of 7
Diwvide each factor of the constant term 4 by each factor of the leading
coetficient 16 to get the list of possible rational zeros.

g ik #2450 38 416 1 8 g8 B g 10
1 1 1 1 1 2 2 2 2 2
L1 42 44,8 6
474 T4 T4 T4

The possible rational zeros of fare £1, £2, £4, £8, £16, i%, and ii.



STEP 2 Choose reasonable values from the list above, to check using the graph of

the function

Based on the given graph, the only value which seems to be reasonable for

Fis 1.

STEP 3 Check the values using syntbhetic division until a zero 15 found.

Test x=1
114 0 =20 16
4 4 =16
4 4 -16& 0

We get the remainder as 0, which means that 115 a zero of £
STEP 4 Factor out a binotmial using the result of the synthetic division.
since 113 a zero, x — 112 one of the factors of the function We can use
this result to express fx) as a product of factors.

Ax)=(x — 1)dx% + 4z — 16)

Talce out 4 of the second factor.
fx = - 1lE2+x -4

How, multiply the first factor by 4.
Ax)=(dx —HE* +x - 4)

STEP S Repeat the steps above for g(z) = Zt+x-4 Loy zero of g will also be a
zero of F

since we cannot find any other real zero by using synthetic division, we
will skip this step.

STEP 6 Find the remaining zeros of Fhy solving tr-4=0
Tze the quadratic formula by replacing @ and & with 1 and ¢ with —4.

~1 12— 4 (1)(-4)
T 2(1)

simp ity

~1+.1+16
2
“1+17

2

xr =

1+
Therefore, the real zeros of fare 1and %ﬁ



Answer 20e.
We need to find all real zeros of

f(x)=4x -12x" —x+15
Use the graph to shorten the list of possible rational zeros of the function.

Let us use the Rational Zero Theorem to find the possible rational zeros of f .
The Rational Zero Theorem: If

Flx)=ax"+ +ax+a,

has integer coefficients_ then every rational zero of f has the following form:
P factor of constant term a,

g N factor of leading coefficient a,

Consider the function:

f(x)=4x -12x" —x+15

Let us list the possible rational zeros.
Factors of constant term: +1. +3_+5_+15
Factors of leading coefficient: £1.+2 +4

Possible rational zeros: il,ii,‘|_‘E,iE,il,ié,ii,ig,il,ié,ii=iE
111 1" 2 2 2 2 4 4 4 4
That is the possible rational roots are
i]_,ﬂ,ii_iliil,ii,ii_ig,il,iE,ié,iE
) 22 2 2 4 4 4 4

Choose the reasonable values from the above list using the graph function.
Let us observe following graph.

-

flx)=4x"—12x" —x+15 5

3 2 h 1 2 3

-3

Thus the values x=—1,x=1.5, x = 2.5 are reasonable based on the graph.



Let us test these zeros using synthetic division

Test x=—1":
-114 -12 -1 15
—4 16 -15

|4 16 15 0

Here the remainder 1s 0 and hence x=—11s a zero

Factor out a binomial using the result of synthetic division.
Because —1 1s a zero, we can write

f(x)=(x+1)(4x" —16x+15)
Now consider,
g(x)=4x"—16x+15
Any zero of g(x)= 4x" —16x+15will also be a zero of Flix}-
The possible rational zeros of g(x)are:

(143,505,135 05 1,35 15
1 1 1 1 2 2 2 2 4 4 4 4
Let us observe the following graph of g(x):
5
X
= | 1 3 4 5
-3

The graph of gshows that x = %may be a zero. Synthetic division shows that x = % 15 a
zero of g(x) and
f(x)=(x+1)(4x" -16x+15)

=(x+1)(2x-3)(2x-9)






Thus, the zeros of f(x}are —1.— and 2

Answer 21e.

STEP 1

STEP 2

STEP 3

STEP 4

List the possible rational zeros of f
Divide each factor of the constant term 12 by each factors of the leading
coefficient & to get the list of possible rational zeros.

x=ti w2 42 410 g1 g2 40 41413
1 1 1 1 2 2 2 2 2003
£2, 20 41 42 42 4D
3 3 & &6 & 6
The possible rational zeros of fare
il,iB,iﬁ,ilﬁ,il,ii,ii,iE,il,iE,il, andii.
2 2 2 p 203 06 &

Choose reasonable values from the list abowve, to check using the graph of
the function.

Based on the given graph, the wvalues which seem to be reasonable for fare

—3,—2, andl.
3 3

Check the values using synthetic division until a zero s found.
Test x=-3

316 25 16 -15
=15 =21 15

& 7 =5 0

We get the remainder as 0, which means that —3 12 a zero of §

Factor cut a binomial using the result of the synthetic division
since —3 18 a zero, X — (—3) or x + 3 15 one of the factors of the function
We can use this result to express f{x) as a product of factors.

A =(x+ 36 +Tx -5

Factor the second factor.

Foxy= (x4 32 — 13 + 5)

On applying the factor theorem, we get the other zeros of the function as
5 1
——and —.

3 2



STEP S STEP 6 These steps can be skipped since we have already found the

possible rational zeros of the function 1n the steps abowve.

Therefore, the real zeros of fare =3, —g, and %

Answer 22e.
We need to find all real zeros of
Fx)=-3x" +20x" —36x+16
Use the graph to shorten the list of possible rational zeros of the function.

Let us use the Rational Zero Theorem to find the possible rational zeros of f.

The Rational Zero Theorem: If

flx)=agx"+. . +ax+a,

has integer coefficients, then every rational zero of f has the following form:
P factor of constant term a,

q N factor of leading coefficient a,

Consider the function:
fF(x)=-3x"+20x" —36x+16

Let us list the possible rational zeros.
Factors of constant term: £1. +2 +4 +16
Factors of leading coefficient: £1, 13

Possible rational zeros: il,ig,ii,il—il,ig,ii,iﬁ
1111 3 3 3 3
That 15 the possible rational roots are
1,2 4+E

+1,+2 +4 116, £ - +— - %
3 3 5 "3



Choose the reasonable values from the above list using the graph function.
Let us observe following graph.

Ay

=1

f(x)==3x" +20x" —36x+16 1

- M

Thus the values x =2, x =4 are reasonable based on the graph

Let us test these zeros using synthetic division.

Test x=2:
21-3 20 -36 16
6 28 -16
|—3 14 -8 0

Here the remainder 15 0 and hence x=21s a zero

Factor out a binomial using the result of synthetic division.
Because 2 15 a zero, we can write

Fx)=(x—2)(3x" +14x-8)

Now consider,
g(x)=-3x"+14x-8
Any zero of g(x)= —3x" +14x—8will also be a zero of flx)-

The possible rational zeros of g(x} are:

iljig +i ig il ig iiiﬁ
1

1717173 3 373



Let us observe the following graph of g(x}:

t

The graph of gshows that x = %may be a zero. Synthetic division shows that x = % 15 a
zero of g(x) and
f(x)=(x-2)(-3x" +14x-8)

=(x—2)(3x-2)(3x+12)

Thus, the zeros of f(x)are 2,% and 4

Answer 23e.
The Rational Zero Theorem states that if fix) =@, x™ + . +a1x + a, has integer
coefficients, then every rational zero of Fwill have the form:
j2 factor of constant term «

i " Factor of leading coeffeicient a, '

The constant term in the given function 158 9, and the leading coefficient 15 2.

Factors of the constant term: £1, £3, £ 5
Factors of the leading coefficient: £1, £2



Diwvide the factors of the constant term by the factors of leading coefficient to get the list
of possible rational zeros.

Possible rational zeros = il, iE, ig, il, iE, ig
1 1 1 2 a2 2

= +1,+3 +5 il, iE, iE

2 2 2

: : : : _ 5
By comparing the given chotces with the abowe list, it can be seen that = cannot be a

possible zero of f.

Theretore, choice C does not represent a possible rational zero of the function.

Answer 24e.
We need to find all real zeros of
f(x)=2x"+2x" —8x—8

Let us use the Rational Zero Theorem to find the possible rational zeros of 1.
The Rational Zero Theorem: If

f(x)=ax"+ +ax+a

has integer coefficients, then every rational zero of f has the following form-
fe factor of constant term a,

q N factor of leading coefficient a,

Consider the function:

F(x)=2x"+2x" —8x—8

Let us list the possible rational zeros.

Factors of constant term: +1.+2 +4 +8

Factors of leading coefficient: +1 12

Possible rational zeros: il,ig ,ii,i ﬁil .
1 1 1 1 2
That 1s the possible rational roots are

+1,+2 +4 1§, i%

1k

+2 42
.

b |



Choose the reasonable values from the above list using the graph function.
Let us observe following graph.

¥
flx)=22+2x" -8x-8 >
5
X
4 3 : 1 ' 3 4 '
5

Thus the values x =—2, x=-1,x =2 are reasonable based on the graph.

Let us test these zeros using synthetic division

Test x=-2:
-2/2 2 -8 -8
-4 4 B
2 -2 -4 0

Here the remainder 15 0 and hence x=—21s a zero

Factor out a binomial using the result of synthetic division.
Because —2 is a zero, we can write

f(x)=(x+2)(2x" —2x—4)

Now consider,
g(x)=2x"-2x—4
Any zero of g(x)= 2x* —2x—4 will also be a zero of f(x).

The possible rational zeros of g(x) are:

+1.+2 +4 +

2



Let us observe the following graph of g{x] :

The graph of gshows that x =—1 may be a zero. Synthetic division shows that x=—11sa
zero of g(x) and
f(x)=(x+2)g(x)

=(x+2)(x+1)(x-2)

Thus, the zeros of f(x)are |—2,2 and —1

Answer 25e.

STEP 1

List the possible rational zeros.
The leading coefficient of the given function 15 2 and the constant term 1s

8 Divide each factor of the constant term by each factor of the leading
coefficient to get the list of possible rational zeros.

x=x-. % l,i
z

— | —
— | L

B P llE

— |
b2 | ed
2| o

The possible rational zeros of the function are

+1,-E£3 £9, il, iE, arid ig.
2

z 2



STEP 2 Test these zeros using synthetic division

Test x =1 Test x = -1
12 =7 o 9 -112 -7 0 9
2 -5 -5 —2 8 -9
2 =5 =5 4 2 =% 5 0

The remainder 15 0 10 the case of =1, which means that —1 15 a zero of g(x).
Thus, we have x — (1) or x + 1 as one of the factors of the function. We

can use this result to express g(x) as a product of factors.

glx)=(x+ (2% - 9 + &)

STEP 3 Factor the trinomial in g(x) and use the factor theorem.
gixi=(x+ DZx - 3ix -3

On solving 2x — 5 =0and x — 3 =10, we get two other zeros g and 3.

Therefore, the zeros of g are —1, g and 3.

Answer 26e.
We need to find all real zeros of

h(x)=2x —3x" —14x+15

Let us use the Rational Zero Theorem to find the possible rational zeros of f.
The Rational Zero Theorem: If

fl(x)=ax"+. . +ax+aq,

has integer coefficients, then every rational zero of [ has the following form:

P factor of constant term a,

q N factor of leading coefficient a,

Consider the function:
h(x)=2x"—3x" —14x+15
Let us list the possible rational zeros.
Factors of constant term: +1, +3.+5 +15
Factors of leading coefficient: +1, £2

3

_=+E ilj
1

t— +— +
1 1

+

|
k| LA
I+
b2 | G

bed | =
bt | a2

Possible rational zeros: + % R

That is the possible rational roots are

i‘].,iliiilii‘%,i%,ii +E

27 2



Choose the reasonable values from the above list using the graph function.
Let us observe following graph.

l i [
8
6
4
X
4 3 | 1 2 4
-4
=]
h(x)=2x"-3x" +14x+15 >
-3

Thus the values x =— ; .Xx =1 x =3 are reasonable based on the graph.

Let us test these zeros using synthetic division

Test x=1:
1]2 -3 -14 15
z —1 —I5
2 -1 -15 0

Here the remainder 1s 0 and hence x=11s a zero

Factor out a binomial using the result of synthetic division.
Because 1 15 a zero, we can write

h(x)=(x—1)(2x" —x-15)



Now consider,
g{l’)=2x1 —x—15
Any zero of g(x} =2x* —x—15will also be a zero of Fi{x} ]
The possible rational zeros of g(x)are:
1 +15

i]_,ilﬁ.ilii—,ii,ii._—
) A S

Let us observe the following graph of g(x):

The graph of gshows that x = 3may be a zero. Synthetic division shows that x=31sa
zero of g(x) and

h(x)=(x-1)g(x)
:{x—l}{x—E}{5x+ 2)

Thus, the zeros of h(x)are 1.3 and —%




Answer 27e.

STEP 1 List the possible rational zeros.

The leading coeflicient of the given function 15 3 and the constant term 1s

—12. Duvide each factor of the constant term by each factor of the leading
coetficient to get the list of possible rational zeros.

x=ts 32 83 42 48 212 41 42 43 42 40 412
1 1 11 1 1 = 3 3 3 3 3
The possible rational zeros of the function are
+1, &2, 5, &4, 6, £12, il, ig, and ii.
5 3
STEP 2 Test these zeros using synthetic divizsion Let us test the fractions first.
1
Test x = — 1
: Test x = ~3
1 = 4 =35 -1z _l 2 4 _35 _10
E] 5 100 E 1 =1 12
3 3 3 -3 0
3 s 100 136
A A
The rematnder 12 0 1n the case of — g which means that — § 15 a zero of

1 :
Jix). Thus, we have x + 3 as one of the factors of the function. We can

use this result to express fix) as a product of factors.

Fix) = [x + %](3;5# 3x - 36)

STEP 3 Factor the trinomial in f{x) and use the factor theorem
Take out 3 from the second factor.

F(x) = (x+%]3(x2+x—12j

Ilultiply the first factor by 5.
Fx = 0Gx + D +x - 12)



Mow, factor the trinomaial P 4xr—12

Ax)=0Cx+ Dix +4ix - 3)

On solving x +4=0and x — 3 =10, we get two other zeros —4 and =

Therefore, the zeros of Fare —4, —%, and 3.

Answer 28e.

We need to find all real zeros of
F(x)=3x +19x" +4x-12

Let us use the Rational Zero Theorem to find the possible rational zeros of 7.
The Rational Zero Theorem: If

flx)=ax"+ +ax+a,
has integer coefficients, then every rational zero of f has the following form:

p _ factor of constant term q,
g factor of leading coefficient a,

Consider the function:
F(x)=3x"+19x" +4x-12

Let us list the possible rational zeros.
Factors of constant term: +1, +2_1+3 +4 +6 +12

Factors of leading coefficient: +1, 13

Possible rational zeros: i%,i%,i%,i%,i?ﬁ

gt

I+
L...:|E

12
1

I+
a | b
I+
Ld | L
I+
| 4=
I+
L |

Ll | =
L)

That 1s the possible rational roots are

+1,+2. 43 +4 16 +12 + %,i%,ii

3



Choose the reasonable values from the above list using the graph function.
Let us observe following graph.

[ ¥

« f(x)=3x +19x" +4x-12

3

|

Thus the values x =—6,x=—1,x=0.66667 are reasonable based on the graph.

Let us test these zeros using synthetic division.

Test x=1:
113 19 4 -12
3 ~16 12
|3 16 -12 0

Here the remainder 1s 0 and hence x=-11s a zero

Factor out a binomial using the result of synthetic division.
Because 1 1s a zero, we can write

F(x)=(x+1)(3x* +16x-12)



Now consider,
g(x)=3x"+16x-12

Any zero of g(x)= 3x” +16x—12 will also be a zero of f(x)-

The possible rational zeros of g(x)are:

+1,+2 45 +4 16, £12. 1,ig,ii
3 3 3

Let us observe the following graph of g{x}:

-3

g(x)=3x"+16x-12

-10

The graph of gshows that x = %may be a zero. Synthetic division shows that x = %is a

zero of g(x) and

flx)=(x+1)g(x)
=1:x+1}{3x—2)(3x+13}

Thus, the zerors of f(x) are

2 g —5‘
3



Answer 29e.
STEFP 1

STEFP 2

List the posaible rational zeros.
The leading coefficient of the given function 15 2 and the constant term 1s

=14, Divide each factor of the constant term by each factor of the leading
coefficient to get the list of possible rational zeros.

x=x- - % +—, +— + ,iE
2

—_— ] —t
— | B2

Ll
1

[l I
[ e I S

l
-

The possible rational zeros of the function are 1, £2, £7, £14, £ l +3_

3 —

]
]

Test these zeros using synthetic division Let us test the last fraction first

Test x =

13|

Test x = —

]
LLh

5 i 72 5 -11 -14

217 2| _
L 7 7 14

2 5 _2 —4 0
188

Z

2| =l

The remainder 13 0 in the case of — —, which means that == 1z a zero of

2 2
g(x). Thus, we have x + % as one of the factors of the function. We can

uze this result to express fix) as a product of factors.

glx) = (x+%][2xg— 2x — 4)

STEP 2 Factor the trinorial in g(x) and use the factor theorem.
Take out 3 from the second factor.

g(x) = [x+?5]2[x3— x - 2]

Multiply the first factor by 2
gx)=(2x + N +x - 2)



Mow, factor the trinomial P4r-2
gxi=0Cx+Nx+20x - 1)

Onsolwing x +2=0and x — 1 =10, we get the other two zeros —2 and 1.
7
Therefore, the real zeros of Fare —5, -2 and 1.

Answer 30e.

We need to find all real zeros of
g(x)=2x"+9x ++5x +3x—4

Let us use the Rational Zero Theorem to find the possible rational zeros of 1.

The Rational Zero Theorem: If

flx)=ax"+ +ax+aq,

has integer coefficients, then every rational zero of f has the following form-
P factor of constant term g,

q N factor of leading coefficient a,

Consider the function:
g(x)=2x"+9x" +5x° +3x—4

Let us list the possible rational zeros.
Factors of constant term: +1. +2_+4

Factors of leading coefficient: 1, 2

2 .4

Possible rational zeros: i%zi +_ & i%,i

bt | =

1
171 2
That 1s the possible rational roots are

11 ii,iil,i%



Choose the reasonable values from the above list using the graph function.
Let us observe following graph.

4
¢ g(x)=2x"+9x* +5x +3x—4
g

Thus the values x =—4, x =0.5 are reasonable based on the graph.

Let us test these zeros using synthetic division.

Test x=—4:
412 9 5 3 -4
-8 4 4 4

21 1 -1 0

Here the remainder 1s 0 and hence x =—41s a zero

Factor out a binomial using the result of synthetic division.
Because —4 1s a zero, we can write

g(x)=(x+ 4)[23:3 +x7 +x—1}



Now consider,

h(x)=2x+x" +x-1

Any zero of h(x)= 2x” +x* +x—1will also be a zero of g x).
The possible rational zeros of A(x) are:

1

1 +—
2

Let us observe the following graph of ﬁz{x}:

The graph of gshows that x= %ma}' be a zero.

syathetic division shows that x = % 15 a zero of h{x} and

g(x)=(x+4)h(x)
=(x+4)(2x-1)(2x" + 2x+2)

The zeros of the equation f(x] =(2_:‘:2 +2x+2}are imaginary.



Thus, the zeros of f(x)are |—4 and %

Answer 31le.

STEP 1 List the possible rational zeros.
The leading coefficient of the given function 15 2 and the constant term 1s
4. Diwvide each factor of the constant term by each factor of the leading
coefficient to get the list of possible rational zeros.

- Sa g UL I e
1 1 1 2 & ¥

The possible rational zeros of the function are £1, £2, £4, and ilg.

STEP 2 Test these zeros using synthetic division

Test x =1 Test x =-2

112 -1 -7 4 —4 =212 -1 -7 4 —4
2 1 -6 =2 = 10 -6 4

2 1 -6 -2 -6 2 =5 2 -2 0

The remainder being 0 1n the case of =2, means that —2 15 a zero of &2(x).
Thus, we have x —(—2) or x + 2 as one of the factors of the function. We
can use this result to express &(x) as a product of factors.

Bix)=(x+2)(2x - 5%+ 3 - 2)

STEP 3 Factor the polynomial in &(x) and use the factor theorem.
We can repeat the steps abowe for glx) = 2x° — 5x% + 3x — 2 and find its
factors.

The possible rational zeros of g are £1 and 2.

Mow, we can test these zeros using synthetic division Take 2 for instance.

Test x =2

22 =5 3 =2
4 -2 2

2 -1 1 10

since the remainder 15 0, we have x — 2 as one of the factors of the
function Tse this result to express g(x) as a product of factors.

glx)=(x - 22x -x + 1)



Replace 2x° — 5%° + 3x — 2 with (x — 23(2x% — x + 17 in A(x).
Ay =(x+2x - 202 —x + 1)

Arnother zero of 2 12 2. We can find the rematning zeros of Fhy solwing
2 —x+1=0 using the quadratic formula
Eeplacing a with 2, & with -1, and ¢ with 1.

1R -4 (2)(1)
) (2)

H
3
-] D

4
iN7

4

1

-+

1.+

cannot be

We seek only the real zeros of &, and hence

considered.

Theretore. the zeros of & are -2 and 2.

Answer 32e.
We need to find all real zeros of
h(x)=3x"—6x —32x" +35x—12

Let us use the Rational Zero Theorem to find the possible rational zeros of .

The Rational Zero Theorem: If

fl(x)=ax"+ +ax+aq,

has integer coefficients, then every rational zero of  has the following form:
P factor of constant term a,

q N factor of leading coefficient a,

Consider the function:
h(x)=3x"—6x" —32x" +35x—12
Let us list the possible rational zeros.
Factors of constant term: +1,+2_+3 +4 +6 +12
Factors of leading coefficient: +1 13

2533
1 1

b | b

I+
i | L
-+
|

-
Laa | R
-
w5

H
Lad | =
o

Possible rational zeros: + % .t

That 1s the possible rational roots are

+1,+2 43 +4 +6.+12 + l,ig,ii

3 3



Choose the reasonable values from the above list using the graph function.
Let us observe following graph.

A
X
2 -1 1 2 3
h(x)=3x*—6x —32x" +35x-12
-5
-10
-15
I

Thus the value x = —31s reasonable based on the graph.

Let us test this zero using synthetic division.
Test x=-3:

3|3 -6 -32 35 -12
9 45 -39 12
|3 15 13 -4 0

Here the remainder 15 0 and hence x=—31s a zero

Factor out a binomial using the result of synthetic division.
Because —3 1s a zero. we can write

h(x)=(x+3)(3x° —15x" +13x—4)



Now consider,

F(x)=3x—15x" +13x—4
Any zero of f(x)= 3x —15x” +13x—4 will also be a zero of h(x).

The possible rational zeros of f(x)are:
il,ﬂ,iil,il,ig,ii
3 3 '3

Let us observe the following graph of f {x}:

¥
2 | L] 2

-5

{U « f(x)=3x" -15x" +13x—4

15

The graph of f shows that x = 4may be a zero.
Synthetic division shows that x =4is a zero of f(x) and

Fz{x}z{:x+3}f(x)
=(x+3)(x—4)(3x* -3x+1)

The zeros of the equation p(x) —3x" —3x+1are imaginary.

Thus, the real zeros of F:(x} are



Answer 33e.

STEP 1

STEFP 2

STEP 2

List the possible rational zeros.
The leading coefficient of the given function 15 2 and the constant term 1s

—30. Divide each factor of the constant term by each factor of the leading
coetficient to get the list of possible rational zeros.

1

=

1 30

]

r==

I+
I+

o] eh — | uh
[+

b o — o
I+

ols =)
[+
|
[+

— |
A
[+

;&

2

Lo | —

1
1

I_h

I+

ta| ko — | B2
I+

B2 ] — |
H
I+

H

1
L
2

v |

The possible rational zeros of the function are

+1, £2, £33, £5 £6, £10, £15, £30, i%, i; ii arid +E.

> +
Test these zeros using synthetic division
Testx =2
2l -9 o 37 =30
4 =10 =20 34
2 =5 =10 17 4

Test x = -2
202 =5 0 F -Z0
-4 26 =52 =0
2 =13 26 —15 0

The remainder being 0 in the case of —2, means that —2 15 a zero of fix).
Thus, we have x —(—2) or x + 2 as one of the factors of the function. We
catt use this result to express fix) as a product of factors.

Fx) = (x+ 220 — 13%° + 262 — 15)

Factor the polynomial in k(x) and use the factor theorem.

We can repeat the steps abowve for g(x) = 2x° — 13x% + 26x — 15 and find its
factors.

The possible rational zeros of gare £1, &3, 5, £135, i%, ii, and i5

[
e}

: o 5
MNow, we can test these zeros using synthetic division Take — for
instance.

Test x =

k2 | LA

5 =20 15

Sz -13 26 -15
2
4 —B & 0

. . . 5
since the remainder 15 0, we have x — — as one of the factors of the

function Use this result to express g(x) as a product of factors.

g(x) = (x— g][zxﬂ— 8x + 6



Talre out 2 from the second factor.

g(x) = [x— g]z(f—%wj

Mow, multiply the first factor by 2.
g(x)=(2x - N —dx +3)

Factor x° —dx + 3,
gx)=2x - o)z -3z -1

Eeplace 2x° — 13x% + 26x — 15 with (2x —2x = 3i(x — 1) in fix).
Axy=ix+ 22 =)z -3z - 1)

since any zero of g 15 also a zero of /, we get the other real zeros of the
tunction as 3 and 1.

Therefore, the zeros of fare —2, 1, g and 5.

Answer 34e.
We need to find all real zeros of
f(x)=x —3x* -5 +15x" +4x-12

Let us use the Rational Zero Theorem to find the possible rational zeros of 1.

The Rational Zero Theorem: If

f(x)=ax"+ +ax+a

has integer coefficients, then every rational zero of f has the following form:
P factor of constant term a,

q N factor of leading coefficient a,

Consider the function:

f(x)=x"—3x*—5x" +152" +4x-12

Let us list the possible rational zeros.

Factors of constant term: £1, +2_ 13 +4 +6 +12

Factors of leading coetficient: +1

Possible rational zeros: * % =k % % % i %zi

12

T—
1

— | 2R

That 1s the possible rational roots are
11,42 13 44 1+6,+12



Choose the reasonable values from the above list using the graph function.
Let us observe following graph.

-3 £

-15

« f(x)=x"—3x" =5x" +15x" +4x-12

Thus the valuex x =—2_ x=1_x=2_x =3 are reasonable based on the graph

Let us test this zero using synthetic division
Test x=—2:
-211 -3 -5 15 4 -12
-2 10 -10 -10 12
11 -5 5 5 -6 0

Here the remainder 15 0 and hence x=—21s5 a zero

Factor out a binomial using the result of synthetic division.
Because —2 is a zero, we can write

F(x)=(x+2)(x* —5x +5x +5x—6)



Now consider,

g{x) =x*—5x +5x* +5x—6

Any zero of g(x) =x' —5x" +5x" + 5x—6will also be a zero of f{x}
The possible rational zeros of g(x)are:

11,12 +3.46

Let us observe the following graph of g{x}:

-10

-15

The graph of gshows that x =1may be a zero.

Let us test this zero using synthetic division.
Test x=1:
111 =5 5 5 -6
1 41 6
11 4 1 6 0

Here the remainder 15 0 and hence x=11s a zero.




Synthetic division shows that x=11s a zero of g(x) and
Flx)=(x+2)g(x)
= {x—l—i)(x—l}(f —4x? + x+ﬁ)
Let us consider
h(x)=x —4x" +x+6
Thus,
f(x)=(x+2)(x—1)h(x)
Any zero of h(x}z x° —4x* + x+6will also be a zero of f{x]
The possible rational zeros of /i x) are:
+1,+2. 43, 16

Let us observe the following graph of h{x} a

¥ f
4
h(x) = —4x +x+6
2
| -3 —i 1 1 4
-2
4

The graph of } shows that x =—1may be a zero.



Let us test this zero using synthetic division

Test x=-1:
-111 4 1 6
-1 5
11 -5 6 0

Here the remainder 15 0 and hence x=—11s a zero.

synthetic division shows that x=—11s a zero of Fz{:x} and
Flx)=(x+2){x-1)A(x)
=(x+2)(x-1)(x+1)(x - 5x+6)

That 1s,

Flx)=(x+2)(x—1){x+1)(x—2)(x—-3)

Thus, the real zeros of f{x} are ‘il,ﬂ and 3|

Answer 35e.
STEP 1

List the possible rational zeros.
The leading coefficient of the given function 1s 2 and the constant term 1z

3. Divide each factor of the constant term by each factor of the leading
coetficient to get the list of possible rational zeros.

x=t- = - =+

—L | —
u
— |

[l

1
>

The possible rational zeros of the function are £1, 3, i%, atcd ii.



STEP 2

Test these zeros using synthetic division
Test x = l
2
l 2 3 -3 =2' =5 3
2] 1 3 0 -1 -3
2 6 0 -2 -6 0

The remainder 0 means that % 1z a zero of 2(x). Thus, we have x — l as

one of the factors of the function We can use this result to express 2(x) as
a product of factors.

h(zx) = (x— %](zxw 6x° - 2x — 6]

STEP 2

Factor the polynomial in 2(x) and use the factor theorem.
1

Ez[x:l = [:{ — E](Ef — EJ(x + 3)

Take out 2 from the second factor.

h(x) = [x— %]z(f— 1)(x+3)

Mow, multiply the first factor by 2.
Bix) = (2x — Dix — 1)(x + 3

On solving -1=0andx +3=0, we get two other zeros 1 and 3.

Therefore, the real zeros of b are —3, l and 1.

Answer 36e.

We need to describe and correct the error 1n listing the possible rational zeros of the
function f(x)=x"+7x" +2x+14
Possible zeros:

1.2,7. 14

Let us use the Rational Zero Theorem to find solve this problem
The Rational Zero Theorem: If

flx)=ax"+ +ax+a,

has integer coefficients, then every rational zero of f has the following form:
P factor of constant term a,

g ~ factor of leading coefficient a,




Consider the function:
f(x)=x"+7x"+2x+14

Factors of constant term: £1, 32 +7_ +14
Factors of leading coefficient: +1
Possible rational zeros: i% e % I % ok
That 1s the possible rational roots are
11,12 +7, 114

14
1

Given possible rational zeros are: 1,2, 7, 14

Error in listing the possible rational zeros 1s that we had neglected the negative zeros of
the given function.

We need to consider both the positive and negative rational zeros of the function.

Thus, the possible rational zeros are|i1, 2 17, i14|

Answer 37e.

The Rational Zero Theorem states that if Ax) =a,x” + . +@x +a, has integer
coefficients, then every rational zero of Fwill have the form:

p  factor of constant term a,

& " Factor of leading coefteicient a, '

The constant term in the given function 18 5, and the leading coefficient 15 6.

Factors of the constant term: +1, £5
Factors of the leading coefficient: £1, £2, £3, £6

Divide the factors of the constant term by the factors of the leading coefficient to get the
list of possible rational zeros.

Pozable rational zeros = il, iE, il, iE, il, iE, il, iE
1 1 2 2 3 3 4 &

=1 5 il, iE, il, ii, il, ii

2 2 303 & 6

The list of real zeros of fare £1, £3, il, ii, il, ii, il, and ig, where p

2 2 3 3 6
represents the factors of the constant term 5 and ¢ represents the factors of the leading
coefficient &.

In the given list, p has the factors of & and ¢ has the factors of 5, which 1z not correct.

Therefore, the correct list of possible rational zeros 13

+1, £35, il, ii, il, +E, il ard ii.
&

22 3 3 E



Answer 38e.

We need to write a polynomual function f that has a leading coefficient of 4 and has 12
possible rational zeros according to the rational zero theorem.

Let us use the Rational Zero Theorem to find solve this problem
The Rational Zero Theorem: If

f(x)=ax"+. . +ax+a,
has integer coefficients, then every rational zero of f has the following form:

p _ factor of constant term g,
g factor of leading coefficient a,

The factors of the leading coefficient, 4, are: £1 £2 14
By Rational Zero Theorem, a rational zero can be of the form
P factor of constant term

q B factor of leading coefficient

That 1s, the possible rational zeros are
factor of constant term factor of constant term factor of constant term
+1 ) +2 ) +4
This shows that the number of possible rational zeros 1s 6.
Since the given number of possible rational zeros 15 12, the factors of the constant term

should be %: 2

The factors of a number will be 2 for a pnme number.
Thus the constant term should be a prime number.

since the constant term 1s a prime number, the factors of a pnme numbers are 1 and the
number itself

Thus, 1t generates 12 unique zeros.

A polynomial of #mth degree has precisely » distinct zeros.

Thus, the degree of the polynomial 15 12.

Thus, the required polynomial is | f(x)= 4x" — plwhere p is a prime number .




Answer 39e.
We need to check which of the following not a zero of the function 1s
f(x)=40x —42x* —107x" +107x" +33x-36

(A) -

B) -

3
© n

4
(D) 3

G0 | b |

Consider the function:

fF(x)=40x" —42x" —107x" +107x" +33x-36

Let us list the possible rational zeros.

Factors of constant term: +1.+27_+3 +4 46 +90 +12_ +18 136
Factors of leading coefficient: +1 £2 4 15 +8 +10, 120,140

Possible rational zeros:
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That 1s the possible zeros are
+1 42 +3, +4 +6, 19 +12 +18 136,

e g g8 g g8l

2 2 2 4 4 4

¢l 4243 42,6,9,12,18 3¢
5 5 5 5 5 5 5 3 3
ili3 95 1 3=i91

8 8 & 10 10 10
,1,3,9,1,3 9
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Let us observe following graph.

¥

k— f(x]=40x" —42x* 109" +107x" +33x—36

X
- -' -' i
3 iy, -1 ﬂ 1 2 3

-3

-10

-13-

Thus the values x = —% 3= % and x = i are reasonable based on the graph.
Therefore,
-3
xX=—
8

1s not a zero of the given function.

Answer 40e.
Let us consider the function:

Fflx)=ax"+ +ax+a,

Let a, has » factors and a has s factors

We need to find the largest number of possible rational zeros of f that can be generated
by the rational zero theorem.



Let us use the Rational Zero Theorem to solve this problem
The Rational Zero Theorem: If

flx)=ax"+ +ax+aq,

has integer coefficients, then every rational zero of f has the following form-
Je factor of constant term a,

g N factor of leading coefficient a,

Since the constant term g has 5 factors, the number of factors of constant term 15 5.

Since the leading coefficient a, has » factors. the number of factors of leading coefficient
a, 15 §.

Thus, the largest possible number of rational roots are

Answer 41e.

Let us use the step-by-step method to find the real zeros of the given function.

STEP 1 List the possible rational zeros.

The leading coeflicient of the given function 15 3 and the constant term 1s

2. Divide each factor of the constant term by each factor of the leading
coefficient to get the list of possible rational zeros.

e = ‘Fl,iE

1 1

The possible rational zeros of the function are £1 and £2.

STEP 2 Testthese zeros using synthetic division
Test x =1
1n -2 -1 2
1 -1 -2
1 -1 -2 0

The remainder 15 0 which means that 1 15 a zero of f{x). Thus, we have

x — 1 as one of the factors of the function We can use this result to express
Fixy as aproduct of factors.

AE =0 - e -x - 2)



STEP 2 Factor the trinoruial 1in f{x) and use the factor theorem.
Jx)=x-Na -2 +1)

Onsolving x —2=0and x + 1 =10, we get two other zeros 2 and -1

Thus, the zeros of fare -1, 1, and 2.

The corresponding graph of the function will have x-intercepts at the points -1, 1, and 2.

By observing the given graphs, it can be seen that the one given in choice B has
x-intercepts at =1, 1, and 2. Therefore, the graph in choice B matches with the given
function.

Answer 42e.

We need to find all zeros of the function
g{x} =x —3x' 42
Let us match the function with the graph.

Thus, the graph of the given function 1s matched with ©.

S




Let us use the Rational Zero Theorem to find the possible rational zeros of f .
The Rational Zero Theorem: If

f(x)=ax"+ +ax+a,

has integer coefficients, then every rational zero of f has the following form:

p _factor of constant term a,
g factor of leading coefficient a,

Consider the function:

g(x)= r—=3x"+2

Let us list the possible rational zeros.
Factors of constant term: =1, 2

Factors of leading coefficient: +1
Possible rational zeros: 1,12

Let us test these zeros using synthetic division.

Test x=1:

111 -3 0 2
1 -2 -2

1 -2 2 0

Here the remainder 1s 0 and hence x=11s a zero.

Factor out a binomial using the result of synthetic division.
Because 1 15 a zero, we can write

F(0)=(x-1)(~2¢-2)

Now consider,

g[;u:}z;c2 —2x-2

Any zero of g(x)=x"—2x—2will also be a zero of f(x).
The possible rational zeros of g(x} are:

+1,12

Let us observe the following graph of g{x}‘.



g(x)=x"-2x-2—

54

-10

f(x)= (x—l}{xl —EI—Z]
=(x-1)g(x)
Solve the quadratic to get the values,

28 4-4(1)(=2)

2

24412

2

=1+.3

Thus, the zeros of f(x]are ]_,l—l—\lf'_’_sandl—\@




Answer 43e.

Let us use the step-by-step method to find the real zeros of the given function.

STEP 1 List the possible rational zeros.
The leading coefficient of the given function 15 2 and the constant term 13
2. Diwvide each factor of the constant term by each factor of the leading
coefticient to get the list of possible rational zeros.

= +l,ig

1 1

The possible rational zeros of the function are £1 and £ 2.

STEP 2 Test these zeros using synthetic division
Test x =2 Test x = -2
211 1 -1 2 -=1 1 -1 2
2 6 10 =2 2 =2
1 3 5 12 1 -1 1 0

The remainder 15 0 1n the case of =2, which means that —2 15 a zero of fix).
Thus, we have x + 2 as one of the factors of the function We can use this
result to express 2(x) as a product of factors.

hxy=(x+ 2 —x+ 1)

STEP 3 Find the rematning zeros of &2 by solving Z-x+1=0
Usze the quadratic formula by replacing @ and ¢ with 1 and & with 1.

1) 400
2(1)

simnplity.

1++-3
0

1+i3
2

Thus, the only real zeros of F1s —2.
The corresponding graph of the function will have an x-intercept at the point —2.

By observing the given graphs, it can be seen that the one given in choice A has an
x-intercept at —2. Therefore, the graph in choice A matches with the given function.



Answer 44e.

We need to explain whether it 15 possible for a cubic function to have more than 3 real
ZEros.
We shall also explain whether 1s 1t possible for a cubic function to have no real zeros.

A polynomial of wth degree has precisely » distinct zeros.
A cubic polynomial 15 of degree 3.
Thus, it has exactly 3 distinct zeros and 1t cannot have more than 3 real zeros.

Imaginary roots occur in pairs.
since a cubic polynomial 1s having 3 zeros, at least one root out of 3 should be real.
Thus, 1t 1s not possible for a cubic function to have no real zeros.

Answer 45e.

STEP 1 Write an equation for the wolume of the 1ce sculpture.
JTse the fact that the volume of a rectangle 15 given by the product of 1ts
length, width, and height

Wolume Length Width Height
(cubicinches) [inches) . (inches) . [inches)

U U U
f3 = % : x : |:x+4)

We get the equation 63 = xz(x + 4.

Eemowe the parentheses using the distributive property.

63=1" +4x°

MNow, rewrite the equation in standard form.

0=x"+42* - 63

STEP 2 List the possible rational solutions.
The leading coefficient of the function 1z 1 and the constant term 15 63,

Thus, the possible rational zeros are £1, £3, £7, £9, £21, and £ 63



STEP 2 Test pozsible solutions. Only positive x-values make sense.

Test x=1 Test x =3
11 4 0 -63 211 4 0 —63
1 3 5 3 21 &3
1 5 5 38 17 21 0

The remainder being 0 in the case of 3, means that 3 15 a zero or solution
of the function. We can use this result to express the function as a product
of factors.

0=(x—3ix*+Tx+21)

STEP 4 Check for other zolutions.
For this, solve x° + 7x +21=10 using the gquadratic formula. On solving,

—7 +i.35
—

we get the other two solutions satistying the equation as

which can be discarded because they are imaginary numbers.

The only reazonable solution 15 thus x = 3. Since the length of each side of
the prism 1z 3 inches, the height will be 2+ 4 or 7 inches

Therefore, the dimensions of the mold are 2 inches by 2 inches by 7 inches.

Answer 46e.

The width of the pool 1s 5 feet more than the depth and length 15 35 feet more than the
depth. The pool holds 2000 cubic feet of water.
We need to find the dimensions of the pool.

Let d,w and [ be the depth, width and length of the pool respectively
Given that,

w=d+5and [ =d+35

The volume or capacity of the pool 15 given by

V =iwd

since the pool holds 2000 cubic feet,

2000 =iwd

Substitute the value of width and length 1n terms of depth, we have

2000=(d+35)(d +5)d
2000 =(d +35)(d" +5d)
2000=d" +5d" +35d° +175d
d® +40d” +175d = 2000
d’ +40d* +175d —2000=0 (D)



We need to solve the cubic equation to find the dimensions of the pool.

{

fld)=d’ +40d* +175d —2000 >
3000

173

Let us graph the equation (1).

X

90 -20 -T0 -60 -30 40 10 20 30 40 50 &0 70 B0 20

\

The graph suggests that 4 = 51s a zero of the function.

Let us test thus zeros using synthetic division.
Test & =5:
5|1 40 173 —-2000

‘ 5 225 2000

|1 45 400 0

Here the remainder 15 0 and hence 4 =51z a zero.

Thus,

f(d)=(d—5)g(a).

where

g(d)=d" +45d +400

Let us solve the guadratic equation
g(d)=d” +45d+400

Thus,

_ —45++/45 —4x400
B 2

451 2025—-1600

o

2
_ —45+.J425
-—==
454517
B 2
—45+ 517 —45-5J17
f and TEIE

Thus, both the values negative.



—45+5.J17 —45-517
N and —

since depth cannot be negative, let us discard the values, 2 )

Therefore, d =5 feet

Therefore, the dimensions of the pool are |d =5 feet, w=10 feet and [ = 40 feet

Answer 47e.

We know that the volume of arectangle 15 given by the product of its length, width, and
height.

It 18 given that the length, width and height of the rectangular prism are x, x — 1, and x — 2
respectively.

YVolume = Length - Width - Height
U U U
24 = % : Iix - 1) : sz - 2)

We get the equation 24 = x{x — 1ix — 2).
Eemovwve the parentheses using the distributive property.
24 = x(x-3x+2)

24 = P32+ 2z

MNow, rewrite the equation in standard form.

0=x —3x° + 2x — 24
The equation that models the situation 13 =i -2 =0
The leading coetticient of the function 15 1 and the constant term 15 24

Divide each factor of constant term by each factor of the leading coefficient to get the list
of possible rational solutions of the equation.

A g
1 1 1 1 1 1 1 1
=1, £2, £3 x4, £6, +5 +12, £24

Thus, the possible rational selutions are &1, £2, £33, +4 +6 8, £12, and £ 24

Answer 48e.
A pyramid has a square base with sides of length x | a height of 2x—5, and a volume of
3.

We need to write a polynomuial equation to model the situation. Let us also list the
possible rational solutions of the equation.



The volume of a pyramud 1s given by the formula:
Volume = Area of the base x Height X%

Area of the square base = x

Height of the Pyramid 15 i=2x—-5
Thus,

1li.ﬁ:)luﬂ:ua=31:1?:{{2:!4:—5};{l

3 =x1>{{2x—5}>{%
9=2x" —5x
2%’ —5x*—9=0
Let us solve the cubic equation

2%’ —5x* —9=0
The graph of the equation f(x)= 2x° —5x" —9is as follows:

et

104

The graph suggests that x =315 a zero of the curve f(x] =2x —5x" -9,



Let us test this zero using synthetic division.

Test x=3:
3 -5 0 -9
6 3 9
12 1.3 0

Here the remainder 15 0 and hence x =315 a zero

Factor out a binomial using the result of synthetic division.

Because 3 is a zero, we can write

f(x)=(x-3)(2x +x+3)

Now consider,

g(x}=2x1+x+3

Any zero of g(x:] =2x" +x+ 3will also be a zero of f{x}

The roots of g(x)= 2x* 4+ x+ 3are imaginary.
Thus the only real zero of the function f(x)is |x = 3|

Answer 49e.

d.

It 15 given that the total amount of athletic equipments sold was about

$20,200 millions.

substitute 20 200 for B0 in the given model
20,300 = —10£% + 14062 — 20¢ + 18,150

How, rewrite the equation 1in standard form.
For this, subtract 20,300 from each side.
0 = —106 + 140:% — 20¢ — 2,150

The polynomial equation that can be used to find the answer to the given stuation

is —10£ + 1402 — 206 — 2,150 = 0,

h.

The leading coefficient of the function 15 =10 and the constant term 15 —2150.

We are required to find the rational zeros that are less than 10, This can be
accomplished by dividing each factor of the constant term by each factor of the
leading coefficient. Take factors less than 10 in either case.

g= f5 22 32 k4230 gL g2 42

1" 17 1727 27 275 55
= il,iE,iS,i%,i

B f i

Lh| o

e I
Lh| —

Cut of the several possibilities, we choose only X1, £2, and 5 since we seek

only whole-number solutions.



Let us check the possible rational zeros. Check the positive walues first

Test x=1 Test x =2
1|-10 140 =20 —=2150 2 |-10 140 =20 —2150
-10 130 110 =20 120 200
—-10 130 110 —=2040 —-10 120 100 -—1%350
Test x =35
S|1-10 140 -20 —-2150
=50 450 21350
10 90 430 0

The remainder 13 0 in the case of 5, which means that 5 1z a zere of the function.
Az aresult, x — 513 one of the factors of the function.

0 = (x — 5)(-10x% + 90x +430)
Talke —10 out from the second factor.
0= (x- 5){—10)(10x2 - 9% +43

Multiply the first factor by =10
0 = (—10x + 503(10x% — 9x +473)

MNow, find the remaining factors of the function by solving 10x% — 9x +43=0.
TTze the quadratic formula by replacing a with 10, & with =% and ¢ with 43

o J-9Y - 4 (10)(43)

2(10)
simplify
.= 9+ 1630
- 20
9 EiJ1638
20

The only real solution 13 5. The vear that 15 five years from 1994 15 1995,
Therefore, the amount of athletic equipments sold will be about $20,300 in the
vear 1999,



Answer 50e.
since 1990, the number of U.S. travelers to foreign countries F (irL ﬂlcmsands) can be

modeled by
F(t)=12¢" 2641 +2028" —3924¢ + 43916
where t1s the number of years since 1990.
We need to use the following steps to find the year when there were about 56,300,000

travelers.
(a) Write a polynomial equation that can be used to find the answer

(b) List the possible whole-number solutions of the equation in part(a) that are less

than or equal to 10
(c) Use synthetic division to determine which of the possible solutions 1n part (b) 1s

an actual solution.
(d) Graph the function F{r} and explain why there are no other reasonable solutions.

Then calculate the year which corresponds to the solution.

(a)
Consider the model

F(t)=12¢* —264¢ +2028:" —3924z + 43916
where F{r} 15 the number of U_S. travelers to foreign countries in thousands and 7 1s the

number of years since 1990.

When there were about 56,300,000 travelers,

56300 =12+ — 264 + 2028+ —3924¢ + 43916
Thus, the required polynomial equation is

F(t)=12t*—264¢ +2028t* —3924¢r-12384| (1)
(b)
When =8,

F(8)=12(8)" —264(8) +2028(8)" —3924(8)-12384
=49152-135168+129792 -31302 -12384
=-178944 +178944
=0

Thus, |t =8 years|1s the only whole number solution of the equation (1) which 1s less than

or equal to 10.

©
Let us test these zeros using synthetic division.
Test + =8:
8112 264 2028 3924 12384
06 -—1344 5472 12384

| 12 168 684 1548 0
Here the remainder 1s 0 and hence ¢ =81s a zero of the equation (1)




(d)
Consider the graph of the equation (1) as follows:

F
i

— H(1)=12¢" - 2647 +2028¢" —39241 12384

| f : : #
3 5 l 10 15

Let us observe the above graph.

The graph crosses the x-axisat two points when r =8 and r=-1.6

The number of years cannot be negative, and hence there 15 only one solution, t =8
The variable, 1, represents the number of yvears after 1990

since =45, there were about 56,300,000 U_S travelers to Foreign countries in the year

[199g].

Answer 51le.

The left ramp 1s twice as long as the right ramp. If 150 cubic feet of concrete are used to
build the two ramps. we need to find the dimensions of each ramp.

The total length of the two ramps 1s 21x+6—3x
That 1s, the length of the two ramps 15 18x+6
since, the left ramp 1s twice as long as the right ramp, the ratio of the length of the lefi

_ _ 2{]31+6:] (IBI+6}
ramp to the length of the night ramp 1s 3 7 3 =12x+4:6x+2

The height of the ramp 15 x



Thus, the area of the front tnangular region 1s
A:%{12x+4:}x+%{6x+2]x [Area:%xbasexheight]

Volume of the two ramps 1s

V=Ax3x

150 = [%(1k+4)x+%(61+ 2):}3::

150 =[(12x +4)+(6x+ z}]%xz

3x°

15:':n=[13x++5]T

300 =54x" +18x°
54x° +18x° —300=0
18x° +6x° —100=0

We need to solve the cubic equation
18x° +6x" —100=0

to find the dimensions of the ramp.
Consider

F(x)=18x" +6x" —100
Let us observe the following graph:

al

Y
40001
f(x)|=18x" +6x* —100
30001

1000+

1!"“

bo
&
Lt
ba
N
. B

Thus, the value x = g 1s reasonable based on the graph

[+3-1= .



Let us test this zero using synthetic division.

glﬁ & 0 -100

30 60 100
18 36 60 0O

Since the remammder1s 0, x = %is a zero of the function.

Because x = = 1s a zero, we can write

f(x)= (x—g){lsﬁ +36x+60)

MNow consider,

g(x)=18x" +36x+60
Any zero of g(x:] =18x? +36x+60will also be a zero of f{x:l

The possible rational zeros of g(x)are:
1,12 43 44 5 16 +10,+12 115,420, 130,460

Let us observe the following graph of g{x}:

g(x)=18x" +36x+60

20

_20-4

The graph of g does not crosses the x-axis
Thus, the roots of the quadratic
g(x)=18x" +36x+60

are imaginary.



Thus, the only real zero of f(x)is x= ;
Thus, Length, width and height of the left ramp are
=12 E +4 w= E 3 and hzirespecﬁvel}'.
3 3 3
The , Length, width and height of the left ramp are

[= 6(§]+2’W:(§J3 and h = %respectivel}r_

Thus, the dimensions (length, width and height) of the left ramp are

20 feet, 5 feet and % feet

Thus, the dimensions (length, width and height) of the right ramp are

10 feet, 5 feet and g feet

Answer 52e.

We need to solve the equation
4x—6=18

Consider the given equation
4x-6=18
4x—6+6=18+6 [Add 6 to both sides]
4x+0=24 [Do the addition]
4x =24 [0 15 additive identity]

t_x _ % [Divide both sides by 4]
=6 [Do the division]
Thus,

Answer 53e.

subtract 7 from both sides of the given equation
Ay 4+ 7 -7 =-14-7

2y = =21
Divide both the sides by 2.
By _ 2l
a2 a2
y=-7

The zolution 15 —7.



CHECK

substitute =7 for v in the original equation.

Iy +7 = —14
3(—?)+?=§ 14
T ETE 14
14 = 14 v

The zolution checles.

Answer 54e.

We need to solve the equation
2p+35|=15

Consider the given equation
2p+5|=15
2p+5=15 or -2p—-5=15
Consider
2p+5=15
2p+5-5=15-5 [Add -5 to both sides of the equation]
2p+0=10 [Do the addition]
2p=10 [0 1s the additive identity]
2p 10
2 %
p=>3
Now consider,
—2p-5=15
—2p—-5+5=15+5 [Add 5 to both sides]
—2p+0=20 [Do the addition]
—2p=20 [0 15 the additive identity]
_2—; = % [Divide both sides of the equation by — 2]
p=-10 [Do the division]

[Divide both sides of the equation by 2]

Thus, |p=5p=-10

Answer 55e.

The first step in factoring an expression 15 to check whether there 15 any common
monotnial, other than 1.

There 1z no commen factor, other than 1, 1n the expression on the left side.



The expression 49z° — 14z + 1 iz of the form ax® + &x +¢. This could be a perfect square
trinomial since the first term, 492° or {’?2}2, and the last term, 1 or 1%, are perfect squares.

Check whether the expression satisfies the second condition The required middle term 1z
=14z Since 2(72)(1) 15 14z, the expression 15 a perfect square trinormial

Factor using special factoring patterns.

(Fz— 17 =0

Talke the square root of both the sides.

J7z - 17 = 0

Tz—=1=10
colve for z,
Tz =1
1
o=
-

Therefore, the solution of the given equation 1s —.

Answer 56e.
We need to solve the equation

8x* —30x+7=0
Consider the given equation
8x* —30x+7=0
8x* —2x—28x+7=0
2x(4x-1)-7(4x-1)=0
(2x—7)(4x-1)=0
{EI—T)zﬂ or ::41’—1):!]

2x=Tordx=1

7 1

X=—0rx=-—

4
Thus, :lf:zczarx:1
2 4

Answer 57e.
First, divide each side of the equation by -3
3{g+2)  -18
§ 3B
(g+2) =6




Take the square root on each side.

Jla+2) =6

g+2 = t.6

Mow, subtract 2 from each side.
g+2-2=+.06 -2

g=-2%46
CHECK
substitute the solutions for x 1n the original equation and evaluate.
Letq=—2+£ LEtg:—E—«JE

~3{g+2) = -18 ~3(g+2)" = —18
—3(—2+JE+2)2 L 13 —3[—2—¢’E+2)2 117

-3(6) £ -18 -3(6) = 8
-18 = =18 -18 = -18 ¢

Therefore, the solutions are —2 + w,n"g and —2 — \f{g

Answer 58e.

We need to solve the matrix equation
1 5 -3 5
X =
-2 = 6 -1
Consider the given equation

1 5 3 5
X =
Let
1 5 3 5
A= and B =
2 -1 6 -1
Thus, the given equation is
AY =B
ATAX = AR [Multiply by 4™ to both sides of the equation]
IY=A"B [47'4=1I]
X=A7B [Iis the identity matrix, so IX = X]
Hence we need to find the inverse of 4 and multiply with B



To find the inverse of a 23 2 matrix:

b
Let.d=|:a :|
c d

Then

N

o1 4
(ad —bec)| —c

2 3

Then
RTINS 4 -5
(-1-(-10))L 2 1
_1[-1 -5
“9l2 1
-1 3
|9 9
2 1
9 9
We hav
X=A'B




-3 0
Thus, | X =
" [ﬂ 1]

Answer 59e.
The given equation has the form A5 =5 Thus,

-2 1 & 0
_.g":lz E:Lﬂd B = ;
[ 4 Di| [—1 IDi|

In order to solwe the matrixz equation, first multiply both sides of the equation A= A by

A onthe left.
AlAx=415

. _ a B 1| 4 -b
The inverze of matriz 4 = 1z A7 = — .
c o d |_¢":1| —-c @

b
Find the determinant of A first. The determinant of'a 2 = 2 matrix F c_J 15 ad — cb.
c
-2 1
| 4] =
4 0
= (-2){0) - (1}{4)
=-—-2-4
= -6
Mow, find A7
1
n =
g = _1 0 -1 _ é
-5 | -4 =2 E l
2003

Substitute the known values in A AY =415

1 1
& 0
-1 10

0

0 2
2 1

X = 6

4 0 21

3 3

6
1
3



Hext, multiply the matrices. We know that Adt=1
To tind the element in the ith row and jth column of the product matrix Az, multiply

each element in the ith row of A~ by the corresponding element 1n the jth column of 5,
then add the products.

1 1
[1 “}Xz 0(6) +=(=1) 0(0) + £ (10)
0 1 2 1 2 1
E[@"‘g( 1) §(0)+§(m)
15
| & 3
1110
EREY

The equation 15 now 1 the form X=A'8

1 0
The matrix L] 1:| 15 an identity matriz We know that 2 =%

Thus, ¥=A"'8
13
The matrix for X 15 6 3 .
1110
3 3

Answer 60e.
We need to solve the matrix equation

5 3 -3 1 2
X =
4 2 0o 4 -1
Consider the given equation
53 -3 1 2
X =
|:4 2] |: 0o 4 —J
Let
5 3 -3 1 2
A= and B =
4 2 0 4 -1
Thus, the given equation 1s
AX =R
A'4AX = AR [Multiply by 4™ to both sides of the equation]
IX=A"B [4d'4=1]
X=A"B [lis the identity matrix_ so IX = X]
Hence we need to find the inverse of .4 and multiply with B .



To find the inverse of a 2 2 matrix:

b
Lem{“ }
c o

Then
d

o
(ad —bc)| —c
Thus, if

]

Then

N

1 2 3

e

We have
X=A'B
p 3
At 2 | aap=| 1 2
5 0 -4 -1
_'1 i
2
Thus
g 3
Az | [3 1 2
S0 —4 -1
2 i
2

5

3 7 !
2

6 12 2
i 2

:{—n(—m@)(m Com+(2 ) v+ 3]

5

@)+ )o @o+(F) @e+(F)



3 -7 _—?

Thus, | X = 123
-6 12 —

2

Answer 61e.

The given equation has the form AX =5 Thus,
2 -8 -1 4 2

A= and & = .
B =7 20 -3

In order to solve the matrix equation, first multiply both the sides of the equation A5 = &
by A on the left

Alax=Aln
. : a B 1| & —b
The inverse of matriz A = 15 A = —— .
c o |A|[-c a
. . _ Cla B
Find the determinant of A first. The determinant of a 2 =% 2 matrx |: d} 15 acd — ch.
c
2 -8
| 4] =
3 =7
= (2)(-7)-(-8)(3).
= —-14 - (—24)
= 10
Mow, find A7
P i -7 B
10)-3 2
- F
_ 10 5
31
10 5
Substitute the known values in 4 A =418
12 _r 4
10 5)]2 B, _| 10 514 2
BERY | R B R
105 10 5



Mext, multiply the matrices. We know that Adt=7
To find the element in the ith row and jth column of the product matrix Ala multiply

each element in the ith row of A~ by the corresponding element in the fth column of &,
then add the products.

7 4
[1 D}I{z 10 5 [—1 4 2}
01 3 1|3 0 -3
L 10 5
7 4 7 4 7 4
) ‘ﬁ(‘l)"‘g@ ‘ﬁ() g() ‘ﬁ[z)*‘g(‘ﬁ
3 1 2 1 3 1
_—ﬁ(‘1)+§(3:' —EFUJFEU _EEE:HE[_B)
(7 12 14 7 12
w5 5 5 3
T T 3 3
0’5 5 55
(31 14 19
| 5 5
g & 6
10 5 5

The equation 15 now in the form =41z

1 0
The matrix [U 1:| 1z an identity matriz . We know that /¥ =X

Thus, ¥=A"8
31419
The matrix for X 12 0 2 2 .
B ) B &
10 5 5

Answer 62e.

We need to find the discriminant of the quadratic equation and give the number and type
of solutions of the equation.

¥ —4x+11=0



Consider the given equation
' —4x+11=0
Let us compare the given equation with the standard equation
ax’ +bhx+e=0
The discriminant of the quadratic equation 1s given by
D=b"—4ac
The discriminant of the given equation 1s
D=(-4) —4(1)(11)
=16—-44
= —28
<0

Since the discriminant 15 less than zero, both the roots of the quadratic equation are
IMagInary.

Answer 63e.

bt o —dac

In the quadratic formula x = 5 . the expression 2% — dac is called the
.:1

discriminant.
substitute 1 fora, =4 for &, and 49 for o 1n 5% — 4ar and evaluate,

B — dac = (—4)" - 4(1)(49)
= 16 - 196
= —180

The discriminant of the given quadratic equation is less than 0.
Therefore, the equation has two imaginary solutions.

Answer 64e.

We need to find the discriminant of the quadratic equation and give the number and type
of solutions of the equation.

3 —8—5=0

Consider the given equation
3t°—8t—5=0
Let us compare the given equation with the standard equation
at’ +bt+c=0
The discriminant of the quadratic equation is given by
D=b"—4ac
The disciminant of the given equation 1s
D=(-8)" -4(3)(-5)
=64+ 60
=124
=0



since the discriminant 1s greater than zero, both the roots of the quadratic equation are
distinct and real.

Answer 65e.

bt JB -4
In the quadratic formula x = i . the expression 2% — dac is called the

2t
discriminant.
substitute —2 fora, =5 for b, and -3 for e 1n 5 — dar and evaluate,

B — dac = (-5)" - 4(-2)(-3)
25 — 24
=1

The discriminant of the given quadratic equation 15 greater than 0.
Therefore, the equation has two real solutions.
Answer 66e.

We need to find the discriminant of the quadratic equation and give the number and type
of solutions of the equation.

81p* +18p+1=0

Consider the given equation
81p* +18p+1=0
Let us compare the given equation with the standard equation
ap’ +bp+c=0
The discriminant of the quadratic equation 1s given by
D=b"—4ac
The discriminant of the given equation is
D=(18)" —4(81)(1)
=324 -324
=0

since the discriminant 1s equal to zero, both the roots of the quadratic equation are real
and equal_

Answer 67e.

b+ &' -4
In the quadratic formula x = i . the expression B* — dac is called the

et
discriminant.
substitute 7 fora, Ofor b, and 5 fore in 2% — dar and evaluate,
B = dac = 0= 4(7)(5)
= 0 — 140
= —140

The dizcriminant of the given quadratic equation 1z less than 0.
Therefore, the equation has two imaginary solutions.



