MATHEMATICS

(For 10th Class )

Punjab School Education Board
Sahibzada Ajit Singh Nagar




© Punjab Govermment

First Edition : 2014.........cccrsssere0e.060,000/- Copies
Revised Edition : 2016........cceeeen .52,000/- Copies

All right, including those of translation, reproduction
and annotation etc, are reserved by the
Punjab Government

Co-ordinator ~ :  Pritpal Singh
Subject Expert, F.S.Edu.B.

Preet Puri
Project officer, P.S.Edu.B.

Aritst :  Manjeet Singh Dhillon

WARNING

1. The Agency - holders shall not add any extrabinding with a view to charge
extra money for the binding. (Ref.C1.No.7 of agreement with Agency-
holders).

2. Printing, Publishing, Stocking, Holding or Selling etc., of spurious Text-
books qua text-books printed and published by the Punjab School
Education Board is a cognizable offence under Indian Penal Code.

(The textbooks of the Punjab School Education Board are printed on
paper carrying water mark of the Board. )

Price : T 154/-

“ublished by: Secretary, Punjab School Education Board, Vidya Bhavan Phase-8,
Sahibzada Ajit Singh Nagar- 160062 & Printed by Tania Graphics, Sarabha Nagar, Jalandhar.




Lontents

L. Real Numbers 1-19
2. Polynomials 20-37
3. Pair of Linear Equations in Two Variables 38-69
4. Quadratic Equations 70-92
3. Arithmetic Progressions 93-116
6. Triangles 117-154
7.  Coordinate Geometry 155-172
8. Introduction to Trigonometry 173-194
9. Some Applications of Trigonometry 195-205
10. Circles 206-215
11. Constructions 216-222
12. Areas Related to Circles 223-238
13. Surface Areas and Volumes 239-259
14. Statistics 260-294
15. Probability 295-312

Appendix Al : Proofs in Mathematics 313-333

Appendix A2 : Mathematical Modelling 334-344

Answers/Hints 345-3a62




development Committes

CHAIRPERSON, ADVISORY GROUP IN SCIENCE AND MATHEMATICS

I.V. Narlikar, Emeritus Professor. Inter-University Centre for Astronomy & Astrophysics
(TUCAA), Ganeshkhind, Pune University, Pune

CHIEF ADVISORS

. Sinclair, Professor, School of Sciences, IGNOU, New Delhi

(iP. Dikshit, Professor (Retd.), Lucknow University, Lucknow

Crirr COORDINATOR

Hukum Singh, Professor and Head, DESM, NCERT, New Delhi

MEMBERS

Anjali Lal, PGT, DAV Public School, Sector- |4, Gurgaon

AK. Wazalwar, Professor, DESM, NCERT

B.S. Upadhyaya, Professor, RIE, Mysore

Jayanti Datta, PGY, Salwan Public School, Gurgaon

Mahendra Shanker, Lecrurer (S5.G) (Rewd.), NCERT

Manica Aggarwal, Green Park, New Delhi

N.D. Shukla, Professor (Retd.), Lucknow University, Lucknow

Ram Avtar, Professor (Retd.) & Consultars, DESM, NCERT

Rama Balaji, TGT, K.V., MEG & Centre, St. John's Road, Bangalore

S. Jagdeeshan, Teacher and Member, Governing Council, Centre for Learning, Bangalore
S.K.S. Gautam, Professor, DESM. NCERT

Vandita Kalra, Lecturer. Sarvodaya Kanya Vidyalaya, Yikaspuri District Centre, Delhi
V.A. Sujatha, TGT, Kendriya Vidyalaya No. 1, Vasco, Goa
V. Madhavi, TGT, Sanskriti School, Chankyapuri, New Delhi

MEMRBER-COORDINATOR
R.P. Maurya, Associate Professor, DESM, NCERT, New Delhi




REAL NUMBERS

.1 Iniroduction

In Class TX, you beg n your exploration of the world of real numbers and encountered
irrational numbers. Ve continue our discussion on real numbers in this chapter. We
begin with two very irportant properties of positive integers in Sections 1.2 and 1.3,
namely the Euclid’s division algorithm and the Fundamental Theorem of Arithmetic.

Euclid’s division algorithm, as the name suggests, has ta do with divisibility of
integers. Stated simply, it says any positive integer a can be divided by another positive
integer b in such a way that it leaves a remainder r that is smaller than b, Many of you
probably recognise this as the usual long division process. Althou gh this result is quite
easy to state and understand, it has many applications related to the divisibility properties
of integers. We touch upon a few of them, and use it mainly to compute the HCF of
Iwo positive integers,

The Fundamental Theorem of Arithmetic, on the other hand, has to do something
with multiplication of positive integers. You already know that every composite number
can be expressed as a product of primes in a unigue way —this important fact is the
Fundamental Theorem of Arithmetic. Again, while it is a result that is easy to state and
understand, it has some very deep and significant apphications in the field of mathematics.
We use the Fundamental Theorem of Arithmetic for two main applications. First, we
use it o prove the irrationality of many of the numbers you studied in Class IX, such as

—

V2,3 and J5 . Second, we apply this theorem to explore when exactly the decimal
expansion of a rational number, say f—l[c}‘ # M, is terminating and when it is non-
ferminating repeating. We do so by looking at the prime factorisation of the denominator
gof £ You will see that the prime factorisation of ¢ will completely reveal the nature
of thfducimul expansion of 2

o
S0 let us begin our exploration.




1.2 Euochid’s Diviston Lemma
Consider the following folk puzzle .

A trader was moving along a road selling eggs. An idler who didn't have
much work to do, started to get the trader into a wordy duel. This grew into a
fight, he pulled the basket with eggs and dashed it on the floor. The eggs broke.
The trader requested the Panchayat to ask the idler to pay for the broken eggs.
The Panchayat asked the trader how many eggs were broken. He gave the
following response:

If counted in pairs, one will remain;

If counted in threes, two will remain;

If counted in fours, three will remain;

If counted in fives, four will remain;

If counted in sixes, five will remain;

If counted in sevens, nothing will remain;

My basket cannot accomodate more than 150 eggs.

So, how many eggs were there? Let us try and solve the puzzle. Let the number
of eggs be a. Then working backwards, we see that g is less than or equal to 150:

If counte.! in sevens, nothing will remain, which translates 1o a = Tp + 0, for
some natural r amber p. If counted in sixes, ¢ = 64+ 3, for some natural number g.

If counted in fives, four will remain. Tt translates to a = 5w + 4, for some natural

number w.

If counted in fours, three will remain. i translates to a = 45 + 3, for some natural
number 5.

If counted in threes, two will remain. Tt translates o a = 3¢+ + 2, for some natural
number t. '

If counted in pairs. one will remain. It translates to a = 2u + 1, for some natural
aumber .

That is, in each case, we have a and a positive integer b (in our example,
b takes values 7. 6, 5, 4, 3 and 2, respectively) which divides a and leaves a remainder
¢ (in our case, ris 0, 3, 4, 3, 2 and 1, respectively), that is smaller than b. The

This is modified form of a puzzle given in ‘Numeracy Counts!” by A. Rampal, and others.




moment we write down such equations we are using Fuclid's division lemma,
which is given in Theorem 1.1,

Getting back to our puzzle, do you have any idea how you will solve it? Yes! You
must look for the multiples of 7 which satisfy all the conditions. By trial and error
(using the concept of LCM), you will find he had 119 eggs.

In order to get a feel for what Euclid's division lemma is, consider the following
pairs of integers:

17, 6; 5,12; 20, 4

Like we did in the example, we can write the following relations for each such
pair:

17=6x2+5 (6 goes into 17 twice and leaves a remainder 5)

3=12x0 +5 (This relation holds since 12 is larger than 5)

20 =4 x5 + 0 (Here 4 goes into 20 five-times and leaves no remainder)

That is, for each pair of positive integers a and b, we have found whole numbers
¢ and r, satistying the relation:

a=hyg+r0=sr<h
Note thiut g or r can also be zero,

Why don’t you now try finding integers ¢ and r for the following pairs of positive
integers a and A7
(i) 10, 3; (i) 4, 1% (i) 81.3
Did you notice that ¢ and r are unique? These are the only integers satisfying the
conditions a = bg + r. where 0 < r < b. You may have also realised that this is nothing

but a restatement of the long division process you have been doing all these yeurs, and
that the integers ¢ and r are called the gquotient and remainder, respectively.

A formal statement of this result is as follows :
Iheorem 11 (Euclid’s Division Lemma) @ Given positive integers a and b,
there exist unique integers q and r satisfving a = by + . 0 <r < b.

This result was perhaps known for a long time, but was first recorded in Book V11
of Euclid’s Elements. Euclid’s division algorithm is based on this lemma.




A M aTrIMATICS

l An algorithm is a series of well defined steps
which gives a procedure for solving a type of
problem.

The word algorithm comes from the name
of the 9th century Persian mathematician
al-Khwarizmi. In fact, even the word ‘algebra’
is derived from a book, he wrote, called Hisab
al-jabr w'al-mugabala.

_A lemma is a proven statement used for Viohammad i Muosa sl-Khwariani
proving another statement. (A.D. 780 - 850)

Euclid's division algorithm is a technigue to compute the Highest Commeon Factor
(HCF) of two given positive integers. Recall that the HCF of two positive integers a
and b is the largest positive integer d that divides both a and b.

Let us see how the algorithm works, through an example first. Suppose we need

to find the HCF of the integers 455 and 42. We start with the larger integer, that is,
455. Then we use Euclid's lemma to get
455=42x 10+ 33
Now consider the divisor 42 and the remainder 35, and apply the division lemma
Lo gl
42=35x1+7
Now consider the divisor 35 and the remainder 7, and apply the division lemma
1o get
FI5=T %340
Notice that the remainder has become zero, and we cannot proceed any further.
We claim that the HCF of 455 and 42 is the divisor at this stage, i.e., 7. You can casily
verify this by listing all the factors of 455 and 42. Why does this method work? Ii
works because of the followin 3 result,
So, let us state Euclid’s livision algorithm clearly.
To obtain the HCF of tw. positive integers, say ¢ and d, with ¢ > d, follow
the steps below:
Step 12 Apply Euclid’s division lem na, to ¢ and 4. So, we find whole numbers, g and
rsuchthat c=dg+r, 0= <d.
Step 22 I r=0,dis the HCF of ¢ ar d d, 17 r# 0, apply the division lemma to d and r.

Step 3 @ Continue the process till the rema nder is zero. The divisor at this stage will
be the required HCF.




Riiat Nusqreis :

This algorithm works because HCF (¢, d) = HCF (d, r) where the symbol
HCF (¢, d) denotes the HCF of ¢ and d, eic.

Example 1 : Use Euelid’s «1gorithm to find the HCF of 4052 and 12576,
Solution :
Step 1 : Since 12576 > 4052, we apply the division lemma to 12576 and 4052, to get
12576 = 4052 x 3 + 420
Step 2 : Since the remainder 420 #0, we apply the division lemma to 4052 and 420. to
get
4052 = 420 x 9 + 272
Step 3 ¢ We consider the new divisor 420 and the new remainder 272, and apply the
division lemma to get
420= 272 x 1 + 148
We consider the new divisor 272 and the new remainder 148, and apply the division
lemma to get
272=148x1+124
We consider the new divisor 148 and the new remainder 124, and apply the division
lemma to get
148= 124 x 1 + 24
We consider the new divisor 124 and the new remainder 24, and apply the division
lemma to get
124=24x5+4
We consider the new divisor 24 and the new remainder 4, and apply the division
lemma to get
M=4x6+0
The remainder has now become zero, so our procedure stops. Since the divisor at this
stage is 4, the HCF of 12576 and 4052 is 4.
Notice that 4 = HCF (24, 4) = HCF (124, 24) = HCF (148, 124) =
HCF (272, 148) = HCF (420, 272) = HCF (4052, 420) = HCF (12576, 4052).
Euclid’s division algorithm is not only useful for calculating the HCF of very
large numbers, but also because it is one of the earliest examples of an algorithm that
a computer had been programmed to carry oul.
Remarks ;

I. Enclid’s division lemma and algorithm are so closely interlinked that people often
call [u *mer as the division algorithm also.

2. Alu ough Euclid’s Division Algorithm is stated for only positive integers, it can be
extend | for all integers except zero, i.e., b # (). However, we shall not discuss this
aspect | ere,




Euclid’s division lemma/algorithm has several applications related to finding
properties of numbers. We give some examples of these applications below:

|vample 2 : Show that every positive even integer is of the form 2g, and that every
positive odd integer is of the form 2¢ + |, where g is some integer.

Soluntion - Let a be any positive integer and b = 2. Then, by Euclid's algorithm,
a = 2g + r. for some integer g 2 0, and r = 0 or r = 1, because 0 < r < 2. So,
a=2gorlg+ 1.

If @ is of the form 24, then a is an even integer. Also, a positive inleger can be
either even or odd. Therefore, any positive odd integer is of the form 2¢ + 1.
Io - Show that any positive odd integer is of the form 4g + 1 or 4¢ + 3, where
g is some integer.

ol Let us start with taking a, where a is a positive odd integer. We apply the
division algorithm with a and b = 4.

Since 0 £ r < 4, the possible remainders are 0, 1, 2 and 3.

That is, @ can be 4q, or 4g + 1, or 4g + 2, or 4g + 3, where g is the quotient.
However, since a is odd, a cannot be 4¢ or 4¢ + 2 (since they are both divisible by 2).

Therefore, any odd integer is of the form 4g + | or 4g + 3.

A sweetseller has 420 kaju barfis and 130 badam barfis. She wants to
stack them in such a way that each stack has the same number, and they take up the
least area of the tray. What is the number of that can be placed in each stack for this
purpose?

This can be done by trial and error. But to do it systematically, we find
HCF (420, 130). Then this number will give the maximum number of barfis in each
stack and the number of stacks will then be the least. The area of the tray that is used
up will be the least.

Now, let us use Euclid's algorithm to find their HCE. We have :
420= 130x 3+ 30
130=30x4+ 10
0= 10x3+0
S0, the HCF of 420 and 13015 10,

Thercfore, the sweetseller can make stacks of 10 for both kinds of barfi.




LEXERCISE 1.}

1. Use Euclid's division algorithm to find the HCF of -

(i) 135and 225 (1) 196 and 38220 {iii} B67 and 255
2. Show that any positive odd integer is of the form 6q + 1, or 6g + 3, or g+ 5, where g is
some integer,

3. Anarmy contingent of 616 members is to march behind an army band of 32 members in
a parade. The two groups are to march in the same number of columns., What is the
maximum number of columns in which they can march?

4. Use Euclid's division lemma to show that the square of any positive integer is either of
the form 3m or 3m + 1 for some integer m.

[Hint : Let x be any positive integer then it is of the form 34, 3g+ 1 or 3g + 2. Now square
each of these and show that they can be rewritten in the form 3m or 3m+ 1]

5. Use Euclid's division lemma to show that the cube of any positive integer is of the form
S 9m+ 1 or9m + &,

1.3 The Fundamental Iheorem of Arithmetic

In your earlier classes, you have seen that any natural number can be written as a
product of its prime factors. For instance, 2 = 2,4=2x2,253 =11 x 23, and s0 on.
Now, let us try and look at natural numbers trom the other direction. That is, can any
natural number be obtained by multiplying prime numbers? Let us see.

Take any collection of prime numbers, say 2. 3,7, 11 and 23. If we multiply
some or all of these numbers, allowing them to repeat as many times as we wish,
we can produce a large collection of positive integers (In fact, infinitely many).
Let us list a few :

Tx11%x23=1771 Ix7x11x23=5313
2% 3% 7x 11 %23 =10626 2'x 3% 75 =8232
Px3IxTx11x23=21252

and so on,

Now, let us suppose your collection of primes includes all the possible primes.
What is your guess about the size of this collection? Does it contain only a finite
number of integers, or infinitely many? [nfact, there are infinitely many primes, So, if
we combine all these primes in all possible ways, we will get an infinite collection of
numbers, all the primes and all possible products of primes. The question is — can we
produce all the composite numbers this way? What do you think? Do you think that
there may be a composite number which is not the product of powers of primes?
Before we answer this, let us factorise positive integers, that is, do the opposile of
what we have done so far,




i MATHEMATIS

We are going to use the factor tree with which you are all familiar. Let us take
some large number, say, 32760, and factorise it as shown

2 ®190
2 M5
3 | 365
3 455
5 g
7 13

So we have factorised 32760 as 2x 2x2x3x 3 x5x 7 x 13 as a product of
primes, i.¢., 32760 =2"x3*x5xTx 13 asa product of powers of primes. Let us try
another number, say, 123456789, This can be written as 3% % 3803 x 3607. Of course,
you have to check that 3803 and 3607 are primes! (Try it out for several other natural
numbers yourself.) This leadsustoa conjecture that every composite number can be
written as the product of powers of primes. In fact, this statement is true, and is called
the Fundamental Theorem of Arithmetic because of its basic crucial importance
(o the study of integers. Let us now formally state this theorem.

Theorem 1.2 (Fundamental Theorem of Arithmetic) : Every composite number
can be expressed ( factorised) as a product of primes, and this factorisation is
unique, apart from the order in which the prime factors occur.




not possible because 4" = (2)™; so the only prime in the factorisation of 4" is 2. So, the
uniqueness of the Fundamental Theorem of Arithmetic guarantees that there are no
other primes in the factorisation of 4. So, there is no natural number s for which 41
ends with the digit zero.

You have already learnt how to find the HCF and LCM of two positive integers
using the Fundamental Theorem of Arithmetic in earlier classes, without realising it!
This method is also called the prime factorisation method. Let us recall this method
through an example.

& amnle 6 - Eind the LCM and HCF of 6 and 20 by the prime factorisation method.

Solution : We have ; 6=2'%3 and 20=2x2x5=2*x5"

You can find HCE(6, 20) = 2 and LCM(6, 20) =2 x 2 x 3 % 5 =60, as done in your
garlier classes.

Note that HCF(6, 20) = 2' = Product of the smallest power of each common
prime factor in the numbers.

LCM (6, 20) = 2* x 3! x 5§' = Product of the greatest power of each prime factor,
involved in the numbers.

From the example above, you might have noticed that HCF(6, 20) x LCM(6, 20)
— & % 20. In fact, we can verify that for any two positive integers a and b,
HCF (a, b) x LCM (g, b) =a x b. We can use this result to find the LCM of two
positive integers, if we have already found the HCF of the two positive integers.

I xample 7 ¢ Find the HCF of 96 and 404 by the prime factorisation method. Hence,
find their LCM.
Solution : The prime factorisation of 96 and 404 gives :
96 =2"x 3, 404 =2"x 101
Therefore, the HCF of these two integers is 2° = 4.

96% 404 96x 404

Also, LOM (96, 404) = —— - = - = 9696
HCE(96, 404) 4

Fxample 8 ¢ Find the HCF and LCM of 6, 72 and 120, using the prime factorisation

method.

salution @ We have .

G=2%x3 T2=2x3L120=2"x3x5

Here, 2! and 3' are the smallest powers of the common iactors 2 and 3, respectively.




R Numiners 0

r An equivalent version of Theorem 1.2 was probably first
recorded as Proposition 14 of Book IX in Euclid's
Elements, before it came to be known as the Fundamental
Theorem of Arithmetic. However. the first correct proof
was given by Carl Friedrich Gauss in his Disquisitiones
Arithmeticae,

Carl Friedrich Gauss is often referred 1o as the "Prince of
Mathematicians’ and is considered one of the three
greatest mathematicians of all time, along with Archimedes
and Newton. He has made fundamental contributions to ¢+, 4 Friedrich Gauss
both mathematics and science. (1777 - 1855)

The Fundamental Theorem of Arithmetic says thal every composite number
can be factorised as a product of primes. Actually it says more. It siys that given
any composite number it can be factorised as a product of prime numbers in a
‘unique’ way, except for the order in which the primes occur. That is, given any
composite number there is one and only one way to write it as a product of primes,
as long as we are not particular about the order in which the primes occur. So, for
example, we regard 2 x 3 x 5 % 7 as the same as 3 x 3 x 7 x 2, or any other
possible order in which these primes are written. This fact is also stated in the
following form:

The prime factorisation of a natural number is unigue, except for the order
af ity factors.

In general, given a composite number x, we factorise it as x = PP ... p,. where
Py Paveeey poare primes and written in ascending order, ie., Po=p,
= ... =p, If we combine the same primes, we will get powers of primes. For example,

32T60=2x2x2x3xIx5x7Tx 1I3=2"%x3Fx5%x7x13

Once we have decided that the order will be ascending, then the way the number
is factorised, is unique.

The Fundamental Theorem of Arithmetic has many applications, both within
mathematics and in other fields. Let us Iook at some examples,

Example 5 : Consider the numbers 4*. where n is a natural number. Check whether
there is any value of n for which 4" ends with the digit zero.

Selution : If the number 4, for any n, were to end with the digit zero, then it would he
divisible by 5. That is, the prime factorisation of 4 would contain the prime 5. This is




So, HCF (6,72, 120)=2'x3'=2x3=6

2, 3 and 5' are the greatest powers of the prime factors 2. 3 and 5 respectively
involved in the three numbers,

S0, LCM (6,72, 120) = 2°x 3° x §' = 360

Notice, 6 x 72 x 120 = HCF (6, 72, 120) x LCM (6, 72, 120). So, the
product of three numbers is not equal to the product of their HCF and LOCM.

l. Express cach number as a product of its prime factors:
(iy 140 (i) 156 (iii) 3825 (iv) 5003 (v) 7420

2. Find the LCM and HCF of the following pairs of integers and verify that LCM x HCF =
product of the fwo numbers,

i 26and Y] (i) 510 and 92 {iml 336 and 54
3. Find the LCM and HCF of the following integers by applying the prime faclorisation
method,
iy 12,15and 2] (i) 17,23 and 29 (i) & 9and 25

4. Given that HCF (306, 657) =9, find LCM (306, 657).
5. Check whether 67 can end with the digit € for any natural number n.
6. Expluinwhy 7> 1113+ 13and 7x 6% 3x4x3x 2% | + 35 are composite numbers.

7. There is a circular path around a sports field. Sonia takes 18 minutes to drive one round
of the field, while Ravi takes 12 minutes for the same. Suppose they hoth start at the
sume point and at the same tme, and go in the same direction. After how many minutes
will they meet again at the starting point?

In Class IX. you were introduced to irrational numbers and many of their properties.
You studied about their existence and how the rationals and the irrationals together
made up the real numbers. You even studied how to locate irrationals on the number
line. However, we did not prove that they were irrationals, In this section, we will
prove that /2, /3, /5 and, in general, MI'F is irrational, where p is a prime. One of
the theorems, we use in our proof, is the Fundamental Theorem of Arithmetic.
Recall, a number *s* is called frrational if it cannot be written in the form i—;

where p and g are integers and g # 0. Some examples of irrational numbers, with




which you are already familiar, are

= = J2
V2,43, V15, 1, == 0101010 .. e,
W
Before we prove that /3 is irrational, we need the following theorem, whose

proof is based on the Fundamental Theorem of Arithmetic,

I lrensiei Let p be a prine nuber If podivides a'. then podivides o, where
a s oa pasitive integer.

Let the prime factorisation of « be as follows
a=pp, ... p,where pg, . oop oare primes. nol necessarly distin

Therefore, a* = (p,p, . .. PXPP. . PY=Pps - .

Now, we are given that p divides o, Therefore, from the Fundamental Theorem ol
Arithmetic, it follows that p 1s one of the prime factors of o7, However, using the

uniqueness part of the Fundamenial Theorem of Arithmetic, we realise that the only

prime factors of @’ are p, p.. ... p-Sopisoncolp . p,..o.p

Now, since a=p p, ..., divides a. [ |
We are now ready to give a prool that /2 s irrational.

The proof is based on a technigne called “prool by contradiction”. (This technigue 15

discussed in some detail in Appendix 1.

J2 I8 frreitnonal.

Let ns ussume, o the contrary, that 2 is rational.
- . . "
S, we can find integers eawnd s G500 suelthat = -
o b}

Suppose rand « ave a common Factor other tham L Then, we divids Ty the common

factor 1o get 7 = @ where a and b e coprime,

I

Suuaring on both sides and rearranzing, we oor 207 = a7 Therelore, 2 divides o
Mo, by Theorem B30 Follows ot 2obis idos

el WENe w = Je ToT soae i




Substituting for a. we get 207 = 4¢2, that is, b* = 20,

Thns means that 2 divides 27, and so 2 divides b (again using Theorem 1.3 with p=2)
Therefore, a and b have a least 2 as a common factor.

But this contradicts the fact that @ and b have no contmon factors other than 1.
This contradiction has arisen because of our incorrect assumption that 2 is rational.

So. we conclude that /5 is irrational, L

Prove that /3 is irrational.
Let us assume, to the contrary, that \ﬁ 15 rational,

. " i
That is, we can find integers o and b (2 0) such that /3 = g
1

Suppose a and b have a common factor other than 1, then we can divide by the
common factor, and assume that « and b are coprime.

So, hy3 =g
Squaring on both sides, and rearranging, we get 30 = o,

Thercfore, a” is divisible by 3. and by Theorem 1.3, it Tollows that @ is also divisible
by 3.

So, we can write a = 3¢ for some integer ¢
Substituting for a, we get 30" = 9¢2, that is, &' = 3¢

This means that b is divisible by 3. and so b s also divisible by 3 (using Theorem 1.3
with p = 3)

Therefore, ¢ and b have at least 3 as a common factor,

But this conteadicts the Tact that o and b are coprime,

This comradiction has arisen because of our incorrect assumption that 3 is rational,

So, we conclude that /3 s irvational.

In Class 1X, we mentioned th :
@ (he s or ditference of a rational and an eational number is irational an ™

® the product and quotiont of o non-zero rionsl and irrational numbe
writional.

Wo prove some particular cases here.




Show that § — /3 is irrational,

Let us assume, o the contrary, that § — /3 is rational.

= , . 5
That is, we can find coprime a and b (b 2 0) such that 5 — /3 = 5
)

Therefore, 5 — & = ﬁ

3=
. , . ¢ Sb—a

Rearranging this equation, we get 3 =5- 5 = £

h b

) . - S 5 uia
Since a and b are integers, we gel 5 — — is rational, and so J3 is rational.
b
But this contradicts the fact that /3 is irrational,

This contradiction has arisen because of our incorrect assumption that 5 - J3 s

rutional.

[t . - -
S0, we conclude that 5 — '3 1s irrational.

: R sl .
Show that 3+ 2 is irrational.

Let us assume, lo the contrary, that 3.2 is rational.
. i ; a
That is, we can find coprime a and b (b # 0) such that 3.2 = o

\ = o
Rearrunging, we get /2 = =
)

; : L S
Since 3, a and & are mlegers, > is rational, and so /2 is rational.

But this contradicts the fact that /3 is irrational.

So, we conclude that 3./7 is irrational.

1. Prove that /5 1is irrational.

2. Provethat 3 + ?_\,-'_E is wrarional.

3. Prove that the following are irrationals ;

J. - = ive [
L8] S: il 7.5 (i) &+ 2




Hiny E:-I-"-:-'H! MNun s and Their Decing s

In Class IX, you studied that rational numbers have either 4 terminating decimal
expansion or a non-terminating repeating decimal expansion. In this section, we are

going to consider a rational number, say —{q # U}, and explore exactly when the
P

decimal expansion of q' 18 terminating and when it is non-terminating repeating

(or recurring). We do so by considering several examples.

Let us consider the following rational numbers -
(i) 0.375 (113 0.104 {1i) 00873 (iv) 23.3408.

J._I F
Now (i) 0375=-7> 373 :mmm_ﬁ=ﬂ
1000 Il 1000 NS
733
(i) 0.0875 =510 _ 873 (iv) 23.3408 = 233408 _ 233408
o000 10° 10000 10*

As one would expect, they can all be expressed as rational numbers whose
denominators are powers of 0. Let us try and cancel the common factors between
the numerator and denominator and see what we get :

i 35 _3x5' 3 . 13x2° 13
D=0 325 3 e 10D 13
107 x5 2 10° 2'x5° 5
i) 0.0 87 233408 2° x T x52
(i) 0.0875 =21 =7 iv) 233408 = 208 _ 2 x7x52)
100 2%%5 10 T

Do you see any pattern? It appears that, we have converted a real number

: . i : : , )
whose decimal expansion terminates into a rational number of the form 2. where Il
i

and ¢ are coprime, and the prime factorisation of the denominator (that is. ¢) has only
powers of 2. or powers of 5, or both. We should expect the denominator to look like
this, since powers of 10 can only have powers of 2 and 5 as factors.

Even though, we have worked only with a few examples, you can see that any

real number which has a decimal expansion that terminates can be expressed as a

rational number whose denominator is a power of 10. Also the only prime factors of 10

are 2 and 5. So, cancelling out the common factors between the numerator and the

denominator, we find that this real number is 4 rational number of the form £ where
g

the prime factorisation of ¢ is of the form 275", and n. m are some non-negative integers.

Let us write our resalt formally:




Pheorem 15 0 fep v be a rational number whose decimal expension feriiaies.

i U } .
Then o can be expressed in the form P, vhere poand g wre coprime, and the
i
prime factovisation of g is of the form 2°57, where n, m are Hen-NeRative infegers,

You are probably wondering what happens the other way round in Theorem L.
That 15, il we have o rational number of the form i—; and the prime factorisation of ¢
is of the form 257, where n. m are non negative integers, then does i” have u
terminating decimal expansion? 4

Let us see il there is some obvious reason why this is true, You will surcly aaree

t
that any rationad numiber of the form 5 - where b is a power of 10, will have atlerminating
decimal expansion. So il seems o make sense W convert a rational number al the

it

. i , . i - ; ;
form 22 where ¢ is of the Torm 2757, to an equivalent cational number of the form /
3

i
where b is a power of 10, Let us go back to our examples above and work huckwards.

J T S O I A [
s A3 S KT MR

155 2 x5 1

1 7%x5 875

i L= L2 = —==0.0875

R0 2'xs5 2 kst 10
. 15Es P xTx52 21 _12
{1 £ = i _I= XY %52 I 334”3 = 23.3408

625 5 2" x5! 10*

S, these examples show us how we can convert a eational number of the form

1 " ' = . . . ] el
I where i 15 ol the Form 257 o an equivalent rtional number ol the Form B
7] 2

where b is a power of 10, Therelore. the decimal expansion ol such a rational number

terminates, Let us write down our result Tormaldly.

i 1 ' . 5 S 5
Beorem L6 for v = heow ravional wimiber, such that the prime fuctovisation

¢ i b s o -
af g ix of the foran 2050 where w,om arve pron-e gative integers. Flen v has a

decimal exporsion whincl ferminaies.




We are now ready to move on to the rational nun bers (.142857 1

whose decimal expansions are non-terminating and recurri 1g. 7] 10
Onee again, let us look at an example to see what is going n. 7
We refer 1o Example 5, Chapter 1, from your Class 1X 30
| 28
wmhmhnmmw;?.HammmmmMHmellﬁﬁLiLJ, @0
14
2645 1....and divisoris 7. &N
Notice that the denominator here, i.e. 7 is clearly not of j—%——
the form 2°5". Therefore, from Theorem. 1.5 and 1.6, we k{?
Ko that 5 will n ot have i terminating lecimal expansion. %P
Hence, O will not she w up as o remainder (Why?), and the Do
remainders will start 1 speating after a certain stage. So, we E
will have a block ol di tits, namely, 142857, repeating in the W
| )

gquotient of — .
7 |
What we have seen, in the case of 7 is true for any rational number not covered
by Theorems 1.5 and 1.6, For such numbers we have

: I . N —
Il Lot Ler v = bea rational sonber such that the prime factorisation
)
of ¢ is nat of the form 295 where v, meare non-negative integers. Then, x has a
decimad expansion which is non-terminating vepeating (vecarving),
From the discussion above, we can conclude that the decimal expansion of
every rational nuinber ix cither termingting or nop-terminating vepeating.

EXERCISE 1.4

Lo Without actually performing the long division, state whether the following tational
numbers will have o terminating dechnal expansion or a non-terminating repeating decimal

S RRTTERTHIT
) I3 i) o R
1l 1135 m = fiuh E (v ﬁmflﬂ

2y 13 . |24 . B

v T (i Siet (vl '2':5.?\ {¥il) s

33 17
s w ® 370




2. Write down the decimal expansions of those rational numbers in Question 1 above
which have terminating decimal expansions,

3. The following real numbers have decimal expansions as given below. In each case,
decide whether they are rational or noL. If they are rational, and of the form L whatcan
vou say about the prime factors of g7

(1) 43123456789 (i) 0L 120012001 2000120000, .. i) 43123456789

In this chapter, you have studied the following points:

1. Euclid’s division lemma

Given positive integers @ and b, there exist whole numbers g and r satisfying @ = by + r.

O<r<h,

2. Euclid's division algorithm : This is based on Buclid's division lemma. According to this,
the HCF of any two positive integers & and b, with a = b, is obtained as tollows:

Apply the division lemma to find ¢ and r wherea=bg +r.0=r<h.
If =10, the HCF is b, If r= 0, apply Evclid’s lemma ta & and r.

Cmtinue the process till the remainder is zero. The divisor at this stage will be
HCFia. & Also, HCF(a, b1 = HCF(&, r),

3. The Fund mental Theorem of Arthmetic

Every composite number can be expressed (factorised) as a product of primes, and this
fuctorisation is unique, apart from the order in which the prime [actors occur.

4. 1f pis a prime and p divides 2°. then p divides a, where a is a positive integer.

5. To prove that +/2, /3 are irrationals.

6. Let v be a rational number whose decimal expansion terminates. Then we can express x

in the form -': , where pand g are coprime, and the prime factorisation ol y is of the form
4

245+ where n, m are non-negative integers.
¥ : - - - i . : . i
7. Leta= ‘:, be a rational number, such that the prime factorisation of ¢ is of the form 2757,
g

where u, it are non-negative integers, Then v has a decimal expansion which terminates.

B. Letx= {: be a rational number, such thut the prime factorisation of q is not of the form

20 5+ where x, mare non-negative integers, Then v has a decimal expansion which is

non-lerminating repeating (recurring b
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You have seen that :

HCF (p, g, 1) x LCM (p, ¢, r) # p % g x r, where p, g, r are positive integers
(see Example 8). However, the following results hold good for three numbers
p.gand F:

p-q-r-HCF(p, g, r)
HCF(p, q) - HCF(g,r) - HCF( p.r)

LCM (p. g, ) =

p-qr-LCM(p, q. )
LCM( p. g)- LCM(g, r)- LCM(p, r)

HCF (p. g, ) =




PoiryNOMIALS

— e = —

:..I I|i1|II|||: IR

In Class 1X. you have studied polynomials in one variable and their degrees. Recall
that if (1) is @ polynomial in v, the highest power of v in p(x) is called the degree of
the polynomial p(x). For example, 4x + 2 is a polynomial in the variable v of

degree 1, 23 = 3v + 4 is u polynomial in the variable v of degree 2, 5.0' — 4y + v~ J2

: 3 - ;
is a polynomial in the variable v of degree Jand 7u"— —u + du” +u =8 isa polynomial

. . ; . _ I I
in the variable i of degree 6. Expressions like P Jr+2. = = " ele,, ure
e D

not polynomials.
A polynomial of degree |is called a linear polynomial. For example, 2v— 3§,

~ 2

JBr+5, v x— |

2
o+ L I, ete., are all linear polynomials, Polynomials
1 ;
such as 2v + 5 — v, x' + L. etc., are not lincar polynomials.

A polynomial of degree 2 is called o quadratic polynomial. The name "quadratic’

¥
* J [ 1 = 0 ' ¥ ¥ =
has been derived [rom the word “guadrate’. which means “sguare’. 240 + 3 — 5

; | i 3 = 2 i .
v = o 2end el iy ==t S =S e + are some examples of

quadratic polynomials (whose coefficients are real numbers). More generally. any
guedratic polynomial in x is of the form ax’ + by + ¢, where u, b, ¢ are real numbers
and ¢ # 0. A polynomial of degree 3 is called o cubic polynomial. Some examples of




a cubic polynomial are 2 - ', v, 200 3"+ 00 3 - 200 o — 1. In Fael, the most
general form of a cubic polynomial is

TR S VT SR T
where, a, b, e, o are real numbers and @ # (.

Now consider the polynomial pix) = * — 3v — 4. Then, pulting x = 2 in the
polynomial, we get (21 =2 -3 % 2 -4 =— 6. The vidue *— 6, obtained by replacing
x by 2ina® - Ju -4 is the value of &' - 3x —4 at v = 2, Similarly. p(0) is the value of
playat v = 0, which is — 4,

If pix) is a polynomial in v, and iF £ is any real number, then the value obtained by
replacing v by & in p(x), is called the value of p(x) at x = k. and is denoted by pik).

What is the value of pla) = " =3y =4 at v = —17 We haye

-y =(=1r—-[3x{-1)}}-4=0
Also, note that b =4" - (3= -4 =10

As pi=1) = 0and p(4) = 0, -1 and 4 are called the zeroes of the guadratic
pulynomial v* — 3v — 4, More generally, a real number & is said to be @ zero of a
polynomial p(r), il p(k) = (1

You have already studied in Class 1X, how to find the zeroes of a linear
polynomial. For example. if & is o zero of plo) = 2o+ 3, then pik) = 0 gives us

. i
2k+3=01e. k= e
2 b
In general, iF L is a zero of plo) = av + b, then plky = ak + b =0, ie., k= —

&
: : _ = = (Constant lerm)
So, the zero ol the linear polynomial ¢y + D js — = i
o Cocflicient ol x

Thus, the zero of a linear polynomial is relited to ity coefticiems, Does this
happen in the case of other polynomials to? Forexample. are the zeroes of a quadratic
pedynomial also related 1o its coefficients?

In this chapter, we will try to answer these questions. We will also study the
division alzorithm For polynomials,

LY Geometrical Meaning of the Zoeroes ol g Polvoomial

You ke w that a real number & is a4 zero of the polynomial pix) if pik) = 0. But why
are the i zroes of a polynomial so important”? To answer this, first we will see the
geometrical representitions ol linear and guadiatic polynomials and the seometrical
meuning of their zeroes,




Consider first a linear polynomial ax + b, a = (. You have studied in Class IX that the
graph of v = ax + b is a straight line. For example. the graph of y =2x + 3 is a straight
line passing through the points (= 2. —1) and (2, 7).

x =2 2

y=2x+3 -1 7

From Fig. 2.1, you can see
that the graph of v = 2x + 3

intersects the x-axis mid-way

between ¥ = —1 and x = =2,
\ T
that 1s. at the point | _‘E, - (=
(| _.I
You also know that the zero of x":__i _% »X
, 3 i
2x + 3 is —=. Thus, the zero of (-2, _”/.' v
¥ i

the polvnomial 2x + 3 is the
x-coordinate of the point where the
graph of ¥y = 2x + 3 intersects the

X-A%X15.

In general, for a linear polynomial ax + b, a # 0, the graph of y =ax + b is a

. ; . (=b _\

straight line which intersects the x-axis at exactly one point. namely. | — 0 |
yoa )

Therefore, the linear polynomial ax + b, a # 0, has exactly one zero, namely, the

v-coordinate of the point where the graph of v = ax + b intersects the v-axis.

Now, let us look for the geometrical meaning of a zero of a quadratic polynomial.
Consider the guadratic polynomial x* — 3v — 4. Let us see what the graph  of
v=1 —3x—4 looks like. Let us list a few values of v = ¥ — 3x — 4 corresponding to

a few values for x as given in Table 2.1,

Plotting of graphs of guadratic or cubic polynomials is not meant to be done by the students.
nor s o be evaluated,




X =2 -1 0 1 2 3 ;o

y=r-3x-4 | 6 g =20 =6 = == 6
If we locate the points listed &
above on a graph paper and draw 4
the graph, it will actually look like i S

the one given in Fig. 2.2, -2.6) 5 | (5. 6)

In fact, for any quadratic
polynomial ax® + bx + ¢, @ #(), the
graph of the corresponding
equation v = ax’ + by + ¢ has one
of the two shapes either open
upwards  like U ar open
downwards like /7 depending on
whether a > 0 or a < (), {These
curves are cilled parabolas.)

You can see from Table 2.1
that —1 and 4 are zeroes of the
quadratic  polynomial. Also
note from Fig. 2.2 that -1 and 4
are the x-coordinates of the points
where the graph of y = ¢ = 3x - 4
intersects the x-axis. Thus, the
zeroes of the quadratic polynomial
X = 3x - 4 are x-coordinates of
the points where the graph of
¥ = x* — 3x — 4 intersects the
I-Aaxis,

This fact is true for any quadratic polynomial, 1.e., the zeroes of a quadratic
polynomial ax” + by + ¢, a = (), are precisely the r-coordinates of the points where the

parabola representing v = w” + by + ¢ intersects the v-axis,

From our observation earlier about the shape of the graph of v = ax? + ba + ¢, the

following three cases cun happen:




w111 Here, the graph cuts x-axis al two distinct points A and A,

The y-coordinates of A and A’ are the two zeroes of the quadratic polynomial

ax® + by + ¢ in this case (see Fig. 2.3).

i A :
Xa nf \-x X% 0 i

L] P
Y’ Y
(i) (it}

Here, the graph cuts the r-axis at exactly one point, i.e., al Iwo coincident
points. So, the two points A and A” of Case (i) coincide here to become one point A

isee Fig. 2.4).

y
ol l A b i \ o
- ﬁ/ — + N X+ 5 A * Y
F v
%

1) {ir)

»

X

b i |
L} wea

Phe a-coordimae of A is the only zero (or the quadratic polynomial ax’ 4 by 4 ¢

1w s sy




Here. the graph is either completely above the x-axis or completely below
the v-axis. So, it does not eut the x-axis it any point (see Fig. 2.5).

LN \:
& &

i 0 >X X' G »X
L *
" Y
i (1)

So. the quadratic polynomial ax® + by + ¢ has no zero in this case.

So. you can see geometrically that a quadratic polynomial can have cither two
distinet veroes or two equal zeroes (i.e., one zero), or no zero. This also means that a
polynomial of degree 2 has simost two zeroes,

Now, what do you expect the geometrical meaning of the zeroes of o cubic
polynomial to he? Let us find out. Consider the cubic polynomial 1 - 4+, To see whal
the graph of v = " — 4x Tooks like, et us list a few values of v corresponding 1o 3 few
values Tor v as shown in Table 2.2,

i - [ ] 3 i) 3 {

P the povmts ol the abde oma s paper and dias e the eraph, we soe

Pt e waaph ol o i oaatial by Tonkos Diloe the v v e Ty,




We see from the table above
that — 2, 0 and 2 are zeroes of the
cubic polynomial x' — 4x. Observe
that — 2, 0 and 2 are, in [act, the
x-coordinates of the only points
where the graph of vy = 27 — 4x
intersects the x-axis, Since the curve
meets the x-axis in only these 3
points, their x-coordinates are the
only zeroes of the polynomial.

Let us take a few more
examples. Consider the cubic
polynomials +* and &' —x°. We draw
the graphs of y = x" and v = " — &
in Fig, 2.7 and Fig. 2.8 respectively,

:
st (2, 8)
a1

fif

|

<1

ad

1T i1, 1

= (-3

o o (2, 4)
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Note that () is the only zero of the polynomial . Also, from Fig. 2.7, you can see
that 0 is the x-coordinate of the only point where the graph of y = ¥ intersects the
x-axis. Similarly, since v' = x*(x~ 1), Oand | are the only zeroes of the polynomial
x* — &%, Also, from Fig. 2.8, these values are the x- coordinates of the only points
where the graph of v = ¥* - * intersects the x-axis.

From the examples above, we see that there are at most 3 zeroes for any cubic
polynomial. In other words, any polynomial of degree 3 can have at most three zeroes.

Remark : In general, given a polynomial p(x) of degree n, the graph of y = p(x)
intersects the x-axis at atmost n points. Therefore, a polynomial p(x) of degree n has
a4t most 1 zeroes.

Example 1 : Look at the graphs in Fig, 2.9 given below. Each is the graph of y = p(x),
where p(x) is a polynomial. For each of the graphs. find the number of zeroes of p(x).

(i) (i)

{{v} ' | J.{v'] (vi)

Soution
(i) The number of zeroes is | as the gruph intersects the x-axis at one point only,
(ii) The number of zeroes is 2 as the graph intersects the x-axis at two points.
(iii) The number of zeroes is 3. (Why?)
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(iv) The number of zeroes is 1. (Why?)
(v) The number of zeroes is 1. (Why?)
(vi) The number of zeroes is 4. (Why?)

EXERCISE 2.1

1. The graphs of v = p(x) are given in Fig. 2,10 below, for some polynomials pte). Find the
number of zeroes of pix), in each case,

Fig., 2.10
2.3 Relationship between Zeroes and Coefficients of a Polynomial

You have already seen that zero of a linear polynomial ax + b is — b We will now iry
a
to answer the question raised in Section 2.1 regarding the relationship between zeroes
and coefficients of a quadratic polynomial, For this, let us take a guadratic polynomial,
say p(r) = 2x* = Bx + 6. In Class 1X. you have learnt how to factorise quadratic
polynomials by splitting the middle term. So, here we need 0 split the middle term
“_ 8y¢' as a sum of two terms, whose product is 6 x 20" = 1247 So, we write
2 Bx+6=222 -6t — 2+ 6=2x(x—3)— 2(x - 3)
=(2x -2 —=3)=2Ax— 1}x-3)




So, the value of p(x) =22 - 8x + 6 is zerowhen ¥ — 1 =Dorx—3 = 0, i.e., when
x=lorx=3. So, the zeroes of 2x* — 8x + 6 are | and 3. Ohserve that -

Sum: of its zeicas - 143=d= —{:S} = _—aneﬁ]clent of x)

2 Coefficient of +°
Product of its zeroes = 1% 3=3 =% = Constant ferm

Coefficient of x°

Let us take one more quadratic polynomial, say, p(x) = 3% + 5x — 2. By the
method of splitting the middle term,

I+ S -2=30+r—x-2=3xx+ D) ~Hx+2)
= (3x~1)x+2) :
Hence, the value of 3x° + 55— 2 is zero when either 3v— ] =0 orx 4 2 =1, i.e.,

_ I
when xr = 2 or x = -2, 8o, the zeroes of 3 + Sy — 2 are i and — 2, Observe that :

o 1 =5  —{Coefficient of 1)
Sumofits zeroes = —+{(-2)=—1= e ——
3 3 Coefticient of 1
. | -2 Constant term
Product of its zeroes = - % (-2 =~ =

3 Coefficient of x°
In general. if ot “and 3 are the zeroes of the quadratic polynomial p(x) = ax® + by + ¢,
a # (0, then you know that x — o and x — [ are the factors of p(y). Therefore,
ax® + bx + ¢ = k(x — o0} (x — B), where £ is a constant
' = k[ — (o0 + B + o B
=k’ — Mo+ P+ ko
Comparing the coefficients of &', x and constant terms on both the sides, we gel
a=kb=—ko+ B)and ¢ = kof.

=h
This gives a+pf=—,

ot [ are Greek letters pronounced as “alpha’ and ‘beta’ respectively. We will use later one
mor= fetter " pronounced as ‘gamma’,
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; b —(Coefficient of x)
Le., sumof zeroes =0+ f=——=——""""5"
Coefficient of

: ; Constant term
product of zerves = off = L= i ,n 5
a  Coefficient of x~

Let us consider some examples.
Foxample 2 : Find the zeroes of the quadratic polynomial x* + 7x + 10, and verify the
relationship between the zeroes and the coefficients.
Solution : We have
L+ Tx+ 1 =({x+2)x+35)
So. the value of ©* + 7x + 10is zero when x+ 2=0orx+ 5=, ie., when v =~ 2 or

1 = —5. Therefore, the zeroes of 1 + Tx + 10 are - 2 and — 5. Now.

—(7 —{Coefficient of x)
sum of zeroes = —2+ (=5 =—(7) = \'= : vy L_] ¥
1 Coefficient of x~

. 10 Clonstant te
product of zeroes = (=2) % (=5)=10=—= = an = 5
] Crefficient of 1

Fxample 3 : Find the zeroes of the polynomial x* — 3 and verify the relationship
berween the zeroes and the coefficients.

Solution - Recall the identity a® — b* = {a — b)a + b). Using it, we can write:
¥r-3= [-1' = \EJ{‘HF \-'13}

So. the value of x> — 3 is zero when x= /3 orx= —.f3.

Therefore, the zeroes of £ — 3 are J3 and —3.

Now,

—(Coefficient of x)

sum of 7eroes = 3 —3=10 = -
Coefficient of x°

- i -3 Constant term
product of zeroes = [\'ll:*](—\"?'}:—?':_: = - ¥
1 Coefficient of 1~
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[Example 4 : Find a quadratic polynomial. the sum and product of whose zeroes are
-3 and 2, respectively.

Solution : Let the quadratic polynomial be ax’ + by + ¢, and its zeroes be o and P.
We have

and of=2=

Ita=1,thenbh=3and ¢ =2.
S0, one quadratic polynomial which fits the given conditions is x* 4+ 3x + 2.

You can check that any other quadratic polynomial that fits these conditions will
be of the form &(x* + 3x + 2), where k is real,

Let us now look at cubic polynomials. Do you think a similar relation holds
between the zeroes of a cubic polynomial and its coefficients?

Let us consider p(x) = 26 — 522 - 14x + &

You can check that p(x) = Oforx =4, - 2. —. Since pix) can have atmost three

P | —

zeroes, these are the zeores of 2x' — 52% — 14x + 8. Now.

| 5 —(-5) —(Coefficient of x*
sum of the zeroes = 4+ (-2)+ —== = : }: {UE_ - nu. .1’1
2 2 2 Coefficient of 1
= — 1 t e
product of the zeroes = 4x{—2}xl =g S Curl_x._:m I:.rm.i ;
2 2 Coefficient of x

However, there is one more relationship here. Consider the sum of the products
of the zeroes taken two at a time. We have

| | 1
{4x1—2h}-+<‘{-2rx—=+-'lx4'
Y I |
814927 :_—E _ Cﬂ::fﬁq.:ient of .1%
2 Coeflicient of x
In general, it can be proved that if «, B, ¥ are the zeroes of the cubic polynomial
ax’ + by’ + cx + d, then




M1 ATHER AT

-b
o+ f+y= P
¢
off + By + ya = 7
—d
aPy= =
Let us consider an example.
. = I ; ;
Example 5% : Verify that 3, -1, —y are the zeroes of the cubic polynomial

plx) = 3x* - 522 — 11x ~ 3, and then verify the relationship between the zeroes and the
coefficients.
Solution : Comparing the given polynomial with ax® + b* + cx + d, we gel
a=3 b==5, c=-11,d=- 3 Further
p3=3x3-(5xF)—(11x3)-3=81-45-33-3=0,
Pl =3x (1P =5x(-1F-1lx(-1)-3=-3-5+11-3=0,

b

( Fay {1y I
REERNPE P T A Y
|'-. :q'_.'II l\. ?'.-' l\. E'JI 3

5 11 2
B
9 3 3

=0

1

Q
1 _ _

Therefore, 3. -1 and —; are the zeroes of 33" — 527 - 11x =3,

: 1
S0, we lﬂkl‘:[}.=3,[ﬁ=—] and y= ==

3
Now,
1 I 5 —(-5) -b
=Y (el) + | == |=2===Z= =—
a+B+y (=1 [ 3) 33 3 3
aff+ By + a-".x{—|}+{u—lﬁx-llr——]+[—”><3—~—%+ —I=_—”=L
T+yd=. I\ 3 3}] 3 3 a
| (-3 ~—d
:3}( _| —_— :l:—:— —
by ¢ }X[ 3] 3 i

* Not from the examination point of view.




EXERCISE 2.2

1. Find the zeroes of the following quadratic polynomials and verify the relationship between
the zeroes and the coefficients.
(i) x*~2x-8 {iiy 4 —4s+1 (i) 6’ -3 - Tx
(iv) dut+8u v} £-15 (vi} 32t —x—4
2. Find a quadratic polynomial each with the given numbers as the sum and product of its
Zeroes respoctively,
1
il -1 ) 2,

(i) (i) 0,5

vy 1,1 vy — (viy 4.1

11
44
2.4 Division Algorithm for Polvnomials
You know that a cubic polynomial has at most three zeroes. However, if you are given
only one zero, can you find the other two? For this, let us consider the cubic polynomial
&' =30 — x + 3. If we tell you that one of its zeroes is |, then you know that x — 1 is

a factor of x* — 3x* —x + 3. So, you can divide x* - 3x* — x + 3 by x — 1, as you have
learnt in Class IX, to get the quotient x* — 2x — 3.

Next. you could get the factors of x* — 2x — 3, by splitting the middle term. as
{x + IWx — 3). This would give you

=3 -+ 3= x—- D -2k-)
={xr—1)x+ L)ix-3)

So, all the three zeroes of the cubic polynomial are now known to you as
1= 1.3

Let us discuss the method of dividing one polvnomial by another in some detail.
Before noting the steps formally, consider an example.

Example 6 : Divide 2x* + 3x + L by x + 2. 2r-1

Solution : Note that we stop the division process when 1+2 ]2 +3x+ 1

either the remainder is zero or its degree is less than the 29 4 dy

degree of the divisor. So, here the quoetient is 2x - | and —_—

the remainder is 3. Also, ~x+1
(2x—x+2)+3=20+3r—2+3 =2+ 3x + | 7552

1.6 2+ 3+ L=+ 202 -11+3 3

Therefore. Dividend = Divisor ¥ Quotient + Remainder
Let us now extend this process to divide a polynomial by a quadratic polynomial,
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Example 7 : Divide 307 + 27 + 2x + S hy 1 + 2v + 2%, T -

Solution : We first arrange the terms of the x +2x +j 3IX 4+ t2x+5
dividend and the divisor in the decreasing order Iy 6 +3x
of their degrees. Recall that arranging the terms - -

in this order is called writing the polynomials 1o -3 "‘ —X+3
standard form. In this example, the dividend is :_5'1' :_ L0x y 5
already in standard form, and the divisor, in

9x + 10

standard form, is x4 2¢ + 1.

Step | = To obtain the first term of the quotient, divide the highest degree term of the
dividend {i.e., 317) by the highest degree term of the divisor (i.e., x*). This is 3x. Then
carry out the division process. What remains is - 5x' — x + 5.

Step 2 : Now, lo obtain the second term of the quotient. divide the highest degree term
of the new dividend (i.¢.. =5x%) by the highest degree term of the divisor (i.c., 57). This
gives -5, Again carry out the division process with —5x —x + 5.
Step 3 : What remains is 9x + 10. Now, the degree of 9x + 10 is less than the degree
of the divisor x* + 2Zx + 1. S0, we cannot continue the division any turther.
So, the quotient is 3x — 5 and the remainder is 9x + 10. Also,
(2 + 2+ B3 =-5+ O+ 101 = 3+ 60" + 30 = 567 = 100 = 5+ 9v 4+ 10}
=3+ + 2+ 5
Here again, we see that
Dividend = Divisor x Quotient + Remainder

What we are applying here is an algorithm which is similar to Euclid’s division
algorithm that you studied in Chapter 1.

This says that
If p(x) and g(x) are any two polynomials with g(x) 2 0, then we can find
polynomials gix) and rix) such that
plx) = glx) x gix) + rix),
where r{x) = 0 or depree of ra) < degree of glx).
This result is known as the Division Algorithm for polynonials.

Let us now take some cxamples to illustrate its use.

Example 8 : Divide 50’ - x' = 3x + S by x~ 1 — x4, and verify the division algorithm.
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Solution : Note that the given polynomials
are not in standard form, To carry out

x-2

X +x-l) -+ S

division, we first write both the dividend and

=i y ; i g ol x
divisor in decreasing orders of their degrees,

+ -+

So, dividend = —x" 4+ 3x* - 3y + 5 and 2% —2% 4+ 5
divisor = —x* 4+ x- 1. 20" = x4 2
e + —_—

Division process is shown on the right side, :
We stop here since degree (3)=0<2 = degree (— + x — ).
S0, quotient = x — 2, remainder = 3.
Now,
Divisor x Quotient + Remainder

= (- +x-1(x-2+3

=k —x+ 2 - 2w+ 243
-+ 37 -3x +5
= Dividend

In this way, the division algorithm is verified.

]

Example 9 : Find all the zeroes of 2% — 35° -~ 333 4 6x — 2. if you know that iwo of

its zeroes are 3 and _.f3
Selution : Since two zeroes are (5 and _./3, {_,_- _Jf](_;- + ,,ﬁ) =-2isa

factor of the given polynomial, Now, we divide the given polynomial by ¥ - 2.

2v—3x+1
¥ =2 ]2 35 -3¢+ 6r-2 A
J . . First term of quotient is —-= 2x
24 4y X
.'.
“dx'+x + bx=2 . . . =3 i :
3 . Second term of quotient is =—233
" =
x -2 . .
2 3% Third term of quotient is —5 =1
- x
= +
]




So, 2 — A -3+ 6r—2=(r -2 -3x + 1)

MNow,

by splitting —3x, we factorise 237 — dx + 1 as (2x — 1x = 1). So, its zeroes

are givenby y= - and x = L. Therefore. the zeroes of the given polynomial are

: ; — : 5 :
. Obtain all other eroes of 3t + 620 - 257 — 10x = 5, if two of its zeroes arc ’I.Il_i and - ,#'5-

a4

1
—vE._ —and 1,
)

EXERCISE 2.3
Divide the polynomial pix) by the polynomial g(x) and find the quotient and remainder
in each of the following :
i) plxy=x'-3r+5x-3, glxi=r-1
i) ploy=x'-3+4c+5, glxj=x+1-x
(i) plx)=x'-35x+6, glxi=2-2

Check whether the first polynomial is a factor of the second polynomial by dividing the
second polynomial by the first polynomial:

i) F=3. 2 +3r5-2F-91-12
LTy R e R . e e T ol R

Gl & =3r+ L -4+ 0+ 34 1
=

On dividing ' — 35% + x + 2 by a polynomial g(x), the quotient and remainder were x - 2
and =2y + 4, respectively. Find gix).

Give examples of polynomials plx), glx), g{a) and r(x), which satisfy the division algorithm
and

(1 deg plxr=deg gix) (i) deggix) = deg rix) (i} deg rix)=0

EXERCISE 2.4 (Option-.
Verify that the numbers given alongside of the cubic polynomials below are their zeroes.
Also verify the relationship between the zeroes and the coefficients in each case:

M 2P+ -5x+2 —L-2 i =4+ 502, 2.1, 1

1
2
Find a cubic polynomial with the sum, sum of the product of its zeroes Laken two at 4
time, and the product of its zeroes as 2, -7, — 14 respectively,

These exercises are not from the examination point of view,




3, If the zeroes of the polynomial 2 - 32+ x4 larea- b, a, a+ b, find g and b,

4. Iftwo zeroes of the polynomial ¥ — 6 — 265 + 138y~ 35are 2 + J3, find other zerces.

3. Ifthe polynomial x* - 6" + 16 - 25x + 10 is divided by another polynomial x* - 2x + k.
the remainder comes out 1o be x + a, find & and a.

L5 Summary
In this chapter, you have studied the following poinrs:

1. Polynomials of degrees |, 2 and 3 are called linear, quadraric and cubic polynomials
respectively,

2. A quadratic polynomial in x with real coefficients is of the form ax® + by + ¢, where a, b, ¢
are real numbers with o = ().

3. The zeroes of a polynomial p(x) are precisely the x-coordinates of the points, where the
graph of ¥ = pix) intersects the x-axis.

4. A guadratic polynomial can have at most 2 zeroes and a cubic polynomial can have
at most 3 zeroes.

5. If ceand B are the zeroes of the quadratic polynomial ae® + b + ¢, then

::r,+|3=—{"- uﬂzi_
i o

6. If o B. yare the zeroes of the cubic polynomial ax' + by + cx + d, then

|::+I!.+*Jr=_—b-
i
aft By+ yo =<
o
—f
and '1BT=—I‘

il

7. The division algorithm states that given any polynomial pix) and any non-zero
polynomial g(x), there are polynomials gix) and r(x) such that |

pix) = gix) glx) + rix),
where rix) = 0 or degree rix) < degree g(x).




PAIR OF LINEAR EQUATIONS
IN TwO VARIABLES

3.1 Introduction
You must have come across situations like the one given below :

Akhila went to a [air in her village. She wanted to enjoy rides on the Giant Wheel
and play Hoopla (a game in which you throw a ring on the items kept in a stall, and if
the ring covers any object completely, you get it). The number of times she played
Hoopla is half the number of rides she had on the Giant Wheel. If each ride costs
7 3, and a game of Hoopla costs T 4, how would you find out the number of ndes she
had and how many times she played Hoopla, provided she spent T 20,

My be you will try it by considering different cases. Tf she has one ride. is it
possible? Is it possible to have two rides? And so on. Or you may use the knowledge
of Class IX, to represent such situations as linear equations in two variables.
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Let us try this approach.

Denote the number of rides that Akhila had by x. and the number of times she
played Hoopla by v. Now the situation can be represented by the two eguations:

X (1)
Jx+4v=20 (2)

Can we find the solutions of this pair of equations? There are several wiays of
finding these, which we will study in this chupter.
3.2 Pair of Linear Equations in Two Variables
Recall, from Class IX, that the following are examples of linear equations in two
variables;

2x+3y=75
x-2v-3=10
ind ce=v=2 je. x=72

You also know that an equation which can be put in the form ax + by +¢c=0,
where a. b and ¢ are real numbers, and @ and b are not both zero, is called a linear
equation in two variables x and y. (We often denote the condition a and & are not both
zero by a® + b* # (). You have also studied that a solution of such an equation is a
pair of values, one for x and the other for v, which makes the two sides of the
equation equal,

For example, let us substitute x = | and y = 1 in the left hand side (LHS) of the
equation 2x + 3y = 5. Then

LHS = 2(1)+3(1)=2+3=5,

which is equal to the right hand side (RHS) of the equation.

Therefore, ¥ = 1 and y = | is 4 solution of the equation 2x + 3v = 5,

Now let us substitute x = 1 and v = 7 in the equation 2x + 3y = 5. Then,

LHS = (1} +3(7)=2+21=23
which is not equal to the RHS.
Therefore, r= 1 and y = 7 is not a solution of the equation.

Geometrically, what does this mean? It means that the point (1, 1) lies on the line
representing the equation 2x + 3y = 5, and the point (1, 7) does not lie on it. So. EVery
solution of the equation is a point on the line representing it.




In fact, this is true for any linear equation, that is, each selution (x, ¥) of a
linear equation in two variables, ax + by + ¢ = 0, corresponds 1o a point on the
line representing the equation, and vice versa.

Now, consider Equations (1) and (2) given above. These equations, taken
together, represent the information we have about Akhila at the fair.

These two linear equations are in the same two variables x and y. Equations
like these are called a pair of linear equations in two variables.

Let us see what such pairs look like algebraically.
The general form for a pair of linear equations in two variables x and y is
ax+byv+e =0
and ax+by+c,=10,
where a,, b, ¢, a, b, ¢, are all real numbers and al + b # (), aj + bi # 0,
Some examples of pair of linear equations in two variables are:
2e+3v-T=0and 9x-2y+8=0
Sx=yand -Tx+2v+3=0
x4+y=T7und 17=y¥
Do you know, what do they look like geometrically?

Recall, that you have studied in Class TX that the geometrical (i.e., graphical)
representation of a linear equation in two variables is a straight line. Can you now
suggest what a pair of linear equations in two variables will look like, geometrically?
There will be two straight lines, both to be considered together.

You have also studied in Class IX that given two lines in a plane, only one of the
following three possibilitics can happen:

(i) The two lines will intersect at one point.
(ii) The two lines will not intersect, i.e., they are parallel.

fiii) The two lines will be coincident.

We show all these possibilities in Fig. 3.1:
In Fig. 3.1 (a), they intersect.
In Fig. 3.1 (h), they are parallel.

In Fig. 3.1 (c), they are coincident.

L
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Both ways of representing a pair of linear equations go hand-in-hand — the
algebraic and the geometric ways. Let us consider some examples.

Iovample |- Let us take the example given in Section 3.1. Akhila goes to a fair with
T 20 and wants to have rides on the Giant Wheel and play Hoopla. Represent this
situation algebraically and graphically (geometrically).

Sulution : The pair of equations formed is

I
¥ o8
ie., r—=2v=10 {1
3v+4y= 20 {2y

Let us represent these equations graphically. For this, we need at least two
solunons for each equation. We give these solutions in Table 3.1,

Fable 1.1
20
x { 2 x (5] e 4
3
o R = N TS
=5 = 2 =
(1) {11}

Recall from Class IX that there are infinitely many solutions of each linear
equation. So each of you can choose any two values, which may not be the ones we
have chosen. Can you guess why we have chosen x = () in the first equation and in the
second equation? When one of the variables 15 zero, the equation reduces to a linear
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equation in one variable, which can be solved easily. For instance, putting x = 0 in

Equation (2}, we get 4y = 20, i.e., y = 3, Similarly, putting y = 0 in Equation (2), we get
; 20 1 O — s carmie

Ix=20,1e.,x= T But as ? 18 SEnnhi i

not an integer, it will not be easy to

plot exactly on the graph paper. So,

we choose v = 2 which gives x =4,

an integral value.

Plot the points A(D, 0), B(2, 1) 5
and P(0, 5). Q(4, 2), corresponding
to the solutions in Table 3.1, Now
draw the lines AB and PQ, :-

representing  the equations

r— 2y =0 and 3x + 4v = 20, as

shown in Fig. 3.2.

Fig. 3.2

In Fig. 3.2, observe that the two lines representing the two equations are

intersecting at the point (4, 2). We shall discuss what this means in the next section.

Pxample 2 - Romila went to a stationery shop and purchased 2 pencils and 3 erasers
for T 9. Her friend Sonali saw the new variety of pencils and erasers with Romila, and
she also bought 4 pencils and 6 erasers of the same kind for ¥ 18. Represent this
situation algebraically and graphically.
Solution : Let us denote the cost of | pencil by T x and one eraser by T v. Then the
algebraic representation is given by the following equations:
Ze+3y=9 (1)
dx+ 6y = 18 (2)

To obtain the equivalent geometric representation, we find two points on the line

representing each equation. That is. we find two solutions of each equation.
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These solutions are given below in Table 3.2.
lable 3.2
x 0| 443 X (0 3
9—2x 3 g 18- 4 ] I
»E SN - PRt t
(i)

We plot these points in a graph T
paper and draw the lines, We find that ~—
both the lines coincide (see Fig. 3.3), =&
This is so, because, both the
equations are equivalent, i.e.. one can

be derived from the other

I nple 2 : Two rails  are
represented by the equations
r+2y—d=0and 2x+ 4y - 12=1)

Represent this situation geometrically.

Two solutions of each of
the equations ;

X+ 2y —
2y + 4y
are given'in Table 3.3
¥ 8] 4
4 X o] 0
yE=z 2
(i)

4=10
[2=10
Tuhle 3.3
X 0 6
[|2— 2k
i 3 0
4

(i)

(1

(2)

To represent the equations graphically, we plot the points R(0, 2) and 5(4, 0}, to
get the ling RS and the points P(0, 3) and Q(6, 0) to get the line PQ.




We observe in Fig. 3.4, that the
lines do nol intersect anywhere., Le..
they are parallel.

S0, we have seen several
sitwations which can be represented
by a pair of hnear equations, We
have seen their algebraic and

geometric representations. In the

nexl few sectioms, we will discuss

how these representations can be
used o look for solutions of the pair
of linear equations.

L XEROCISE L]

1. Aftab tells his danghter, “Seven vears ago, | was seven times as old as you were then.
Also, three years from now, | shall be three times as old as you will be.” (Isn’t ihis
interesting?) Represent this situation algebraically and araphically.

2. The couch of a cricket team buys 3 bats and 6 balls for T 3900, Later, she buys another
bat and 3 more halls of the same kind for ¥ 1300, Represent this situation algebruically
and peometrically.

3. The cost of 2 kg of apples and kg of grapes on a day was found 0 he T I600 Alwr o
month, the cost of 4 ke of apples and 2 kg ol erapes is T 300, Represent the situation
alechiaically and geometrically,

i ) " pEversn ol :' ] i I
In the previous section. you have seen how we can graphically represent a pair of
linear equations as two lines. You have also seen that the lines may mlersect, or may
be paraliel, or may coincide. Can we solve them i each case? And 1f so. how? We
shall try and answer these questions from the geometrical point ol view in this section.
et us look at the carlier examples one by one,
o In the sitmion of Example 1, find owt how many rides on the Grnt Wheel
Shiba B and Rew sy tones she plaved Hoopla

e 3020 vonl onatedr U T Lt NOR TepHeseti | [RTEH | |
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point (4, 2) lies on the lines represented by both the equations x — 2y = ) and
dx+4yv=20. And this is the only common point.

Let us verily algebraically that 1 = 4, v = 2 is u solution of the given
pair of equations, Substituting the values of v and v in cach equation, we get
+-2x2=0uand 34) + 4(2) = 2. So, we have verified that v = 4. y=2is4u
solution of buth the equations. Since (4, 2) is the only common point on hoth
the lines, there is one and only one solution for this pair of lincar equations
in two variables.

Thus, the number of rides Akhila had on Giant Wheel is 4 and the number
of times she played Hoopla s 2.

® In the situation of Example 2, can you find the cost of each pencil and each
craser?
In Fig. 3.3, the situation is geometrically shown by a pair ol coincidem
lines. The solutions of the equations are given by the common points,

Are there any conumon points on these lines? From the graph, we observe
that every point on the line is a common solution to both the equations. So, the
equations 2x + 3y = Y anfl 41 + 6v = 18 have infinitely many solutions. This
should not surprise us, because if we divide the equation 4x + Gv=18hy 2 we
get 2v 4+ 3y =9, which is the same as Equation (1), That is, bath the equations are
equivalent. From the graph, we see that any point on the line gives us a possible
cost of each pencil and eraser. For instance, cuch pencil and eraser can cost
T3 and T 1 respectively. Or, cach pencil can cost 2 3,75 and eraser can cost
T 050, and so on,

® In the situation of Example 3, can the two rails cross each other?

In Fig. 3.4, the situation is represented geometrically by two parallel lines.
Since the lines do not intersect at all, the rails do not cross. This also means tha
the equations have no common solution,

A pair of linear equations which has no solution, is called an inconsistent pairof
linear equations. A pair of lincar cquations in two variables, which has a solution, is
called a consistent pair of linear equations, A pair of linear equations which are
equivalent has infinitely many distinct common solutions. Such 2 pair is called a
dependent pair of Tincar equations in two variables. Note that a dependent pair of
Hucar equations is always consistent.

W camnow siommarise the bebay one of Tines representing a pai of Hincar eyt

pebwe varinhles and the exsistence of solutions s follows:




(i) the lines may intersect in a single point, In this case, the pair of equations
has a unique solution (consistent pair of equations).
(ii) the lines may be parallel. In this case, the equations have no solution
{inconsistent pair of equations).
(i) the lines may be coincident. In this case, the equations have infinitely many
solutions |dependent (consistent) pair of equations.
Let us now go back to the pairs of linear equations formed in Examples 1, 2, and
3, and note down what kind of pair they are geometrically.
(i) x=2y=0and3x+4y-20=10 {The lines intersect)
(i) 2v+ 3y -9 =0and 4x+ 6y — 18 =10 (The lines coincide)
(i) v+ 2y —d4=0and2r+4y - 12=0  (The lines are parallel)

; cd b
Let us now write down, and compare, the values of . ™ and
iy b, o

L‘|

in all the

three examples. Here, a,, b, ¢, and a, b, ¢, denote the coe [Ticenes of equations

given in the general form in Section 3.2,

Lkl
it Rl _
S | Pairof lines = 1 Compare the | Graphacal Algebraic
N, =l = ratios representation|interpretation
2| o |a,h
Ly [ e, _ s - - ey e i . 5
I |x=2y=0 3 7| =0 a & l[_nlerm_al:ng ﬁx.ag%l} one
e dy—20=0 & & ines solution
{unigue!
2 3 0 T S
e == ol WS S (] B .
2| 2x43y-9=0 4 e 1w e & o lf?mm ident Inﬁm.le.l.y ]
= | lines many solulions
dr+by—18=1
I 2 | 4 o B & ) :
3| x+2y-4=0 3 ey b, e Pacallel lings [No solution
Ze+dy—12=10

From the table above, you can observe that if the lines represented by the equation
ar+by+c¢ =0

&

and ax+ by+e,




i h a, b
are (i) intersecting, then — # —-
a,
£ - 7 iy i
(i) coincident, then 4+ =—+=-1L.

1
o iy

) _ h'. £

(iiiy parallel, then
[/

In fael, the converse is also true for any pair of lines. You can verify them by
considering some more examples by yourself,

Let us now consider some more examples w illustrate i,
I sample 4 2 Check graphically whether the pair of equations

r+3v=~06 (1)

and 2r=3y= 12 (2)
is comsistent, 1f so, solve them graphically.
Sedution : Let us draw the graphs of the Equations (1) and (2), For this, we find two

solutions of each of the equations, which are given in Table 3.5

Fahile 15

I

() y=—— | —4| -

I3

Plot the points A0, 2), B(6. 0),
PO, — 4) and Qi3, — 2) on graph
paper, and join the points to form the
lines AR and PO as shown in
Fig. 3.5

We ohserve that there is wpoint
B (6. () common to both the hnes
AR and PQ. So. the solution of the

pair of linear cquations is v = 6 aud

y=10 e the given pair of equations

1% consistent, Y-

Fig. 3.5




Poamphe & Graphically, find whether the following pair of equations has no solution,
unigue solution or infimitely many solutions:

Sy—8y+1=0 ()
24 3
- r ¥+ 5 =ﬁU (2}
wlution : Multiplying Equation (2) by _E we get

Sx-8v+1=10
But, this is the same as Eguation (1), Henee the lines represented by Equations (1)
andl ( 2) are coincident. Therefore, Equations (1) and (2} have infinitely many solutions.

Plot Tew poants on the graph and verify it yourself.

Fuample 60 Champa went to o *Sale” to purchase some pants and skirts. When her
Friends asked her how many of each she had bought, she answered, “The number of
skirts is two less thun twice the number of pants purchased. Also, the number of skirs
is four less than four times the number of pants purchased”, Help her friends o {ind |
how mny pants and skives Champa bought,

Solution 5 Let us denote the number of pants by v and the number of skirts by v Then
the equations formed are

y=2r-2 (1)
and y=dy—4 (2)
Let us dreaw the graphs of
Fequations (1) and (2) by linding two :":
solutions for cach of the egquations, .
They are given in Table 3.6, il 3 A2, 2)
14
At X
4 5 6
v 2 (
y=2r-2 )
1 { |
y=d4x—-4 | —4 {0
Flia. Y.




Plot the points and draw the lines passing through them to represent the equations,
as shown in Fig. 3.6,

The two lines intersect at the point (1, 0). So, x= 1, y =0 is the required solution
of the pair of linear equations, 1.¢.. the number of pants she purchased is | and she did
not buy any skirt,

Verily the answer by checking whether it satisfies the conditions of the given
problem,

EXERCISE 3.2
I. Form the pair of linear equations in the following problems, and lind their solutions
araphically,
fi) 10 students of Class X took part in g Mathematics guie. I the number of givls 1s 4
more than the number of boys, find the number of hoys and girls who ook part in
the quiz.
{ii) 5 pencils and 7 pens together cost ¥ 30, whercas 7 pencils and 3 pens together
cost T 46, Find the cost of one pencil and that of one pen.

; u, i :
2. On comparing the ratios —- F_ and — | find out whether the lines representing the
s I i

lollowing pairs of linear eguations intersect at o poing, are parallel or comncident:
i Sv—dv+E=0 (i) Y+ 3ve 12=0

vty -U=0 LBy by 24=10)
itk b =3y 4+ (=1}

r- y+9=10

; . fly I ) ' " . i o
A O comparing the ralios e and = . find out whether the following pair of linear
equations are consistent, or inconsistent,
(i 3v+2v=5: y-3dv=1 (i} 2r-3v=8; dr—Ov=Y

3 5
{iliy “v+Zy=7;% Iv=14 (iv) Sx—3y=11; - e+ Hy=-22
3"

}
. B - J
vy SN+t =3 -*-"".11.+3_|.'—.IJ

1

4. Which of the following puirs of lincar equations are consistent/inconsistent? 1F

consistent, ebiain the solution graphically:




i) x+x=35 L+ 2y= 1)
i) r—v==4, Je—3r=16
fii) 2x+v—6H=0, dr-2y—d=0
fiv) 2x—2v—2=0, dx—dy-5=10

5. Half the perimeter of a rectangular garden, whose length is 4 m more than its width, 1%
36 m. Find the dimensions of the garden.

6. Given the linear equation 2v + 3v — 8 = (), write unother linear equation i twa variahles
such that the geometrical representation of the pair so formed 1s;
1) intersecting fines (i) parallel lines
{ii} coincident lines

7. Draw the graphs of the equations ¥ — v + | = 0 and 3x + 2y — 12 = (). Determine the
coordinates of the vertices of the trangle formed by these lines and the s-axis, and
shade the triangular region,

3.4 Algebraic Methods of Solving a Pair of Lincar L quations
In the previous section, we discussed how to solve a pair of linear equations graphically.
The graphical method is not convenient in cases when the point representing the

solution of the linear equations has non-integral coordinates like (V3. W7,

4 1
{—1.75, 3.3). [ T | _ete. There is every possibility of making mistakes while reading
such coordinates. Is there any aliernative method of finding the solution? There are

several algebraic methods, which we shall now discuss.

2400 Substitution Method @ We shall explain the method of substitution by taking
some examples.
Foample 70 Solve the following pair of equations by substitution method:
Tx=15=72 (1
X+ 2v=3 (2}
Solution ;
Step 12 We pick either of the equations and write one variable in terms of the other.
Let us consider the FEquation (2} :
r+2y=3

amd write it 4y r=3-2y i(3)
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Step 2 Substitute the value of x in Equation (1), We gel
73 - 2y)— 15v=2

L., 21 - 14y - 15y =2
ie., ~29y = -9
19
Therefore, = 5=
erefore Y= 5a
Step 3 ¢ Substituting this value of v in Equation (3), we get
{ 49
r=3— Zi E £
\26; 29
) 4919
Therefore, the solution is v = 39 y= 2;.
o _ 4 19 _
Verification : Substituting x= 29 and y= 2g + You can verify that both the Equations

(1) and (2) are satisfied.

To understand the substitution method more clearly, let us consider it stepwise:
Step | : Find the value of one variable, say v in terms of the other variable, i.e., x from
cither equation, whichever is convenient,

Step 22 Substitute this value of v in the other equation, and reduce it 1o an equation in
one variable, i.e., in terms of x, which can be solved. Sometimes. as in Examples 9 and
1) below, you can get statements with no variahle. If this staterment is true., you can
conclude that the pair of linear equations has infinitely many solutions. If the statement
is false. then the pair of linear equations is inconsistent.

Slep & ¢ Substitute the value of x (or v) obtained in Step 2 in the couation used in

Step | 1o obtain the value of the other variable,

Hemark © We have substituted the value of one variable by expressing it in terms of
the other variable o solve the pair of linear equations. That is why the method is
known as the substitution method,

Example 8 @ Solve Q.1 of Exercise 3.1 by the method of substitution.

Solution : Let s and 1 be the ages (in years) of Aftab and his daughter, respectively,
Then, the pair of linear equations that represent the situation is

s=T=T0u=-Tnie,s-T1+42=0 (1)

and S+3=3{r+3)de.5=31=8h (2}




Using Equation (2), we gel s = 3 + 0.

Putting this value of 5 in Equation (1), we get
(3r+6)-Tt+42=10,
ie., 4t = 48, which gives 1= 2.
Putting this value of # in Equation (2), we get
s=3(12)+6=42
So. Aftab and his daughter are 42 and 12 years old, respectively.
Verify this answer by checking if it satisfies the conditions of the given problems.
Fxample 9 - Let us consider Example 2 in Section 3.3, Le., the cost of 2 pencils and
3 erasers is ¥ 9 and the cost of 4 pencils and 6 erasers is T 18. Find the cost of each
pencil and each eraser.
Solution : The pair of linear equations formed were:
2x+3y=9 i
4c+6y= I8 (2)
We first express the value of x in terms of ¥ from the equation 2x + 3v =9, 1o get
O—3y

A

(3

xX=

Now we substitute this value of x in Equation (2}, to get

4(9 — 3v)
——— 4+ hy= I8
2
ie. 18 -6y +Hy= IR
ie. 18= 18

This statermnent is true for all values of v. However, we do not get a specitic value
of v as a solution. Therefore, we cannot obtain a specific value of x. This situation has
arisen beause both the given equations are the sume, Therefore, Equations (1) und (2}
have infinitely many solutions, Observe that we have obtained the same solution
graphically also. (Refer 1o Fig. 3.3, Section 3.2.) We cannot find a unigue cost ol a
pencil and an eraser, because there are many common solutions., 1o the given situation.

Fxample 10 Let us consider the Example 3 of Section 3.2, Will the rails cross each

other?




wolution © The pair of linear equations formed were:

x4+ 2y—4d=1 (1)
2x+dy—12=10 (2)
We express v in terms of v from Equation (1) to get
r=4 -2y

Now, we substitute this value of x in Equation (2) to gel
-2+ dv—12=10

ie, B—12=10

ie., -4=0

which is o false statement,

Therefore, the equations do not have a common solution. So. the two rails will not
cross each other,

EXERCINE 3.3

L. Solve the following pair of linear equations by the substitution method.

i w+v=14 iy 5-r=3
koo
A—v=d :1 + 5 i
(i) 3y —y=23 liv) U2v+ 03 =13
Yr—3y="1 Udr+05v=213
; = R "
v A 2re3y=0 e
jar: = v Y- 13
Viv—yRBy=10 ;*‘2 o
2, Solve 2v+ 3y = 1 and 2y — 4y = — 24 und hence find the value of “m° for which

Vo= gEy o+ A

d. Form the pair of lincar equations for the following problems and find their solution by
sulbstitutivn method,
i The ditfercnce between two numbers is 26 and one number s theee times the other.
Fiol them
{iiy The larger of two supplementary angles exceeds the smaller by I8 degrees. Find
tham.
i) The coach of a cricket team buys 7 bats and 6 balls for ¥ 3800, Later. she buys 3
bats and 5 balls Tor 3 1750, Find the cost of each bat and cach hall,




{ivi The taxi charges in a city consist of a fixed charge wogether with the charge for the
distance covered, For a distance of 10 km, the charge paid is T 105 and for 4
journey of 15 km. the charge paid is T 133, What are the lixed charges und the
charge per km? How much does a person have 1o pay for travelling a distance of
25km? 0

v A fraction becomes 1 if 2 is added to both the numerator and the desmminator,

i
If. 3 is added to both the numerator and the denaminator it becomes = Find the
[raction,

(i) Five years hence, the age of Jacob will be three times that of his . Five years

ago, Jacoh's age was seven times that of his son. What ure their | ssent ages?

3.4.2 Elimvination Method

Now let us consider another method of eliminating (i.e.. removing) one variable. This
1% sametimes more convenient than the substitution method. Let us see how this method
works.

Faample 11 : The ratio of incomes of two persons is Y 7 and the ratio of their
expenditures is 4 ; 3. If each of them manages to save ¥ 2000 per month, find their
muonthly incomes.

Solution : Let us denote the incomes of the two person by ¥ 9x and 2 7v and their
expenditures by T4y and T 3y respectively. Then the equations Tormed in the situation
15 given by @

Oy - 4y
and Tx— 3

20001 (1
20K (2

Step 1 : Multiply Equation (1) by 3 and Equation (2) by 4 10 make the coeflicients of
v equal, Then we get the equations:

274 - 12y = 6000 (3)
28x— 12y = K000 (4)

Step 2 2 Subtract Equation (3) from Equition (4) toeliminate v, because the coefficients
ol v are the same. So, we pel
{28y — 2750 — (1 2y — [ 2v) = BUOO - 6000

20000

1.0 X

Step 3 ¢ Substituting this value of vin (1) we get
D200 — v = 200K
40w

iy ¥
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S0, the solution of the equations is x = 2000, y = 4000. Therefore, the monthly incomes
of the persons are ¥ 18,000 and T 14,000, respectively,

Verification @ 18000 ¢ 14000 = 9 - 7. Also, the ratio of their expenditures =
18000 — 2000 : 14000 — 2000 = 16000 : 12000=4:3

B e murks

|. The method used in solving the example above is called the elimination method,
because we eliminate one variable first, to get a linear equation in one variable.
In the example above, we eliminated v. We could also have eliminated x, Try
toing it that way,

Il

o You could also have used the substitution, or graphical method, to solve this
problem. Try doing so, and see which method is more convenient,

Let us now note down these steps in the elimination method ¢
I First multiply both the equations by some suitable non-zero constants to make
the coeflicients of one variable (either x or v) numerically equal.

Then add or subtract one equation from the other so that one variable gets
eliminated. If you get an equation in one variable, go to Step 3.
If in Step 2, we obtain a true statement involving no variable, then the original
pair of equations has infinitely many solutions,
It in Step 2. we obtain a false statement involving no variable, then the original
pair of equations has no solution, i.c., it is inconsistent,
solve the equation in one variable (x or v) so obtained to get its value.

sy 4 Substitute this value of x (or v) in either of the original equations to get the
value of the other variable.

MNow to illustrate it, we shall solve few more examples.

Fovmple 12 0 Use elimination method to find all possible solutions of the following
pair of linear equations :
2y +3y=8 (1)
dy+6yv=17 (2)

Sl

Step 1 Multiply Equation (1) by 2 and Equation (2) by 1 to make the
coefficients of x equal. Then we get the equations as
dr+6v= 16 (3)

dx+b6v=7T ()




Step 20 Subtracting Equation (4) rom Eguation (3),
(dy —4x) + 6y —6v)= 167

e, (1= %9, which is a false statcment.
Therelore, the pair of equations has no solution,
Isanple 1A 2 The sum of a two-digit number and the number obtained by reversing
the digits is 66. I the digits of the number differ by 2. find the number. How many such
numbers are there?

fithion © Let the tens and the unit’s digits in the First nomber be cand v, respectively.
So. the first number may be written as 10x 4 v in the expanded form (for example,
56= 105 + 6],

When the digits are reversed, 1+ becomes the unit’s digit und ¥ becomes the ten’s
digit. This number, in the expanded notation is 10y + x (for example, when 56 is
reversed, we get 63 = 1(6) + 5).

According to the given condition.
(10 + )+ ( 10y + x) = 66
l1l{x+v)= 066
x+v=~0
We are also given that the digits differ by 2, therefore,
either -y=2

or y—x=2

Il v — v =2, then solving (1) and (2) by elimination, we get v =4 and v =1,

In this case. we get the number 42,

Iy — v =2, then solving (1) and (3) by ehmination, we get v =2 anid v=4.
I this case, we get the number 24,
Thus, there are two such numbers 42 and 24,

Vivihoation : Here 2+ 24 =00 amd 4 -2=2 Als0o 24+ 42 =6hand 4 -2 =2

FNERCISE A4

L. Solve the following pairof lincar equations by the elimination method and the substitntion
miethod
() v+y=58 uml 2 ) il dv+-h= 10 aml 2y - 2y =12
i 2y P
. [TRTE I

1 1
Y hl




2. Form the pair of inear equations in the following problems, and find their solutions
Ul they exist) by the elimination method

i Ihwieadd 1w the numerator and subiract | from the denominator, a fraction reduces

Ll
o LT hecomes 5 if we only add | to the denominator. What is the fraction?

) Five years aga, Nori was thrice us old as Sonu. Ten years later, Nun will be twice as
obd s Sonu. How old are Nur and Sonu®?

Gy The sum ol the digits of & two-digit number is 9. Also, nine times this number is
Iwiee the number ehtained by reversing the order of the digits, Find the number,

five Meena went tooa bank 1o withdraw T 20000 She asked the cashier w give her
T 50 and 1N notes only, Meena got 25 notes i all. Find how many notes of
2 50 and T 100 she received,

vl Adending libeary has a fixed charge for the first three days and an additional charge
lor each day thereafter. Saritha paid ¥ 27 for a book kept for seven days, while Susy
patidd T 21 for the book she kept for five days. Find the fixed charge and the charge
tor each extra day,

So far, you have learnt how to solve a pair of linear equations in two variables by
graphical, substitution and elimination methods, Here, we introduce one more algebraic
method o solve a pair of lincar equations which for many reasons 15 a very useful
method of solving these equations. Before we proceed further, let us consider the
following situation.

The cost ol 5 oranges and 3 apples is T 35 and the cost of 2 oranges and 4 apples
is T 28. Let us find the cost of an orange and an apple.
Lt us denote the cost of an orange by ¥ v and the cost of an apple by ¥ 3. Then,
the eguations formed are :
Sy4+3y= 35 ie, 5x+3y-35=0 (1
Zr+4dy= 28 je, v+ -28=0 (2)
Let us use the elimination method o solve these equations,
Multiply Eguation (1) by 4 and Fquation (2) by 3. We get
(WA + 403y + (AN-35) =0 (3
PR =3y #1328 =0 4
vihirieting Bouaton COy brony Bguation €30 we gl

(O R S ] e K o 5 T Rt (e S E Y R e L B




[(4)-35) — (3)(-28)]
(504 =302y

Therefore, XA

! (3128 —(d1{-35)
Le., r= = P (5)
(S —(203)

It Equations (1) and (2) are written asa x + by +¢ =0andax+ by + e =10,
then we have
a, =35, hl =3,e,=-35,a,=2, b.=4, ¢, = 28,

By — Bse

Then Equation (5) can be written as x = .
el — a.by

S_ .l |_ { '”I'“] ('3{?'
arly, you can ge s ek
imilarly, youcan g 3 b —ak
By simplyfing Equation (5}, we get
—84 + 140
e ——
2 -6
i (=35)2) = (5)(-28) =70+ 140 &
Similarly, = 0-6 = [ =7

Theretore, x =4, v = 5 is the solution of the given pair of equations,
Then, the cost of an orange is ¥ 4 and that of an apple is ¥ 5.

Cost of 5 oranges + Cost of 3 apples =T 20+ 7 15 =7 35, Cost of
2 oranges + Cost ol 4 apples =T 8 4+ ¥ 2 =7 28,

Let us now see how this method works for uny pair of linear equations in two
vartables of the form
ax+by+e =10 (n

and ax+by+e, =10 (2

To obtain the values of x and v as shown above, we tollow the Tollowing steps:

Multiply Equation (1) by b, and Equation (2) by b to gel
bax+bby+be =10 i3
bax+bbyv+be =10 (4)

Step - Subtracting Equation (4) from (3), we get:

tha —ba)x+bb -bb)v+ihe-5be)=0
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Le., (ha — ba)x

.'Jllr'_, - .F;_,rl

B, = by ] ;
50, Y= ———=, provided ab,-ab 0 (5)
il — a.h £

Step 3 : Substituting this value of x in (1) or (2), we gel

Oy, =y,
iy == (6)
Now, two cases arise °

, ; i, B ; ; .
Case bz ab, —ab 20 Inthis case — # L Then the pair of linear equations has

; = ias b
i unigque solution. : :

Case 2:ab, —ab =0. If we write % :ﬂ: k,thena =ka, b=kb,
A 2 : . 1
Substituting the values of 4, and b in the Equation (1), we get
klax+ by +¢ =0 {7

[t can be observed that the Equations (7) and (2) can both be satisfied only if

If ¢ =k c,, any solution of Equation (2) will satisfy the Equation (1), and vice
b

I 4 4 L g it . 1
versa, So,if L= =5l = ¢ then there are infinitely many solutions to the pair of
il L [

linear equations given by (1) and (2.

If'e, = k¢, then any solution of Equation (1) will not satisfy Equation (2) and vice
versa, Theretore the pair has no solution.

We can summarise the discussion above for the pair of linear equations given by
(1) and {2) as follows:

; iy M , .
(i) When —- 2 -1 we get a unique solution,
iy I
o i, b e ) .
(i) When —- = .f_l = — there are infinitely many solutions,
ay by o

L b i .
(i) When i . § = , There is no solution.

%;
dax b o




'\1 YA siALE S

Note thal you can write the solution given by Equations {5) and (6) in the
tollowing form !
X ¥ 1

b, —bac - 1@y — € - b, - ﬂ:?, (8)

In remembering the above result, the following diagram may be helpful to

VOl ;

X ¥ |

hY

b: c: i, * b

The arrows between the two numbers indicate that they are to be multiplied and
the second product is to be subtracted from the first

Far solving a pair of linear equations by this method, we will follow the foliow ing
steps ©

Step 1 : Write the given equations in the form (1) and (2).

Step 2 : Tuking the help of the diagram ahove, write Equations as given in (%)

Step 3 : Find x and v, provided a b, —a b # 0

Step 2 above gives you an indication of why this method is called the
cross-multiplication method.

Example 14 : From o bus stand i Chandiganh 2ol we buy 2 dekets o doakpuon sl
tickets to Hajpura, the total cost is T 46; but il we buy 3 tickets to Jirnkpus and 5 tickers
i Bajpusa the total cost 1s T 74, Find the fares from the bus stad to Nirakpur, and to
Rufparn
Solution :Let # x be the fare from the bus stand in Chandigarh to Jirakpur . and T v
to Rajpurs, From: the given information, we have

2y + 3y =46, e, v+ Iy —dh =10 (1)

LWaSir=Th e, i+ s Ti=0 (2y

To solve the equations by the cross-multiplication method, we draw the diagram as

aiven below
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- X ¥ l
Then B)(—T4)— (5)(—46) ~ (-46)(3) — (—TAN2)  (2K5) - (3)3)
ie., ad = 2 = I
2224230 —138+148 W-9
. % o)
il 810 |
3 x 1 ¥ |
Le; i T and ﬁ = I
ey r=¥8 and v= 10
Plence. the L oo the Bos stamd o Chandizarh o bk s 3 5 and the tare 1o

Rajpura 15 ¥ 10,

Verification : You can check from the problem that the selution we have got is correct.

Example 15 : For which values of p does the pair of equations given below has unigue
sobution?

dv+pyv+8=10
e+ 2v+2=10
Solation : Here a = 4, a,= 2. bl = g .‘y: =5
. ; : ; : b
Now for the given pair to have & unigue sohution : e | S F_I
- 3,
- 7
LB, 3 # 7
i.e., p=4

Therefore, for all values of p, except 4, the given pair of equations will have a unigue
solution.

Examgple 16 : For what values of & will the following pair of linear equations have
infinitely many solutions?

kx+3y~-(k-3)=0
2v+ky-k=0

Solution : Here, . T i b = l o _k-3
ay, 12 b, k o k

For a pair of linear equations 1o have infinitely many solutions : L=-1=-L




S50, we need

o,

which gives &
~ ik
gives 3k = & - 3k, e, 6k =& which means k=0 or k = 6.

Also,

Theretore. the value of &, that satishies both the conditions, is & = 6. For this value, the
pair of linear equations has intinitely many solutions.

EXERCINE AS

1. Which of the following pairs of linear equations has unigue solution, no solution, or
infinitely many solutions. In case there is a unique solution, find it by using cross
multiplication method.

i r=3y=3=10 (iy 2v4v=5
Je—y-2=0 dr+2v=8

(i) 3y -Sy=20 (iv) v-3v—T=0
B — L =40 Jr-3v - 15=10)

(i) Lor which values of & and & does the following pair of linear equations have an
infinite number of solutions?

dy+dy=7

g—Mx+la+biyv=3a+h-2

For which value of & will the following pair of linear equations have no solution?
I+ v=1|

(2k=1)x+k-M11y=2k+1

Solve the Following pair of linear equations by the substitution and cross-multiplication
methods :

Bx+5v=9
v+ 2v=4

Form the pair of linear equations in the lollowing problems and find their solutions (if
they exist) by any algebraic method ;
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it A part of monthly hostel charges is fixed and the remaining depends on the
number of days one has taken food in the mess, When a student A takes food for
2() days she has to pay T 1000 as hostel charges whereas a student B, who takes
food for 26 days, pays T 1180 as hostel charges. Find the fixed charges and the
cost of food per doy.

| [
{1} A fraction becomes 3 when 1 s subtracied front the numerator and it becomes E

when B is added 10 its denominator, Find the fraction

(i) Yash scored 40 marks in a test, getting 3 marks for each right answer and losing 1
mark for cach wrong answer. Had 4 marks been awarded for cach correct answer
and 2 marks been deducted for each incorrect answer, then Yash would have
scared 50 marks. How mamy questions were there in the test?

(v) Places Aund B are 100 km apart on a highway. One car starts from A and snother
from B at the same time. If the cirs travel in the same direction at different specds,
they meet in 5 hours. If they travel towards each other, they meet in 1 hour, What
are the speeds of the 1two cars?

(v} The area of a rectangle gets reduced by Y square units, if its length is reduced by
5 units and breadth is increased by 3 units. If we increase the length by 3 units and
the breadth by 2 units, the area increases by 67 syuare units, Find the dimensions
ol the rectangle.

A5 kquations Reducible to o Paire of Linear Equations in Two Variahles

In this section, we shall discuss the solution of such pairs of equations which are not
linear but can be reduced to linear form by making some suitable substitutions, We
now explain this process through some examples.

Fxample 17 : Solve the pair of equations:

2 13
=+ —= I3
iy
34
.
i

Solution : Let us write the given pair of equations as
I-" %
2| ]
{2)-42)-
X v

i

|'|
*3l—J:|3 ()
.1I

[

[ (5]
—
I3
p—
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These equations are not in the form ax + by + ¢ = 0. However, il we substitile

i | , . ;
—=pand —=g¢ in Equations (1) and (2), we get
X ¥

2p+ 3g= 13 (B3]

Sp-dy=-12 (-4}
So, we have expressed the equations as a pair of linear equations. Now, you can use
any method to solve these equations, and get p=2, g =13.

|
You know that p = . and g = —
3 ¥

Substitute the values of pand g to get

. 1 | .
—=2, ie,x=— and —=3,ie, y=-
X 7 v 3
n— _— | I . : i
Verification : By substituting x= = and y= 3 in the given equations, we find that

both the equations are satisfied.

Example 18 : Solve the following pair of equations by reducing them 1o a pair of
lincar equations ;
5 I
— 4
x—1 y=2

S ]

=1 y=-2

| |
Solution : Letus put ) = p and R =4 Then the given equations

(L )s ]
5| — =
Lx=1) y=27° (h
{1 (1
FEREEE
— y=2)% 1 (2)
can be written as ¢ SpHg=2 (3}

op—3g=1 (4)
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Equations (3) and (4) form a pair of linear equations in the general form . No |

your can use any method 1o solve these equations, We g2t p = a and g =

4

Nowy, substituting

for p, we have

I |
¥=1 ¥
L&, x~1=3, le, 2=4
: B } &
Similarly, substituting for g, we gel
C y -2
i |
y=2 3
i8. 3= y-2, ie.¥=5

Hence, x =4, v = 5 is 1 1e required solution of the given pair of equations.

Verification : Substituw x =4 and v = 5 in (1) and (2) to check whether they are
satistied.

Example 19 : A bouat goes 30 km
upstream and 44 km downstream in
10 howrs. [n 13 hours, it can go
40 km wpstream and 55 km
down-stream, Determine the speed
of the stream and that of the boat in
still water.

Solution : Let the speed of the bout
in still water be v km/h and speed of
the stream be v km/h, Then the
speed of the boal downstream
={x+ v) knvh,

and the specd of the boat upstream = (v - ¥) km/h

_ distance
Also, time= ———
speed
In the first case, when th= bowt goes 30 km upstream, let the time taken, in hour,
be . Then
30

I r—y




Let ¢, be the time, in hours, taken by the boat to go 44 km downstream, Then
44

f_-.=

- The total time taken, ¢, + r., is 10 hours. Therefore, we get the equation
I+ ¥ )

30
4
X=3y x4ty

= |} i1
In the second case, in 13 hours it can go 40 km upstream and 55 km downstream. We
get the equation
44) 55
+

X=¥ X+ ¥

=13 {2}

! w and l
—— —- i.l E
Put xX=y x+y 3)

On substituting these values in Equations (1) and (2), we gel the pair of linear
equations:

n+44v=10 or 0u+44r-10=10 (4)
A +55v=13 or 40u+55-13=0 (3)
Using Cross- multiplication method, we get
i v _ |
44(-13) - 55(-10) ~ 40(=10)-30(~13) 30(55) — 44(40)
u vl
- 227 “10 -0
. | |
1.C.. = ; = ﬁ
Now put these values of u and v in Equations (3), we get
] | 1 |
r_ﬁ_=; and l’-t-_‘;:ﬁ
e, x—y=5and x+y=11 (6}
Adding these equations, we gel
2r= 16
L., x=8

Subtracting the equations in (6), we get
y=6

e, y=

L]




Pagit 0F Lsiag Fouvrmmss i Two VAriARL ks i

Hence, the speed of the boat in still water is & km/h and the speed of the stream
15 3 kmth,

Verification : Verify that the solution satisfies the conditions of the problem.

EXERCISE 3.6

L. Solve the following pairs of equations by reducing them to @ paur of linear equations:
1 | 2 3
i} ot Es ) =t—7—=2
X 33 X ,‘.'_'l
1 13 4 9
A e LY
3x I [§] N -\fr_'l.'
4 5 [
i) —+3r=14 + =2
) X ! (v} r—=1 yo—= 1
G 3
——4y =723 e — |
i g ¢ =2
Ta—~2y:
iv) o =3 ivil B+ 3y = fuy
By + Ty
=19 2y 4+ dy=Sy
vy
Lo 10 2 I I 3
{vit) - ———+ =4 (viii) - + = —
TRy k— Jr+ v dx—nv 4
IS5 .ﬁ_=_j . L
R N Hdx+ vy H3v-1yv)y R

2. Formulate the following prohlems as a pair of equations, and hence find their solutions:

i R can row downstream 20 km in 2 hours, and upstream 4 kmoin 2 hours, Find her
speed of rowing in still water and the speed of the current.

i) 2 women and 5 men can together finish an embroidery work in 4 days, while 3
women and 6 men can finish it in 3 days. Find the time taken by | woman alone to
finish the work. and also that taken by | man alone.

i) Roohi travels 300 km to her home partly by traim and partly by bus. She takes 4
howrs if she travels 60 km by train and the remaining by bus, I she travels 100 kin
by train and the remaining by bus, she takes 10 minutes k mger. Find the speed ol
the train and the bus separately.
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EXERCISE 3.7 (Optional)*

1. The ages of two friends Ani and Biju differ by 3 years. Ani's father Dharam is twice as old
as Ani and Biju is twice as old as his sister Cathy. The ages of Cathy and Dhara n differ
by 30 years, Find the ages of Ani and Biju.

2. One says, “Give me a hundred, friend! I shall then become twice as rich as you”, The
other replies, “If you give me ten, | shall be six times as rich as you'". Tell me what is the
amount of their (respective) capital? [From the Bijaganita uf Bhaskara 1]
| Hint ; x+ 100=2(v - 100), v+ 10=6(x—10)].

3. A train covered a cerlain distance at a uniform sjeed. If the train would have been
10 kmvh faster, it would have tiaken 2 hours less than the scheduled time. And.af the train
were slower by 10 km/h; it would have taken 3 hours more than the scheduled time, Find
the distance covered by the train,

4. The students of a class are made to stand in rows. If 3 students are extra 1o a row, there
would be 1 row less. If 3 students are less in a row, there would be 2 rows more. Find the
number of students in the class.

5. InaAABC. £C=32B=2(2A+ < B) Find the three angles.

6. Draw the graphs of the equations Sy—v=5and 3x—y=3. Determine the co-ordinates of
the vertices of the trangle formed by these lines and the v axis.

7. Salve the following pair of linear equations:

M pr+ygv=p-—g fii) av+ by =u
gr—py=p+a by +av=1+¢

in -[ ‘I -

i) ———= 0 i a=b +le+ B v=n"—2ab-br
a b
ar+ b=+ K £ﬂ+h}[.l.'+_\'r:t?1+|rf

(v) 152x—378y=-74
378+ 152y =—604

8. ABCD is a cyche guadrilateral {see Fig. 3.7).

These exercises are not from the examination puint of view.

Find the angles of the cyclic quadrilateral,
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1.6 Summary

In this chapter, you have studied the following points;

B

fi.

Twa linear equations in the. sume two variables are called a pair of linear equations in two
variables. The most generad form of a pair of lincar equations is
ar+by+e =0
ax+hby+e,=0
where a, a,. b, b, ¢, ¢, are redl numbers, such that @+ b7 2 0, a3 + b £ 0.
A pair of linear equations i tw > vanables can be represented, and solved, by the:
i) eraphical method
i) algebraic method
Giraphical Method
The graph of a pair of lincar equations in two variables is represented by two lines.

(i) U the lines intersect at a point, then that point gives the unique solution of the two
equations. In this case, the pair of equations is consistent.

(i} If the lines coincide, then there are infinitely many solulions — each point on the
line being a solution, In this case. the pair of equations is dependent (consistent).

{iii} 1f the lines are parallel, then the pair of equations has no solution. In this case, the
pair of equalions is inconsistent,

Adgebraic Methods © We have discussed the following methods for finding the solution(s)
of a pair of linear equations |

{1} Substitution Method

(i) Elimination Method

(i) Cross-multiplication Method

If & pair of linear equations is given by a 1 + by+e =0unda v+ by+e, =0, then the
following situations can arise

.o b . : . " ;
{iy — % — : In this case, the pair of linear equations is consistent,
iy By
e ; TR T i ez ;
iy —= b # — : In this case, the pair of lincar equations is inconsistent.
&y ey
& B g . g A . -
iy —= b =— Inthis case, the pair of linear equations is dependent and consistent.
tfy ] Ly

1 ere are several situations which can be mathematically represented by two equations
th 1 are not linear to start with, But we alter them so that they are reduced to a pair of
lin ar equations.




QUADRATIC EQUATIONS

4.1 Introduction

In Chapter 2, you have studied different types of polynomials. One type was the
quadratic polynomial of the form ax® + bx + ¢, @ # (. When we equate this polynomial
10 zero, we get a quadratic equation. Quadratic equations come up when we deal with
miany real-life sitwations, For instance, suppose a
charity trust decides to build @ prayer hall having
a carpet area of 300 square metres with its length 300 m?
one metre more than twice its breadth. What
should be the length and breadth of the hall?
Suppose the breadth of the hall is x metres. Then., e+ 1
its length should be (25 + 1) metres, We can depict

this information pictorially as shown in Fig. 4.1, Fig. 4.1

Now, arcaof the hall = (2v + 1), v mP = (26 + ) m?
So, 2+ = 300) (Given)
Therefore, I+ -3 =10

S, the breadth of the hall should satisty the equation 237 + v — 3K = 0 which is a
quatdratic equoation,

Muany people believe that Babylonians were the first to solve guadratic equations.
For instance. they knew how to find two positive numbers with a given positive sum
and 4 given positive product, and this problem is equivalent o solving a guadratic
equation of the form ¥ - pv + ¢ = 0. Greek mathematician Euclid developed a
geometrical approach for finding out lengths which, in our present day terminology,
are solutions of quadratic equations, Solving of quadratic equations, in general form, is
often credited  ancient Indian mathematicians. In fact, Bruhmagupta (A D 598-665)
gave an explicit formula to solve a quadratic equation of the form v’ + by = ¢, Later.




Sridharacharya (A.D. 1025) derived a formula. now known as the quadratic formula,
{as quoted by Bhaskara I1) for solving a quadratic equation by the method of completing
the square. An Arab mathematician Al-Khwarizmi (about A.D. 800 also studied
quadratic equations of different types. Abraham bar Hivya Ha-Nasi, in his book
‘Liber embadorum’ published in Europe in A.D. 1145 gave complete solutions of
different quadratic equations.

In this chapter, you will study quadratic equations, and various ways of finding
their roots. You will also see some applications of quadratic equations in daily life
situations,

4.2 Quadratic Equations

A quadratic equation in the variable x is an equation of the form av + by + ¢ = 0, where
d, b, ¢ are real numbers, a # 0. For example, 20 + v - 300 = 0 is a quadratic equation.
Similarly, 2 — 3x+ 1 = 0. 4x -3+ 2 =0 and 1 — & + 300 = 0 are also quadratic
equations,

In fact, any equation of the form p(x) = 0, where #x) 15 a polynomial of degree
2, is a quadratic equation, But when we write the terms of padin descending order of
their degrees, then we get the standard form of the equation, That is, ax* + by + ¢ =0,
a # 0 15 called the standard form of a quadratic equation,

Quadratic equations arise in several situations in the world around us and in
different fields of mathematics. Let us consider a few examples.

Fxample 12 Represent the following situations mathematically:

(i} John and Jivanti together have 45 marbles. Both of them lost 5 marbles each, and
the product of the number of marbles they now have is 124, We would like to find
out how many marbles they had to start with,

(i) A cottage industry produces a certain number of loys in a day. The cost of
production of each toy (in rupees) was found to be 55 minus the number of toys
produced in a day, On a particular day, the total cost of production was
Rs 750. We would like to find out the number of toys produced on that day.

Sudution
(i) Let the number of marbles John had be x.
Then the number of marbles Jivanti had = 45 - x ( Why?),
The number of marbles left with John, when he lost 5 marbles = v — 5
The number of marbles left with Jivanti, when she lost 5 marbles =45 — ¢ — §
=40 —x
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Therefore, their product = {x — 3) (40 — 1)
40x — 2 = 200 + 5x
-7+ 450200
So, — 3 4+ 450200 = 124 {Given that product = 124)
be, -+ 45x-324=10
i.e.. A —45r+324=10
Therefore, the number of marbles John had, satisfies the quadratic equation
454+ 324=10
which is the required representation of the problem mathematically.
(it} Let the number of toys produced on that day be x.
Therefore, the cost of production (in rupees) of each toy that day = 55 - x
So. the total cost of production (in rupees) that day = x (55 - x)
Theretore, x (55 —x)=T50
ie. 55x - x* = T30
ie.. 455 -T750=0
Le., =585+ TS0 =0
Therefore, the number of wys produced that day satisfies the quadratic equation
r=58c+7T50=0

which 1s the required representation of the problem mathematically.

Example 2 : Check whether the following e quadratic equations:

Mix=2Y+1=2t-13 i xr+ N+ 8=ix+23(x=21)

iy v (2x 4+ =2+ fivi(x+2¥=x"-4

Solution :

(i) LTHS =(x -2+ 1= —dx+4+1=x"-4x+5

Therefore. (x — 2P+ 1 = 2x — 3 can be rewrilten as
r—dyr+5=2y-3
e, r—hx+8=0
It is of the form av + hv + o =10,

Therefore, the even equation is a quadimtic eguation.
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(i) Sincexx+ D+8=r+x+8andix+2x-=1-4
Therefore, Py +8="-4
i, r+12=10
It is not of the form ax® + by + ¢ = 0.
Therefore, the given equation is notl a quadratic equation,
{iiiy Here, LHS =3 (2v+ 3) = 247 & 3¢
So, x{2x+3)= v + 1 can be rewritten as
¥+ 3x ="+ |
Therefore. we get v +3x—-1=0
It is of the form v + b + ¢ = 0,
So, the given equation is a quadratic equation.
{ivl Here, LHS=ix+2V=x"+ 607+ 120+ §
Therefore, (x+2)' = ' = 4 can be rewritten as
Y46+ 1 2v+ 8=y -4
Le.. 6+ 12+ 12=0 or. £+2x+2=0
I is of the form ax® + by + ¢ = 0.
S0, the given equation is a quadratic equation.
Remark : Be careful! In (i) above, the given equation appears to be a quadratic
equation, but it is not a guadratic equation.

In (iv) above, the given equation appears to be a cubic equation (an equation of
degree 3) and not a guadratic equation. But it turns out o be a quadratic equation. As
you can see, often we need to simplify the given equation before deciding whether it
15 guadeatic or not.

EXERCISE 4.1

1. Check whether the following are quadratic equations

m e+ 1y=21x-3) (i) =2 =(-23(3-x)
i) (x=2r+1)=0v—1Hr+3) () (x=AN2r+D=aix+5)
) [2x— Bie=3t={r+5He—1) i)y F+30+ I =(x—2)F
(vit) (x+20 =2l - 1) iy &' —de x4 | == 2)

2. Reprosent the Tollowing siteations in the form of quadrtie equations

0 The aren of aorectangular phot is 528 m?. The length of the plist Gin metres) s one
e thin dwiee its brvadth, We need o ol the Tength and breadih of the plot,
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{ii} The product of two consecutive positive integers is 306, We need 1o find the
integers,

(iiiy Rohan's mother is 26 years older than him. The product of their ages (in years)
3 yeurs from now will be 360. We would like to find Rohan®s present age.

{ivi A train travels o distance of 480 km at o uniform speed, IF the speed had been
# kim/h less., then it would have taken 3 hours more to cover the same distance. We
need to find the speed of the train.

4.3 Selution of a Quadratic Equation by Factorisation

Consider the quadratic equation 2x* — 3c + | = 0. If we replace x by | on the
LLHS of this equation, we get (2 x 1°) = (3 x 1) + 1 = 0 = RHS of the equation.
We say that | is a root of the quadratic equation 23 — 3x + | = 0. This also means that
1 is a zero of the quadratic polynomial 2" — 3x + 1.

In general, a real number o is called a root of the quadratic equation
g+ bv+oe=0,a#0ifa o + b + ¢ =00, We also say that x = ¢ is a solution of
the quadratic equation, or that o satisfies the quadratic equation, Note that the
zeroes of the gquadratic polynomial ax® + bx + ¢ and the roots of the quadratic
equation ax® + bx + ¢ = ) are the same.

You have observed, in Chapter 2, that a quadratic polynomial can have at most
two zeroes. 5o, any quadratic equation can have atmost two roots.

You have lewrnt in Class IX, how (o Factorise quadratic polynomials by splitting
their middle terms. We shall use this knowledge for finding the roots of a quadratic
equation. Let us see how,

Example A : Find the roots of the equation 2x° — 5x + 3 = (), by factorisation.
Selution : Let us first split the middle term — 5y as —2x =3 |because (—2xv) x (—3x) =
Gt = (2x7) = 3]

S0, 2 -8+ 3= -2 -+ 3 =20 - 1) =By - =22 - 3Wx - 1)

MNow, 2v° — 5v + 3 =0 can be rewritten as (2v— 3ix — [y=10.

S, the values of x for which 2¢% - 5x + 3 = 0 are the same for which (2c— 33 - 1 =0,
e cither 2e =3 =00rx— | =L

Now, Zx—3=0gives ¥*=— andx - 1 =0 gives v = [,

[ S L%

faad

So, 4= and x = | are the solutions of the equation.

In other words, | and j are the roots of the equation 20 - Sc+ 3= (L

Verify that these are the roots of the given equation.
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Note that we have found the roots of 2 — 5x + 3 = () by factorising
26" — 5x + 3 into two linear factors and equating each factor to zero.

L e

npie -t Find the roots of the quadratic equation 6x? — v — 2 = (),
- We have
B —x—2=6x+3x —dy -2
=3x(x+1)-2(2x+ 1
=(3x-202x + 1)
The roots of 62 — x — 2 = 0 are the values of x for which (3x-202x+ =0

Therefore, 3x - 2=0or2x+ | =0,

2
L.E., Xr= - orf x=—C
3

2 |
Therefore, the roots of 62 — v — 2 = 0 are E and e

i

2 I
We verify the roots, by checking that P and — 2 satisfy 6x® —x - 2 = ().

Example © :Find the roots of the quadratic equation 3% _ gﬁ'ﬁ_r+ 2=0.
solution 23,7 2.6y +2 = 37 = \.’E_r—\."'a_r + 2

= -"'Ex{ﬁ.: — xj} - '\,-'E{'\.I'EI - \,'E)
= [x-'ﬁx - \.'E]( \-'Fj X —xﬁ}
50, the roots of the equation are the values of x for which

(V3x—2)(\Ax-3)=0

F
Now, 3x—/2 =0 for x= ‘lll_q

So, this root is repeated twice, one for each repeated factor u'g.l‘—u'lf :

- 2 2
Therefore, the roots of 342 —2./pxr+2=0 are \’% ; 1III|5 \




The process is as follows:
} : 4
r¥+dr=(x+ E-t}+ Ex
=P +2x+ X
(x+2)x+2xx
= x+Dx+2xx+2x2-2x12
=u+2}x+{.t+1}x2—2x2
={x+x+2)-2
=({x+2)-
So. F+dx-5=(+2P-4-5=(x+2)"-9

So, 3% + 4x — 5 = 0 can be written as (x + 2)* -9 =0 by this process of completing
the square. This is known as the method of completing the square.

In brief, this can be shown as follows:

) {4y 4| 4y
©4+dxy= l‘.‘(-"i'a = E}' _I+£] — 4

¥+ dx =5 = ) can be rewritten as

(x+%)1 -4-5=0

Y

LE., (x+2)-9=10

Consider now the equation 3x* — 5x + 2 = (). Note that the coefficient of x* is not
a perfect square. So, we multiply the equation throughout by 3 to get

Ox! — 15x+ 6=

Oyl — 152+ 6 (3x)° —Exixx%hﬁ

-

= tlr}‘—’xhxi-q-[i] _.[5_\] +6
2 \2/ E/I
{ 52 ¢ v2
=|3x—£] -EEHE. = | 3_f_'_J 1
o2 4 " 2) 4




So, 9x* — 15% + 6 = 0 can be written as

¢ 2
=) g
2 4
2
( 5 |
Le | 3x ——] =
% 2, 4
Y1
S0, the solutions of 9x% — 15x + 6 = 0 are the same as those of [ 3x-— ;J = E
L ¥
. 5 1 5 |
ie., 3x — s=g o 31—5 =3
. . 1
(We can also write this as 3x— i + 3 where ‘4’ denotes ‘plus minus’.)
; 5l
Thus, 3x=—+—or 3'1;=£__.|_
2 2 Z 2
So : 5+] x—ﬁ ]
= 66" 6 6
: 4
Therefore, x=lorx= =
2
=1 = —
ie X orx= =

2
Therelore, the roots of the given equation are | and 3

Remuark - Another way of showing this process is as follows :
The equation I -5x+2=0
is the same as
el e 0
3 =

= g 5.5 't_i[z]}‘_l[i‘]‘ 22
o, 33 512G 2GJ T




I . 53 1 5 1 2
=+ ole, x= ot =lapd g2 == ==

& 6 6 6 3

which are x —

o

Let us consider some examples to illustrate the above process.

Solve the equation given in Example 3 by the method of completing the

square.
; : : i 5 3
The equation 2x° — 5x + 3 = 0 is the same as x~ —;.-:+E=n_
e 53*593{.5““ |
Now, X——x4= = [ x=2| = —J += = .'t"-"--] - —
" SHg == [4 2 4] 16
i _ [ 5Y 1
Therefore, 23 — 5x + 3 = () can be written as | ..E—E _E:
S0, the roots of the equation 2x° — 5x + 3 = 0 are exactly the same as those of
[ 5V 1 (57 1 [ A
x—— | ——=0_Now, | x—— | —— =0isthe same as | x—— | =—
") 16 |*~3) “ie Vmbeseneas 1 | =
Theref c - :|:|
erefore, e it
, Sij
i.e., x= %
, s, 1. 5 1
re S Or e
e =3 4 4
3
LE x= E orx=1




. : ; 3
Therefore, the solutions of the equations are x= > and 1.

Let us verify our solutions.

3
=

e

3 2
Putting REg in 2 — 5x+ 3 =0, we get 1[;] -5[ ]+3:{},which is

correct. Similarly, you can verify that x = | also satisfies the given equation.
In Example 7, we divided the equation 22 - 5x+ 3 =10 throughout by 2 1o get
A 3

x— E-‘-‘ +5 =0 to make the first term a perfect square and then completed the

Square. Instead, we can multiply throughout by 2 to make the first term as 422 = (2x)?
and then complete the square.

This method is illustrated in the next example.
Example 5 : Find the roots of the equation 5x° - 6x — 2= 0 by the method of completing
the square.
solution *Multiplying the equation throughout by 5, we get
B¢ -30x-10=10
This is the same as
(BxP-2x(5x)x3+3-3-10=0

ie, (Sx-3P-9-10=10

ie., Sr—3"-19=10

ie., {(5x -3V =19

e, Sx—3= +19

ie., Sx=3+419
34419

SU, x= L

3+ 419 3- 19
— and !

Therefore, the roots are _ﬁ

5
++/19 3-19

3
Verify that the roots are —— and
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Fxample 9 : Find the roots of 4¢* + 3x + 5 = 0 by the method of completing the
square,

Solution : Note that 42 + 3x + 5 = 0 is the same as

3 (3} (3Y
2x) x =+ = | =1=| +5 =
IIIII+-ZKL._I}}-:4 [4] v 0

..\2

o3
But [E-H'E | cannot be negative for any real value of x (Why?). So, there is

no real value of x satisfying the given equation. Therefore, the given equation has no
real roots.

Now, you have seen several examples of the use of the method of completing
the square. So, let us give this method in general,

Consider the quadratic equation ax’ + bx 4 ¢ = 0 (a 2 0). Dividing throughout by

d, we get

This is the same as

LE.,

'1.

5 e




If b* — dac 2 0, then by taking the square roots in (1), we get

b [v? — dar
KL b 4m.
2“’ 2,;,[

—ht b -4

Therefore, T= ac
2a

: . e
So, the roots of ax* + bx + ¢ = 0 are s ; o imd_b_vj _4af.if
il 2l

b'—4ac 2 0, If * — 4ac < 0, the equation will have no real roots. (Why7)

Thus, if b* — 4ac = 0, then the roots of the quadratic equation

"
ax? + bx + ¢ = 0 are given by :E“':I_;m

This formula for finding the roots of a gquadratic equation is known as the
gquadratic formula.

Let us consider some examples for illustrating the use of the quadratic formula.

ample 10 2 Solve Q. 2(i) of Exercise 4.1 by using the gquadratic formula.

Solution : Let the breadth of the plot be x metres. Then the length is (2x + 1) metres.
Then we are given that x(2x + 1) = 528, 1e., 2x¥  + x - 528 = (.

This isof the forma® + bx +¢c=0, wherea=2, b= 1, c =— 528,

So, the quadratic formula gives us the solution as

~14/1+4(2)(528) —1£+/4225 —1+65

K= =
4 4 4
i . E or x= ﬂ
i.e., x= 1 ; 4
) 6 B 33
1.e., = or x= 3

Since x cannot be negative, being a dimension, the breadth of the plot is
16 metres and hence, the length of the plot is 33m.

You should verify that these values satisfy the conditions of the problem.




Find two consecutive odd positive integers, sum of whose squares

is 290.

Let the smaller of the two consecutive odd positive integers be x. Then, the
second integer will be x + 2. According to the question,

o4 (x+2) =290

ie., Fexr+dr4+4=290
Le., 2274+ 4x-286=0
Le., Fe2r—143=0

which is a quadratic equation in x.

Using the quadratic formula, we get

~2+4+5712 2+576 -2+24
2 2 2

ie., x=11 o x=-13

X-==

But x is given to be an odd positive integer. Therefore, x# — 13, x= |1
Thus, the two consecutive odd integers are 11 and 13.
Check : 112+ 13* =121 + 169 = 290.

A rectangular park is to be designed whose breadth is 3 m less than its
length. Its area is to be 4 square metres more than the area of a park that has already
been made in the shape of an isosceles triangle with its base as the breadth of the
rectangular park and of altitude 12 m (see Fig. 4.3), Find its length and breadth.

Let the breadth of the rectangular park be x m.

So, its length = (x 4+ 3) m.

Therefore, the area of the rectangular park = x(x + 3) m’ = () + 3x) m’. 12
Now, base of the isosceles triangle = x m.

-

I
Therefore, its area = — x x x 12 =6x m’,
According to our requirements, T3
X+ 3= 6r+4
L ¥=3x-4=10
X

Using the quadratic formula, we get




X

3+\25 35
But x #— 1 (Why?). Therefore, x = 4.
So, the breadth of the park = 4m and its length will be 7m.
Area of rectangular park = 28 m?,

ared of triangular park = 24 m?* = (28 — 4) m’

Find the roots of the following quadratic equations, if they exist, using
the quadratic formula:

() 3°-5x+2=0 (i) ¥+ 4x+5=0 (i) 22 -22x+1=0

(i) 3¥-Sx+2=0.Here,a=3, b= —5,c=2 S0, b' —dac =25 - 24 = 1 >0,

5+41 5+1
Therefore, x = ; =T.i.e..x:| or x=

S0, the roots are ; and 1.

(i) *+4x+5=0.Here,a=1,b=4,¢=5.80, ¥ -dac=16-20=-4 <0,
Since the square of a real number cannot be negative, therefore ,u.'f,l — dae will
not have any real value,

So, there are no real roots for the given equation.

(i) 2% - 2y2x+ 1 =0. Here,a=2, b= -2\2,¢= 1.

So, F-dac=8-8=10

24240 _2

Therefore, x = 3 5 0, i

S0, the roots are ——, —

W W3




ymple 14 ¢ Find the roots of the following equations:

1 | 1
i +—=3 x20 - p—— (" | [
@ st—=5 @ =7

Solution :

1
(i) x+ R 3 Multiplying throughout by x, we get

A+ l=3x
x* —3x + | = 0, which is a quadratic equition.
a=1,b=-3,c=1
So, B —dac=9-4=5>0
345
Therefore, x= — (WhyT)

=

3+ I—4/5
So, the roots are — ; and ;r_

11
(i) ————5=3x=0 2,
X L=

As x 20, 2, multiplying the equation by x (x — 2), we get
(x-2)—x=3xx-2)

= 3x - By
So, the given equation reduces Lo 3x°— 6x + 2 = (), which is a gquadratic equation.

Here, g=3.b=-6,c=2. S0 FP—-dac=36-24=12>0
6+412 _6+243 3+
6 i

Therefore, x=

.-‘5+\.'E B—ﬁ

So, the roots and
L 5 are 1] 3




Lxample 15 0 A motor boat whose speed is 18 km/h in stll water takes 1 hour more
to go 24 km upstream than to return downstream to the same spol. Find the speed of
the stream.

Solution @ Let the speed of the stream be x kmy/h,
Therefore, the speed of the boat upstream = (18 — x) km/h and the speed of the boat
downstream = (18 + x) km/h.

distance _ 24

The time taken to go upsiream = speedd BT hours.
. 24

Similarly, the time taken to go downstream = Ta+x hours.
According to the question,

%W

IR-x I18+x
i.e., 2418+ 0 —24(18 = x)= (18 —x) (18 + x)
ie., FH+48x-324=10

Using the quadratic formula, we get

—48+V487 41296 —48:+ /3600
e e -

—48 + 60

= —— =b6or-54

Since « is the speed of the stream, it cannot be negative. So, we ignore the root
x = — 54, Therefore. x = 6 gives the speed of the stream as 6 km/h.

ExE By -:‘-.] L

1. Find the roots of the following quadratic equations, if they exist, by the method of
completing the square;

m 2r—"Tx+3=0 ) 2x'+x—4=0
(i) 4x° +4.\,I'F_;x+3 =0 (iv) 28 +x+4=0)
2. Find the roots of the quadratic equations given in Q.1 above by applying the quadratic
formula.




3. Find the roots of the following equations:

, 1 % | 1 11
(Il x=—=3x#() {m) - =— -4 7
X x+4 =T 30

4. The sum of the reciprocals of Rehman's ages, (in years) 3 years ago and 5 years from
I .
now 18 3 Find his present age,

5. In aclass test, the sum of Shefali’s marks in Mathematics and English is 30, Had she got
2 marks more in Mathematics and 3 marks less in English, the product of their marks
would have been 210. Find her marks in the two subjects.

6. The diagonal of a rectangular field is 60 metres more than the shorter side. If the longer
side is 30 metres more than the shorter side, find the sides of the field,

7. The difference of squares of two numbers is 180, The square of the smaller number is 8
tumes the larger number, Find the two numbers.

8. A train travels 360 km at a uniform speed. If the speed had been 5 km/h more, it would
have taken 1 hour less for the same journey. Find the speed of the train.

. 3 .
9. Two water taps together can fill a tank in 9 E hours. The tap of larger diameter takes 10

hours less than the smaller one to fill the tank separately. Find the time in which each tap
can separately fill the tank.

10. An express train takes 1 hour less than a passenger train to travel 132 km between
Mysore and Bangalore (without taking into consideration the time they stop at
intermediate stations). If the average speed of the express train is 1 1km/h more than that
of the passenger train, find the average speed ol the two trains.

I1. Sum of the areas of two squares is 468 m*, If the difference of their perimeters is 24 m,
find the sides of the two squares,
4.5 Nature ol Rools
In the previous section, you have seen that the roots of the equation ax® + bx + ¢ = 0
are given by
-b \.iff —dae
2a

=

=
g _— Jb' -4
If &* — 4ac > 0, we get two distinct real roots . + u and

2a 2a
b B - dar

2a 2a




b : b b
If*—4ac=0,thenx= ——/—*0, e, x=—— or ——-
2a 2a 2a

—b
S0, the roots of the equation ax® + bx + ¢ = 0 are both ==
2a

Therefore, we say that the quadratic equation ax’ + bx + ¢ = 0 has two equal
real roots in this case.

If b* — 4ac < 0, then there is no real number whose square is b* — 4ar. Therefore,
there are no real roots for the given quadratic equation in this case.

Since b* — 4ac determines whether the quadratic equation ax® + bx + ¢ = 0 has
real roots or not, b* — 4ac is called the discriminant of this quadratic equation.
So, a goadratic equation «x® + bx + ¢ = () has
{i) two distinct real roots, if 5* - dac > 0,
(ii) two equal real roots, if #* — dac = 0,
(iii) mo real roots, if * - dac < 0.

Let us consider some examples.

Faample 162 Find the discriminant of the quadratic equation 2x* —4x + 3 =10, and
hence find the nature of its roots.

Solution - The given equation is of the form ax® + bx + ¢ =0, where a=2, b=—4 and
¢ = 3, Therefore, the discriminant

F-dge=(-4 - dx2x3N=16-24=—-8<0
So, the given equation has no real roots.

Example 17 : A pole has to be erected at a point on the boundary of a circular park
of diameter 13 metres in such a way that the differences of its distances from two
diametrically opposite fixed gates A and B on the boundary is 7 metres. Is it possible to
do so? If yes, at what distances from the two gates should the pole be erected?

n - Let us first draw the diagram
i.'*:r;:t: Fig. 4.4). Ry

Let P be the required location of the
pole. Let the distance of the pole from the
gate B be x m, i.e., BP = x m. Now the
difference of the distances of the pole from
the two gates = AP — BP (or, BP - AP) = P
7 m. Therefore, AP=({x +7) m.




Now, AB = 13m, and since AB is a diameter,
ZAPB = 90 (Why7}

Therefore, AP? + PB’ = AB*  (By Pythagoras theorem)
ie:, (x+ 7P +x= 13

Le;; 4 14x +49 + X = 169

ie. 2+ 14x-120=0

So, the distance ‘x" of the pole from gate B satisties the equation
X¥+7x—-60=10

So, it would be possible to place the pole if this equation has real roots. To see if this
is s0 or not, let us consider its discriminant. The discriminant is

P—dac=T-4x1x(-60)=289=0.

So. the given quadratic equation has two real roots, and it is possible to erect the
pole on the boundary of the park.

Solving the quadratic equation x* 4+ 7x — 60 = 0, by the quadratic formula, we get

-7+v289 717
= =
2 2

Therefore, x =5 or — 12,

Since x is the distance between the pole and the gate B, it must be positive.
Therefore, x = — 12 will have to be ignored. S0, x = 3.

Thus, the pole has to be erected on the boundary of the park at a distance of 5m
from the gate B and 12m from the gate A.

1
Usample I8 © Find the discriminant of the equation 3 — E.r+'i = ) and hence find

the nature of its roots. Find them, if they are real.

|
Solution :Herea =3, b=—2and ¢= 3

y |
Therefore, disecnminant & = dae = (- 2F -4 » 3 % j' =4_4=10,

Hence, the given quadratic equation has two equal real roots.

The roots are s e, ——, 1Le

—h b 2 2 ]
2a 2a 6 6 33
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EXERCISE 4.4

L. Find the nature of the roots of the following quadratic equations. If the real roots exist,
find them:

M 2¢-3x+5=0 (i) 3243 x+4=0
(i) Zr'—-6x+3=0
2. Find the values of k for each of the following quadratic equations, so that they have two
equal roots.
i) 27 +ke+3=0 (W) kx(x-2)+6=0

3. Is it possible to design a rectangular mango grove whose length is twice its breadth,
and the area is 800 m?? If so, find its length and breadth.

4. Is the following situation possible? If so, determine their present ages.
The sum of the ages of two friends is 20 years. Four years ago, the product of their ages
in years was 48,

5. Is it possible to design a rectangular park of perimeter 80 m and area 400 m?? If so, find
its length and breadth.

4.6 Summary
In this chapter, you have studied the following points:

L. A quadratic equation in the variable x is of the form ax®+ bx + ¢ =0, where a, b, ¢ are real
numbers and o 2 ().

2. A real number o is said to be a root of the quadratic equation ax® + bx + ¢ = 0, if
act’ + bt + o =), The zeroes of the quadratic polynomial ax® + br + ¢ and the roots of the
quadratic equation ax® + bx + ¢ = 0 are the same.

3. If we can factorise ax’ + bx + ¢, a 20, into a product of two linear factors, then the roots
of the quadratic equation ax* 4 bx + ¢ = () can be found by equating each factor to zero.

4. A quadratic equation can also be solved by the method of completing the square.
5. Quadratic formula: The roots of a quadratic equation ax® + hx + ¢ = 0 are given by

ﬂg"——tlm-‘ provided & —dac 2 0.
il

6. A quadratic equation ax®+ by + ¢ = 0 has
(i} two distinct real roots, it & - 4ae = 0,
(ii} two equal roots (i.e., coincident roots), if b* - 4ac =0, and
(iii) no real roots, if b° - 4ac < 0.
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In case of word problems, the obtained solutions should always be
verified with the conditions of the original problem and not in the
equations formed (see Examples |1, 13, 19 of Chapter 3 and
tixamples 10, 11, 12 of Chapter 4).
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ARITHMETIC PROGRESSIONS

. .
S0 Inteoscluection

You must have observed that in nature, many things follow a certain pattern, such as
the petals of a sunflower, the holes of a honeycomb, the grains on a maize cob, the
spirals on a pincapple and on a pine cone elc.

We now look for some patterns which occur in our day-to-day life. Some such
examples are ;

(1) Reena applicd for a job and goi selected. She
has been offered a job with a starting monthly
salary of ¥ 8000, with an annual increment of
¥ 500 in her salary. Her salary (in ?) for the 1s1,
2nd, 3rd, . . . years will be, respectively

(ii) The lengths of the rungs of a ladder decrease
uniformly by 2 em from bottom to top
{see Fig. 5.1). The botlom rung is 45 cm in
length. The lengths (in cm) of the 1st, 2nd,
3rd, . . ., 8th rung from the bottom to the top
are, respectively P

45,43, 41,39, 37, 35,33, 31

. 5.1

5
{ii) In a savings scheme, the amount becomes p times of itseM after every 3 years

The maturity amount (in 2) of an investment of ¥ 8000 afler 3, 6, 9 and 12 years
will be, respectively :
10000, 12500, 15625, 19531.25




ul M

(iv) The number of unit squares in squares with side 1, 2, 3, . . . units (see Fig. 5.2)
are, respectively
128 %, 00

Fig, 5.2

(v) Shakila put ¥ 100 into her daughter’s money box when she was one year old and
increased the amount by ¥ 50 every year. The amounts of money (in ?) in the box
on the Ist, 2nd, 3rd, 4th, . . . birthday were

100, 150, 200, 250,... respectively.

{vi) A pair of rabbits are too young to produce in their first month. [n the second, and
every subsequent month, they produce a new pair. Each new pair of rabbits
produce a new pair in their second month and in every subsequent month (see
Fig. 5.3). Assuming no rabbit dies, the number of pairs of rabbits at the start of
the Ist, 2nd, 3rd, . . ., 6th month, respectively are :

,1,2,3,5.8

1 5%

(b

zﬁﬁﬁa - ..%

) &% e ﬁ%&?

sl N an  de S
¢ B B B B 8 B B b

Fig. 5.3
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In the examples above, we observe some patterns. In some, we find that the
succeeding terms are obtained by adding a fixed number, in other by multiplying
with a fixed number, in another we find that they are squares of consecutive
nombers, and so on.

In this chapter, we shall discuss one of these patterns in which succeeding terms
are obtained by adding a fixed number to the preceding terms. We shall also see how
to find their nth terms and the sum of n consecutive terms, and use this knowledge in
solving some daily life problems.

5.2 Arithmetic Progressions
Consider the following lists of numbers :
(1 2 3 4, . .
() 100, 70, 40, 10, ...
(m) -3, -2, -1, 0, ...
v) 3, 3,3 3,5
(v) =1.0,-1.5,-2.0, =25, . ..
Each of the numbers in the list is called a term.

Given a lerm, can you write the next term in each of the lists above? If so, how
will you write it? Perhaps by following a pattern or rule. Let us observe and write the
rule.

In (i), each term is 1 more than the term preceding it.

In (ii), each term is 30 less than the term preceding it

In (iii), each term is obtained by adding | to the term preceding it

In (iv), all the terms in the list are 3 | i.e., each term is obtained by adding
{or subtracting) O lo the term preceding it

In (v}, each term is obtained by adding — (1.5 to (i.e., subtracting 0.5 from) the
term preceding i,

In all the lists above, we see that successive terms are obtained by adding a fixed
number to the preceding terms. Such list of numbers is said to form an  Arithmetic
Progression ( AP ).

So, an arithmetic progression is a list of numbers in which cach term is

obtained by adding a flixed number to the preceding lerm except the first
term. '

This fixed number is called the common difference of the AP. Remember that
it can be positive, negative or zero.




Let us denote the first term of an AP by a, second term by a,, . . ., nth term by
a, and the common difference by d. Then the AP becomes a,, a,, ¢, . . .. ¢

n'

S0, a.—a =a ~-ga,=...=a -4 g

Some more examples of AP are:
(a) The heights ( in em ) of some students of a school standing in a queue in the
morming ussembly are 147 | 148, 149, .., 157.

{b) The minimum temperatures ( in degree celsius ) recorded for a week in the
month ol January in a city, arranged in ascending order are

-3 =-30-29 -28 -27 -20,-25

(c) The balance money ( in 2 ) after paying 5 % of the total loan of ¥ 1000 every
month is 950, 900, 850, 800, . . ., 50,

(d) The cush prizes ( in 7 ) given by a school to the toppers of Classes [ Lo XI1I are,
respectively, 200, 250, 300, 350, . . ., 750.

(¢) The total savings (in ¥) after every month for 10 months when % 50 are saved
each month are 50, 100, 150, 200, 250, 300, 350, 400, 450, 500.

[Cis left as an exercise for you to explain why each of the lists above is an AP.
You can see that
oo+l 2w+ 34,
represents an arithmetic progression where a is the first term and  the common
ditterence. Thix is called the general form of an AP,

MNote that in examples (a) to (¢) above, there are only a fnite number of erms.
Such an AP is called a finite AP. Also note that each of these Arithmetic Progressions
(APs) has a last term. The APs in examples (i) w (v) in this section, are not finite APs
and so they are called infinite Arithmetic Progressions. Such APs do not have a
last term.

Now, to know about an AP, what is the minimum information that you need? Is it
enough to know the first term? Or, s it enough to know only the common difference?
You will find that you will need o know both — the first term @ and the common
difference of.

For instance if the Fest teem o is 6 and the common difference o is 3, then

the AP is

i T 5 B e
and if e is & and o is = 3, then the AP s

6.3 =3




Similarly, when
a=-T, d=-2, theAPis -7,-9,-11,-13,...
a= 10, d=0.1, the APis 1.0,11,1.2,13,...

1
5,

g=2, d=0, the APis 2,2,.2.2, ...

a= 0. d=1

b | —

1
the AP is .3.45.6,...

=

, |

So, if you know what a and # are, you can list the AP. What about the other way
round? That is, 'f you are given a list of numbers can you say that it is an AP and then
find & and &7 Si e @ is the [irst term il can easily be written. We know that in an AP,
every succeeding term is obtained by adding d to the preceding term, So, o found by
subtracting any tesm from its succeeding term, i.e., the term which immediately follows
it should be same or an AP.

For example, for the list of numbers :
6,9 12, 15,...,

We have a,-a =9 -6=3,
a,—a, = 12-9=13,
a,—a.=15-12=:

Here the ditference of any two consecutive terms in each case is 3. So, the
given list is an AP whose first lerm ¢ is 6 and common difference o is 3.
For the list of pumbers : 6,3,0,-3,. . .,
d,-a=3-6=-3
a,—a,=0-3=-13
i -a.=-3-0=-3

1 1
Similarly this is also an AP whose First term is 6 and the commaon difference
is —3.

In general, tor an AP a, a,, ... a, we have

d = Bt =9

where @, wnd @, are the ( £ + 1)th and the kth terms respectively.

|
To obtuin o in a given AP, we need not find all of 4, —a,a,-a,a,-a
It is enough to find only one of them.

grovoe e

Consider the listofnumbers 1, 1,2, 3, 5,. ... By looking at it, you can tell that the
difference belween any two consecutive terms is nol the same. 5o, this is not an AP,
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Note that to find  in the AP : 6, 3, 0, - 3, . . ., we have subtracted 6 from 3
and not 3 from 6, i.e., we should subtract the kth term from the (k + 1) th term
even if the (k + 1) th term is smaller,

Let us make the concept more clear through some examples.

Example | : For the AP ; %. %, - %. - ;-— + + + + Write the first term «a and the
common difference .

Soluti H 2 d I 3 1

Solution : Here, a= Fdmz ~75 =

Remember that we can find 4 using any two consecutive terms, once we know that
the numbers are in AP,

Example I : Which of the following list of numbers form an AP? If they form an AP,
write the next two terms :

(i) 4, 10,186,122, ... Giy 1,-1,-3,-5....
(i) -2,2,-2,2,-2,... i I e i e O 5 o S
Solution : (i) We have a,—a =10-4= 6
a, -, =16-10= 6
a,-a, =22-16 =6
Le., @, , — 4, is the same every time,
So, the given list of numbers forms an AP with the common difference d = 6.
The next two terms are: 22 + 6 = 28 and 28 + 6 = 34,
(i) a,—a =—-1-1==2
a—a,=-3-(-1)=-3+1=-2
a,—a,==5-(3)=-5+3=-2

Le., a,  —a, is the same every lime.

Vi
S0, the given list of numbers forms an AP with the common difference o = - 2.
he next two terms are;
-5+(-2)=-7 and -T+(=2)=-9
() a,-a=2-(-2)=2+2=4
a,-a,=-—2-2=-4
Asa,—a, # a,—a,, the given list of numbers does not form an AP.
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(ivia,—a,=1-1=0
a,-a,=1-1=0
a-a,=2-1=]

Here,a,-a,=a,-a,#a,-a

2 4 i

So, the given list of numbers does not form an AP

EXERCISE 5.1
1. In which of the following situations, does the list of numbers involved make an arithmetic
progression, and why?

{i) The taxi fare after each km when the fare is ¥ 15 for the first km and 7 ® for each
additional km.

= . " : 1
(ii} The amount of air present in a cylinder when a vacuum pump removes — of the
air remaining i the cylinder at a time. 4

(iii} The cost of digging a well afler every melre of digging, when it costs ¥ 150 for the
first metre and rises by T 50 for each subsequent metre.

{iv) The amount of money in the account every year, when ¥ 10000 is deposited at
compound interest at 8 % per annum.

2. Write first four terms of the AP, when the first term a and the common difference d are
given as follows:

(1) =1, d=10 i) a=-2, d=0
(i) a=4, d=-13 iivia=-1, d=
vy a=—1.25. d=-025

b | -

3. For the following APs, write the first tcem and the common difference:
i 3, 1,-1.-3.... m -5-1,3,7....

= L fiv) 0.6,1.7,2.8,39,. ..

4. Which of the following are APs 7 If they form an AP, find the common difference o and
write three more lerms,

) 2.4.8.16. ... i TR

2 2
i —12.-38.-53. 5%, Giv) - 10.-6,-2.2. ...
(V) 3.3442,34+2V2.34 02, .. (vi) 02,022,0222,02222,
b Bt ol 11
fvii) 0, -4,—-8,-12.... “'"']'_2‘_}_‘_ 3" 3
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) 1,3,9.27,... (x) e, 2a, Bar, da, ..
(xi) e, ettt {xii) ﬁ, J!E JIR . W32, ...
i) V3, V6, 9. V12, ... (xiv) 15,34 54,78 ..

(v 1585, 7TR73. ..

5.3 nth Term of an AP

Let us consider the situation again, given in Section 5.1 in which Reena applied for a
job and got selected. She has been offered the job with a starting monthly salary of
¥ 8000, with an annual increment of T 500. What would be her monthly salary for the
fifth year?

To answer this, let us first see what her monthly salary for the second year
would be.

It would be T (3000 + 500) = ¥ 8500. In the same way, we can find the monthly
salary for the 3rd, 4th and 5th year by adding T 500 to the salary of the previous year.
So, the salary for the 3rd year = T (8500 + 500)

= T (BOOO + 500 + 500)
= T (BU00 + 2 x 500)
= T [BOOD + {3 = 1) x 500] (for the 3rd year)
= T 9000

Saluary for the d4th year =3 (NN + 500

T (ROOO + 3500 + 500 + 500}

T (8000 + 3 x 500}

T (8000 + (4 = 1) = 500 (for the 4th year)
= TYSIN

Salary for the 5th year =T (950 + 500)
= T (BOO0+5004-500+ 500 + 5(H))
= T (BN + 4 x 500N
= T I8000 + (5 = 1) x 500] (for the Sth year)
= T [ (KN

Observe that we are getting a list of numbers
B0, 8500, 9000, 9500, 10000, . . .
These numbers are in AP (Why?)
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Now, looking at the pattern formed above, can you find her monthly salary for
the 6th year? The |5th year? And, assuming that she will still be working in the job,
what about the monthly salary for the 25th year? You would calculate this by adding
T 500 each time to the salary of the previous year to give the answer. Can we make
this process shorter? Let us see. You may have already got some idea from the way
we have obtained the salaries above.

Salary for the 15th year

= Salary for the 14th year + T 500

th+5[)ﬂ+5{l]+...+§ﬂﬂ
13 times

[l

E‘[S[I]D +

:|+ T 500

T [BOOO + 14 x 500]
T [BO00 + (15 - 1) x 500] =T 15000

1]

ie., First salary + (15 — 1) x Annual increment.
In the same way, her monthly salary for the 25th year would be
T |BO0D + (25 — 1) x 500] = T 20000
= First salary + (25 - 1) x Annual increment
This example would have given you some idea about how to write the | 5th term,
or the 25th term, and more generally, the ath term of the AP,
Let a, a,, a, ... be an AP whose first term «, is a and the common
difference is d.
Then,
the second term «, = a+d=a+(2-1) d
the third tem a, = e, +d=la+d+d=a+2d=a+(3=-1)d

the fourth term o, = a,+d=(a+2d)+d=u+3d=a+{d-1)d

4

Looking at the pattern, we can say that the nth term a =a+(m-1)d

S0, the nth term a, of the AP with first term a and common difference d is
givenbya =a+(@n-1)d




a, is also called the general term of the AP. If there are m terms in the AP, then
a_ represents the last term which is sometimes also denoted by I.

Let us consider some examples.

Example ) : Find the 10th term of the AP: 2,7, 12, . ..
Solution : Here,a=2, d=7-2=5 and n= 10
We have a=a+mn-1)d

So, a,=2+(10-1)x5=24+45=47
Therefore, the 10th term of the given AP is 47.

Example 4 : Which term of the AP : 21, 18, 15, . . . is — 817 Also, is any term 07 Give
reason for your answer,

Solution : Here, a =21, d=18-21 =-3 and 4 =— 81, and we have to find n.

As a=a+(n-1)d,
wehave —81=21+(n-1-3)
—81=24-13n
—105=-3n
So, n=35
Therefore, the 35th term of the given AP is — §1.
Next, we want o know if there is any n for which @ = 0. If such an n is there, then
21+ (n=1)(=3)= 0,
i.e. Mn-1)=12
.e., =8
So, the eighth term is 0.

Example 5 : Determine the AP whose 3rd term is 5 and the 7th term 15 9.
Solution : We have
d.=a+3-Nd=a+2d=5
and g, =a+(1-1d=a+6d=9
Solving the pair of lincar equations (1} and (2), we get
a=3 d=1
Hence, the required AP is 3,4, 5,6,7, ...
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Lxample 6 : Check whether 301 is a term of the list of numbers 5, 11, 17, 23, . . .
Solution : We have :

a,-a =11-5=6, a-a,=17-11=6, a-a,=23-17=6
Asa,  —a isthe same for k= 1, 2, 3, etc., the given list of numbers is an AP.
Now, a=5 and d=6.
Let 301 be a term, say, the nth term of the this AP

We know that
a =a+n-1)d
So, WIl=5+n-11x6
i.e. 30l=6n-1
o 151
So, "="6 3

But n should be a positive integer (Why?). So, 301 is not a term of the given list of
numbers.

Example 7 : How many two-digit numbers are divisible by 37
Sodution : The list of two-digit numbers divisible by 3 is :

7 50 1,7 - H— 99
Is this an AP? Yes it is, Here, a=12, d =3, a =99

As a=a+(n-1)d,
we have W=12+(n-1)x3
ie., BT=(n-1)x3
i.e. nulzs—zz'}

) 3
Le., n=1294+1=30

So, there are 30 two-digit numbers divisible by 3.

Example 8 : Find the 11th term from the last term (lowards the [irst term) of the
AP:10,7.4,... -62
Solution : Here, a=10, d=7-10=-3, I=-62,

where l=a+n-1)d
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To find the 11th term from the last term, we will find the total number of terms in
the AP.

So, —62=10+(n-1)-3)
ie.. -72=(n-11-3)

i.e., n—1=24

or n=25

So, there are 25 terms in the given AF.

The 11th term from the last term will be the 15ih term. (Note that it will not be
the |14th term. Why7)

So, ﬂ!_,i=|ﬂ+{|5—lj{-3}=|ﬂ—42=—32
i.e., the 11th term from the last term is — 32.
Allernative Solution :
If we write the given AP in the reverse order, then a = - 62 and d = 3 (Why?)
So, the question now becomes finding the 11th term with these « and 4.
Saq, a”=~—6?.+|:']l—1}:-€3=-—ﬁ:’.+3ﬂ=—31
So, the 11th term, which is now the reguired lerm, is — 32.
Fxample Y : A sum of 2 1000 is invested at 8% simple interest per year. Calculate the

interest at the end of each year. Do these interests form an AP? If so, find the interest
al the end of 30 years making use of this fact.

Sulution : We know that the formula to caleulate simple interest is given by

Simiote 1 _ PxRxT
imple Interest = —
1000 x8x]
So, the interest at the end of the st year = ?T = 180
. 1000 8x2
The interest al the end of the 2nd year = !T =7 160
, 1000 x8x 3
The interest at the end of the 3rd year = ¥ T T240

Similarly, we can obtain the interest at the end of the 4th year, 5th year, and so on.
So, the interest (in Rs) at the end of the 1st, 2nd, 3rd, . . . years, respectively are
80, 160, 240, . ..
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It is an AP as the difference between the consecutive terims in the list is 80, ie.,
if = BO. Also, = B0,

S0, to find the inferest at the end of 30 years, we shall find a_,

Now, ty, = a+(30=1)d =80+ 29 x B0 = 2400

S0, the interest ot the end of 30 years will be 7 2400,

Example 10 @ In a Nower bed, there are 23 rose plamis in the first row, 21 in the

second, 19 in the third, and so on. There are 5 rose plants in the last row. How many
rows arc there in the flower bed?

Solution : The number of rose plants in the 1st, 2nd, 3rd, . . ., rows are
23,21,19,...5
It forms an AP (Why?). Let the number of rows in the flower bed be .

Then =23, d=21-23=-24a =5
As, a=a+n-1)d

We have, 5=234+m=-1)-2)

i.c., - 18=(n-14-2)

ie., n= 10

So, there are 10 rows in the flower bed.

EXERCISE 5.2

1. Fill in the blunks in the following table, given el @ is the first term, o the commen
difference aml a_ the nth term of the AP;

a o " “,

(i) 7 i ]

(i) - 18 0 0
fiii} 3 18 -5
fiv) - 189 25 P A6
i 15 1] HEs
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2. Choose the correct choice in the following and justify :

(i} 30th term of the AP: 10, 7,4, ..., is
(Ayw B) 77 {cy =77 Dy —87

(&) lnhmmut'mmp-.—i.—’E.z,....is

l
(A) 28 (B) 22 (Cy -38 (D) —455

3. In the following APs, find the missing terms in the boxes :

10.
i1
12

13
4.
15.
i6.

Whichterm ofthe AP: 3,8, 13, 18, .. is 787
Find the number of terms in each of the following APs :

|
iy 7.13,19,...,205 (it) IE‘ISE,L‘-‘...,—*ﬂ

Check whether — 150 s aermofthe AP - 11, 8,5.2 ...
Find the 31st term of an AP whose | 1th term is 38 and the 16th term is 73,

An AP consists of S0 terms of which 3rd term is 12 and the Last term is 106, Find the 2%th
lenmm.

If the 3rd and the 9th terms of an AP are 4 and - 8 respectively, which term of this AP is
zern?

The 1 Tth term of an AP exceeds its 10th teem by 7. Find the common difference,
Which term of the AP : 3, 15, 27, 39, ... will be 132 more than its 54th term?

Two APs have the same common difference. The difference between their 100t terms s
L0, what is the difference between their 1000t terms?

How many three-digit numbers are divisible by 77

How many multiples of 4 lie between 10 and 2507

For what value of i, are the rth terms of two APs: 63,65,67, .. .and 3, 10, 17, _. _equal?
Determine the AP whose third term is 16 and the Tth term exceeds the Sth term by 12,




| (1% M ATHEMATICS

We will now use the same technique to find the sum of the first n terms of an AP
a,a+da+d ...

The nih term of this APis @ + (n — 1) d. Let S denote the sum of the first n terms
oi the AP. We have

tﬁ..—.u+m+d}+{u+2¢¢']+...+[ﬂ+{n—I}d] (1)
Rewriting the terms in reverse order, we have

S=[a+in- 1yd] + [a+(n=2)d] +. .. +la+di+a (2
On adding (1) and (2), term-wise. we gel

[2a+(n—Dd]+[2a +(n—Dd] + ... +[2a+ (n—=1d]+|2a+ (n = 1d]
28 =" :

n Hmes

o, 2S=n[la+in-1)d] (Since, there are n terms)

o, S= [2a + (n - 1) d]

I |

0. the sum of the first a terms of an AP is given by

i
s=%[2u+m-nfn
We can also write this as 8= % [a+a+(n—1)d]
H
1:E 5= ; {ﬂ‘!‘ﬂn} {3.]

Now, if there are only n terms in an AP, then a_= /, the last term.
From (3), we see that

S=—(a+l) (4

| =

This form of the result is useful when the first and the last terms of an AP are
given and the common difference is not given.

Now we return to the question that was posed to us in the beginning. The amount
of money (in Rs) in the money box of Shakila’s daughter on 1st, 2Znd, 3rd, 4th birthday,
. were 100, 150, 200, 250, . . ., respectively.
This is an AP, We have to find the total money collected on her 21st birthday, i.e.,
he sum of the first 21 terms of this AP.
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17. Find the 20th term from the lastterm of the AP: 3,8, 13, ..., 253,

I8. The sum of the 4th and Sth terms of an AP is 24 and the sum of the 6ih and 10th terms is
44, Find the first three terms of the AP

19. Subba Rao started work in 1995 at an annual salary of T 5000 and received an increment
of T 200 each year. In which year did his income reach ¥ 70007

20. Ramkahi saved ¥ 5 in the first week of a year and then increased her weekly savings by
¥ 1.75.If in the mth week, her weekly savings become 7 20.75, find n.

5.4 Sum of First n Terms of an AP

Let us consider the situation again
given in Section 5.1 in which Shakila
put ¥ 100 into her daughter’s money
box when she was one year old,
¥ 150 on her second birthday,
¥ 200 on her third birthday and will
continue in the same way. How much
money will be collected in the money
box by the time her daughter is 21
years old?

Here, the amount of money (in %) put in the money box on her first, second, third,
fourth . . . hirthday were respectively 100, 150, 200, 250, . . . till her 215t birthday, To
find the total amount in the money box on her 21st birthday, we will have to write each
of the 21 numbers in the list above and then add them up. Don't you think it would be
a tedious and time consuming process? Can we make the process shorter? This would
be possible if we can find a method for getting this sum. Let us see.

We consider the problem given to Gauss (about whom you read in
Chapter 1), to solve when he was just 10 years old. He was asked w find the sum of
the positive integers from | to 100, He immediately replied that the sum is 5050, Clan
you guess how did he do? He wrote :

S=1+243+...+99+ 100
And then, reversed the numbers to write
S=100+99 4,  4+34+241
Adding these two, he got
2‘;:Hﬂl}+l}+f99+2:+.._+f3+98}+f2+991+[1+Iﬂﬂ]
101+ 101 + ...+ 101 + 101 (100 times)

100 =101
So, 5= e 5050, i.e., the sum = 5050,




Arrmisiric Proaressions 19

Here, @ = 100, d =50 and # = 21. Using the formula :

[Zdﬂn—],'ld]

wa
[}
[ -

21
we have S= E[Exlm+{21 ~1)x50| = —zi![iﬂ}+lﬂ{]}]

21
= —x 1200 = 12600
2
So, the amount of money collected on her 215t birthday is 7 12600.
Hasn't the use of the formula made it much easier to solve the problem?

We also use S, in place of S to denote the sum of first n terms of the AP. We
write S, to denote the sum of the first 20 terms of an AP. The formula for the sum of
the first n terms involves four quantities S, a, d and n. If we know any three of them,
we can find the fourth.

Remark : The nth term of an AP is the difference of the sum to first 7 terms and the

sum to first (n — 1) terms of it, i.e., a=8§ -8 .
Let us consider some examples.

Example 11 : Find the sum of the first 22 terms of the AP: §, 3, -2, . ..
Selution : Here, e =8, d=3-8=-5, n=22.
We know that

5 :’—;[zmm—nd]

2
Therefore, S = E[!fmll (3] = 11016 - 105) = 11(~89) = - 979

So, the sum of the first 22 terms of the AP is — 979.

Example 12 : If the sum of the first 14 terms of an AP is 1050 and its first term is 10,
find the 20th term.

Soluation : Here, § , = 1050, n= 14, a =10,

As S =_;i[2a+{n—ljd],

14
50, 1050 = —2-[2ﬂ+13d]=14{]+91d
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ie., 910 = 9ld

of, d= 10

Therefore, a,, = 10+ (20 - 1) x 10 = 200, i.e. 20th term is 200.

Example 13 : How many terms of the AP : 24, 21, 18, .., must be taken so that their
suin 15 7R7T

Solution : Here,a =24, d =21 - 24 =-3, § =78 We need to find n.
n

We know that §.= El?.a +(n—1)d]

~ 248+ (n—1(=3)] = Z[51-3n]

S0, T8 = E'. +in—1} }I:E, An

or I —S5ln+ 156=0

or W—1Tn+52=10

or nm—4n-13=0

or n=4 or 13

Both values of r are admissible. So, the number of terms is either 4 or 13,

Remarks:
l. In this case, the sum of the first 4 terms = the sum of the first 13 terms = T8,

2. Two answers are possible because the sum of the terms from Sth to 13th will be
zero. This 1s because a is positive and d is negative, so that some terms will be
positive and some others negative. and will cancel out each other.

Example 14 : Find the sum of :

(i) the first 1000 positive integers (i) the first n positive inlegers
Solution 3

iy LetS=1+2+3+ ...+ 1000

n
Using the formula § = - (@+1) for the sum of the first n terms of an AP, we

have

100K}
= T[l'l' [N = 500 ¢ 1001 = 500500

1N
S0, the sum of the first 1000 positive integers is 500500,
(i) LetS =1+243+...4n

Here a = | and the last term { is n.
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1+ i
Therefore, S, = ad 5 i or 8§ = - {n2+ )

So, the sum of first n positive integers is given by

Example 15 : Find the sum of first 24 terms of the list of numbers whose nth term is
given by

a =3+ 2n

Solution :

As a =3+ 2n,

50, a=3+2=5
a=3+2x2=7
a,=3+2x3=90

List of numbers becomes 5, 7,9, 11, ...
Here, 7-5=9-7=11-9=2 and so on,
So, it forms an AP with common difference d = 2.

Tofind5,, wehave n=24, =5, d=2

24
Therefore, 8. = —{2>(5+(24—|}><3] =12{10+ 46| =672
# 2

So, sum of first 24 terms of the list of numbers is 672,

Example 16 : A manufacturer of TV sets produced 600 sets in the third year and 700
sets in the seventh year. Assuming that the produclion increases aniformly by a fixed
number every year, find :

(i) the production in the 1st year (ii) the production in the 10th year
(i) the total production in first 7 years

Solution : (i) Since the production increases uniformly by a fixed number every year,
the number of TV sets manufactured in Ist. 2nd, 3rd, . . _, years will form an AP,

Let us denote the number of TV sets manufactured in the nth year by a .
Then, a, = 600 and a, =700
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or, g + 2d = 600

and i+ 6d = T

Solving these equations, we get d=25 and a= 550.

Therefore, production of TV sets in the first year is 550.

(i) Now ﬂm=n+‘}d:550+‘]x15=??’5
So, production of TV sets in the 10th year is 775.

[2% 550+ (7 - 1) x 25|

[

s %[I 100 +150] = 4375

Thus, the total production of TV sets in first 7 years is 4375.

EXERCISE 5.3

1. Find the sum of the following APs:
i 2.7, 12,. .. to 10 erms. () —37,-33,-29,..., 10 12 terms,
1 1

i) 06,1728, . 0100t rms.  (i¥) . -~ ,...,to 11 terms.
512 10

2. Find the sums given below :
l
'[i.‘r?~i-l‘~]'-2 + 14+, . .+584 (i} 34+32+30+...+10

i) -5 +(—8)+ =11+ .. +(=230)

3. InanAP:
i) givena=5,d=3,a4 =30 findnand 5 .
(i) givena=7,a,=35, finddand S .
(i) givena,=37,d=3, find a and S
(iv) givena, =155 =125 finddand .

(v) givend=5,5_ =75 finda und a.
(vi) givena=2, d=8, 5 =%, findnand a .
(vii) givena=8 a =62,5 =210, find and o,
(vii) givena =4,d=2, § =-14,find n and .
(ix) givena=3,n=H85=192 findd
{x) given[=28, S=144, and there are total 9 terms. Find a.
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4,
5.

.

How many terms of the AP: 9, 17, 25, .. . must be taker to give a sum of 6367

The first term of an AP is 5, the last term 15 45 and the sum | : 400, Find the numbes of erns
and the common difference.

The et and the last terms of an AP are 17 and 350 respectively. I the commmon difference
15 %, how many terms are there and what is their sum?

7. Find the sum of first 22 terms of an AP in which & = 7 and 22nd term is 149,

#, Find the swm of ficst 531 terms of an AP whose second and third terms are 1+ and 18

11.

12.
13.
14.
15,

16,

17.

respectively,

. If the sum of Srst 7 terms of an AP s« 9 and that of 17 terms is 289, find the sum of

first o terms.
Show thata.¢ , ..., a ... forman A ' where a_is defined as below ;
(i) a=3+4 (i) @ =9—5n
Also find the sum of the first |3 terms in each case.
If the sum of the £ -st n terms of an AP is 4n —n®, what is the first term (that is 5.7 What

is the sum of first twe termsT What is the second tetm? Similarly, find the 3rd, the 10th and
the nth terms.

Find the sum of the first 40) positive integers divisible by 6.
Find the sum of the first 15 multiples of 8,
Find the sum of the odd numbers berween (0 and 50.

A contract on construction job specifies a penalty for delay of completion beyond a
certain date as follows: T 200 for the first day, T 250 for the second day. T 300 for the third
day, ete., the penalty for each succeeding day being ¥ 50 more than for the preceding day,
How much money the contractor has to pay as penalty, if he has delayed the work by 30
days?

A sum of T 700 is 10 be used to give se en cash prizes to students of a school for their
overall academic performance. If each rize is ¥ 20 less than its preceding p ze, find the
value of each of the prizes,

In a school, students thought of planting trees in cad around the school to r luce air
pollution. Tt was decided that the number of (ree . hut cach section of each  ass will
plant, will be the same as the class, i which they e studying. ez g section o Class 1
will plant 1 tree, a section of Class IT will plant 2 trees and so on 6l Class X11° here are
three section  of each class, How many trees will be planted by the students?

A spiral is inade up of successive semicircles, with centres alternately at A and B,

starting with centre 1A, of radii 0.5 em, 1.0 ¢m, 1.5 em, 2.0 em, . . . as shown in

Fig. 5.4, What i= b roial length of such a spiral made up of thirteen consecutive
22

semicircles? (Tale = =)
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Fig. 5.4
[Hint : Length of successive semicirclesis 1, L. L, 1, .. Cwith centres at A, B, AL B, .. .,
respectively.]
19. 200 logs are stacked in the following manner; 20 Hogs in the bottom row, 19 in the nextrow,

18 in the row next to it and so on (see Fig. 5.5). In how many rows are the 200 logs placed
and how many logs are in the top row?

Fig. 5.5

20, Ina potato race, a bucket is placed at the starting point, which is 5 m from the first potato,
and the other potatoes are placed 3 m apart in a straight line. There are ten potatoes in the
line (zee Fig, 5.6).

' N
Eaffe |
= - 2 = = B o) o o) B ! | Bl

Sm 3m Im N N . . . .

Fig. 5.6

A competitor starts from the bucket, picks up the nearest potato, runs back with it, drops
itin the bucket, runs hack to pick up the next potato, runs tw the buckel o drop it in, and
she continues in the same way until all the potatoes are in the bucket. What is the total
distance the competitor has to run”

[Hint : To pick up the first potato and the second  potato, the total distance (in metres)
run by a competitoris 2 x 5+ 2 x (5 + 3)]
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EXERCISE 54 (Optional)*

1. Whichtermofthe AP: 121, 117,113, .. ..1s
its first negative term?
[Hint : Findn fora <0]

2. The sum of the third and the seventh terms !
of an AP is 6 and their product is 8. Find :
the sum of first sixteen terms of the AP '

I

I

1
]

3. A ladder has rungs 25 cm apart,
isee Fig. 5.7). The rungs decrease
uniformly in length from 45 cm at the
bottom to 25 cm at the top. If the top and

b3 —

1
the bottom rungs are 25 m apart, what is

the length of the wood required for the
rubgs} 45 ¢m

[Hint : Number of rungs = i—T +11] Fig. 5.7

)

4. The houses of 4 row are numbered consccutively from | to 49. Show that there is a value
of x such that the sum of the numbers of the houses preceding the house numbered x is
equal to the sum of the numbers of the houses following it. Find this value of x.

[Hint:S_ =S, S

A small terrace at a football ground comprises of 15 steps each of which is 50 m long and
built of solid concrete.

o

! |
Each step has a rise of S m and a tread of 5 m (see Fig, 5.8). Calculate the total volume
of concrete required to build the terrace.

11
[Hint : Volume of concrele required to build the first step = Rar S0m’ |

Fig. 5.8

" These exercises are not from the examination point of view,
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55 Summary

In this chapter, you have studied the following points :

1. An arithmetic progression (AP) is a list of numbers in which each term is obtained by
adding a fixed number d to the preceding term, except the first term. The fixed number d
is called the common difference.

The general formof an APis a, a+d, a+2d, a+3d, ...
2. A given list of numbers a,, a,, a,. . - . is an AP, if the differences a, — @, a, - a,

a, - a, ... give the same value, i.e.,if g, —a, is the same for different values of k.

3. In an AP with first term a and commuon difference d, the nth term (or the general term) is
givenby a =a+in-1)d

4. The sum of the first # terms of an AP is given by .

S= =[2a+(n-1d]

ka2 § 3

5. If [ is the last term of the finite AP, say the nth term, then the sum of all terms of the AP
is given by :

i H{
&: E il +F}

A Note 1o THE READER

a+rc
If @, b, ¢ are in AP, then b = and b is called the arithmetic

2
mean of a and c.




TRIANGLES

6.1 Introduction

You are familiar with triangles and many of their properties from your earlier classes.
In Class IX, you have studied congruence of triangles in detail. Recall that two figures
are said to be congruent, if they have the same shape and the same size. In this
chapter, we shall study about those figures which have the same shape but not necessarily
the same size. Two figures having the same shape (and not necessarily the same size)
are called similar figures. In particular, we shall discuss the similarity of triangles and
apply this knowledge in giving a simple proof of Pythagoras Theorem learnt earlier.
Can you guess how heights of mountains (say Mount Everest) or distances of
some long distant objects (say moon) have been found out? Do you think these have

AAHI
It is so easy
to measure the
height of the
mountain,
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been measured directly with the help of a measuring tape? In fact, all these heights
and distances have been found out using the idea of indirect measurements, which is
based on the principle of similarity of figures (see Example 7, Q.15 of Exercise 6.3

and also Chapters 8 and 9 of this book).

6.2 Similar Figures

In Class IX, you have seen that all circles with the same radii are congruent, all ‘
squares with the same side lengths are congruent and all equilateral triangles with the

same side lengths are congruent.

Now consider any two (or more)
circles [see Fig. 6.1 (i)]. Are they
congruent? Since all of them do not
have the same radius, they are not
congruent to each other. Note that
some are congruent and some are not,
but all of them have the same shape.
So they all are, what we call, similar.
Two similar figures have the same
shape but not necessarily the same
size. Therefore, all circles are similar.
What about two (or more) squares or
two (or more) equilateral triangles
[see Fig. 6.1 (ii) and (iii)]? As observed
in the case of circles, here also all
squares are similar and all equilateral
triangles are similar.

From the above, we can say
that all congruent figures are
similar bur the similar figures need
nat be congrient.

Can a circle and a square be
similar? Can a triangle and a square
be similar? These questions can be
answered by just looking at the
figures (see Fig. 6.1), Evidently
these figures are not similar. (Why?)

Qoo

{11}

YA

(iii)

Fig. 6.1

P '
A D 8
ED c Q .

Fig. 6.2
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What can vou say aboul the two quadrilaterals ABCD and PQRS
(see Fig 6.2)?Are they similar? These figures appear to be similar but we cannot be
certain about it Therefore, we must have some definition of similarity of figures and
based on this definition some rules to decide whether the two given figures are similar
or not, For this, let us look at the photographs given in Fig. 6.3

Fig. 6.2

You will at once say that they are the photographs of the same monument
(Taj Mahal) but are in different sizes, Would you say that the three photographs are
similar? Yes they are.

What can you say about the two photographs of the same size of the same
person one at the age of 10 years and the other at the age of 40 years? Are these
photographs similar? These pholographs are of the same size but certainly they are
not of the same shape. So, they are not similar.

What does the photographer do when she prints photographs of different sizes
from the same negative? You must have heard about the stamp size, passport size and
postcard size photographs. She generally takes a photograph on a small size film. sy
of 35mm size and then enlarges it into a bigger size. say 45mm (or 55mm). Thus. if we
consider any line segment in the smaller photograph (figure), its corresponding line

45 55
segment in the bigger photograph (figure) will be 35 [ ar 35 ,l of that of the line segment.

This really means that every line segment of the smaller photograph is enlarged
(increased) in the ratio 35:45 (or 35:55). It can also be said that every line segment
of the bigger photograph is reduced (decreased) in the ratio 45:35 (or 55:35). Further,
if you consider inclinations (or angles) between any pair of corresponding line segments
in the two photographs of different sizes, you shall see that these inclinations({or angles)
are always equal. This is the essence of the similarity of two figures and in particular
of two polygons, We say that: A

Two polygons of the same number of sides are similar, if (f) their
corresponding angles are equal and (if) their corvespondin g sides are in the
same ratio (or proportion).
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Note that the same ratio of the corresponding sides is referred to as the scale
factor (or the Representative Fraction) for the polygons. You must have heard that
world maps (i.e., global maps) and blue prints for the construction of a building are
prepared using a suitable scale factor and observing certain conventions.

In order tounderstand similarity of figures more clearly, let us perform the following
activity:
Activity 1 : Place a lighted bulb at a
point O on the ceiling and directly below
it a table in your classroom. Let us cul a
polygon, say a quadrilateral ABCD, from
a plane cardboard and place this
cardboard parallel to the ground between
the lighted bulb and the table. Then a
shadow of ABCD is cast on the table.
Mark the outline of this shadow as
AB'C'D’ (see Fig.6.4).
Note that the quadrilateral A'B'C'D" is
an enlargement (or magnification) of the
quadrilateral ABCD. This is because of
the property of light that light propogates
in a straight line. You may also note that
A’ lies on ray OA, B’ lies on ray OB, C’
lies on OC and D’ lies on OD. Thus, quadrilaterals A’B'C'D’ and ABCD are of the
same shape but of different sizes.

So, quadrilateral A’B’C’D’ is similiar to quadrilateral ABCD. We can also say
that quadrilateral ABCD is similar to the quadrilateral A'B'CD.

Here, you can also note that vertex A’ corresponds to vertex A, vertex B’
corresponds to vertex B, vertex C’ corresponds to vertex C and vertex D’ corresponds
to vertex D. Symbolically, these correspondences are represented as A" &> A, B’ & B,
¢’ s C and D’ « D. By actually measuring the angles and the sides of the two
quadrilaterals, you may verify that

(i) £ A= LN ZB=4B,. £C=4C£D=£D and

AB BC CD DA
A'B" B'C'" C'D" DA
This again emphasises that twe polygons of the same number of sides are

similar, if (f) all the corresponding angles are equal and (ii) all the corresponding
sides are in the same ratic (or proportion).

Fig. 6.4

(ii)
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From the above, you can easily say that guadrilaterals ABCD and PQRS of
Fig. 6.5 are similar.

R

Fig. 6.5

Remark : You can verify that if one polygon is similar to another polygon and this
second polygon is similar to a third polygon, then the first polygon is similar to the third
polygon.

You may note that in the two quadrilaterals (a square and a rectangle) of
Fig. 6.6, corresponding angles are equal, but their corresponding sides are not in the
same ratio.

3 cm A5ecm
i* T OR

P

Fig. 6.6

So, the two quadrilaterals are not similar. Similarly, you may note that in the two
quadrilaterals (a square and a rhombus) of Fig. 6.7, corresponding sides are in the
same ratio, but their corresponding angles are not equal. Again, the two polygons
(quadrilaterals) are not similar.
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D 2.1 em C

2.1 cm 2.1 cm

4.2
A 2.1 cn B b

Fig. 6.7

Thus, either of the above two conditions (i) and (if) of similarity of two
polygony is not sufficient for them to be similar.

EXERCISE 6.1

1. Fill in the blanks using the correct word given in brackets .
it Allcirclesare . {congruent, similar)

{iiy Al squares are . {(similar, congruent)

(i Al eriangles are similar. (isosceles, equilateral )

iiv) Two polygons of the same number of sides are similar, if (a) their corresponding
angles are — and (b) their corresponding sides are . (equal,
proportional )

2. Give two different examples of pair of
(i) stmilar figures. (i) non-similar figures,

3. State whether the following quadrilaterals are similar or not:

D Icm C
u L
Jom Icm
N [

A Icem B




6.3 Simuilar it of Ty 5-“‘.‘—']‘ 5
What can you say about the similarity of two triangles?

You may recall that triangle is also a polygon. So, we can state the same conditions
for the similarity of two triangles. That is;

Two triangles are similiar, if

(i} their corresponding angles are equal and

(it) their corresponding sides are in the same ratio (ar proporiion).

Note that if corresponding angles of two |
triangles are equal, then they are known as |
equiangular triangles. A famous Greek
mathematician Thales gave an important truth relating
to two equiangular triangles which is as follows:

The ratio of any two corresponding sides in
two equiangular triangles is always the same.

It is believed that he had used a result called
the Basic Proportionality Theorem (now known as |
the Thales Theorem) for the same. ‘

To understand the Basic Proportionality
Theorem, let us perform the following activity:

vetivity 2 : Draw any angle XAY and on its one

arm AX, mark points (say five points) P, Q, D, Rand  ,_ E ? Y.
B such that AP = PQ = QD = DR = RB. P | '

Now, through B, draw any line intersecting arm Q P I."
AY at C (see Fig. 6.9). Rﬁ\

Also, through the point D, draw a line parallel
to BC to intersect AC at E, Do you observe from

AD 3
your constructions that DB = 3 ? Measure AE and

AE AE 3
— 1 . P =iy
EC. What about EC - Observe that —— is also equal to 7 Thus, you can see that

AD AE '
in AABC, DE || BC and D_B EC" Is it a comcidence? No, it is due to the following

theorem (known as the Basic Proportionality Theorem):
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Theorem 6.1 ¢ If a line is drawn parallel to one side of a triangle 1o intersect the
other two sides in distinct points, the other two sides are divided in the same
rafio.

Proof : We are given a triangle ABC in which a line
‘parallel to side BC intersects other two sides AB and
AC at D and E respectively (see Fig. 6.10).

Wi et g D il

e need 0 prove IDB_EC'

Let us join BE and CD and then draw DM L AC and

EN L AB. Fig. 6.10

1 1
Mow, arca of A ADE (= 3 base x height} = 3 AD = EN,

Recall from Class IX, that area of A ADE is denoted as art ADE).

1
So, arf ADE) = 5 AD x EN
i " 1
Similarly, ar(BDE) = - DB x EN
1 1
anlADE) = - AE x DM and ar(DEC) = 3 EC = DM.
: 40w EN
AHADE) 5 8Y% AD
Therefore, (BDE = ‘1‘ —_—= EE i1
2 ) ~ DB x EN
1
ar(ADE) 3 AEXDM g o
ik Sy Ty Sy
ar(DEC) _i nCxpM EC

- that A BDE and DEC are on the same base DE and between the same parallels
EC and DE.

S, ar(BDE) = ar(DEC) (3




Therefore, from (1), (2) and (3), we have
AD AE

—_— — .
DB  EC
Is the converse of this theorem also true (For the meaning of converse, see
Appendix 1)? To examine this, let us perform the following activity:

‘etivity 3 ¢ Draw an angle XAY on your B
notebook and on ray AX, mark points B,B, B,
B, B and B such that AB, =BB,=BB, = '
BB, = BB.

A
=\,

Similarly, en ray AY, mark points
C.C, C, C, and C such that AC, =CC =
CLC =CC, =C.LC Then join B.C and BC
(see Fig. 6.11).
Fig. 6.11
_ AB, AC, ;
Note that -_BJE = __ClC {(Each equal to 1)

You can also see that lines B,C, and BC are parailel to each other, i.c.
B.C Il BC
Similarly. by joining B,C., B.C, and B,C,, vou can see that:

AC, _E]
_{:_‘.:E [— 3 and B?C: I BC
AC, [ 3

cC |\~ E] and B.C, I| BC (3)
3 J

; C 4
5 ]_:. ?5 (= T] and B.C, Il BC (4
+ 4

From (1), (2), (3) and (4), it can be observed that if a line divides two sides of 3
triangle in the same ratio, then the line is paralle] to the third side.

You can repeat this activity by drawing any angle XAY of different measure a- -
taking any number of equal parts on arms AX and AY . Each time, you will arrive
the same result. Thus, we obtain the following theorem, which is the converse
Theorem 6,1




Phieoien 6.2 ¢ Jf a line divides any two sides of a A

triangle in the same ratio, then the line is parallel [
to the third side. |
This theorem can be proved by taking a line DE such D E',
ME—E'd ing that DE is not parallel o E)
1S DB EC and assuming tha 15 not paralie :a
to BC (see Fig. 6.12). B
If DE is not parallel to BC, draw a line DE’ ¢
parallel to BC. *l
So .Aﬂ E Why 7
‘ DB~ EC (VYD
Theref - ilﬁ:'—’ {Why ?
erefore, EC = EC y 7

Adding 1 to both sides of above, you can see that E and E" must coincide.
(Why 7)
Let us take some examples to illustrate the use of the above theorems.

Fxample | ¢ If a line intersects sides AB and AC of a A ABC at D and E respectively

_ AD AE
and is parallel to BC, prove that — = E (see Fig. 6.13).

AB
b THLLTEATRE (I . DE Il BC {Gi\rm}
. AD _ AE e EE
. 5" i {Theorem 6.1)
DB _ EC A
a AD = AE
. DB, _EC,, b
— | i’g‘_ﬁ e " E
o AB _ AC
' AD ~ AE .
. S
& AD _ AE e
’ AB AC Fig. 6.11




Example 2 : ABCD 15 a Lrapezium with AB || DC. A 13

E and F are points on non-parallel sides AD and BC / \
respectively such that EF is parallel to AB E/ __\F
Fig, 6.14): Show that 2= = = /
(see Fig, 6.14). Show tha ED FC' / \
pl .

Solution : Let us join AC to intersect EF at G _
(see Fig. 6.15). Fig. 6.14

AB I DC and EF || AB (Given)
So, EFIDC (Lines parallel to the same line are

parallel to each other) & B
Now, in A ADC, \

EG Il DC (As EF [l DC) E/ s "_‘xf
R R | g )
ED  GC o/ o \c

Similarly, from A CAB,

cG CE Fig. 6.15

AG ~ BF
_ - AG_BF &)
s GC ~ FC P
Therefore, from (1) and (2), /ﬂ‘\

AE  BF ; \

ED FC /

o Bs pr v \

Example 3 : In Fig. 6.16, ) =-T'ﬁ'dnd£PST— Il;'.. -.\
Z PRQ. Prove that PQR is an isosceles triangle. 0 {"x\ i

SR PS _PT
Solution : It is given that so R

So, ST QR {Theorem 6.2)
Therefore, £PST= ZPQR (Corresponding angles) (1




Also, itis given that
Z PST = £ PRQ
So, £ PRQ = Z PQR [From (1) and (2)]

Therefore, P = PR (Sides opposite the equal angles)
ie., POR is an isosceles triangle.

EXERCISE 6.2

L. InFig. 6.17, (i) and (i}, DE | BC. Find EC in (i) and AD in {ii).

A \
L.5em. 1 em 1B em
27K, Qf
sem” _
» s -

(i}

2. E and F are points on the sides P} and PR

1 N
respectively of a A PQR. For each of the following ,.\H - %C

cases, state whether EF | QR :
() PE=39em EQ=3cm,PF=36cmand FR=24¢m
() PE=4cm, QE=4.5¢m, PF=8cmand RF=9¢m
(i) PQ=1.28cm, PR=256cm, PE=0.18 cmand PF=0.36cm

3. InFig 6.18, if LM |l CB and LN || CD, prove that

AM _ AN
AB  AD
4. In Fig. 6.19, DE || AC and DF || AE. Prove that

BF _BE
FE EC
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5. In Fig. 6.20, DE Il OQ and DF || OR. Show that
EFIIQR.

6. In Fig. 6.21, A, B and C are points on OP, O} and
OF respoetively such that AB || PQ and AC || PR,
Show that BC QR

T. Using Theorem 6.1, srove that a line drawn through
the mid-point of one: side of a tangle parallel 1o
another side hizects the third side. (Recall that you
have proved it in Class [X).

8. Using Theorem 6.2, prove that the line _sining the
mid-points of & vy two sides of a triangl 15 parallel
to the third sic . {Recall that you hav : done it in
Class ITX).

9. ABCD is a trape. ium in which AB || DC and its
diagonals intersec each other at the point O. Show

that —— = — Fig. 6.21

10. The diagonals of a quadnlateral ABCD intersect each other at the point O such that

AO _CO

50 DD. Show that ABCD is a trapezium,

6.4 Uriteria for Similarity of Triangles
In the previous section, we stated that two triangles are similar, if (i) their corresponding
angles are equal and (ii) their corresponding sides are in the same ratio (or proportion).
That is, in A ABC and A DEF, if
N ZA=2D,ZB=LE, £C=2ZFand
AB _BC CA

Pk e 8] e .22
(i1} bE_ EF_ ED then the two iriangles are similar (see Fig. 6.22).

i '\\ r
/ R fx’j ~
o 0 D
B/ (P~ E F
Fig. 6.22




Here, you can see that A corresponds to D, B corresponds to E and C
corresponds to F. Symbolically, we write the similarity of these two triangles as
‘A ABC ~ A DEF’ and read it as ‘triangle ABC is similar to triangle DEF’. The
symbol ‘~' stands for ‘is similar to’. Recall that you have used the symbol ‘=" for
*is congruent to” in Class IX.

Tt must be noted that as done in the case of congruency of two triangles, the
similarity of two triangles should also be expressed symbolically, using correct
correspondence of their vertices, For example, for the tnangles ABC and DEF of
Fig. 6.22, we cannot write A ABC ~ A EDF or A ABC ~ A FED. However, we
can write A BAC ~ A EDF.

Now a natural question arises : For checking the similarity of two tdangles, say
ABC and DEF, should we always look for all the equality relations of their corresponding
angles (L A=2D, £ B=ZE, £ C = £F)and all the equality relations of the ratios

fAB BC CAY
o 5 " . - = b F : T 400 r
of their corresponding sides |.‘ BDE_EF_EDJ’ Let us examine. You may recall that

in Class IX, you have obtained some criteria for congruency of two trangles involving
only three pairs of corresponding parts (or elements) of the two triangles. Here also,
let us make an : ttempt (o arrive al cerain criteria for similarity of two triangles involving
relationship be iween less number of pairs of corresponding parts of the two triangles,
instead of all t' e six pairs of corresponding parts. For this; let us perform the following
activity:

Aotiviey 4 ¢ Draw two line segments BC and EF of two different lengths, say 3 cm
and 5 cm respectively. Then, at the points B and C respectively, construct angles PBC
and QCB of some measures, say, 607 and 40°. Also, at the points E and F, construct
angles REF and SFE of 60° and 40° respectively (see Fig. 6£.23).

= R
-\.'l'.\l; y r
55 (D
4 _,:'.A' b
|. \ \ f_.
/ '\_\ Fi .
Eq@d"_ _4%} “C E IMF_ = _4'Ifr F




Let rays BP and CQ intersect each other at A and rays ER and FS intersect
each other at D. In the two triangles ABC and DEF. you can see lhat
£B=<E £C=/ZFand £ A= £ D. That is, corresponding angles of these two
triangles are equal. What can you say about their corresponding sides 7 Note that
BC 3

AB
== ==06
EF 5 What about DE

. AB CA ; :
will find that IE and T e also equal to 0.6 (or nearly equal to 0.6, if there is some
. AB BC CA
error in the measurement). Thus, o — You can repeat this activity by
constructing several pairs of triangles having their corresponding angles equal. Every
time, you will find that their corresponding sides are in the same ratio (or pruportion),
This activity leads us to the following criterion for similarity of two triangles.

CA
and I3 ? On measuring AB, DE, CA and FD, you

Fheorem 6.3 ¢ If in two triangles, corresponding angles are equal, then their
corresponding sides are in the same ratio (or proportion) and hence the twe
triangles gre similar, D
This criterion is referred to as the AAA ™\
(Angle-Angle—Angle) criterion of A A
o n 5 + s, ! ,
similarity of two triangles. / N
J .

This theorem can be proved by taking two |\, Pfnneo \Q
triangles ABC and DEF such that / % . R "
LA=4D. /B=ZEand £C=/F B mminl
(see Fig. 6.24) Fio. 6.24
Cut DP = AB and DQ = AC and join PQ.
Sa, A ABC = A DPQ (Why ?)
This gives £LB=£LP =ZE and PQ | EF (How?)
Theref s o' {Why?)

erefore, PE = QF y?
' 2 e {(Why?)
K DE - DF >
Gty M UBC . AH.BC_AC

Y pE TEF "™*°DE T EF  DF'

Remark | If two angles of a triangle are respectively equal to two angles of another

triangle, then by the angle sum property of a triangle their third angles will also be
equal, Therefore, AAA similarity criterion can also be stated as follows:
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If two angles of one triangle are respectively equal to two angles of another
triangle, then the two triangles are similar.

This may be referred to as the AA similarity criterion for two trianzles.

You have seen above that if the three angles of one triangle are respectively
equal to the three angles of another triangle, then their corresponding sides are
proportional (i.e., in the same ratio). What about the converse of this statement? Is the
converse true? In other words, if the sides of a triangle are respectively proportional to
the sides of another triangle, is it true that their corresponding angles are equal? Let us
examine it through an activity :

Activity 5 : Draw two triangles ABC and DEF such that AB = 3 ¢cm, BC = 6 cm,
CA=8c¢m, DE=45cm, EF =9 ¢m and FD = 12 cm (see Fig. 6.25).

D
A'"‘“x l"xllll \
A 1 e ~_8cm 45¢cm) l{cm
3 em', g \ R‘“‘m
I\‘-_ _-\-H“_"'::._ &l \II'_ — - ?“l‘x
B 6 cm L E 9cm %
Fig. 6.25
S0 vou have - AB_BC_CA .. 02
o, you have : DE  EF D {each equal to 3

Now measure £ A, £ B, £ C, £ D, £ E and 2 F. You will observe that
£A=2D,2B=/ZEand £ C= £F ie., the corresponding angles of the two
triangles are equal.

You can repeat this activity by drawing several such triangles (having their sides
in the same ratio). Everytime you shall see that their corresponding angles are equal.
[t is due 10 the following criterion of similarity of two triangles:

Lheorem 6.4 ¢ f in two triangles, sides of one triangle are proportional 1o
(i.e.. in the same ratio of ) the sides of the other triangle, then their corresponding
angles are equal and hence the two triangles are similiar.

This criterion is referred to as the 58S (Side-Side-Side) similarity criterion for
two triangles,

This theorem can be proved by taking two triangles ABC and DEF such that
AB _BC _CA

— E = ﬁ (< 1) (see Fig. 6.26):




Fig. 6.26

Cut DP = AB and DQ = AC and join PQ.

It be th L EF ?
can be seen that PE = OF and PO | (How?)
Sao, £ZP=2ZE and £Q=/,F
DP DQ PQ
Therefore, DE DF = BF
DP DQ
— = — = — ?
= DE- DFE _gr "W
So, BC = PQ (Why?)
Thus, A ABC = A DPQ (Why 7)
So, LA=4LD, £LB=ZE and ZC=ZF (How 7)
Hemurk © You may recall that either of the two conditions namely, (i) corresponding

angles are equal and (ii) corresponding sides are in the same ratio is not sufficient for
two polygons to be similar. However, on the basis of Theorems 6.3 and 6.4, you can
now say that in case of similarity of the two triangles, it is not necessary to check both
the conditions as one condition implies the other.

Let us now recall the various criteria for congruency of two triangles learnt in
Class IX. You may observe that SSS similarity criterion can be compared with the S58
congruency criterion. This suggests us to look for a similarity criterion comparable to
SAS co.gruency criterion of triangles. For this, let us perform an activity.

MY 6 Draw two triangles ABC and DEF such that AB = 2 cm, £ A = 50°,
AC=4cm,DE=3cm, £ D =50 and DE=6 cm (see Fig.6.27).




A s,
'.;Iﬁ-\ I'.S‘f i w,
S dem =
2 I:“.II!:I e 3cnlllII ?
|I -_\__ E |III ~
B -C =¥

AB AC 2 :
Here, you may observe that DE = DF {each equal to 5} and Z A (included
between the sides AB and AC) = £ D (included between the sides DE and DF). That
is, one angle of a triangle is equal to one angle of another triangle and sides including
these angles are in the same ratio (i.e., proportion). Now let us measure £ B, £ C,
ZEand £ F

You will find that £ B=ZEand 2 C= ZF Thatis, ZA=£D, ZB=ZEand
2 C = £ T So, by AAA similarity criterion, A ABC ~ A DEF. You may repeat this
activity by drawing several pairs of such tmangles with one angle of a triangle equal to
one angle of another triangle and the sides including these angles are proportional.
Everytime, you will find that the triangles are similar. Tt is due to the following criterion
of similarity of triangles:

I'heorem 6.5 - If one angle of a triangle is equal to one angle of the other
triangle and the sides including these angles are proportional, then the two
triangles are similar.

This criterion is referred to as
the SAS (Side—Angle-Side)

g . i ; | )]
similarity criterion for two A

triangles. a {0

As before, this theorem can

be proved by taking two triangles J 0
ABC and DEF such that | B i
AB AC al Ne gl "
—=— (< | d =7 ———
DE _ DF (< 1)and £ A D

(see Fig. 6.28). Cut DP = AB, DQ Fig. 6.28
= AC and join PQ.




Now, PQ || EF and A ABC = A DPQ {How 7)
So, LA=LD £B=ZPand L C=20Q
Therefore, A ABC ~ A DEF {(Why?)

We now take some examples to illustrate the use of these criteria.

Pvample 40 In Fig. 6.29, if PQ || RS, prove that A POQ ~ A SOR.

AR
P
Q 5
Solutinn PQ Il RS (Given)
So, LZP=Z8 (Alternate angles)
and ZQ=rR
Also, £ POQ = ZSOR (Vertically opposite angles)
Therefore, A POQ ~ A SOR (AAA similarity criterion)
Pxample 5 0 Observe Fig. 6.30 and then find £ P.
R
A o3 \76
L2, E \
i g
i “r ~ % *..
B 6 “C P 12 Q

Selution - In A ABC and A PQR,




A ABC ~ A RQP

(558 similarity)

Therefore, LEC=LP {Corresponding angles of similar triangles)

But LC=180"-~ZA- /B (Angle sum prooerty)
= 180" - 80° - 60" = 40~

S, £ P =40 C

Example 6 : In Fig, 6.31,

OA . OB = OC . OD. e
Show that £ A=/Cand ZB=ZD. L;ﬁ‘&
Solutinn : OA . QB =0C . 0D 1Given) D \
So, % - 2_2 i Fig. 6.3 B
Also, we have £ AOD = £ COB  (Vertically opposite angles) (2)
Therefore, from (1) and (2), A AOD -~ ACOB  (SAS similarity criterion)
So, LSA=Cand £ D=2B

(Corresponding angles of similar triangles)

Example 7 : A girl of height 90 cm is
walking away from the base of a
lamp-post at a spead of 1.2 m/s. If the lamp
is 3.6 m above the ground, find the length
of her shadow after 4 seconds.

Solution @ Let AB denote the lamp-post
and CD the girl after walking for 4 seconds
away from the lamp-post (see Fig. 6.32).

From the figure, you can see that DE is the
" shadow of the girl. Let DE be x metres.




Now.,BD=12mx4=48m.
Note that in A ABE and A CDE,

£B= 4D  (Eachis of 90" because lamp-post
as well as the girl are standing
vertical to the ground)

and £LE=~ZE (Same angle)
Sa, AABE - A CDE (AA similarity ¢riterion)
BE AB

Therefore, DE — CD
: 48+ x 3.6 90
i.e., = o ﬁ (90 ¢cm = ﬁ m = (.9 m)
ie., 48+ x=4dx
ie., 3x=48
i.€. r=16
So, the shadow of the girl after walking for 4 seconds is 1.6 m long.
Example § - In Fig. 6.33, CM and RN are Q ) ,P
respectively the medians of A ABC and /
A PQR. If A ABC ~ A PQR, prove that : A ; /

(i) A AMC -~ A PNR /\\ /

(iii) A CMB ~ A RNQ e "
A e
Solution : (i) A ABC ~ A PQR s (Given)
AB BC _CA

Se, PO = QR RP ()
and LA=LP ZLB=L£Qul £ C=<R (2}
But AB = 2 AM and PQ) = 2 PN '

{As CM and BN are medians)

2AM A

So, [fom (1), PN = El-




AM CA

PN T RP o
Also, £ MAC = Z NPR [From (2)] (4)
So, from (3) and (4),
A AMC - A PNR (SAS similarity) (53)
i) F 5) e L1 (6)
(1) From (3), RN — RP
B oy o [F 1] (7
ut RP - PQ rom (1)] }
Therefore ¥ = (6) and (7T)] (8]
refore, RN - PQ [From (6} an ]
_ AB  BC _
(iii) Again, PQ = Q—R [From (1)]
CM BC
Therefore, N U_R [From (8)] (9)
Also IM s o2
' RN PQ 2QN
. cM _ BM
Le., ET;I_ = ON (1
ie., RN - OR QN [From (9) and (10)]
Therefore, ACMB ~ A RNQ (885 similarity)

[Note : You can also prove part (iii) by following the same method as used for proving
part (i).]

EXERCISE 6.3

1. State which pairs of triangles in Fig. 6.34 are similar. Write the similarity criterion used by
you for answering the question and also write the pairs of similar triangles in the symbolic
form ;
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Fig. 6.34
2. InFig. 635, A0DC-~AOBA, ZBOC=125"
and Z CDO=70°. Find ZDOC. ZDCOand € “,'f L >
ZDAB, 0 25°
3. Diagonals AC and BD of a trapezium ABCD 4
A B i
with AB || DC intersect each other at the
point O, Using & similarity criterion for two Fig. 6.35

OA OB

wiangles, show that —— oc oD
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: QR _QT
. InFig 6.36, E “ PR and £ 1 =2 2. Show

that A PQS ~ ATQR.
- 5 and T are points on sides PR and QR of

A POQR such that £ P = 2 RTS. Show that
ARPQ~ARTS,

. In Fig. 6.37, if A ABE = A ACD, show that
AADE~AABC.

. InFig. 638, altitudes AD and CE of A ABC
intersect each other at the point P. Show
that:

(i) AAEP~ACDP
(i) AABD-ACBE
(i} AAEP-AADB
{iv) APDXC ~ ABEC

- Eis a point on the side AD produced of a
parallelogram ABCD and BE intersects CD
at F Show that AABE - ACFB,

. In Fig. 6.39, ABC and AMP are two right
triangles, right angled at B and M
respectively. Prove that:

(1) AABC - AAMP

S EC
YPA T MP

» CD and GH are respectively the bisectors
of £ ACB and £ EGF such that D and H lie
on sides AB and FE of A ABC and A EFG
respectively. If AABC ~ A FEG, show that;

€D AC
(1) ﬁ—'—

(i) ADCB - AHGE
(i) ADCA~AHGF
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11. In Fig. 6.40, E is a point on side CB
produced of an isosceles triangle ABC
with AB=AC. IfAD | BC and EF L AC,
prove that A ABD -~ A ECF,

12, Sides AB and BC and median AD of a
triangle ABC are respectively propor-
tional to sides PQ and QR and median
PM of A POQR. (see Fig. 6.41). Show that
AABC ~APOR.

13. Dis a point on the side BC of a triangle
ABC such that £ ADC = «# BAC. Show
that CA? = CB.CD.

14. Sides AB and AC and median AD of a
triangle ABC are respectively
proportional to sides PQ and PR and
median PM of another triangle PQR.
Show that A ABC - A PQR.

Fig. 6.40

CQ r R

Fig. 6.41

15. A vertical pole of length 6 m casts a shadow 4 m long on the ground and at the same time
a tower casts a shadow 28 m long. Find the height of the tower.

16. If AD and PM are medians of triangles ABC and PQR, respectively where

AB _ AD

A ABC ~ APQR, prove that E = PM

6.5 Areas of Similar Triangles

You have learnt that in two similar triangles, the ratio of their corresponding sides is
the same. Do you think there is any relationship between the ratio of their areas and
the ratio of the corresponding sides? You know that area is measured in square units.
S0, vou may expect that this ratio is the square of the ratio of their corresponding
sides. This is indeed true and we shall prove it in the next theorem,

Theorem 6.6 : The ratio of the areas
af two similar triangles is equal to the
sguare of the ratio of their
corresponding sides.

Proof : We are given (wo
triangles ABC and PQR such that
A ABC ~ A POR (see Fig, 6.42).

:

1

'
H
N

Fig. 6.42
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ar (ABC) =(E]3 [E 12T

ar (PQR) | FQ \OR | L RP)

For finding the areas of the two triangles, we draw altitudes AM and PN of the
triangles.

We need to prove that

|
Now, ar (ABC) = 7 BC = AM

Il
I
=]
=]
x
"y
2z

and ar (PQR)

1
ar (ABC) 3
ar (PQR) ~ 1

2

T (1)

Now, in A ABM and A PON,

ZB=20Q {As A ABC ~ A PQR)
and ZM=£N {Each is of 907)
So, A ABM -~ A PON (AA similarity criterion)

Theref oM (2]
erefore, PN ~ PQ ]

Also, AABRC - A PQR {Given)
AB _ BC_CA
So, PO = QR RP (3)

ar (ABC) AB AM

Therefore, ol e [Erom (1) and (3)]
AR AB
= —X— From (2 |
PQ~ PQ [ )] |
_ [ﬂ] |
-~ LPQ |
Now using (3), we get |
ar (ABC) (%;B]‘—[E]h—[i"hﬂ . {
ar (PQR) ~ | pQ) (QR, RPJ |

Let us take an example to illustrate the use of this theorem. |
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Example ¥ : In Fig. 6.43, the line segment A
XY is parallel to side AC of A ABC and it >
divides the triangle into two parts of equal
i . AX
areas. Find the ratio AR
B C
Y
Fig. 6.43
Solution : We have XY Il AC (Given)
So, LZBXY=ZA and £ZBYX=2C  (Comesponding angles)
Therefore, AABC ~ A XBY (AA similarity criterion)
S0 L) Ef
So, ar (XBY) = [XB; {Theorem 6.6) (1}
Also, ar (ABC) = 2 ar (XBY) (Given)
ar (ABC) 7
So, ar (XBY) = | 2)

XB) 1
- xB _ L
AB ~ 2
v OB B
* AB = 2
AB-XB _V2-1 AX_v2-1 2-2
O, AB ﬁ LE., AB \E o ————

EXERCISE 6.4
1. Let A ABC ~ A DEF and their areas be, respectively, 64 ¢cm® and 121 em®. If EF =
154 ¢m, find BC.

2. Diagonals of a rapezium ABCD with AB || DC intersect each other at the point O.
IfAB =2 CD, find the ratio of the areas of tiangles AOB and COD.
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3. InFig. 6.44, ABC and DBC are two triangles on the
same base BC. If AD intersects BC at O, show that

ar (ABC) E 0
ar (DBC) DO

4. Ifthe areas of two similar triangles are equal, prove B D
that they are congruent, Fig, f.44

5. D, E and F are respectively the mid-points of sides AB, BC and CA of A ABC. Find the
ratio of the areas of A DEF and A ABC.

6. Prove that the ratio of the areas of two similar triangles is equal to the square of the ratio
of their corresponding medians.

7. Prove that the area of an equilateral wiangle described on one side of a square is equal
to half the area of the equilateral triangle described on one of its diagonals.
Tick the correct answer and justify :

8. ABC and BDE are two equilateral triangles such that T3 is the mid-point of BC. Ratio of
the areas of wiangles ABC and BDE is

(A) 2:1 (B) 1:2 (Cr4:1 o) 1:4
9. Sides of two similar triangles are in the ratio 4 ; 9. Areas of these triangles are in the ratio
(A} 2:3 (B) 4:9 (Cr 81:16 D} 1681

6.6 Pythagoras Theorem

You are already familiar with the Pythagoras Theorem from your earlier classes. You
had verified this theorem through some activities and made use of it in solving certain
problems. You have also seen a proof of this theorem in Class IX. Now, we shall prove
this theorem using the concept of similarity of
triangles. In proving this, we shall make use of
a result related to similarity of two triangles
formed by the perpendicular to the hypotenuse
from the opposite vertex of the right triangle.
Now, let us take a right triangle ABC, right

angled at B. Let BD be the perpendicular to the o D €
hypotenuse AC (see Fig, 6.45). Fig, 6.45
You may note that in A ADB and A ABC
LA= LA
and ZADB = Z ABC  (Why?)
So, AADB ~ A ABC  (How?) (1

Similarly, A BDC ~ A ARC (How?) (2}
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So, from (1) and (2), triangles on both sides of the perpendicular BD are similar
to the whole triangle ABC.

Also, since AADB ~ A ABC
A BDC -~ A ABC
So, AADB ~ ABDC  (From Remark in Section 6.2)
The above discussion leads to the following theorem :

Theorem 6.7 : If a perpendicular is drawn from
the vertex of the right angle of a right triangle 10
the hypotenuse then triangles on both sides of
the perpendicular are similar to the whole triangle
and 1o each other.

Let us now apply this theorem in proving the
Pythagoras Theorem:
Pyvthagoras
(569 - 479 B.C.)

Theorem 6.8 & In a right triangle, the square of the hypotenuse is equal to the
sum of the squares of the other two sides.

Proof : We are given a right triangle ABC right angled at B.

We need to prove that AC? = AB® + BC?
Let us draw  BD L AC (see Fig. 6.46).

MNow, AADB ~ A ABC  (Theorem 6.7)
A

So A2 am ional
; AB = AC 1des are proporhionalp Fig. 6.46

AD . AC = AB? i1
ABDC - A ABC (Theorem 6.7)

> _ BC

BC = AC
CD . AC = B(?
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Adding (1) and (2),
AD . AC+CD.AC = AB* + BC
AC (AD + CD) = AB! + BC*
AC.AC= AB* + BC?
AC? = AB® + B(*? |
The above theorem was earlier given by an ancient Indian mathematician
Baudhayan (about 800 B.C.E.) in the following form :

The diagonal of a rectangle produces by itself the same area as produced
by its both sides (i.e., length and breadih).

For this reason, this theorem is sometimes also referred to as the Baudhayan
Theorem.

What about the converse of the Pythagoras Theorem? You have already verified,
in the earlier classes, that this is also true. We now prove it in the form of a theorem.

Theorem 6.9 : In a triangle, if square of one side is equal to the sum of the
squares of the other two sides, then the angle opposite the first side is a right
angle.
Proof : Here, we are given a triangle ABC in which AC* = AB* + BC?,

We need to prove that £ B = 90°,

To start with, we consiruet a A PQR right angled at Q such that PQ = AB and
QR = BC {see Fig. 6.47),

A P
| /{/‘ BLE]
C/ H B 0
Fig. 6.47
Now, from A PQR, we have ;
PR = P(F + QR (Pythagoras Theorem,
as £ (=97
o, PR* = AB* + B(* (By construction) (1)
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But AC?* = AB* + BC®

So, AC = PR
Now, in A ABC and A POR,
AB = PQ
BC= QR
AC =FR
So, A ABC = A PQR
Theretore, LB=.20Q
But L0 =N
So, £ B=90°

(Given) {2)
[From (1) and {2)] (3)

(By construction)
{By construction)
[Proved in (3) above]
(555 congruence)
(CPCT)

(By construction)

Note : Also see Appendix 1 for another proof of this theorem.
Let us now take some examples to illustrate the use of these theorems.

Example 10 : In Fig. 648, £ ACB = 9(0°

BC® _ BD
and CD L AB. Prove that IE? —E-
Solution : AACD ~ A ABC

(Theorem 6.7)

So AC AD
. AB = AC
or, AC* = AB . AD
Similarly, A BCD ~ A BAC
So BC _BD
o BA _ BC
of, BC? = BA . BD

Therefore, from (1) and (2},
BC?

C

Mo

/AN

Fig. 6.48

(1)

{Theorem 6.7)

(2)

BA -BD _ BD

AC2 = AB-AD AD

Example 11 : A ladder is placed against a wall such that its foot is at a distance
of 2.5 m from the wall and its top reaches a window 6 m above the ground. Find the

length of the ladder.
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Solution : Let AB be the ladder and CA be the wall A
with the window at A (see Fig. 6.49).

Also, BC=25mand CA=6m
From Pythagoras Theorem, we have:
AB’ = BC? + CA?
(2.5 + (6
42.25
50, AB = 6.5
Thus, length of the ladder is 6.5 m. 25m

Example 12 : In Fig. 6.50, if AD 1 BC, prove that Fig. 6.49
AB? + CD* = BD? + ACZ,
Solutien : From A ADC, we have
AC! = AD? + CD?
(Pythagoras Theorem) (1)
From A ADB. we have
AB? = AD? + BD?
(Pythagoras Theorem) (2)

A

Subtracting (1) from (2), we have Fig. 6.50

AB! — AC? = BD? - CD? |
@ AB? + CD? = BD? + AC? |
Example 13 : BL and CM are medians of a

triangle ABC right angled at A, Prove that
4 (BL* + CM* = 5 BC-.

Solution : BL and CM are medians of the C i
A ABC in which Z A = 90° (see Fig, 6.51). : A

From A ABC, Fig. 6.51
BC® = AB* + AC?  (Pythagoras Theorem) (1)

M

From A ABL,
BL®* = AL? + ARB!
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7 r*&'{:\l 2 . . . .
or, BL? = 2 + AB” (L is the mid-point of AC)
or, BL! = L + AB*

4
o, 4 BL*= AC* + 4 AB? (2)
From A CMA,
CM* = AC? + AM?
, . (ABY . o
or, CM* = AC® + S (M is the mid-point of AB)
L9
) . AP’
o, CM-= AC- + ——
4
or 4 CM* = 4 AC: + AB? i3

Adding (2) and (3), we have
4 (BL* + CM?) = 5 (AC* + AB%)

ie., 4 (BL! + CM?) = 5 BC* [From (1}]
Example 14 ¢ O is any point inside a ) %
rectangle ABCD (see Fig. 6.52). Prove that

1 Bl i iz
OB* + OD* = 0OA® + OCE o S . — 0
Solution : o
Through O, draw PQ || BC so that P lies on
AB and Q lies on DC, B C

Fig. 6.52

MNow, PQ Il BC
Therefore, PQ L AB and PQ L DC (£ B =90 and £ C = 9(7)
So, Z BPQ =90" and £ CQP = 90°

Therefore, BPQC and APQD are both rectangles,
Now, from A OPB,
OB* = BP* 4+ OF¢ (1)
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Similarly, from A OQD,

oD* = 0Q° + D (2)
From A OQC, we have

0c* = 0Q* + CQ’ (3)
and from A OAP, we have

OA* = AP? + OP? (4)

Adding (1) and (2),

OB? + OD? = BP? + OP* + OQ* + D(Q?
= CQ* + OP? + OQ* + AP?

(As BP = CQ and DQ = AP)
= CQF + OQ* + OP? + AP

= 0C + OA? |From (3) and (4}]

EXERCISE 6.5
L. Sides of triangles are given below, Determine which of them are right triangles.
In case of a right triangle, write the length of its hypotenuse.
(i) 7em, 24 cm, 25 cm |
(i) 3cm, 8em, 6om
(i} 50cm, 80cm, 100cm
tiv} 13cm, 12cm, Scm
2. PQR is a tnangle right angled at P and M is a
point en QR such that PM L QR. Show that
PAME = QM . MR.
3. InFig. 6.53, ABD is a mangle right angled at A
and AC L BD, Show that
iiy AB*=BC.BD B
(i) AC*=BC.DC
{iii} AD*=BD.CD
4. ABC is an isosceles tnangle right angled at C. Prove that AB? = 2AC2,

S. ABC s an isosceles triangle with AC = BC. If AB* = 2 AC?, prove that ABC is a right
rangle.

FI::.', 6.53

6. ABC is an equilateral triangle of side 2. Find each of its altitudes. i

7. Prove that the sum of the squares of the sides of a thombus is equal to the sum of the |
squares of its diagonals,
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8. InFig. 6.54. O is a point in the interior of a triangle
ABC, 0D | BC,OE L ACand OF L AB. Show that
(i) OA*+ 0B+ 0C*-0D*-0E*-0OF* = AF + BD?* + CE?,
{ii] A" +BD"+CE =AF +CD*+ B,

A ladder 10 m long reaches a window 8 m above the
ground. Find the distance of the foot of the ladder
from base of the wall.

A guy wire attached to a vertical pole of height 18 m
is 24 m long and has a stake attached to the other
end. How far from the base of the pole should the
stake be driven so that the wire will be taut?

Fig. 6.54

An aeroplane leaves an girport and Mics due north at a speed of KD km per hour. At the
sume tme, another aeroplane leaves the same airport and flies due west at a speed of

i
1200 km per hour. How far apart will be the two planes after | 3 hours?

Two poles of heights & m and 11 m stand on a
plane ground. If the distance between the feet
of the poles is 12 m, find the distance between

A

their tops.
. D and E are points on the sides CA and CB
respectively of a tnangle ABC rightangled at C.

Prove that AE® + BD* = AB* + DE~. . m
D

. The perpendicular from A on side BC of a
A ABC intersects BC at I such that DB =3 CD Fig. 6.55
isee Fig. 6.55). Prove that 2 AB* = 2AC + BC.

1
Tn an equilateral triangle ABC, I is a point on side BC such that BD = 3 | Prove that
QAD =T AR
In an equilateral triangle, prove that three times the square of one side 18 equal to Tour
times the square of one of its altitudes,
. Tick the correct answer and justify : In AABC, AB= 6+/3 ¢m,AC=12cmand BC=6cm,
Theangle B is :
(A) 1200 (B) &0
) oy (D) 45°
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EXERCISE 6.6 (Optional)*

S
1. InFig. 6.56, PS is the bisector of £ QPR of A PQR. Prove that SQ_R = E
P A
D N
Q S R ¢ M ?
Fig. 6.56 Fig. 6.57

2. InFig. 6.57. D is a point on hypotenuse AC of AABC,

DN L AB. Prove that ;

such that BD L AC, DM L BC and

(i) DM =DN . MC (ii) DN*=DM . AN
3. InFig. 6.58, ABC is a triangle in which £ ABC > 90" and AD | CB produced. Prove that

AC*=AB*+BC?+2BC .BD.

A A
] ]
D i C B b C
Fig. 6.58 Fig. 6.59
4. In Fig. 6.59, ABC is a miangle in which # ABC < 90° and AD 1 BC. Prove that
AC?'=AB*+BC*-2BC .BD. A
5. InFig. 6.60, AD is a median of a triangle ABC and
AM 1 BC. Prove that :
. (BCY
(i) AC*=AD*+BC.DM + | 5
A
B MoD C
Fig. 6.60

" These exercises are not from examination point of view.
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10.

(ii) AB*=AD*-BC DM+['H£T i) ﬁC2+AB:—2AD3+iBC’
: 2 ) . = 5 BC

,

Prove that the sum of the squares of the diagonals of parallelogram is equal to the sum
of the squares of its sides.

In Fig. 6.61, two chords AB and CD intersect each other at the point . Prove that -

ii} AAPC -~ ADPB {ii} AP.PB=CP . DP
D
. 4
' A
Fig. 6.61 Fig. 6.62

In Fig. 6.62, two chords AB and CD of a circle intersect cach other at the point P
{when produced) outside the circle, Prove that

1) APAC-AFPDB {ii) PA.PB=PC.PD

In Fig. 6.63, D is a point on side BC of A ABC

— T —
suC at D AC Prove that AD is the 5 L i
bisector of £ BAC,
Fig. 6.63

MNazima is fly fishing in a stream. The tip of
her fishing rod is 1.8 m above the surface
of the water and the fly at the end of the
string rests on the water 3.6 m away and
2.4 m from a point directly under the tip of
the rod. Assuming that her string
{from the tip of her rod to the fly) is taut,
how much siring does she have out
{see Fig. 6.64)7 If she pulls in the string at
the rate of 5 cm per second, what will be
the horizontal distance of the fly from her
after 12 seconds?
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6.7 Summzry

In this chapter you have studied the following points

10.

11.

12.

13,

Two figures having the same shape but not necessarily the same size are called similar
figures.

All the congruent figures are similar but the converse 1 not true.

Two polygons of the same number of sides are similag, if (i) their corresponding angles
are equal and (i} their corresponding sides are in the same ratio (i.e., proportion),

If 4 line is drawn parallel to one side of a triangle to intersect the other two sides in
distinct points, then the other two sides are divided in the same ratio,

If a line divides any two sides of a triangle in the same ratio, then the line is parallel (o the
third side.

I in two triangles, corresponding angles are equal, then their corresponding sides are in
the same ratio and hence the two triangles are similar (AAA similarity criterion),

Lf in two triangles, two angles of one triangle are respectively equal to the two angles of
the other triangle, then the two tniangles are similar (AA similariry criterion).

If 1 two triangles, corresponding sides are in the same ratio, then their comesponding
angles are equal and hence the triangles are similar (558 similarity criterion),

If one angle of a triangle is equal to one angle of another triangle and the sides including
these angles are in the same ratio (proportional), then the triangles are similar
(SAS similarity criterion).

The ratio of the areas of two similar triangles is equal o the square of the ratio of their
corresponding sides,

If a perpendicular 15 drawn {rom the vertex of the right angle of a right triangle 1o the
hypotenuse, then the riangles on both sides of the perpendicular are similar to the
whole tangle and also 1o cach other.

In a right triangle, the square of the hypotenuse is equal to the sum of the squares ol the
other two sides (Pythagoras Theorem).

1I'in a riangle, square of one side 15 equal w the sum of the squares of the other two
sides, then the angle opposite the first side is a nght angle.

A NoTETO THE READER

It in two right triangles, hypotenuse and one side of one triangle are
proportional to the hypotenuse and one side of the other triangle,
then the two triangles are similar. This may be referred to as the

RHS Similarity Criterion.

If you use this criterion in Example 2, Chapter 8. the proof will become
simpler.




_COORDINATE GEOMETRY

7.1 Introduction

In Class IX, you have studied that to locate the position of a print on a plane, we
require a pair of coordinate axes. The distance of a point from the v-axis is called its
x-coordinate, or abscissa. The distance of a point from the x-axis is called its
y-coordinate, or ordinate. The coordinates of a point on the x-axis are of the form
{x, 0), and of a point on the y-axis are of the form (0, y).

Here is a play for you, Draw a set of a pair of perpendicular axes on a graph
paper. Now plot the following points and join them as directed: Join the point A(4, §) to
B(3, 9) to C(3, 8) to X1, 6) 1o E(1, 5) to F(3, 3) to G(6, 3) to H(8. 5) to (8, 6) to
1(6, 8) to K(6, 9) to L(5. 8) to A. Then join the points P(3.5, 7). (3, 6)and R{4, 6) to
form a triangle. Also join the points X(5.5, 7). Y(5, 6) and Z(6. 6) to form a triangle.
Now join 5(4, 5), T(4.5, 4) and U(5, 5) to form a triangle. Lastly join S to the points
(0. 5) and (0, 6) and join U to the points (9, 5) and (9, 6). What picture have you got?

Also, you have seen that a linear equation in two variables of the form
ar + by + ¢ =1, (a, b are not simultaneously zero), when represented graphically,
gives a straight line. Further, in Chapter 2. you have seen the graph of
v=ax+ by + ¢ (a#0), is a parabola. In fact, coordinate geomelry has been developed
as an algebraic tool for studying geometry of figures. Tt helps us to study geometry
using algebra, and understand algebra with the help of geometry, Because of this,
coordinate geometry is widely applied in various fields such as physics, engineering,
navigation, seismology and art!

In this chapter, you will learn how to find the distance between the two points
whose coordinates are given, and to find the area of the (rimgle formed by three given
points. You will also study how to find the coordinates of the point which divides a line
segment JoIning two given points in & given ratio.
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7.2 Distance Formula North
Let us consider the following situation: }:

A town B is located 36 km east and 15
km north of the town A. How would you find
the distance from town A to town B without B
actually measuring it. Let us see. This situation
can be represented graphically as shown in /Els k:"
Fig. 7.1. You may use the Pythagoras Theorem Ale > B

1o calculate this distance. : 3l
Fig. 7.1

3

Now, suppose two points lie on the x-axis.
Can we find the distance between them? For
instance, consider two points A4, ) and B(6, (1)
in Fig. 7.2, The points A and B lie on the y-axis.

T
~

L D(0, 8)

ot

From the figure you can see that OA =4
units and OB = 6 units.

Therefore. the distance of B from A, ie.,
AB = 0B - OA =6 —4 =2 units.

So, if two points lie on the x-axis, we can
easily find the distance between them.

e B O - |

)

MNow, suppose we take two points lying on TR, L .| ¥
the y-axis. Can vou find the distance between O 1 2 3/ 5 6% e
them. If the points C(0, 3) and D{0, 8) lic on the (4,0) 6.0)
y-axis, similarly we find that CD =8 — 3 =5 units Fig. 7.2 |
{see Fig. 7.2).

Next, can you find the distance of A from C (in Fig. 7.2)7 Since OA =4 units and

OC = 3 units, the distance of A from C.ie ,AC= .‘1'31 + 47 =35 units. Similarly, you can
find the distance of B from D = BD = 10 units,

Now, il we consider two points not lying on coordinate axis, can we find the
distance between them? Yes! We shall use Pythagoras theorem to do so. Let us see
an example.

In Fig. 7.3, the points P(4, 6) and Q(6, 8) lie in the first quadrant. How do we use
Pythagoras theorem to find the distance between them? Let us draw PR and Qs
perpendicular to the x-axis from P and Q respectively. Also, draw a perpendicular
from P on QS to meet QS at T. Then the coordinates of R and 5 are (4. 0) and (6, (),
respectively. So, RS =2 units, Also, QS = 8 units and TS = PR = 6 units.
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Therefore, QT = 2 units and PT = RS = 2 units. v
Now, using the Pythagoras theorem. we 31‘ ';?':'51 8)
have 21
PQ* = PT* + QT 6t T
=242 =4 1 (4.°6)
44
So, PQ = 2./2 units 3.
How will we find the distance between two 21
points in two different quadrants? Iy 2 "
Consider the points P(6, 4) and Q(=5, -3) <O 1 3 j/., 2 ﬁ'("; "
(see Fig. 7.4). Draw QS perpendicular to the ' (4.0 '
x-axis, Also draw a perpendicular PT from the Fip. 7.3
point P on QS (extended) to meel y-axis at the s
point R.
Y
L
9.
3.
7
5 L
T RID, 4) _P(6.4)
3-
].-
X

Fig. 7.4

Then PT = 11 units and QT = 7 units. (Why?7)
Using the Pythagoras Theorem to the right triangle PTQ. we get

PQ = ».,‘|'r1 1*+ 7 = /170 units.
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Let us now find the distance between any two

points P(x,. v ) and Q(x,, v,). Draw PR and QS T Qb 2)
perpendicular to the x-axis. A perpendicular from the T
point P on QS is drawn to meet it at the point ;
T (see Fig. 7.5). (x.p,)
Then, OR=21,0S8=x, So, RS=x, -x =PT.
Also, SQ=y, ST=PR=y. So, QT= ¥y =y
Now, applying the Pythagoras theorem in A PTQ, we get < R s> X
w
PQ* = PT* + QT
Q X Fig. 7.5
={g -2V + 0, -y ) '
Therefore, PQ = \/[x2 — x,]z + [¥a— _1',}J

Note that since distance is always non-negative, we take only the positive square
root. So. the distance between the points P(x, y ) and Qlx, ) is

PQ = "."ll{xz—xl}z +(¥: =¥ ]3 '

which is called the distance formula.
Remarks :

1. In particular, the distance of a point P{x, y) from the origin O(0, 0) is given by

OP = [iis)"

2. We can also write, PQ = xn'll{-'fu — X, jl +{y - 3.::]3 - AWhy?)
Example 1 : Do the points (3, 2). (-2, -3) and (2, 3) form a riangle? If so, name the
tvpe of triangle formed.

Solution : Let us apply the distance formula to find the distances PQ, QR and PR,
where P(3, 2), Q(-2, -3) and R(2, 3) are the given points. We have

PQ = .“EI{H +25 + (2+ 3_‘;1 = wl'lﬁj' +5 = Jj_u = 7.07 (approx.)

QR = J(-2-2)" + (-3 -3)* =\/=4)" + (-6)" =52 =7.21 (approx.)

PR = wl'lf_l =3P i3y = JI2 +(=1)* =42 =141 {approx.)

Since the sum of any two of these distances is greater than the third distance, therefore.
the points P, Q and R form a triangle.
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Also, PQ? + PR* = QR’, by the converse of Pythagoras theorem, we have £ P = 907,

Theretore, POR 1s a night triangle.

Example 2 : Show that the points (1, 7), (4, 2), (=1, =1) and (- 4, 4) are the vertices

of a square.

Solution : Let A(1, 7), B(4, 2), C(~1, 1) and D(- 4, 4) be the given points. One way
of showing that ABCD is a square is to use the property that all its sides should be

equal and both its digonals should also be equal. Now,
AB = \J(1- 4y + (72 = J9+ 25 = /34

L)

BC :\J(4’~l+‘l}:+{2+112 :Jg;,_,_g =31

CD=J(-1+4) +(-1-4) =90+ 25=/3

DA =/(1+4)® + (7 -4)" =

J25+9 =434

AC :,v."”.l. D+ (T4+1)7° = J4+64 = /68

BD =/(4+4)" +(2-4)" = [64 + 4 = /68

Since, AB = BC = CD = DA and AC = BD, all the four sides of the quadrilateral
ABCD are equal and its diagonals AC and BD are also equal. Thereore, ABCD is a

sudre.

Alternative Solution : We find
the four sides and one diagonal, say,
AC as above. Here AD* + DC* =
34 + 34 = 68 = AC- Therefore, by
the converse of Pythagoras
theorem, £ D =90°. A quadrilateral
with all four sides equal and one
angle 90° is a square. So, ABCD
is a square.

Example 3 : Fig. 7.6 shows the
arrangement ol desks in a
classroom. Ashima, Bharti and
Camella are seated at A3, 1),
B(h, 4} and C(8, 6) respectively.
D vou think they are seated in a
line? Give reasons for your
answer.

Rows

fa—y
b ek o A S - DD

o

=~

1

2

3

4 5 6 7 R
Columns

Fig. 7.6

9

10
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Solution : Using the distance formula, we have

AB= Ji6-3) +(4-1F = J6+9=418=32

BC=/8-6)+(6-4) =J4+4=18=2V2

AC = w,".[_g_jf +(6-1)" =25+ 25 =50 =52

Since. AB + BC = 32 + 2./2 =542 = AC, we can say that the points A, B and C
are collinear, Therefore, they are seated in a line.

Example 4 : Find a relation between x and v such that the point (x , y) is equidistant
from the points (7, 1) and (3, 5).

Solution : Let Plx, v) be equidistant from the points A(7. 1) and B(3, 5).

We are given that AP = BP. So, AP* = BP*

e, (x=TF+iy—-1Y=(x-3V+(y-5)

ie., P l4r+ 494+ vy -2y + 1= -6x+9+yv - 10y+ 125

Le., r—y=12

which is the required relation.

g o

Hemark : Note that the graph of the equation
% —y =2 is a line. From your earlier studies,
you know that a point which is equidistant
from A and B lies on the perpendicular
bisector of AB. Therefore, the graph of
x—y =2 is the perpendicular bisector of AB
{see Fig. 7.7).

B(3, 5)

s S N - - -

AT, 1)

L%
.

Example 5 : Find a point on the y-axis which
is equidistant from the points A(6, 5) and
B(—4, 3).

Solution : We know that a point on the ¢
y-axis is of the form (0, ¥). So, let the point <7 Fig. 7.7
P(0, v) be equidistant from A and B. Then &

(6-0PF+(5—v)P=(—4-0P+(3-yF
ie., HB+25+ v —10y= 16 +9 +y" - 6y
ie, dy= 36

e

2 34 5 6 7

ie., ¥y=9
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So, the required point is (0, 9).

Let us check our solution : AP = /(6 — 0)* + (5 - 9)7 = /36 + 16 = /52

BP = \(:—4—013 +(3-9" = 16436 =452

Note : Using the remark above, we see that (0, 9) is the intersection of the y-axis and
the perpendicular bisector of AB.

L.

Ll

TR

EXERCISE 7.1
Find the distance between the following pairs of points
i) (2,340 (iiy =5.7Tn-13 (it} (o, &), (—a,—b)

Find the distance between the points ({0, 0) and (36, 15). Can you now find the distance
between the two towns A and B discussed in Section 7.2.

Determine if the points (1, 5), (2, 3) and (— 2, — 1 1) are collinear.
Check whether (5, — 2, (6, 4) and (7. — 2) are the vertices of an isosceles triangle.

In a classroom, 4 friends are
seated at the points A, B, C and
D as shown in Fig. 7.8, Champa
and Chameli walk into the class
and after observing for a few
minutes Champa asks Chameli,
“Don't you think ABCT} isa
square?’ Chameli disagrees.
Using distance formula, find A l’;m
which of them is cormect. x

10

Rows

oS ~1 98

L N PO

Nume the type of quadrilateral
formed, if any, by the following of
points, and give reasons for
YOUI @NSWET:
; 5 9
@ (- 1.-2),(1,0),(-1,2),(-3,0) L 2 %4 & TR R E
. n Columns
(i) (=3.50(3, 1,00, 3),(-1,-4)

(i) (4, 5).07.6).(4,3),01.2) Fig. 7.8
Find the paint on the x-axis which is equidistant from (2, =5) and (-2, 9,

. Find the values of v for which the distance between the points P(2, — 3} and Q(10, ¥) is

[ (} units.
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9. If Q(0, 1) is equidistant from P(3, -3) and R{x, 6). find the values of . Also find the
distances QR and PR,

10. Find a relation between x and v such that the point (x, ¥} is equidistant from the point
(3, 6)and (-3, 4),

73 Section Formula

Let us recall the situation in Section 7.2.
Suppose a telephone company wants to
position a relay tower at P between A and B
18 such a way that the distance of the tower (36, 15)
from B is twice its distance from A. Il P lies (x, )
on AB, it will divide AB in the ratio | : 2

(see Fig, 7.9). If we take A as the origin O, . A >X
and 1 km as one unit on both the axis, the Ul D E
coordinates of B will be (36, 15). In order to "

know the position of the tower, we must know Fig. 7.9

the coordinates of P. How do we find these

coordinates?

~

Let the coordinates of P be (x, v). Draw perpendiculars from P and B to the
r-axis, meeting it in D and E, respeclively. Draw PC perpendicular to BE. Then, by
the AA similarity criterion, studied in Chapter 6, A POD and A BPC are similar.
el OD OP 1 4 PD OP |
! efore _=_=_.1'. —_— e — =

. PC PB 2" BC PB 2
- g ]
So, = =l and —2—=—.
—x 2 15=% 2 Y
These equations give x = 12 and y =35, B(xy. 5,)

You can check that P(12, 5) meets the -3
condition that OP : PB = | ; 2. LA

B
*

Now let us use the understanding that my
you may have developed through this A
example to obtain the peneral formula. Vil

Consider any two points Alx, v,) and
Blx,, y,) and assume that P (x, y) divides
AB internally in the ratio m, . m, Le.,
PA m

i §
— fSEf.'.' FI . ?.J{]J- i
PB  m, > e

i
=
=
w
]

W

e
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Draw AR, PS and BT perpendicular to the r-axis. Draw AQ and PC parallel to
the x-axis. Then, by the AA similarity criterion,

A PAQ ~ A BPC

PA  AQ PQ
Therefore, BP PC - BC (1)
Now, AQ=RS=0S-0OR=x-1,

PC =8T=0T-0S=x,-x

PQ=PS-QS=PS-AR=y-y

BC=BT-CI'=BT-PS=y, —y
Substituting these values in (1), we get

L

m, r—x5 y=-y
My Xy —X Yy
. m, X=X X, +m,
Taking — = SwWegelx=—
m; K- X m; + i,
i ry MY, + MLy
. : L _ XY™ h ¥
Similarly, taking = L We gety = Moy TN
Mz Yy—¥ m t+m

So, the coordinates of the point P(x, v) which divides the line segment joining the
points A(x,, ¥ ) and B(x,, y,). internally, in the ratio m, :m, are

[ﬂx: X my, +myy w (2)

my + iy T ol 1 PO
This is known as the section formula.
This can also be derived by drawing perpendiculars from A, P and B on the
y-axis and proceeding as above.
If the ratio in which P divides AB is k - 1, then the coordinates of the point P will be

(fatn byt )
U k+1  k+1
Special Case : The mid-point of a line segment divides the line segment in the ratio
1 : 1. Therefore, the coordinates of the mid-point P of the join of the points Alx.v)
and Bix,, v.) is
o []-.Ir|+l-:1cE -y +1-y,
I+l 141

™

_(mEnm y+
= | i J.
Let us solve a few examples based on the section formula,
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Example 6 : Find the coordinates of the point which divides the line segment joining
the points (4, — 3) and (8, 5) in the ratio 3 : | internally.

Solution : Let P(x, v) be the required point. Using the section formula, we get

MHE)Y + 1(4) — A5+ =3 _3
Sl Pt o Al M Z98

3+1 T 3+l

X =

Therefore, (7, 3) is the required point.
Example 7 : In what ratio does the point (— 4, 6) divide the line segment joining the
points A(— 6, 10) and B(3, - 8)7

Solution : Let (— 4, 6) divide AB internally in the ratio m, : m,. Using the section
formula, we get

3m, — 6m, —8m; +10m, 1
]
L my+m, m + m,

(—4,6)= (1)

Recall that if (x, v) =(a, b) then x = g and v = b.

3m, — tm, —8m, + 10m,
S0, —4="—"—= and 6=—ti 2
Hiy + 1y 1y + miy
3m, — 61, ;
Now, —-4= = gives us
m +m,

- 4m| —4dm, = 3Im — bm,
LEe., ?ml = Zml
ie., mom,=2:7

You should verify that the ratio satisfies the y-coordinate also.

11

- ~87L 410
Now, I e S i { Dividing throughout by m. )
my + ny m, +1
"
8% % +10
= 3 =6
+1
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Therefore, the point (— 4, 6) divides the line segment joining the points A(- 6, 10) and
B(3,-8)intheratio 2: 7.

s il i i M
Alternatively : The ratio », : m, can also be wrilten as “L.p, ork:l.Let (=4, 6)
-

divide AB internally in the ratio k : 1. Using the section formula, we get

g (3% -6 —8k+10) i

sl T J ¥
e —

So, -4 = -6
k+1

ie., —dk-4=3k—-6

i.ﬂ... Tk=2

i.e., 1 =2

You can check for the v-coordinate also.

So, the point (— 4, 6) divides the line segment joining the points A(- 6, 10} and
B(3.—8)intheratio 2 : 7.

Note : You can also find this ratio by calculating the distances PA and PB and taking
their ratios provided you know that A, P and B are collinear.

Example 8 : Find the coordinates of the points of tmsection (i.e., points dividing in
three equal parts) of the line segment joining the points A(2, — 2) and B(—7, 4).

Solution : Let P and Q be the points of A P 0 B
trisection of AB i.e., AP=PQ = QB (2, ) i ) ( 7 4
(see Fig. 7.11). Fig. 7.11

Therefore, Pdivides AB internally in the ratio 1 : 2. Therefore, the coordinates of . by
applying the section formula, are

(1=T) +22). 1(4) + 2(-2) )
e o e 100D

Now, Q also divides AB internally in the ratio 2 : 1. So, the coordinates of () are

(2; N+12) 24 +1(- zu|

| l_I 2+] I.C.. {_"1‘. 2,
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Therefore, the coordinates of the points of trisection of the line segment joining A and
B are (-1, 0) and (- 4, 2).

Note : We could also have obtained Q by noting that it is the mid-point of PB. So, we
could have obtained its coordinates using the mid-point formula,

Example 9 : Find the ratio in which the y-axis divides the line segment juining the
points (5, — 6) and (-1, — 4). Also find the point of intersection.

Solution : Let the ratio be k : 1. Then by the section formula, the coordinates of the
—k+5 <4k-6)

k+1  k+1

point which divides AB in the ratio & : | are [

This point lies on the y-axis, and we know that on the y-axis the abscissa is 0,

-k +5
Therefore, rn l_ =1

50, k=S
That is. the ratio is 5 : 1. Putting the value of k = 5, we get the point of intersection as

(03

Example 10 : If the points A(6, 1), B(8, 2), C(9, 4) and Dip, 3) are the vertices of a
parallelogram, taken in order, find the value of p.

Selution : We know that diagonals of a parallelogram bisect each other.

So, the coordinates of the mid-point of AC = coordinates of the mid-point of BD

Le.,

,Ir.ﬁ+9‘!+4\' [_H+p 2+3“|

V2 2 ) L2 "2 )
‘15 SJ (8+p 5
1.€., sl I — (BT
LI‘. 2 L 2 2]
| 15_8+p
h 27 2
i.E‘-., p:'?




CooRDINATE GEOMETRY 167

2

EXERCISE 7.2

Find the coordinates of the point which divides the join of (~1, 7) and (4, -3} in the
ratio 2 ; 3.

- Find the coordinates of the points of trisection of the line scgment joining (4, —1)

and (-2, -3).

To conduct Sports Day activities, in
your rectangular shaped school
ground ABCD, lines have been
drawn with chalk powder at a
distance of Tm each, 100 flower pots
have been placed at a distance of Im
from each other along AT, as shown

C

l
in Fig. 7.12, Niharika runs I th the

distance AD on the 2nd line and

T

]

1
pusts a green fag. Preet runs 3 th

the distunce AD on the cighth line
and posts a red Nag. What is the
distance between both the flags”? Tf
Rashmi has to post a blue flag exactly

halfway between the line segment i i 314 85 ¢ 7 é 010
joining the two flags, where should

she post her flag? Fig. 7.12

Find the ratin in which the line segment joining the points (— 3, 10} and (6. = 83 is divided
by (- 1.6,

Find the ratio in which the line segment joining A(1, - 5) and Bi— 4, 5} is divided by the
x-axis. Also find the coordinates of the point of division.

| 1 1
L

> PKOKKIK KKK | |

LECL, 20, (4, v) (2, 6) und (3, 5) are the vertices ol a parallelogram taken in order, [ind

xand v,

Find the coerdinates of a point A, where AR is the diameter of a circle whose centre is

(2, -3pand Bis(1.4).

IFAand B are (-2, — 2) and (2, - 4), respectively, find the coordinates of T such that
3

AP = = AB and P lies on the line segment AR.

Find the coordinates of the points which divide the line segment joining A(— 2, 2) and

Bi2, 8) into four equal parts.

Find the area of a thombus il its vertices are (3, 09, (4, 53, (= 1, dyand (- 2, — 1) taken in

1
order. [Hint : Area of a rhombus = 3 (product of its diagonals)]
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7.4 Area of a Triangie

In your earlier classes, you have studied how to calculate the area of a triangle when
its base and corresponding height (altitude) are given. You have used the formula

1
Area of a triangle = 3 % base x altitude

In Class IX, you have also studied Heron's formula to find the area of a tniangle.
Now, if the coordinates of the vertices of a triangle are given. can you find its area?
Well, you could find the lengths of the
three sides using the distance formula and Y
then use Heron's formula. But this could
be tedious, particularly if the lengths of
the sides are irrational numbers. Let us {1&;___%
see if there is an easier way out. / =

Let ABC be any triangle whose
vertices are A(x, y ). B(x, y,) and
C(x, v,). Draw AP, BQ and CR
perpendiculars from A, B and C,
respectively, to the x-axis. Clearly ABQPF,
APRC and BQRC are all trapezia 0 QP R
(see Fig. 7.13). Fig, 7.13
Now, from Fig. 7,13, it is clear that

)
v
-

area of A ABC = area of trapezium ABQP + area of trapezium APRC
- area of trapezium BQRC.

You also know that the

area of a trapezium = 3 {sum of parallel sides)(distance between them)
Theretore, | : ]
Area of A ABC = > (BO + AP) QP + E (AP + CR) PR — —(BQ + CR) QR
i i y
==+l —x)+—(y+ ) -l —— (0 + W35 -5
7\ Yy —x; 5 W ¥ilm —x) 5 W Yl —x)
1 |
= E [.r,(}'z S ot S 65 O U e i S I Wt }l

Thus. the area of A ABC is the numerical value of the expression

> I:-ﬂ{.‘*':_ Ya) + =¥+ nly - J

Let us consider a few examples in which we make use of this formula,
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Example 11 : Find the area of a triangle whose vertices are (1, —1), (- 4, 6) and
(-3, -3}

Solution : The area of the triangle formed by the vertices A(l, 1), B(- 4, 6) and
C (-3, -5), by using the formula above, is given by

—[1(6+35) + (4) (=54 1) + (-3) (-1 -6)]

(11+16+21) =24

o B o

S0, the area of the riangle is 24 square units.

Example 12 : Find the area of a triangle formed by the points A(5, 2), B(4, 7) and
C7,-4)

Solution : The arca of the triangle formed by the vertices A(S, 2), B(4, 7) and
C(7,-4)is given by

[5(7+4)+4(-4-2)+7(2-7)]

Pt | =

= i (55-24-35) = :i=—?.
2 2

Since area is a measure, which cannot be negative, we will take the numerical value
of — 2. i.e., 2. Therefore, the area of the triangle = 2 square units.

Example 13 : Find the area of the triangle formed by the points P(-1.5, 3), Q(6, -2)
and R(-3, 4).
Solution : The area of the triangle formed by the given points is equal to

%[—1 S(=2—4) + 6(4 — 3) + (-3)(3 + 2)]

=l|:_4.:;i +6-151=0
2

Can we have a triangle of area 0 square units? What does this mean?

If the area of a triangle is 0 square units, then its vertices will be collinear.

Example 14 : Find the value of k if the points A(2, 3), B(4. k) and C(6, -3) are
collinear, )
Solution : Since the given points are collinear, the area of the triangle formed by them
must be (. 1.e..
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%[2“’( +3H+43-3+603-k)] =0

i l[-- 4k1=0

L. 3

Therefore, k=10

Let us verily our answer,

1
area of A ABC = E[E{U + 3+ 4i-3 —_-i:l |- 5(3 =3 ﬂ}] =]

Example 15 : If A(-5, 7). B(- 4, =5), C(=1, —6) and D(4, 5) are the vertices of a
quadrilateral, find the area of the quadrilateral ABCD.

Solution : By joining B to D, you will get two triangles ABD and BCD.

MNow

Also,

1
the area of A ABD = —[-5(=5-5)+ (-4)(5-7) + 4(7 +5)]

| :
—(50+8+48) = @ = 53 square units

(]

the area of A BCD

%]—4{41 —5) ~ 15+ 5) + 4(=5 + 6)]

| .
;'[44 —10 + 4) = 19 square units

So, the area of quadrilateral ABCD = 53 + 19 = 72 square units.

Note

: To find the area of a polygon, we divide it into triangular regions, which have

no common area, and add the areas of these regions.

2,

wn

EXERCISE 7.3

Find the area of the triongle whose vertices are -

iy (2,30, 0-1.0),(2,-4) {ii} (=5, -1)(3,-5)(5,2)
In each of the lollowing find the value of *k’, for which the points are collinear,
i (7,-23,(5.1),(3. b ) (8, 1), ik ~4),(2.-5)

Find the area of the triangle formed by joining the mid-points of the sides of the triangle
whose vertices are (0, 1), (2, 1) and {0, 3}, Find the ratio of this area to the area of the
given triangle,

Find the area of the quadrilateral whose vertices, twken in order, are (=4, =23, 1-3, -5}
(3, —2iand (2, 3).

You have studied in Class IX, (Chapter 9, Example 3), that a median of a trangle divides

ILinto two triangles of equal areas. Verily this result for A ABC whose vertices are
Ald,—0), B(3, -2 and (5, 2),
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EXERCISE 7.4 (Optional)*

Determine the ratio in which the line 2x + v—4 =0 divides the line segment joining the
points A2, —2)and B(3,7),

Find a relation between x and v if the points (x, v), (1, 2} and (7, 0} ure collinear.
Find the centre of a circle passing through the points (6, — 6}, (3, = 7} and (3, 3},

The two opposite vertices of a square are (1, 2) and (3, 2), Find the coordinates of the
other two vertices,

The Class X students of & gpe
secondary school in Krshinagar
have been alloned a rectangular
plot of land for their gardening
activity, Sapling of Gulmohar
are planted on the boundary at
a distance of 1m from each
other, There 15 a triangular
grassy lawn in the plot as
shown in the Fig. 7.14, The
students are to sow seeds ol
flowering plants on the
remaining arca of the plot,

n

s Gletainie

3

=y

*»
A1 23435

6 7T 8 910

Fig. 7.14

(i} Taking A as origin, find the coordinates of the vertices of the triangle.
(it What will be the coordinates of the vertices of A PQR il C is the origin?
Also caleulate the areas of the tnangles in these cases, What do you observe?
The vertices of a A ABC are A4, 6), B(1, 5) and C(7, 2). A line is drawm to intersect sides

AB and AC at D and E respectively, such that o B R Calculate the area of the
AR AC 4

A ADE and compare it with the area of AABC, (Recall Theorem 6.2 and Theorem 6.6},
Let Aid, 21, Bi6, 5)and Ci 1, 4) be the vertices of AABC,
iy The median from A meets BC at [, Find the coordinates of the point D,
() Find the coordinates of the point Pon AD such that AP: PD =21
{ii) Find the coordinates of points () and B on medians BE and CF respectively such
that B QE=2; land CR:RF=2:1
{ivi What do yo observe?
[Note : The point which is common to all the three medians is called the centroid
and this point divides each median in the ratio 2. 1.]

* These exercises are not from the examination point of view.
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(v} HAlx, ¥ ). Blx,v)and Cix,, v,) are the vertices of AABC, find the coordinates of
the centroid of the triangle.

8. ABCD is arectangle formed by the points A(—1,—1), B{— 1.4}, C(5,4) and D(5,- 1). P.Q.
R and § are the mid-points of AB, BC, CD and DA respectively. Is the quadrilateral
PORS a square? a rectangle? or a thombus? Justify your answer,

7.5 Summzanr

In this chapter, you have studied the following points ;

1. The distance between Pix,, v ) and Qfx,, v,) is \'.'It -+ (¥ — ).

2. The distance of a point P(x, ¥) from the origin is ‘,.."_1-: —?

3. The coordinates of the point P(x, v} which divides the line segment joining the
points A(x, ¥ ) and B(x, ¥,) internally in the ratio m

i -om, are

f
MGG L v+ LY

S 1 my + n
4. The mid-point of the line segment joining the points Plx, v)) and Q(x,, y,) is

[x+x y+ ];JJ
L 2 2 '

5. The area of the mriangle formed by the points (%, ¥) (x, v,) and (x,, 3,) is the
numerical value of the expression

1 )
;E-'ﬁ{-"—! —WIFHin—n)+ k0 - 'VEJ]-

A NoteETO THE READER

Section 7.3 discusses the Section Formula for the coordinates (x, wiofa
point P which divides internally the line segment joining the points
Afx,, y,) and Blx, v,) in the ratio m : m, as follows :

iy Gy + ML U
B ity + i, ’ iy 4 m,

X

5 —

Note that, here, PA ; PB = m .m

oy

However, if P does not lie between A and B but lies on the line AB,
outside the line segment AB, and PA : PB = m, . m,, we say that P divides
externally the line segment joining the points A and B. You will study
Section Formula for such case in higher classes.




INTRODUCTION TO[ &3 ]|
TRIGONOMETRY \

There is perhaps nothing which so secupies the

middie position of mathematics as trieonometry.

— .LF. Herbart (1890)
8.1 Introduction

You have already studied about triangles, and in particular, right triangles, in your
earlier classes. Let us take some examples from our surroundings where right triangles
can be imagined to be formed. For instance
l. Suppose the students of a school are
visiting Qutub Minar, Now, if a student
is looking at the top of the Minar, a right
triangle can be imagined to be made,
as shown in Fig 8.1, Can the student
tind out the height of the Minar, without
actually measuring it
2. Suppose a girl is sitting on the balcony
of her house located on the bank of a
river. She is looking down at a flower
pot pliaced on a stair of a temple situated =

nearby on the other bank of the river. l—‘u'_'b :
A right triangle is imagined to be made ]H_H" ﬁ M R
in this situation as shown in Fig 82.IF g g

you know the height at which the & :
person is sitting, can you find the width = =t g
of the river?.
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3. Suppese 4 hot air balloon is flying in
the air. A girl happens to spot the
balloon in the sky and runs to her @A @B
mother 1o tell her about it. Her mother
rushes out of the house to look at the g
balloon.Now when the girl had spotted
the balloon intially it was al point A. i
When both the mother and daughter ]
came out to see it, it had already B oF
ravelled to another point B. Can you
[ind the altitade of B from the ground?

Fig, 8.3

In all the situations given above, the distances or heights can be found by using
some mathematical technigues, which come under a branch of mathematics called
‘trigonometry’, The word ‘trigonometry’ is derived from the Greek words ‘tri’
(meaning three), ‘gon’ (meaning sides) and ‘metron’ (meaning measure). In fact.
trigonometry is the study of relationships between the sides and angles of a triangle.
The earliest known work on trigonometry was recorded in Egypt and Babylon, Early
astronomers used it to find out the distances of the stars and planets from the Earth,
Even today, most of the technologically advanced methods used in Engineering and
Physical Sciences are bused on trigonometrical concepts.

In this chapter, we will study some ratios of the sides of a right trangle with
respect to its acute angles, called trigonometric ratios of the angle. We will restrict
our discussion to acute angles only. However, these ratios can be extended to other
angles also, We will also define the trigonometric ratios for angles of measure ()° and
00°, We will calculate trigonometric ratios for some specific angles and establish
some identities involving these ratios, called trigonometric identities.

8.2 Trigonometric Ratios

c
In Section 8.1, you have seen some right triangles Vi
imagined 1o be fonmed in dilTerent sitluations, / o
; ; : e z

Let us take a nght triangle ABC as shown Hypotenuse Fi 8

in Fig. 8.4, P yd g
. ] . =

Here. 2 CAB (or, in brief, angle A) is an 2.
acute angle. Note the position of the side BC 4
with respect to angle A. It fuces £ A, We call it g E

the side opposire 1o angle A. AC 15 the &
nvpotenyse of the right triangle and the side AB
is a4 part of £ A, 5o, we call it the side

“nt to angle A,

Side adjacent o
angle A

Fig. 8.4
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Note that the position of sides change C
when you consider angle C in place of A
(see Fig. 8.5). E
&
You have studied the concept of ‘ratio’ in g
i - . . Hypotenunse b
your earlier classes. We now define certain ratios =
involving the sides of a right triangle, and call 3
them trigonemetric ratios, 7}
The trigonometric ratios of the angle A A Cip
in right triangle ABC (see Fig. 8.4) are defined Side opposite to
as follows angle C
" . side opposite to angle A BC Fig. 8.5
sine of 2~ A= =
hypotenuse AC
) side adjacent to angle A AB
cosine of £ A= : el =
hypotenuse AC
side opposite to angle A BC
tangent of £ A= — 'EFG £ P
side adjacent to angle A AR
1 _ hypotenuse _AC

cosecant of £ A= — =— . :
sine of £A  side opposite to angle A BC

I B hypotenuse _AC
cosine of £ A side adjacent to angle A AB

secant of & A=

cotangent of £ A =

I _ side adjacent to angle A _ AB
tangent of £ A side opposite to angle A BC

angle C

The ratios defined above are abbreviated as sin A, cos A, tan A, cosec A, sec A
and cot A respectively. Note that the ratios cosec A, sec A and cot A are respectively,

the reciprocals of the ratios sin A, cos A and tan A.

BC
a1 " —— BC _AC _sinA N—— cos A
50, observe that tin A= — =7+ = and colA= ——-
50, opserve hal n AB AB i A dnd o sinA
AC

S0, the trigonometric ratios of an acute angle in a right trangle express the

relationship between the angle and the length of its sides.

Why don't you try to define the trigonometric ratios for angle C in the right

triangle? (See Fig. 8.5)
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The first use of the idea of ‘sine” in the way we use
it today was in the work Arvabhativam by Aryabhata,
in A.D. 500. Aryabhata used the word ardha-jya
for the half-chord. which was shortened to fyva or
Jiva in due course. When the Arvabhativam was
translated into Arabic, the word fivae was retained as
it is. The word fiva was translated into sinus, which
means curve, when the Arabic version was translated
into Latin, Soon the word sines, also used as sine,
became common in mathematical texts throughout
Europe. An English Professor of astronomy Edmund
Gunter ( 15381-1626), first used the abbreviated
netation *sin”.

Aryahhata
C.E. 476 - 550

The origin of the terms *cosine’ and ‘tangent” was much later. The cosine function
arose from the need to compute the sine of the complementary angle. Aryvabhatia
called it kotijya. The name cosinus orginated with Edmund Guneer, Tn 1674, the
English Mathematician Sir Jonas Moore first used the abbreviated notation ‘cos’.

Hemark @ Note that the symbol sin A is used as an .
abbreviation for ‘the sine of the angle A™. sin A is not Q
the praduct of *sin’ and A. “sin” separated from A L
has no meaning, Similarly, cos A is not the product of
‘eos” and A, Similar interpretations follow for other
(rigonometric ratios also.

Now, il we take a point P on the hypotenuse Hypotenuse :
AC ora point Q on AC extended, of the right triangle
ABC and draw PM perpendicular to AB and QN A v T
perpendicular to AB extended (see Fig. 8.6), how M B N
will the irigonometric ratios of £ A in A PAM differ
from those of 2 Ain A CAB or from those of 2 Ain Fig. 8.6
A QAN?

To answer this, first look at these triangles. Is A PAM similar to A CAB? From
Chapler 6, recall the AA similanity eriterion. Using the criterion, you will see that the
triangles PAM and CAB are similar. Therefore, by the property of similar triangles.
the corresponding sides of the triangles are proportional.

AM AP MP
AB ~ AC BC

50, we have
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MP BC |
— = ——=n A
AP AC

ﬂrﬂ:E cos A MP—BC—I' A and so on
AP AC T T AM  aB |
This shows that the trigonometric ratios of angle A in A PAM not differ from
those of angle A in A CAB.
In the same way, you should check that the value of sin A (and also of other
trigonometric ratios) remains the same in A QAN also.

From this, we find

Similarly,

From our observations, it is now clear that the values of the trigonometric

ratios of an angle do not vary with the lengths of the sides of the triangle, if
the angle remains the same.
Note : For the sake of convenience, we may write sin’A, cos’A, elc., in place of
(sin AY, {cos A ete., respectively. But cosec A= (sin A)' #sin™' A (it is called sine
inverse A). sin”' A has a different meaning, which will be discussed in higher classes.
Similar conventions hold for the other trigonometric ratios as well. Sometimes. the
Greek letter  (theta) is also used to denote an angle.

We have defined six trigonometric ratios of an acute angle, If we know any one
of the ratios, can we obtain the other ratios? Let us see.
C

1
IT'in a right triangle ABC, sin A = 3

then this means that E= 3, i.e., the
lengths of the sides BC and AC of the triangle
ABC are in the ratio 1 : 3 (see Fig, 8.7). Soif
BC is equal to k, then AC will be 3k, where
kis any positive number. To determine other
trigonometric ratios for the angle A, we need to find the length of the third side
AB. Do you remember the Pythagoras theorem? Let us use it to determine the

required length AB.

Fig. 8.7

AB? = AC? — BC? = (34F — (k¥ = 8k2 = (242 k)
Theretore, AR = EJ.H:
So, we get AB = 2.2k (Why is AB not —242k 7
AB 22k 242
AC 3k 3

Similarly, you can obtain the other trigonometric ratios of the angle A,

Now, , cos A=
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Remark @ Since the hypotenuse is the longest side in a right triangle, the value of
sin A or cos A is always less than | (or, in particular, equal to 1).

Let us consider some examples.

Example 1 : Given tan A = — . find the other

A
3
trigonometric ratios of the angle A,
Solution : Let us first draw a right A ABC
(see Fig 8.8).

BC

4k
4
Now, we know that tin A= —— = E ;

AB /
g

Therefore, if BC = 4k, then AB = 3&, where k is a A Ik
positive number.

Fig. 8.8
Now, by using the Pythagoras Theorem, we have

AC? = AB? + BC! = (4k)" + (3k)* = 25
So. AC = 5k
Now, we can write all the (rigonometric ratios using their definitions.

_ BC 4k 4

SMA=C TSk S
AB 3k 3

e TR

—
ot

sin A 4 ARCSREES cos A 3

P

; 3
Therefore, cot A = —A =, cosec A =

Example 2 : If £ B and £ Q are
acute angles such that sin B = sin Q),
then prove that £ B = 2 Q.

A

Solution : Let us consider two nght
triangles ABC and PQR where
sin B = sin Q (see Fig. 8.9). c B R Q

Fig. 8.9
We have sinB = 2.2

and sinQQ= —
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AC PR

Th ——
i AB - PQ
Therefl AC 2tk sy )
ercfore, PR = PO + SY (1)
Now, using Pythagoras theorem,
BC= JAB*- AC?
and QR = /PQ’ - PR’

BC JAB -ACT JKPQ'-K’PR’ _k(PQ'-PR® _,
5 3 o = I—'I.—'l RS 5 - =y 5 - =R I
“ QR T [pQ’-PR? JPQ* - PR’ JPQ-— PR’ L2

From (1) and (2}, we have

AC _ AB_BC
PR PQ QR
Then, by using Theorem 6.4, A ACB ~ A PRQ and therefore. £ B=Z£ Q.
A
Example 3 : Consider A ACB, right-angled at C,in ™
which AB = 29 units, BC = 21 units and £ ABC =86
(see Fig, 8.10). Determine the values of
29
{i) cos® 8 + sin” B,
(ii) cos* B — sin® 6.
Solution : Tn A ACB, we have c 8 B
21
AC = w,illlﬂB" - BC- = -.,‘Ilrf 29y —(21)° Fig. 8.10

= J9-21)(29 + 21) = /(B)(50) = /400 = 20units

5 sin B E—E ::UEH—E—E.
o STY=AB 29 AB 29

s 20\ (21)_20°+280 400+ 441
MNow, (i) cos8 + sin *[ZJ |\2_; - = :

o cadb st ] (2 P (21420021-20) _ 41
and (ii) cos* 8 — sin"0 = 29) "\29) e Zal’
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Example 4 : In a right triangle ABC, right-angled at B, A

il tan A = 1, then verify that i
2 sinAcos A=,

BC
Solution : In A ABC, tan A = AB I (see Fig 8.11)

B ] C
ie., BC = AB
Fig. 8.11
Let AB = BC = £, where £ is a positive number.
Now. AC = \JAB'+ BC?
=ty + (k) = k2

~ o B AB 1

Therefore, sin A = AC 12 and  cos A = AC 12

S0, 28in Acos A= 2|

b

| =1, which is the required value.

)L
% \E -'ll- \E !

Example 5 : In A OPQ, right-angled at P,

: Q

OP =7 emand OQ — PQ = | cm (see Fig. 8.12).
Determine the values of sin Q and cos Q.
Solution : In A OPQ, we have

0Q' = OP? 4+ PQ’
ie., (1 +PQY = OF + PQ*  (Why")
ie. | + PQ? +2PQ = OF* + PQ)’
ie., 1 4+2PQ =7 (Why?) -

P
e PQ=24cmand OQ = 1 + PO = 25 em L
Fig. 8.12

, 24

So, sin () = 25 and cos ) = 35
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[ury

10.

11.

EXERCISE 8.1
In A ABC, right-angled at B, AB =24 cm, BC =7 cm. Determine :

1) sin A, cos A 1
() sinC, cos C
InFig. 8.13. find tan P - coL R.
3 12 ¢m 13 cm
Ifsin A = I caleulate cos A and tan A,
Given 135 cot A =¥, find sin A and sec A
13 2 R
Ciiven sec B = j-:! + calenlate all other trigonometric ratios, Fig. 8.13

It Aand & B are acute angles such that cos A = cos B, then show that & A= B

(1 + sin B30l - sin )

. {11 col' B
0+ cos (1 = cos i)

4

et B = - evaluate : (1)
b

|- tan” A

T 1. = eost A - sintA or notl,
1+ tan~ A

It 3 cot A = 4, check whether

I
lo triangle ABC, right-angled at B, it tan A = E- find the value of:

(b sin Acos C+cos AsinC

i) cos & cos C—sin AsinC
In A POR, right-angled at Q, PR + QR = 25 ¢m and PQ = 3 em. Determine the values of
sin P, cos P und Lan P.
State whether the following are true or false. Justify vour answer.

it The value of tan A 1s always less than 1,
12 :
(i) secAs 5 for some value of angle A.

i) cos A is the abbreviaton vsed for the cosecant of angle A.

(iv] cot A s the product of cot and A

4
iv) sinb= e for some angle 8.

8.3 Trigonometric Ratios of Some Specific Angles

From geometry, vou are already familiar with the construction of angles of 307, 457,
607 and 907, In this section, we will find the values of the trigonometric ratios for these
angles and, of course, for (),
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Trigonometric Ratios of 45° C

In A ABC, right-angled at B, if one angle is 457, then
the other angle is also 457, ie, £ A= 2 C = 45°
(see Fig. 8.14)
S0, BC = AB (Why?)
Now, 5 e BC=AB =a.

B - _  Fig. 8.4
Then by Pythagoras Theorem, AC* = AB* + BC? = ¢° + a® = 247,

and, therefore, AC = av2.
Using the definitions of the trigonometric ratios, we have :

side opposite to angle 45°  BC _ «
hypolenuse AC a2

sin45% =

=2

side adjacent toangle 43° _ AB _ a
hypolenuse AC a2 2

cos 45° =

side opposite 1o angle 45°  BC _ q w1
side adjacent to angle 45° AB  a

tan 45° =

] i l
Also, cosec 45° = — ﬁ=x-'ri,sec 45° = -=+/2 cot45° = =]
sin 45° cos 45° tan 45°

Trigonometric Ratios of 30° and 60°
Let us now calculate the trigonometric ratios of 307
and 60°. Consider an equilateral tnangle ABC. Since
each angle in an equilateral trangle is 60°, therefore, I
ZA=-LB=20C=60"
Draw the perpendicular AD from A to the side BC AL C
(see Fig. 8.15), b
Now A ABD = AACD (Why?) Fig. B.15
Therefore, BD = DC
and £ BAD = £ CAD (CPCT)
Now observe that:

A ABD is aright triangle. right- angled at D with £ BAD = 30° and £ ABD = 60°
(see Fig, 8.15),
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As you know, for finding the trigonometric ratios, we need to know the lengths of the
sides of the triangle. So, let us suppose that AB = 2a.

Then, BD = 5
and AD?* = AB? — BD? = (2a)* — (a) = 3

Therefore, AD = a3
Now, we have :

sin 30° =

1l
|
|
I
P
=
o
Ll
=
a
[}
Il
Il
1

tan30'= ST n T a

Also, cosec 307

col 30° =4/3,

Similarly,

AD : 2 .
,q_ﬂ a2 . cos o) =E,I}1n 60" =3,
2

sin 607

|
fgee b =2 and cot 60" = =

cosec 6 = \f'j v.fj

Trigonometric Ratios of 07 and 920°

Let us see what happens to the trigonometric ratios of angle
A, if it is made smaller and smaller in the nght triangle ABC
(sce Fig. 8.16), till it becomes zero. As & A gets smaller and
smaller, the length of the side BC decreases. The point C gets
closer to point B, and finally when £ A becomes very close
to 0°, AC becomes almost the same as AB (see Fig. 8.17).

A B
Fig. 8.16

.1 1

C . . ,
AC Fn iy
A B A B A B A B A B A B

Fig. 8.17
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When £ A is very close to 0°, BC gets very close to 0 and so the value of

BC
sin A = AC is very close to 0. Also, when £ A is very close to 0°, AC is nearly the

AB
same as AB and so the value of cos A = AC is very close to 1,
& i

This helps us to see how we can define the values of sin A and cos A when
A =107 We define : sin 0° = 0 and cos 0° = 1.

Using these, we have ;

sin 07
tan () = =), cot O = » which is not defined, (Why?)
cos (° tan 0O®
1 N 4 a ;
sec 0° = =1 and cosec 0° = - which is again not defined.(Why?)

cos 0° sin O°

Now, let us sec what happens to the trigonometric ratios of £ A, when it is made

larger and larger in A ABC till it becomes 90°. As £ A gets larger and larger, 2 C gets

smaller and smaller. Therefore, as in the case above, the length of the side AB foes on

decreasing. The point A gets closer to point B. Finally when £ A is very close to 947,

£ C becomes very close to 0% and the side AC almost coincides with side BC
{siee Fig. 8.18)

4 C

A_'_I... B .'.'.-.. OB

Fig. 8.18

When £ C is very close to 0°, £ A is very close to 90", side AC is nearly the
same as side BC, and so sin A is very close to 1. Also when £ A is very close o 907,
£ Cis very close to 0% and the side AB is nearly zero, so cos A is very close to (),

So, we define - sim M0° = 1 and cos 90° = (.

Now, why don’t you find the other trigonometric ratios of 9077

We shall now give the values of all the trigonometric ratios of 07, 307, 45°, 60°
and 907 in Table 8.1, for ready reference.
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Table 8.1

I . S g P o -

Remark : From the table above you can observe that as £ A increases from 07 to
907, sin A increases from 0 to | and cos A decreases from 1 to ().
Let us illustrate the use of the yalues in the table above through some examples.

Example 6 : In A ABC, right-angled at B,

AB =35 cm and £ ACB = 30° (see Fig. 8.19).

Determine the lengths of the sides BC and AC.

Solution : To find the length of the side BC. we will
- choose the trigonometric ratio involving BC and the 3P

given side AB. Since BC is the side adjacent toangle B c

C and AB is the side opposite (o angle C. therefore Fig. 8.19

Sem

AB e
pc ~

_ 5 .
iLe., BC-—I:anED ‘_ﬁ

which gives BC = 53 em
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To find the length of the side AC, we consider

in30°= 2D (Why'!)
sin 30° = iy
sin AC 3

. ] 5

5 27 ac

1.e., AC = [0cm

Note that alternatively we could have used Pythagoras theorem to determine the third
side in the example above,

i.e., AC = \,I'IAHZ+ BC- = «,L.'|53+ 15~J§]: cm = 10¢cm.
Example 7 : In A PQR, right-angled a
Q (see Fig. 8.20), PQ = 3 cm and PR = 6 cm., P
Determine 2 QPR and 2~ PROQ).
Solution : Given PQ =3 cm and PR = 6 cm. 3 b cm
| PQ
Therefore, PR sin R 0 R
Fig. 8.20
_ 31
or sinR= E = E
So, £ PR = 307
and therefore, £ 0OPR = 607, (Why?)

You may note that if one of the sides and any other part {either an acute angle or any
side) of a nght trangle is known, the remaining sides and angles of the triangle can be
determined.

] i
Example 8 : Ifsin(A-B)= 5 COs iA+Bi= = P A+B=90°, A>8, find A
and B. B |
I
Solution : Since, sin (A - B) = -, therefore. A—B = 30" (Why?) i1
|
Also, since cos (A + B) = 7, therefore, A+ B=60" (Why') (2)

Solving (1) and (2), we get : A=45" and B = 15",
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EXFERCISE 8.2
1. Evaluate the following :

i1y sin 60° cos 307 + sin 307 cos 60° ) 2 tan® 45° + cos® 30" —sin® 607
& cos 45 vy S0 30° + tan 45° — cosec 60°
sec 30° + cosec 30° sec 30° + cos 60° + cot 45°

5cos” 60° + 4 sec” 3)° — an” 45°
sin® 30° + cos” 30°
2. Choose the correct option and justify your choice ;

(v

2 tan 30°
1_+ mni_ BH; a
(A sin6l” (B) cos 60" {C) tan 607 ([ sin 30°
l—tan’ 45°
(i) | + tan> 45° -
(A tan 90° B 1 (C) s 45" i 0
(i) sin 2A =2 sin A is true when A =
(&) (F B) 3r i) 457 . (D) &
2 tan 307
@) e 30°
{A)  cos60° (B) sin 60° () an G° (D) sin 307

1
3 Nuan{A+Bi= \.-'j and tan (A - B) = —ﬁ:[]”{A+B£U~U“:ﬁ>Hiﬁl1dAand B.
W

4. Stare whether the following are true or false. Justify your answer.
() siniA+B)=sinA+sin B.
ity The value of «in 8 increases as O increases,
() The value of cos B increases as B increases.,

(vl sin 8= cos 8 for all values of B,

C

(v) cot A s not defined for A = (",

8.4 Trigonometric Ratios of Complementary Angles
Recall that two angles are said to be complementary
if their sum equals 907, In A ABC, right-angled at B,
do you see any pair of complementary angles?
(See Fig. 8.21) Fig- 8.21




W ATHEMATICS

Since £ A+ £ C =907, they form such a pair. We have:

A BC on AB L BC
sIn _Fﬁ.f COs _,."jhc tan -J"LB

A AC A AC A
~osec A = — | — i s i
COSEC S BC seC cot BC

Now let us write the trigonometric ratios for £ C =907 - £ A,

For convenience, we shall write 90° — A instead of 907 — 2 A,

What would be the side opposite and the side adjacent to the angle 90° — A7

You will find that AB is the side opposite and BC 1s the side adjacent to the angle
90" — A. Therefore,

= g 0 AB a EC i B e

sin (90° = A) = "ok cos (907 = A) = A tan (90° — A) = BC l
(2)

e 00 <192, i o= 2. oo aym 26 |

cosee | - j_;!g,ﬂ sec ( - }_BC cot { - j_'AB-

Now, compare the ratios in (1) and (2). Observe that :

;in {90~ A—ﬁ cos A and cos (90 A—E— in A
$1n - }"hC = 008 A and cos - :'_AC = 5In

Al tan (90° — A LA (90 — A BL tan A
i - = —— = {0 y o e
el ( ) BC » SO ) AB

SLEE{QD”—ﬁJuE:CDS’ECﬁ. cosec{*)ﬂ“—ﬁ}=£=smﬁ *
BC AB
So, sin (90° = A) = cos A, cos (90° — A) = sin A,
tan (90" - A) = cot A, cot (907 — A) = tan A,
sec (90" — A) = cosec A, cosec (90" — A) = sec A,

for all values of angle A lying between 0° and 9. Check whether this holds for
A =0 or A =90°

MNote : tan 0° =0 = cot 90°, sec 07 = | = cosec W and sec 90°, cosec (1°, tan 90° and
cot 07 are not defined.

Now, let us consider some examples.
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o
Example 9 : Evaluate e 63 ;
cot 257
Solution : We know - cot A = tan (90° - A)
50, cot 25" = tan (90° — 25%) = tan 65°

n tan 65°  tan 65°
cot 25°  tan 65°

Example 10 : If sin 3A = cos (A — 26%), where 3A is an acute angle. find the value of
A

Solution : We are given that sin 3A = cos (A — 267). (1}
Since sin 3A = cos (90° — 3A), we can write (1) as
cos (90° — 3A) = cos (A — 267)
Since 907 — 3A and A - 26 are both acute angles, therefore,
90" -3A= A - 26°
which gives A= 290
Example 11 : Express cot 857 + cos 75° in terms of trigonometric ratios of angles
between (07 and 45°,
Solution : cot 85° + cos 75° = cot (907 - 5%) + cos (90° — 159)
= tan 5 + sin 15°

EXERCISE 8.3

1. Evaluate :
sin 18% tan 26°
¥ cos 72° (ii) col 64° (i) cos48° —sin42° (iv) cosec 31° —sec 59°
2. Show that :

(i} tan 487 tan 23° tan 42° tan 67° =1

(ii) cos 38" cos 52° —gin 38°sin 52°=0
3. Ifwan 2A =cot (A — 18°), where 2A is an acute angle, find the value of A,
4. If tan A =cot B, prove that A + B = 90",

5. If sec 4A = cosec (A —207), where 4A is an acute angle, find the value of A.
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6. If A, B and C are interior angles of a triangle ABC, then show that

. (B+(Z‘ A
s = ©os 5

v 2 )

7. Express sin 67° +cos 75° in terms of trigonometric ratios of angles between U and 45°.

8.5 Trigonometric ldentities

s

You may recall that an equation is called an identity
when it is true for all values of the variables involved.
Similarly, an equation involving trigonometric ratios
of an angle is called a trigonometric identity, if it is
true for.all values of the angle(s) involved.

In this section, we will prove one trigonometric
identity, and use it further to prove other useful C | B
trigonometric identities. Fig. 8.22

In A ABC, right-angled at B (see Fig. 8.22), we have:

AB? + BC? = AC* (1)

Dividing each term of (1) by AC?, we get

f_xa-’ 5 BC?  AC’
ACY  ACY T AC?

‘aBY (BCY [aAcY
B =] = [

- Lac) “lac) T \ac,
Le. (cos AV + (sin Ay = 1
e, cos’ A +sinPA=1 (2]

This is true for all A such that 0° £ A < 90°. So, this is a tngonometric identity,
Let us now divide (1) by AB®. We get

AB® BCY  ACT

AB’ AB* = AB°

(22 B L e

AB! LAB/ ~ LAB)

1+tan*A =

i3)

|
|
|
\
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s this equation true for A = 077 Yes, it is. What about A = 90°7 Well, tan A and
sec A are not defined for A =907, So, (3) is true for all A such that 07 € A < 90°,

Let us see what we get on dividing (1) by BC® We get

AB{+BCE AC?
BC® BC*  BC?

r@]g +|r EC T'-‘ [A_Ch.z
\BC) \BC) BC
LE., cot* A + 1 = cosec? A (4)

Note that cosec A and cot A are not defined for A = 0°, Therefore (4) is true for
all A such that 0° < A < 90°,

Using these identities, we can express each trigonometric tatio in terms of other
trigonometric ratios, i.¢., if any one of the ratios is known, we can also determine the
values of other trigonometric ratios.

Let us see how we can do this using these identities. Suppose we know that
|

tan A = _,_‘ Then, cot A= 3.
W
: 1 4 2 NE]
Since, sec’A=1+tan" A= l+—-=—: secA= . andcos A= —
3 3 3 2
T | = o3 1 R
Again, sin A = yl—cos™ A =1'I|l _E =E. Therefore, cosec A= 2.

Example 12 : Express the ratios cos A, tan A and sec A in lerms of sin A.

Solution : Since cos? A 4+ sin® A = 1, therefore,

cos' A=1-sin"Aie,cos A= 1 \|'I! —sin" A

This gives cos A= /1 —sin” A (Why?7)

sin A sin A ' 1 1
Hence. tan A = =7 — and sec A = =
cos A 1b.,[ —sint A cos A \l'l —sinA




Example 13 © Prove that sec A (1 — sin A)(sec A + tan A) = 1.
Solution :
I b

; 7 . -.
[-—Jﬂ—m'nm LA
cos A \cos A cos A

LHS = sec A (1 — sin A)(sec A + tan A)

(1 -sin A)(1 +sin A) _1-sin® A
cos’ A cos’ A

cot A —cos A cosec A -1
colA+cos A cosec A+1

IExample 14 ; Prove that

—— = 00§ A
colA —cos A sin A

cot 0s A cos A
LATe¢ —— 4+ cos A

S11

Solution ; LHS =

i ! ’
cos A —] -1 | [—-;-l —1]

_sin A J _\sin A _ cosec A - |
cﬂsﬁ[ - +lJ —+1
sin A sin A

L%

= = RHS
"'l cosee A+ |

J

sin B —cos A + | | . . .
= + using the identity

Example 15 : Prove that — =
sinB+cosB-1 secB-—tan B |

sect B = | + n® 6,

Solution @ Since we will apply the identity involving sec © and tan 8, lel us first
convert the LHS (of the identity we need to prove) in terms of sec 8 and tan by
dividing numerator and denominator by cos 8.

sinH—cmE*+1_ tan E}—l+secB

LHS = =-
sinB+cosB—-1 tanB+1—sech

(tan B + sec B8)— 1 = {(tan B + sec B) — 1} (tan B — sec @)
(tan 8 —sec B) +1  {(tan O — sec ) + 1} (tan B sec 0)
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{tan~ 0 -secjﬂ} —{lan 8 —sec &)
~ {tan O —sec O+ 1) (tan B — sec 8)

—l—tun B8 + sec B
{tan © —sec B4+ 1) (tan B — sec 8)

| |
= lanﬂ~ﬁecﬂ‘&ecﬁ—tanﬂ

which is the RHS of the identity. we are required to prove.

EXERCISE 8.4

Express the triganometric ratios sin A, sec A and tan A in terms of cot A,
Write all the other trigonometric ratios of 2 A in terms of sec A,
Evaluate :

sin® 63°+ sin® 27°
cos® 17% 4 cos” T3¢

1]

(i) sin 25° cos 65" + cos 257 sin 65°
. Choose the correct option. JTustify your choice.
(i} 9sec’ A-9mn A=

(Al | B) 9 (Cy 8 im0

dif {1 +tan 8+ sec B) (1 + cot 88— cosee 8) =
(A) 0O By 1 Ky 2 Dy -1

(i} (sec A +tan A) (]l —sin A) =
&) sec A iB) sin A iC7) cosec A (D) cos A
1 +tan” A

) et A

iA) sect A By -1 i) cot® A () tan- A

. Prove the following identinies, where the angles involved are ucute angles for which the
expressions are defined,

1-¢cos5 8 cos A +I+:.inA

I +sin A cos A

(1) {cosecH—colB)F =

| +cos 8 =2 sec A
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Lan B cot B
4= =1+ sec B cosec B

M) 1 cot® 1-tan B
[Hint : Write the expression in terms of sin B and cos 8]
I+ sec A sin” A - . :
B ek e con [Hint : Simplify LHS and RHS separately|
L8 — 2
cos A —sin A +1 . : P Ly i
i) = cosec A + cot A, using the idenfity cosec® A= 1 +cot® A
cos A+ sin A -
T sin A sin @ — 2 zin" @
(i) |I'—~- =zec A + tan A i) - = an +]
1'II—-.~,||1JE'. 2eos B -cos B

(vill) (sin A + cosec AF+ (cos A+sec AV =7 + lan” A+ cot’ A
1

d psec A — sin A A -y Ayse ———M—
iixy lcosec sin A j{sec cos A T T

[Hint : Simplify LHS and RHS separately]

14 mnzﬂ\'_ l—tan AL
0 L

I+|:+:||t2.-ﬁ.',i L1 —cot A

B.6 Summary
In this chaprer, you have studied the following points

1. Inaright mangle ABC, right-angled at B,

side o) i

side opposite to angle A.1 —
hypotenuse hypotenuse

side adjacent to angle A

sin A=

side opposite wangle A

WA= side adjucent to angle A

rsec A= ;lan A = : -l&nﬁ=5mh.

sin A cos A cot A cos A

If one of the mgonometric ratios of an acute angle is known, the remaining trigonometric
ratios of the angle can be easily determined,

The values of rigonometric ratios for angles 07, 307, 457, 607 and 90°.

2. cosec A =

(Y]
H

iy .h.

The value of sin A or cos A never exceeds |, whereas the value of sec A or cosec A 18
always greater than or equal w 1,
6. 5in (907 - A = cos A, cos (907 - A) = sin A
tan {90° —A) = cot A, cot (90° - A)=tan A;
sec (907 - A = cosec A, cosec (907 — A) = sec AL
7. sif A+cosiA=1,
sec’ A—tan* A=1 for 0" <A <",
cosect A= 1+ cot A for 0" <A=90°




SOME APPLICATIONS OF

_TRIGONOMETRY

9.1 Introduction

In the previous chapter, you have studied about trigonometric ratios. In this chapter,
you will be studying about some ways in which trigonometry is used in the life around
you. Trigonometry is one of the most ancient subjects studied by scholars all over the
world. As we have said in Chapter 8, trigonometry was invented because its need
arose 1n astronomy. Since then the astronomers have used it, for instance, to calculate
distances from the Earth to the planets and stars. Trigonometry is also used in geography
and in navigation. The knowledge of trigonometry is used to construct maps, determine
the position of an island in relation to the longitudes and latitudes.

Surveyors have used trigonometry for
centuries. One such large surveying project
of the nineteenth century was the ‘Great
Trigonometric Survey’ of British India
for which the two largest-ever theodolites
were built. During the survey in 1852, the
highest mountain in the world was
discovered. From a distance of over
160 km, the peak was observed from six
different stations. In 1856, this peak was
named after Sir George Everest, who had A Theodolite
commissioned and first used the giant (Suryveying instrument, which is based
theodolites (see the figure alongside). The oy the Principles of trigonometry, is

theodolites are now on display in the  ysed for measuring angles with a
Museum of the Survey of India in rotating telescope)
Dehradun,
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In this chapter, we will see how trigonometry is used for finding the heights and
distances of various objects, without actually measuring them.

9.2 Heights and Distances

Let us consider Fig. 8.1 of prvious chapter, which is redrawn below in Fig. 9.1.

C
&
R
go
W
BH | ,-":Jltng!e of elevation :
I S s e N ‘B
E........................................:D

Fig. 9.1

Ini this figure, the line AC drawn from the eye of the student to the top of the
munar is called the line of sighi. The student is looking at the top of the minar. The

angle BAC, so formed by the line of sight with the horizontal, is called the angle of

elevation of the top of the minar from the eye of the student.

Thus, the line of sight is the line drawn from the eye of an obseryer to the point
in the object viewed by the observer, The angle of elevation of the point viewed is
the angle formed by the line of sight with the horizontal when the point being viewed is
above the horizontal level, i.e., the case when we raise our head to look at the object
(see Fig, 9.2).

Object
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Now, consider the situation given in Fig. 8.2. The girl sitting on the balcony is
looking down at a flower pot placed on a stair of the temple. In this case, the line of
sight is below the horizontal level. The angle so formed by the line of sight with the
horizontal is called the angle of depression.

Thus, the angle of depression of a point on the object being viewed is the angle
formed by the line of sight with the horizontal when the point is below the horizontal
level, i.e., the case when we lower our head to look at the point being viewed
(see Fig. 9.3).

s) Object

Fig. 9.3

Now, you may identify the lines of sight, and the angles so formed in Fig. 8.3.
Are they angles of elevation or angles of depression??

Let us refer to Fig. 9.1 again. If you want to find the height CD of the minar
without actually measuring it, what information do vou need? You would need (o know
the following:

(i) the distance DE at which the student is standing from the foot of the minar
(i) the angle of elevation. £ BAC, of the top of the minar
(iii} the height AE of the student.

Assuming that the above three conditions are known, how can we determine the
height of the minar?

In the figure, CD =CB + BD. Here, BD) = AE, which is the height of the student.
To find BC, we will use trigonometric ratios of £ BAC or £ A,

In A ABC, the side BC is the opposite side in relation to the known £ A. Now.
which of the trigonometric ratios can we use? Which one of them has the two values

that we have and the one we need to determine? Our scarch narrows down 1o using
Either tan A or cot A, as these ratios involve AB and BC.
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BC AB
Therefore, tan A= AB or cot A= BC. which on solving would give us BC,

By adding AE to BC, you will get the height of the minar.
Now let us explain the process, we have just discussed, by solving some problems.

Example 1 : A tower stands vertically on the ground. From a point on the ground,
which is 15 m away from the foot of the tower, the angle of elevation of the top of the
tower is found to be 60°. Find the height of the tower.

Splution : First let us draw a simple diagram to
represent the problem (see Fig. 9.4). Here AB
represents the tower, CB is the distance of the point
from the tower and 2 ACB is the angle of elevation.
We need to determine the height of the tower, Le.,
AB. Also, ACB is a triangle, right-angled at B.

To solve the problem, we choose the trigonometric
ratio tan 60° (or cot 60°), as the ratio involves AB
and BC.

N ﬁﬂl’.‘ E

O, tan = BC
AB

y u@ o

1.E., 15

e AB = 1543

Hence, the height of the tower is 1543 m.

Example 2 : An electrician has to repair an clectric
fault on a pole of height 3 m. She needs to reach a
point 1.3m below the top of the pole to undertake the
repair work (see Fig. 9.5). What should be the length
of the ladder that she should use which, when inclined
al an angle of 60° to the horizontal, would enable her
to reach the required position? Also, how far from
the foot of the pole should she place the foot of the

ladder? (You may take 3 = 1.73)
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Solution : In Fig. 9.5, the electrician is required to reach the point B on the pole AD.
So, BD=AD-AB=(5-13m=37m

Here, BC represents the ladder. We need to find its length, i.e., the hypotenuse of the
right triangle BDC.

Now, can you think which trigonometic ratio should we consider?

It should be sin 607,
So BD. . wgprior 2oL 3
\ BC = sin 607 or BC = 2
Theref B s TR E g )
Ererore, = = i, X,
75 m (approx

Le., the length of the ladder should be 4.28 m.

N s L 60° :
ow, =00 e =
BD - NE]
3.7
ie., = u"_'_ = 2.14 m (approx.)

Therelore, she should place the foot of the ladder at a distance of 2.14 m from the
pole. A

Example 3 : An observer 1.5 m tall 1s 28.5 m away

from a chimney. The angle of elevation of the top of

the chimney from her eyes is 45°. What is the height ,
of the chimney?

Selution : Here, AB is the chimney, CD the observer

and # ADE the angle of elevation (see Fig. 9.6). In p 45?:‘-"%&3?-‘ E
this case, ADE is a triangle, right-angled at E and %

we are required to find the height of the chimney.  ~¢ B

We have AB= AE+BE=AE + 1.5 Fig. 9.6

and DE=CB=285m

To determine AE, we choose a trigonometric ratio, which involves both AF and
DE. Let us choose the tangent of the angle of elevation,
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N tan 45° Al
;i P s
O DE
_ | AE
R = 285
Therefore, AE = 285

So the height of the chimney (AB) = (28.5 + 1.5) m = 30 m.

fixample < : From a point P on the ground the angle of elevation of the top of a 10 m
tall building is 307, A flag is hoisted at the top of the building and the angle of elevation
of the top of the flagstall from P is 45°. Find the length of the flagstaff and the
distance of the building from the point P. (You may take /3 = 1.732)

Solution : In Fig. 9.7, AB denotes the height of the building, BD the flagstaff and P
the given point. Note that there are two right tnangles PAB and PAD. We are required
to find the length of the flagstaff. i.e.. DB and the distance of the building from the
point F, 1.e., PA.

Since, we know the height of the building AB, we
will first consider the right A PAB.

We h W= —
e have lan = AP
, 1 B 10
I.e.. 3 _AP
r
- A
Therefore, AP = 1043

i.e., the distance of the building from P is 103 m=17.32m.

Next, let us suppose DB = x m. Then AD = (10 + x) m.

AD 10+ x
Now, in right A PAD, tan 45 = E = EE—

1+ x
Therefore, | B

1043
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Le., x= 10 (\ﬁ = l) =732
50, the length of the flagstaff is 7.32 m.

Example 5 ; The shadow of a lower standing A
on a level ground is found to be 40 m longer
when the Sun’s altitude is 30° than when it is
60°. Find the height of the tower,

Solution : In Fig. 9.8, AB is the tower and
BC is the length of the shadow when the

Sun’s altitude is 60°, i.e.. the angle of
elevation of the top of the tower from the Lip
of the shadow is 60° and DB is the length of
the shadow, when the angle of elevation is

p <3

—— 4 m — 3 C B

Fig. 9.8

30

Now, let AB be & m and BC be x m. According to the question, DB is 40 m longer
than BC.

So, DB = (40 + x) m

Now, we have two right triangles ABC and ABD.

In AABC 60° = ﬂ
n A ABC, tan = BC
h
o, \E = ; (1)
In A ABD 30° = @
nAABD, tan 30" = BD
| 1Lk .
f E = x+ 40 {an
From (1), we have h= x3
Putting this value in (2), we get (.w‘?}ﬁ =x+40 ie,3x=x+40
Le., =20
So, h= 2043 [From (1)]

Therefore, the height of the tower is 2043 m.
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Example 6 : The angles of depression of the top and the bottom of an 8 m tall building
from the top of a multi-storeyed building are 3()° and 45°, respectively. Find the height
of the multi-storeyed building and the distance between the two buildings.

Solution : In Fig. 9.9, PC denotes the multi-
storyed building and AB denotes the 8 m tall
building. We are interested to determine the
height of the multi-storeyed building, 1.e., PC
and the distance between the two buildings,
i.e., AC.

Look at the figure carefully, Observe that
PB is a transversal to the parallel lines PQ
and BD. Therefore, £ QPB and £ PBD are
alternate angles, and so are equal. A C
So < PBD = 30°. Similarly, £ PAC = 45°. Fig. 9.9

In right A PBD, we have

P
Q .................... a3
3

T 30 : BD = PD 3
sy tap 30" = — =
BD an e o J3

In right A PAC, we have

PC
AC - tan 45 =1
i.e., PC = AC
Also, PC = PD + DC. therefore, PD + DC = AC.

Since. AC = BD and DC = AB = 8 m, we get PD + 8 = BD = PD+/3 (Why?)

e B 8(v3+1 e
I'his gives PD = E_—l—(—ﬁ_i_ I.J(\."E-—_IJ_“:'Y}—I-I}"L

S0, the height of the multi-storeyed building is {-ﬂﬁ 1 l] + H}m = 4{3 + ﬁ) m

and the distance between the two buildings is also 4{3 + \,ﬁ)m_

Example 7 : From a point on a bridge across a river, the angles of depression of
the banks on opposite sides of the river are 30° and 457, respectively. If the bridge
is at a height of 3 m from the banks, find the width of the river.




" In Fig 9.10, A and B
represent points on the bank on
opposite sides of the river, so that _
AB is the width of the river. P is ST
a point on the bridge at a height
of 3 m, ie., DP =3 m. We are
interested to determine the width Fig. %.10
of the river, which is the length

of the side AB ol the A APB,

Now, AB = AD + DB
In right A APD, £ A = 30",

5 30° D
0, tan A" = —
AD
| 3 =
i.e. TR — AD = 33
Le., NE ap of HWim

Also, in right A PBD, £ B = 45°. So, BD=PD =3 m.

Now, AB=BD+AD=3+3/1=3(1++3)m.
Therefore, the width of the river is 3(v/3 +1)m,

EXERUCISNE 9.9

L. Acircus artist is climbing a 20 m long rope, which is
tightly stretched and tied from the top of a vertical

A
pole to the ground. Find the height of the pole, if S~
the angle made by the rope with the ground level is .
30° (see Fig. 9.11), ‘J'Q'
2. A tree breaks due to storm and the broken part =%
' ' ' i 307 PN

bends so that the top of the tree touches the ground B
+ making an angle 307 with it. The distance between

the foot of the tree to the point where the lop Fig. 9.1

touches the ground is 8 m. Find the height of the
tree,

3. Acontractor plans to install two slides for the children to play in a park. For the children
below the age of 5 years, she prefers to have a slide whose topis at aheight of 1.5 m, and




10.

11.

12.

is inclined at an angle of 30° to the ground, whereas for elder children, she wants to have
a steep slide at a height of 3m, and inclined at an angle of 60° to the ground. What
should be the length of the slide in each case?

The angle of elevation of the top of a tower from a point on the ground, which is 30 m
away from the foot of the tower, 15 30°. Find the height of the tower.

A kite is flying at a height of 60 m above the ground. The string antached to the kite is
temporarily tied o a point on the ground. The inclination of the string with the ground
is 60°. Find the length of the string, assuming that there is no slack in the string.

A 1.5 m tall boy is standing at some distance from a 30 m tall building. The angle of
elevation from his eyes to the top of the building increases from 30° to 6C° as he walks
towards the building. Find the distance he walked towards the building.

From a point on the ground, the angles of elevation of the bottom and the top of a
transmission tower fixed at the top of a 20 m high building are 45° and 60° respectively.
Find the height of the lower.

A statue, 1.6 m tall, stands on the top of a pedestal. From a point on the ground, the
angle of elevation of the top of the statue is 60° and from the same point the angle of
elevation of the top of the pedestal is 45°. Find the height of the pedestal.

The angle of elevation of the top of a building from the foot of the tower is 30° and the
angle of elevation of the top of the tower from the foot of the building is 60°. If the tower
i5 50 m high, find the beight of the building.

Two poles of equal heights are standing opposite each other on either side of the road.
which is 80 m wide. From a point between them on the road, the angles of elevation of
the top of the poles are 60° and 30°, respectively. Find the height of the poles and the
distances of the point from the poles.

A TV tower stands vertically on a bank
of a canal. From a point on the other
bank directly opposite the tower, the
angle of elevation of the top of the
tower is 60°. From another point 20 m
away from this point on the line joing
this point to the foot of the tower, the of
angle of elevation of the top of the 5 ad
tower is 30° (see Fig. 9.12). Find the
height of the tower and the width of

the canal.

A

&

20m— > C B

Fig. 9.12

From the top of a 7 m high building, the angle of elevation of the top of a cable tower is
60° and the angle of depression of its foot is 45°. Determine the height of the tower.

As observed from the top of a 75 m high lighthouse from the sea-level, the angles of
depression of two ships are 30° and 45°. If one ship is exactly behind the other on' the
same side of the lighthouse, find the distance between the two ships.




14. A 1.2 muall girl spots a balloon moving @ @
with the wind in a horizontal line at a 5 3
height of 88.2 m from the ground. The
angle of elevation of the balloon from
the eyes of the girl at any instant is
60°. After some time, the angle of 600
elevation reduces o 30)° (see Fig.0.13), ~.-1*
Find the distance travelled by the n !
balloon during the interval,

15. A straight highway leads to the foot of a tower. A man standing at the wp of the tower
observes a car at an angle of depression of 30°, which is approaching the foot of the

tower with a uniform speed. Six seconds later, the angle of depression of the car is found
to be 60°. Find the time taken by the car to reach the foot of the tower from this point.

16. The angles of elevation of the top of a tower from two points at a distance of 4 m and
9 m from the base of the tower and in the same straight line with it are complementary.
Prove that the height of the tower is 6 m.

In this chapter, you have studied the following points :

L. () The line of sight is the line drawn from the eye of an observer to the point in the
object viewed by the observer,

(i) The angle of elevation of an object viewed, is the angle formed by the line of sight
with the horizontal when it is above the horizontal level, i.e., the case when we raise
our head to look at the object.

() The angle of depression of an object viewed, is the angle formed by the line of sight
with the horizontal when it is below the horizontal level, i.e., the case when we lower
our head to look at the object.

2. The height or length of an object or the distance between two distant objects can be
determined with the help of trigonometric ratios.
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You have studied in Class IX that a circle is a collection of all points in a plane
which are at a constant distance (radius) from a fixed point (centre). You have
also studied various terms related to a circle like chord, segment, sector, arc etc.
Let us now examine the different situations that can arise when a circle and a line
are given in a plane.

So, let us consider a circle and a line PQ. There can be three possibilities given
in Fig. 10.1 below:

F

P A P

(i) (i) (iif)

In Fig. 10.1 (i), the line PQ and the circle have no common point. In this case,
PQ is called a non-intersecting line with respect to the circle. In Fig. 10.1 (ii), there
are two common points A and B that the line PQ and the circle have, [n this case, we
call the line PQ a secant of the circle. In Fig. 10.1 (iii), there is only one point A which
is common to the line PQ and the circle. In this case, the line is called a tangent to the

circle.




You might have seen a pulley fitted over a well which is used
in taking out water from the well. Look at Fig. 10.2. Here the rope
on both sides of the pulley, if considered as a ray, is like a tangent
to the circle representing the pulley.

Is there any position of the line with respect to the circle
other than the types given above? You can sce thal there cannot
be any other type of position of the line with respect to the circle.
In this chapter, we will study about the existence of the tangents
to a circle and also study some of their properties.

In the previous section, you have seen that a tangent* to a circle is a line that
intersects the circle at only one point.

To understand the existence of the tangent to a circle at a point, let us perform
the following activities:

Take a circular wire and attach a straight wire AB at a point P of the
circular wire so that it can rotate about the point P in a plane. Put the system on a table
and gently rotate the wire AB about the point P to get different positions of the straight
wire [see Fig. 10.3(i})]. A

In various positions, the wire intersects the i
circular wire at P and at another point Q, or Q, or \
Q.. etc. In one position, you will see that it will
intersect the circle at th_:; point P only (see position A :I"‘Q
A'B’ of AB). This shows that a tangent exists at { "
the point P of the circle. On rotating further, you
can observe that in all other positions of AB, it will ' R, R, H”ﬁ
intersect the circle at P and at another point, say R, | \»*\ R,
or R, or R, etc. So, you can observe that there is '
only one tangent at a point of the circle. ' RE)

While doing activily above, you must have observed that as the position AB
moves towards the position A" BY, the common point, say Q. of the line AB and the
circle gradually comes nearer and nearer to the conmumon point P Ultimately, it coincides
with the point P in the position A'B’ of A”B”, Again note, what happens if “AB’ is
rotated rightwards about P? The common point R, gradually comes nearer and nearer
to P and ulimately coincides with P. So, what we see is:

The tangent to a circle is a special case of the secant, when the two end
points of its corresponding chord coincide.

*The word ‘tangent’ comes from the Latin word ‘tangere’, which means to touch and was
introduced by the Danish mathematician Thomas Fineke in 1583,




tivity 10 On a paper, draw a circle and a P
secant PQ of the circle. Draw various lines .

parallel to the secant on both sides of it. You L

will find that after some steps, the length of p~

the chord cut by the lines will gradually

decrease, i.e., the lwo points of intersection of

the line and the circle are coming closer and

closer [see Fig. 10.3(ii)]. In one case, it

becomes zero on one side of the secant and in Q"
another case, it becomes zero on the other side Q

of the secant. See the positions P’Q’ and P"Q” )

of the secant in Fig. 10.3 (ii). These are the Q

tangents to the circle parallel to the given secant

PQ. This also helps you to see that there cannot (ii)

be more than (wo tangents parallel to a given

secanl.

This activity also establishes, what you must have observed, while doing
Activity 1, namely, a tangent is the secant when both of the end points of the
corresponding chord coincide.

The common point of the tangent and the circle is called the point of contact
[the point A in Fig. 10.1 (iii)Jand the tangent is said to touch the circle at the
~ common point.

Now look around you. Have you seen a bicycle
or a cart moving? Look at its wheels. All the spokes
of a wheel are along its radii. Now note the position
of the wheel with respect to its movement on the
ground. Do you see any tangent anywhere?
(See Fig. 10.4). In fact, the wheel moves along a line
which is a tangent to the circle representing the wheel.
Also, notice that in all positions, the radius through
the point of contact with the ground appears to be at
right angles to the tangent (see Fig. 10.4). We shall
now prove this property of the tangent,

The rangent at any point of a circle is perpendicular to the
radius through the point of contact,

We are given a circle with centre O and a tangent XY to the circle at a
point P. We need to prove that OP is perpendicular to XY,




Teke a point Q on XY other than P and join OQ (see Fiz. 10.5).

The point Q must lie outside the circle.
"Why? Noete that if Q lies inside the circle, XY
will become a secant and not a tangent to the
cirzle). Therefore, O is longer than the radius /

OF of the circle. That is, | 0 '

0Q > OP. | .|
Since this happens for every point on the , /
line XY except the point P, OP i. the | .7 X
shortest of all the d. tances of the point () to the P Qo

points of XY. So OP is perpendicular .0 XY.
{as shown in Theorem A1.2.) ki
|

1. By theorem above, we can also conclude that at any point on a circle there can be
} one and only one tangent.

2. The line containing the radius through the point of contact is also sometimes called
the ‘normal’ to the circle at the point.

EXERCISE L]

1. How many tangents can & circle have?
2. Fill in the blanks :
(i) A tangent to a circle intersectsitin ___ point (s).
(i) A line intersecting a circle in two points is called a
(i) Acirclecanhave _— parallel tangenis at the most,
{iv) The common point of a tangent wo 4 circle and the circle is called

3. Atangent PQ at a point P of a circle of radius 5 cm meets a line through the centre O at
a point ) so that 0OQ = 12 cm. Length PO is ;

(A) 12¢cm (B) 13cm (C) B5cm (™ 119 cm.

4. Draw a circle and two lines parallel to a given line such that one is a tangent and the
other, a secant to the circle,

i i e ol Lanoents Crorm a Poind ona Circh

To get an idea of the number of tangents from a point on a circle, let us perform the
following activity:




\etivity Draw a circle on a paper. Take a
point P inside it. Can you draw a tangent to the
circle through this point? You will find that all
the lines through this point intersect the circle in
two points, So, it is not possible to draw any
tangenl to a circle through a point inside it
|see Fig. 10.6 (i)).

Next tike a point P on the circle and draw
tangents through this point. You have already
observed that there is only one tangent to the
circle at such a point [see Fig, 10.6 (ii)].

Finally, take a point P outside the circle and
try to draw tangents to the circle from this point.
What do you observe? You will find that you
can draw exactly two tangents to the circle
through this point [see Fig. 10.6 (iii)].

We can summarise these facts as follows:

( w~t | : There is no tangent to a circle passing
through a poir [ lying inside the circle.

{ use 2« Ther ® is one and enly one tangent to a
circle passing (through a point lying on the circle.
{ ase A There are exactly two tangents 1o a
circle through a point lving outside the circle.

In Fig. 10.6 (iii), T and T, are the points of
contact of the tangents PT  and PT,
respectively.

The length of the segment of the tangen
from the external point P and the point of contact
with the circle is called the length of the tangent
from the point P 1o the circle.

(i)

- P

Fie, 10.6

Note that in Fig. 10.6 (iii), PT, and PT, are the lengths of the tangents from P to

the circle. The lengths PT

and PT, have a common property. Can you find this?

Measure PT, and PT,. Are these equal? In fact, this is always so. Let us give a proof

of this fact in the following theorem.



Pheorem 102 The lengths of tangents drawn
Jrom an external point 1o a circle are equal.,

root - We are given a circle with centre 0, a
point P lying outside the circle and two tangents
PQ, PR on the circle from P (see Fig. 10.7). We

are required (o prove that PQ = PR,

For this, we join OP, OQ and OR. Then
£ OQP and # ORP are right angles, because
these are angles between the radii and tangents,
and according to Theorem 10.] they are right
angles. Now in right triangles OQP and ORP.

00 = OR

OP = 0P
Therefore, A OQP = A ORP
This gives PQ = PR

Remarks

Pe

N
R

Fig,

1.7

(Radii of the same circle)

(Commaon)
(RHS)
{(CPCT)

1. The theorem can also be proved by using the Pythagoras Theorem as follows:
PQ* = OP* — OQ = OP! — OR! = PR? (As 0Q = OR)

which gives PQ) = PR,

2. Note also that £ OPQ = # OPR. Therefore, OP is the angle bisector of £ QPR,
i.e., the centre lies on the bisector of the angle between the two tangents.

Let us take some examples.

Fxample | Prove that in two concentric circles,
the chord of the larger circle, which touches the
smaller circle, is bisected at the point of contact.

Solution : We are given two concentric circles
C, and C, with centre O and a chord AB of the
larger circle C, which touches the smaller circle
C, atthe point P(see Fig. 10.8). We need to prove
that AP = BP,

Let us join OP. Then. AB is a tangent to C,aP
and OP is its radius. Therefore, by Theorem 10,1,

OP L AB




Now AB is a chord of the circle C, and OP L AB. Therefore, OP is the bisector of the
chord AB, as the perpendicular from the centre bisects the chord,

i.c., AP = BP

I wample | Two tangents TP and TQ are drawn
to a circle with centre O from an external point T. F
Prove that £ PTQ = 2 Z OPQ. |

altion - We are given a circle with centre O,

an cxternal point T and two tangents TP and TQ : I b
to the circle, where P, Q are the points of contact _
(see Fig. 10.9). We need to prove that ) 0
LZPTQ =12 2Z0PQ iy
Let LPTQ=10
Now, by Theorem 10.2, TP = TQ. So, TPQ is an isosceles triangle.
1 1
Therefore, LTPQ=£TQP= E{lﬂﬂ“—ﬂl=m°—iﬁ
Also, by Theorem 10.1, £ 0OPT = 9r
S0, ADPQ=£DFT—ATPQ=QE°-(E}U°-%B]
I 6= 1 ZPT
s g Y
This gives ZPTQ =2 £ 0PQ
vl PQ is a chord of length 8 cm of a B/ '
circle of radius 5 cm. The tangents at P and Q 41
intersect at a point T (see Fig. 1).10). Find the Sem
length TF. o 8cm .
solution © Join OT. Let it intersect PQ at the e ' R 0

point R. Then A TPQ is isosceles and TO is the 1 /
angle bisector of £ PTQ. So, O'7 1L PQ " f
and therefore, OT bisects PQ whi h gives &‘

PR =R =4 cm.

Also, OR=JOP* —PR’ =[5’ 4’ cm=3cm




Now, ZTPR + ZRPO=90°=/TPR + £ PTR (Why?)
So, ZRPO=/PIR
Therefore, right triangle TEP is similar to the right triangle PRO by AA similarity.

TP RP P 4 20
This gives o T, s =;urTP= 3 cm.

Note : TP can also be found by u: ing the Pythagoras Theorem, as follows:

Let TP = x anl TR =y. Then
F=y+16 (Taking right A PRT) (1)
X¥+5=(y+3¢ (Taking right A OPT) (2)
Subtracting (1) from (2), we get
25= 7 3615
=@=T & 9263
2
16 16 16x 25
Therefore, ¥= (_E-J +16 =Fﬂﬁ +9) = [From (1)]
_ 20
or x=
EXERCISE 1.2

In Q.1 to 3, choose the correct option and give justification.
1. From a point Q, the length of the tangent to a circle is 24 cm and the distance of Q from

the centre is 25 cm. The radius of the circle is T
(A) Tem (B) 1Zem P
© 15em (D) 245¢cm :

2. InFig. 10.11, if TP and TQ are the two tangents e

to a circle with centre O so that ~ POQ = 1107,
then £ PT() is equal to

(A) 6F B) r -
) Bo° D or Fie, 10,11

3. If wngents PA and PB from a point P to a circle with centre O are inclined to each other
al ¢ 1gle of 807, then £ POA is equal to

1A) Sr (B} ®F
icy mr oy =F

0




10.

11.

12.

4, Prove that the tangents drawn at the ends of a diameter of a circle are parallel.

Prove that the perpendicular at the point of contact to the tangent to a circle passes
through the centre.

The length of a tangent from a point A at distance 5 cm from the centre of the circle is 4
cm. Find the radius of the circle.

Two concentric circles are of radii 5 cm and 3 cm. Find the length of the chord of the
larger circle which touches the smaller circle.

A quadrilateral ABCD is drawn to circumscribe a circle (see Fig, 10.12). Prove that
AB+CD=AD+BC

R C
- i
. _- X P y
A
\o
{ f | 0
e
be | C
ﬁ _-‘_‘___ l-xl '\rl
P 'B QO B

Fig. 10,12 Fi

In Fig. 10.13, XY and X"Y" are two parallel tangents to a circle with centre O and
another tangent AB with point of contact C intersecting XY at Aand XY" at B. Prove
that £ AOB =90

Prove that the angle between the two tangents drawn from an external point to a circle
is supplementary to the angle subtended by the line-segment joining the points of
contact at the centre,

Prove that the parallelogram circumscribing & A

circle is a rhombus,

Atriangle ABC is drawn to circumscribe a circle
of radins 4 cm such that the segments BD and
DC ino which BC is divided by the point of
contact D are of lengths 8 cm and 6 cm

{ 0
respectively (see Fig. 10.14). Find the sides AB / '
and AL, !;f \ _
Prove that opposite sides of a quadrilateral " .
at-opp esolag aeral ¢ — b em——=De- 8 em B

circumscribing a circle subtend supplementary

angles at the centre of the circle. Fiw, 10,14




In this chapter, you have studied the following poinis :

L. The meaning of a tangent to a circle,

2. The tangent to a circle is perpendicular to the radius through the point of contact.
3. The lengths of the two tangents from an extemnal point to a circle are equal,
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In Class IX. you have done certain constructions using a straight edge (ruler) and a
compass, e.g., bisecting an angle, drawing the perpendicular bisector of a line segment,
some constructions of triangles etc. and also gave their justifications. In this chapter,
we shall study some more constructions by using the knowledge of the earlier
constructions. You would also be expected to give the mathematical reasoning behind
why such constructions work.

Suppose a line segment is given and you have to divide it in a given ratio, say 3 : 2. You
may do it by measuring the length and then marking a point on it that divides it in the
given ratio. But suppose you do not have any way of measuring it precisely, how
would you find the peint? We give below two ways for finding such a point.
1o divide a line segment in a given ratio.

Given a line segment AB, we wani to divide it in the ratio m : n, where both m and

n are positive integers. To help you to understand it, we shall take m =3 and n= 2.
ps ol Construction

1. Draw any ray AX, making an acute angle with AB.
2. Locate 5 (=m + n) points A, A,, A, A, and

A,onAX sothat AA =A A =AA =AA, A ¢ B
= AA.. R [
3. Join BA,. Y i & o
4. Through the point A, (m = 3), draw a line A, AL
parallel to A_B (by making an angle equal to A 4

£ AAB) at A, intersecting AB at the point C .
(see Fig. 11.1). Then, AC:CB=3:2. Fig. 11.1




Let us see how this method gives us the required division.
Since A C is parallel to AB, therefore,

28 wBE (By the Basic Proportionality The
G e
Ta
AA 3 = B,
By construction, = . Therefore, E:E = B,
Ay 2 CB 2 \ [/

This shows that C divides AB in the ratio 3 : 2

Wlernative Method &

'=.I-..=. i A FEY A TN ] A! 1
1. Draw any ray AX mak:mg an acute angle with AB. i 1.2 A
2. Draw a ray BY parallel to AX by making ~ ABY equal to £ Bﬁ){

3. Locate the points A , AL, A (m= 3)on AX and B, B, (n = 2) on BY such that
AA =AA =AA = BB =BB,

4. Join AB,. Let it intersect AB at a point C (see Fig. 11.2).
ThenAC:CB=3:12.

Why does this method work? Let us see.
Here A AA.C is similar 1o A BB,C. (Why 7)

Then ﬁ—Ai 'A"C
BB, BC
AA, 3 AC 13

Since by construction, EE: b E therefore, - = E

In fact, the methods given above work for dividing the line segment in any ratio.

We now use the idea of the construction above for constructing a triangle similar

to a given triangle whose sides are in a given ratio with the corresponding sides of the
given triangle.

Cuonstruction 11 To construct a triangle similar to a given triangle as per
given scale factor.

This construction involves two different situations. In one, the triangle to be
constructed is smaller and in the other it is larger than the given triangle. Here, the
scale factor means the ratio of the sides of the triangle to be constructed with the
corresponding sides of the given triangle (see also Chapter 6). Let us take the following
examples for understanding the constructions involved. The same methods would
apply for the general case also.




Construct a triangle similar to a given triangle ABC with its sides equal
3 , : 3
to 7 of the corresponding sides of the triangle ABC (i.e., of scale factor P ),

Given a triangle ABC, we are required to construct another triangle whose

3
sides are 1 of the corresponding sides of the triangle ABC.

1. Draw any ray BX making an acute angle
with BC on the side opposite to the vertex A
A,

3
2. Locate 4 (the greater of 3 and 4 in 7) A/

points B, B,, B, and B, on BX so that
BB'. = BlHI = HJ‘B4 = B'IBI'
3. Join B C and draw a line through B, (the
3rd point, 3 being smaller of 3 and 4 in o

C

3
) ) parallel to B,C to intersect BC at C".

4. Draw a line through C’ parallel B, B, B, B,
to the line CA to intersect BA at A" )
(see Fig. 11.3),

Then, A A'BC’ is the required triangle.

Let us now see how this construction gives the required triangle.

By Constructi IIIE—E«‘E'
y Construction 11.1, ‘== =7

BC BC' +C'C & c'c BC'

Theref — =1 |+1—i : i
ererore, .1.,— BC' BC_, 3 3 » LB, BC

Also C'A” is parallel to CA. Therefore, A A'BC" ~ A ABC, (Why ?)

3
=

AB _AC"_ BC' 3

AB  AC BC 4

S0,

! wample 2 - Construct a triangle similar to a given triangle ABC with its sides equal

3 3
to 3 of the corresponding sides of the triangle ABC (i.e., of scale factor 3 I
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Selution : Given a triangle ABC, we are required to construct a triangle whose sides

3
are of the corresponding sides of A ABC.

Steps of Construction :

1. Draw any ray BX making an acute angle with BC on the side opposite to the
vertex A, :

[

5
Locate 5 points (the greater of 5 and 3 in 2 B.B, B, B, and B, on BX so that
BB =B B, = BB, =BB, = BB.. )

3
3. Join B,(the 3rd point, 3 being smaller of 3 and 5 in 3 ) to C and draw a line through
B, parallel to B.C., intersecting the extended line se gment BC at C’,

4. Draw a line through C’ parallel to CA A'
intersecting the extended line segment BA at
A’ (see Fig. 11.4),

Then A'BC” is the required triangle.

For justification of the construction, note that
A ABC ~ A A'BC’. (Why ?)

Theret: _AC _BC _
SIS AB T AT BC
Bu, BC BB, 3
BC' BB, 5
BC' 5 . AB = AT _ BCY 5
So, E— E and, therefore, AB AC _BC -3

Remark : In Examples | and 2, you could take a ray making an acute angle with AB
or AC and proceed similarly.

EXERCISE 11.1
In each of the following, give the justification of the construction also:

L. Draw a line segment of length 7.6 cm and divide it in the ratio 5 8, Measure the two
parts,



e
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2. Construct a triangle of sides 4 om, 5 cm and 6 cm and then a triangle similar to it whose
2

sides are % of the corresponding sides of the first triangle.

3. Construct a triangle with sides 5 em, 6 cm and 7 cm and then another triangle whose

7
sides are E of the corresponding sides of the first triangle.

4. Canstruct an isosceles triangle whose base is 8 cm and altitude 4 cm and then another

triangle whose sides are |— times the corresponding sides of the isosceles triangle.

5. Draw atriangle ABC with side BC =6 cm, AR =5 cmand £ ABC =607, Then construct
3
a triangle whose sides are # of the corresponding sides of the triangle ABC.
6. Draw a triangle ABC withside BC =7 cm, £ B = 45°, 2 A = 105° Then, constroct a

: 4 . o i ,
triangle whose sides are 5 limes the corresponding sides of A ABC.

7. Draw aright triangle in which the sides (other than hypotenuse) are of lengths 4 con and

3 cm. Then construct another triangle whose sides are % times the corresponding sides

of the given triangle.

11.3 Construction of Tangents to a Circle

You have already studied in the previous chapter that if a point lies inside a circle,
there cannat be a tangent to the circle through this point. However, if a point lies on the
circle, then there is only one tangent to the circle at this point and it is perpendicular to
the radius through this point. Therefore, if you want to draw a langent at a point of a
circle, simply draw the radius through this point and draw a line perpendicular to this
radius through this point and this will be the required tangent at the point.

You have also seen that if the point lies outside the circle, there will be two
tangents to the circle from this point.

We shall now see how to draw these tangents.

. Constroction 11.3 ¢ To construct the tangents 1o a circle from a point outside it.

We are given a circle with centre O and a point P outside it, We have to construct
the two tangents from P to the circle.
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Steps of Construction:
.

[

Now let us see how this construction works,

. Join PQ and PR.

Join PO and bisect it. Let M be the mid-
point of PO.

Taking M as centre and MO as radius, draw
& circle. Let it intersect the given circle at
the points Q and R.

Then PQ and PR are the required two
tangents (see Fig. 11.5).

Join OQ. Then £ PQO is an angle in the

semicircle and., therefore,

Fig. 11.5

£ PQO = 90°

Can we say that PQ 1 0Q?

Since, OQ is a radius of the given circle, PQ has to be a tangent to the circle. Similarly,
PR is also a tangent to the circle.

Note : If centre of the circle is not given, you may locate its centre first by taking any
two non-parallel chords and then finding the point of intersection of their perpendicular
bisectors. Then you could proceed as above.

EXERCISE 11.2

In cach of the following, give also the justification of the construction:

L. Draw acircle of radius 6 cm. From a point 10 cm away from its centre, construct the pair
of tangents to the circle and measure their lengths.

2. Construct a tangent to a circle of radius 4 cm from a point on the concentric circle of
radius 6 cm and measure its length. Also verify the measurement by actual calculation,

3. Draw a circle of radius 3 cm. Take two points P and Q on one of its extended diameter
each at a distance of 7 cm from its centre. Draw tangents to the circle from these two
points Pand Q,

4. Draw a pair of tangents to a circle of radius 5 em which are inclined to each other at an
angle of 60°,

5. Draw aline segment AB of length 8 com. Taking A as centre, draw a circle of radius 4 cm
and taking B as centre, draw another circle of radius 3 em. Construct tangents to each
circle from the centre of the other circle.
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6. Let ABC be a right triangle in which AB = 6 cm, BC = 8 cm and £ B = 907, BD is the
perpendicular from B on AC. The circle through B, €., D is drawn, Construct the tangents
from A to this circle,

7. Draw a circle with the help of a bangle. Take a point outside the circle. Construct the pair
of tangents from this point to the circle.

114 Sumumary
In this chapter, you have learnt how to do the following constructions:
1. To divide a line segment in a given ratio.

3. To construct a triangle similar to a given triangle as per a given scale factor which
may be less than | or greater than 1.

3. To construct the pair of tangents from an external point to a circle.

A Note 70 THE READER

Construction of a quadrilateral (or a polygon) similar to a given quadrilateral
{or a polygon) with a given scale factor can also be done following the
similar steps as used in Examples 1 and 2 of Construction 11.2.




AREAS RELATED TO CIRCLES

12.1 Introduction

You are already familiar with some methods of finding perimelers and areas of simple
plane figures such as rectangles, squares, parallelograms, triangles and circles from
your earlier classes. Many objects that we come across in our daily life are related 10
the circular shape in some form or the other. Cycle wheels, wheel barrow (thela),
dartboard, round cake, papad, drain cover, various designs, bangles, brooches, circular
paths, washers, flower beds, ete. are some examples of such objects (see Fig. 12.1).
S0, the problem of finding perimeters and areas related to circular figures is of great
practical importance. In this chapter, we shall begin our discussion with a review of
the concepts of perimeter (circumference) and area of a circle and apply this knowledge
in finding the areas of two special ‘parts’ of a circular region (or briefly of a circle)
known as sector and segment. We shall also see how to find the areas of some
combinations of plane figures involving circles or their parts.

Fig. 12.1
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2 2 Perimeter and Area of a Circle — A Review

Recall that the distance covered by travelling once around a circle is its perimeter,
usually called its circumference. You also know from your earlier classes, thal
circumference of a circle bears a constant ratio with its diameter. This constant ratio
is denoted by the Greek letter 7 (read as ‘pi’). In other words,

circumference
T e
diameter
or, circumference = T x diameter

= 1t % 2r (where r is the radius of the circle)

= Inr
The great Indian mathematician Aryabhatta (C.E, 476 - 550) gave an approximate

I ., H d th fetos hich | | I to 3.1416. It is al
value of . He stated that @ = ———— which 15 nearly equal 1o 3. . At s also
20000 e
interesting to note that using an identity of the great mathematical genius Srinivas
Ramanujan (1887-1920) of India, mathematicians have been able to calculate the
value of 7 correct to million places of decimals. As you know from Chapter 1 of
Class X, T is an irrational number and its decimal expansion is non-terminating and
non-recurring (non-repeating). However, for practical purposes, we generally take
22
the value of 7 as = or 3,14, approximately.

You may also recall that area of a circle is wr°, where r is the radius of the circle.
Recall that you have verified it in Class VII, by cutting a circle into a number of
sectors and rearranging them as shown in Fig. 12.2.

EF)

(1) (i)
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l
You can see that the shape in Fig. 12.2 (ii) is nearly a rectangle of length 3 x2mr

|
and breadth r. This suggests that the area of the circle = 3 X 2mr % r =1, Let us

recall the concepts learnt in earlier classes, through an example,

Example | : The cost of fencing a circular field at the rate of # 24 per metre is
¥ 5280, The field is to be ploughed at the rate of T 0.50 per m®. Find the cost of

22
ploughing the field (Take m = =)

Total cost 5280

Solution : Length of the fence (in metres) = B = AT 220
S0, circumference of the field = 220 m ‘ -
Therefore, if » metres is the radius of the field, then

2mr = 220

22
o, Ix - X r= 220
=7

% r=Qxp =9
i.e., radius of the field is 35 m. -
Therefore, area of the field = i = :? X33 xIIm=22x5x35m
Mow, cost of ploughing 1 m?® of the field = 7 0.50
So, total cost of ploughing the field = T 22 x 5 x 35 x 0.50 = ¥ 1925

EXERCISE 12.1

)
Unless stated otherwise, use © = =i

1. The radii of two circles are 19 cm and 9 cm respectively.
Find the radius of the circle which has circumference equal
to the sum of the circumlerences of the two circles.

2. The radii of two circles are 8 cm and 6 cm respectively, Find
the radius of the circle having area equal 10 the sum of the
arcas of the two circles.

3. Fig. 12.3 depicts an archery target marked with its five
scoring regions from the centre outwards as Gold, Red, Blue,
Black and White. The diameter of the region representing
Gold score is 21 cm and each of the other bands is 10.5.¢cm
wide. Find the area of each of the five scoring regions,

Fig. 12.3
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4. The wheels of a car are of diameter 80 cm ecach, How many complete revolutions does
cach wheel make in 10 minutes when the car is travelling at a speed of 66 km per hour?

5. Tick the correct answer in the following and justify your choice : If the perimeter and the
area of a circle are numerically equal, then the radius of the circle is

(A) 2units (B) 7t unils (C) 4 units (DY Tunits

12.3 Areas of Sector and Segment of a Circle Q

You have already come across the terms sector and
segment of a circle in your earlier classes. Recall
that the portion (or part) of the circular region enclosed
by two radii and the corresponding arc is called a
sector of the circle and the portion (or part) of the
circular region enclosed between a chord and the
corresponding arc is called a segment of the circle.
Thus, in Fig, 12.4, shaded region OAPB is a sector
of the circle with centre 0. £ AOB is called the
angle of the sector. Note that in this figure, unshaded region OAQB is also a sector of
the circle. For obvious reasons, OAPB is called the minor sector and
OAQB is called the major sector. You can also see that angle of the major sector is
360° — £ AOB.

Now, look at Fig. 12.5 in which AB is a chord
of the circle with centre O. So, shaded region APB is
a segment of the eircle. You can also note that
unshaded region AQB is another segment of the circle
formed by the chord AB. For obvious reasons, APB
is called the minor segment and AQB is called the
mtjor segnient.

Fig. 12.4

Major
Segment

Remark : When we write ‘segment’ and ‘sector’
we will mean the ‘minor segment’ and the “munor
sector” respectively, unless stated otherwise.

Now with this knowledge, let us try to find some
relations (or formulae) to calculate their areas.

Let OAPB be a sector of a circle with centre
O and radius r (see Fig. 12.6). Let the degree
measure of £ AOB be 8.

You know that area of a circle (in fact of a
circular region or disc) is 7.
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In a way, we can consider this circular region to be a sector forming an angle of
3607 (ie., of degree measure 360) at the centre 0. Now by applying the Unitary
Method, we can arrive at the area of the sector OAPB as follows:

When degree measure of the angle at the centre is 360, area of the
sector = mr’
So, when the degree measure of the angle atl the centre is 1, area of the

o
sector = ——-
360

Therefore, when the degree measure of the angle at the centre is 8, area of the

3] 3
— ¥ B = —XTr" .
360 360

Thus, we obtain the following relation (or formula) for area of a sector of a
circle:

sector =

5] 2
i . =——XTr
Area of the sector of angle 8 360 .

where r is the radius of the circle and 8 the angle of the sector in degrees.

Now, a natural question arises : Can we find
the length of the arc APB corresponding to this {
sector? Yes. Again, by applying the Unitary
Method and taking the whole length of the circle

(of angle 360°%) as 2nr. we can obtain the required :
length of the arc APB as i><2‘J1:r
g AN "B
So, length of an arc of a sector of angle § = o w2nr, P
Fig. 12.7

Now let us take the case of the area of the
segment APB of a circle with centre O and radius r
(see Fig. 12.7). You can see that :

Area of the segment APB = Area of the sector OAPB — Area of A OAB

o

= — X r” — area of AQOAB
360

Note : From Fig. 12.6 and Fig. 12.7 respectively, you can observe that :
Area of the major sector OAQB = i — Area of the minor sector OAPB

and Area of major segment AQB = mr® — Area of the minor segment APB
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Let us now take some examples to understand these concepts (or results).

Fxample 2 ; Find the area of the sector of a circle
with radius 4 cm and of angle 30°. Also, find the area
of the corresponding major sector (Use = 3.14),

Solution : Given sector is OAFPB (see Fig. 12.8),

1] ]
Area of the sector = — X T
A B
30 - P
= —x314=x4xdem”
360 e Fig. 12.8
12.56

2
cm

Area of the corresponding major sector

=4.19¢m” (approx.)

= 1 — area of sector GAPB

(3.14 =16

419 cm’

= 46.05 cm?® = 46.1 cm* (approx. )

Alternatively, area of the major sector =

(360 - &) 5
— X Tr
360
[' 360 — 30

L 360

330 5 ! -
w314 x16em” = 46.05 cm”
360

Jx3.|4>«:mcm-’

46.1 em’ (approx.)

Example 3 : Find the area of the segment AYB i
shown in Fig, 12.9, if radius of the circle is 21 cm and A B
120°_.
i —

Z AOB =120% (Use m= L? )

Fig. 12.9
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Solution : Area of the segment AYB

Area of sector OAYB — Area of A OAB (1)
120 22 ;
—X—x 21 % 2]l cm’ = 462 cm? (2)
B0 7

For finding the area of A OAB, draw OM L AB as shown in Fig. 12,10,

Note that OA = OB. Therefore, by RHS congruence, A AMO = A BMO.

Il

Now, area of the sector OAYR

I :
S0, M is the mid-point of AB and £ AOM = 2 BOM = > % 120° =60°,

Let OM = x ¢m
. OM
So, from A OMA, —ﬁ = cos 60°
X 1 —

or, ™ ts.umu =

E
0, xX= >

21
So, OM = - cm

AM J3

Also, ('}_A = sin H0° = T

2143
So, AM = = cm

2% 2143

Therefore, AB=2AM= = Y2 em = 2133em

1 Il .. = 21 3
S0, manfﬂ[}gﬁ:;ﬁﬂxﬂhi:;xl!ﬁx-Fj-cm'

441 ,

= —+/3em” (3)
4

. Ralt - B
Therefore, arca of the segment AYB = [452 e |C!“ [From (1), (2) and (3)]

21 3
= T (B8 — Elﬁlcm‘
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EXERCISE 12.2

~[i

Unless stated otherwise, use T =

1. Find the area of a sector of a circle with radius 6 cm if angle ol the sector is 60°,

2. Find the area of a quadrant of a circle whose circumference is 22 e,

3. The length of the minute hand of a clock 1s 14 cm. Find the area swep by the minute
hand in 5 minutes.

4. A chord of a circle of radius 10 cm subtends a right angle at the centre  ind the area of
the corresponding : (i) minor segment  (ii) major sector. (Use m=3.1

5. Inacircle of radius 21 cm, an arc subtends an angle of 607 at the centr | Find:

(i) the length of the arc (i) area of the sector formed by the arc
(iii) area of the segment formed by the corresponding chord

6. A chord of a circle of radius 15 em subtends anangle of 607 at the centre. Find the areas
of the corresponding minor and major segments of the circle.
(Usem=3.14and 3 = 1.73)

7. A chord of a circle of radius 12 cm subtends an
angle of 1207 at the centre. Find the area of the
corresponding segment of the circle,
(User=3.14and 3 =1.73)

8. A horse is tied to a peg at one corner of a square
shaped grass field of side 15 m by meansof a 5 m
long rope (see Fig, 12.11). Find

{i} the area of that part of the field in which the
horse can graze,

{ii) the increase in the grazing area if the rope were
10 m long instead of 5 m. (Use k=3.14)

9. A brooch is made with silver wire in the form of a
circle with diameter 35 mum. The wire is also used in
making 5 diameters which divide the cirele into 10
equal sectors as shown in Fig. 12,12, Find :

(i) the total length of the silver wire required.

(11} the area ol each sector of the hrooch.
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10. An umbrella has & ribs which are equally spaced
(see Fig, 12.13). Assuming umbrella to be a flat circle
of radius 45 cm, find the area between the two
consecutive ribs of the umbrella,

I1. A car has two wipers which do not overlap, Each
wiper has a blade of length 25 cm sweeping through
an angle of 115° Find the total area cleaned at each
sweep of the blades. Fig. 12.13

12. To warn ships for underwater rocks, a lighthouse
spreads a red coloured light over a sector of angle
80 to a distance of 16.5 km. Find the area of the sea
over which the ships are warned. (Use m=3.14)

13, A round tuble cover has six cqual designs as shown
in Fig, 12.14. If the radius of the coveris 28 cm, find
the cost of making the designs at the rate of
T0.35 perem’. (Use 3 =1.7)

14. Tick the correct answer in the following : Fig. 12.14

Area of a sector of angle p (in degrees) of a circle with radius R is

P P : P P 2
——— X AER — xR "y —x 2aR — _x2nR
(A 180} (B) 150 ©) 360 ) 720

12.4 Areas of Combinations of Plane Figures

So far, we have calculated the areas of different figures separately. Let us now try to
calculate the areas ol some combinations of plane figures, We come across these
types of figures in our daily life and also in the form of various interesting designs.
Flower beds, drain covers, window designs, designs on table covers, are some of such
examples. We illustrate the process of calculating areas of these figures through some

examples.
AL s

Example 4 : In Fig, 12.15, two circular flower beds
have heen shown on two sides of a square lawn i

ABCD of side 56 m, If the centre of each circular e
Mower bed is the point of intersection O of the
diagonals of the square lawn, find the sum of the D' C

areas of the lawn and the flower beds.

Fig. 12,15
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Solution : Area of the sguare lawn ABCD = 56 x 56 m* (1
Let OA = OB = x metres
So, 2+ 5 = 56°
or, 2yt = 56 %56
o, ¥ =28%x56 (2)
N f sector OAB - S & : ® L
3 rea : = — ==
ow area of sector 360 p
1 22 2
= —x % 28%56m" [From (2)] (3)
4 7
: 1 EIRTIL
Also, area of A OAB = P X3 x56m” (£ AOB=90°) (4)
(1 22 l 1 2
So, area of flower bed AB = AKTKZEXfIﬁ—IXEﬁxSﬁJm‘
LS

o
ix?ﬂxﬁﬁ[“—zwﬂmz
4 7

- lx’iﬂxﬁﬁxﬁmz
4 7

Similarly, area of the other flower bed

= lxlﬁxiﬁxﬁmz
4 7

| b
Therefore, total area [56 » 56 + E ®x 2B 56 % ?—

!

+l4x38>< SﬁxE

]
e |
(ER

5

= 28x56(2+:+— m-

\

e |
e |

R il Bl
= lﬂxﬁﬁ}(% m” =4032m"

[From (3) and (4)]

(3)

(6)

m’ [From (1), (5) and (6)]
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Alfernative Solution ¢
Total area = Area of sector OAB + Area of sector ODC
+ Area of A OAD + Area of A OBC

"0 22 22
o [ 22022 o 5pig DD g B2 g e
L3607 60 7

+lx55x5ﬁ+%x:‘:6x5ﬁ}m:

i

4 'J % 5
lxl&xiﬁ §+‘—2+2 I 2|m‘
7 7 P,

5 F:
[ f’{2’2+2I‘.+M--+ I4)ym-

=56 x72m*=4032 m*
Example 5 : Find the area of the shaded region in
Fig. 12.16, where ABCD is a square of side 14 cm.
Selution : Area of square ABCD

= 14 % 14 em® = 196 ¢m?

14
Diameter of each circle = —Cm = Tom

e

S0, radius of each circle = Ecm
" ¢ - . 22 ” 7 " 7 z
by # — = = = — m
X arci of one circle Tore 7 3 2
154 TT 5
= — (il =—c¢m
4 2

2 ; 7 %
Therefore, area of the four circles = 4x Tcm =154 em”

Hence, area of the shaded region = (196 — 154) cm? = 42 em?.
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Example 6 : Find the area of the shaded design in Fig. 12.17, where ABCD is a
square of side 10 ¢cm and semicircles are drawn with each side of the square as

diameter. (Use m= 3.14) |
A B Ay B
1
v — 1
1
D 10 ¢m C = <
Fig. 12.17 Fig. 12.18

Sobution = Let us mark the four unshaded regions as I, TL, 111 and TV (see Fig. 12.18).

Area of 1+ Area of 111

Aren of ABCD — Areas of two semicircles of each of radius 5 cm

b

[ 1 ) 3
= lf}xl[l—zx:xnxj' e’ = (100 — 3.14 x 25) em?
A -

= (100 - 78.5) cm” = 21.5 cm’

Similarly, Area of 1T + Area of IV = 21.5 em?

So, area of the shaded design = Area of ABCD — Area of (I + 11+ 1 + IV)
= (100 — 2 x 21.5) cm® = (100 - 43) cm* = 57 cm”

EXERCISE 12.3

. . 22
Unless staled otherwise, use = -_;-'-

1. Find the area of the shaded region in Fig. 12,19, it
PQ =24 cm, PR =7 cm and O is the centre of the
circle.

Fig. 12.19
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2. Find the area of the shaded region in Fig, 12.20, if radii of the two concentric circles with
centre O are 7 em and 14 cm respectively and £ AOC =407,

Fig. 12.20 Fig. 12.21
3. Find the area of the shaded region in Fig. 12.21, if ABCD is a square of side 14 ¢ and
APD and BPC are semicircles.

4. Find the area of the shaded region in Fig. 12.22, where a circular arc of radius 6 cm has
been drawn with vertex O of an equilateral triangle OAB of side 12 em as centre,

12 ¢m
Fig. 12.22 Fig. 12.23

5. From cach comer of 4 square of side 4 cm a quadrant of a circle of radius 1 ¢m is cut and
also acircle of diameter 2 ¢m is ¢ut as shown in Fig. 12.23, Find the area of the remaining
portiom of the sguare,

6. Inacircolar table cover of radius 32 cm, a
design 15 formed leaving an equilateral
triangle ABC in the muddle as shown in
Fig. 12.24. Find the area of the design.
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7. InFig. 12.25, ABCD is a square of side 14 cm. With
centres A, B, C and D, four circles are drawn such
that each circle touch externally two of the reruaming
three circles. Find the area of the shaded region,

Fig. 12.25

8. Fig, 12.26 depicts a racing track whose left and right ends are sermicirenlar.

Fig. 12.26

B
The distance between the two inner parallel line
segments is 60 m and they are each 106 m long. If
the track is 10 m wide, find :
=ty o D 0 c
(i) the distance around the track along its inner edge
(1) the area of the track.
9. In Fig. 12.27, AR and CD are two diameters of a -

circle (with centre O) perpendicular to each other
and O is the diameter of the smaller circle, If
OA =7 em, find the area of the shaded region,

10, The area of an equilateral tnangle ABC is 173205
em’. With each vertex of the triangle as centre, a
cirele 1s drawn with radivs equal to half the length
of the side of the triangle (see Fig. 12.28). Find the ‘Y"
ared of the shaded region. (Use © = 3.14 and

J3 =1.73205)

Fig. 12.28
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11. On a square handkerchief, nine circulur designs each of radius 7 em are made
(see Fig. 12.29), Find the area of the remaining portion of the handkerchief.

A

o

Fig. 12.30

12. Infag. 1230, OACE is a quadrant of g cirele with centre O and radius 3.5 em. If OD =2 cm,
find the area of the
(1) quadrant OACB, (ii) shaded region.

13. InFig. 12.31, a square OABC is inscribed in a quadrant OPBQ. If OA = 20 cm, find the
area of the shaded region. (Uset=3.14)

A B
Q
2lem
c
A
Tem
0 A P V 0
Fig. 12.31 Fig. 12,32

14. AB and CD are respectively arcs of two concentric cireles of radii 21 ¢cm and 7 cm and
centre O (see Fig. 12.32) 1f £ ADB = 307, find the area of the shaded rc:gmn

15, In Fig. 12.33, ABC 15 4 quadrant of a circle of
radius 14 cm and a semicircle is drawn with BC
as diameter. Find the area of the shaded region,
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16.

125

I

n thi
1.
2
3

Calculate the area of the designed region in
Fig. 12.34 common between the two quadrants
of circles of radius § cm euch.

S8cm 8cm

Summary
% chupter, you have studied the following points :
Circumference of acircle=2mr,

. Arcaofacucle=nr

. Length of an arc of a sector of a circle with radius » and angle with degree measure 8 is

i}c 2nr,
360

; ; ; y . B 3
Area of a sector of a circle with radius r and angle with degrees measure 8 is %0 X,

Area of segment of a circle

= Arca of the corresponding sector — Area of the comresponding triangle,




SURFACE AREAS AND
VOLUMES

13.1 Introduction

From Class 1X, you are familiar with some of the solids like cuboid, cone, eylinder, and
sphere (see Fig. 13.1). You have also learnt how to find their surface areas and volumes.

Da00

{i) (ii) (iii) {iv)

Fig. 13.1

In our day-to-day life, we come across a number of solids made up of combinations

of two or more of the basic solids as shown abowve,

Fig, 13.2

You must have seen a truck with a
container fitted on its back (see Fig. 13.2).
carrying oil or water from one place to
another. Is it in the shape of any of the four
basic solids mentioned above? You may
guess that it is made of a cylinder with two
hemispheres as its ends.
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Again, you may have seen an object like the
one in Fig. 13.3. Can you name it? A test tube, right! i::}
You would have used one in your science laboratory. o°
This tube is also a combination of a cylinder and a =1

hemisphere. Similarly, while travelling, you may have
seen some big and beautiful buildings or monuments
made up of a combination of solids mentioned above.

If for some reason you wanted to find the

surface areas, or volumes, or capacities of such \_J
objects, how would you do it? We cannot classify _
these under any of the solids you have already studied. Fig. 13.3

In this chapter, you will see how to find surface areas and volumes of such
objects.

13.2 Surface Area of a Combination of Solids

Let us consider the container seen in Fig. 13.2. How do we find the surface area of
such a solid? Now, whenever we come across a new problem, we first try to see. if
we can break it down into smaller problems, we have earlier solved. We can see Lhat
this solid is made up of a cylinder with two hemispheres stuck at either end. Tt would
look like what we have in Fig. 13.4, after we put the pieces all logether.

Fig. 13.4

If we consider the surface of the newly formed object, we would be able to sce
only the curved surfaces of the two hemispheres and the curved surface ol the cylinder.
S0, the foral surface arca of the new solid is the sum of the curved surface
areas of cach of the individual parts. This gives,
TSA of new solid = CSA of one hemisphere + CSA of cylinder
+ CSA of other hemisphere

where TSA. CSA stand for ‘Total Surface Area’ and ‘Curved Surface Area’
respectively.

Let us now consider another situation. Suppose we are making a toy by putting
together a hemisphere and a cone. Let us see the steps that we would be going
through.
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First, we would take a cone and a hemisphere and bring their flat faces together.
Here, of course, we would take the base radius of the cone equal to the radius of the
hemisphere, for the toy is to have a smooth surface. 50, the steps would be as shown
in Fig. 13.5.

Fig. 13.5

At the end of our trial, we have got ourselves a nice round-bottomed toy. Now if
we want to find how much paint we would reguire to colour the surface of this loy,
what would we need to know? We would need to know the surface area of the 1oy,
which consists of the CSA of the hemisphere and the CSA of the cone.

S0, we can say:
Total surface area of the toy = CSA of hemisphere + CSA of cone
Now, let us consider some examples.
Example I : Rasheed got a playing top (lattu) as his
birthday present, which surprisingly had no colour on _
it. He wanted to colour it with his crayons. The top is Scm

shaped like a cone surmounted by a hemisphere
(see Fig 13.6). The entire top is 5 cm in height and

the diameter of the top is 3.5 cm. Find the area he |
22
has to colour. (Take &t = El ) Fig. 13.6

Selution : This top is exactly like the object we have discussed in Fig. 13.5. So, we
can conveniently use the result we have arrived at there. That is -

TSA of the toy = CSA of hemisphere + CSA of cone

Now, the curved surface area of the hemisphere =
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Also, the height of the cone = height of the top — height (radius) of the hemispherical part

( 3.5
= | 5-—lcm =325cm
\ 2/
f |[ 35y ;
S, the slant height of the cone (1)= /7™ + 1" = ‘\I[ —- | +(3.25)" cm =37 em (approx.)
PR
(22 35...Y 3
Therefore. CSA of cone = rl = | £l K= R 37 ] cm

This gives the surface area of the top as

Foo 22 38, 385N 4 235
=l Zx'—xEx— cm” +[2—x—m><3.?1cm
| g 2 72 J

2

& \

22 35 2 11 = 2 .
Tx - (3.5+3.7)em” = = X (3.543.7)cm” = 39.6 cm” (approx.)

1]

You may note that “otal surface area of the top’ is nor the sum of the total

surface areas of the cone and hemisphere, 43 em

Example 2 : The decorutive block shown
in Fig. 13.7 is made of two solids — a cube
and a hemisphere. The buse of the block 15 a
cube with edge 5 cm. and the hemisphere % 'éin
fixed on the top has a diameter of 4.2 em.

Find the total surtace area of the block.
9

22
(Take ;= —
7

Scm
Fig. 13.7
Solution : The total surface area of the cube = 6 x (edge)’ =6 x 5 x 5 cm?® = 150 em®,
Note that the part of the cube where the hemisphere is attached is not included in the
surface ared.
So, the surface area of the block = TSA of cube — base area of hemisphere
+ CSA of hemisphere
150 — r + 2 7 = (150 + ') e’

7 2
(150 + 13.86) cm® = 163.86 cm?

- AN
150 ¢m® + ['—" . Ex-i—;J cm”
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Example 3 : A wooden toy rocket is in the
shape of a cone mounted on a cylinder, as
shown in Fig. 13.8. The height of the entire
rocket is 26 cm., while the height of the conical
part is 6 cm. The base of the conical portion
has a diameter of 5 ¢m, while the base
diameter of the cylindrical portion is 3 em. If
the conical portion is to be painted orange
and the cylindrical portion yellow, find the
arca of the rocket painted with each of these
colours, (Take m= 3.14)

Solution : Denote radius of cone by r, slant
height of cone by , height of cone by h, radius
of eylinder by v’ and height of cylinder by #'.
Thenr=25cm, h=6cm, ¥ = 1.5 cm,
h'=26~6=20cm and Fig. 1.8

6 cm

eﬁ 5 em

base of cylinder

base of cone

= v}rl + h3 = \{3-‘,3 +ﬁ: em =6.5cm

Here, the conical portion has its circular base resting on the base of the cylinder, but
the base of the cone is larger than the hase of the cylinder. So, a part of the base of the
cone (a ring) is to be painted.

So, the area to be painted orange = CSA of the cone + base area of the cone
— base area of the cylinder

= vl + mr - mir)?

= w[(2.5 x 6.5) + (2.5 —(L5F] cm®
= m|20.25] em?® = 3.14 = 20.25 cm?

= £3.585 ¢m*

Now,  the arca to be painted yellow = CSA of the cylinder
+ area of one base of the cylinder

= 2nr'h’ + mr')®

=’ 2k + 1)

={3.14x 1.5 (2x20+ 1.5)¢cm?
= 471 x 41.5 cm?

= 195465 cn?’
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Example 4 : Mayank made a bird-bath for his garden
in the shape of a cylinder with a hemispherical
depression at one end (see Fig. 13.9). The height of
the cylinder is 1.45 m and its radius is 30 cm. Find the
toal surface area of the bird-bath. (Take T =" )

Solation : Let & be height of the cylinder, and r the

9

7

common radius of the cylinder and hemisphere. Then. Fig. 13.9

the total surface area of the bird-bath = CSA of eylinder + CSA of hemisphere

Unless stated otherwise, lake 1= —

1.

2ok 4 2 = 2elh + 1)

22 .
2x T « 3145 +30) cm”

]

33000 cm* =33 m’

EXERCISE 13.1

2

%]

T
2 cubes each of volume 64 cm’ are joined end to end. Find the surface area of the
resulting cuboid,

A vessel s in the form of a hollow hemisphere mounted by a hollow cylinder. The
diameter of the hemisphere is 14 em and the total height of the vessel is 13 em, Find the
inner surface area of the vessel.

A oy is in the form of a cone of radius 3.5 cm mounted on o hemisphere of same radius.
The total height of the toy is 15.5 cm. Find the total surface area of the 1oy,

A cubical block of side 7 em is surmounted by 4 hemisphere. What is the greatest
dismeter the hemisphere can have? Find the surface aren of the solid.

A hemispherical depression is cut oul from one face of a cubical wooden block such
that the diameter [ of the hemisphere is equal 10 the edge of the cube. Determine the
surface area of the remaining solid.

A medicine capsule is in the shape of a
cyhinder with two hemispheres stuck to each S mm
of its ends (see Fig. 13.10). The length of
the entire capsule is 14 mm and the diameter 14 mm

of the capsule is 5 mm. Find its surface area. Fig. 13.10




SURFACT AREAS AND VOLUMES

245

7. A tent is in the shape of a cylinder surmounted by a conical top, If the height and
diameter of the cylindrical part are 2.1 m and 4 m respectively, and the slant height of the
top is 2.8 m, find the area of the canvas used for making the tent. Also, find the cost of
the canvas of the tent at the rate of Rs 500 per m®. (Note that the base of the tent will not

be covered with canvas.)

8. From a selid cylinder whose height is 2.4 cm and diameter 1.4 cm, a conical cavity of the
same height and same diameter is hollowed out, Find the total surface area of the

remaining solid to the nearest cm’.

9. A wooden article was made by scooping
ount a hemisphere from each end of a solid
cylinder, as shown in Fig. 13.11. If the
height of the cylinder is 10 ¢m, and its
base is of radius 3.5 cm, find the total

surface area of the article.

13.3 Volume of a Combination of Solids

'.WWM

Fig. 13.11

In the previous section, we have discussed how to find the surface area of solids made
up of a combination of two basic solids. Here, we shall see how to calculate their
volumes. It may be noted that in calculating the surface area, we have not added the
surface areas of the two constituents, because some part of the surface area disappeared
in the process of joining them. However. this will not be the case when we calculale
the volume, The volume of the solid formed by joining two basic solids will actually be
the sum of the volumes of the constituents, as we see in the examples below.

Example 5 ; Shunty runs an industry in
a shed which is in the shape of a cuboid
surmounted by a half eylinder (see Fig.
13.12), If the base of the shed is of
dimension 7 m x 15 m, and the height of
the cuboidal portion is 8 m, tind the volume
ol air that the shed can hold. Further,
suppose the machinery in the shed
occupies a total space of 300 m’, and
there are 20 workers, each of whom
occupy about 0.08 m® space on an
average. Then, how much air is in the

99

shed? (Take nt = % )

8m

Gmrmnanaaaa)

Fig. 13.12
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Solution : The volume of air inside the shed (when there are no people or machinery)
is given by the volume of air inside the cuboid and inside the half cylinder, taken
together.

Now, the length, breadth and height of the cuboid are 15 m, 7 m and 8 m, respectively.
Alsa, the diameter of the half cylinder is 7 m and its height is 15 m.

1
So, the required volume = volume of the cuboid + = volume of the cylinder

]

' 1 22 7 7 \ .
= 1% TxB+—-x—x—-—x—%x15m =1128.75m’
27772727

Next, the total space occupied by the machinery = 300 m*
And the total space occupied by the workers = 20 x .08 m* = 1.6 m’
Therefore, the volume of the air, when there are machinery and workers

= 112875 - (300.00 + 1.60) = 827.15 m*

Example 6 @ A juice seller was serving his
customers using glasses as shown in Fig, 13.13,
The inner diameter of the cylindrical glass was
5 ¢m, but the bottom of the glass had a
hemispherical raised portion which reduced the
capacity of the glass. If the height of a glass
was 10 cm, find the apparent capacity of the
glass and its actual capacity, (Use m = 3.14.) Fig. 13,13

Solution : Since the inner diameter of the glass = 5 cm and height = 10 em,
the apparent capacity of the glass = nr@h
= 3.14x25x25x10em’ = 196.25 em®
But the actual capacity of the glass is less by the volume of the hemisphere at the
hase of the glass.

2
Le., it is less by 3 e =

%3,14%25%25%25¢em’ = 32.71 em’

el | b2

]

So, the actual capacity of the glass = apparent capacity of glass — volume of the
hemisphere

(196.25 — 32.71) cm®

163,54 ¢m?
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Example 7 : A solid toy is in the form of a E
hemisphere surmounted by a right circular cone. The

:ei\gh.tl of the cone is12 cm and the diameter of tf}:: BT
ase 18 4 cm. Determine the volume of the toy, If a _-- i
right circular cylinder circumscribes the toy, find the - :
diference of the volumes of the cylinder and the toy. L o T
(Take m = 3.14) Fig. 13.14
Solution : Let BPC be the hemisphere and ABC be the cone standing on the base
of the hemisphere (see Fig. 13.14). The radius BO of the hemisphere (as well as

I
of the cone) = = X 4cm=2cm,.

P

2 1 I 1
50,  volume of the toy = ;?‘Er +;T|:r h

2 -
= hxﬂ,laix{zﬁ%xz_ux{zr x2|em® =25.12 em?

Now, let the right circular cylinder EFGH circumscribe the given solid. The radius of
the base of the right circular cylinder = HP = BO = 2 em. and its height is
EH= AO+0P=(2+2)cm=4¢m
. 90, the volume required = volume of the right circular cylinder — volume of the toy
(314 %22 % 4-2512) cm’
2512 em?

I

Hence, the required difference of the two volumes = 25.12 em’.

EXERCISE 13.2
22
Unless stated otherwise, ke m= = -
1. A solid is in the shape of a cone standing on a hemisphere with both their radii heing
equal to | em and the height of the cone is equal to its radius. Find the volume of the solid

in terms of 7.

2. Rachel, an engineering student, was asked to make a model shaped like a cylinder with
two cones attached at its two ends by using a thin aluminium sheet. The diameter of the
maodel is 3 cm and its length is 12 ¢, 1 each cone has a height of 2 e, find the volume
of air contained in the model that Rachel made. (Assume the outer and inner dimen sions
of the model to be nearly the same.)




2445

MATHEMATICS

3

A gulab jamun, contains sugar syrup up to about e
30t of its volume, Find approximately how much
syrup would be found in 45 gulab jomuns, each
shaped like a cylinder with two hemispherical ends
with length 5 cm and diameter 2.8 cm (see Fig. 13.15).

A pen stand mude of wood 1s in the shape of a Fig. 13.15
cuboid with foar conical depressions to hold pens. A—
The dimensions of the cuboid are 15 cm by 10 cm by T
3.5 cm. The radivs of each of the depressions is 0.5 f
em and the depth is 1.4 em. Find the volume of
wood in the entire stand (see Fig, 13.16).

A vessel 15 in the form of an nverted cone. lts
height is 8 cm and the radius of its top, which is
open, is 5 cm. Itis filled with water up to the brim.
When lead shots, each of which is a sphere of radius
00,5 cm are dropped into the vessel, one-fourth of
the water flows out. Find the number of lead shots
dropped in the vessel. Fig. 13.16

A solid iron pole consists of a cylinder of height 220 cm and base diameter 24 cm, which
is surmounted by another eylinder of height 60 ¢m and radius 8 cm. Find the mass of the
pole, given that | em’ of iron has approximately 8g mass. (Use = 314)

A solid consisting of a right circular cone of height 120 ¢cm and radius 60 cm standing on
a hemisphere of radius 60 ¢m is placed upright in a right circular cylinder tull of water
such that it touches the bottom. Find the volume of water left in the cylinder, if the radius
of the cylinder is 60 cm and its height is 180 cm.

A spherical glass vessel has a cylindrical neck & cm long, 2 em in diameter; the diameter
of the spherical part is 8.5 cm. By measuring the amount ol water it holds, a child finds its
volume 1o be 345 em’. Check whether she is correct, taking the above as the mside
measurements, and £=3 14,

13.4 Conversion of Solid from One Shape to Another

We are sure you would have seen candles.
Generally, they are in the shape of a cylinder.
You may have also seen some candles

shaped like an animal (see Fig, 13.17). *

Fig. 13.17
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How are they made? If you want a candle of any special shape, vou will have 1o
heat the wax in a metal container till it becomes completely liquid. Then you will have to
pour it into another container which has the special shape that you want. For example,
take a candle in the shape of a solid cylinder, melt it and pour whole of the molten wax
into another container shaped like a rabbit. On cooling, you will obtain a candle in the
shape of the rabbit. The volume of the new candle will be the same as the volume of
the earlier candle. This is what we
have to remember when we come
across objects which are converted
from one shape to another, or when
a liguid which originally filled one
container of a particular shape is e
poured into another container of a
different shape or size, as you see in Fig. 13.18
Fig 13.18.

To understand what has been discussed, let us consider some examples,

“rs&

Example 8: A cone of height 24 em and radius of base 6 cm is made up of modelling
clay. A child reshapes it in the form of a sphere. Find the radius of the sphere.

|
Solution : Volume of cone = FX X 6% 6% 24em’

4 .
If r is the radius of the sphere, then its volume is Eﬂ:rj .

Since, the volume of clay in the form of the cone and the sphere remains the same, we
have

4
;:-cr:xr" - %xnxﬁxﬁxzd

Le., Pz 3x3xd=3x2
So, r=3x2=6
Therefore, the radius of the sphere is 6 cm.

[Example 9 : Selvi's house has an overhead tank in the shape of a cylinder. This
is filled by pumping water from a sump (an underground tank) which is in the
shape of a cuboid. The sump has dimensions 1.57 m x 1.44 m x 95cm. The
overhead tank has its radius 60 cm and height 95 cm. Find the height of the water
left in the sump after the overhead tank has been completely filled with wager
from the sump which had been full. Compare the capacity of the tank with that of
the sump. (Use t=3.14)
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Solution : The volume of water in the overhead tank equals the volume of the water
removed from the sump.

Now. the volume of water in the overhead tank (cylinder) = nrh
= 314 % 0.6 x 0.6 x 095 m’
The volume of water in the sump when full = [xb x = 1.57 x 1.44 x 0.95 m’
The volume of water left in the sump after filling the tank
= [(1.57 % 1.44 x 0.95) - (3.14 x 0.6 % 0.6 x 0.93)] m' =(1.57x06x06x095=x2)m’

, . volume of water left in the sump
So, the height of the water left in the sump = — Twh

157 =06x06x095=2 2
1.57 = 1.44

1475 m=47.5 cm

Al Capacity of tank 3. 14x0.6x0.6x095 1
= Capacity of sump  1.57 x 1.44x 0.95 2

Therefore, the capacity of the tank is hall the capacity of the sump.

Example 10 : A copper rod of diameter 1 cm and length 8 em is drawn into a wire of
length 18 m of uniform thickness, Find the thickness of the wire,

. : 1Y
Solution @ The volume of the rod = ® % = x8em' =2nem
L2

The length of the new wire of the same volume = 18 m = 1800 cm

If r is the radius {in cm) of cross-section of the wire, its volume = T X o 1800 cm?

Therefore, mxrtx 1800 = 2n
; , ]
Le., = o
9010
a |
1., [ o e
30 |
So. the diameter of the cross section, i.e., the thickness of the wire is E_'T« cm,

i.e.. 0.67mm {approx.}.

Fxample 11 : A hemispherical tank full of water is emptied by a pipe at the rate of 3;

litres per second. How much time will it take to empty half the tank. if it is 3m in
I

diameter? (Take n =$ )




SURFACE ARKas ann VoLrmws

3
Sulution : Radius of the hemispherical tank = 5 m
2 22 (3% 99
Volume of the tank = Exz—x ~ |l m'=—m
i 7 Lz 4
) ) 1.99 , 99 :
S0, the volume of the water to be emptied = 5 X o m = T x 1000 litres
99000
=58 litres

: 25 .. . ; o : . .
Since. = litres of water is emptied in | second, litres of water will be emptied

. 99000 7 i
n —25 25 Seconas, Le., m 165 minuies,
ZXERCISE 133
22
Take m = T unless stated otherwise,

L. A metallic sphere of radius 4.2 cm s melted and recast into the shape of a cylinder of
radios 6 cm. Find the height of the cylinder.

2. Metallic spheres of radii 6 cm, 8 cm and 10 em, respectively, are melted to form a single
solid sphere. Find the radius of the resulting sphere.

3. A 20 m deep well with diameter 7 m is dug and the carth from digging is evenly spread out
lo form a platform 22 m by 14 m. Find the height of the platform,

4. Awellof diameter 3 m is dug 14 m deep. The earth taken out of it has been spread evenly
all around it in the shape of a eircular ring of width 4 m to form an embankment. Find the
height of the embankment,

5. A container shaped like a right circular cylinder having diameter 12 cm and height 15 cm
is full of ice cream. The ice cream is to be filled into cones of height 12 cm and diameter
frcm, having a hemispherical shape on the top. Find the number of such cones which can
be filled with ice cream,

fi. How many silver coins, 1.75 ¢m in diameter and of thickness 2 mm, must be melted to form
acubold of dimensions 5.5 cm » 10 em x 3.5 em?
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7. A cvlindrical bucket, 32 cm high and with radius of base 18 em, is filled with sand. This
bucket is emptied on the ground and a conical heap of sand is formed. If the height of the
comical heap is 24 em, find the radius and slant height of the heap.

8. Waterin acanal, 6 m wide and 1.5 m deep, is flowing with a speed of 10 km/h, How much
arca will it irrigate in 30 minutes, if 8 cm of standing water is needed?

9, A farmer connects a pipe of internal diameter 20 cm from a canal into a cylindrical tank in
her field, which is 10 m in diameter and 2 m deep. If water flows through the pipe at the
rate of 3 km/h, in how muoch time will the tank be filled?

13.5 Frustum of a Cone

In Section 13.2, we observed objects that are formed when two basic solids were
joined together. Let us now do something different. We will take a right circular cone
and remove a portion of it. There are so many ways
in which we can do this. But one particular case that
we are interested in is the removal of a smaller right
circular cone by cutting the given cone by a plane
parallel to its base. You must have observed that the
glasses (tumblers), in general, used for drinking wa- =
ter, are of this shape. (See Fig. 13.19) Fig. 13.19

Activity | : Take some clay, or any other such material (like plasticine, etc.) and form
a cone. Cut it with a knife parallel to its base. Remove the smaller cone. What are you

left with?You are left with a solid called a frusnim of the cone. You can see that this

has two circular ends with different radii.

So, given a cone, when we slice (or cut) through it with a plane parallel to its base
(see Fig. 13.20) and remove the cone that is formed on one side of that plane, the part
that is now left over on the other side of the plane is called a frustum®* of the cone.

A cone sliced The two parts Frustum of a cone
by a plane separated
parallel to base
Fig. 13.20

*'Frugtum’ is a latin word meaning ‘piece cut off’, and its plural is *frusta’.
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How can we find the surface area and volume of a frustum of a cone? Let
us explain it through an example.

Fxample 12 : The radii of the ends of a frustum
of a cone 45 cm high are 28 cm and 7 cm
(see Fig. 13.21). Find its volume, the curved
surface area and the total suface area

Takn—E‘J
( e =gk

Solution : The frustum can be viewed as a dif-
ference of two right circular cones OAB and
OCD (see Fig. 13.21). Let the height (in cm)
of the cone OAB be h, and its slant height / »
i.e, OP = h and OA = OB = . Let h, be the
height of cone OCD and [, its slant height.

We have : r = 28 cm, r,=7cm
and the height of frustum (k) = 45 cm. Also,
h =45+h, (1)

We first need to determine the respective heights & and h. of the cone OAB
and OCD.

Since the triangles OPB and OQD are similar (Why?), we have

(2)

7
From (1) and (2), we get h, = 15 and h, = 60.
Now, the volume of the frustum
= yolume of the cone OAB — volume of the cone OCD

1 22 3 I 22 2 1 3
I B a2 L i TR = 48510
= [3 3 (28)° - (60) 3" (7 (l‘i]}cm 4 cm

The respective slant height /, and [, of the cones OCD and OAB are given

by
I, = \J(7)" +(15)" =16.55 cm (approx.)

L= J(28)° + (60)* = 4,/(7)? + (15 =4x16.55 = 66.20 cm
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Thus, the curved surface area of the frustum = wr ! — 7wr.l,

22 22
= (28)(66.20) = (7)(16.55) = 5461.5 cm®

Now, the total surface area of the frustum
= the curved surface area + 'Itr,l1 + n‘rf

22 3 y. 22
= 5461.5 ¢cm* + ?-qlﬁrcm- “+ —;;ﬁ‘}zcmz

= 5461.5 cm® + 2464 cm® + 154 cm?® = 8079.5 cm®.

Let A be the height, / the slant height and r, and r, the radii of the ends |
(r, = r,} of the frustum of a cone. Then we can directly find the volume, the |
curved surace area and the total surface area of frustum by using the formulae
given below

(i) the curved surface area of the frustum of the cone = wr + )l

where = \Jh* +(r —r,)* .

(itiy Total surface area of the frustum of the cone = ™ (r + r)) + W] + W},

where | = \Jh* +(r—1r)* .

These formulae can be derived using the idea of similarity of triangles but we
shall not be doing derivations here.

- |

(i) Volume of the frustum of the cone = Eﬂf{?‘,' +rE+rn). |
|

f

Let us solve Example 12, using these formulae :

I 2
(i) Volume of the frustum = Eﬂh(r,z+ r +r§r1}

| 22 I :
= = 22.45.[ (287 + (1) + 28)(D) | em’
e | em
= 48510 cm’
Gy, e have [= Jn* + (n—n) =45+ (28-7)" em

= 3,15 + (7)* =49.65cm




SUREACE AR A% anD VoL 255

S0, the curved surface area of the frustum

22
=n(r, +r) = = (28 + 7) (49.65) =5461.5 cm?

(i) Total curved surface area of the frustum

I

n(r+n) + gt + ey

[Sdﬁl S %{23}ﬂ + %{T}E} cm?® = B079.5 cm?

Let us apply these formulae in some examples.

Example 13 : Hanumappa and his wife Gangamma are
busy making jaggery out of sugarcane juice. They have
processed the sugarcane juice to make the molasses,
which 1s poured into moulds in the shape of a frustum of
a cone having the diameters of its two circular faces as
30 em and 35 cm and the vertical height of the mould is
14 cm (see Fig. 13.22). If each cm® of molasses has
muss about 1.2 g, find the mass of the molasses that can

Fig. 13.22
. 22
be poured into each mould. | Take n= -
Solution : Since the mould is in the shape of a frustum of a cone, the quantity (volume)

- RN
of molasses that can be poured mnto it = ;h{r]‘ + J"II +h "1},

where 1 is the radius of the larger base and r, is the radius of the smaller base.

. . [E:E‘:[aﬁ i e ]
= 3% 3 .,J =4S = 11641.7 e’

il

It is given that | cm® of molasses has mass 1.2g. So, the mass of the molasses that can
be poured into cach mould = (11641.7 < 1.2) g

= 13970.04 g = 13.97 kg = 14 kg (approx.)
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Example 14 : An open metal bucket is in the
shape of a frustum of a cone, mounted on a
hollow cylindrical base made of the same me-
tallic sheet {see Fig. 13.23). The diameters of
the two circular ends of the bucket are 45 cm
and 25 cm, the total vertical hetght of the bucket
is 40 cm and that of the cylindrical base is
6 cm. Find the area of the metallic sheet used
to make the bucket, where we do not take into
account the handle of the bucket. Also, find

the volume of water the buckel can hold. Fig. 13,23
[Tilke n= E] :
7
Salution : The total height of the bucket = 40 em, which includes the height of the

base. S0, the height of the frustum of the cone = (40 — 6) cm = 34 cm.

Therefore, the slant height of the frustum, I'= " +(r, - r,)*,

where r, =225 cm, r. = 12,5 cm and h = 34 cm.

So, I= 34 +(22.5-12.5) cm

= 34+ 10" =35.44 cm

The area of metallic sheet used = curved surface area of frustum of cone

+ area of circular base

+ curved surface area of cylinder

[mx 3544 (225 + 125 + T x (12.5)

+2mx 125 x 6] cm?

22 .
7 (12404 +156.25 + 150) cm”

4860.9 cm’
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a

of the bucket)

nxh

e XK+ 1+ K

22 34

Now, the volume of water that the bucket can hold' (also, known as the car ac' y

= TXFX [(22.5)* + (12.5)" + 22.5 x 12.5] cm?

22

4
= X° %X 943.75 = 3361548 cm’

EXERCISE 134

22
Use m = — unless stated otherwise.

L

7

A drinking glass is in the shape of a frustum of a
cone of height 14 cm. The diameters of its two
circular ends are 4 cm and 2 cm. Find the capacity of
the glass.

The slant height of a frustum of a cone is 4 cm and
the perimeters (circumference) of its circular ends
are 18 cm and 6 cm, Find the curved surface area of
the frustum.

A fez, the cap used by the Turks. is shay :d like the
frustum ol a cone (see Fig. 13.24). Iits r .dius on the
open side is 10 cm, radius at the uppe: base is 4 cm
andats slant height is 15 cm, find the @rea of material
used for making it

33.62 litres (approx.)

A container, opened from the top and made up of & metal sheet, is in the smof a
frustum ol a cone of height 16 cm with radii of its lower and upper ends as 8 ¢ 1and 20
cm, respectively, Find the cost of the milk which can completely fill the contab er, at the
rate of T 20 er litre. Also find the cost of metal sheel used o make the cont iner, if it

costs T8 per 100 cm® (Take m=3.14)

A metallic right cireu"ar cone 20 ¢m high and whose vertical angle is 607 is cul into lwao
parts at the middle ol 1s height by a plane parallel to its base. If the frustum so obtained

be drawn into a wire of diameter 1—2 cm, find the length of the wire,
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4.1 Introduction

In Class IX, you have studied the classification of given data into ungrouped as well as
grouped frequency distributions. You have also learnt o represent the data pictorially
in the form of various graphs such as bar graphs, histograms (including those of varying
widths) and frequency polygens. In fact, you went a step further by studying certain
numerical representatives of the ungrouped data, also called measures of central
tendency, namely, mean, median and mode. In this chapter, we shall extend the study
of these three measures, i.e., mean, median and mode from ungrouped data to that of
grouped data. We shall also discuss the concept of cumulative frequency, the
cumulative frequency distribution and how to draw cumulative frequency curves, called
Opives.

14.2 Mean of Grouped Daia
The mean (or average) of observations, as we know, is the sum of the values of all the
observations divided by the total number of observations, From Class IX, recall that if
X, X.. .. x uare observations with respective frequencies f, f, . . ., /., then this
means observation x, occurs [ limes, x, oceurs f, times, and so on.

Now, the sum of the values of all the observations = fx + fx, + ...+ fx, and
the number of observations =f +f, + ... + /.

So, the mean x of the data is given by
:f_'llx,: fix, +--+ fox,
Frftx

Recall that we can write this in short form by using the Greek letter X {capital
sigma) which means summation. That 1s,

X =
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EXERCISE 135 (Optional /¥

1. Acopper wire, 3 mm in diameter, is wound about a cylinder whose length is 12 cm, and
diameter 10 em, so as to cover the corved surface of the cylinder. Find the length and
mass of the wire, assuming the density of copper 1o be 8.88 g per cm’,

2. A nght tangle, whose sides are 3 cm and 4 cm (other than hypotenuse) is made to
revolve about its hypotenuse. Find the volume and surfuce area of the double cone so
formed. (Choose value of & as found appropriate.)

3. Acistern, internally measuring 156 cim x 120 comox 110 em, has 129600 om’ of water in it
Porous bricks are placed in the water until the cistern is full to the brim, Each brick
absorbs one-seventeenth of its own volume of water, How many bricks can be put in
without overflowing the water, each brick being 22.5 cm = 7.5 cm x 6.5 cm'?

4. Inone fortnight of @ given month, there was a rainfall of 10 cm in ariver valley, I the arca
of the valley is 7280 km’, show that the total rainfall was approximately eguivalent to
the addition to the normal water of three rivers each 1072 km long. 75 m wide and 3 m

deep. 18 cm

5. An oil funne]l made of tin sheet consists of a
10 cm long eylindrical portion attached to a
frustum of a cone. If the total height is 22 cm, 22 ciid
diameter of the cylindrical portion 1s 8 cm and
the diameter of the top of the funnel is 18 crm. 10 ﬂ'{

find the a.ea of the tin sheel required 1o make E—}
the funne: (see Fig. 13.25). n
Fig. 13.25

6. Derive the formula for the curved surface area and total surface arca of the frustum of a
cone, given Lo you in Section 13.5, using the symbaols as explained,

7. Derive the formula for the volume of the frustum of a cone, given to you in Section 13.5,
using the symbols as explained.
13.6 Summary
In this chapter, you have studied the following points:

1. To determine the surface area of an object formed by combining any two of the basic
solids, namely, cuboid, cone, cylinder, sphere and hemisphere.

2. Tofind the volume of objects formed by combining any two of a cuboid. cone. cylinder,
sphere and henusphere,

* These exercises are not from the examination point of view,
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3. Given aright circular cone, which is sliced through by a plane parallel to its base, when
the smaller conical portion is removed, the resulting solid is called a Frustum of a Right
Circular Cone,

4. The formulae involving the frustum of 4 cone are:

i)

(i}

{11}

- i 1 Fi
Volume of a frustum of a cone = Eﬂf?(ﬁ + 5+ 5],

Curved surface area of a frustum of a cone = nl(r +r,) where 1= I + (5 — 1, }: .

Taotal surface area of frustum of a cone = mhir, +r,) + ®{r}+ i) where
# = vertical height of the frustum, ! = slant height of the frustum

r, and r, are radii of the two bases {ends) of the frustum.
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which, more briefly, is written as ¥ = , it it is understood that { varies [rom

| to n.
Let us apply this formula to find tle mean in the following example.
[oxample | @ The marks obtained by 30 students of Class X of a certain school in a

Mathematics paper consisting of 100 marks are presented in table below. Find the
mean of the marks obtained by the students.

Marks obtained | 10 [ 20 | 36 |40 [ 50| 56 | 60 | 70 [ 72 | 80 | 88 | 92 |95
(x,)

Numberof | 1|1 |3 |4 |3 2144|1111 21]13]|1

student (f)

Solution: Recall that to find the mean marks, we require the product of each x with
the corresponding frequency f, So, let us put them in a column as shown in Table 14.1.

Iable 14.1

Marks obtained (x;) Number of students (f) ,f_',-t';
10 1 10
20 1 20
36 3 108
40 4 160
30 3 150
56 2 112
60 4 240
70 4 280
T2 1 72
80 1 80
38 2 176
92 3 276
05 1 05

Total 3 =30 Ifx = 1779




262 MATHEMATICS

__Ifx 1779
NDW. xr= E—}‘; = '3[] = 593

Therefore, the mean marks obtained is 59.3.

In most of our real life situations, data is usually so large that to make a meaningful
study it needs to be condensed as grouped data. So, we need to convert given ungrouped
data into grouped data and devise some method to find its mean.

Let us convert the ungrouped data of Example 1 into grouped data by forming
class-intervals of width, say 15. Remember that, while allocating frequencies to each
class-interval, students falling in any upper class-limit would be considered in the next
class, e.g., 4 students who have obtained 40 marks would be considered in the class-
interval 40-55 and not in 25-40. With this convention in our mind, let us form a grouped
frequency distrbution table (see Table 14.2).

Table 14.2

Now, for each class-interval, we require a point which would serve as the
representative of the whole class. It is assumed that the frequency of each class-
interval is centred around its mid-point. So the mid-point (or elass mark) of each
class can be chosen to represent the observations falling in the class. Recall that we
find the mid-point of a class (or its class mark) by finding the average of its upper and
lower imits. That is,

Upper class limit + Lower class limit
2

Class mark =

10425

With reference to Table 14.2. for the class 10-25, the class mark is , Le.,

2
17.5. Similarly, we can find the class marks of the remaining class intervals. We put
them in Table 14.3. These class marks serve as our x's. Now, in general, for the ith
class interval, we have the frequency f, corresponding to the class mark x. We can
now proceed to compute the mean in the same manner as in Example 1.
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Table 14.3

Class interval | Number of students (f) | Class mark (x,)| fx,

25t P

| 325 975

40-55 7 Aia IR 345 5

55-70 6 625 375.0

70 - 85 6 775 465.0

85 - 100 6 925 555.0
Total Zf=30 L fx = 1860.0

The sum of the values in the last column gives us Z fx. So, the mean X of the
given data is given by
¥, _ 18600

Xf 30
This new method of finding the mean is known as the Direet Method.

T = = 62

We observe that Tables 14.1 and 14.3 are using the same data and employing the
same formula for the calculation of the mean but the results obtained are different.
Can you think why this is so, and which one 18 more accurate? The difference in the
two values is because of the mid-point assumption in Table 14.3, 59.3 being the exact
mean, while 62 an approximate mean,

Sometimes when the numerical values of x, and f are large. finding the product
of x, and f becomes tedious and time consuming. So, for such situations, let us think of
a method of reducing these calculations.

We can do nothing with the fs, but we can change each 1 to a smaller number
50 that our caleulations become easy. How do we do this? What about subtracting a
fixed number from each of these x's? Let us try this method.

The first step is to choose one among the x's as the assimed mean, and denote
it by ‘a’. Also, to further reduce our calculation work, we may take ‘a’ to be that x,
which lies in the centre of x . x,, . . ., x . S0, we can choose a = 47.5 ora = 62.5. Let
us choose a = 47.5.

The next step is to find the difference d between a and each of the x's. that is,
the deviation of ‘a’ from each of the x's.

ie., d=x-a=x-415
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The third step is to find the product of d with the corresponding f, and take the sum

of all the fd’s. The calculations are shown in Table 14.4.

Fable 14.4
Class interval | Number of | Class mark d=x-415 fd,
students (f) (x)
10-25 2 17.5 =30 60
25-40 3 325 -15 —45
40 - 55 i 475 0 0
55-70 6 62.5 15 o0
T0-85 6 75 30 180
85- 100 6 925 45 270 |
Total If =30 Zfd = 435
- l
So, from Table 14.4, the mean of the deviations, d = —'i}‘—' .
e |

Now, let us find the relation between 4 and ¥.
Since in obtaining d, we subtracted ‘a’ from each x,, s0, in order to get the mean

X, we need to add ‘a’ to d . This can be explained mathematically as:

- Efd
Mean of deviations, d = 24,
xf,
So, d _ i (x —a)
.
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Substituting the values of a, fd and Zf from Table 14.4, we get

= 5
X = ¢?.ﬁ+£= 475+ 145=62,
30
Therefore, the mean of the marks obtained by the students is 62.
| The method discussed above is called the Assumed Mean Method.
\ctivity 1 ¢ From the Table 14.3 find the mean by taking each of x_(ie., 17.5, 32.5,

and so on) as ‘a’, What do you observe? You will find that the mean determined in
gach case is the same, ie., 62, (Why 1)

|
| So, we can say that the value of the mean obtained does not depend on the
| choice of 'a’.

Observe that in Table 14.4, the values in Column 4 are all multiples of 15. So, if
we divide the values in the entire Column 4 by 15, we would get smaller numbers to
multiply with . (Here, 15 is the class size of each class interval.)

¥ —
So, let u. = 'T where a is the assumed mean and A is the class size.

Now, we calculate « in this way and continue as before (i.e., find f u and
then Lfu ). Taking h = 135, let us form Table 14.5.

Fable 14.5
X, —a
Class interval| f X d=x-a == fu,
10-25 2 17.5 30 -2 4
25 -40 3 323 —-15 -1 -3
4()- 55 7 4735 0 0 0
55-70 6 62.5 15 1 6
T0-85 6 77.5 30 2 12
85-100 6 92.5 45 3 18
Total If = 30 Ifu =29
Let U= Mt
Efr.

Here, again let us find the relation between i and .




Therefore, | A e i &

s _ B
" k| Zf, If,
1
= —|X —a
17 —al
S0 hit = x—a
ie X=a+ hu
[ Ffu. )
So. - X = a+ h| L |
L i ]
Now, substituting the values ol @, h, Zfx and Zf from Table 14.5, we get 1

|
I

- 4?.5+15x|{%] |
v ool !

475+ 145=62
So, the mean marks obtained by a student is 62. 1

The method discussed above is called the Step-deviation method.,
We note that :
e the step-deviation method will be convenient to apply if all the s have a
common factor.
® The mean obtained by ull the three methods is the same.

® The assumed mean method and step-deviation method are just simplified
forms of the direct method.

e The formula ¥ =a+ hir still holds if @ and h are not as given abave, hut are

—

X
any non-zero numbers such that u = ~ r
I

Let us apply these methods in another example.
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Example 2 : The table below gives the percentage distribution of female teachers in
the primary schools of rural areas of various states and union territories (U.T.) of
India. Find the mean percentage of female teachers by all the three methods discussed

in this section.

Percentage of 15-25
female teachers

35-45| 45-55

35-65

65-75

75-85

MNumber of £
States/U.T.

Source : Seventh All India School Education Survey conducied by NCERT

Solution @ Let us find the class marks, x, of each class, and put them in a column

isee Table 14.6):

Lable 14.6
Percentage of female Number of x,
teachers States /U.T. (f)
15:-25 6 20
25-125 I 30
3545 7 40
+5 - 55 4 S0
55-63 4 &)
B3 -75 2 70
75 -85 | B0

v =50

Here we tike o = 30, A = 1), then "’. =x = 5S0and 4, =———,

We now hind o and « and put them in Table 14.7.

i)




f
Percentage of | Numberof | x| d=x-50] ., = — fx, | f4d, In,
female states/U.T. 10
teachers (f)
15 -25 6 20 —30 -3 120 f =180 | =18
25-33 1 30 =20 =2 M| =220 | -22
35-45 T 40 1 | 28t {1 i
45 - 55 4 S0 0 f] 200 ] V]
55 -65 4 ) 10 1 240 A :
65-75 2 T 20 2 140 4i) 4
75 -85 l 8l 30 3 sl 3t
Tatal 35 1390 |-360 |-36
From the table above, we obtain Zf = 35, Efx = 1390,
Ifd = - 360, Tfu = -36.
i
Using the direct method, 7 = o _—..l”” =39.7]
i, 35
Using the assumed mean method,
= Efd, (—360)
T=u+—— =50 +— =39.7]
I,
Using the step-deviation method,
(Efu, (36
.?:.:1'4‘i X.F:::Trﬂ+l——-’><”l:3‘).7|
L X 35 )

Therefore, the mein percentage of femule teachers in the primary schools of
rural areas is 39.71.

The result obtained by all the three methods is the same. So the choice of
nethod 1o be used depends on the numerical values of v and 01 x and [ are
s cently small, then the direct method is an appropriate choice. If xoand [ oare
nomerteally large numbers. then we van o for the assumicd nican method of
ep-deviation trethodl 0 the cliss sizes e unequal, sid v are Laege nomoerieally, we
can <t apply the step-deviation methiod by taking 4o be a suitable divisor of al the o s




The distribution below shows the number of wickets taken by bowlers in
one-diy cricket matches. Find the mean number of wickets by choosing a suitable
method. What does the mean signify?

Nomber of 20-60 | 60-100 | 100-150] 150-250] 250 - 350 3501 - 450
wickets

Number of 7 5 16 12
bowlers

2% ]
e

Here, the class size varies, and the v s are large. Let us still apply the step-
deviation method with & = 200 and / = 20. Then, we obtain the data as in Table 14.8,

d
Nomber of | Number of X, d=x-200 u = '2—'- uf,
wickeis bowlers

taken tf)

20 - 60 7 40 —160 -8 —56
60 - 100 5 80 —120 —6 -30
100- 150 I6 125 =75 -3.75 =il
150- 250 12 200 {0 ] )
250 - 350 2 300 160 5 10
350 - 450 3 40X) 200 0 30

Total 45 -106

2 —1086
S0, § = ]_Dﬁ Therefore, ¥ = 200 + ZH(—J =200 -47.11 = 152.89,
45 \ 45

This tells us that, on an average, the number of wickets taken by these 45 bowlers
in one-day cricket 1s 152.89.

Now, Tet us see how well you can apply the concepts tdiscussed in this section!
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Divide the students of your class into three groups and ask each group to do one of the
following activities.

1. Collect the marks obtained by all the students of your class in Mathematics in the
latest examination conducted by your school. Form a grouped frequency distribution
of the data obtained.

2. Collect the daily maximum temperatures recorded for a period of 30 days in your
city. Present this data as a grouped frequency table.

3, Measure the heights of all the students of your class (in cm) and form a grouped
frequency distribution table of this data.

After all the groups have collected the data and formed grouped frequency
distribution tables, the groups should find the mean in each case by the method which
they find appropriate.

e B8 1 Bt |

1. A survey was conducted by a group of students as a part of their environment awareness
progrumme, in which they collected the following dita regarding the number of plants in
20 houses in a locality, Find the mean number of plants per house,

Number of plants 0-2 | 2-4 | 4-6 | 6-8 | B-10 ] 10-12 | 12-14

Number of houses 1 g I 5 [ 2 3

Which method did you use tor finding the mean, and why?

]

Congider the following distribution of daily wages of 50 workers of a factory,

Daily wages (in T) 100- 120 | 120- 140 | 140-160 | 160- 180 | 180-200

Number of workers 12 14 8 6 10

Find the mean duily wages of the workers of the factory by using an appropriate method.

3. The following distribution shows the daily pocket allowance ol children of a locality,
The meadan pocket allowidnce is Bs 18, Find the missing frequency £

Daily pocket 113 {13215 15217 [ 17-19 | 19221 | 21-23 |5
allowance (in ¥) i E

Number of children 13




————

4. Thirly women were examined in 2 hospital by a doctor and the number of heart beats per
minute were recorded and summarised as follows. Find the mean heart beats per minute

for these women, choosing a suitable method.

Number of heart beals | 65-68 | 68-71 | 71-74 | 74-77 | 77-80 | BO-83 | 83-86
per minuie
Number of women 2 4 8 7 4 2

In a retail market, fruit vendors were selling mangees kepl in packing hoxes. These
boxes contained varying number of mangoes. The following was the distribution of
mangoes according o the number of boxes.

Number of mangoes

50 -52

53 - 55

56 - 58

59 - 61

62 - 64

Number of boxes 15

110}

135

115

)

Find the mean number of mangoes keptin a packing box. Which method of finding
the mean did you choose?

6. The table below shows the daily expenditure on feod of 25 hovseholds in a locality,

Daily expenditure | 100- 150 150-200 | 200-250 | 250-300 | 300-350
{in %)

Number of 4 5 12 2 2
houscholds

Find the mean daily expenditure on food by a suitable method.

was collected for 30 localities in a certain city and is presented below:

7. Tao find ot the concentrution of SO, in the wir (o parts per million, i.e.. ppund, the data

Concentration of SO, (in ppm) Frequency
(.00 - 004 4
(.04 - 008 L
(i - 12 Y
(.12 - 016 2
016 - 0.20 4
(.20 - 0.24 2

Find the mean concentration of 50, i the air




B, Aclass teacher has the following absentee record of A0 students of a class for the whole
term, Find the mean number of days o student was absent

Numberof | 0-6 | 6- 10| 10-14]14- 20] 20-28 | 28 - 38{38 - 40
days

Number of [ i) 7 1 4 3 i
students l

9. The following tuble gives the literucy rate (in percentage) of 35 cities. Find the mean
literucy rate,

Literacy rate (in %) 45 -55 | 55-02 |65 -75 | 75-85 | 85 - 95

Number of cities 3 It 11 ] 3

Recall from Class IX, a mode is that value among the obscervitions which occurs most
often, that is, the value of the observation having the maximum freguency. Further, we
discussed finding the mode of ungrouped data, Here, we shall discuss ways of obluining
a mode of grouped data. It is possible that more than one value mity have the same
maximum frequency, In such situations, the data is said to be multimodal, Though
grouped data can also be multimodal, we shall restrict ourselves to problems having a
single mode only,

Letus first recall how we found the mode for ungrouped data tarough the following
example.

1 The wickets taken by u bowler in 10 cricket matches are as follows:
2 G 4 3 0 2 | 3 2 3

Find the mode of the dati,

Let us form the frequency distribution table of the given data as follows:

Number of () | 2 3 4 3 fy
wickets

Number of | | 3 2 | | |
matches




Clearly, 2 is the number of wickets taken by the bowler in the maximum il er
(.., 3) of matches. So, the mode of this datia 1s 2.

In 4 grouped frequency distribution, il is not possit le to determine the mode by
looking at the frequencies. Here. we can only locate a class with the maximun,
frequency. called the modal class. The mode is a value inside the modal class. any is
aiven by the formuly;

Mode = |+ I[ _j',—# {3 i
3 Efl_ Sy _Jr: H
where 1= lower limit of the modal :lass,
h = s e of the class intervi - (assuming all class sizes to be equal ),
{, = frequency of the moda class,
' = treq sency of the class preceding the modal class,
f, = treg iency of the class succeeding the modal class,

Let us consider the following examples to illustrate the use of this formula

npde = Acsurvey condueted on 20 households ina locality by o group of students
resulted in the following frequency table for the number of family members in 4
household:

Family size 1-3 3-5 5-7 7-9 9-11
Number of 7 8 2 2 !
families
Find the mode of this data,
wlition - Here the maximum class frequency is 8, and the class correspo. ding to this
frequency is 3 — 5, So, the moedal class is 3 - 5,

Mow
modal class =3 — 5, lower limit (/) of modal class = 3, class size (h) =2
frequency () of the modal class = 8,
frequency o /) of r.ass preceding the modal class =7,
frequency [ f, {56 succesding the modal cluss = 2

MNow, let us substitute b e vitlues inthe formula ;




. \
Mode = ."+[——_'IF-I _"Ir“ ®h
et I T 2
! i 3
=4+[ B 3_]x3:1+‘—1lﬁh
2X8-7-2) 7

Therefore, the mode of the data above 15 3.286.

Fxamiple 6 @ The marks distribution of 30 students in a mathematics examination are
given in Table 14.3 of Example 1, Find the mode of this data, Also compare and
interpret the mode and the mean,

Solution : Refer to Table 14.3 of Example 1. Since the maximum number of students
(i.e.. 7) have got marks in the interval 40 - 55, the modal class is 40 - 55, Therefore.,

the lower limit { 1) of the modal class = 40,
the ¢lass size (h) = 15,
the frequency ( f) of modal class = 7,
the Trequeacy (f, ) of the class preceding the modal class = 3.
the freque ncy ( f,) of the class succeeding the modal class = 6.
Now, using the formula:
Mmm=;+f—;ﬂ'ﬂL_=xh
\ 2fi— fo =12 )

4

T=3
we get Mode = 40+ \

— x5 =52
14-6-3|
So, the mode marks is 52,

Now, from Example 1, you know that the mean marks is 62,

S0, the maximum number of students obtained 52 marks, while on an average a
tudent ohtained 62 marks.

irks ;

. In Example 6, the mode is less than the mean. But for some other prablems it may
ke equal or more than the mean also.

2, It depends upon the demand of the situation whether we are interesied in finding the
average marks obtained by the students or the average of the marks obtained by muost
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of the students. In the first situation, the mean is required and in the second sitnation,

the mode is required.

\ativity 3 Continuing with the same groups as formed in Activity 2 and the situations
assigned to the groups. Ask each group to find the mode of the data, They should also
compare this with the mean, and interpret the meaning of both.

ek - The mode can also be calculated for grouped data with unegual class sizes.
However, we shall not be discussing it.

AR

Ix]

4.2

L. The following table shows the ages of the patienis admitted in a hospital during a year:

Age (in years)

5-15

15-25

25-35

35-45

45-55

55-65

Number of patients

f

21

n

14

3

Find the mode and the mean of the data given above, Compare and interpret the 1wo
measures of central lendency,

2. The following data gives the information on the observed lifetimes (in hours) of 225

electrical components

Lifetimes (in hours)

0-20

20-40

40- 60

60 - 80

80- 100

100-120

Frequency

1

1A

52

6l

3

2

Determine the modal lifetimes of the components.

3. The following duta gives the disiribution of total monthly household expendituire of 200
families of & village. Find the modal monthiy expenditure of the families. Also, find the
mean momthly expenditure :

Expoenditure (in T) Number of families
TN - 1500 X
1500Y- 200K) 4}
20001 - 2500 33
25000 - 30K 28
300K - 3500 0
500 - 4000 2
SO0K0- 4500 16
45000 - 5000 7




4. The following distribution gives the state-wise teacher-student ratio in higher
secondary schools of India. Find the mode and mean of this data, Interpret the two |

medsures,
Number of students per teacher Number of states / L. T,

15-20

0-25

25-30

3035 10

35-40 3

40-45 0

45-50 i |
50 - 55 2 |

5. The given distribution shows the number of runs scored by some lop batsmen of the
world in one-day international cricker marches,

Runs scored Number of batsmen
3000- 4000 4
U000 - S000 [
SO0 - 6000 9
GO0 - TO00 7 ‘
TOEKD - BN i)
000 - 9000 3
S000 - 10000 l
OO0 - 1 1000 |

Find the mode of the data

6. A student noted the numk :r of cars pussing through o spot on o road for 1O
periods each of 3 minutes anc summarised iLin the table given below, Find the mode
of the duta

T
Numberof cars | O0-10 | 10-20 200- 300 | 30 -40| $d- 50 | 50-60] 60 -70] 70 -80

Freguency 7 14 13 12 A ] 15 L




b4 Median ol Corouped Data

As you have studied in Class 1X, the median is a measure of central tendency which
gives the value of the middle -most observation in the data. Recall that for finding the
median of ungrouped data, we first arrange the data values of the observations in

[+l

ascending order. Then. if » 15 odd, the median is the ; |th observation. And, if i
- \ 7 J

; - : 2 B fm 3 :
1s even, then the median will be the average of the 5 th and the =4 | 'th observations.
[ )

Suppose, we have to find the median of the following data, which gives the
marks, out of 50, obtained by 100 students in a test :

Marks ohtained 20 24 28 a3 42 a8 43 25

Number of students | 6 24 24 15 2 4 | 20

First, we arrange the marks in ascending order and prepare a frequency table as
follows :

Table 14.9
Marks obtained Number of students
(Frequency)
20 3}
25 20
28 24
29 28
i3 15
38 4
42 2
43 1
Total 100




Here n = 100, which is even. The median will be the average of the %th and the

[%+ I]th observations, i.e., the 50th and 51st observations. To find these

observations, we proceed as follows: |

Table 14.10 |
Marks obtained Number of students
20 6
upto 25 6+20=26
upto 28 26+ 24 =350
upto 29 50+28=78
upto 33 78+ 15=93
upto 38 93 +4=97
uplo 42 97 +2=99
upto 43 99 4+ 1= 100

Now we add another column depicting this information to the frequency table
above and name it as cumudative frequency colimn.

Table 14.11
Marks obtained Number of students Cumulative freguency
20 6 6
25 20 20
28 24 50
29 25 fis
33 15 u3
3R 4 u7
42 2 99
43 8. 100
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From the table above, we see that:
50th observaton is 28 {(Why?)

515t observation is 29

28 -
So, Median= ————=28.5

Wenirk  The part of Table 14.11 consisting Column | and Column 3 is known as
Cumilative Freguency Table. The median marks 28.5 conveys the information that
about 50% students obtained marks less than 28.5 and another 50% students obtained
mirks more than 28.5,

Now, let us see how to obtain the median of grouped data, through the following
sifuation,

Consider a grouped frequency distribution of marks obtained, out of 100, by 53
students, in a certain examination, as follows:

Table 14.12

Marks Number of students

0-10
10 - 20
20-30
30 - 40
40 - 50
50 - 60
6 - 70
70 - 80
RO - 90
00 - 100

Lk Lad = Lt La

= - SEE N T~ T -

From the table above, try to answer the following questions:

How many students have scored marks less than 107 The answer is clearly 5.




How many students have scored less than 20 marks? Observe that the number
of students who have scored less than 20 include the number of students who have
scored marks from 0 - 10 as well as the number of students who have scored marks
from 10 - 20, So, the total number of students with marks less than 2008 5+ 3. 1.e.. 8.
We say that the cumulative frequency of the class 10-20 is 8.

Stmilarly, we can compute the cumulative frequencies of the other classes, i.c..
the number of students with marks less than 30, less than 40, . . ., less than 100, We
give them in Table 14.13 given below:

Table 14.13
Marks obtained Number of students
(Cumulative frequency)

Less than 10 5

Less than 20 S+3=4

Less than 30 8+4=12

Less than 40 1243=15
Léss than 50 I5+43=18

Less than 60 I8+4=22

Less than 70 22+7=29

Less than 80 29 +9=38
Less than 90 AR+ T=45

Less than 100 454+ 8=53

The distribution given above is called the cumulative frequency distribition af
the less thai type. Here 10, 20, 30, . . . 100, are the upper limits of the respective
class intervals.

We can similarly make the table for the number of students with scorés, more
than or equal to 0, more than or equal to 10, more thaf of equal to 20, and so on. Fram
Table 14.12, we observe that all 53 students have scored marks moré than or equal to

(. Since there are 5 students scoring marks in the interval 0 - 10, this means thal there

are 53 — 5 = 48 sindents getting more than or equal to 10 marks. Continuing in the
same manner, we get the number of students scoring 20 or above as 48 — 3 = 45, 30 or
abuve as 45 — 4 = 41, and so on, as shown in Table 14,14,




Table 14.14

Marks obtained Number of students
(Cumulative frequency)

More than or equal o 0 53

Mare than or egual 1o 10 S53-5=48
More than or equal to 20 48-3=45
More than or equal o 30 45-4=41
Maore than or equal to 40 4] -3=13%
More than or equal to 50 38-3=35
More than or equal to 60 35-4 =31
More than or equal to 70 I-7=24
More than or equal to 80 24-9=15
More than or egual 1o 90 15-7=8§

The table above is called o cumulative frequency distribution of the more
then type. Here 0, 10, 20, . ., 90 give the lower limits of the respective class intervals.

Now, 1o find the median of grouped data, we can muke use of any of these
cumulative fréquency distributions,

Let us combine Tables 14.12 and 14.13 to get Table 14.15 given below:
Table 14.15

Marks Number of students (f) Cumulative frequency (cf)
0-10 5 5
10-20 3 8
20 - 30 4 12
30-40 3 15
40- 50 3 18
50 - 60 4 22
60 - 70 7 29
70 - BO) 9 38
B0 - 00 7 45
¢ - 100 # 53

Now in a gronped data, we may not be able to find the middle observation by
looking at the cumulative frequencies as the middle observation will be some vilue in
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a class interval. It is, therelore, necessary to find the value inside a class that divides
the whole distribution into two halves. But which class should this be?

1 . 3 M
To find this class, we find the cumulative frequencies of all the classes and —.

ra

We now locate the class whose cumulative frequency is greater than (and nearest to)

n

n
ek This is called the median class. In the distribution above, 1 = 53, 50, 5 = 26.5,

Now 60) — 70 is the class whose cumulative frequency 29 is greater than (and nearest

H
o) 5 i.e., 26.5,

Therefore, 60 — 70 is the median class,

After finding the median class, we use the following formula for caleulauting the
median.

|"' n . 1
; —¢f
Median= | + | = #h,
g
\ |
where { = lower limit of median class,

# = number of obhservations,
cf = cumulative frequency of cluss preceding the median class,
f= frequency of median cluss,
= class size (assuming class size to be equal).
i

Substituting the values 5 = 26.5, =60, cf=22,f=T. h=10

in the formula above, we get

26.5 — 22

f
Median = 60 + '—? = 10
\

e

60 45
= 60+
7

= 664

So, about half the students have scored marks less than 66.4, and the other hall have
scored marks more than 66.4.,
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Example 7 : A survey regarding the heights (in cm) of 51 girls of Class X of a school
was conducted and the following data was obtained:

Find the median height.

| Solution : To caleulate the median height, we need to find the class intervals and their
corresponding frequencies.

The given distribution being of the fess than type, 140, 145, 150, . ... 165 give the
upper limits of the corresponding class intervals. So, the classes should be below 140,
140 - 145, 145 - 150, . . ., 160 - 165. Observe that from the given distribution, we find
that there are 4 girls with height less than 140, ie., the frequency of class interval
below 140 is 4. Now, there are 11 girls with heights less than 145 and 4 girls with
height less than 140. Therefore, the number of girls with height in the interval
140 - 14515 11 —4 = 7. Similarly, the frequency of 145 - 150 is 29 — |1 = 18, for
150 - 155, it is 40—~ 29 = 11, and so on, So, our frequency distribution table with the
given cumulative frequencies becomes:

Table 14.16
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51 -
Now n=51. So, g=“2- =25.5 . This observation lies in the class 145 - 150. Then,

I (the lower limit) = 145,
ef (the cumulative frequency of the class preceding 145 - 150) = 11,
f (the frequency of the median class 145 - 150} = 18,
h (the class size) = 3.

Using the formula, Median = [ +

Median = 145+ [2‘5; ! 1] %5

72.5
= 145+ _IS‘_F = 149.03.

So, the median height of the girls is 149.03 cm.

This means that the height of about 50% of the girls is less than this height, and
509 are taller than this height.
Example § : The median of the following data is 525. Find the values of x and v, if the
total frequency is 100.

i
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Solution :

It is given that # = 100

So, To+x+y=100, ie, x+y=24 ()
The median is 525, which lies in the class 500 — 600
So, =500, f=20, cf=36+x, h=100

Using the formula : Median= { + z—f— h, we get
LY
525 = 500 +(m]xlﬂﬂ
ie., 525-500=(14-x)x 5
L., 25= 70 - 5x
Le., Sx=T-25=45

So, x=9
Therefore, from (1), we get 9+ v=24
e, y=15
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MNow, that you have studied about all the three measures of central tendency, let
us discuss which measure would be best suited for a particular requirement.

The mean is the most frequently used measure of central tendency because it
takes into account all the observations, and lies between the extremes, i.e., the largest
and the smallest observations of the entire data. It also enables us to compare two or
more distributions. For example, by comparing the average (mean) results of students
of different schools of a particular examination, we can conclude which school has a

better performance,

However, extreme values in the data atfect the meun. For example, the mean of
classes having frequencies more or less the same is a good representative of the data.
But, if one class has frequency, say 2, and the five others have frequency 20, 25, 20,
21, 18, then the mean will certainly not reflect the way the data behaves. So. in such
cases, the meun is not a good representative of the data.

In problems where individual observations are not important, and we wish to find
out a ‘typical” observation, the median is more appropriate. e.g., finding the typical
productivity rate of workers. average wage in a country, ete. These are situations
where extreme values may be there. So, rather than the mean, we take the median as
a better measure of central tendency.

In situations which require establishing the most frequent value or most popular
item, the mode is the best choice, e.g., to find the most popular T.V. programme being
watched, the consumer item in greatest demand, the colour of the vehicle used by
most of the people, etc,

Remarks :
I, There is & empirical relationship between the three measures ol central tendency
3 Median = Mode + 2 Mean

2. The median of grouped data with unequal class sizes can also be calculated. However,
we shall not discuss it here.
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EXERCISE 14.3

I The following frequency distribution gives the monthly consumption of electricity of
68 consumers of a locality, Find the median. mean and mode of the data and compare
them;

2. If the median of the distribution given below is 28,5, find the values of x and y.

3. A life insurance agent found the following data for distribution of ages of 100 policy
holders. Culeulate the median age, if policies are given only to persons having age 18
years onwards but less than 60 vear,




Age (in years) Number of policy holders
Below 20 Fi
Below 25 &
Below 30 a1
Below 35 45
Below 40 .}
Below 45 W
Below 50 o
Below 55 s
Below &) [on

4. The lengths of 40 leaves of a plant are measured correct o the nearest millimetre. and

the data obtained is represented in the following table |

Length (in mm) Number of leaves
L[18-126 3
127-135 5
136- 144 4
145-153 12
154-162 5
163171 4
172-180 2

Find the median length of the leaves,

(Hint : The data needs to be converted to continuous classes for finding the median,
cineée the formula assumes continuous classes. The classes then change Lo
117.5-126.5.126.5-135.5,.. .. 171.5-180.5.)
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5. The following table gives the distribution of the life time of 400 neon lamps :

Life time (in hours) Number of lamps
500 - 2000 14
2000 - 2500 36
2500 - 3000 )
WA - 3500 o]
3500} - A00X) T
0000 - 4500 fi2
4500 - 5000 48

Find the median life time of a lamp.

6. 100 surnames were randomly picked up from a local telephone directory and the
frequency distribution of the number of letters in the English alphabets in the surnames
was obtained as follows:

Number of letters 1-4 4-7 7-10 10-13 [3=16 | 16-14

Number of surnames | 6 & ] 40 16 4 4

Determine the median number of letters 1n the surnames. Find the mean nomber of
letters 1 the surnames? Also, find the modal size of the surnames.

7. The distribution below gives the weights of 30 students of a class. Find the median
weight of the students.

Weight (in kg) A0-45 | 45-50 | 50-55 | 55-60 | 60-65 | A5-70 | 70-75
Number of students z 3 8 f [ 3 2
5 Graphical i_{--_:.-q-.: ntation of Cumuliztive Freoaoe ney Distribution

As we all know, pictures speak better than words. A graphical representation helps us
in understanding given data at a glance. In Class IX, we have represented the data
through bar graphs, histograms and frequency polygons. Let us now represent a
cumulative frequency distribution graphically.

For example, let us consider the cumulative frequency distribution given in
Table 14,13,




Recall that the valoes 10, 20, 30,
, 100 are the upper limits of the
respective class intervals. To represent
the data in the table graphically, we mark
the upper limits of the class intervals on
the horizontal axis (y-axis) and their
corresponding cumulative frequencies
on the vertical axis ( y-axis), choosing a
convenient scale, The scale may not be
the same on both the axis. Let us now
plot the points corresponding to the
ordered pairs given by (upper limit.
corresponding cumulative frequency),
ie., (10, 5), (20, 8), (30, 12), (40, 15),
(50, 18), (60, 22), (70, 29), (80, 38), (90, 45), (100, 53) on a graph paper and join them
by a free hand smooth curve. The curve we get is called a cumulative frequency
curve, or an ogive (of the less than type). (See Fig. 14.1)

-

*Less than® ogive /

Cumulative requency —

it
I[}IU 30 40 50 60 ?uﬂﬂﬂ{}lﬂ-l}
Upper limits—>

ig. 14.1

The term ‘ogive’ is pronounced as ‘ojeev’ and is derived from the word ogee.
An ogee is a shape consisting of a concave arc flowing into a convex arc, so
forming an S-shaped -urve with vertical ends. In architecture, the ogee shape
is one of the characteristics of the 14th and 15th century Gothic styles.

Next, again we consider the cumulative frequency distribution given in
Table 14.14 and dravw its ogive (of the more than type).

Recall that, here O, 10, 20, .. ., 90
are the lower limits of the respective class
intervals 0 - 10, 10-20, . _ ., 90 - 100, To
represent “the more than type” graphically,
we plot the lower limits on the x-axis and
the corresponding cumulative frequencies
on the y-axis. Then we plot the points
(lower limit, corresponding cumulative
frequency). Le.. (0, 53), (10, 48), (20, 45),
(30, 41). (40, 38). (50. 35). (60, 31),
(70, 24), (80, 15), (N, 8}, on a graph paper,
and join them by a free hand smooth curve.
The curve we get is a cumulative frequency curve, or an ogive (of the more than
rvpe). (See Fig. 14.2)

*More than® ogive

N\

O 10 20 30 40 50 60 70 80 90 100
Lower limits —
Fia, 14.2

/
f

A

..'.":"_,_'f__,_h
/

Cumulative frequency—s

e o LY}
[
i
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Remark © Note that both the ogives (in Fig. 14.1 and Fig. 14.2) correspond to the
same data, which is given in Table 14,12,

Now, are the ogives related to the median in any way? Is it possible to obtain the
median from these two cumulative frequency curves corresponding to the data in
Table 14,127 Let us see.

) , 43
One obvious way is to locate “:“ 60+
n_ 53 : . B 50 /
= =12#.5 on the y-axis (see Fig. g‘ '
2 2 e 01 /‘.-";
14.3). From this point, draw a line parallel .E 30 O
to the x-axis cutting the curve ata point. § 201 . .
From this point, draw a perpendicularto § 10+ Wiedinn (66:4)
the x-axis. The point of intersection of © Pl e s

O 10 20 30 40 50 60 70 80 90 100

this perpendicular with the x-axis Upper limits —>

determines the median of the data (see ] .
Fig. 14.3). Fig. 14.3

Another way of obtaining the I '
median is the following : =481
3 507, ’
Draw both ogives (i.e., of the less £ 49| e T F,-"'
than type and of the more than type) on “; 30 -
the same axis. The two ogives will é 20 _./\c\
intersect each other at a point. From this E 104 - - ‘\-\\
point, if we draw a perpendicularonthe 5 |« S | S -~
x-axis, the point at which it cuts the = © 10 20 30 40 50 6077080 90 100
x-axis gives us the median (see Fig. 14.4), = Median {66.4)
Esample 9 ¢ The annual profits earned by 30 shops of a 5h+::ppmb complex in a
locality give rise to the following distribution :
Profit (in lakhs ¥) Number of shops (frequency)
‘More than or equal to 5 30
More than or equal to 10 28
More than or equal to 15 16
More than or equal to 20 14
More than or equal to 25 10
More than or equal to 30 7
More than or egual to 35 3




Draw both ogives for the data above.
Hence obtain the median profit.

Solution @ We first draw the coordinate
axes, with lower limits of the profit along
the horizontal axis, and the cumulative
frequency along the vertical axes. Then,
we plot the points (5, 300, (10, 28), (15, 16),
(20, 14). (25, 10), (30, 7) and (35, 3). We
join these points with a smooth curve to
getl the “more than' ogive, as shown in
Fig. 14.5,

Now, let us obtain the classes, their
frequencies and the cumulative frequency
from the table ahove.

Cumulative frequency —

|

50
40
3
20

H.'l'i

O 1020 30 40 50
Lower limits of profit —
{in lakhs Rs)

Classes S-10 ) 10-15[15-20]20-25]25-30|30-35| 35-40
No. of shops 2 12 2 3 4 3
Cumulative 2 14 Ity 20 23 27 30 {
frequency

Using these values, we plol the points L

(10,2), (15, 14), (20, 16). (25, 20), (30, 23), 0 4

{35, 27), (40, 309 on the same axes us n

Fig. 14.5 1w get the ‘less than® ogive, as - 40 ‘More than’ ogive

shown in Fig. 14.6, E

The abeissa of their point of intersection is % T -

nearly 17.5, which is the median. This can ";_', < I

also be verified by using the formula. 'é 20 J ~“Less than' ngive

Hence, the median profit (in lakhs) is = 10 1 PP,

Rs 17.5. E

. . o -
Hemark @ In the above examples, it may 0 i

be noted that the class intervals were
continuous, For drawing ogives, it should
be ensured that the class intervals are
continuous. {Also see constructions of
histograms in Class 1X)

10 TE{I 40 bl ||
Median (17.5)
Profit (in lakhs Rs) —>

Fig. 14.6




1. The following distribution gives the daily income of 50 workers of a factory.

Daily income (in T) IOC= 1200 ) 120- 1400 | 140- 16l | 160 1800 | 180-200

Number of workers |2 14 ) 6 16h

Comnvert the distribution above (o a less than type cumulative frequency distribution,
I and draw its ogive '

2. During the medical check-up of 35 students of a class, their weights were recorded as

foallows:
Weight (in kg) Number of students
l Less thun 34 o
Less than 40 3
Less than 42 5
Lasss than 44 9
Less than 46 4
Less than 48 B
Less than 50 32
Less thun 52 3

Diraw a less Lthan type ogive for the given data. Hence obtiin the median weight from
the graph and verify the result by using the formula,

3. The following table gives production yield per hectare of wheat of 100 farms of a village.

Production yield S0-55 | 55-60 | 60-65 | 65-70 | T0-T75 | 75-80
iin k.g,ﬂm}
Number of Garms 2 b 12 M 3R 16

Change the distribution to a more than type distribution, and draw its ogive.

TIPS
In this chapter, you have studied the following points;
l. The mean for grouped data can be found by ¢
iz,

I,

iy the direct method : £ =




- NWLATHEMLTCS

. Zfd,
{iiy the assumed mean method : ¥ = a + ?
;e = ] Efu i )
(i} the step deviation method : ¥ = a + L:f [ %
with the assumption that the frequency of a class is it, called its

class mark.

I

The mode for grouped data can be found by using the fou,

M‘}L{f"'lr'i'lll "rl 'r':"' il'xfi
\2h—-f—fa)

where symbals have their usual meanings.

3. The cumulative frequency of a class is the frequency obtained by addiry - [requencies
of all the classes preceding the given class.

4. The median for grouped data is formed by using the formula:

lri—cf
Median= | + | 2 - xh,

where symbals have their usual meanings.

5. Representing a cumulative frequency distribution graphically as a cumulative frequency
curve, or an ogive of the less than type and of the more than tyvpe.

6. The median of grouped data can be obtained graphically as the x-coordinate of the point
of intersection of the two ogives lor this data.

A NoTE 10 THE READER

For calculating mode and median for grouped data, it should be
ensured that the class intervals are continuous before applying the
formulae. Same condition alse apply for construction of an ogive.
Further, in case of ogives, the scale may not be the same on both the axes.
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prraciical mportance
- R.5. Woodward

15.1 Introduction

In Class IX., you have studied about experimental (or empirical ) probabilities of events

which were based on the results of actual experiments. We discussed an experiment

of tossing a coin 1000 times in which the frequencies of the outcomes were as follows:
Head @ 455 Tail : 545

455

1000

that of getting a tail is 0.545. (Also see Example 1, Chapter 15 of Class IX Mathematics

Textbook. ) Note that these probabilities are based on the results of an actusl cxperiment

of tossing a coin 1000 times. For this reason, they are called experimental or empirical

probabilities. In fact, experimental probabilities are based on the results of actual

experiments and adequate recordings of the happening of the events. Moreover,

these probabilities are only ‘estimates’. If we perform the same experiment for another

1000 times, we may get different data giving different probability estimates.

Based on this experiment, the empirical probability of @ head is .Le. (L4353 and

In Class X, you tossed a coin many times and noted the number of times it turmed up
heads (or tails) (refer o Activities 1 and 2 of Chapter 15). You also noted that as (he
number of tosses of the coin increased, the cxperimental probability of getting i head

]
(or tail) came closer and closer to the number 5 Not only you, but many other




TR,

persons from different parts of the world have done this kind of experiment and recorded
the number of heads that turned up.

For example, the eighteenth century French naturalist Comte de Buffon tossed a
coin 4040 times and got 2048 heads. The experimental probabilility of getting a head,

in this case, was 2045 .i.e.. 0.507. 1.E. Kerrich, from Britain, recorded 5067 heads in

4040
10000 tosses of a coin. The experimental probability of getting a head, in this case,
5067 o : ,
was T = 0.5067 , Statistician Karl Pearson spent some more time, making 24000

tosses of a coin. He got 12012 heads, and thus, the experimental probability of a head
obtained by him was (.5003.

Now, suppose we ask, ‘What will the experimental probability of a head be if the
experiment is carried on upto, say, one million times? Or 10 million times? And so on”’
You would intuitively feel that as the number of tosses increases, the experimental
probability of a head (or a tail) seems to be settling down around the number 0.5, i.e.,

= » which is what we call the theoretical probability of getting a head (or getting a

tail), as you will see in the next section. In this chapter, we provide an introduction to
the theoretical {also called classical) probability of an event, and discuss simple problems
based on this concept.

15.2 Probability — A Theoretical Approach

Let us consider the following situation ;

Suppose a coin is tossed at random.

When we speak of a coin, we assume it to be ‘fair’, that is. it is symmetrical so ]
that there is no reason for it to come down more often on one side than the other.
We call this pmpcrts! of the coin as being “unbiused’. By the phrase “random foss’,
we mean that the coin is allowed to fall freely without any bius or interference.

We know, in advance, that the coin can only land in one of two possible ways —
either head up or tail up (we dismiss the possibility ot its ‘landing’ on its edge, which
may he possible, for example, if it falls on sand). We can reasonably assume that each
outcome, head or tail, is as fikelv to occur as the other. We refer to this by saving that
the outcames head and tail, are egually likely.




For another example of equally likely outcomes, suppose we throw a die
once. For us, a die will always mean a fair die. What are the possible outcomes?
They are 1, 2, 3, 4, 5, 6, Each number has the same possibility of showing up. So
the equally fikely outcomes of throwing a die are 1, 2, 3. 4, 5 and 6.

Are the outcomes of every experiment equally likely? Let us sce.

Suppose that a bag contains 4 red balls and 1 blue ball, and you draw a ball
without looking mnto the bag. What are the outcomes? Are the outcomes — a red ball
and a blue ball equally likely? Since there are 4 red balls and only cne blue ball, you
would agree that you are more likely to get a red ball than a blue ball. So, the outcomes
(a red ball or a blue ball) are net equally likely. However, the outcome of drawing a
ball of any colour from the bag is equally likely. So, all experiments do not necessarily
have equally likely outcomes.

However, in this chapter, from now on, we will assume that all the experiments
have equally likely outcomes.

In Class IX, we defined the experimental or empirical probability P(E) of an
event E as

Number of trials in which the event happened
Total number of trials

The empirical interpretation of probability can be applied to every event associated
with an experiment which can be repeated a large number of times. The requirement
of repeating an experiment has some limitations, as it may be very expensive or
unfeasible in many situations. Of course, it worked well in coin tossing or die throwing
experiments. But how about repeating the experiment of launching a satellite in order
to compute the empirical probability of its failure duning launching, or the repetition of
the phenomenon of an earthquake to compute the empirical probability of a multi-
storeyed building getting destroyed in an earthquake?

PE) =

In experiments where we are prepared to make certain assumptions, the repetition
of an experiment can be avoided, as the assumptions help in directly calculating the
exact (theoretical) probability. The assumption of equally likely outcomes (which is
valid in many experiments, as in the two examples above, of a coin and of a die) is one
such assumption that leads us to the following definition of probability of an event.

The theoretical probability (also called classical probability) of an event E,
written as P(E), is defined as

Number of outcomes favourable to E
Number of all possible outcomes of the experiment

PE) =




where we assume that the outcomes of the experiment are equally likely.
We will briefly refer to theoretical probability as probability.

This definition of probability was given by Pierre Simon Laplace in 1795.

Probability theory had its origin in the 16th century when

an Italian physician and mathematician J.Cardan wrote the

first book on the subject, The Book on Games of Chance.

Since its inception. the study of probability has attracted

the attention of great mathematicians. James Bernoulli

{1654 [705), A de Moivee (1667 — 17543, and

Pierre Simon Laplace are among those who made significant

contributions to this field. Laplace's Thearie Analviigue

des Probabilités, 1812, is considered to be the greatest

comtribution by a single person W the theory of probability,  Pierre Simon Laplac
In recent years, probability has been used extensively in (1749 — 1827)
many areas such as biology, economics, genetics, physics,

sociology etc,

Let us find the probability for some of the events associated with experiments
where the equally likely assumption holds.

Example 1 : Find the probability of getting a head when 4 coin is tossed once. Also
find the probability of getting a tail.

Solution : In the experiment of tossing a coin once, the number of possible outcomes
is two — Head (H) and Tail (T). Let E be the event "getting a head’. The number of
outcomes favourable to E, (i.e., of getting a head) is 1, Therefore,

Number of outcomes favourable 1o E

P(E) = P (head) =

I
Number of all possible outcomes 2

Similarly, if F is the event ‘getting a tail’, then

(Why 7)

|
2

P{F) = Pitail) =

FExample 2 : A bag contains a red ball, a blue ball and a yellow ball, all the halls heing
of the same size. Kritika takes out a ball from the bag without looking into it. What is
the probability that she takes out the

(i) yellow hall? (i) red ball? {iii} blue ball?
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Solution : Kritika takes out a ball from the bag without looking into it. So, it is equally
likely that she takes out any one of them.

Let Y be the event ‘the ball taken out is yellow’, B be the event ‘the ball taken
out is blue’, and R be the event ‘the ball taken out is red’.

Now, the number of passible outcomes = 3.
(i) The number of outcomes favourable to the event ¥ = 1.

So, P(Y) =

1

Similarly, (i) P(R) = - and (iii) P(B) = 5

| = | =

Remarks :

I. An event having only one outcome of the experiment is called an elementary
event. In Example [, both the events E and F are elementary evemts. Similarly, in
Example 2, all the three events, Y, B and R are elementary events,

2. In Example |, we note that : P(E) + P(F) = |

In Example 2, we note that : P(Y) + P(R) + P(B) = |

Observe that the sum of the probabilities of all the elementary evenis of
an experiment is |. This is true in general also.

Example 3 : Suppose we throw a die once. (i) What is the probability of getting a
number greater than 4 ? (i) What is the probability of getting a number less than or
equal to 47

Solution : (i) Here, let E be the event ‘getting a number greater than 4°. The number

of possible outcomes is six : 1, 2, 3, 4, 5 and 6, and the cutcomes favourable to E are 5
and 6. Therefore, the number of outcomes favourable to E is 2. So.

2 1
P(E} = Pinumber greater than 4) = %3
(i) Let F be the event ‘getting a number less than or equal to 4.
Number of possible outcomes = 6
Outcomes favourable to the event Fare 1, 2, 3, 4.
So, the number of outcomes favourable to E is 4. -

2

4
Therefore, PiF) = g = 3’




Are the events E and F in the example above elementary events? No, they are
not because the event E has 2 outcomes and the event I¥ has 4 outcomes.

[Remarks : From Example 1, we note that

+==1 ()

2| =
s

PE) + P(F) =

where E is the event ‘getting a head” and F is the event "getiing a tail”.
From (i) and (ii) of Example 3, we also get

=] {2)

| b2

|
P(E) + P(F) = 3 +

where E is the event *getting a number >4" and F is the event 'getting a number <47

Note that getting a number not greater than 4 is same as getting a number less
I or equal to 4, and vice versa.

In (1) and (2) above, is F not the same as ‘not E'? Yes, itis. We denote the event

‘not E' by E.

So, P(E) + P(not E) = |

ie. P(E) + P(E) = 1, which givesus P(E)=1-PE)
In general, it is true that for an event E,

P(E)=1-P(E)
The event E, representing ‘not E’, is called the complement of the evemt E.
We also say that E and E are complementary events.
Before proceeding further, let us try to find the answers to the following guestions:
(i) What is the probability of getting a number & in a single throw of a die?
(ii) What is the probability of getting a number less than 7 in a single throw of a die?
Let us answer (i) :
We know that there are only six possible outcomes in a single throw of a die. These
outcomes are 1, 2, 3, 4, 5 and 6. Since no face of the die is marked 8, so there is no

outcome favourable to 8, i.e., the number of such outcomes is zero. In other words,
gejping 8 in a single throw of a die. is impossible.

So, P(getting 8) = — =10

6




That is, the probability of an event which is impossible to occur is 0. Such an
event is called an impossible event.

Let us answer (ii) :

Since every face of a die is marked with a number less than 7. it is sure that we
will always get a number less than 7 when it is thrown once. 50, the number of
favourable outcomes is the same as the number of all possible outcomes, which is 6.

6
Therefore, P(E) = P(getting a number less than 7) = 6= I

So, the probability of an event which is sure (or certain) to occur 1s 1. Such an event
is called a sure event or a certain event.

Note : From the definition of the probability P(E), we see that the numerator (namber
of outcomes favourable to the event E) is always less than or equal to the denominator

(the number of all possible outcomes). Therefore,
0<PE)=<1

Now, let us take an example related to playing cards. Have you seen a deck of
playing cards? It consists of 52 cards which are divided into 4 suits of 13 cards each—
spades (#), hearts (), diamonds (4) and clubs (#). Clubs and spades are of black
colour, while hearts and diamonds are of red colour. The cards in each suit are ice,
king, queen, jack, 10,9, 8, 7,6, 5,4, 3 and 2. Kings, queens and jacks are called face
cards.

F-xample 4 : One card is drawn from a well-shuffled deck of 52 cards. Calculate the
probability that the card will

(i) be an ace,
{ii}) not be an ace.
Solution : Well-shuffling ensures equally likely outcomes.
(i) There are 4 aces in a deck. Let E be the event ‘the card is an ace’.
The number of cutcomes favourable 1o E = 4
The number of possible outcomes = 52 (Why 7)

4 1
Therefore, F{E) = E = E

(ii} Let F be the event ‘card drawn is not an ace’.

The number of cutcomes favourable to the event F = 52 — 4 = 48 (Why?)
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The number of possible outcomes = 52

Theref P(F) e 9.

iz AR

Remark : Note that F is nothing but E . Therefore, we can also caleulate P(F) as
1 12

e r— E = — :l——=—-'
follows: P(F)=P(E ) = | — P(E) 313

Example 5 : Two players, Sangeeta and Reshma, play a tennis match. It is known
that the probability of Sangeeta winning the match is {.62. What is the probability of
Reshma winning the match?

Solution : Let § and R denote the events that Sangeeta wins the match and Reshma
wins the match, respectively.
The probability of Sangeeta’s winning = P(S) = 0.62 (given)
The probability of Reshma's winning = PR =1-PF(S)
[As the events R and § are complementary |
=1-062=038
Example 6 : Savita and Hamida are friends. What is the probability that both will
have (i) different birthdays? (ii) the same birthday? (ignoring a leap year).
Solution : Qut of the two friends, one girl, say, Savita's birthday can be any day of the
year. Now, Hamida's birthday can also be any day of 365 days in the year.
We assume that these 365 outcomes are equally likely.

(i) If Hamida's birthday is different from Savita's, the number of favourable outcomes
for her birthday is 365 - | = 364

364
So, P (Hamida's birthday is different from Savita's birthday) = 365

(i) P(Savita and Hamida have the same birthday)
I - P (both have different birthdays)
364
365

1]

[Using PCE ) = | - P(E)]

=
365
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Example 7 : There are 40 students in Class X of a school of whom 25 are girls and 15
are boys. The class teacher has to select one student as a class representative. She
writes the name of each student on a separate card, the cards being identical. Then
she puts cards in a bag and stirs them thoroughly. She then draws one card from the
bag. What is the probability that the name written on the card js the narne of (i) a girl?
(ii) a boy?

Solution : There are 40 students, and only one name card has to be chosen.

(i) The number of all passible outcomes is 40

Thf:numberofﬂutmnwsfavwmhle!ﬁacaﬂwiﬁﬂmnamaufagiﬂ:!jw?}r

25 5
Therefore, P (card with name of a girl) = P(Girl) = i
(1) mnmﬁmﬂmsfammlefmawﬂmmﬂmmufamyzlS{Why?]
15 3
Therefore, P(card with name of a boy) = P(Boy) = e

Note : We can also determine P(Boy), by taking

5 3
P(Boy) = 1 - P(not Boy) = | — P(Gir]) = | -z
Example § : A box contains 3 blue, 2 white, and 4 red marbles, If a marble is drawn

at random from the box, what is the probability that it will be
(1) white? (1) blue? (iii) red?
Solution : Saying that a marble is drawn at random is a short way of saying that all the
marbles are cqually likely to be drawn. Therefore, the
number of possible outcomes =3 +2 +4 =9 (Why?)

Let W denote the event ‘the marble is white’, B denote the event ‘the marble is blue’
and R denote the event ‘marble is red’

(i) The number of outcomes favourable to the cvent W = 2

2
S0, P(W) =

9
o o 3 1 4
Similarly, (1) R(B) = a 5 and (ini) P(R) = E

Note that P(W) + P(B) + P(R) = |1,
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Fxample 9 : Harpreet tosses two different coins simultaneously (say, one is of Re 1
and other of Rs 2). What is the probability that she gets af least one head?

Solution © We write H for ‘head’ and T for ‘tail’. When two coins are tossed
simultaneously, the possible outcomes are (H, H), (H, T), (T, H), (T, T), which are all
equally likely. Here (H, H) means head up on the first coin (say on Re 1) and head up
on the second coin (Rs 2). Similarly (H, T) means head up on the first coin and tail up
on the second coin and so on.

The outcomes favourable to the event E, ‘at least one head’ are (H, H), (H, T)
and (T, H). (Why?)

So, the number of outcomes favourable to E is 3.
. 3
Therefore, P(E) = 2

3
i.¢., the probability that Harpreet gets at least one head is 7

Note : You can also find P(E) as follows:

_ , = 1
PE)= 1-PE)=1-1-=> [Sm:e P(E) = P(no head) =;]
4

4
Did you observe that in all the examples discussed so far, the number of possible
outcomes in each experiment was finite? If not, check it now.

There are many experiments in which the outcome is any number between two
given numbers, or in which the outcome is every point within a circle or rectangle, etc.
Can you now count the number of all possible outcomes? As you know, this is not
possible since there are infinitely many numbers between two given numbers, or there
are infinitely many points within a circle. So, the definition of (theoretical) probability
which you have learnt so far cannot be applied in the present form. What is the way
out? To answer this, let us consider the following example :

Fxample 10° © In a musical chair game, the person playing the music has been
advised to stop playing the music at any time within 2 minutes after she starts playing.
What is the probability that the music will stop within the first half-minute after starting?

Solution : Here the possible outcomes are all the numbers between 0 and 2. This is
the portion of the number line from 0 to 2 (see Fig. 15.1).

o
-

taf—t
==

0

Not from the cxamination point of view.




Let E be the event that ‘the music is stopped within the first half-minute’.
The outcomes favourable to E are points on the number line from 0 to l

1 1
The distance from 0 to 2 is 2, while the distance from 0 to 5 is E

Since all the outcomes are equally likely, we can argue that, of the total distance

|
of 2, the distance favourable to the event E is 3

_ Distance favourable to the event E
Total distance in which outcomes can lie

So, P(E)

Can we now extend the idea of Example 10 for finding the probability as the ratio of
the favourable area to the total area?

Fxample 117 ¢ A missing helicopter is reported to have crashed somewhere in the
rectangular region shown in Fig. 15.2. What is the probabi lity that it crashed inside the
lake shown in the figure?

solution : The helicopter is equally likely to crash anywhere in the region.
Area of the entire region where the helicopter can crash
= (4.5 x 9) km* = 40.5 km*

Mot from the examination point of view.
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Area of the lake = (2.5 x 3) km® = 7.5 km’
75 75 _ 5

Therefore, P (helicopter crashed in the lake) = 205 205 =57

Example 12 : A carton consists of 100 shirts of which 88 are good, 8 have minor
defects and 4 have major defects. Jimmy, a trader, will only accept the shirts which
are good, but Sujatha, another trader, will only reject the shirts which have major
defects. One shirt is drawn at random from the carton. What is the probability that

(i) it is acceptable to Jimmy?
(i) it is acceptable to Sujatha?

Solution : One shirt is drawn at random from the carton of 100 shirts. Therefore,
there are 100 egually likely outcomes.
(i) The number of outcomes favourable (i.e.. acceptable) to Jimmy = 8% (Why?)
Therefore, P (shirt i1s acceptable to himmy) = 10 =088
(i) The number of outcomes favourable to Sujatha = 88 + 8 =96 (Why?)
So, P (shirt is acceptable to Sujatha) = o0 = (.96
Fxample 13 : Two dice, one blue and one grey, are thrown at the same time. Write
down all the possible outcomes, What is the probability that the sum of the two numbers
appearing on the top of the dice is

i1 B? () 137 (iii) less than or equal to 127

Solution : When the blue die shows ‘1", the grey die could show any one of the
numbers 1. 2. 3. 4. 5. 6. The same is true when the blue die shows ‘2, *3", *4", '5" or
‘6", The possible outcomes of the experiment are listed in the table below: the first
number in each ordered pair is the number appearing on the blue die and the second
number is that on the grey die.
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I (1, 1)
(2, 1)
(3,1)
(4, 1)
(5. 1)
(6, 1)

Fig. 15.3

Note that the pair (1, 4) is different from (4, 1). (Why?)
S0, the number of possible outcomes = 6 x 6 = 36.

(i) The outcomes favourable to the event ‘the sum of the two numbers is 8 denoted
by E, are: (2, 6). (3, 5), (4,4),(5, 3),(6,2) (see Fig. 15.3)

i.e., the number of outcomes favourable to E = 5.

5
H f PE)= —
ence. (E) 36

(i) As you can see from Fig. 15.3, there is no outcome favourable to the event F,
‘the sum of two numbers is 13°.

0
. P oo
So, Fi(F) 36

(iii) As you can see from Fig. 15.3, all the outcomes are favourable to the event G,
‘sum of two numbers < [2°.

S PiG: E—l
So, (G) = 6




EXERCISE 15.1

1. Complete the following statements:

2,

4.

o

B.

ii) Probability of an event E + Probability of the event ‘not E' =

(iiy The probability of an event that cannot happen is — . Such an event is
called .

(iiy The probability of an event that is certain to happenis . Such an event
1s called

{ivi The sum of the probabilitizs of all the elementary events of an experiment is

iv) The probability of an event is greater than orequal to ________ and less than or
equal to

Which of the following experiments have equally likely outcomes? Explain.

it} A driver attempts to start a car. The car starts or does not start.

(i} A player attempts to shoot a basketball. She/he shoots or misses the shot.
(i) A trial is made to answer a true-false question. The answer is right or wrong.
(1v) A baby is born. It is a boy or a girl,

Why is tossing a coin considered to be a fair way of deciding which team should get the
ball at the beginning of a foothall game?

Which of the following cannot be the probability of an event?

2
(A 3 By —1.5 iCy 15% Dy 0.7

If P(E) = (.05, what is the probability of ‘not E?

A bag contains lemon flavoured candies only. Malini takes out one candy without
looking into the bag. What is the probability thar she takes out

{i) an orange flavoured candy?

(i) alemon flavoured candy?

. It is given that in a group of 3 students, the probability of 2 students not having the

same birthday is 0.992. What is the probability that the 2 students have the same
birthday?

A bag contains 3 red balls and 5 black balls. A ball is drawn at random from the bag,
What is the probability that the ball drawn 15 (i) red 7 (i1} not red?

A box contains 5 red marbles, 8 white marbles and 4 green marbles. One marble is taken
out of the box at random. What is the probability that the marble taken out will be
(iyred? (i) white 7 (iii) not green?
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10. A piggy bank contains hundred 50p coins, fifty T | coins, twenty T 2 coins and ten ¥ 5
coins. If it is equally likely that one of the coins will fall out when the bank is turned
upside down, what is the probability that the coin (i) will be a S0 pcoin ? (i} will not be
a ¥ 5 coin?

11. Gopibuys afish from a shop for his aquarium. The
shopkeeper takes out one fish at random from a
tank containing 5 male fish and 8 female fish (see
Fig. 15.4). What is the probability that the fish taken
out is a male fish?

12. A game of chance consists of spinning an arrow
which comes to rest pointing al one of the numbers Fig. 15.4
[,2,3,4,5,6,7, 8B (seeFig. 15.5 ), and these are cqually
likely outcomes. What is the probabil - s wifl
point al

i 87

i) an odd number?
(iii) anumber greater than 27
(iv) a number less thun 97

Fig, 15.5

13. A die is thrown once, Find the probability of getting
(i) aprime number: (i1) anumber lying between 2 and 6&; (1) an cdd nomber,
14. One card is drawn from a well-shuffled deck of 52 cards. Find the probability of petting
(i) aking of red colour (it} a face card (iii) a red face card
(iv) the jack of hearts (v) a spade (vi) the queen of diamonds
15. Five cards—the ten, jack, queen, king and ace of diamonds, are well-shuffled with theor
tace downwards. One card is then picked up at random.
(i) What is the probability that the card is the queen?
(i) If the queen is drawn and put aside, what is the probability that the second card
picked up is (a) an ace? (b} a queen?

16. 12 defective pens are accidentally mixed with 132 good ones. It is not possible to just
lock at a pen and tell whether or not it is defective. One pen is taken out at random from
this lot. Determine the probability that the pen taken out is a good one.

17. (i} A lotof 20 bulbs contain 4 defective ones, One bulb is drawn at random from the ot

‘What is the probability that this bulb is defective?

(i) Suppose the bulb drawn in (i) is not defective and is not replaced. Now one bulb
is drawn at random from the rest. What is the probability that this bulb is not
defective ?

18. A box contains 90 discs which are numbered from 1 to 9. If one disc is drawn at random
from the box, find the probability that it bears (i) a two-digit number (ii) a perfect
square number (iii) a number divisible by 3.
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19.

20%,

21,

22.

23.

24.

A child has a die whose six faces show the letters as given below:

A B cl||p E A

The die is threwn once, What is the probability of getting (1) AT (1) D?

Suppose you drop a die at random on the rectangular region shown in Fig. 15.6. What is
the probability that it will land inside the circle with diameter 1m?

im

2m

Fig. 15.6
A lot consists of 144 ball pens of which 20 are defective and the others are good. Nuri
will buy a pen if' it is good, bul will not buy if it is defective. The shopkeeper draws one
pen at random and gives it to her. What is the probability that
{i} She will buy it ?
(i) She will not buy it ?
Refer to Example 13. (i) Complete the following table:

Event :
Sumon2dice’ | 2| 3 | 4 | s | 6| 7] 8|9l w]| |

] 5 1
Py 36 36 6

(it} A student argues that ‘there are 11 possible outcomes 2, 3,4, 5,6.7, 8,9, 10, 11 and
1
12. Therefore, each of them has a probability Th Do you agree with this argument?
Justify your answer,

A game consists of tossing a one rupee coin 3 limes and noting its outcome each time.
Hanif wins 1f all the tosses give the same result i.e., three heads or three tils, and loses
otherwise, Calculate the probability that Hanif will lose the game,

A die is thrown twice. What is the probability that
(it 5 will not come up either ime? {1} 5 will come up at least once?

[Hint : Throwing a die twice and throwing two dice simultaneously are treated as the
same experiment|

* Mot rom the examination point of view,
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25. Which of the following arguments are correct and which are not correct? Give reasons
for your answer,

(i) ¥ two coins are tossed simultaneously there are three possible outcomes— two
heads, two tails or one of each. Therefore, for each of these outcomes, the
1
probability is 3
(i) If a die is thrown, there are two possible outcomes—an odd number or an even

|
number. Therefore, the probability of getting an odd number is =

EXERCISE 15.2 (Optional)*

L. Two customers Shyam and Ekta are visiting a particular shop in the same week ( Tuesday
to Saturday). Each is equally likely to visit the shop on any day as on another day. What
i# the probability that both will visit the shop on (i) the same day? (i)} consecutive
days? (iii) different days?

2. A die is numbered in such a way that its faces show the numbers 1. 2,2, 3. 3. 6. It is
thrown two times and the total score in two throws is noted. Complete the following
table which gives a few values of the total score on the two throws:

Number in frst throw

+ | 3 2 3 1 6
E I 2 3 3 4 4

7 3 3 4 5 5 3
g
2 32 3
E 3
5 3 5 9
S 7 ] Y 9 9 12

What is the probability that the total score is
(i) even? () 67 (i) at least 67

3. Abag contains 5 red balls and some blue balls. If the probability of drawing a blue ball
15 double that of a red bull, determine the number of blue balls in the bag,

4. A box contains 12 balls om of which 1 are black. If one ball is deawn at random From the
box, what is the probability that it will be a black ball?

It & more black balls are put in the box, the probability of drawing a black ball is now
double of what it was before. Find .

" These exercises are not from the examination point of view.
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5. A jar contains 24 marbles, some are green and others are blue, If a marble is drawn at
random from the jar, the probability that it is green is % Find the number of blue balls
in the jar. L
15.3 Summary
In this chapter, you have studied the following points :

1. The difference between experimental probability and theoretical probability.

2. The theoretical (classical) probahility of an event E, written as P{E), is defined as

P(E) = Number of outcomes favourable 1o E
“7 Number of all possible outcomes of the experiment

where we assume that the outcomes of the experiment are equally likely. |
3. The probahility of a sure event (or cerlain event) is 1. |
4. The probability of an impossible event is 0.
5. The probahility of an event E is a number P(E) such that
D=P(E)=|

6. An event having only one outcome is called an elementary event. The sum of the
probabilities of all the elementary evenis of an experiment is 1.

7. For any event E, P(E) + P (E) = |, where E stands for ‘not E'. E and E are called
complementary ¢vents,

ANOTETO Tk READER

The experimental or empirical probability of an event is based on
what has actually happened while the theoretical probability of the
event attempts to predict what will happen on the basis of certain
assumptions. As the number of trials in an experiment, go on
increasing we may expect the experimental and theoretical
probabilities to be nearly the same.




PROOFS IN MATHEMATICS ‘Al

ALl Introduction

The ability to reason and think clearly is extremely useful in our daily life. For ex ample,
suppose a politician tells you, 'If you are interested in a clean government, then you
should vote for me.” What he actually wants you to believe is that if you do not vote for
him, then you may not get a clean government, Similarly. if an advertisement tells you,
"The intelligent wear XYZ shoes’, what the company wanls you to conclude is that if
you do not wear XYZ shoes, then you are not intelligent enough. You can yourself
observe that both the above statements may mislead the general public. So, if we
understand the process of reasoning correctly, we do not fall into such traps
unknowingly.

The correct use of reasoning is at the core of mathematics, especially in constructing
proofs. In Class IX, you were introduced to the idea of proofs, and you actually proved
many statements, especially in geometry. Recall that a proof is made up of several
mathematical statements, each of which is logically deduced from a previous statement
in the proof, or from a theorem proved earlier, or an axiom, or the hypotheses. The
main tool, we use in constructing a proof, is the process of deductive reasoning.

We start the study of this chapter with a review of what a mathematical statement
is. Then, we proceed to sharpen our skills in deductive reasonin g using several examples.
We shall also deal with the concept of negation and finding the negation of a given
statemnent. Then, we discuss what it means to find the converse of a given statement.
Finally, we review the ingredients of a proof learnt in Class IX by analysing the proofs
of several theorems. Here, we also discuss the idea of proof by contradiction, which
you have come across in Class IX and many other chapters of this book.

Al.2 Mathematical Statemenis Revisited

Recall, that a ‘statement” is @ meaningful sentence which is not an order, or an
exclamation or 4 question. For example, *Which two teams are playing in the
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Cricket World Cup Final?' is a question, not a statement. ‘Go and finish your homework’
is an order, not a statement. ‘What a fantastic goal!” is an exclamation, not a statement.

Remember, in general, statements can be one of the following:
& aglwavs true
o aglways false
& gmbiguons

In Class 1X, you have also studied that in mathematics, a statement is
acceptable only if it is either always true or always false. So, ambiguous sentences
are not considered as mathematical statements.

Let us review our understanding with a few examples.
Example | : State whether the following statements are always true, always false or
ambiguous. Justify your answers,
(i) The Sun orbits the Earth.

(i) Vehicles have four wheels.

(iii) The speed of light is approximately 3 x 10° kim/s.

{iv) A road to Kolkata will be closed from November to March.

{v) All humans are mortal.
Solution :

(i) This statement is always false, since astronomers have established that the Earth
orbits the Sun.

(i) This statement is ambiguous, because we cannot decide if it 15 always true or
always false. This depends on what the vehicle is — vehicles can have 2, 3. 4. 6,
10, etc., wheels,

{iii) This statement is always true, as verified by physicists,

(iv) This statement is ambiguous, because it is not clear which road is being referred
.

(v} This statement is always true, since every human being has to die some time. |

Example 2 : State whether the following statements are true or false, and justify your
ANSWETS,
(i} All equilateral triangles are isosceles.
i) Some isosceles miangles are equilateral,
(i) All isosceles triangles are equilateral.
{iv) Some rational numbers are integers.




{¥) Some rational numbers are not integers.
(vi) Not all integers are rational.
(vii) Between any two rational numbers there is no rational number,

(i) This statement is true, because equilateral triangles have equal sides, and therefore
are isosceles.

(ii) This statement is true, because those isosceles triangles whose base angles are
60° are equilateral.

(iii) This statement is false. Give a counter-example for it

(1v) This statement is true, since rational numbers of the form ’?— where p 15 an
integer and ¢ = |, are integers (for example, 3 ‘-=:?- i3 !

(v) This statement is true, because rational numbers of the form £, g are integers
and g docs not divide p, are not integers (for example, i}'

{(vi) This statement is the same as saying ‘there is an integer which is not a rational
number’. This is false, because all integers are rational numbers,

(vii) This statement is false, As you know, between any two rational numbers r and s

F+y

lies e which is a rational number,

=

IF.x <4, which of the following statements are true? Justify your answers.

(i) 2r =8 (i) 2r<6 (iii) 2r< 8

(i) This statement is false, because, for example, x = 3 < 4 does not satisfy 2x > &,
(i} This statement is false, because, for example, x = 3.5 < 4 does not satisfy 2r < 6.
(iii) This statement is true, because it is the same as ¢ < 4.

Restate the following statements with appropriate conditions, so that

they become true statements:
(1) If the diagonals of a quadrilateral are equal, then it is a rectangle.

(1) A line joining two points on two sides of « triangle is parallel to the third side.
(] \,-'F is irrational for all positive integers p.

(iv) All quadratic equations have two real roots.




Solution :
(i) If the diagonals of a parallelogram are equal, then it is a rectangle.

(ii) A line joining the mid-points of two sides of a irjangle is parallel to the third side.
(iii) |[p is irrational for all primes p.

(iv) All quadratic equations have at most two real roots.

Rentark - There can be other ways of restating the statements above. For instance,
(iii) can also be restated as * \ﬂ; is irrational for all positive integers p which are not a
perfect square’.

FXERCISE ALI

1. State whether the following statements are always true, always false or ambiguous.
Justify your answers,
i) All mathematics textbooks are interesting.
(i) The distance from the Earth to the Sun is approximately 1.5 x 10" km.
Gii) All homan beings grow old.
(iv) The journcy from Uttarkashi to Harsil is tiring.
{(v) The woman saw an elephant through a pair of binoculars.
2. State whether the following statements are true or false. Justify your answers.
i) All hexagons are polygons. (it} Some polygons are pentagons,
{iii) Mot all even numbers are divisible by 2. (iv) Some real numbers are irrational.
{v) Mot all real numbers are rational.

3. Leiaand b be real numbers such that ab # 0. Then which of the following statements are
true? Justify your answers.

(i) Both a and b must be 2ero. (i} Both a and § must be non-zero.
(m) Either a or b must be non-zero.
4. Restate the following statements with appropriate conditions, s0 that they become true,
M fa' =k thena>Db fii) Fx*=»",thenx=y
(i) If(x+y)P=x"+", thenx=1. {iv) The diagonals of a guadrilateral
bisect cach other.

A 1.3 Deductive Reasoning

In Class 1X, you were introduced to the idea of deductive reasoning. Here, we will
work with many more examples which will illustrate how deductive reasoning is




used to deduce conclusions from given statements that we assume to be true. The
given statements are called ‘premises’ or “hypotheses’. We begin with some examples.

miple 5 Given that Bijapur is in the state of Karnataka, and suppose Shabana
lives in Bijapur. In which state does Shabana live?
Solution @ Here we have two premises:

(i) Bijapur is in the state of Karnataka (ii) Shabana lives in Bijapur

From these premises, we deduce that Shabana lives in the state of Kamataka.
Fsample & - Given that all mathematics textbooks are interesting, and suppose you
are reading a mathematics textbook. What can we conclude about the textbook you
are reading?
Solution © Using the two premises (or hypotheses), we can deduce that you are
reading an interesting textbook.
Fusmple 7 0 Given that y = — 6x + 5, and suppose x = 3. What i1s y7
Sulution - Given the two hypotheses, we get y=—6 (3)+ 5=~ 13.
Example 5 Given that ABCD is a parallelogram, D c

and suppose AD =5 cm, AB =7 em (see Fig. Al.1).
What can you conclude about the lengths of DC and

BC?
Sudution : We are given that ABCD is a parallelogram. A B
So, we deduce that all the properties that hold for a Fig. ALl

parallelogram hold for ABCD. Therefore, in particular,

the property that ‘the opposite sides of a parallelogram are equal to each other’, holds.
Since we know AD = 5 em, we can deduce that BC = 5 cm. Similarly, we deduce that
DC =7 cm,

Hemark : In this example, we have seen how we will often need to find out and use
properties hidden in a given premise.

Fxumple 9 - Given that [p is irrational for all primes p, and suppose that 19423 is a
prime. What can you conclude about /194237

Solution : We can conclude that /19423 is irrational,

In the examples above, you might have noticed that we do not know whether the
hypotheses are true or not. We are assuming that they are true, and then applyir-
deductive reasoning. For instance, in Example 9, we haven’t checked whethe- °




is & prime or not; we assume it to be a prime for the sake of our argument. What we
are trying to emphasise in this section is that given a particular statement, how we use
deductive reasoning to arrive at a conclusion. What really matters here is that we use
the correct process of reasoning, and this process of reasoning does not depend on the
trueness or fulsity of the hypotheses. However, it must also be noted that il we start

with

an incorrect premise (or hypothesis), we may arrive at a wrong conclusion.

-

EXERCISE Al..

Given that all women are mortal, and suppose that A is a woman, what can we conclude

Given that the product of two rational numbers is rational, and suppose o and b are
Given that the decimal expansion of irrational numbers is non-terminating, non-recurring,
and .f]7 is irrational, what can we conclude about the decimal expansion
Given that ¥ = x* + 6and v =— |, what can we conclude about the value of v?

Given that ABCD is a parallelogram and 2 B = 80", What can you conclude about the

Given that POQRS is a cyclic quadrilateral and also its diagonals bisect each other, What

1.

ahout A
2

rationals, what can you conclude about (h?
i

of /177

ather angles ot the parallelogram?!
6.

can you conclude about the quadrilateral?
7.

Giiven that Jl,lr is irrational for all primes p and alse suppose that 3721 is a prime. Can

you conclude that f3721 is an irrational number? s your conclusion correct”? Why or
why not?

ontectores. Theorems FiMHS 2G vViathemaina

Consider the Fig. A1.2. The first circle
has one point on it, the second two points,
the third three, and so on. All possible
lines connecting the points are drawn in
each case.

The lines divide the circle into
mutually exclusive regions (having no
common portion). We can count these
and tabulate our results as shown ;




Number of points Number of regions
1 1
2 2
3 4
4 8
5
]
7

Some of you might have come up with a formula predicting the number of regions
given the number of points. From Class 1X, you may remember that this intelligent
guess is called a ‘conjecture’.

Suppose your conjecture is that given ‘n’ points on a circle, there are 2@ !
mutually exclusive regions. created by Joining the points with all possible lines. This
scems an extremely sensible guess, and one can check that if n = 5, we do pet 16
regions. So, having verified this formula for 5 points, are you satisfied that for any n
points there are 2° ' regions? I so, how would you respond, i someone asked you,
how you can be sure about this for n = 25, suy? To deal with such questions, you
would need a proof which shows beyond doabt that this result is Irue, or @ connter-
example to show that this result fails for some “n’, Actually. il you are putient and try
it out for n = 6, you will find that there are 31 regions, and for n = 7 there are 57
regions. So, n = 6, is a counter-cxample 1o the conjecture above. This demonstrates
the power of 4 counter-example. You may recall that in the Class 1X we discussed
that to disprove a statement, it is enough fo come up with a single counter-
cxample.

You may have noticed that we insisted on a proel regarding the number
of regions in spite of verifying the result for = 1, 2, 3. 4 and 5. Let us consider
it few more examples. You are familiar with the following resuit (given in Chapter S):

i+ 1)

PT+2+3+ .. +n= - To establish its validity, it is not enough 10 verify the

result tor =1, 2, 3, and so on, because there may be some *n" for which this result is
ot true (just as in the example above, the result failed for i = O} What we necd s a
prool which establishes its truth beyond doubt, You shall leam a proof for the same in
higher classes.




Now, consider Fig. Al1.3, where PQ and PR Q_
are tangents to the circle drawn from P. o &

You have proved that PQ = PR (Theorem 10.2).  p- ':
You were not satisfied by only drawing seyeral such /
figures, measuring the lengths of the respective R
tangents, and verifying for yourselves that the result
was Lrue in each case,

Do you remember what did the proof consist of ? It consisted of a sequence of
statements (called valid arguments), each following from the earlier statements in
the proof, or from previously proved (and known) results independent from the result
to be proved, or from axioms, or from definitions, or from the assumptions you had
made. And you concluded your proof with the statement PQ = PR, i.e., the statement
you wanted to prove. This is the way any proof is constructed.

We shall now look at some examples and theorems and analyse their proofs to
help us in getting a better understanding of how they are constructed.

We begin by using the so-called “direct’ or ‘deductive’ method of proof, In this
method. we make several statements. Each is based on previous statements. 1f
each statement is logically correct (i.¢., a valid argument), it leads to a logically correct

conclusion.
wample 10 The sum of two rational numbers is a rational number,
soplvikionm
5.No. Statements Analysis/Comments
L. Let x and v be rational numbers. Since the result is about
rationals, we start with vand
y which are rational.
" r i ;
i let x=—,n=0and y==—,g#0 Apply the definition of
i .
9 rationals.
where m, n, p and g are integers,
3. So, X+ y= m . i A The result talks about the
nog Hif sum of rationals, su we look
al v+ v




Using the properties of integers, we see
that mq + np and ng are inlegers.

—

Using known properties of
integers.

3 Since n # 0 and g £ 0, it follows that Using known properiies of
ng # integers.
; 3 : : ; o
6. Theretore, x+ v =T TP s 4 rtional Using the definitior of a
number ! rational number.

Remarl

Note that, each statement in the proof above is based on a previously
established fact, vr definition.

| Every prime number gieater than 3 is of the form 6% + | or 6k + 5,
where & 1s some integer.

8.No. Statements Analysis/Comments
L. Let p be a prime number greater than 3. | Since the result has to do
with a prime namber
greater than 3, we start with
such a number.
2 Dividing p by 6, we find that p can be of | Using Euclid’s
the form 6k, 6k + L, 6k + 2, division lemima,
6k + 3 6k +4, or 6k + 5, where k is
an integer,
3 But 6k = 2(3k), 6k + 2 = 2(3k + 1), We now analyse the
6h + 4 = 2(3k + 2, remainders give i that
and 6k + 3 = 3(2k + 1). So. they are p s prime.
nol primes,
4. So, p is forced to be of the We ammive at this conclusion

form 6k + | or 6k + 5, for some
inte zer k.

having eliminated the other
options.

Remark

different options, This

In the ahove example, we have arrived at the conclusion by eliminating
iethod is sometimes referred to as the Proof by Exhaustion.




of ithe
Pythagoras Theorem) : If in a triangle the

{Converse

square of the length of one side is equal
to the sum aof the squares af the other two
sides, then the angle opposite the first side

is a right angle. 5 C
S.No. Statements Analysis
1. Let AABC satisfy the hypothesis Since we are proving a
AC* = AB® + BC, statement about such a
triangle, we begin by taking
this,
2 Constroct line BD perpendicular to This is the intuitive siep we
AB, such that BD = BC, and join A 1o D. | have talked about that we
often need 1o lake for
proving theorems,
3 By cunstruction, AABD is a right We use the Pythagoras
trian: le, and from the Pythagoras theorem, which is already
Thec rem, we have AD? = AB? + BD?, proved.
4, By construction, BD = BC. Therefore, Logical deduction.
we have AD* = AB? + BC.
5.  |Therefore, AC* = AB? + BC? = A Using assumption, and
previous slatement,
6. Since AC and AD are positive, we Using known property of
have AC = AD. numbers,
7. We have just shown AC = AD. Also Using known theorem.
I BC = BD by construction, and AB is
; common. Therefore, by S85,
AABC = AABD.
8. |Since AABC = AABD, we get Logical deduction, based on
ZABC = ZABD, which is a right angle. previously established fact.
|




Each of the results above has been proved by a sequence of steps, all
linked together. Their order is important. Each step in the proof follows from previous
steps and carlier known results. (Also see Theorem 6.9.)

In each of the following guestions, we ask you to prove a statement. List all the sieps in each
proof, and give the reason for each step,

1. Prove that the sum of two consecutive odd numbers is divisible by 4.

2. Take two consecutive odd numbers. Find the som of their squares, and then add 6 (o the
result. Prove that the new number is always divisible by 8,

3. If p =515 a prime number, show that i+ 2 i5 divisible by 3.
[Hint: Use Example 11].

Let xand v be rational numbers. Show that ¥ is 2 rational number,

noa

If et and b are positive integers, then you know that = by + r, 0 <y < b, where g is a whole
number. Prove that HCF (o, )= HCF (5. r).

[Hint : Let HCF (b, r)= 4. So, b= kfrand r=k . where k and k. are coprime. |
6. Aline parallel to side BC of atriangle ABC, interseets AB and AC wt D and E respectively.
AD _ AE

Prove that = 3
DB =EC

In this section, we discuss what it means to ‘megate” a statement. Before we stant, we
would like to introduce some notation, which will make it casy for us o understand
these concepts. To start with, let us look at a stalement as a single unit. and give it a
name. For example. we can denote the statement *It rained in Delhi on | Seplember
2005" by 2. We can also write this by

7 It rained in Delhi on | September 2005,
Similarly. let us write

g: All weachers are female.

r: Mike's dog has a black tail.

2 4+2=4,

o Trangle ABC is cgulateral.

This notation now helps us to discuss properties ol statements, and also o su
how we can combine them. In the beginning we will be working with what we call
‘simple’ statements, and will then move onto ‘compound” statements.




Now consider the following table in which we make a new statement from each
of the given statements.

Original statement New statement

p: It rained in Delhi on ~p: It is false that it rained in Delhi

| September 2005 on | September 2005.

g: All teachers are female. ~ g It is false that all teachers are
female.

r: Mike's dog has a black tail. ~r It is false that Mike’s dog has a
black tail.

$2+2=4 ~5: Tt is false that 2 + 2 =4,

t: Triangle ABC is equilateral. ~t: It is false that triangle ABC is
equilateral,

Each new statement in the table is a negation of the corresponding old statement.
That is, ~p, ~¢, ~r, ~5 and ~f are negations of the statements p, g, r, § and 1, respectively.
Here, ~p is read as ‘not p'. The statement ~p negales the assertion that the statement
p makes. Notice that in our usual talk we would simply mean ~p as *It did not rain in
Delhi on | September 2005, However, we need to be caretul while doing so. You
might think that one can obtain the negation of a statement by simply inserting the
word ‘not’ in the given statement at i suitable place. While this works in the case ol
p, the difficulty comes when we have o statement that begins with “all’. Consider, for
example, the statement ¢: All teachers are female. We said the negation of this statement
is ~g: It is [ulse that all leachers are female. This is the same as the statement “There
4re some teachers who are males.” Now let us see what happens if we simply insert
‘not’ in ¢. We obtain the statement: *All leachers are not female’, or we can obtain the
statement: ‘Not all teachers arc female,” The first statement can confuse people. It
could imply (if we lay emphasis on the word "All") that all teachers are male! This 15
certainly not the negation of g However, the sccond statement gives lhe meaning of
~g, i.e., that there is at least ooe teacher who s not a female. So, be caretul when
writing the negation of a stateraent!

So, how do we decide that we have the correct negation? We use the following
criterion.

Let p he a statement and ~p its negation. Then ~p (s fulse whenever p is
trie, and ~p is true whenever p is false




Prois AT

For example, if it is true that Mike’s dog has a black tail, then it is false that
Mike's dog does not have a black tail. If it is false that "Mike's dog has a black tail’,
then it is true that "Mike's dog does not have a black tail’,

Similarly, the negatio s for the statements 5 and ¢ are:

5:2+ 2 =4; negation, ~5: 2+ 2= 4.
t: Triangle ABC is equilateral; negation, ~r: Triangle ABC is not equilateral.

MNow, what 15 ~(~s)7 It weuld be 2 + 2 =4, which is 5. And what 15 ~(~r)? This
would be ‘the triangle ABC is e juilateral’, i.e., . In fact, for any statement p, ~(~p)
is p.

L)

Fouample 12 ¢ State the negations for the following statements:

(1) Mike's dog does not have a black tail,

(i) All trrational numbers are real numbers,

(iii) (2 is irrational.

{iv) Some rational numbers are integers.

(v] Not all teachers are males.

(vi} Some horses are not brown,

ivil) There is no real number x, such that + = - |,
Solution :

(i) It is false that Mike's dog does not have a black tail, i.c.. Mike's dog has a black
tail.

(it} It is false that all irrational numbers are real numbers. i.e., some (at least one)
trrational numbers are not real numbers. One can also write this as, "Not all
irrational numbers are real numbers.'

iy [tis false that /7 is irrational, i.e., /2 is not irrational.

(iv) It is False that some rational numbers are integers, i.e., no rational number is an
integer,

{v) It is false that not all teachers are males, i.e., all teachers are males.

{vi) It is false that some horses dre not brown, i.e., all horses are brown,

{vii) It is False that there is no real number x, such that x* = - 1, i.e., there is at least
one real number x, such that v = - |,

femark @ From the above discussion, you may arrive at the following Working Rule

for ubtaining the negation ol i statement

(1) First write the statement with a ‘oot

{ii) 1 there is any confusion, make suitable modification . specially in the statements
irvolving *All" or *Some’.




1. Staie the negations fur the following stements

i) Man is morial. i) Line {15 paralic! o line m.
{1ii} This chapler has many exercises. {iv) All integers are rational numbers.
(v) Some prime numbers are odd. (vi) No studeni is lazy,

ivil)  Some cals are not black,
{vim) There 15 no real number 1. such that ulr: =—1.

(i) 2 divides the positive integer @, 1) Integers o and b are coprime.

2. In cach of the following gquestions, there are two stitemients, State if the second is the
negation of the first or nol

) Mumtaz is hungry, (it} Some cats are black.
Mumtaz is nol hungry, Some cals are brown,
iniy Al elephanis are huge. tiv) All fire engines are red,
One clephani 1s not huge. All fire engines are not red,

vy Nomam is o cow.

SOMEe Men e Cows,

We now investigate the notion of the converse of a statement. For this, we need the
notion of & ‘compound” statement, that is, a statement which is i combination of one or
more ‘simple’ statements. There are many ways of creating compound statements,
but we will focus on those that are created by conmecting two simple stements with
the use of the words *if" and “then’”. For example, the statement "I it is raining, then it
is difficult to go on a bicyele’. 15 made up of two statemenis:

/7 Wis raining

i IUis difficult 10 goon a hicyele.

Using our previous notation we can say; If p, then ¢. We can also say ‘p implies
g and denote it by p = g

Now, supose you have the statement *1f the water 1ank is black, then it contains
potable water.” This s of the form p = ¢, where the hypothesis is p (the water tank
is black) and the conclusion is ¢ (the tank contains potable water). Suppose we
interchange the hypothesis ind the conclusion, what do we get? We get g = . ie.. if
the water in the tank is potable, then the tank must be black. This statement is called
the converse of the statement p = 4.




[n general, the converse of the statement P = qis g = p, where p and ¢ are
statements. Note that p = ¢ and g = p are the converses of each other.
Example 13 : Write the converses of the following statements -
(i) If Jamila is riding a bicycle, then 17 August falls on a Sunday.
(i) If [7 August is a Sunday, then Jamila is riding a bicycle.
(iii) If Pauline is angry, then her face turns red.
{iv) If a person has a degree in education, then she is allowed to teach.
(v} If a person has a viral infection, then he runs a high temperature.
(vi) If Ahmad is in Mumbai, then he is in India.
(vii} If triangle ABC is equilateral, then all its interior angles are equal.
{viii) If x is an irrational number, then the decimal expansion of x is non-terminating
NON-recurring.
(ix) If x — a is a factor of the polynomial P, then pla) =0,
sotution - Each statement above is of the form p = ¢. So, to find the converse, we
first identify p and ¢, and then write g = p.
(1) p: Jamila is riding a bicycle, and ¢: 17 August falls on a Sunday. Therefore, the
converse is: IF 17 August falls on a Sunday, then Jamila is riding a bicycle.
(ii) This is the converse of (i). Therefore, its converse is the statement given in
(i} above,
(i) If Pauline's face turns red, then she is angry,
(iv) IF a person is allowed to teach, then she has a degree in education.
(v) IF a person runs a high temperature, then he has a viral infection,
(vi) If Ahmad is in India, then he is in Mumbai.
(vii) I all the interior angles of triangle ABC are equal, then it is eguilateral,
(viii) If the decimal expansion of x is non-terminating non-recurring, then v is an
irrational number.
(ix) If pla) = 0, then v — a is a factor of the polynomial pix).

Natice that we have simply written the converse of each of the statements
above without worrying if they are true or fulse. For example, consider the following
statement: If Ahmad is in Mumbai, then he is in India. This statement is true. Now
consider the converse: If Ahmad is in India, then he is in Mumbai. This need not be
true always — he could be in any other part of India.




In mathematics, especially in geometry, you will come across many situations
where pp = g is true, and you will have to decide if the converse, i.e, § = p, is also
true.

Txample 14 : State the converses of the following statements. In each case, also
decide whether the converse is true or false.
(i) If n is an even integer, then 2n + 1 is an odd integer.
(i1} 1f the decimal expansion of a real number is terminating, then the number is
rational.
(iii) 1f a transversal intersects two parallel lines, then each pair of corresponding
angles is equal.
(iv) If each pair of opposite sides of a quadrilateral is equal, then the quadrilateral is
a parallelogram.
(v) If two triangles are congruent, then their corresponding angles are equal.

soludion :

(i) The converse is ‘If 2n + 1 is an odd integer, then » is an even integer.” This is a
false statement (for example, 15 =2(7) + 1. and 7 is odd).

(i) *If a real number is rational, then its decimal expansion is terminating’, is the
converse. This is a false statement, because a rational number can also have a
non-terminating recurring decimal expansion.

(i) The converse is ‘If a transversal intersects two lines in such a way that each
pair of corresponding angles are equal, then the two lines are parallel.” We have
assumed, by Axiom 6.4 of your Class IX textbook, that this statement is true.

(iv) ‘If a quadrilateral is a parallelogram, then each pair of its opposite sides is equal’,
is the converse. This is true (Theorem 8.1, Class TX).

(v) ‘If the corresponding angles in two triangles are equal, then they are congruent’,
is the converse. This statement is false. We leave it to you to find suitable counter-
examples.

EXERCISEALS

1. Write the converses of the following statements,
(i) If it is hot in Tokyo. then Sharan sweats a lot,
(i) If Shalini is hungry, then her stomach grumbles, |
(iify 1f Jaswant has a scholarship, then she can get a degree.
{ivy Ir a plant has Nlowers, then it is alive.
{v) If an animal is a cat, then it has a tail.
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2. Write the converses of the following statements. Also, decide in each case whether the
converse is true or false,

(i) I iriangle ABC is isosceles, then it base angles are equal.

{ii) If an integer 15 odd, then its square is an odd integer.
i) W'=1,thenx=1.
(iv) I ABCD ix a parallelogram, then AC and BD hisect each other.
(v} Il a, band ¢, are whole nombers, thena+ (b+c)=(a+ )+ .
(vi} I xand y are two odd numbers, then x + v is an even number.

{(vii} If vertices of a parallelogram lie on a circle, then it is a rectangle.
AL7 Proof by Contradiction

So far, in all our examples, we nsed direct arguments to establish the truth of the
results. We now explore ‘indirect’ arguments, in particular, a very powerful tool in
mathematics known as ‘proof by contradiction”. We have already used this method in
Chapter 1 to establish the irrationality of several numbers and also in other chapters to
prove some theorems. Here, we do several more examples to illustrate the idea.

Before we proceed, let us explain what a contradiction is. In mathematics, a
contradiction occurs when we get a statement p such that p is true and ~p, its negation,
is also true. For example,

mox= ::3 . where o and b are coprime.
7

g: 2 divides both *a” and 5.

If we assume that p is true and also manage to show that g is true, then we have
arrived at a contradiction, because g implies that the negation of p is true. If you
remember, this is exactly what happened when we tried to prove that /7 is irrational
{see Chapter 1).

How does proof by contradiction work? Let us see this through a specific example.

Suppose we are given the following :

All women are mortal. A is 2 woman. Prove that A is mortal.

Even though this is a rather easy example, let us see how we can prove this by

contradiction.

® Let us assume that we want to establish the truth of a siatement p (here we
want 1o show that p : “A is mortal’ is true).




® S0, we begin by assuming that the statement is not true. that is. we assume that
the negation of p is true (i.e.. A is not mortal).

® We then proceed to carry out a series of logical deductions based on the truth of
the negation of p. (Since A 15 not mortal. we have a counter-example o the
statement “All women are mortal.” Hence, it is false that all women are mortal. )

® [f this leads to a contradiction, then the contradiction arises because of our Faulty
assuwmption that p is not true. (We have a contradiction, since we have shown
that the statement *All women are mortal” and its negation, ‘Not all women are
mortal® is true at the same time. This contradiction arose, because we assumed
that A is not mortal.)

® Theretore, our assumption is wrong, i.e.. p has to be true, (So, A is mortal.)
Let us now look at examples from mathematics,

The product of a non-zero rational number and an irrational number is
ircational.

Statements Analysis/Comment

We will use proof by contradiction. Let r be 4 non-
zero rational number and x be an irrational number,

" :
Let r:F' where m, n are integers and m # 0,

n # 0. We need to prove that rx is irrational,

Assume rx is rutional. Here, we are assuming the
negation of the statement that
we need to prove.

) - . ;
Then re=2, g # 0, where p and g are integers. | This follow from  the
4 previous statement and the
definition of a rational
number.

Rearranging the equation rx = £ g 2D and
i

1 ]
u.blng the fact that r.."-,—"-. we get _tEF—:il
n rg o mg




Since np and mg are integers and mg 2 (),
¥ is a rational number,

Using properties of integers,
and definition of a rational
number,

This is a contradiction, because we have shown
to be rational, but by our hypothesis, we have x
15 irrational.

This is what we were looking
for — a contradiction.

The contradiction has arisen because of the faulty
assumption that ry is rational. Therefore, rx
i irrational,

Logical deduction.

We now prove Example 11, but this time using proof by contradiction. The proof

is given below;

Statements

Analysis/Comment

Liet us assume that the statement is note true.

As we saw earlier, this is the
starting point foi an dargument
using *proof by contradiction”.

S0 we suppose that there exists a prime number
pr = 3, which is not of the form 6n + 1 or 60 + 3,
where i is a whole number.

This is the negation of the
statement in the result,

Using Euelid’s division lemma on division by 6,
and using the fact that p is not of the form 6 + |
urbn + 5, we gel p=dwor 6+ 2 or 65+ 3

ur bt + 4,

Using earlier praved results,

Therelore, p s divisible by either 2 or 3.

Logical deduction.

So, pis not o prime.

Logical deduction.

This is a contradiction, because by our hypothesis
[ is prime,

Precisely whal we want!

The contradiction has arisen, because we assumed
thate there exists a prime number p > 3 which is
i of the torm 6o + 1 or G + 3,

Hence, every prime number greater than 3 is of the
lorm G + 1 or b+ 5.

We reach the conclusion.
[ ]




Remark : The example of the prool above shows you, yet again. that there can he

several ways of proving a resull.

Theorvm A2 o Ot af all the line segments, dieovn from o point to peints of
line not passing throwgh the peint, the smallest is the perpeadicnlar 1o the D,

Prowl : &

Statemenis

Analysis/Comment

Let XY be the given line, P a point not lying on XY
and PM, PA | PA,. . . . eil., be the line segments
drawn from P 1o the points of the line XY, ot of
which PM is the smadlest (see Fig, ALS)

Since we have to prove tht
out of all PM, PA, PA, . ..
ete., the siullest is perpendi-
eutlar to XY we stant by
taking these hne segments.

Let PM be not perpendicular o XY

This is the negation of the
statement 1o be proved by
contradiction.

Draw a perpendicutar PN on the lime XY, shown
by dotied lines in e A LS,

PN s e stoallest of all the fine seaments P,
PA . PA oL et which means PN < PM.

We often need
constreiions o ProveE olip
results,

Side ol vight timele s less
tham the hypotenuse and
Liovwn propetty of ninnhers,

This contradicts om hypothesis that PM s the
sl of all such line sedments:

Precisely whin we wani!

Therefore, the line segment PRY iy perpendicalar
tn XY

R

-  —

We reach the conelusion,




FAERCISEALG

1. Suppose a + b =e + o and a < o Use proof by contradiction o show & > o,

2. Let rbe avational number and 1 be an inational number. Use proof by contradiction 1o
show that r+ v is an bmational number.

A Use prool by contradiction to prove that if for an mteger . o is even, then so is o,
| THing : Assane a is not even, that s, i0is of the form 20+ 1, Tor some integer i, and then
proveed. |

4. Use proof by contradiction to prove that if Tor an integer o, o is divisible by 3. then o is
divisible hy 3.

5. Use proof by contradiction o show that there is no valoe of o Tor which 6 ends with the
digit zero.

6. Prove by coniradiction that two distinet lines in o plane connet intersect in more thin
one point.

LS Sunimar
In this Appendix, you have studied the following points :

1. Different ingredients of a proof and ather relaied concepis learnt in Class 1X
2. The negation of u statement,

d. The comverse of a stalement,

4. Prood by contradiction.




® An adult human body contains approximately 1,50,000 km of arteries and veins
that carry blood.
® The human hearl pumps 5 to 6 litres of Blood i the body every 60 seconds.
o The temperature ol the surtace of the Sun is about 6,000 C,
Have you ever wondered how our scientists and mathematicians could possibly
have estimated these results”? Did they pull out the veins and arteries from some adult
tead bodies and measore them'! Did they drain out the blood 1o arrive at these results?

Did they travel to the Sun with a thermometer to get the temperature of the Sun?
Surely not. Then how did they gel these figures?

Well, the answer lics in mathematical modelling, which we introduced to you
in Class 1X. Recall that & mathematical model is a mathematical desenption of some
real-life situation. Also, recall that mathematical modelling is the process of creating a
mathematical model of a problem, und using it to analyse and solve the problem.

So. in mathematical modelling, we take a real-world problem and convert it to an
cquivalent mathematical problem. We then solve the mathematical problem, and interpret
its selution in the situation of the real-world problem. And then, it is important (o see
that the solution, we have obtained, “mukes sense’, which is the stage of validuting the
model. Some examples, where mathematical modelling is of great inportance, are:

(i) Finding the width and depth of a river at an unreachable place.
(i) Estimating the mass of the Earth and other planets.
{) Estimating the distance between Earth and any other planet.

{iv) Predicting the urrival of the monsoon in a country.
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{v) Predicting the trend ol the stock market,

(vi) Estimating the volume of blood inside the body of a person,

(vii) Predicting the population of a city after 10 years.
tviii) Estimating the number of leaves in a tree.

(ix) Estimating the ppm of differem pollutants in the atmosphere of a city.
(x) Estimating the effect of pollutants on the environment.

(xi) Estimating the temperature on the Sun's surface.

In this chapter we shall revisit the process of mathematical modelling, and take
examples from the world around vs to illustrate this. In Section A2.2 we 1ake you
through all the stages of building a model. Tn Section A2.3, we discuss a variety of
examples. In Section A2.4, we look at reasons for the importance of mathematical
mocleting.

A point to remember is that here we aim to make you aware of an important way
in which mathematics helps to solve real-world problems. However, you need to know
some more mathematics to really appreciate the power of mathematical modelling. In
higher classes some examples giving this flavour will be found.

V2.2 Stuees m siathematical Modelline
In Class IX, we considered some examples of the use of modelling. Did they give you
an insight into the process and the steps mvolved in in? Let us quickly revisit the main
steps in mathematical modelling.
“top | (Understanding the problem) : Define the real problem, and if working in a
team, discuss the issues that you wish to understand. Simplily by making assomptions
and ignoring certain factors so that the problem is manageable,
For example. suppose our problem is o estimate the number of lshes in a lake. It is
not possible to capture each of these fishes and count them. We could possibly capture
i sample and from it try and estimate the total nomber ol [ishes in the lake.
Stepr 2 (Matheptical deseription and formulation) : Describe, in mathematical
terms, the different aspects of the problem. Some ways to describe the features
mathematically, include:

e define variables
wrile equalions or ineqgualities
gather data and organise into tables

mike graphs

a & & »

calculate probubilities




For example, having taken a sample, as stated in Siep 1, how do we estimate the
entire population’” We would hive to then mirk the sampled Tishes, allow them to mix
with the rematning onces in the Lake, again draw a sample Frow the lake, and see how
miany of the proviously marked ones are present in the new siple, Then, using ratio
and proportion, we can come up with an estimate of the total population. For instance,
Pt v Lk acsample of 20 ishes from the Take and mack them, and then release them
i the s Bk, sooas tooms with the remaining lishes, We then lake another sample
tsary SO0 From the miased population and see how many are marked, So, we gather our
datie and analyse it

One major wssumption we are making is ool the marked Fishes mix uniformly
with the remaininge fshes, and the sample we ke is o good representative of the
entiie propralition.

Step A (Selvine the mathematical problem) @ The simplilied mathematical problem
developed in Step 2o then solved nsime vivious mathemadical rechnigues,

Forinstance, suppose tnthe second saomple m the example in Step 2, 5 fishes are

miarked. So, — e

o0 m ol the popolation is mwarked, T s is typical of the whole

|
pupulation, then ‘0 thod thee popalation = 240,

S50, the whole populatiom = 20 10 = XM,

Step 4 Unterpreting the soletion) @ The solution obtained in the previous step
is now looked at o the contesr of the real-tife situacion that we had started with in
Step 1,

Lo ristance, oug solubon an the problem in Step 3 gives us the populidion of
lishies as 206,
Stop S (Validsting (he model) @ We go back o the orsoal siestoon and see i the
results of the maihemmneal work make sense. 10 500 v e the meded wntil new

mformastion Becomios availabbe oo csumpions chanee,

Somettimes, hecawse of the sonplitication ssstngptions we make, we may lose
cssentinl  aspects of the reat probdem whitle arvine ws mathenmatical description. In
such cases, the solution conbd very often Do ol the b, oo ot make sense in the
real sitation. 10 dos bappens, we reconsider the assompiions made in Step 1 amd
pevise theay o beomore ceadisic puecsdbby Byoamelndine <o Gctors wlineh were mo
vomsidered carlic




For instance. in Step 3 we had obtained an estimare of the entire population of
fishes. Tt may  not be the actual number of fishes in the pond. We next see whoth r
this is a good estimate of the populiation by repeating Steg s 2 and 3 a few times, and
aking the mean of the results obtained. This would givz a closer estimate of the
population,

Another way of visualising the process of mathematical modelling is shown
in Fig. A2 |.

Real-life problem

Simplify

Describe th: problem
in mathematical tens

e

L 4 e
: Solve the
Change problem

ASSLITPLIONS ’~ e l

Interpret the
sodutien in the
real-lile sitwation

A

[oes the solution -
5 Yus_ Modet is
capture the real-life
silttion?

Nia

~

suitable

Fig. A2.10

Mudellers Towk lor @ balance between simplification (lor ease ol solution) and
dceuraey, They heoe to approximate reality closely enough to make some progress,
The best outcome is to be able to predict what will happen, or estimade an outcom,
with reasonabde accuricy. T emember et dillerent assumplions we ase Foesimplilying
the problem can lead w di Terent mondels, So, there are no perfect models. There are
coud ones and vet better anwes.




X ERCISE ]
1. Consider the following situation,

A moblem dating back o the eorly 13th century, posed by Leonarvdo Fibenueed asks
hew many rabbits vouw would have i vou started with just tweo and let them reproduce,
Axsume that a paiv of rabbits produces a pair of offspring each month and thet cach
petir of rabbits produces their firse offspring o the ape of 2 months, Month by month
the number of pairs of vabbirs iy given by the sum of the rabbits in e two precedins
mianthy, except for the Oth and the 1si months,

Month Pairs of Rabbits

0 1
i l
2 2
3 i
4 3
5 8
6 13
7 21
8 34
{} 55
10 89
11 144
12 233
13 7T
14 610
15 a87
16 1597

After fust 16 months, vou have nearly 1600 poirs of vabbits!

Clearly state the problem and the different stages of mathematical modelling in this
situation,




A 2.3 Some Hustrations

Let us now consider some examples of mathematical modelling.

Fxumple | (Rolling of a pair of dice) : Suppose your teacher challenges you to the
following guessing game: She would throw a pair of dice. Before thar you need o
guess the sum of the numbers that show up on the dice, For every correct answer. you
get two points and for every wrong guess you lose two points. What numbers would
be the best guess?

solutivm

Step | (Understanding the problem) : You need to know a few numbers which
have higher chances of showing up.

step 2 (Mathematical description) : In mathematical terms. the problem translates
to finding out the probabilities of the various possible sums of numbers that the dice
could show,

We can model the situation very simply by representing a roll of the dice as a random
choice of one of the following thirty six pairs of numbers.

(1.1} (1.2} (1.3} (1.4 (1, 5) (1. 6)
(2. 1) (2,2) (2. 3) (2.4) (2.5) (2. 6)
(30 (3,2 {33 i3.4) i3, 5] (3.6}
4, I i4,2) i4. 3) i4,4) (4, 5) i4.6)
(5. 1) {5.2) (5, 3) (5, 4) {5,.5) (5. 6)
(6. 1) i6,2) (6,3 ih, 4 (6. 5) (6, 6)

The first number in each pair represents the number showing on the first die. und the
second number 18 the number showing on the second die.

step ! (Solving the mathematical problem) : Summing the numbers in each pair
above, we ind that possible sums are 2, 3.4, 5,6. 7. 8.9, 10. 11 and 12. We have to find
the probability for each of them, assuming all 36 pairs are equally likely.

We do this i the following table,

Sum 2 a 4 5 (& 7 b ¥ 101 11 12
caa e [l a5 s el s | 2.3
Probability | <. | 36 [ 36 | 36 [ 36 | 36 | 36 | 36 | 36 | 36 | 35

Observe that the chance of getting a sum of a seven is 1/6, which is larger than the
chances of getting other numbers as sums,
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Step 4 (Interpreting the solution) : Since the probability of getting the sum 7 is the

highest, you should repeatedly guess the number seven.

Step 5 (Validating the model) @ Toss a pair of dice a large number ol times and

prepare a relative frequency table. Compare the relative Irequencies with the

corresponding probabilities. If these are not close, then possibly the dice are hiased.

Then, we could obtain dauta to evaluate the number towards which the bias is.
Before going to the next example, you may need some background.

Not having the money you want when you need il. is a common experience for
many people. Whether it is having enough money tor buying essentials for daily living,
or for buying comforts, we always require money. To enable the customers with limited
funds to purchase goods like scooters, refrigerators, televisions, cars, etc., a scheme
known as an instalment scheme (or plan) is introduced by traders.

Sometimes a trader introduces an instafment scheme as a marketing strategy (o
allure customers t purchase these articles. Under the instalment scheme. the customer
is not required to make full payment of the article at the time of buying it. Shefhe is
allowed to pay a part of 1Lat the time of purchase. and the rest can be paid in instalments,
which could be monthly, guarterly, hall-yearly, or even yearly. OF course, the buyer
will have o pay more in the instalment plan, because the seller is going to charge some
interest on account of the payoent made ala ter date (called deferied pavient).

Before we tuke a few exwnples to understand the instalment scheme, let us
understand the most frequently used terms related w this concepl

The coslt prefee of an article s the amount which a customer has o pay as foll
payment of the article at the tme it s purchased. Casle dewn paymeni s the amount
which a customer has to pay as part paymeat ol the price of an atticle at the time of
purchase.

Remark : If the instaliment scheme is such that the remaining payment i completely
made within one year of the purchase of the article, then simple inlerest is charged on
the deferred payment.

In the past. charging interest on borrowed money was often considered evil, and.
in particular. was long prohibited. Cne way people got around the Law against
paying interest wis o borrow in one currency and repay in another, the interest
being disguised in the exchange rate.

Let us now come toa redated mathematical wodelling problem.
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Example 2@ Juhi wants to buy a bicyele. She soes to the market and finds that the
bicycle she likes is available for T 1800, Juhi has 2 600 with her. So, she tells the
shopkeeper that she would not be able to buy it. The shopkeeper, after a bit of
culculation, makes the tollowing offer. He tells Juhi that she could take the bicycle by
making o payment of T 600 cash down and the remaining money could be made in two
monthly instalments of T 610 each. Juhi has two options one is to go for instalment
scheme or to make cash payment by taking loan from a bank which is available at the
rate of 10% per annum simple inte est. Which oplion is more economical to her?
Solution @

step | (Understanding the problem) : What Juhi necds to determine is whether
she should take the offer made by the shopkeeper or not. For this, she should know the
two rates of interest—one charged in the instalment scheme and the other charged
by the bank (i.c., 10%).

Step 2 (Mathematical description) @ In order to accept or reject the scheme, she
needs to determine the interest that the shopkeeper is charging in comparison to the
bank. Obscrve that since the entire money shall be paid in less than a year, simple
interest shall be charged.

We know that the cash price of the bicycle = ¥ 18N,

Also, the cashdown payment under the instalment scheme = ¥ 600,

So, the balance price that needs o be paid in the instalment scheme = € (1800 — 60K)
=& | 2N,

Let ¢ % per annum be the rate of interest charged by the shopkeeper.
Amount of cach instalment =¥ 610
Amownt paid in instalments =T 610+ THI0 =T 1220
Intevest paid in instalment scheme = T 12200 -3 1200 =7 20 ih
Since, Juhi kept a sum of T 1200 for one month, therefore,
Principal For the first nwnth = & 1200
Principal tor the sceond month = 3 (1200 - 6100 = T 5300

Balance of the second principal T 590 + interest charged (3 200 = monthly instalinent
(T 6N = 2od instalment

So. the totad principal Tov one month = § 1200 + 590 = 1790

. 17900 2 r x|
Now. imerest =§ ————
s 2




Step 3 (Solving the problem) : From (1) and (2)

or

Step 4 (Interpreting the solution) : The rate of interest charged in the instalment
scheme = 13.14 %.

The rite of interest charged by the bank = 10%

So, she should prefer to borrow the monev from the bank 10 buy the bicyele which s
more economical.

Step = (Validating the model) @ This stage in this case is not of much importance
here as the numbers are {ixed. However, if the formalities for taking loan from the

1790 % r x|
100 = 12

20

_ 20x1200
r= T g S 13.14 (upprox.)

bank such as cost of stamp paper, elc.. which make the effective interest rate more
than what 1t is the instalment scheme. then she may change her opinion.

Hemark o Interest rate modelling is sull at its early stages and validation is still a
problem of financial markets. In case, different inerest rates are incorporated in fixing
instalments, validation becomes an important problem,

EXERCIS]

In each of the problems below, show the different stages of mathematical modelling for solving
the problems.

[

An ormithologist wants toestimate the number of parrots in a large field. She vses a net
tw catch some. and catches 32 parrots, which she rings and sets free. The following
week she manages (o net ) parrots, ol which 8 are ringed.
1 What fraction ol her second catehis o
ringed!

i) Find an estmite of the wtal number A I
ol parrots in the field.

Suppose the adjoining figure represents o
an aerial photogeaph of a forest with each *
duot representing a tree. Your purpose is o
find the number of trees there are on this 0
tract of land as pant of an environmental
CONSUS,




3. ATV. can be purchased for T 24000 cash or for T 8000 cashdown payment and six

monthly instalments of T 2800 cach. Ali goes to market to buy a T.V., and he has
T BOO0 with him. He has now two options. One is 1o buy TV under instalment scheme
or to make cash payment by taking loan from some financial society. The society
charges simple interest at the rate of 18% per annum simple interest. Which option
15 hetter for AL

As we have seen in the examples, mathematical modelling is an interdisciplinary subject.
Mathematicians and specialists in other fields share their knowledge and expertise 1o
improve existing products, develop better ones, or predict the behaviour of certain
products.

There are, of course, many specific reasons for the importance of modelling, but

most are related in some ways to the following :

® To gain understanding. TF we have a mathematical model which reflects the
essential behaviour of a real-world system of interest. we can understand that
system better through an analysis of the model. Furthermore, in the process of
building the model we find out which factors are most important in the system,
and how the different aspects of the system are related.
To predict, or forecast, or simulate. Very often, we wish to know what a real-
world system will do in the future. but it is expensive, impractical or impossible to
experiment directly with the system, For example, in weather prediction, to study
drug efficacy in humans, finding an optimum design of a nuclear reactor, and so
01l

Forecasting is very important in many types of organisations, since
predictions of future events have to be incorporated into the decision-making
process. For example:

In marketing departments, reliable forecasts of demand help in planning of
the sale strategies,
A school board needs 1o able to forecast the increase in the number of
scheol going children in various districts so as to decide where and when to
start new schools,
Most often, forecasters use the past data to predict the future. They first analyse
the data in order to identify a pattern that can describe it. Then this data and
pattern is extended into the future in order to prepare a forecast. This hasic
strategy 1s employed in most forecasting techniques, and 15 based on the assumption
that the pattern that has been identified will continue in the future also.
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To estimate. Often, we need to estimate large values. You ve scen examples of
the trees in a forest, fish in a Jake, ete. For another example, before elections, the
rontesting parties want to predict the probability of their party winning the elections.
In particular, they want to estimate how many people in their constituency would
vote for their party, Based on their predictions, they may want to decide on the
campaign strategy. Exit polls have been used widely 1o predict the number of
seats, a party is expected to get in elections.

EXERCISE A2.3

Based upon the data of the past five yeors, try and forecast the average perceniage of
marks in Mathematics that your school would obtain in the Class X board examination
at the end of the year.

ALS Sumimary

In this Appendix. you have studied the following points

1.

A
4.

A mathematical model 1s a mathematical deseription of a real-life situation. Mathematical
madelling is the process of creating a mathematical model, solving it and using it to
understand the real-life problem.

The various steps involved in modelling are ; understanding the problem, formulating
the muthemuatical mode!, solving it imterpreting it in the real-life situation, and, mos
mportantly, valul:ting the model.

Developed some mathematical models.

The importance of mathematical modelling.
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ANSWERS/HINTS

EXERCISE 1.1

Lt} 15 {il} 196 iiii) 51
2. Aninteger cim he of the form Gy, 6+ 1,64 2.6¢ + 3, 6 + 4 or Gy + 5.
A Healumns
4 Animteger can be of the form g, 3¢ 4 1 or 3g + 2. Square all of these integers.
5 Anmepger canbe of the Torm 9g. 9g + 1.9 + 2,9 + 3, .. or9% + 8.
EXERCISE 1.2
I. (i) 2=ix’d i) 2xdw i (i) ¥ =5"=17
fivl Sxd=ll=13 tv) [T 9x23
2o i) LOM= IR HOCE=123 i) LOM =236 HOF=2 (i) LOM =3024: 1HCl =6
A LOM=420, HOF=3 ) LOM = 133 HCF=1 qii) LOM = [ROD: CF= |
4 223 7. 36 mnutes
FEXERCISE 1.4
L i) Termimating (i) Terminating
(m]  MNMon terminaling repeaiing {iv) Terminating
(v) Non-emminaling repeating {vi) Terminating
(vit) Non-terminating repeating (vili) Terminating
(k) Termimting ix) Non-termiming repeating
Lo G iy 2125 {iv) O4KP3TS
ivi) (L1115 (i) 10 fix) 0.7
Ao g Raional, prime Gictors of ¢ will be cither 2 or 5 or both only,
fii) Mot rational
it Rational, prime Gctors of g will also have a faetor other then 2 or 5,




[

EXERCISE 2.1

(iy Nozeroes (i} | () 3 {ivy 2 iv) 4 (vi) 3

EARERCINE 2

- o b iy 1.3
m -2, {11} 5t 1l ——]'—:

: . g 4
{iv) =2.0 (v) =15, V135 i) —I.—1
I (i) 3’ - 3W2x+1 i) o+ 5
i) & -x+1 v 4y’ +x+ (vid A —dr+ |

EXERUISE

(1 Quatient = v — 3 and remainder= Ty -9

(i) Cuotient = 57 + 10— 3 and remainder =8

(i) Quotient = - v~ 2 and remainder = - 3¢ + 10

1 Yes (i) Yes (i) MNo 3 1.4 4 gla=2 x+1
i ploy=2v -2+ 4 pi=2, givi=v—v+7,M0=0

i pivi=v'+cd+x+ Lgivi=x - Lgivy=v+ 1 rry=2¢+2
(i) )=+ 20 v+ 2 pixd=v =L gli=x+2, rfx) =4
There cun be several examples ineach of (1), (100 and (.

EXERCISE 2.4 1Oy

=27 =T+ 14 da=l,b=%42

il
|

S k=3undg=-5

EXERCISE Y

Algebraically the two situations can be represented as follows:

=Ty a4l = v = 3v—6=0, where vand v are respectively the present ages of Aftab and
his daughter, To represent the situations graphically, you can draw the graphs of these
twor Binear cguations.

Algebraically the two situations can be represented as follows:

LA 2= 1300 v+ dv = 1300, where v and v oare respectively the costs (in 3) ol o bat and o
ball. To represent the situations graphically, vou can draw the graphs of these two linear
equalions.

Algebraically the two sitmations can be represented as follows:

Le+w= 1ol 4o+ 2y =300, where v and y are respectively the prices (in ¥ per kg) of apples
and grapes, To represent the situations graphically, you can drow the graphs of these
two linear equations,




A
3.

srERC|

(i) Required pair of linear equations is
x+y= Ik xr—y=4, where x is the number of girls and y is the number of boys.
To solve graphically draw the graphs of these equations on the same axes on graph
paper.
Girls=7, Boys=13,

(i) Required pair of linear equations is
Sk + 7y =50; Tx + 5y = 46, where x and v represent the cost (in 7) of a pencil and of
a pen respectively.
To solve graphically, draw the graphs of these equations on the same axes on graph
paper.
Costof one pencil =7 3, Cost of one pen= 7 5

{1y Intersect ar a point (i} Coincident (i) Parallel

iy Consistent (i) Inconsistent {iii) Consistent

{iv} Consistent (v) Consistent

(i} Consistent (i} Inconsistent (i) Consistent {iv) Inconsistent

The solution of (i) above, is given by y=5 — x, where x can take any value, i.e., there are
infinitely many selutions.

The solution of (iii) above is x =2, y = 2, i.e., unique solution,
Length = 20 m and breadth = 16 m,
One possible answer for the theee parts;
i) Jv+2v-7=0 (i) 2e+3y-12=0 (i) dr+by—l16=0
Wertices of the triangle are (—1, 0}, (4, 0) and (2, 3).

EXERCISE 3.3

iy x=9, y=3 (i) 5=9, r=6h (i) y=3x-13,
where x can take any value, i.e., infinitely many solutions.
(iv] x=2, y=3 (vix=0, y=0 (vi) x=2, y=3

x=-2 vy=5 m=-1

(i) x—v=26, x=73y, whererand y are two numbers (x> y); x=39, y= 13,

(i) x—y=18, x+y=180, where x and y are the measures of the two angles in degrees:
x=00 v=8]

(i) x4+ 6y = 3800, Ix+ 5% = 1750, where v and v are the costs (in ?) of one bat and one
ball respectively; x= 500, y = 50.

() x+ 10y= 105, x+ 15y =155, where x is the fi erdchnrge:m ¥)and y is the charge (in
Tperkmy o=5, v=10; ¥255 :




=

(v)

{vi)

o

{iv)

(i)

(i)

{1}

(v}

(v)

(i}

{iv)

(v]

1lx—9y +4=0, x—5v+3=0, where x and v are numerator and denominator of the
fraction; % (x=7, y=49)

1—3y—10=0,x - 7v+ 30 =0, where x and y arc the ages in years of Jacob and his
son; x=40, y=10.

EXERCISE 34

19 b & 9 5
1=, ¥=3 (i) x=2, y=1 fu:':x-.:ﬁ._r: BT
=2, y=-3
¥—y+2=0,2x—y— 1 =0, where x and v are the numerator and denominator of the

; 3
fraction; 5
1—3y+10=0, x-2y—10=0, where x and v are the ages (in years) of Nuri and Sonu

respectively. Age of Nuri (1) = 50, Age of Sonu (v} = 20.

¥+ y=0, §xr—v=10, where x and y are respectively the tens and units digits of the
number; 18,

x+2yv=40, x+ v=25, where xand y are respectively the number of T 50 and T 100
notes; x= 10, v= 15,

1+ 4y=27, x+ 2y = 21, where x is the fixed charge (in T) and ¥ is the additional
charge (in T) per day, x=15,. y=3.

EXERCISE 3.5
No selution fii} Unique solution; x=2, y=1
Infinitely many solutions  (iv) Unique solution; x=4, y=-I
a=5,b=1 (i) #=2 3 x=-2, y=5

x+ 20y = 1000, x+26y= | 1B, where xis the fixed charges (in T) and y is the charges
(in T) for food per day; =400, y=30,

ir—-y-3=0, 4x—y—8=0, where xand y are the numerator and denominator of the

fraction; IE
Ix—y=40. 2x - y=25, where x and y arc the number of right answers and wrong
answers respectively; 20.

w—v=20, u+v=100, where wand v are the speeds (in km/h) of the two cars; u=60),
v =44,

Ir-5y—6=0, 2r+3y- 61 =0, where v and v are respectively the length and breadth
{in units) of the rectangle; length (vi= 17, breadth (v) =9,




L.

2,

(i}
{iv)
(vit)

i)

(ii)

(iif)

EAXERCISE A6

1'=l- _}'=~]» (i) x=4, y=9 {iii) .t=—l-- y=-32
2 3 5

x=4, y=5 W) x=1, y=1 (vi) x=1, y=2

x=3 y=2 (viii) x=1, v=1

t+v= 10, u-v=2, where i and v are respectively speeds (in km/h) of rowing and
current; w=>0,1=4

2 5 13 6 1
—+—= il B el 3 where i and m are the number of days taken by | woman
n m n m =
and 1 man 1o finish the embroidery work: n = 18, m = 36.

E+ 280 =4, 190 + o e where u and v are respectively the speeds

u v i v

(i kmvh) of the train and bus; w=60, v=80.

EAERUCISE A7 (Optional ¥

Age of Ani is 19 years and age of Biju is 16 years or age of Ani 21 years and age of Biju
24 years,

T 40, t 170. Let the money with the first person (in ) be x and the money with the second
person (in ) be y.

2+ 100 =2(y—100), y+ 10=6{x - 10)
G0 km 4. 36 5 LA=2)V, £FB=40°, £C=14F
Coordinates of the vertices of the triangle are (1, 0), (0, <3), (0, -5).

i

iy

r{ﬂ—__!‘f}—b _ela—b)+a

=1, v=-1 (i) x= = ¥ = 3
. a —b* a -b
2ab
x=a, y=b (ivi x=a+b, y= ——— (v) x=2, y=1
da+ b

LA=120F, LZB=T70°, LC=6{F, ZD=110°

EXERCISE 4.1

G Yes (i) Yes (iii) No (iv) Yes
(vl Yes {vi} No {vil) No (viii) Yes
(i) 2o +x—528 =0, where x is breadth (in metres) of the plot.

(i}

A"+ x— 306 =0, where x is the smaller integer.

(iil} # +32c— 273 =0, where x (in years) is the present age of Rohan.
(iv) 4t — B — 1280 =0, where 1 (in kmfh) is the speed of (he train.




3 -
. (@ -2.5 {ii) _z,% fiii) ———r—y2

2 V2

L | 1 I
— - :_._
™ 35 BT
2. () 9,36 (i) 25,30

3. Numbers are | 3and 14, 4. Positive integers are 13and 14,

5 Scmoand | 2em 6. Number of articles = 6, Cost of each article = Rs |5

I —I—JE —1+433 I
4 El

. i} =13 {ii)

(iv) Do not exist

2. Sameas | 3Gy —— (i) 1.2 4. 7 years

5. Marks in mathematics = | 2. marks in English = | §;
or. Murks in mathematics = | 3, marks in English =17
6. 120m, M 7. 18,12 or 18.-12
8. 4kmh . 15 hours, 25 hours
10. Speed of the passenger train = 33 kivh, speed of express train = 44 kin'h

. 18m,12m

Y I 4.4

. (i} Real roots do notexist (i) Equal roots; = (i) Distinet roots; -
NERE 2

2 M k=x23p i) k=6 |
3 Yoes.40m, 20m 4. Mo 5. Yes, 20m, 20 m

3 1443

e

ENERUISE 5.1

L. () Yes. 15 23 31, ... forms an AP as each succeeding term is obtained by adding 8 in
its preceding term.

. CWN Ay _ )
() MNo. Volumes are ¥, T- [IJ WV, (i) Yes. 1500, 2000, 230, . . . forman AP,

B

8 8 ) :
A e aunm(l + —] ”]‘m[J +. ] : H“m{l i _“J
f1iv) Mo, Amounts are [} [0M) 100




(y 10, 20,30, 40

{ii) -2,-2,-2,-2 fiiiy 4,1.-2,-5§

liv) -1, - (v) =125 1.5, - 1.75,-2.0

) a=-5, =4

) =06 d=1.1

Y
-

(i} Yes.d=-2:-92 -11.2,-13.2 (iv) Yes.d=4: 6,10, 14

4. (i) No (i1y Yes. o =

P | =

V) Yes.d=2:3+4J2.345J2. 34642  (vi) No

(vii) Yes.d=—4: -16.-20.-24 (vilih Yes, of =0 -

i |
Fod |
P | =

) Mo (%) Yes o= Su, 6w, Ta
{xit No (i) Yes.d = 2: 50, J72, o8
ixii} Mo (xiv) No (v Yes, o = 2497, 121, 145

L. ) a =28 (i) =2 (1) =46 tivy =110 (v) a =35
2. mC {iiy B

3 [14] (i) i8] .[8] Giiy {61, |8
v [23) . [0].[2]. [4] w) [33], 23 . [5]. 7

. 16th term 5 X iy 27
. Mo 7. 178 b
i % Sthierm 10, 1 11. 65thtemm
12. 1 13 124 14. )
i 15. 13 16, 4,10, 16,22, ..
17. 20hweom from the st term is 155,
18. —13,-5,-3 9. Lhih yew 2 10
I b T :|'\-.I|
: 7 i3
1. iy M5 i) =180 i) 5505 i)
20
|
2 1) IE]—tﬁ; i) 286 (ST R 1)
o) n=16.8 =440 (i) d= - S, =273 (i) a=4, §,,=246




4.

5.

8
11.

12.
16.
17.
9.

20.

L
2
v,

(vil) n=6, d=

L
-

35 .
liv) ‘FI'E-”“.-‘-H (v) a= —j_; "l = — (vi) =5, a =

54
3

n

(vill) n=7, ti=—8 {ix) =0
x) u=4

" .
12, By putting a =", e =8, =636 in the formula 5 = ;}I La + (n = D], we get uquadratic

equation 1% + 5i — 636 =1), On solving, we get p = ——> 12_0ut ol these two roots only

one rool 12 s admissible,

a
n=16, d= 3 6. n=38, S=06973 7. Sum= 1661
8, =5610 9. n' 10. (i) S,,=525 (i) § =463
SII_.LHEZ-I-: H__:S, = ﬁl =1; 8 =3 “~=S_-. -8, ==1,

a,= Hﬂ'- S.J =—15; a = H" = 5" = 5—2m.

U 13. 96l 14. 625 15. T 27750

Vitlues of the prizes (in 2) are 160, 140, 120, 100, 80, 60, 40.

2 15, ld3em

16 rows, 5 logs are placed in the top row. By putting 5 = 200, a = 20, & =—1 in the formula

" : ;

g = -2-{2“ + 0 = Dl |. we get, 41n —n' = 40, On solving, n = 16, 25. Therelore, the
number of rows is cither 16 0r 25, 0, =a + 24d=—-4

i.e, number of logs in 25th row is 4 which is not possible. Therelore n = 25 is not
possible. Forn = 16, ¢, = 5. Therefore, there are 16 rows and 5 logs pluced in the top
oW,

A
FAERCISE 54 iOptionaly

3 2ud term 2.5, =276 3. 3E5em
B 5. TAm!'

EXERCISE 6.l
i) Similwr i) Sirnilir ity Bguiteral
fiv) FEgual, Proportional X No

EXERCISE 6.2
iy Zem i 24em
1) Mo i) Yis FTTHI (5
Through O, draw o line parallel w DO inersecting AD and BC acband Frespectively.




10.

EXERCISE 6.3

i Yes. AAA, AARC ~ APQR
(i) Mo
(vi Mo

Ag0D g0 ]
33°.55°.55

() Yes 555 AABC-~AQRP
fivl Yes. SASAMNL - AQPR
(vi) Yes. AA ADEF-APOR

Produce A to a point E such that AD = DE and produce PM to a point N sach that

PM =MN. Join EC and NR.

42m
EXERCISE 6.4
11.2em 2 4:1 £ 1.4 8. C 9. D
EXERCISE 6.5
(i) Yes, 25cm (i1} Mo {iii) No {iv)} Yes, 13cm
a3 9, 6m 10. 6/7m 11 300461 km

13m 17. C

EXERCISE 6.6 (Optional)

Through B, draw a line parallel to SP to intersect QP produced at T. Show PT = PR.

Use result (ii1) of Q.5 of this Exercise. 7. Im, 279m

EXERCISE 7.1
(i) 4.2 (i) 2 +5°

3. Mo 4. Yes
(it} Noguadrilateral

(i) 242
39 0km
(i) Square

5. Champa is correct.
(i) Parallelogram

(=7.0) 8 9.3 9. +4,QR =441, PR = J82,9\2
Ix+yv-5=10
EXERCISE 7.2
5 '.F]
3 o | 2= 3| th-
(L5 2 [ 3] { 3
J’fﬁ m: 3thlie = ot a distance of 22.5 m 4. 2.7
I:|;|r {l| 6 =6, ¥y=13 7. (3. -1y
L, 2
(--2- 28 9 —LE]-{[}.SJI.| . H) 1. 24 5q. units
7 7 2) i, 24




21
1. ) Esq' units (i) 32 sq. units 2. (i) k=4 () k=3

3 Isqumr 1:4 4. 28 sq. units

tLIs] |

L 2:9 2ox+3v-7=0 A (3,-2 4. (1,00 (1,49
5. () (4,6),(3,2),(6,5) taking AD and AB as coordinate axes

9
) (12, 23, (13, 63, (10, 3): taking CB and CD as coordinate axes. 3 5q. units,

9 . .
— 8. units; areas are the same in both the coses.

2
5 . )
6. -k sq. units; 1 : 16
32
; 7 99 = (N
7. 1) D(—ﬁ— {ii) P[—~—]
L2 2 3 3
(11 11 f]] 11
(i} — —]r R|—:— | (v} P, Q, R are the same point.
A3 3RS 3J e
[ AR R R OO o P
vy | —2—2. =L -'-PJ] 8. Rhombus
3 3
24 G 2
I. i) sin/ =—-cosA == () sinC = —rcosC=—
25 25 25 25
7 3
2.0 3, c'n_k;h:v—-lﬂ.nﬁ=— 4, Sinﬁ=ﬂ~.‘1ﬂ'ﬁ=ﬂ
3 e 17 8
, 5 < 5 2 :
5 s5inf=— cosh = E tand = —. colB = : “ cosect = E
13 12 5 5
z i M 4y
. A1) 64 {1i) 64 . Yos
" | ] 12
9. 1 (i) 1) 10, sinP = ET cosP=—-tanP = —
13 13 5
11. (i) False (i) True (iii) False {iv) False (v} False
_ o B4 43 - 243 67
1. 1 ) 2 {ili) —— V) ——— {¥] —
8 ™ (T
20 A iy D (i) A vy C A AA=45°, ZB=15"

4. (i) False (i) True (i1} False tiv} False iv] True




FAERCISE K.3
L @ | (i) | (i) 1 {iv) 0
I £A=38" 5. LA=22 7. cos 23 +xin [5°

EAERCUCISE 8.4

1. sinA = — l slan A = Ncuh:—"‘llﬁ-mrh
N +cat>A cot A cnl A
———
sec A - | e =
2 sinA-‘—*ulwc ——— o5 A = I—-Lanﬁuzul'.w:'ﬁn—]
sec A sec A
1 sec A
col A =— eosec A = e ——
v A - | Jsect A — |
3 G (i) | 4. () B (m) C (i) D (vl D
Ri'INF 9.1
1. 10m 2. 8/3m 3 3m, 23m 4. 10J3m
5 403m 6. 19¢3m 7. IU{\.’E - I)m 8. U.Efsﬁ + I}m
3 nE
9. 165m 10. 20y3m, 20m, 60m 1. 10V3m, 10m 12, 7(v3 + 1)m
13. 75(J3-1im 14. 583 m 15. 3 seconds
1N L |

1. Infinitely many

2 (i) One (1) Secamt (i) Two  {iv) Pomnt of contact iAD
1. A 2. B 3 A 6. 3cm

7. Bem 12. AB=15em. AC=13cm

1. 28em 2. Iem

3 Gold: 346.5 on'; Red - 10395 ey’ Blue : 1732.5 e’ Black © 2425.5 cm™ White * 31155 e
4. 4375 A

(IsE ]2.]
132 a 77 y 154 3
. —cem- 2. Tcm' 3. TL‘T“

4, (i} 2B5cm’ 1) 235.5cm”




Maa

1514
o 4413 :
5 (1) 22em (it) 23lcm? (iii) [23I - —4—£]um'
6. 204375cm®; 686.0625 cm? 7. 884d4cm’
385 4
8 M 19625m’ (ii) 58.875cm’ 9. (i) 2B5mm {ii) - mm”
22215 1 3 :
10. em’ g 1818 12. 189.97km’
28 126
13. 716268 14.
EXERCISE 12.3
4523 y i N
1. cm” 2. E—iicm' 3 $2em’
N 22528 =)o
. [@ ; Hw'rii]cm' 5,98 ot 6. L - —?bﬁvi*]ﬂm
- 7
7. 42cn? 5@ 2%, (i) 43200
9. 66.5cm’ 1. 16205 em? 11. 378em’
; co 49 .
12 ) Dem' (i) — em? 13. 228¢em’
R B
256 3
14. @ em’ 15, 98 cm’ 16. 3 em”
EXERCISE 131
1. 160cm’ 2. 572emt’ 3 2145em’
4. Greatest diameter = T em surface area = 332.5 cm’
5, l’i"; (m+ 24) 6. 200" . T
8 18cm’ % Fdem’
EXERCISE 132
. mom
2. 66cm’. Volume of the air inside the model = Volume of wir inside (cone + eylinder + cone)
i1 iy y 1 2 Y
= ﬁ T+ e, 4 % wroh, ! where ris the radius of the cone and the eylinder, £ 15

the height (length) of the cone and /i is the height (length) of the cylinder.

Reguired Volume = 1‘“-’" (P +3h, + )




ke -'HI' s 157

;oo

P

33Bom’ 4. 32353 cm’ 5 100 6. 892.26kg
1131 m* {(approx.) B. Not correct. Correct answer is 346,51 cm’,

EXERCISFE 13.3

2T4cem L 12cm X 25m
1.125m 5 1 6. 400
36em: 124/13cm B. 562500m" or 56.25 hectares. 9. 100 minutes

EXERCISE 134
2 : 2
!I}EEf:m' 2. 48om’ 3 Tlﬂ?cm

Costof milk is T 209 and cost of metal sheet is T 156.75. 5. 79644m

EXERCISE 135 (Optional)
1256 cm; 788g (approx) 2. 3004 em®, 52,75 o’

1702 5. 782 :u-:m:

EXERCISE 14,1
8.1 plunts. We have used direct method because numerical values of x and f are small.

T145.20 3 =20 4. 759
5719 6. T 211 7. (LU9 ppm
12,38 days 9. 6943 %

EXERCISE 14.2
Mode = 36.8 years, Mean = 35.37 yeurs. Maximum number of patients admitted in the

hospital are of the age 36.8 years (approx.), while on an average the age ol a patient
acdimitted w the hospital is 35.37 years.

65.625 hours
Modal monthly expenditure = 1847 83, Mean monthly expenditure =3 2662 5.

Mode : 306,  Mean = 29.2. Most statesfU T, have a student teacher ratio of 3006 and on
an average, this ratio is 29.2,

Mode = 4608, 7 runs 6. Mode =447 curs

EXERCISE 14.3
Med an = 137 units,  Mcean = 137.05 units, Mode = 135.76 units.

The three measures ane approximately the same in this case.




2 x=8y=7 3. Median age = 35,76 years
4. Median length= 146,75 mm 8. Median life = 3406.98 hours
6. Median=805, Mean=8.32, Modalsize=7.588

7. Median weightl = 56.67 kg

1.
Daily income (in T) Curmulative
frequency

Less than 120 12
Less than 140 6 Diriw ogive by plotting the points :
Less than 160 H (1200 12), (140, 26). (160, 34),
Less than 180 ) {180, 400 and (2000, 501
Less than 200 5

2. Draw the ogive by plotting the points (38, (), (40, 3), (42, 51, (44, 93, (46, 14), (48, 28),

(50. 32y and (52, 35). Here ; = 17.5. Locime the point on the ngive whose ordinate is 17.5.

The x-coordinate of this point will be the median,

A
Production yicld Comulative
(kg/ha) frequency
Maore than or equal to 50 1
More than or equal 1o 55 o
More than or equal 1o 60 o0
More than or equal 1w 65 8
More than or equal o 70 b |
More than or equal 1o 75 [

Now, draw the ogive by plotting the points - (50, 100}, (55, 98), (60, 90, (63, 78). (70, 54)
and (75, 16),




EXI

I (i} 0, impossible event

(i} 1. sure or certain event
{iv) 1 (v) 0.1

The experiments (iii} and (1v) have equally likely outcomes.

- When we toss a coin, the outcomes head und tail are equally likely. So, the result of an
individual coin toss is completely unpredictable.

5. 095 6. (i) O (ii) 1

3
B. (i)

i .
0. (i) 9 {ii) T

1_...’ -!' {.-
v
11

i
) %

o |
(i) fa) 2 (b} O

Lo 13 6 o 2 Y
(it} 19 . (1] m (1) 10

l n
= 21, i
[H 20 24

Sum on
2 dice

Probability

S
36

{ii) Mo. The eleven sums are not equally likely,




3
23, E; Possible outcomes are : HHH, TTT, HHT, HTH, HTT, THH, THT, TTH. Here. THH

means tail in the first toss, head on the second toss and head on the third oss and so on.

(=]

5 I

24, () z (it} Ev

1 |

25. (i) Incorrect. We can classify the outcomes like this but they are not then ‘equally
likely’. Reason is that *one of each’ can result in two ways — from a head on first
coin and tail on the second coin or from a tail on the first coin and head on the
second coin. This makes it twicely as likely as two heads (or two tails).

{iiy Caorrect, The two outcomes considered in the question are equally likely.

EXERCISE 15.2 iOptional)®

Lo ’; i % (i) ;
2. " 2 2 3 3 6
1 2 3 3 4 4 7
2 3 4 4 5 5 8
2 | 3 4 4 5 5 8
3 4 5 5 4] 6 9
3 4 5 3 6 6 9
B T 8 8 9 9 12
i = {ii) 2! (i} 2
2 . 0 12
3 10 4 —rx=3 5 8
12
EXERCISE Al.l
1. (i) Awmbiguous (i) True (i) True {iv} Ambiguous

(v} Ambiguous




Aoasw bR e 61

i
k)
4.

%

iy True (i} True (i) False (iv) True (v} True
Only (ii) is true.

i) Wa=0ande >H thena=b.

(i) Hxy=0md =y, thenx=v.
{iii) I(x+yy=v+yrand v20, thenx=0,

tiv) The diagonuls of a purallelogram bisect each other,

EXERCISE Al.2
A i mortal 2. ab 1 rational
Decimal expansion of /17 s non-terminating non-recurring.
y=T 5 ZA=100° £C=100°% £ D= 180"
POQRS is a rectangle.

Yes, because of the premise. No. because /3721 = 61 which is not irrutional. Since the
premise was wrong, the conclusion is false,

EXERCISE AL2

Take two consecutive odd numbers as 2n + 1 and 2n + 3 for some integer n.

EXERCISE AlLA4
(i) Man is not mortal,
() Line [ is not parallel to line m.
(i) The chapter does not have many exercises.

(iv) Mot all integers are rational numbers,
(v} All prime numbers are not odd.

(vi} Some students are lazy.

(vii} All cats are black.

(visi) There is at least one real number x, such that [y =— 1.
(ix) 2 does not divide the positive integer a.
(x} Integers a and & are not coprime.
il Yes {ii) No (i) No (vl No {v) Yes




NERCISE A

L. (i) If Sharan sweats a lot, then it is hot in Tokyo.
(i} Tf Shalini's stomach grumbles, then she is hungry.
(iiiy If Jaswant can gel a degree, then she has a scholarship.
{iv) 1T a plant is alive, then it has lowers.
(v) If an animal has a tail, then it is a cat,

2. (1) LF the base angles of triangle ABC are equal, then it is isosceles. True.
(i) If the square of an integer is odd, then the integer is odd. True.
{iily Ix=1, thenr’= 1. True,
{iv) If AC and BD bisect each other, then ABCD is a parallelogram. True.
(v) Ifa+(b+e)=la+b)+r, thena, band ¢ are whole numbers. False.
(vi) If x4+ visan even number, then x and v are odd. False.

(vit) Il a parallelogrium is a rectangle, its vertices lie on a circle. True.

EAXERCISE Als

1. Suppose to the contrary f = .
3. See Example [0 of Chapter 1.
6. See Theorem 5.1 of Class IX Mathematics Textbook.

EXERCISE A22

1. (i (i) 160

n| o=

2. Take 1 em® area and count the number of dots in it Total number of trees will be the
product of this number und the area (in cm?),

Y. Rate of interest in instalment scheme is 17.74 %, which is less than 18 %

EXERCISE A3

Students find their own answers.
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