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4.2 Trigonometry 

INTRODUCTION 
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f 

Fig.4.1 

· Jf f: X --7 Y is a function defined by y = f(x) such thatfis both one-one and onto, then there exists a unique 
function g : Y --7Xsuch that for eachy E Y, g(y) =x if and only ify = f(x). The function g so defined is called 
the inve.rse off and denoted by f - 1

• Also if g is the inverse off, then/is the inverse of g; and the two functions 
[and g are said to· be inverses of each other. 

The condition for existence of inverse of a function is that the function must be one-one and onto. 
Whenever an inverse function is defined, the range of the original function becomes the domain of the inverse 
function and domain of the original function becomes the range of the inverse function. 

We know that trigonometric functions are many-one in their actual domain. Hence, for inverse functions to 
,get defined, the actual domain of trigonometric functions must be restricted to make the function one-one. 

Inverse Circular Functions 
Since the domain of sine function is the set of all real numbers and range is [-1, I], if we. restrict its domain to 
(-1rl2, nl2] ~then it becomes on·c-one and onto within the range [- I, 1]. Actually, sine function can be 
restricted to any of the intervals 1-3n/2, - n/2] , [ -n/2, 1rl2) , [ 1rl2, 31Cl2], etc. It becomes one-one and its 
range is [-1, I}. We can, therefore, define the inverse of sine function in each of these intervals. We denote the 
inverse of sine function by sin-' (arc sine functi~n) . Thus, sin-1 is a function whose domain is [- I, I] and the 
range could be any of the intervals [-31l'/2, -.1l'/2], l'-1r/2, n/2] or (n'/2, 3;r/2] and so on. Corresponding to 
each such interval, we get a branch of the function sin- 1• The bran~b with range [-1l'/2, .1rl2] is called the 

pri.ncipal value branch, whereas other intervals as range give different branches of sin-1
• When we refer to the 

function sin-1, we take it as the function whose domain is [-I , 1] and range is l-;r/2. ;r/2). We write sin-1: 

[-I, I] --7 l-1l'/2, n/2]. 

From the definition of the inverse functions, it follows that sin(sin-1x) == x if- I S x $ 1 and sin-1(sin x) == x 

if -rc/2 Sx~ n/2. 
If any point (x 1.y1) lies on the curve y = f{x), then corresponding to it 6'1, x1) lies ony :::: /- 1(x). Since points 

(x,,y,) and the U'I,X]) arc symmetrical aboutthe liney= x, the graphs ofy = f(x) andy= r- 1(x) arc symmetrical 
about the line y = x. 

Note: 

• sin-1 xis entirely different [rom (sin x)-1
• The former is the measure of an angle in radians whose sine 

1 
is x while the taller is - .- . 

sm x 
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Domain, Range and Graphs of Inverse Trigonometric Functions 
With reference to the preceding discussion, the domain, range and graphs of inverse trigonometric functions 
can be summarized as follows. 

In the following figures, dotted line graphs are of trigonometric functions and solid line graphs are of 
corresponding inverse trigonometric functions. 

f(x) = sin- 1x · 
Domain: [- l) 1] 

Range (principal Values): [-~ , ~] 
y 

~ X 

j(x) =COS-IX 

Domain: [- 1, I] 
Range (principal values): [0, n-] 
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4.4 

f(x)_ = tan- 1x 
Oomain:R 

·Trigonometry 

Rimge (principal values): ( - ~ , ~) 

f(x) = ~oC 1x · 
Domain:R 
Range (principal values): (0, rc) 

f (x) = sec- 1x 

Domain: (- oo,- I] u [1, oo) 
Range (principal valu~s): [0, n] - {Jr /2} 

y 

Fig. 4.6 
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f (x) = cosec- 1x 
Domain: (- oo,- 1] u [1 , oo) 

Range (principal values): [- ~, ~] - {0} 

y' 
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Fig. 4.7 

PROPERTIES AND IMPORTANT FORMULAS OF INVERSE FUNCTIONS 

Property 1 
i. sin(sin- 1 x) =x, forallxE [-1, 1] 

-1 

y 

1 ····-····-····--····! 

y =x ! 
I 
i 

! 
+1 

Graph ofy =sin (sin-1x) or y = cos(cos-•x) 

Fig. 4.8 

ii. cos(cos-1 x) = x, for all x E [-1, 1] 
iii. tan(tan-1 x) = x, for all x E R 

- 1 

y 

1 

y=x 

+1 

Graph ofy = tan (tan-1x) or y 7 cot ( cor 1x) 

Fig. 4.9 
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iv. cot(coC1 x) = x, for all x e R 
" cosec(cosec- 1 x) =x, forallxe (-oo, -l)u[l ,oo) 

y y=x 

, 
' ' 

, , 

, 
, '', 

-1 ,' 0 1 

, , 
, , 

, , , , 

-~~'---1-1 
y:x 

Graph ofy=sec(sec-'x)· 
or)'= cosec( cosec-'x) 

Fig. 4.10 

vi. sec(sec-1 x)=x, forallxe (-oo, -l]u[J , oo) 

Property 2 
i. sin-1(sin x) = x, for aJJ·x e [- :n"/2, .m'2) 

sin-1(sin x) is defined when sin x E (-1 , I] which is true V x e R. 
But range ofsin- 1x is[- .m'2, n/2], hence sin-1(sin x) =xis true only for x E [-7r/2, m'2] . 
With the same reasoning, we have the following results. 

ii. cos-1(cos x) =x, forallxe [O, n] · 
iii. tan-1(tanx) = x, forallxe (-.m'2, 7r/2) 
iv. coC1(cotx)=x, forallxe (O)n) 
" cosec- 1(cosecx) ~x, forallxe [- n /2, tr/2]- {0} 

vi. sec-1(sec x) = x , for aiJxe (0, n]-{n/2} 

G·raph ofy = sin-1(sin x) 

For x not lying in the principal domain, we have the following method to draw the graph. 
Considery=sin-1(sinx)~ siny=sinx => y=n~+(-Jtx,ne Z 

Now, keeping in mind thaty E [- 7d2, n/2], we have the following table: 

Valucof11 Relation 'Rangeofx 

... . .. . .. 

... . .. . .. 

n =- 2 y =-21t'+ X XE [3m'2, Sni2] 

n =-1 y=-n-x 
. 

XE (-3n'/2,-n12) 

n=O y=x xe [-7r/2, tr/2] 

n=·t y= 1t'-X X E (nf2, 3nf2) 

n -= 2 y= 2n+x X E (- 57r/2,- 3tr/2] 

... ... . .. 
... . .. . .. 
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From the preceding informati~n, we can plot the graph ofy ==sin-' (sin x) as fo~Jows (Fig. 4. J I): 

y 

Graph ofy-cos-1(cosx) 
y- cos-~(cos x) 

y' 

Fig. 4.11 

=> cosy= cosx => y= 2mr±x , n e Z 
Now, keeping in mind thaty e [0, 1r], we can plot the graph ofy = sin-1(sin x) as follows (Fig. 4.12): 

y 

y' 

Fig. 4.12 

Graph ofy=tan-1(tanx) 
y c:: tan-1(tan x) 
~ tany-tanx => y=n:rr+x, ne Z · · 
Now, keeping in mind thaty e (- :rr/2, :rr/2), we can plot the graph ofy = tan-1(tan x) as foJiows (Fig. 
4.13): 

Graph ofy=coC1(cot x) · 
y = coC1(cotx) 

=> tan y::: tan x 

Y · 

y ' 

Fig. 4.13 

=> coty= cotx 
=> y = mr+ x, n E Z 

X 
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Now, keeping in inind thaty E (0, n), we can plot the graph ofy = coC1(cotx) as follows (Fig. 4 .14): 

y 

y' 

Graph ofy = cosec-1(cosecx) 
Fig. 4.14 

y = cosec-\cosecx)~ cosecy = cosecx ::::::) sm y=sin x 
Hence, graph ofy = cosec-·1(cosecx) is the same as that of y = sin-1(sin x), butexcludingpointsx = nrc, n E Z. 

Y . 

-1t ··································-···-·········· ...... 2 
y' 

Fig. 4.15 

Graph ofj(x) = sec-1(secx). · 

y=sec-1 (secx)~ secy:=secx ~ cosy=cosx . . 
Hence, graph of y = sec- 1(sec x) is the same as that ofy = cos- 1(cos x), but excluding points 
x =(2n+ l)m'2,hE Z. 

y 

........ - ... - ... - -............... • ... ___ .,,, . ............ _'!!: ..... - ... - ......... ............... - ..................... . 

x'-'--.>.<.-------'---'----'-- ""'f:::---'--- ""---'-__,.."--,...)( 
1t 1t 37t - 21t 37t -1t 7t 

2 2 y' 2 2 

Fig. 4.16 

Evaluate the following: 

i. sin-1(sin 1CI4) ii. cos-•(2"1CI3) iii. tan-'(tan1C13) 
· Sol. We know that 

sin-1 (sin 8) = 6, if- 7d.2 ~ (}~ n/2, 
COS- I (cos 8) = 8, if0 ~ ~~ 7r 

21t 
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and tan- ' (tan 9) = 9 if- 1T: < 9< 1T: 
' 2 2 

Then 

• • I ( . 1C) 1C 1. sm- sm 4 = 4 
• • _1 ( 2n) 2n 
11. cos cos3 = 3 

m. tan- tan - = -••• 1 ( n) n 
3 3 

E~;tm pic -l.2 Evaluate the following: 

i. sin-' ( 
2
; ) ii. cos-1 (cos 

7
:) . . . -• (t 2") . ( -• ( .J3) 1r I m. tan an 3 . av. cos cos ---z + 6) 

Sol. 

i. sin-1 sm ~ ¢-,as- does not he between -- and -( . 2n) 21r 2n . 1t: rc 
.) 3 3 2 2 

N . _1 ( . 2n) . -1 ( . ( ")J . -1 ( . rr) n ow, sm sm3 = sm sm 1r - 3 = sm sm3 = 3 

•. - 1 ( 7Tr) 111: 7rt d I' b 0 d. u. cos cos - ~ - , as - oes not 1e etween an n 
6 6 . 6 

Now, cos' (cos 
1
:) = cos-• (cos ( 21r -

5
: )) =cos-' (cos 

5
:) = 

5
: 

iii. tan tan - ~ -, because - does not he between - - and --I ( 2rc ) . 2rt · 2n . 11: n 
3 3 . 3 2 2 

N - 1 ( 2rt) -1 ( ( tr)J - 1 ( · 11:) -t ( ( n)J 11: ow, tan tan 3 =tan ta~ 1t - 3 = tan -tan 3 = tan. tan - 3 = -3 

w. cos[cos-• (-~)+:)=co~ e: + :) =cos(lr)=-1 

Example -l.3 Evaluate the following: 

i. sin-•(sin 1 0) ii. sin-•(sin 5) iii. cos-1{ cos 1 0) 

Soli. Here, 9= 10 rad does not lie between-~ and " . 
2 2 

But, 3n-9, i.e., 3tr- I 0 lies between - n and n . 
2 2 

Also, sin (3tr- I 0) = sin I 0 
:. sin-1(sin 1 0) = sin-1(sin (311:- I 0)) = (3rt - I 0) 

iv. tan-•(tan (-6)) 

ii. Here, 8 = 5 rad. Clearly, it do~s not lie between - ; and ~ . But both 211:-5 and 5 - 2rc Jie between 

1r 1C 
- - and - . Therefore, 

2 2 
sin (5 - 2n) =sin(- (2n - 5)) = - sin (2rt- 5) = - (-sin 5) .,. sin 5 
:=:) sin-1(sin 5) = sin- 1 (sin (5 -2n)) = 5 -2tr 
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iii. We know that cos- 1(cos 8) = 8, ifO :s; 85. n 
Here, 8= 10 rad. 
Clearly, it does not lie between 0 and n. 
However, ( 4n- 1 0) lies between 0 and n such that cos ( 4n- I 0) = cos 10 
~ cos- 1(cos lO) = c.os- 1(cos(4n- 10))= 4n- lO 

iv. we know that tan - I (tan 8) = 8, i f- n/2 < () < n/2. 
Here, ()=- 6 rad does not lie between -7d2 and n/2. We find that 2n- 6 lies between 
- n/2 and 7d2 such that 
tan (2n- 6) ;, - tan 6 = tan (- 6) 
:. tan- 1 (tan (- 6)) = tan-1 (tan (2n- 6)) = 2Jr- 6 

Example 4.4 Evaluate the following: 

. • ( . - 1 3) 1. sm cos 
5 

.. (ta -1'3) u. cos n 
4 

... . (n . -t (1 )J m. sm i -sm 
2 

Sol. 
i. Let COS- I 3/5 =e. 

Then, cos 8= 3/5 ~ sin·()= 4/5 
:. sin(cos- 1 3/5) =sin 8 = 4/5 

ii. Let tan- 1 3/4 =· e. 

Then, tan 8= 3/4 ~ cos 8 = 4/5 

:. cos (tan-1(3/4)) = cos()= 4/5 

iii. sin (~ -sin"' (- ~)J =sin ( ~ -(-~)) = sin 2
: = ~ 

Fxampl(' 45 If cos- 1l + COS- I Jl. + cos- • r = 3n:, then find the value of AJl + Jlr+ r A . . 

Sol. 
We know thatO 5. cos- 1 x 5.n. 

Hence, from the question 
COS- I A= TC, COS- l/1 = 1C, COS-l y = 1r 

[ ·: cos-1 A.+ cos- 1J.L. + cos- 1y = 3n: is possible only when each term attains its maximum.] 
~ A.= .u=r =- 1 ~ AJl+J.L.r+rlt=3 

E x;i mpll' 4.6 If cos(2 sin- • x) = !. , then find the values of x. 
9 

Sol. Let sin- ] X= e 
I 

:. cos 20=-
9 

~ 1 - 2 sin2 (J= 9 

Sol. 

2 
~ x=± -

3 

Let coC1(- 3/4) = 8 ~ cot 9 = -3/4 ~ Be (Td2, n) 
~ cose= - 3/5(8e(7r/2,n)) ·~ l -2sin2 (8/2) = -3/5 
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sin 2 812 = 415 or sin 8f2 = 2/ .f5 
Find the numberofsolutions.ofthe equatipn cos(cos-1x) = coscc(cosec-1x). 

Sol. 
cos(cos-1x)=xforxe [-1 , 1] 
cosec( cosec-• x) = x for x e ( -oo, -I] u ['I, oo) 
~cos( cos -1x) = cocsec(cosec-1x) for x = ± 1 only. 
Hence, there are two roots only. 

E\amph.' 4.9 Find the range ofj{x) = l3tan- 1x- cos- 1(0)1- cos-1(- J). 

Sol. 
j(x) = l3tan-•x- cos-1(0)1- cos-•(-1) ~ l3tan-•x-(n/2)1- rr 

N 
rr _, * 

ow--< tan x <-
2 2 

3rr _1 3n 
~ --<3tan x<-

2 2 

~ -2Tr < 3 tan_, x - Tr < TC 
. 2 

~ 0 ~ 3 tan -I x - ~ < 2Tr 
21 . 

. ~ = - 1C s; 3 tan -I x -
21

- 1r < n 

Concept Application Exercise 4.1 1----------. 

1. Find the principal of 

i. cosec- 1(-1) ii. coC1 
(- )J) 

2. Find the princiP-al vatu~ of 

i. sin-• (sin 3) ii. sin-• (sin 100) iii. cos-• (cos 20) 

3. Evaluate the foiJowing: 

i. sin(coC1 x) .. . (Tr . - 1 ( .fj)J n. sm 2 -~m - 2 

4. If sin-• x + sin-1 y +sin-' z = 
3
n , then find the value x2 + 1 + z2. 
2 

iv. cot·• (cot 4) 

2 

5. lf(sin-• xi -t: (sin-1 Yi + (sin-1 zi = 3: , then find the minimum value ofx + y + z. 

6. Find the value oftan[ ~ cos-• ~l 
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· · ~roperty 3 
i. sin-1(-x) = -sin- • (x), 

ii. cos-1(- x);.. rr- cos-• x , 
iii. tan- 1

(- x) =- tan~1 x, 
iv. cos~ec-1 (- x) =:=- cosec-• x, 
v. sec-1(-x) = rr- sec-• x, 
vi. coC1(-x) = rr-coC1 x, 

Proof: 

forallx e [- 1, 1] 
furallxe .[- 1, 1] 
for allx e R 
forallxe (-oo,-l]u[l,~) 
for all x e (-oo,-lJ u [ l , oa) 
forallxe .. R 

i. Clearly,-xe [- 1, 1] forallxe [- 1, 1] 
Let sin-1(-x)= 9 
~ -x=sin 9 
~ x =-sin 8 

(0 

~ x=sin(-8) 

~ - 8= sin-• x 
~ 8= ...... sin-' x 

[·: x~[-.1, J] and -8e[-n(2, n/2] for aU 8e[-tr/2,tr/2J] · 
(ii) 

From Eqs. (i) and (ii), we get sin-1(- x) =- sin-• x 

Proof: 

ii. CJearJy,-xe [-J, l]forallxe [- I, I] 
Let cos- 1(-~) = 8 · 
~ -x=cos 6 
~ X ,; .:_ COS 8 
=> X= COS (1r- 8) 

(i) 

~ COS-I x= Tr - 8 
~ 8 = tr- cos-1 x · 

(·: xe [-1, 1] and n-8 e [O,tr] for all 8 e [0, nJ] 
(ii) 

From Eqs. (i) and (ii), we get 
COS-I (-x) = 1r- COS-I X 

Similarly, we can prove other results. 

P~operty 4 
. . 

i. sin-• (.!) = cosec -_J x, for all x e (-~.- I] u [I, oo) 
x . . 

iL cos-• e) ~sec-t x, for allxe (-~;-Jj u [I ,~) 

iii: tan - =. · _1 ( J ) · { cot - • x. for x > 0 

x - n+cot-1 x, . forx<O · 

Proof: . 

i. Let cosec-• x = 9 · 
where Be [- n'/2, .tr/2] -{.O}.andx E (-oo, -I] u [I, oo) 

~ x = cosec 8 
I. 

~ - =sin8 
X 

f) 
. - 1 1 

~ =sm -
X 

From Eqs. (i) and (ii), :we get sin-1(1 /x) = cosec- 1 x. 

(i) 

(ii) 
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ii. Let sec-1 x = 8 
where 8E [0, n] - {1!12} and x E (- oo,'- 1] u ['I , oo) 
Now, sec- t x = 0 

~ x =sec 8 
1 

~ - = cos 8 
X 

FromEqs.(i) and (ii), we get cos-• G) = sec-• x. 

iii. Let coC1 x = 8, where 8 E (0, n) and x E R 

Sol. 

~ x =cot 8 

From the graph, 

1 
~ - = tan() => tan-• (~) = tan-• (tan 9) 

y 

X 

i 1f 

-···t···-········z·· 

I 

' I 
·- ····-···-·····i···-····· 

I 
nl In - ! 
2 1 

I I 
····-····-···- -·············· .. -r-.. ·-

' y' 

Graph of y = tan-1(tan x) 

Fig.4.17 

tan-' (1) _ {9, 9 < 8 < nl2 _ {cot-1.x, 0<co.C1 
x < n/2 _ {coC1 x, x > O 

x - -n+9, nl2<0<n- - n+coC1 x, n/2<coC1 x~n- - n+cot-1 x , x<O 

. 1 { 1e/2, 
. Prove that tan-1 x + tan-1 

- = 
12 X -1C ' 

We know that tan- 1 (.!.J = {coC1 

x, _ ·x > 0 

x -n +cot ' x, x < 0 

if X >0 

if X <0 

7r 7r 

_1 _1 1 {tan-1x+coC1 x, x >O 2' x >O 2' x >O 
~ tan x + tan - = = = 

x - n+coC1x+tan-1 x, x<O 1t n -n-+- x < O -- x < O 
2' 2' 

Eqmplc -1.11 I . 0 fi d h f - 1 xy + 1 t yz + 1 . -1 zx + 1 f x > y > z > , then m t e value o cot + coC +cot --

Sol. 
x-y y-z z-x 

I xy + 1 - 1 YZ + 1 - 1 ZX + 1 cot- . + cot · + cot 
x - y y - z z - x 

(i) 

(ii) 
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c.;. ·- 4 

. 

= tan-J x- y +tan-1 y - z +n+tan-1 z -x [·: tan-1(.!)={ cot-J x, 
l +xy l + yz · l+zx lx - 1Z'+cot- 1 x, 

= tan- 1 x- tan- 1 y + tan- 1 y- tan-1 i + 1r + tan-1 z- tan-1 x 
=n 

E xmn pic 4.12 Findthevalueofxforwhich sec- 1x+sin-1x = TC . 
2 

Sol. 
We know that sec-1x is defined for x e (- oo, - 1] u (1, oo). 
But sin-1x is defined for x e [- .I, 1] 

Hence, sec- 1x +sin- 1 x=~ for x = ± I. 
2 

. 
Concept Appli~atlon Exercise 4.2 

l •. lf ~.-• (~) =- >r+ coC1 y, wherey = x' - 3x + 2, then find the value ofx. 

2. If ae (- ~, 0), the~ find the value of tan-• (cot a)-coC1 (tan a). 

Property 5 

Proof: 

i. sin- 1 x+cos-1 x=TC , forall~e [- 1, 1] 
2 

ii. :tan-• x+cot- 1 x= 7r , forallxe R 
. 2 

iii. sec-1 x+cosec-•x ~ TC forall xe (- oo, -1] u[l , oo) 
2 

i. Let sin-1 x = 6 

where Be [- 1rl'2; ro'2] 

1C 1r 
=> - - s -6~-

2 2 

7r 
=> 0 ~--65.1C 

2 

1C 
l .- 8 E fO, 1C] 

Now, sin- 1 x = 8 

·=> x=sin 8 

~ X= cos(~ -8) 

' 

for x> 0] 
for x < 0 

(i) 
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- 1 1t (J 
~ cos x=< --

2 
[ ·: x E [-1, 1] and (n/2-6) e(O, n]] 

- - 1 7r 
~ (J+ COS X=-

2 

From Eqs. (i) and (ii), we get sin-1 x + cos-1 x = 7r/2. Similarly, we get the other results. 

Ex•unplt• 4.13 I r sin - J x = 1t 15, for some x e (- l, 1 ), ttien find the value of cos-1 x. 
Sol. 

I I 1C I 1! . - 1· 1t 1t 3n sin- x +cos- x = - ~ cos- x = --sm x =---=-
2 2 2 5 10 

Example 4.1 ~ I fsin (sin -I ~ +cos -I x) = 1 , ~hen find the value of..-, 

Sol. 

sin (sin -I ~ + cos - I x) = 1 = I 

. - 1 1 . -1 1C => sm -+cos x = -
5 2 

. -1 1 1r -1 sm --=--cos x 
5 2 

. - 1 1 . - 1 
Sin - = Stn X 

5 
] 

::) x= - . 
5 

Ex:1111 plr 4.1 :' Solve sin-• x ~ cos- • x. 

Sol. 

Examplr4.16. Find the range of f(x) = sin-1 x + .tan-1 x + cos-1 x. 

Sol. 
Clearly, the domain of the function is [- I, I]. 

A I so, tan - I x E [ - : , :] for x E [- I , i J. 

Now, sin-1 x+cos-1 x= !: forxe [- I, J]: 
2 

Thus,[(x) = tan- 1 x + n , wherex E [- 1, 1]. 
2 

. [ 1t tr. 1t 1t] . [1! 31!] Hence therange1s --+- -+- = - - . 
' 4 2' 4 2 4' 4 

(ii) 
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Find.theminimum value of(sec- 1 xi+ (cosec- • x)2• 

Sol. 
Let I = (sec-1 x)2 + (cosec- 1 xi 

• > 

= (se9- 1 x + cosec- 1 xi - 2 sec-1 x cosec- 1 x 

TC
2 

2 -1 ( 1C -1 1 = 4" - ·sec x '2 - sec x) 

n2 ( - 2 
= 4 + 2 sec-1 x) - nsec-1 x 

= : + z[(sec-1 x)'- 2 = se~-1 x+(: )']- ": 
( 

rc)2 rc2 n2 
= 2 sec-1 x - 4 + S =>I~ g 

Sol. 

S I . ·-1 14 . -1 2.J15 1r 
ovesm -

1
.+sm -

1
- = - . 

lx xI 2 
E\ample 4.18 

. - 1 14 . -J 2.Jl5 rc sm -+sm --=-
lxl _ lxl 2 

. -1 14 rc . .:.1 z.J15 _1 2Fs . _1 1_(2.JlSJ
2 

· · sm - = - - sm --= cos -- = sm 
I X I -2 I X I I X I I X I 

2J1S . r.;-; 
For 0::; j;f ::; 1 or lxl ~ 2-v15 , we have 

( 14 ]
2 

=1-(2-J15)
2 

=> JxJ = 16 => x =±16 whichsatisf)'Jxi~2Jl5. 
lxl lx! 

E~amplc 4.19. If a= sin-1 (cos(sin-1 x)) and /3= cos-• (sin (cos-1 x)), then find tan a · tan p: 
Sol. 

. a+ /3 = n/2 ~ tan a = cot {3 => tan a ·tan {3= l 

E\<Uil pk· 4.20 Find the value of sin - l x +sin -1 ..!. + cos- 1 x + cos- 1 ..!.. 
X X 

Sol. 

. - 1 . - 1 1 - 1 - l 1 ' . 1 [ . 1 1) sm x + sm - + cos x +cos - IS defined only when x, - E - , 
X . X X 

w~ich is possible only when x = ± l 
. -] . . -l 1 -1 -1 1 

for which sm x + sm - + cos x + cos - = n 
X X 
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I-ll'" ~11'td'\Pit41;~!,C'' ••••o~~~~t-:'t.•*jl' •"~. ~lu'! 'I!Z'ZrJ ,,..~~~f.~!~-· ~"'i fl.'~"f• ~~·•'-I 

~g;~~~.~~~(~~~~<:~!!~~~.~~!!.~~4!,~.~.~~:: 
~ 

1. If s in- 1 x + sin- 1 y = Zn, then find the value of cos-1 x + cos- 1 y. 
3 

2. Solve coC1 X+ tan- 1 3 = n . 
2 

3. Solve sec- 1x > cosec-1x. 
4. Solve tan- 1x > cot- 1x. 

5. Solve 2 cos- 1 x + sin-1 x = lln. 
6 

" 2 

6. ·solve (tan-1 xi + (coC1 xi = Sn ·. 
8 

Property 6 
i. Forx >O, 

· -I - 1 . r:--:;'} 2 - 1 X - 1 ~ -1 ( 1 J - I ( 1) sm x= cos vi-x~ =tan = cot =sec =cosec -
~1-x2 x ~l-xz x 

Refer the following diagram for the proof. 

ii. For x > 0, 

J1-x2 

Fig. 4.18 

X 

cos-1 
x = sin -• J1-x2 = tan-'(~) = cot-• ( h J = sec_, : = cosec-tb} 

Refer the following diagram for the proof. 

6 

X 

Fig. 4.19 



4.18 Trigonometry 

iii. For x > 0, 

tan-•x = sin-•( p J = cos-•( Q J = ~~-·(~) 

1 r:--:z - l (~] = s~- vJ+x· =cosec x 

Refer the following diagram for the proof. 

1 

Fig. 4.20 

X 

Example 4.2 I Find tan-'~ x , in termsofsin- 1wherexe (O,a). 
al -x2 

Sol. 

tan-1 x _1 ( a sin 9) · 
--;==== =tan 
~02 _ x2 a cos 8 

= tan-1 (tan 8) = 6 = sin-1 (:) 

' Exampll' 4.22 
. _1 (.Jt+x2 -1] 1 1 . 

Prove that tan . = -tan- x . 
X 2 . 

Sol. 

-t(Jt + x
2

- JJ ~~ [JJ + tan
2 

8 -1] tan ;;;; tan 
x tan 8 

= tan _ 1 [sec 8- I] 
tan8 

= tan -1 [I-. cos 6] 
sin8 

[ 

2sin2 
9 l tan-• · 2 

= 8 9 
. 2sin - cos-

2 . 2 

= tan tan - =- =- tan x . -a ( 8) 9 I . -• 
2' 2 2 

[putting x.= a sin 8] 

[putting x = tan 6] 



Sol. 

Simplify sin coC1 tan c.os-1 
X. 

Let COS-I X= () 

~ x = cos 8 

I 
~ sec8= -

X . 

~ tan 9= Jsec2 
(}- 1 = - -1 = -~1 - x2 'H0 I x2 lxl 

Now, sin coC1 tan 6= sin coC1 
(
1 
~I J1- x

2 J. 
Again, putting x = sin 8, we get 

lnv.erse Trigonometric Functions 4.19 

sin. coC1 
( -

1-Jt - x2 J =sin cot·-1 (~l ~ sin2 8 J =sin coC1 lcot ~ = sin 8= x 
I X I I Stn ·() I 
Prove that cosec (tan-• (cos (coC1 (sec(sin-1 tt))))) = . .J3 -a2 , wh~rc a E 10, 11. Example 4.24 

Sol. 
Here X= cosec(tan-1 (cos (coC1 (sec (sin-1 a))))) 

=cosec( mn-'[cos{coc'(b J)JJ 

= cose{an-'( b~"2 JJ 
= ~3-a2 

Example 4.25 lfx <0, then prove that cos-•x = 1r- sin-• ~1- x 2
• 

Sol. 
Let x = cos () ~ cos 8 = x 
Since X< 0, ee [m'2, n] 

Now, sin-1.JJ-x2 = sin-1 .J1-cos2 9 

== sin-1 (~in8) *" (} 

= sin-1 (sin(tr - 8)) = 1r- 8 

~ cos~ 1x= Tr-sin- 1.JI-x2 

Example 4.26 { fl+X} - 1 Pro,·cthat cos-1 -y2- 2
- . ;;;; cos

2 
x, -1 <x<t. 

Sol. 
Let X = cos e, where OE [0, n] 

-J{f¥+x} -1{~· +cosO} ~cos -- =COS 
. 2 2 

(i) 

(': 9 e [.-n /2, n /2]) 



4.20 Trigonometry 

=COS- I 

=Cos-'( cos~) 
() 

2 

=---
2 

Example 4.27 
. { . } . X . 1 X 

Prove that tan-1· = -sin-1- ,-a<x <a. 
a + ~az .- xz 2 a 

Sol. 
L~tx= a sine, since-a <x <a 

=> - <> < a sin 0 < a => -I < sin. ti < I => 0 E (- ~ • ~) 

=tan -I{ asin8 } 
a+ ~a2 - sin2 e 

=tan -1 { sine } . 
1 +cos e 

l2sin 
8 

cos()) 
=tan- ! 2 2 

e 
2cos2

-2 . 

= tan -1 {tan ~} . 
() 

2 

1 . -1 X 
= - sm -

2 ·a 
, 

Exm~1plr 4.28 
. -~ {~l + x +.JI=--;} rc sin-

1
x Provethat sm = -+ , O<x< I. 

. . 2 4 2 

Sol. 

Let x = sin 0. Since 0 <x < I ::0 0 <sin 0< l => OE ( 0, ~) 



. -I{ F + Fx} . -1 {~1 + cos 9 + J• -cos e}. 
=:) sm 2 = sm . . 2 

R+R 

n 9 
=-+-

4 2 

• - 1 
7r sm x =-+---
4 2 

2 

Example 4:29 · Prove that cos-1 2 = 2 tan-1 xn, 0 < x < oo. ( 
]-x2n) 
I +X n 

Sol. 
Since 0 <x< oo; 0 <x" < oo 

Let x" = tan (}~ 6E (0, m2) 

cos-'(:::::) -cost=:::: :) 
= cos-• (cos 2(]) 
=28 
= 2 tan-1X' 

Inverse Trigonometric Functions 4.21 

Concept Applica·tion Exercise 4.4 

( ~l+a
2x2 -IJ I. Evaluate tan-• . ax , wherex,.O. 

2 E · - 1 .r; c. · f -I . xpress sm ,---:-- as a .unction o tan . 
vx+a 

3 lf 0 h h - I -1 ~ . x < , t en prove t at cos x = n + tan . 
. X 

. ( -1 l) . 4. If tan( cos-• x) = sm cot 2 , then find the value of .X. 



4.22 Trigonometry 

. _1(x+~1-x2 J . 1 1 5. Evaluate sm ..fi , where - .Ji < x < .J2 . 

Property 7 

_, ( x+ y) 'f 1 'f 1 tan -- , 1 xy < 1. xy < 
1- xy .' 

i. tan-1 x + tan-1 y = 7r + tan - I [ x + Y ) , 
1- .xy 

if x > 0, y > 0 and xy > I 

-1t + tan - t [ x + y J, 
. 1-xy. 

if x < 0, y < 0 and xy > I 

-i[x-yJ tan --, 
. l +xy' 

if xy > - 1 

ii. tan-
1

x -tan-
1 y = ;r+tan- 1(x-y ). ·it x >O, y<Oand xy<-1 

. 1+xy 

Proof: 

-1t +tan -I'[ x- y), if x < 0, _y > 0 and xy < -1 
l+xy 

i. Lettan- 1 x=A andtan-1 y=.B, where A, Be (-lr/2, 7d2). 

N (.A B) tanA+tanB x+y ow tan + = =--
' 1- tan A tan B 1-xy 

=> tan -J [ x + .Y ) = tan~ 1tan(A + B) 
1- xy _ 

= tan- 1tan·(:x, where a e (- 1t'J' 1r) 
y 

l 1t ........ , .......................... ,_, __ 2, 
i 
i 
! 

.............................. -....... 1 ...... 
• 
I 
i 
i 

x'-t<----11--- --,t<-:=--.--+-----,t-...,... x 
- 1t i 

! 
! 
i 

' ! 1t 
' --... -... , ....... -........... .............. 2. 

! I 

~~ i 1t . 

2! i 
! i ................... · ..................... ! ...... .. 

y' 

Graph of y = tan- 1(tan x) 

Fig. 4.21 



Casc.l 

Case II 

From the graph, 

ta~-J (
1
x_+ y) = tan-1 (tan a)= a, . 

- {a+n. 

xy · a-n, 

-n <a< (- n/2) 

( -rr /2) ~ a 5: (rr /2) 

(tr/2) <a< n: 

Inverse Trigonometric Functions 4.23 

tan-1 x+tan-1 y+n, -n< tan-1 x+tan-1 y< f:-n/2) 

= tan-1 x+tan-1 y, f:-n/2)5:tan-1 x+tan-1 y~(n/2) 

tan-~ x + tan- 1 y -n, (Tr /2) < tan-1 x + tan- 1 y < 1r 

- n < tan -I x + tan -t y < ( -n /2) 

Also, tan- 1 x< (-tr/2)-tan-1 y 

~ tan-1 x< -{(n/2)-tan-1(-y)) 

~ x<O,y<O 

~ x < - tan(- 1/y) 

(1t/2)<tan-1 x+Lan-1 y<rr ~ x,y>O 

Also, tan- 1 x>(n/2)-tan-1 y ·:) tan- 1 x>tan-1 (lly) 

~ x<(lly) · ~ l:V> l 

~ x>(lly) 

Case Ill 

(-TC/2)~ tan- 1 x+tan-1 x5:(Trl2) ~ xy<l 

This property can be proved by replacing y by-y. 

Example 4.30 Find the value of tan-1 .!_+tan -l !.. 
2 3 

Sol. 

1 J I 
Here -x-=-<1 ~ 

' 2 3 6 
-1:1 -11 -1( (l/2)+(1/3) ) -1 1C 

tan - + tan - = tan = tan I = -
2 3 1- (l/2)x(l/3) 4 

. . 

Exam pic 4.3 I .If two angles of a triangle are tan- 1(2) and tan-1(3), then find the third angle. 

Soi. 
Given two angles are tan-1 (2) and tan- 1 (3). Now (2) (3) > l 

~ tan-1(2) and tan- 1(3) = n + tan-1 ( 
2 + 3 

) = 1l' + tan- 1 (-l) = 1C~ 1C = 
3
n . Hence the third 

1-2 X 3 4 4 ' 

I 
. 3n n 

ang e IS n--=- . 
4 4 

Example 4.32 
_1 x-1 _1 x +1 n 

Solve tan -- + tan --= -
x+2 x+2 4· · 

Sol. 
_1 x-1 _1 x+I 1C 

tan -+tan --:;;;-
x+2 x+2 4 



4.24 Trigonometry 

x -:-1 x+l - -+--
tan- 1 x+2 x+2 77: 

~ = 
!-(~)(~) 4 

_ x + 2 x+2 

~ [ 2x ( x + · 2) ] = tan TC 

x2 + 4+ 4x ...:x2 + 1 4 

2x (x + 2) 1r 
=> =tan- = 1 => 2x2 +4x=4x+5 

4x +5 4 

='> x ~ ± # 
But for x ~ -# , L.H,s. is negative. Hence x = ~ . 

Example 4.33 Find the value oftan._1 (!tan 2A) + tan- 1 (cotA)+ tan- 1 (cot3 A), for 0 <A<~. · 
2 . . 4 

Sol. 
ForO <A < (m'4), cotA > I ~· (cotA)(cot3 A) > 1 

Then · tan- ' G tan 2A) + tan-1 (cot A)+ tan-1 (cot3 A) 

... 1 ( . tan A J _1(cotA+cot
3 

A) . =tan + TC + tan 
1 - tan 2 A 1 - cot 4 A 

_1 ( tan A J _1 l1 

cot A J = tan + n+ tan 
1- tan 2 A 1- cot2 A 

= tan- + TC + tan = n 1 ( tan A ) _1 ( tan A J 
. 1- tan 2 A · tan 2 A -1 

Sol. 

• •• . _ 1 [ 3 sin 2a ] _1 [ tan a] 1C 1C S1mphfy tan · +tan -- , where - -< o. < -. 
5 + 3 cos 2a 4 2 2 

Example 4.34 

. 3tana tana ----+--
4 +tan2 a 4 

= tan-1 

16 +4 tan2 a 

= tan · ... 1 ( 12 tan a + 4 tan a +tan 
3 a) 

16 + tan2 a 

=tan'""1 (tan a)= a 
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Example 4.35 

Sol. 
We have 

. 
Example 4.3(> 

Sol. tan- 1 2x + tan- 1 3x = 1C 
4 

tan = --·e-' + 3x) " J - 6x2 4 
5x 

=> 
1- 6x2 = 1 

==> 6x2 + 5x-l ""0 (i) 
~ (6x - l)(x+ 1)=0 => x =.l/6 or- 1, butx = - 1 does not satisfy Eq. (i). Hence, x = 1/6. 

.----------t Concept Application Exercise 4.5 ~-----------'----. 

. -1(3) -1(1) 1 . . Find the value of sm 5 + tan 
7 

. 

2. Find the value of tan [ cos-• (:) + tan -• ( ~) J 
I X 1 [X+ "] 3. lfx > y> 0, then find the value oftan- - -¥ tan- ~ . 

. V X-\' .. ~ . 

4 .. d h -1 clx - Y -1 C2 - c1 - 1 c3 -c2 - 1 1 .Fm t esum: tan +tan +tan +··+tan -. 
0 c1y+x l+c2cl l+c3c2 en 

5. If x + y + z = xyz~ ~nd x, y, z > 0, then·find the value oftan-1 x + tan-1 y + tan-1 z. 

6. Find the value oftan-1 (~)+tan -• ( Jg) +tan - I ( J?i} where a, b, c E·. R+ and A= a+ b + c. 



4.26 Trigonometry 

.Property 8 

'· sin-t x+sin-' Y ;::\sin-• (x~l-l +y)l-x2 ). 

. 1t'-sin-1(xJt-i+yJJ - x2
). x ~ 0, )' ~ 0 and x2 + i > 1 

Proof: 

Let sin-•x :::: A and sin-1y = 8, where x~ 0 andy~ 0 

==> A, 8 E (0, n12] ==> A+ 8 E (0, tr) 

Now, sin(A +B)= sin A cos 8 ~ sin 8 cos A= xR + yJI-x2 

• _1 ( r:--2 ~)={A +B. 0 ~ A+H S (1t/2) 
sm X\jl- y- + yvl- x- 1t _(A+ H), (tr 12) < A + 8 s 7r 

Now, A+ B ~ (7rl2) ~AS (1t'l2) - B 

~ sin A Scos 8 

And A + B > 1C ~ x2 + i > I 
2 

Hence from Eq. (i), we get 

. _ 1 ( r.--2 r:--;) _ {sin-
1 
x+sin-

1 
y, x

2 
+ y

2 
Sl 

sm xvl -y- + yvl-x- -
tr - (sin-1 x+sin-1 y). x2 ~ l > 1 

·• _ · . _
1 

lsin-'(xJI-y2 +yJJ-~2 ) , 
sm 1 x +sm y = 

1l'-sin- • (xJl- i + y.Jl-x2 
) . 

x ~ 0. y ~ 0 and x2 + l ~ J 

x ~ 0, y ~ 0 and x2 + i > 1 

Note: 

(i) 

For x < 0 andy< 0, these identities can be usedwith ·the hr!lp ofproperty 3, i.e .. change x andy to 
- x and -y which are positive. 

Proof: 

Let cos-'x :::: A and cos-1y = B, where x ~ 0 andy ~ 0 
~ A,Be (O, .rr/2] ~ A+Be [O, tz:) 

Now, cos(A +B)= cos A cos B _:_ s in 8 sin A=- xy -J1- / .Jt - x2 
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~ cos- 1 (cos( A + B)) =cos- 1 (.\)'-~I -x2 ~1-l ) 

~ A+ 8 =COS-IX ~ COS-
1y= COS-t(..\)' - .J1 -x2 J1- i ) 

_ _ lcos-1 (xy+~l-x2 )1-y2 ) . x~O.y~Oandx~y 
iii. COS 

1x - COS 
1y = 

-cos -I (xy + J1 - x2 )1- y2 }, x ~ 0, y ~ 0 and x > y 

Proof: 

Let cos-1x =A and cos-1y = B, where x ~ 0 andy;;:: 0 
~ A, BE [0, m'2] 
I (t S y, then COS-I X ;;:: COS-I )' ( ·: cos- 1 is a decreasing function) 
~ A ~B ~ A-BE [0, n12] 

Now, cos( A - 11) =cos A cos B +sin B sin A= .\)' - )1- y2 J1- .x2 

=> cos- 1(cos(A- B))= cos- 1 
( J..JJ- y2 + y··h-x2 ) . 

=> A- 8 = cos-'x- cos-1y =co~-I (xJI - y 2 + y.JJ - x 2 ) 

lfx > y, then COS-I X< COS-I y 
~ A < B ~ A-BE [-7r/2,0) 

~ COS-IX- COS-I)'=- COS-I (x.P + ,vJJ-x2 ) 

Note: 

For x < 0 andy < 0: these identilies can he used with the help of properly 3. i.e .. change x andy to 
-x and-y ll;hich are positive. · 

Exam pi~ 4.37 · F. d h I f t-1 3 ' -I S m t eva uco co -+sm -. 
4 '13 

Sol. 
-J 3 . -1 5 . -1 4 . - 1 5 cot -+sm - =sm - +sm -

4 13 5 13 

= sin-1(
4 [(SY( 5 

)
2 

+ j_ Cf4Y(4
)
2

) = sin-1(
4 ~ + ~~) = sin-1 63 

s v l -l 13 J 13 v J -ls) s 13 13 s 6s 

. . . 
Example 4.38 

Sol. sin-1 x + sin-1 2x = !!.. 
3 

. - 1 2 . - I J3 . - 1 . - I [.J3 r:-2, 2 n. 3] sm r = sm 2' - sm x = sm 2 'I/ 1 - x- - x ·'f -4 

(i) 
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., 
~ 28x-=3 

. (-. · x =-~ /% makes LH.S. oi Eq. (i) negative) 

Property 9 

sin-1 (2x.J1 -x2 
) , 

I 1 
--<xs-

..fi- ../2 

i. 2sin-1 x = 1r -sin- 1 
( 2x.J1- x2

) . 
I 

x>..fi . 

- rr - sin -I (2~)1 - x2
). 

1 
X<- ..fi 

sin - I (3x -4x3 ). 
1 J 

--~x~-
2 2 

i i. 3 . - 1 1C -sin-1 (3x-4x3
) , 

I 
Stn X= x>-

2 

- n -sin -l (3x- 4x3). · 
. J 

x.<--
2 

Proof: 

Letx.=sin 6 , 6e [.:_.rr/2, 1rl2] ~ 6=sin- 1x 

. Now, sin- 1 ( 2x.J1 -x2 ) = sin- 1.(2sin6cos6) 

·= sin- 1 (sin26). 

= sin- 1 (sin a) , where ae [-tr, tr] 

Now, consider the graph ofy = sin - 1(sin a) , where ae [- ft, n] 

I y 

__ .1 ___ , l ___ .!!_:...t----
1 l 2. 

.!!.._j" 2 -

I· ,-

Fig. 4.22 
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From the graph, 

sin-• ( 2x J1- x2 ) = sin-1 (sin a) 

Property 10 

•· 2tan-1 x= 

{

-a-n. -n <-a< (-n /2) 

= a, ( - 1f /2) sa s, (n /2) 

- a+n, - (n/2) <a< n 

-2sin -J (x -n), -1! s; 2sin -I x < (-1C /2) 

= 2sin-1 x, -(tc/2)s;2sin-1 x s;(1r/2) 

-2sin-1(x+n). (1C /2)<2sin- 1 x<1C · 

-2sin - I (x -1!), ( -tc /2) 5, sin -I x < ( -rr. /4) 

= 2sin-•x, (-tc/4)5,sin-1x$(tr/4) 

-2 sin -t (; + n:), (1! /4) <sin - I x < (n /2) 

2 . -1 ) 
- Stn X-1C, X<--

.J2 
= 2sin-• .X, I I 

--5,x<-
~ -~ 

1 
x> .J2 

sin-1 {2x~J-x2 ) . - ~ 5,x5, ~ 

~ 2sin- 1 x= 1C -sin- 1 {2x~I-x2 ). 
l 

x>-
:J2 

- n -sin-' (2xJ1 - x2 
) , x < _ __!_ 

.J2 

- • ( 2x ) tan --2 , 
1- :t 

7r+tan-1 --· • ( 
2x ) 

l-x2 

-TC + tan-J (-~:X_· -_x2_3 J. 
l-3x 

if -l <X< l 

if X> I 

if X< -1 

.f I I 
1 - -<x<-

. ./3 J3 

"f I 
1 x> J3 

·r 1 1 x<--
JJ 



4.30 Trigonometry 

Fig. 4.23 

Example 4.39 Find the value ~f 4 tan -1 .!:. - tan - t _.!:._+tan -1 _!_ . 
s 70 99 

Sol. 

4 -1 1 - 1 1 - 1 1 2 - 1 [ 

2

5 l 0 

- 1 1 -1 1 tan · - -tan - + tan - = tan -tan - + tan -
5 70 99 . J - _1 70 99 ° 

25 0 

Property 11 

• _ 1 ( 2x ) 0 

sm --
2 

, 
0 l +x 

i. 2tan- 1 x= . ·-J ( 2x ) rc -sm 0

-- , 

l+x2 

. - 1 ( 2x ) - rc- sm -- , 
1 +x2 

= 2 tan-• (/
2

) + tan-• [ ~~- :Jol ] 
1+-X -

99 70 

= tan - I [ i ] + tan - I ( -
2

9 ) 
1 - 25 6931' 

144 

- 1 (120) -1 ( 1 ) . =tan - - tan-
119 239 

[ 

120 1 l . 
= tan- 1 119 239 = tan- 1 (1) = 1C 

0 

1 120 1 4 +-X -
119 239 

if -1 ~X~ ~ 

if X> 1 

if X< -1 
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ii. 2tan-1x= 

-1 (1- .:l-
2

) cos --2 , 
l+x 

· - 1(1-x2
) -cos --

2 
, 

]+x 

if O~x<oo 

if-oo<x~O 

Proof: 

i. Letx=tan8, 8e(-7r/2,1rl2) . => O=tan- 1x 

Now, sin - I ( 
2

x 
2

) = sin - J ( · 
2

tan ~ ) = sin-1 (sin 28) = sin -J (sin a), where a~ (-1r, n). 
1 + x I+ tan f) 

Now, consider the graph of y = sin -I (sin a). where a e (- n, ir). 
y 

I I 
_j __ --+·----~Tr "-"----..k---J_. 

2 

Fig. 4.24 

From the graph, 

. - 1 ( 2x ) . - 1 ( . ) sm --
2 

= sm sm a 
l+x 

{

-a-n. 
= a, 

- a+n. 

- 1r <a< ( -n /2) 

( - 1r /2) sa~ (tr /2) 

(n /2) <a< 1r 

-2 tan - I (x-tr) -Tr < 2 tan - I x <-(1C /2) 

= 2tan-1 x, (-7r/2):S2tan-1 x<5.(n/2) 

-2 tan-1 (x+ 1C), · (Tr /2) < 2tan-• x<n 

-2tan- 1(x-rr). (-rr/2)<tan- 1 x<(-n/4) 

- 2 tan -t x, (-1r /4)::; ian -l x::; (rr /4) 

-2tan-1(x+rr), (7r/4) < tan-1 x< (Tr/2) 

-2 tan- 1 (x-tr), x <-I 

= 2 t -I . ] < . < 1 ~n "'· - _x_ . 

-2tan- 1(x+7r'), x >l 
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Frorn this infonnation, we can also draw the graph of y = sin -I ( ·zx 
2

) as'follows (Fig: 4 .25). 
l+x 

y 

1t =l-2 v ~ 1"--- -
_-4 . -3 

~l{ 
0 1 2 3 4 --

I . I 

}( 

y' 

Fig. 4.25 

ii. Letx=tan 8, Be (-rd2, 7r/2) 

Now, cos-' ( l -<) = c~s- • ( J -tan:e)- cos-!(cos28) = cos-'(cosa),~hereae (-1f,TC). 
l +x l+tan 8 · . 

Now, consider the graph of y = cos_, (cos a), where a e (- n, n). 

y 

-1t 1t n n 

2 y' 2 

Fig. 4.26 

From the graph, · 

. -I ( 1-x
2

) - 1 ( ) cos --
2 

= cos cos a 
l+x 

={-a, 
a. 

= {-2ta~-~ x, -n<2tan-~ x<O 

2tan - I x , 0::; 2 tan_, x < 1r 

. .. 
=· {-2tan- 1 

x, (- TC /2) < tan-
1 
x < 0 

2 tan-1 x, OS tan-• x<(Tr / 2) 
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= {- 2 tan -I x, x < 0 

2tan-1 x, x ~ 0 

From this information, we can also draw the graph ofy -= cos -I('-X: J as follows (Fig. 4.27). 
l+x 

y 

1t 

0 .!:. ! 
y' 2 

X 
1t l!!.j 

2 

Fig. 4.27 

E~n m pic 4.40 
2x ·2x · 

lfsin- 1 
2 

=t.an-1 --
2 
,thenfindthevaluesof.~. 

,J + x 1 -x . 
Sol. 

r . _1 2x . _1 2x 
Byre1erring tothegraphsofy = s1n 2 andy= sm 2 , weget-'l<x< I. 

I +x · I +x 

E.xlliU!llC 4.41 irs in-• ( 4x J + 2 tan- 1 (- x J is independent of .x, find the \'a lues ofx. 
x2 + 4 2 

Sol. 
. 

sin- J ( 4x J +2 tan-t (-~J = sin-1 
x2 + 4 2 

X 
2x-

2 2 -1 X 
- tan -

2 

=> 
X 
- :5 1 => lxl :5 2 2 

2 - 1 X .2 -1 X 0 
= tan - - tan - = 

2 2 

=> -2 ~x~2 

6x 1t 
Exam pic 4.42 If cos-1 = -- + 2 tan-• 3.x, then find the values ofx. 

1 + 9x2 2 
Sol. 

I 6x 7r 2 - 1 3 cos- =-- + tan x 
1 +9x2 2 

tr . -1 6x 1C I 
- - sm ---=- - +2tan- 3x 
2 .I +9x2 2 
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6x 
sin-1 = 7r -2 tan- 1 3x 

1 +9x2 

2 x3x 
sin-1 ------:- = TC- 2 tan-1 3x 

1 + (3x)2 

It is true when 3x> I 

i.e., xe G· M J 

1 
=> x>-

3 

Exa.rnplc 4.43 lf(x-l)(x2 +J)>O,thenfindthcv~lueofsin(-21 tan-1 lx -ta·n-•xJ . 
l -x2 

Sol. 

Sol. 

~ x> 1 

· sin [ ~ tan-• L ~::2 ) - tall_, x] ~sin[~ (->< + 2tan-• x)- tan-• x] =sin(- ~J =- I 

Solve cos-' (~x' +)I-: x' ~1- x4') = cos-1 ~-cos-' x. 

L.H. S. > 0, hence R.H .S. > 0 co~-l _:: -cos- 1 x > 0 
2 

Si~ce cos- 1x is a decreasing function, we get 

~ X E (0, 1) 

ExampJc·4.45. If x E ( 0, ; J. then show that 

. , cos-• G (l+ cos2x) + )<sin2 x -48cos2 x )sin x) = x- cos_, (7 ~os x) . 



Sol. 

= cos- 1 (cosx)-cos- 1 (7cosx) 

= x- cos-' (7 cos x) 
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( . : COS X < 7 COS X) 

if -1 ~X< 0 
Ex<implc 4.46 

{

2tr-cos-·1 (2x2 -t), 
Prove that 2 cos- 1 x = 

cos-1 (2x2 -l), 
Sol. 

ifO ~X~ I 

Let cos- 'x= 8, where 8e [0, 1t] => cos ()=x 

Now, cos-1(2x2'- 1) = cos-1(2cos28- 1) = cos-1(cos 29) = cos- 1(cos a), where ae [0, 2n] 

Refer the graph ofy = cos-1(cos a), a E [0, 2n]: 

From the graph, 

cos-1(2x2 - J) = { a, 
2rr-a, 

y 

y' 

if 0 5; a< n 
iLrr :5 a .5; 2Tr 

Fig. 4.28 

{ 

2cos-1 x, if 0:5 2cos- 1 x :5 1r 

= 2n-cos-1 x, if Jt < 2cos-1 x :5 21t 

={ 2cos-1 x, ifO~cos-1 ~·:5(Tr/2) 
2n - cos-1 x, if (n/2)<cos-1 xsrr 

{ 

2cos-1 x, if 0:5 x ~1 

= 2n-cos- 1x, if-J:5x<0 

if-}:::; X< 0 

if 0 :::; X S } 
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EXERCISES 
Subjective Type ~-· Solutions on page 4.54 . ·. . 

1. Solve 2 cos-1 x = sin-• ( 2x J1 - x2
). 

2. Find the d~main forf(x) ;; sin-1 (l +x
2

). 
2x 

3. Find the range ofj(x) = coc1 (2x -x2
). 

4. Find the sum coC1 2 + coC1 8 + coC1 18 + ... oo. 

5. Find the sum cosec-1 .JJO + cosec-1 .J50 +cosec -I .Jl70 + ... + cosec-1 {n2 + 1) {n2 + 2n + 2) . 

6. Find the number of positive integral solutions 9f the equation 

tan-1 x+cos-1 Y -sin-1 -
3-. 

~t-l JlO 

7. If (an_, y = 4 tan_, x (1 x I <tan ; ), find y as an algebraic function of x, and hence, prove thattan rr/8 

is a root of the equation x4
- 6xl + I = 0. 

8. lfx1, x2, x3 and x4 are the roots of the equation x4 -x3 sin 2/3 + x'- cos 2/3-x cos /3 - sin /3= 0, 

prove that tan-1 x1 + tan-1 x2 + tan-1 x3 + ~an- 1 x4 = nn+ (7r/2)- {J, where n is an integer. 

. (sin - 1 x)3 + (cos- • x)3 

9. Solve for real values ofx: _
1 

_
1 3 

= 7. 
(tan x +cot x) 

10. Find the set of values of parameter a so that the equation (sin-1 x)3 + (cos-1 xi= arf has a solution. 

. p-q - lq-r -lr-p 
11. J f p > q > 0 and pr < - I< qr,.then find the value of tan-1 +tan -.-- +tan -- . 

. .1 + pq I + qr l + rp 

12. Solve the equation J1 sin -I I cos iII+ I cos-1 I sin x II =sin -I I cosx 1- cos-1 I sin x 1. 

- 1 x+] - 1 x-1 I 
13. Solve the equation tan --+tan -- =tan~ (-7). 

X -· X 

14. Solve the equation sin-1 6x + sin-1 6../3 x =·-1r12. 

15. IfO < a 1 < a2 < ··· < an• then prove that 
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Objective· Type 

Each question has four choices a, b, c and d, out of which Oll~l' om! is correct. 
1. The principal value of sin-1(sin 1 0) is 

a. 10 h 10-3Jr c. 3Jr-10 

2. cos-' (cos( 5:)) is given by 

a 5Jr · h 3tr 

4 4 
-Jr 

c.-
4 

3. The value of sin-1 (sin 12) + cos-1 (cos 1 2) is equal to 
a. zero h 24-27r c. 4n-24 

-~ 

Solutions on page 4.59 

d none of these 

d none of these. 

d none of these 

4 . . The value of the expression sin -I (sin 
2~") +cos_, (cos 

5
;) + tan -• (tan 

5
;) + sin_, (cos 2) is 

a. l77r -2 
42 

h - 2 
-1{ 

c. --2 
21 

d none of these 

5. The value of sin-' (cos ( cos-1 (cos x) + sin_, (sin x ))), where x e ( ~ . 7r). is equal to 

7r 
h-Jr a 

2 

6. cos-1 (cos (2 coc1 
( ../2 - I))) is equal to 

a. .fi - I b 1C . 

4 

a. 0 

-t ~ -t .J6 +I 8. The value of cos - -cos .J3 is equal to 
3 2 3 

a. 
1C 

3 

·g 
b.-

4 

9. The value of cos G cos-1 i) is 

a. 
3 

4 

3 
b. --

4 
10. If tan (x + y) = 33 and x == tan-1 3, theny will be 

a. 0.3 

C.tr 

37r 
c.-

4 

1C 
c. -

3 

71: 
c.-

2 

1 
c.-

16 

1C 
d --

2 

d none of these 

d none of these 

d.!. 
4 

d tan-' (/
8

) 
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1. (1 -·(JS·)J . 11. The va uc of tan 
2 

cos 3 IS 

a. 
3+.J5 

2 
b.3 +J5 

2 - I [ cos X ] . I 1 . tan . . ts equa to 
l +smx 

c. !(3-.[5) 
2 

d none of the.se 

13. lf f(x) = x 11 + x() - x1 .+ x3 + 1 and [(sin- ' (sin 8)) =a, a is a constant, thcnf(tan- 1 (tan 8)) is equal to 

a. a. b. a - 2 c. a+2 

14. Themaximumvalueofj{x)= tan- 1(<f2-;)x
2

) is 
x + 2x +3 

a. 18° b 36° . c. 22.5° 

15. The value of sin-• [ x~ -.J;~J -x2 J is equal to 

d2-a 

a. s in-• x + sin- 1 J; b sin- 1 x - sin- 1 .J; c. s in-1 ~ - sin- 1 x d none of these 

(x) (x-y) 16. tan- 1 -... - tan- 1 - - is 
. y x+y 

. 1C 1C a.- h -
3 

C.· -
2 

f 
_1 a+ x - t a - x 1r 

1 
2 

17. I tan - - +tan -=-,tlcnx = 
a . . a 6 

a. 2.J3a h .J3a 

18. If coC1 !!_ > 1C , n e N, then·the maximum value of n is 
Jr 6 

4 

1r 3n 
d -or--

. 4 4 

d none of these 

a. 6 b. 7 c. 5 d none of these 
19. sec2(tan- 1 2) + cosec2(cot- 1 3) is equal to 

a. s· b. n c. 15 d 6 

20. If A = tan- • ( x J3 ) and B = tan- 1 
(

2
x JJ K) , then the value of A - 8 is 

2K- x K 3 

a. 0° . b. 45° c. 60° d 30° 

21 . The value of sec [ tan_, 

a2 

b + tl _ , a] . 
--- tan - IS 
b - a b 

h.J2 c. 4 dl 
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· 22. If a sin-1 x- b cos-1 x = c, then a sin-1 x + b cos-1 xis equal to 

rrah +c(b -a) 1r 
a.O b c.-

trab + c(a -b) d __ ___,;~~ 
a +b 2 a +b 

23. The number of solution of the equation cos_·, (J + x
2

) - cos-1 x = ~+ si!l- l xis given by 
2x 2 

a.O hi c.2 d3 

24. Thesum.ofthesolutionsoftheequation2sin-• ~x2 +x+l +cos-1 ~x2 +x = 3
.7t is 
2 

a. 0 h - I c. 1 d 2 

25. The number of solutions of the equation tan-1
( I + x) + tan-1

( I - x) = 1t is 
2 

a.2 b 3 c.l dO 
26. The number of solution of the equation sin-1 x + sin-1 (I -x) = C<?s-

1 x is 
a. 1 h 0 c. 2 d none of these 

If -I J- X I -1 h . 1 27. tan --=-tan x, t en x JS equa to 
.l +x 2 

a. I h .J3 c. ~ d none of these 

28. for the. equation COS-I X+ COS-I 2x + tt= 0, th~ number of rea} Solution is 
a. 1 h 2 c. 0 d 00 

29~ The value of 'a'. for which ax2 + sin-1 (x2 -2x +. 2) + cos-1 
(_;- 2x + 2) = 0 has a real solution is 

.7t .7t 2 . 2 
a - h - - c. - d - -

2 2 1C 1C 

30. ·The number of real solutions of the equation tan-1 ~x2 
- 3x + 2 

a: one h. two c. zero 
+COS- I J4x- x2

- 3 = 1CiS 

. d infinite 

31. lf3 tan-1 
( 

1.[3) -t~n-1 .!.. = tan-1 ! , then x is equal to 
2 + 3 X 3 

a. 1 b.2 c.3 

32. If tan-I X+ 2 coC1 X= 
2
ft , then X is equal tO 
3 

.j3- 1 
a. .J3 + 1 

b3 c.J3 

33. ( 
2x ) _1 ( 1. - x

2 
) • _ 1 ( 2x ) _ rr · 

Jf3 sin- 1 · 2 - 4 cos 2 + 2 tan 2 - - where 1~1 < I then xis equal to l+x · I +x 1 - x 3, "" ' 

1 
a.-

.J3 
1 

b --
..[3 

c. · .J3 

34. Jfsin-1 (~) + sin-1 (g) = 1C , thenx is equal to 
X X 2 

a. 2_ b. 
4 

c. 13 
13 3 

d - .J3 
4 

e. 

d ~ 
7 

. ..[3 
2 
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35. If sin- 1 (x- I) + cos-1 (x- 3) + tan-1 (~) ~ c~s-:- 1. k + 1r, then the value of k is 
2-x- · . 

l I 
a. 1 h- - c. - d none of these 

.J2 .n · 
1C ' 

36. If coC1 x + coC~ y + coC1 _z = '2 , x, y, z > 0 and ~J' < I, then ~+ y + z is also equal to 

I 1 1 
a. - +-+- h xyz c. xy+yz + zx d none .of these 

X Y Z 
37. lfcoS- I X+ COS- I y+ COS- I Z = 1r, then 

a. x2 + l + ~ + xyz = 0 
c. x2 + / +; + ~J'Z = I 

b. x2 + J + z2 + 2xyz = 0 
d. x2 + y + z2 + 2.~vz- I 

38. lftan-1 x + tan-1 J' + tan-1 z = rr then 
2' 

a. x + y + z - xyz = 0 b. x + y + z + xyz = 0 c. ~y + yz + zx + 1 "" 0 

39. If cos- 1 JP +cos-1 h +cos- 1.JI -q = JTC, then the value ofq is 
4 

a I b. ~ c.~ 
J2 ~ 

a. 2abc b abc 
1 

C. -llbC 
2 

d xy + yz + zx - I = 0 

d.!. 
2 

I 
d -abc 

3 
41. If sin-1 X+ sin-1 y + sin-1 z = 1t, then x4 + l + z4 + 4x2/z2 = K (x2 ; + lz2 + z2.\.2), where K is equal to 

a. I h 2 · c. 4 d none of these 

42. If cos- 1 x- cos-1 ~ =.a, then 4x2
- 4xy cos a+ i Is equal to 

a. 4 b. 2 sin2 a. c. - 4 sin2 a. d 4 sin2 a 

I I 4x 
43. The value of x which sa.tisfies equation 2 tan- 2x =sin- 2 is valid in the interval 

1 +4x 

lL [~,-) h ( -.-~] ._[- I, I] 

44. l.fxe [ - I , 0), then cos-1 (2y2 - l )-2 sin- 1 x is equal to 

1C 
a.--

2 

a.[-1 , 1] 

h1C 

b. [--1 1] J2 ' 

3n 
c.-

2 

[ 
' 1 I ] 

c. - J2 ' J2 
. . 

d [ - .!_ • .!.] . 
2 ' 2 

d - 21C 

d none of these 

46. lfx1 = 2 tan-• (
1 + ~J , x2 = sin- • (I - x~) , where x E (0, l), thenx1' + x2 is equal to 
I- .\ l+x 

a.· 0 h 21c c. rr d none of these 
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47. The value ofsi~(2 sin-1 (0.8)) is equal to 
a. sin 1.2° b. sin 1.6° c. 0.48 d 0.96 

48. The value of tan (sin-1 (cos (sin- 1 x)))tan (cos- 1 (sin (cos-1 x))), where x E (0, I), is equal to 
a. 0 b. J c. - I d none of these 

49. lf~in-1 ( 20
2
)+sin-1

( 
2
b 2 );:;::2 tan-1 x, thenxisequalto[a,bE (0,1)] 

· l+a l +b 

a. a-b h _ b_ c. _b_ 
l+ab l+ab l-ab 

50. Ifx takes negative permis~ible value, then sin-1 xis equal to 

d a+b 
l- ab 

a. cos-1 ~1- x2 h -cos-:-1 ~1- x2 c. c.os-1 J x2 -1 d n- cos-1 .J1-x2 

51. If} +V + z2 
= r2

, then tan-• ( ~ )Han-• (~;) +tan-• ( ;; }s equal to. 

a.n b. !:. 
2 

c. 0 

52. lf/(x)=sin-1 (J3x_]_~h-x2 J. _..!. ~x~ l , thenf(x)isequalto 
2 2 2 

. -1 1r 
C. Sill X+ -

6 

53. Jfx E (0, 1 ), then the value of tan - I (l- x
2 

]+cos- 1 (l-X: J is equal to 
2x l+x 

a. 
1'{ . 

2 
h 7..ero 

n 
c.-

2 
54. The trigonometric equation sin-1 x = 2 sin-1 a has a solution for 

a. all real values 
I 

b.lal<-
2 

I 
c. lal ~ .fi 

55. lf2 tan-• x = n:+ tan-• ( 
2
\), then 

l-x 

a. x> I b. x< 1 .c. x> -1 . : -t;; -F,:IJ . 56. . I sm J is equal to 
r=l r(r+ I) 

a. tan- 1 (~)- 7r 
4 

h tan-1 (J,;+i)- n 
4 

c. tan-1 (J;;) 

• ( 2'0
1 

) 57. 1: tan-• 
2 1 

. is equal to 
r=l l + 2 r-

a. tan-1(2") b. tan- 1(2")- 1t 
4 

c. tan-1(2"+1) 

d none of these 

d none of these 

dTr 

. 1 1 
d -<lal<-

2 Ji 

d-l <x< l 

d tan-1 ( J,;+l) 

·d tan-1(2"+1)- n 
4 
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~8. f tan -I ( 
4 

2171
2 

) i~ equal to 
m=l m +m +2 

. a. tan- 1 ( n2 + n . J h tan -1 ( 112 - n J 
n2 +n+2 n2 - n + 2 ( 

? J _ 11 - +n + 2 
c. tan 1 

2 - d none of these 
n +11 

59. The .value of ~ tan-1 ( 
1 

2
) is equal to 

r=O l + r+ r 

a. 
7C 

2 
c. 

n · 

4 

60. If sin- 1 x = 8 + ,Band sin-1 y = 9 - fj, then 1 +.xy is equal to 

61. Jf u = coC1 ~tan . a - tan-1 ~tan a ' then tan ( 7C - u) is equal to 
4 2 . 

a. ~tan a h ~cot a c. tan a 

f [
TC 1 · _1 a] [TC 1 - t a] . I 62. o tnn - +-cos - + tan - - - cos - 1s equa to 
42 b 42 b . 

2a 
a. 

b' 
h 2b 

a 

63. The value 2 tan - 1 [~~- b tan 
6

] is equal-to 
a+b 2 

_1 (acos9+b) a. cos 
a+bcose 

h cos_1 (a+ bcos9) 
acosO+b 

a 
c.

b 

_1 ( acosO ) c. cos 
· a +bcos9 

· _, [ .JJ - sinx+.Jl + sinx] ·( [ "]) 64. cot where x E 0, -
2 

is equal to 
~1-sinx-~J+sinx 

·a. n- x b 2TC-X 
X 

c. -
2 

65. The value of tan - I ( xco~e )-coC1 ( . cos.e ) is 
1-XStn 8 X - Sill(} 

a. 29 hO c. 012 

66. lfxe (- 1C, n),thenthevalueoftan-1 (tanx) +tan- '( JsinZx ) is 
2 2 · 4 5 + 3 cos 2x 

d none of these 

d cot a 

d~ 
a 

d COS-I ( bcoSfJ ) 
acos9+b 

X 
d 7C --· 

2 

d indepeJ1dent of e 

.a. x/2 h 2x c. 3x d x 

67. Jfcot- 1 (.Jcosa)- tan- 1 (Jcosa) ~x, then sinx is 

a. tan2 a 
2 

2 a -b cot - -
2 

c. tan a 
a 

d cot-
2 
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68 .. tan (TC +_!_cos-' x) + tan ( 1C- ..!..cos-1 x) , x ~ 0, is equal to 
4 2 4 2 . 

a. X 
2 

c. -
X 

69. The least and the greatest values of (sin-1 x)3 + (cos-1 x)3 are 

-TC 1C 
a.--

2 '2 

70. Range off(x) = sin-1 x + tan-1 x + sec-1 xis 

a (: :3:) h [1C 3TC] 
4 ' 4 

71. Range oftan-1 
( 

2
x 

2
) is 

1+x 

a. [- 1C' 1C] 
4 4 . 

h (- rr n) 
2 ' 2, 

n3 7rr3 

c.--
32' 8 

d none of these 

d none of these 

'd none of these 

d [:' ~] 
72. lf(coC1 x] + [cos-1 x] = 0, where [·] denotes the greatest integer function, then the complete set of 

values of x is 
a. (cos I, I] h (cos I, cos 1) c. (cot 1, I] d none of these · 

73. sin- 1(sin 5) > x2 -4x holds if 

a. X = 2 - ~9 - 2 1C h X = i + ~9 7 2 1C 

C. X> 2 + ~9 - 2 1C d X E (2 - · ~9 - 2 1C, 2 + .j9- 2 1C ) 

74, · The value of~ coscc2 (~tan -'~)+~ sec2 G tan-• (!)}• equal to 

a. (a- {J) (fil + {32) b (a+ {3) (cl- {32) c. (a+ {3) (cl + {i) 

75. The value of lim cos (tan-1 (sin(tnn-1 x))) is equal to 
J.,t-.oo 

a. -1 
l 

c. - .J2 
76. sin-1(3x- 2 -x2) + cos-1(x2 -4x + 3) = !!.. can have a solution for x e 

. . 4 

a. [1 ,2] 

2ft/ ttl 
77. lf 2 /sin-• X- 2(a + 2) 2/sin-•.r +Sa< 0 for at least one real x , then 

d none of these 

d __!_ 
.J2 

d none of these 

a. i,;a<2 ha< 2 c.aeR-{2} dae [o, i-)u(2,~) 
78. The number of integral values of k for which the equation sin-1 x + tan-1 x = 2k + I has a solution is 

a.l h2 c.3 d4 
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79; lftan-1(sin2 8-2 sin 8 + 3) + coC1 (sscc2 
y + 1) = n 'then the value of cos2 8- sin 8 i~ equal to 

2 ' ' ' 

a . 0 b. - 1 c. l d none of these 
80. Complete solution set of[coC1 x] + 2 [tan-1 x] = O, ·where [·)denotes t.he greatest integer function, is 

equal to 
_a.(O,cotl) b. (O,tanl) ... c.(tanl , (X)) d(cotl , tanl) 

tan- 1 x tan- 1 2x -1 3 tan x 

81. Let 
tan- 1 3x tan-1 x tan- 1 2x 

tan - I 2x tan-1 3x -I tan x 
= 0, then the num~er of values of x satisfying the equation is 

a. I b.2 c. 3 d4 

82 . . Which oft~e following is the solution. set of the equation 2cos-'x = cor' ( 
2pJ·? 

. 2x 1- x 

a. (0,1) h (- 1,1}-{0} c. (- 1,0) d [-1 ,1] 
83. The values of x satisfyjng the equation sin(tan-1 x) =cos (cor' (x :T 1 )) is 

1 · } . r;:: 
a. - h -- · c. v2 -1 d no finite value 

2 2 

84. There exists a p~siti~e real number·; satisfying cos. ( tan-•x) = x. Then th~ value of cos-t ~ J is 

tc tc 2tc 4n 
a. - h- c.- d -

10 5 5 5 
85. The range of values ofp for which the equation sin cos-1 (cos(tan-1x)) = p has a solution is 

h [0,1) d (-1, J) 

86. Sum of roots of the equation sin-1 x - cos-1 x = sin-1 (3x- 2) is 

a. 3!2 h I c. lf2 d2 

87. The solution s~t of the eq~1ation sin-1 ~1 - x2 + cos- 1 x = cot-1 p -sin- 1 x is 
X 

a. [- I ' ] ]- { 0} h (0, 1] u {-1} . c. [-1 ,0) u { l} d [- 1,1] 

88. The number of real solutions of the equation ~1 + c~s 2x = .,fi. sin-1 (sin x), -n~x ~ tr, is 

a. 0 h I c. 2 d infinite 

• 1C 
89. Th_e equatiOn 3 cos-1·x -tcx ~ 2 = o_ has 

a one negative solution 
c. no solution 

h one positive solution 
d more than one solution 
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_1 (I -x
2

) rr. 
90. Jf cos 2 < - then 

J +X 3' 

axe[-~·~] 
1C J + x4 + l 

91. lfsin-•x+sin-•y = -
2

, then 2 2 2 2 isequalto 
. x - xy+y 

a. 1 h2 
I 

c.-
2 

92. The value of sin-1(x2-4x + 6) + cos-•(x2 - 4x + 6) for all x e R is 
rr. 

a. - b 1t' c. 0 
2 

93. The product of all values of x satisfying the equation 

sin- 1 cos(2x: + IOixl+4)=cot(cot-J (2-~l~lxl))+ n is 
"' X + 5lxl+ 3 9 X 2 

a. 9 h -9 c. -3 

94. The value of2 tan-• (cosec tan-• x- tan cor-1x) is equal to 
] 

1-
h coC x 

Multiple co·rrect Answers .Type 

c. tan- 1 x 

d none of these 

d none of these 

d none of these 

d-1 

d none of these 

Solutions on page 4.80 

Each question has four choices·a, b, c and d, out ofwhi<.;h rme or more answers are correct. . 

1. If a, {J(a < {3) are the roots of the equation 6r + llx + 3 = 0, then which of the foJlowing are real? 
a. cos-1 a h sin-1 {3 c. cosec-1 a d BothcoC1 aandcoC1Jj 

2. 2 tan- 1
(- 2) is equal to 

a. - cos-' ( ~3) b -1 3 -rr.+ cos -
5 

1C -1( 3) c.- 2' +tan -
4 

3. If a , f3 andy are the roots oftan-1(x- l) + tan-1 x + tan- 1(x + 1) = tan-• 3x, then 

a. a+f3+y=O h ajj+{3y+ ya=-114 
c. a{3y= 1 d Ia-Plma"< = 1 

4. lf[(x) = sin- 1x + sec-1x is defined, then which of the following value/values is/are in its range? 
a. - rt/2 h rrl2 c. 1C d 31fl2 

a. has a maximum value of2 
c. 16 different Dare possible 

h has a minimum value ofO 
d has a minimum value of- 2 

6. Jndicate the relation which can hold in their respective domain for infinite values ofx. 

a. tan ltan-1 xl = lxl b cot jcoC1 xl = lxl c. tan-1 jtan xl = l.xl d· sin Is in-• xl = lxl 
7. If a is a real number for which/(x) = lo&, cos-.1 x .is defined, then a possible value of [a] (where [ ·] . 

denotes the greatest integer function) is 
a.O hi c.-1 d-2 
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8. Which of the. following is a rational number? 

(
n . - t 3) h cos 2 -sm 

4 

J ( 
. ( 1 . -J .J63JJ c . . og2 sm '4 sm -

8
- d tan (.!..COS-I JSJ 

2 3 

9. If z .~ se;_, ( x +:) + sec_, ( y + ~) , where xy < 0, then the possible values of z is (are) 

8n 
a. -

10 10 
10. Iff(x) = (sin- 1 xi + (cos- 1x)2, then. 

n2 
a. f(x) has the least value of 

g · 
. 2 . n 
c. f (x) has the least value of -

. 16 

9n 
c. -

10 
d 2ln 

20 

· 5n2 

b. f(x) has the greatest value of -
8
-

5n2 · 
d f (x) has the greatest vaJ4e of 4 

_ 1 ( .n2
- JOn + 21.6 J 7r 

12. If cot 7r > "6.' n EN, then n can be 

a.3 h2 c.4 d8 
13. If S~ = coC1 (3) + coC1 (7) + cot-1 (13) + coC1 (21) + · .. n te~s, then 

S -1 5 a. 10 = tan -
6 

7r . 
hS =

"" 4 
S . . - 1 4 c. 6 = sm · -

5 
1 ... The value of k (k > 0) such that the length of the 1ongest interval in which the function . 

f(x) = sin-1 !sin kxl + cos-1 (cos kx) is constant is 7r/4 is/are 
a. 8 h 4 c. 12 

15. Equation 1 + x 2 + 2x sin (c'os-1 y) = 0 is satisfied by 

a. exactly one value of x 
c. exactly one value ofy 

h exactly two values of x 
d exactly two values ofy 

d 16 

, 
2
Xv,-IA ( 1) Xo,-l,, 2 · . 

16. To the equatiOn 2 - a+ 
2 

2 . -a = 0 ._has onl~ one real r?ot, then 

a. I ,5;a~3 b. a '?: l c. a~-3 d a'?:3 
. . 

17. If sin- ' (a -a
3

2 

+ a: + · · · J + cos_, (I + b + b2 + · .. ) ~ ~ , then 

· 2a-3 
a. b= - -

3a 
h b = 3a-2 

2a 
3 

c.a = - -
2 -3b 

~ 2 
da=--

3-2b 
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18. lf2 tan- 1 x +sin-' 
2
x 

2 
is independent ofx, then 

l+x 
n. x> I hx <- 1 

J9. cos-• x + cos-' ( ~ + ~ ~3 - 3x2 
) is equal to 

c. 0 <x< I 

a ~ forxe [~·'] h ~ for x e [ 0, ~ ] 
C. 2 COS-I X - COS-I 1_ for X e 

2 [~ ·'] d 2 COS- I X- COS-I _!_ for X E 
2 

20. Which of the following quantities is/are positive? 
a. cos(tan-1 (tan 4)) h sin(coC1 (cot4)) c. tan( cos-• (cos 5)) 

d -1 <x<O 

(o.~] 
d cot(sin-1 (sin 4)) 

21. If cos-•x + cos-•y+ cos-•z = rc, then 

a x2 + ;f + z2 + 2x)1z = I b 2(sin-1x + sin-1y + sin-1z) = cos-1x + cos-1y + cos- 'z 

c. xy + yz + zx = x + y + z- I d (x+ :)+(y+: )+ + :)~6 
22. Which one of the following quantities is/are positive? 

a. cos (tan-1 (tan 4)) b sin (coC1 (cot 4)) c. tan (cos-• (cos 5)) d cot (sin-1 (sin 4)) 

23. Which of the following is/are the vaiue of cos [~cos_, (co{-
1 ~"))]? 

acos(-
7
;) h sin(~) ~ cose:) d -cos(

3
;) 

•, 

Reasoning Type Solutions on page 4.87 · 

Each question has four choices a, b, c and d, out of which fJnly mu! is correct. Each question contains 
STATEMENT 1 and STATEMENT2. 

a. Both the statements are TRUE, and STATEMENT 2 js the correct explanation ofSTATEMENT I 
h Both the statements are TRUE but STATEMENT 2 is NOT the correct explanation of STATEMENT I 
c. STATEMENT I isTRUEandSTATEMENT2 is FALSE 
d STATEMENT I is FALSE and STATEM.ENT2 is TRUE 

1. Statement I: Number of roots of the equation coC1x + cos-12x + ft-= 0 is zero. 
Statement 2: Range of coC1x and cos- ' xis (0, 1r) and [0, rc], respectively . . 

2. Statement 1: Range off(x) = tan- •x + sin-•x + cos-1x is (0, 1r). · 

Statcmcnt2:f(x) = tan-1x+sin-1x+cos-1x = ~ +tan-1x, forxe [- 1, 1]. 

3. Statemenll: cosec-• G ~ ~) >sec- • G + ~). 
Statement 2: cosec-' x < sec-1 x if I ~x < ..fi . 

4. Statement!: sin-o (}.) >tan -o ( J;). 
Statement 2: sin-1 x > tan-1 y for x > y, 'V x,y e (0, 1 ). 
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5. Statement I: Principal value ofcos-1(cos30) is 30 -91C. 
State.mcnt2: 30-97r E [0,1r]. 

6. Letf(x) = sin - I ( 
2

x ., J. 
1 + x-

Statement I :/~(2) = - 3. 
5 

Statemen~ 2: sin-1 ( 
2
x.

2 
J = n- 2 tan- 1 x, ":/ x > I 

l+.x 

7. Statement ·1: Domain oftan- 1x and coC1x is R. 
Statement 2:f(x) =tan x and g(x) =cot x are unbounded functions. 

8. Slatemenll: lan-• (!)+ tan- • (~ )=: 
Statement 2: Forx> O,y> O, tan-1 - +tan-• -- = -(XJ (y -.XJ 1C 

. y y +x 4 

9. Statement 1: Principal value ofsin-1(sin 3) can be 3 if we restrict the domain of[(x)= sinxto [m'2, 31l12]." 
Statement 2: The restriction that the principaJ values of sin-1(sin x) is [- 7r/2, - 7r/2] is a matter of 
convention. We could have allowed principal values [n/2, Jn/2] without affecting the condition 
required for definition of inverse function. 

linked Comprehensio·n Type Solutions on page 4. 88 

Based upon each paragraph, three multiple choice qu~stions have to be answered • .Each question has four 
choices a, b, c and d, out of which only one is correct. 

For Problems 1-3 

For x~y, z, 1 e R, sin- 1 x + cos- 1y + sec- 1z ~ t2 - .J2i r + 3rr · 

I. The value ofx + y + z is equal to 
a. ] b 0 

2. The principal value ofcos- 1(cos 5t 2) is 

3n 
a-

2 
b 7r 

2 
3. Thevalueofcos-1(min {x,y , z})is 

a. 0 

For Problems 4 - 6 
ax+ b (sec(tan-1 x)) = c and ay + b (sec(tan-1 y)) = c 

4. The valu~ ofAJ' is 

2ab c2 - h2 
a. (]2 -b2 h 

a2 -b2 

. 5. The value of x + y is 

2 ac c2 - b2 
a 

2 b2 b· 
2 h2 a - a -

c.2 

1t 
c.-

3 

c.rr 

? b2 c- -
c. 

a2 +b2 
' 

c2 - b2 
c. 

a2 +b2 

d -1 

d 21t 
3 

d rr 
3 

d none of these 

d none of these 
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. x+ )' 
6. The value of - - ·is 

1-.xy 

2 ab 

For Problems 7-9 
2 . 

Consider the system o'fequations cos-1 x + (sin-1 y)2 = p: and (cos-• x} (sin-1 

7. The value of p for which system has a solution is 
al h2 ~o 

8. The value of x which satisfies the system of equations is 

n2 . 
a cos-

8 

1!2 
hsin-

4 

d none of these 

d - I 

d none of these 

9. Which of the following is not the value ofy that satisfies the system of equations? 

l 
a. I . b - l c. -

2 
d none of these 

For Problems 10- 12 

Let cos - 1(4x3 - 3x) =a+ b cos- •x. 

10. lfxE (-~ . - l).thenthcvalueofa+b~ris 
a. 21! h 3rr c. 1C d -2rr 

I I. lfx E [-~.~].then the principal value of sin- 1 (sin:) is 

n b 1! '1C d 1! a. ~ --
3 3 6 6 

12. If x E U·. tJ.then the value of limb cos (y) is 
2 y~n 

a. - 1/3 h-3 
.I 

d3 ~-
3 

Matrix-Match Type . Solutions 011 page 4. 9 I 

Each question contains statements given in two columns which have to be matched. Statements a, b, c, d in 
column 1 have to be matched with statements p, q, r, sin column 11. If the correct matches are a-p, aws, bwq, b
r, Cwp, C•Q and d-s;thcn thC COrrectly bubbled 4 X 4 matriX ShOUld be aS fOllOWS: 

p q r s 

a@@0® 
b@@00 
c@@0@ 
d®@00 
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]. 

Column I Column II 

a. cos-1(4x3- 3x) = 3cos-1x, p. [112, 1] 
then x can take values 

b. sin-1(3x - 4x3
) = 3sin-1x, q. [- 1/2,0) 

then x can take va lues 

c. cos"1{4x3 - 3x) = 3sin-1x, r. [0, .../312] 
then x can take values 

d. sin- 1{3x - 4x3) "" 3cos-1x, s. [0, 1/2] 
then x can take values 

2. 

Column I Column 11 

1C2 
a. (sin- 1 x)2 + (sin- 1 Yi = 2 . p. l 

::;x3 + .l = 

b. (cos-1 x)2 + {cos-1y)2 = 2Tfl 
·~xj+/ 

q.-2 

4 

c. (sin-1 x)2 (cos-1yi = : => Jx-yl r.O 

d.Jsi n-1 x - sin- ' y I= 1C => x·v s. 2 

3. 

Column 1 Column II 

a. x e [n, 2r.] ~ jtan- 1 (tan x) I can be p.jx-21l'j 

b. x e [n, 2n] ~ jcoC1 (cot x) I can be q.lx- nl 
c. x e [- n, lr] => jsin- 1 (sin x) I can be r. lxl 
d . x e [- Tr, 1r]::; lcos- 1 (cosx) I can be s.lx +tel 

4. 

Column 1 Column 11 

. -t 4 2 -J I p.TC/6 a. s•n - + tan - = 
5 3 

b . - 1 12 - 1 4 - 1 63 
q. tr/2 . sm -+cos -+tan - = 

13 5 16 

c. If A: tan-' xJ3 _ -t ex -A) r.rr/4 ? A. _ and B - tan J3 , 
- X A 3 

then the value of A - B is 
. 

d - 1 I 2 - J 1 . tan - + tan - = 
7 3 

s. Tr 
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5. 

Column I Column II 

a. Rangeofj(x) = sin- 1 x +cos- 1 x+coC1 xis p. [ 0, ~) u ( ~ . "] 
b.Rangeofj(x) = cot-• x + tan-1 x+cosec-1xis [ n 3n] q- -. 2. 2 

c. Rangeo(f(x) = cot-1 x +tan-1 x+cos- 1 xis r.{O, tr} 

d. Rangeofj(x) = sec-• x +cosec- 1x+sin-1 xis s. [3;. s;] 

6. 

ColumnJ Column II 

a. sin-• x+x >O, for p.x < O 
b. cos- • x -x ~ 0, for q.xe (0, I] 
c. tan- 1 x + x < 0, for r. xe T- 1, 0) 
d. cot'"' x+x>O, for s.x > 0 . 

Integer Type . Solutions on page 4.94 . 

1. The solution set of inequality ( coc' x) (tan-• x) + ( 2 - ~ }oc'x- 3tan -•x- 3 ( 2- ~) > 0 is (a, b), 

then the value of coC 1a + coC 1b is 
---~ 

2. ]f x = sin-1 (a6 + 1) + cos- • (a4 + I) - tan- 1 (if+ 1), a E R, then the value ofsec2x is---~ 

3. If the roots of the equation x3 - lOx+ I 1 = 0 are"~ v and w. Then the value of 3cosec2(tan-1u 
+ tan-1v + tan-1w) is ___ ___: 

4. Number of values ofx for which sin- 1(x2
- x4 

+ x
6 

. .. ] + cos-1 (x4
- x8 

+ x
12 

. .. ] =!!.. 1 where 0 
. 3 9 3 9 2 

S lxl < ~ . is--..,....-----

5. If the domain of the function j(x) = J3cos- 1 (4x) -Jr is [a, 6]1 then the value of 4a + 64b is 

6. If 0 < cos-1 x < I and 1 +sin ( cos- 1 x) + sin2( cos - I x) + sin3 ( cos- 1 x) + ··· oo = 2, then the value of 12x2 is 

7. If tan-1 (x + l) -tan- 1 (x -~) = tan- 1 6 
, then th~ value of x4 is ___ __,; 

X X X 

8. Jfrange or the function j{x) = sin- 1x + 2 tan- 1x + x2 + 4x + 1 is fp, q}, then the value of(p + q) is 

9. If n is the number of terms of the series coC1 3, coC1 7, coC1 13, coC1 2 11 . .. , whose sum is 

• 1 I ( 24 ) 2 cos- 145 , then the value of n - 5 is---~ 
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10. lftheareacnclosedbythecurvesf(x)=cos-1(cosx) and g(x)=sin- 1(cosx)inxe[9Jr/4, 15tr/4] is 
artlb (where a and bare coprime), then the value of(n - b) is ___ ....; 

II. Absolute value of sum of all integers in the domain of j(x) = coC1 ~(x + 3) x + cos-1 )x2 + 3x + 1 is 

12. The least value of(l + sec-1x) (I + cos-1x) is-----' 

13. Let cos-1(x) + cos- 1(2x) + cos- 1(3x) ben. If.x satisfies the equation ax3 + bx'l +ex- I = 0, then the 

value of (h-a-c) is----= 

.14. Number ofintegral values ofx satisfying the equation tan-1(3x) + tan-:"1(5x) = tan-1(7x) + tan- 1(2x) is 

Archives · Solutions on page 4. 98 

Subjective 
I. Find the value of cos(2 cos-1 x + sin- 1 x) at x = l/5, where 0 S cos- 1 x S ·nand -rc/2 S sin-1 x S rc/2. 

(liT ..JEE, 1981) 

2 P . h -I . - 1 ~2 + 1 . rove t at cos tan sm cot x = 
2 

. 
. X +2 

(liT -J EE, 2002) 

Object;ve 
Fill i11 tile hlank.tt 

I. Let a, band c be positive real 'numbers. Let B= tan - I a(a +b + c) +tan -I b(a +b +c) 
be ca 

_ 1 c(a+b+c) 
+tan ab . Then tan 8 = _ . (IIT-~JI~E, 1981) 

2. The numerical value of tan ( 2 tan - • G)-:) is equal to __ (IIT~EE, 1984) 

' 
3. The greater of the two angles A = 2 tan-1 (2J2-J) and B::;: 3sin - 1 (1/3) + sin-' (3/5) is __ . 

Multiple choice t/IU!stiolls with one correct a11swer 

6 
a.-

17 
112. 

16 

16 
c. -

1 

(liT ..J EE, 1 989) 

(IIT~EE, 1983) 

d none of these 

• 
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2. The principal value of sin - • (sin 
2
;) . is 

21r 
a--

3 
e. none of these 

h 21C 
3 

41C 
c.-

3 
d 5n 

3 

(llT-JEE, 1986) 

3. lfwe consider only the principal values of the inverse trigonometric functions, then the value of 

( 
-1 I . -1 4 ) . 

tan COS SJ2 - san Jl7 IS 

a.--
3 

h 29 
3 

~ c.-
29 

4. The number of real solutions of tan -I ~ x(x + 1) +sin - t ~ x2 + x + J = 1C 12 is 
a. zero hone c. two 

(IIT-JEE, 1994) 

d 2._ (JIT-JEE, 1999) 
29 

d ·infinite 
{IIT-JEE,20QI) 

5. lf sin-1 (x-~+x3 

- .. ·)+cos-1(x2 -x4 

+x
6 

- .. ·) =TC forO<Ixl < ./2 , thenxequals. 
2 4 2 4 2 

a. I 12 b 1 c. -1/2 d - 1 

6. Domain ofthe.definition of the function fix) = Jsin - I (2x) + 1r 16 is 

a. [- 1/4, 1/2] b [-1/2, 1/9] c. [- 1/2, 1/2] 

7. The value ofx for which sin(coC1 (J + x)) = cos(tan-1 x) is 
a. 112 b. 1 c. 0 

Mat~/1 tlte fol/owillg type 

{liT -JEE, 2003) 

d (- 1/4, 1/4] 

{llT-JEE, 2004) 
d -1/2 . 

1. The question contains statements given in two ~olumns which have to be matched. Statements a, b, c, 
d in column I have to be matched with statements p, q, r, sin column 11. The answers to these questions 
have to be appropriately bubbled as illustrated in the following example. lfthe correct matches are a
p, a-s, b-q, b-r, c-p, c-q, and d-s, then the correctly bubbled 4 x 4 matrix should be as foiJows: 

p Q r s 

aQQOO 
boooo 
cQOOO 
doooo 

(liT -JEE, 2007) 

Let (x, y) be such that sin-1(ax) + cos-1(y) + cos-1(bxy) = tr/2. Match the statements in column I with 
statements in column II and indicate your answer by darkening the appropriate bubbles in the 4 x 4 
matrix given in the ORS. 



4.54 Trigonometry 

Column .l ·Column 11 

a • . If a = I and b ~ 0~ then (x,y) p. lies on the circle x2 + y = I 

b. Jf a= 1 and b = 1, then (x,y) q. Jies on (x2 - I )(y- 1) = 0 

c. If a= I and b = 2, then (x,y) r. lies ony = x 

d. If a = 2 and b = 2, then (x,y) s. lieson(4~- I)(y- I)=O 

ANSWERS AND SOLUTIONS 

1. Let x =cosy, where 0 ~Y ~ Jr, lxl S I 

2 cos-• x = sin-1 (2x ~J -x2 } 

~ 2 cos-' (cosy)= sirf 1 (2 cosy~J - cqs2 y) 

= sin-• (2 cosysiny) 

=: sin-• (sin 2y) 

~ sin- • (sin2y)=2yfor-n14S)•S7r/4 

and 2 cos-• (cosy) = 2y for 0 s; y ~ .1r 

Thus, Eq. (i) holds only when 

ye [O,nt4) ~ x e [I/J2,1] 

2. f(x) = sin-1 (I+ x
2

) is defined for - 1 S ., + x
2 

s; 1 or 1 +x
2 

s t 
2x 2x 2x 

~ II +~I S 12x1, for all x 

:::::;> I + x2 S 12xl, for all x (as J + ~ > 0) 

:::::;> x2
- 2~1 + 1 S 0 

~ lxl2 - 2lxl + I S 0 (asx2 =~I) 

::;::) Clxl- I )2 s 0 

But n\·1- I )2 is always either positive or 7..ero. 

Thus, ( jxl- 1 i = 0 

= lxl= J ==x =::t:l 

Hence, domain forf(x) is {-J , I}. 

3. Let 8 = coC1 (2x-~), wh~re fJe (0, .1r) 

:::::;> cot 9= 2x-x2
, where Be (0, .1r) 

= 1- (I -2x + x2), where fJe (0, Jr) 

= I - (1 -xi, wherc9e (0, Jr) 

:::::;> cot 8 s; I, where 9 e (0, n) 
.7l" 

~ -$8< rc 
4 

=> ·Range off(x} is [: , :n:) 

{i) 
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4. Let t n denotes the nth term of the series. 

Th -I 
2 

2 - I I _, -(2n + 1) - (2n -1) 1 ( 1 en tn =cot n = tan - 2 = tan 
2 

. =tan- 2n + 1)- tan- (2n - I) 
2n I + ( 4n - 1) 

Putting n = I, 2, 3, ... , etc. in (I), we get 
11 = tan- 1 3- tan-1 I 
t2 = tan-1 5 - tan-1 3 
t3 = tan-1 7- tan-• ~ 

1
11 

= tan- 1 (2n + I)- tan- 1 (2n - I) 
Adding, we get 
Sn = tan- 1 (2n + I) -tan-• I 
as n, oo, tan-1 (2n + I) ~ Trl2 

Hence, the required sum = 1C. 
. 4 

5. Let 9= coscc-1 ~( n2 + 1 ){"
2 + 2n + 2) 

' 6. 

=> cosec29= (n2 + J)(n2 +2n + 2) = (n2 + 1)2 +2n(n2 + l)+n2 + I =(n2 +n+ ti + 1 · 
=> cot2 9= (n2 + n + 1)2 

.l (n +1}-n 
=> tan 9 = = -.:...._....,..---;..._-

"2 +11 + 1 1 +(n + 1)n 

=> 9 = tan- 1 [ (n +1).-n] =tan- 1 (n+ 1)-tan-1 n 
1 +(n +l)n 

Thus, sum of n terms of the given series . 
= (tan-• 2 -tan- • J)+(tan-1 3 -tan-• 2)+(tan-1 4 - tan-1 3) + ... +(tan-• (n+ 1)-tan-1n) 
= tan-• (n + l) -1r/4 

y . - 1 3 
Here tan- 1 x + cos-• r:---:2 ::::sm ~ ' vl - y2 vlO 

"" tan"' x + tan-• ( ~) = tan-• (3) 

= tan-• ( ~) = tan-• 3 -tan-• (x) 

=> tan-1 (~J = tan- • (~) 
y 1+·3x 

') +3.x 
=> y= --

3- x 
. . 

As x , yare positive integers, x = 1, 2 and correspondingy "" 2, 7. 
Therefore, the solutions are (x, y) = (I , 2) and (2, 7), i.e ., there are two solutions. 

7. We have tan-• y;;; 4 tan- 1 x 

2x 
=> tan-1y=2tan-1 

--2 (aslxl < 1) 
l-x 
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1C 
Ifx = tan -

8 

Trigonometry 

4x 

l-x2 
""tan- 1----

4x2 

=> tan-1 y = 4 tan-1 x = 1C 
2 

Hence, tan 1! is a root ofx4
- 6x2 + I = 0. 

8 
8.- xtt x2) x3 and x4 are the roots of the equation 

x4 -x3 sin 2{3 + ~2 cos 2{3-x cos {3- sin fJ=.o . 
(-sin 2,8) . · 

2
{3 

L.x1 = x1 +x2 +x3 +x4 = = sm 
1 

L.x1x2 = cos 2/3 

Lx1X~3 = COS {3 and X1X~3X4 =- Sin {3 

Now, tan [tan-1x1 + tan- 1x2 + tan- 1x3 + tan- 1x4] 

= :Ex1-l:t1x2x3 = sin 2{3-co~{J = 2 sin{Jcosf3~cos /J = c~s{J(2s~n/3-l) =cot{J 
1- Ix1x2 + x1x2-t:3x4 1- cos 2{3 -sm /3 2sin2 {J- sm f3 sm {J(2sm {3 -I) 

or tan [tan_, x1 + tan- ' x2 + tan_, x3 + tan_, x4] - tan ( ~ - fJ) 

~ tan-1x1 + tan-1x2 + tan-1x3 + tan-1x4 = mr+ 1! - {J, n e Z 
. 2 

9. As, tan-1x + co~-l x = !!.. 'V x e R 
2 . 

So, the given equation can be written as 

(sin-' xi+ (cos-' xi ": 7( ":) 
=> (sin -lx +cos -'xi- 3(sin - 'x) (cos-' x) (sin- ' x + cos- 'x) = 1 ( ~ )' 

"" ( ~ r - 3 (sin_, x) (cos - I x) ( ~) ,; 1 ( ~ r ·"" (sin- ' x)( cos- ' x) = - ": 

Now, as the maximum value of cos-1 xis 1C ( :. cos-1 xis always~ 0) and the minimum value of sin- 1 x is 
-;r/2 and this happens at the same value ofx, i.e., x = -1. · 
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So, t.hc minimum value of(sin-1 x) (cos-1 x)'"" (- ~) (n) = _ ~
2 

. 

2 
So, if(sin- 1 x) (cos- 1 x) = _!!_,then x = - I only. 

2 
10. (sin-1x)3 +(cos._' x)3 = an 3 

;;;::> (sin- • x + cos-1 x) ((sin-• x + cos-1xi- 3 sin-• x cos-• x) = arr~ 
2 

1C 3 . -l -1 2 _2 ;;;::> - - Slll X COS X = Qlr 
4 

. -1 (K . -1 ) 1t2 (1 8 ) => s m x "2 - sm x = 12 . - a 

2 
=> (sin-' x)2 - 7r sin-• x =- !!_ (l-8a) 

2 12 

=> (sin -• x - 1Z')

2 

= 1Z'
2 

(Sa :._I) + 7r
2 

4 12 16 

1Z'2 
= - (32a -I) 

48 . 

N . - t [ 1Z' n] ow sm xe -- -, 2 ' 2 

3n . _1 n 1r 
=> - - :::;; Stn X - - :::;; -

4 4 4 

0 S (sin -I X - : r S 
9~2 

1C2 91r2 
=> Os-(32a - I)s-

48 16 
=> 0~32a-1<5.27 

1 . 7 
=> -:s;;a-5.-

32 8 

Thus, the required set of values of a is [ -
1 

, 2]. 
32 8 ,' 

11. Since p, q > 0, therefore pq > 0, 

tan-1 p-q =tan- 1 p -tan-• q 
I+ pq 

Since 9' >- 1, 

- 1 q - r - 1 t - 1 tan -- = tan q- an r 
1+qr 

Since pr <- I and r < 0, 

tan-• r - p =1Z' +tan-1 r - tan-1 p 
l+rp 

On adding Eqs. (i), (ii) and (iii), we get 

tan-• p-q +tan-• q-r + tan-1 r- p = n 
1 + pq I + qr I+ rp 

(i) 

(ii) 

(iii) 
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12:· Given Jlsin- 1 lcosxll .+lcos-1 lsinxll ::;sin-1(lcosxl)-cos-1jsinxl 

When x e [o. tr.], 0 ~ :rr -x ~ n, we have 
2 2 2 

. - 1 . ( n ) - I ( n ) . - I ( . ( n )) -1 ( ( n )) sm sm 2-x +cos cos 2 -x = sm sm 2-x -cos cos 2-x 

=> N;-x)=;-x-;+x 
1t 

~ x=-
2 

Whenxe --.0 -~--x~n.we ave [ Tt ]Tt 1r . h 
2 ' 2 2 ' 

~ ..Jn+2x.= 0 ~ x=- rc 
2 

13. Taking the tangents of both sides of the equation, we have 

[ -JX+I] [ -JX -1] · tan tan --:--:=- + tan tan -.- . 
.X 1 ,\ . - 1 

---=--=-----==-=co-----~ = tan ((tan ( -7)) =-7 

1 [ -1 x+ l] [ -1 x -1] - tan tan -- tan tan -- . . 
. X -l X 

x+l x-I 
--+--

~ x-1 x =-? 

1
_ x +l x-l 

X - 1 X 

2x2 -x +1 
=> =-7 

1-x 
so that x = 2. · 
This value ll)akes the left-hand side of the given equation positiye, ·so there is no value of x strictly 
satisfying the given equation. 

• .. . .. . _1 X +I - 1 X - 1 -I 
1 he value x = 2 ts a solutton of the equation tan --. +tan -- = 11"+ tan (- 7). 

x - 1 x .. 

J 4. Let us transfer sin-1 6.J3x to the right-hand side of the equati~n and calculate the sine of the both 
sides of the resulting equation: · 

sin(sin_1.6x) =sin(- sin-1 6.J3x- rd2) 

~ 6x =- sin.(sin-1 6J3x+sin-1 1) [using sin-1 (-x) =- sin-1 (x)] 

= -sin(sin- 1 ~~ -108.x2 ) (i) 

Squaring both sides, we get 
36x2 = 1- I 08x2 => 144_; = 1 
whoserootsarex = l/12andx =-l/12. 



Let us verify: 
Substitutingx = 1/12 in the given equation, we get 

sin-'(-~)+sin- 1 
( - ~)--=-; -~ ~ 

Thus x = 1/ 12 is the roots of given equation. 

Using Eq. (i), we getx == ~~ 

1 
L.H.S.=-

2 

R.H.S. = -~l -108x2 =-112 
Thus L.H.S. ~ R.H.S. ofEq. (i) 
Thusx = - 1/ 12 is a root of the given equation. 

J 5. Here, 

[ )' l . tan- • (atx - y) = tan-1 at-; = tan-1 at -tan-t y 
x+a v . )' x 

• ~ I:+ at-
X 

tan-1 (a~)- cot -I a, 
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Adding, we get L.H.S. c tan-• an+ coC1an - tan-! I= 1r - tan- 1L = R.H.S. 
X 2 X 

= COC1L = (30-l X 

X )' 

- ··· ' 
O~jective Type 

.. 0 •• 

I. c. sin-1 (sin 1 0) = sin- t [sin (3tr- l 0)] = 3n- l 0 

2.b. COS-I (COS 
5
:) =COS-I (cos( 21r-

5
: )) -COS-I (COS 

3
:) = 

3
: 

3. a. sin-1(sin 12)+cos-1 (cos 12);;sin-1 (sin(l2-41t))+cos-• (cos(41Z'- 12)) = 12-47r+41r- 12 = 0 

4. a. . - 1 . (221r) . - 1 . (3 1r) 1Z' stn sm 7 = sm sm 1Z' + ? = - 7' 

COS- I COS e:) =COS- I COS ( 21r- ; ) =; 
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lan-
1 

lao en= lan-
1 

130 ("-
2
;) = - . 

2
; 

sin-1 cos (2) == n - cos-1 cos 2 = tr - ·2 
2 2 

• Tt . Tt 21C Tt 
Therefore, the requtred value= -7 + 3 ---:;- + 2- 2 

= (-18 +35)7C- 2 = J7tr - 2 
42 42 

5. d. sin- 1 (cos (cos-t (cos .x) + sin-1 (sin x))) = sin- 1 (cos (x + n-x)) [as x e (rc/2, n)] 

. - I ( ) . -I ( 1) 1C = sm cos n = sm - = --
2 

6.c. cos-
1
(cos(2coC

1
(J2-1))) = cos- •(cos(2(67.5o))) 

= cos-.1 (cos (t:3s.,. )) = 135°= 
3
: 

7.a. W h . -1 ( ( . -1 f2=J3 -1 .J1i -1 ~2)) · 
e ~VC Sin COt Sin . v~ +COS ~ + SCC v L. . . 

. -1( ( · -J(.J3-t) _,../3 -1 1 JJ = sm cot sm 
2
J2 +cos T+ cos J2 

= sin-1 [cot (15° + 30° + 45°)) 

= sin-1 (cot (90°)) = sin- 1 (0) = 0 

8. d. 

- -- -----
2 3 6 

9. a. Let COS-I (.!.) = 9, where 0 < 8 < 7t, then ..!_ COS- I .!_ = .!_ 8 
8 . 2 8 2 

( 1 - 1 lJ () 
~ cos - cos - = cos -

2 8 2 
I . 

· Now cos- 1 - = 8 
' 8 

. ] 
~cos 8 = -

8 

10. c. x=tan-1 3 => tanx=3 

tan(.x+ y) = 33 

2 8 9 
~ cos - =-

2 16 

8 3 
~cos - =-

2 . 4 



tan x+ tan y ___ ___:___ ;;; 33 
1- tan xtan y 

=> 3+ tan y ;;; 33 
1 -3tan y 

=> 3 + tany= 33-99 tany 
=> 100tany=30 

=> tany=0.3 ;::::> y =tan-1 (0.3) 

ll.c. Letcos-1 (JSJ =a.. Thencosa= ,J5 , whereO<a< n 
3 3 2 
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Now, tan a = 1-cosa ~ t-1513 = lJ- 15 =~(3- 15)2 =.!_(3-15) 
2 1 + cos a J + J513 3 + J5 9-5 2 

12. a. tan-'[ cosx ]= tan-t [ sinl(n/,2)-x] ] 
1 +sin x ·1 +cos [(n/2)- x] 

_ 1 [2 sin l(1r/4)- (x/2)] cos 1'{1r/4)- (x/2)]] = ~n . 
2 cos2 f.(~r /4) - (x /2)] · 

-1 (7! XJ 1! X = tan tan 4 - "2 ;;;.4 -
2 

:Tr:Tr X 1! 
=> --<---<-

2 4 2 2 

3n x n 
=> --<--<-

4 '2 4 

n x 3n 
=> --< -<-

.4 .2 4 

n x 3n 
=> ---< -<-

2 2 2 

13. d. f(x) + f(-x) = 2 

Now (sin-1(sin 8)) = 3:tr- 8 = y 

and (tan-1(tan 8)) = (8 - 3n) 

Hence, f(y) + [(- y)-= 2 

Givenf(v)""' a., we havef(-y) = 2 -a. 

.. -1 ( (M-2)x
2

) 14. d. f(x) = tan 4 2 · x +2x +3 

2(J3-I) 
3 

x2 +2 +2 
X 
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2 3· {;; . 
As x +2~ 2v 3 [using A.M. ~G.M .] 

X 

~ x2 +~+2~ 2+2.J3 
X 

-I ( 2( .J3 - 1) J 1t 
:. (t{x))~aK.= tan ~(.J3 +1) "" 12 

15.b. Let x=sin8and .[; = siniP,wherexE [0, 1] =>8,¢E [O, m'2] 

=> IHe[ -;, ~] 
Now, sin-

1 (xFx .- .[;~1 - x~ ) = sin- 1 (sin8 ~1 - sin 2 ¢ - sin ¢ ~1- sin 2 8) 
= sin- 1 (sin 8 cos ¢>-sin ¢cos 8) 

= sin-) sin (8- ¢) = 8~ ¢ = sin- 1 (x) - : sin- 1 ( ..Jx) 

16.c. tan- 1 x -tan- ' ( x ~ yJ = tan-1 ~- tan- • ( 1- (y/.x)J 
· y x+y · y l+(ylx) 

= tan -1 
: - ( tan -1 1- tan -1 ~) 

- 1 X - l Y ~ = tan - + tan - --
Y . X 4 

- 1 X - I X 7C 1t 7C 1t 
= tan -+cot --- = ---= 

y y 4 2 4 4 

17 G
. . . - 1 a+ x _1 a - x n 

. c. tven equation 1s tan --.- + tan -- = -
a a 6 

. · [ a +x a-x l -- +-- . 
=> tan- 1 a .a = 1t 

· 1 _ a+x~ 6 
. a · a 

2a2 n 1 2 r; 2 
=> 7 = tan '6 = .J3 => x = 2v 3a 

18 - 1 n rc . c. cot - >-
tc 6 

n n 
-<cot
~ 6 

[as c?C1x is a decreasing f\lnction] 

~ !!..<J3 => n <5.46 => maximum value of n is 5 
~ 

19. c. Lettan- 1 2 = a 

and coC1 3 = f3 
~ tan a = 2 

~ cot {3 = 3 
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sec2 (tan-1 2) + cosec2(coC1 3) = sec2 a+ cosec2 f3 = I + tan2 a+ i + cot2 f3 

-·=2+(2i+(3i= 15 

A 
8 

tan A - tan B 
20. d. tan ( - ) = ----

1 +tan A tan B 

J3 x 2x- K 

2K - X .J3 K 
= 

l + .J3 x 2x -K 
2K- X· .Jj K 

.., 316:- (2x- K) (2K - .t) 
( 2 K - x) J3 K + J3 x ( 2x - K) 

3Kx - (4Kx - 2x2 
- 2K2 + Kx) 

= 
2..(3 K 2 

- .J3K.t + 2'.J3 x2 -../3 Kx 

2.x2 -2Kx + 2K2 I 
- 2J3 .x2 - 2 J3 K.x + 2../3 K2 = .J3 = tan 30o 

:. A - B=30° 

b +a a ----
21 b 

_1 b+a _1 a _1 IJ- a b 
. • tan -- - tan - = tan 

b-a b 1 + b +a~ 
b - a b 

b2 + ab - ab + a2 a2 + b2 

= tan-1 ::: tan:...1 = tan-1 I = 1r 
b2 

- ab + ab + a2 a2 + b2 4 

Therefore, the required value =sec (:) = ..fi 
22.d. a sin-1 x- b cos- 1 x = c 

We have b sin-1x + b cos-1 x = ~JC ~ (a+ b) sin-1 x = brc +c 
2 2 

(bn) 
-- +c 

sin- 1 x = --=2=---
a +b 

_1 nab+ c(a -b)' 
COS X= b 

a+ 

• • COS = - + Sin X + COS X 23 b - I (I + x
2

) 1C ( • -1 - J ) 

2x 2 

=> cos-1 (
1 + x

2

) = TC => (I+ x
2

) = cos n=-1 
2.x 2.x. 

24. b. 0 :S: x2 + x + I :S: 1 and 0 :S: x2 + x :S: 1 
:. x=- 1,0 
Forx = - 1 

L.H.S. = 2 sin-1 I + cos-1 0 = 3n 
2 

=>x=- 1 
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:. x =-I is a solution. 

For x = 0, L.H.S. = 2 sin-1 I + cos-• 0 = 
3

1l' 
2 

Therefo~e, x = 0 is a sol~tion and sum of the solutions = - I. 

25.c. tan-1(1+x)+tan-1(l - x)=!:, 
2 

:=) tan- • (I +x)= ;r -tan-1(1-x) 
2 

= coC1(1 - x) 

= tan-
1 
(-

1 
) 

1-x 

:=) ] +X = -
1
- :=) I - ~-= I =X= 0 

1-x 
26. c. We have sin-• x + sin-• (I -x) = cos-:1 x 

:=) sin(sin-1 x + sin-1 (I -x)) = sin(cos- 1x) 

:=) x~J - (1 - >.l +JJ-x2 (1-x)=JI-x2 

=> x~l-(1-~i =xJt-x2 

I 
:=) x = 0 or x = -

- 1 1- X I - 1 . 
27. c. We have tan --=-tan x 

:J +X 2 

. 

tan =-- 1 [ I - tan 8] 1 8 
1 +tan fJ 2 

[ 

Tr f)] tan-- tan 
tan-• 4 =!!.. 

l +' tan : tan 8 2 

- 1 (Tr . .n) 9 tan tan 4 - u = 2 
1C 8 
-- 8=-
4 2 

6 =.!:. = tan- 1 x 
6 

1r .I 
=> x = tan '6 = J3 

.2 

' 

(putting x = tan (}) 

28. c. We have cos-1 x + cos~1 (2x) = -n, which is not possible as cos-1x and cos-12x never take negative 
values. 

The giveri equation is ax2 + sin-• ((x- li + I)+ cos_1.((x-li + 1) = 0. 
Now,- 1 =:; (x- I )2 + I S 1 => x = I . 

29. b. 

. 1r 1C 
So we have a + - = 0 :=) a = - -

' 2 2 
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and ~4x -x2 -3 ~ 0 =>0 < cos-1 ~4x-x2 -3 $ 1C 
. 2 

Adding, we have 0 < L.H.S."< 1r 

Therefore, the given equation has no solution. 
31. b. The given equation can be written as 

)tan-• (2 -../3) =tan-• (:) + tan~' m 
1 'I 
- + -

1 ,. 3 3+x 
=> 3(15°)=tan- "' => I= =>x=2 

1 _ _!. .!. 3x - 1 
X 3 

32 - 1 2 -1 2Tr . c. tan x + cot x = - · 
3 . . 

- • 2 (n -1 ) 2(rr (;c -1 )J 2 ( tr -• ) => tan x = 3" ~ cot x = J - "2 - tan x = - "6 +tan x 

. -1 1C => tan x=-
3 

=> x =tan 1C = J3 
3 

33. a. Put x = tan 8 

1 2 tan 6 . 1 I - tan 2 6 1 2 tan 8 TC 
:. 3 sin- - 4 cos- + 2 tan- - -

J+tan 2 8 l+tan2 8 l-tan2 8 

=> 3 sin-1 (sin 2 8)- 4 cos-1 (cos 2 lJ) + 2 tan- • (tan 2 8) = 1C 
' 3 

=> 3(20)-4(28)+2(28)=Tr => 28=n => 8 = 1C 
3 3 6 

34 P . _1 5 A 5 . A . c. ut sm . - = => - = sm 
X X 

. -1 12 B 12 . B sm - = => - =sm 
.X X 

1C 
=> A+B= -

2 

=> sinA=sin (~- 8) =cosH = Jt-sin2 8 
=> 3._ = J• _ 144 => 169 = I 

x x2 x2 

3 

1C 1 
=> x=tan 6' = .J3 

=> x'- = 169 => x= 13 [ ·: x = -13 does not satisfy the given equation] 
35. c. sin-1 (x- 1) => -1 Sx-1 :s; 1 => 0 Sx~2 

cos-1 (x-3) => - l~x-3~1 => 2~x$4 
:. x=2 

. 2 . 
So, sin-1 (2- I)+ cos-1 (2 - 3) + tan-1 -- = cos-1 k+ rr 

2-4 
=> sin-• 1 + cos-1(-1) + tan- 1 (- 1) = cos-1 k + 1C . 
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n n - lk - + 1f - - = COS + TC 
2 4 

l 
::::> cos-• k = 1C => k =-

4 .fi. 

36. b. coC1x + coC1 v + coC1 z = 1& 
- 2 

7C -1 1C -1 . 1C -l 1C => - - tan x + - -tan y + - - tan z = -
2 2 2 2 

=> tan-• x+tan- 1 y+tan-1 z = rc 
=> tan-• x + tan- 1 v = n- tan-! z 
=> tan (tan-1 x + t~n-• y) =tan (n- tan-1 z) 

x+y -- =-z 
l-xy 

=> x+y+z=xyz 
37. d. Given that cos-• x + cos-• y + cos-• z := tr 

=> COS-I (x) +COS-I (y) ~ 1t - COs-1(z) 

=> cos-1 (xy -~1 - X
2 ~~- i) = cos-1 (-z). 

=> xy- J(t- x2)(1- y2
} =- z 

=> (xy+z)= J(t- x
2 }(1- i} 

Squaring both sides, we get x2 + /· +'z2 + b.yz = 1 

Trick: Put x = y = z = .!. so that cos-1 ~ + cos-1 ]_ + cos-• _!_ = n. 
2 2 2 2 

38. d. Given that tan-• x + tan-1 v + tan-1 z = 1f 
- 2 

- I [ x + y + z -xyz ] 1f => tan =-
1 - ;ry - yz - xz 2 

Hence, X)'+ yz + zx- I = 0. · 

· 39. d~ .Let a= COS- I .JP, {3 = COS-I ~ and y =COS-I -Jl-q 

=> cos a= .JP. cos /3. = ~ and cos r= h 
Therefore, sin a ;:;: h, sin {3 = .jP and sin y = ..{q 
The given equation may be written as 

3n 
a+fJ+r=-

4 

/3
. ' 31t' 

=> a+ =- -· r 
4 

=> cos(a + /3) =cos ( 
3
: -:- r) 

=> cos acosjJ-sinasin iJ= cos(n- (: + r )) =-cos (: + y) 

= fPFP-hfP=-(:nh- ]{#) 
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==> 0= h- [q ~ 1- q = q ==> q =.!.. 
2 

40. a. Let sin-1 a= A, sin-1 b =Band sin-1 c =- C 

=> sin A =a, sin B = b, sin C = c 

and At B+ C= n=> sin 2A +sin 2B+ sin 2C=4 sin A sin B sin C 

=> sin A cos A+ sin B cos B +sin C cos C = 2 sin A sin 8 sin C 

(i)" 

=> sin A J(t- sin2 A}+ sinB J(•- sin2 n) + sinC ~1 - sin2 C =~sin A sinBsin C (ii) 

=> aJ(l- ~2 ) + bJ(l -b2
} + c~(l- c)~ = 2abc 

1 I 
Trick: Let a= .fi , h = .fi , c = 1. 

Then a~ +b~J-b2 +c~l - c2 = -1-~1 - 1 +-1-~J - .!.+I.JH c: I. ../2 '2 ..fi. 2 

41. b. Since sin-1 x + sin-1 y + sin-1 z = 1t 

:. sin-1 x + sin-1 y = 1!- sin-1 z 

=> sin-1 (x~l - i + Y ~1 - X
2

) = 1r- sin-1 (z) 

=> x ~~ - / + y ~l - x2 =sin (1!- sin-1 (z)) =sin (sin-1z) = z 

=> ~(1-y)=i+i(1-~)-2zy ~1- x2 => (l-y-z2
)
2 =4y2 z2(l-x2

) 

==> i + l + z4
- 2x2y-2x2z2 + 2yi = 4y2z2

- 4~;fz2 

==> x4 + / + z4 + 4x2/z.2 
= 2(~~ + /i + z2x2

) 

42. d. We have cos-1 x- cos-1 Y = a 

=> K=2 

43. d. 

2 

=> x~ cos (cos -t ~~a) ~cos( cos-1 ~)cos a -.sin (cos-' ~) sin a 

)' Ry2 ... = - cos a - I - - sm a 
2 . 4 

=> 2x=ycosa-sin a ~4- y2 

=> 2x - ycos a=-sin a ~4 -l 
Squaring, we get 

4x2 + 1 cos2a-4xycos a = 4 sin2 a-Y. sin2 a 

=> 4x2 -4xy cos a+ y2 = 4 sin2 a 

4x 
2 tan-• 2x = sin- 1 ---:--

1 +4x2 

1! 2 -1 2 TC => - - :5; tan x :5; -
2 2 

1t - 1 2 1t => - - $; tan x S -
4 4 
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~ -J::;2x~l 

I 1 
==> - -::;x$-

2 2 

44. b. cos-1(U -1) = 2n-2cos-1 x(asx <0) 

~ COS-I :(~·2 "":" J) - 2 sin-l X= 21r- 2 COS-l X- 2sin-l X 

45. c. 2 sin-' x c sin-' { 2x)l- x2 ) 

= 2tr- 2 (cos- ' x +sin-' x) 

1r 
=2n-2 -=n 

2 

Range or the right-hand angle is [- ~. ~ j 
1C 2 . - 1 < 1r --::; sm x _ _ 
2 2 

-TC . -1 1C 
~ - ::; Sin X ::; -

4 4 

~ xe [-Jz· Jz] 
46 2 -1 (l+x) d · . _, (l -x2

) _ 1 (J-x2
) • c • . x 1 == tan -- an x2 =sm --

2 
=tan --

l -x I +x 2x 

l+x 
·Now-->1 

1-x 

2(l+x) 
1-x 

1- (.!..!.!.)2 
= n+ tan -- = 1C- tan --_1 ( 1 - x

2 
) _1 ( 1 - x

2 J 
-2x 2x 

J-x 

47. d. sin (2 sin- 1 (0.8)) = sin (sin_, (2 x q.sJJ- (0.8)2 
)) =sin (sin - l 0.96) = 0.'96 

48. b. tan (sin-1 (cos (sin-' x))) tan (cos-1 (sin (cos-t x))) 

.. tan(sin-1(cos(cos-1 ~1-x2 ))) tan{cos-1(sin (sin-1 ~l-x2 )')} 

= tan(sin-1 .J1-x2 
) tan(cos-1 .J1-x2 

) 

=tan (cos-1x) tan (sin-1x) 

= tan(cos-1x) tan(n:/2- cos..:1x) = tan(cos-1x) cot(cos-1x) = I 

9 S. . -t'( 2x ) 2 _, l'. ( 4 .d. mcesm - . -
2 

= tan x ,orxe - I , I) 
1+x 

. _, ( 2a J . _1 ( 2b ) 2 _1 sm --
2 

+ sm --
2 

= tan x 
. l+a l+b . 

=> 
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:=:> tan-1 a+tan- 1 b= tan- 1 x 

- 1 ( a+b) - 1 => tan -- = tan x 
l-ab 

a+b 
:=:> x=-

l-ab 

50. b. Jfx < 0, then sin-1x < 0 but cos-1 .J1- x2 is always positive. 

51. b. 

52. b. 

So, sin-1x = -cos-1 .Jt- x2
. 

~)' YZ y2 y2 
We have --=-= < 1 

zrxr r 2 x2 +y2 +z2 

:=:> tan -I ( xy) + tan - J ( yz) +tan -I ( xz) = tan - I ; +-;,:- +tan - I (5..) 
[ 

xv yz l 
zr xr · yr xy yz yr 

. . 1---
zr xr- · 

xzr -1 (xz) +tan yr · 

= tan-·1 + tan-1 -· (xz) 
. yr 

-1 ( ) '') -1 (xz) . 1r = tan - + tnn - = -

Letx = sin8where - ..!. ~X~ 1 :=:> - 1r ~ e ~ 1r 
. 2 6 2 

Thenf(x) ;sin-• ( ~ x - ~ ,/J-x') 
. - I ( J3 .. 8 1 o) = sm - sm --cos 

2 . 2 

. . -1 ( . (n TC)J = Sin Stn u - 6 . 

8 
7r: • - 1 1C = - -=sm x --
6 6 

xz yr 2 

53. c. Lety= tan-1(l -x2 J.+ cos-1(l-x2

) 
2x 1 +x2 
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Putx = tan 9. Asx E (0, 1), fi E (o. nJ and n -28e(O,n/2) 
. ' 4 2 

.•. y =ta~-• (cot 26) + cos- • (cos 29) = tan- • (tan(~ -29) )+cos- 1(cos29), = ~ -29+ 29 = ~ 
54. c. sin- 1 x = 2 sin-1 a 

. n . - 1 n 
Now-- $; sm x $; -

2 2 

1t 2 ' - l 1C 
~ -:-- $; sm a $;-

2 2 

1C . -1 1C 
~ --::;; sm a$; -4 . 4 

55. a. Let tan-1 x = 9, where _n < 9 < n 
' 2 2 

1C 
Let - < 28 < n 

2 

1C 1C 
~ - < 8 < -

4 ·' 2 
=> 

7r -] 7r 
-< tan x<-
4 2 

. =>x> 1 

=> tan-1 ( Ztan~ J == tan-1 (tan28) = tan-1 (tan(28 ...:.. ~)) == 28 - n =2tan...: 1x - n 
1- tan 9 · . 

. -l(Fr-~J . -1(~-~J· 56. c. sm 
1 

= tan 
vr(~+ 1) 1 +.Jr(r-1) 

n . - (.J;-~J n . 
,Lsm

1 ~ . = :L(tan-1Fr-tan-1.Jr-l) == tan-1.J;;, 
r=l r(r + l) r=l ' 

57. b. ~ tan-1 - "tan-1 n ( zr-1 J n ( 2r-l J 
~ . 1+22r- l - ~ . 1+ 2' '2r-l 

= 'tan 1 n _ ( 2,. _ 2'-1 J 
f:': . 1 + 2' 2' - 1 

58. a. 
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n , 

= ,Lttan-1 (nl +m+ l)- tan-1(n? - m+ I)] 
m=l 

= (tan-• 3- tan-11) + (tan-• 7- tan -• 3) + (tan-• 13 - ~n-1 7) + ··· + [tan- • (rt + n + 1}- tan-1 (tf -~ + 1 )] 

For n----+ oo, sum -= tan- 1(1)-= : 

59. a. tan -'C + 
7

1
+ 

72 
) = tan - I C: ;;; ;I)) 

= tan-1(ri-l)-tan-1(r) 

II 

~ 2,.[mn- 1(r+ l)-tan.-1(r)] =tan-1 (n+ l)-tan- 1 (0) 
r=O · 

= tan-1(n + 1). 

~ · ltan-•( 1 
· 

2
):::tan-1(oo)= Tr 

r=O I+ r+r 2 

60. b. Obviously, X = sin(9+ /3) andy = sin(8-/3) 

~ 1 + xy = I +sin (8+ {3) sin (8- {3) = I + sin2 8- sin2 {3 = s in2 8+.cos2 f3 

6J.a. Let ~tan a =tanx, thenu=coC1 (tanx) - tan- 1 (tanx)= 1r -x -x.;;!!._2x 
2 2 

62. b. 

Tr 1C ll 
~ 2x = --u 

2 
~ ---

4 2 

=> tanx = tan (: - ;) 

=> Jtana =tan(:-;) 

tan - + - cos - + tan - - - cos -[
tr l ~1 a] [Tr I _1 a] 
4 2 b . 4 2 b 

Let..!_ COS- I :!_= 8 ~ cos2 8= a 
2 b b 

· Thus, tan [: + 8] + tan [ :- 8] = : ~ t:n 
8 
6 + : : ::: 

I + tan 2 6 + 2 tan 8 + 1 + tan 2 8 - 2 tan 8 =- - -----,----.,........---- --(1 - tan2 e) 
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63.a. 

Trigonometry 

2 2b 
=--=-

1 - tan 2 
(} cos 2(} (a I b) a 

· (a-b) 2 (} 

- 1 [~-b (}] - - 1 I - -;;-+b tan 2 
2 tan - - tan - - cos / ) 

a+ b 2 1 la -b 2 (} + -- tan -
· a+b 2 

= COS- I 2 
[ 

(a + b) - (a - b) tan 
2 

(} l 
9 

(a + b) + (a - b) tan 2 
-
2 

[ 

1 -tani 
9 l +b . 2 a e 

. l + tan2
_ "2 

- I [a cos 9 + b] =cos 
· a+ b cos(} 

[
·: 2 tan-1 x = cos-1 l - x: ] 
. l+ X . 

_1 [~1 - sin x + .J.t + ·sin x ] 64. d. cot .Jl- sinx- .Jl + sin x 

= coC1' [ (.Jl-sin x + .Jl +sin x) (.Jt- sin _x + .Jt +sin x)] 

( .Jt - sin x - :Jt +'sin x) ( .Jl - sin x + .J1 + sin x) 

= coC1 [(1- sin x) + (1+ sin x) + 2)1 - sin
2 x] = ~ot_1 [2(1 + cosx)] 

(l -sinx) - (1+ sinx) .· -2sinx 

• _1 [ 2 cos
2 

(x/2) ]. _1 ( x) ~1 [ ( ~)] . x 
= ~ot ~ 2 sin (x/2) cos (x/ 2) = cot - cot2 =.cot cot n - 2 ·= n- 2 



66.d. 
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xcos8 x - sin 8 
1-xsin8 cos8 

1 + ( x co~ 8 ) ( x - sin 8) 
. 1-xsmO cos8 

-t( xcos
2

8 - x + sin8 + x
2

sin8- xsin
2

8 · J =tan · 
cos·e -xcos8sin 8+ x2 cosO- xcosOsin 8 

= tan --~. -------------------------
_ 1 ( -xsin 

2 
8 +sin& + x

2 
sinO - xsin

2 
8 J 

cos8-2xcos6sin8+x2 cosO 

. _ 1 ( · - 2xsin
2 

(}+sin 8+ x
2 

sin(} J 
=tan 

cos(} - 2xcos8sin e + x2 cos(} 

= tan = tan- 1 (tan e) = e - t(sin8(-2xsin8+ l+ x
2

) J 
\ cos 8(1- 2x sin (} + x2

) 

6tanx 

l+tan2 x _1(tan x ) -I( 3sin2x ) - 1 (tan x) _1 tan -- +tan = tan -- +tan 
4 5+3cos2x 4 S+ 3(1-tan2 

x) 

l+tan2 x 

= tan -- +tan _,.(tan x) _1 ( 6tan x ) 
4 8+2tan2 x 

=tan -- +tan _ 1 (tan x) _1 ( 3tan x ) 
4 4+tan2 x 

= tan-1 

tanx 3tan x 
--+------

4 4 + tan2 x 

1
_ 3tan2 x 

4(4+.tan2 x) 

_1 (16 tan x + tan
3 xJ = tan 16+tan2 x 

[ 
tan x 3 tan x 1] as-- < 

4 4+tan2 x 

= tan-1 (tan x) = x 

67.a. coC1 (.Jcosa) -tan- 1 (~cosa). = x 
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=> ' tan_ ''(~)- ;.n-1 {Jcos a)= x 
. cos a 

~ - .jcosa 
·-I a 

=> tan l ' 
"": X 

1 + ..{cOOa ~cos a 
cos a 

tan-1 1- cos a 
=::> =x 

2~cos a . 

1- cos a 
=::> tan x= 

2~cos a 

=> cot x = 
2 ~cos a 

· l-cos a . 

=> cosec x;; 1 
4 cos a 1 + cos a 

+ 2 = 
( 1 _ cos a) 1 - cos a 

. 1- cos a 2 sin~ (a/2) 2 12 =::> . SIO X = = = tan a 
l + cos a 2 cos2 (a/2) 

2 2 =---- --
cos(cos-1 x) · X 

69. c. We have (sin-1 x)3 + (cos71 x)3 = (sin-1 x + cos- 1 xi- 3 sin-1 cos- 1 x (sin-• x + cos-1 x) 

3 
n 3( . -1 - 1 ) n = -- sm x cos x -
8 2 

n3 3n . _1 (n . _1 ) 
= 8-~Slfl X 2-s~n X 
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n
3 

3n
2 

. -1 3rt ( . -1 )2 = --- sm x+- sm x 
8 4 2 

3 3 [ . ] 1C 1C • -1 2 1C • -1 
= - +- (san x) - - sm x 

8 2 2 

n3 3n ( . -I n)2 
= 32 +2 SIO x-4. 

So, the least value is n
3 

when (sin-1 x- ;c) = 0. 
. 32 4 

And ;he greatest value occurs when (sin_, x- : r -(-~-= )' - -9
1
:-

2 

n3 9n2 3n 7n3 

Therefore, the greatest value is - +-x- = - . 
32 16 2 8 

70. c. f(x) = sin- 1 x + tan- 1 x + sec- 1 x, clearly domain of[(x) isx = ±1 . 

. Thus, the range is {f(l),/(-1 )) , i.e., {:, 
3
:}. 

71. a. I +; ~ 2 ~I 

·72. c. 

73.d. 

74.c. 

2x = -ls; --s;l 
1 +x2 

[coC1 x] + [cos- 1 x] = 0 

- I ( 2x ) [ 1C Tr] tan -- e --,-
. l+x2 4 4 

As cos-1 x, coC1 x;::: 0, [cot-1 x] = [cos-1x] = 0 
[ coC 1 x] = 0 ~ x e (cot I , oo) 
[COS- I X] = 0 ::::::> X E (cos I ' I ] 
Henc~,fromEqs.(i)arid(ii),xe (cotl, 1]. 

31C 51C 
-<5<- . 
2 2 
~sin-' (sin 5) = 5-2n 
Given sin-1 (sin 5) > x2 -4x 
=> ~-4x+4 < 9-2n 
=> (x-2)2 < 9-2Tr 

=> - ~9-2tc <x- 2 < J9-2;c 

~ 2- .J9-21C <x <2+ .J9-2n 
. . 

-cosec -tan - +-sec -tan -a3 2(1 -1 a) /3
3 2(1 - 1 13) 

2 2 f3 2 2 a 
3 l ~3 J . 

=a l,-cos( tan-• (~ )f l +cos( tan_,!) 

(i) 
(iO 



4.76 .. Trigonometry 

= ~a2 +'112 [ ~( )a2 + 132 + /3)+ 13( )a2 + 132 -a)] 

= ~a2 + 13~ (a+ tJ)~a2 + 132 

c (a+ {J)(a2 + /32) . 

75. d. lim cos (tan - 1 (sin (tan - 1 x))) = cos( tan -I (sin (tan -I oo ))) 
1-'1-+oo 

= cos (tan - 1 (sin (1t /2))) 

= cos(tan- 1(1)) =cos(;r/4)= ~ 

76.d. sin-1 (- (x-1)(~-~))+cos-1((x-3)(x-l)) ""' : 

Forx e [1 , 2] => sin-1(-(x- J)(x-2)) E [0, 7r/2) 

and cos- 1((x- 3) (x - 1 )) E [7r/2, rr] ::::> no solution in the given range 

A I so, - 1 S 3x - 2 - x2 S) and - 1 S ~ - 4x + 3 S I 

77. d. 22/l'lsin-•"' :_ 2(a + 2)2/tlsin-• ·" +Sa< 0 

(2nl~in-l ". - 4)(2"/sin-•x - 2a) <0 

Now 2"1' 1" _, x e ( 0, ;] u (4, ~) 

2~~' SIO ·" E ( 0 I ' _, I . _, 1] 
Now for . '4 , we have (2" s•n "' - 4) < 0 

=> 2a < 2"1sin-• x 1 
=> 2a <-

4 

=> 2 - .J2 'S.xs 3 +~ 
2 



l 
.::::) O ~ a <-

8 

Similarly, for 2"1~in·•_.. ~ [4, oo),a > 2, we get 

a +·i) u (2.~) 
78. b. Given that sin-1 x + tan 1 x = 2k + 1 

Th f h fu . . -1 -1 . [-31r 31r] . c range o t e nctJon sm x +tan x 1s 4' 4 
Therefore, the integral values of k are- .I and 0. 

• 2 

79. c. From the given equation sin2 8 - 2 sin. 8 + 3 = 55CX: .v + 1, we get 

(sin 0- 1)2 +2= 5sec2
y +1 

L.H.S.~6, R.H.S. ~6 

Possible solution is sin 9=- 1 when L.H.S. = R.H.S. 

80. d. [coC1 x] + 2[tan-1 x] = 0 ~ [cot-1 x] = 0, (tan-• x] == 0 

or [coC1 x] =2, (tan- 1 x] =-1 

Now[coC1 x]=O::>xe (cot l,oo) 

[tan-• x] = 0::::) x e· (0, tan 1) 

Therefor~, for [coC1 x] = [tan-1 x] = 0, x e (cot J, tan 1) 

[ coC1 x) = 2 ::::) x e (cot 3, cot 2] 

· [tan-1 x] = -I => x E [-tan I, 0) => No such x exists. 

Thus, the solution set is (cot 1, tan 1 ). 

81. a. Expanding, we have 

(tan-1 x)3 + (tan-• 2x)3 +(tan·' 3x)3 = 3 tan-• x tan-• 2x tan-• 3x 

:::>x=O 

82.a. - •( 2x
2 

- 1 ) 2 cos-• x= cot ~ 
2xvl- x2 

Putx =cos 9: LHS = 29; 0 ~ 9~ nand-1 -~x ~ l 

Inverse Trigonometric Functions 4.n 

. . 
[as both functions arc increasing] 

(i) 

R.H.S.=cot-1( cos
29 

·J = coc1. (cot29) = 29 if0 < 29<tr 
2 cos 91 sin e I . 

(ii) 

From Eqs. (i) and (ii), we get 0 < 9< trl2 

:. x e (0,1) 

x x+ 1 
sJ.d. ~- I 

v·l + x 2 v(x + 1}
2 + 1 
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I~ ltigonometry 

~ x2 [(x + l )2 + I]= (x·+ 1 )2 ((r + 1 )] 

::::) x2 (x + 1 )2 + r = r (x + I )2 + (x + 1 )2 

~ x2 ::: (x + I )2 => x + I - x not possible as x---+ oo 

=> x + J ~ -x => x = -1/2 which is also not possible as for this L.H.S. < 0 but R. H .S. > 0 

1 
84. c. Let tan-1 (x) :::::: 8=> X= tan8=> cos e-X => I ;;;; X 

. vl + x2 

· 2(] + -..2) - J · 2 -I±.JS 2 JS-1 x
2 JS-1 

~x x-- =>x = =>x = =>-=--
2 2 2 4 

N -•(JS -lJ _1 ( • 1t) -•( 2rc) 2n · 2n ow cos =cos stn- =cos cos-. =- == -
4 "10 5 . 5 5 

85. b. sin cos-' (cos (tan-' x)) = p 

For x e R tan-' x E (- rd2, rd2) · 
cos (tan-• x) e (0, 1] 
cos-•cos(tan-'x) e [0, rc/2) 
sin( cos·• (cos(tan·•x))) e [0, I) 

86. a. sin·' x-:- ~os·' x =sin 1(3x-2) 

87. c. 

1C -I -1 1r -I (. 3 2) => - - COS X - COS X = - - COS X -
2 2 

=>2cos-•x=cos-'(3x-2). Aisoxe [-1 , 1] 

=>cos-'(2x2-: l) = cos-1(3x - 2)and(3x- 2) e [- 1,1], i.e., - 1 :5: Jx-251 

=> 2x'- 1 = 3x- 2; hence, x e [~ .1] 

1 
=> 2r-3x + I = 0 => x = I or -

. 2 

. -•Jt 2 -1 -J~l-x2 . -• Sin - X + COS X ;;; COt - Stn X 
X 

. .J . 2 
or!!.+sin-1 ~l-x2 =cot-• l-x 

2 X 

-J ~l -x2 . -1 /1 2 0 tan . +sm 'I -x.;;;; 
X 

~ xe [-l , O)u {I} 
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88. c. Here I cosx I= sin· • (sinx) 

89.b. 

I I 
• I I 

~-----~-------~----:---------- 2 
I I 
I I 
I 
I 
I 
I 
I 

• • 
------~-------1 

I 
I 
I 
I I 
I I 

------~------------~---------2 I I 
I I 
I I 

From the graph, number of solutions is 2 

y = sin-1(sin x) 

I 
I 

I I 
----r· ·---~----- , ----~ I I • 

I I 

I 

' ' ' 

: y= Ieos xt 
I 
I 

' ' ----~-~----r - ----------,-----
1 I 
I I 
I I 

• • I I 
I I 
I I 

-----------~-----------~·----1 • I 
I I 
I I 

Fig. 4.29 

rr 
3 cos·• x-rrx-- = 0 . 2 

1TX 1r 
:::::>cos·•x =-+-

3 6 

I 

• 
' I 
I 
I 

- ----~--------nf2 I 
I 
I 
I 

' I 
' • 
' I 
I 

I 
I 

- ---L------·-nf2 I 

I 

' I ··---------r-----· I 
I 
I 
I 
I 
I 

' I 
I 
I ---- .. -----· 
I 
I 
I 
I 
I 
I 

' I 
I 

' ' 

I 
I 

' I 
I 

' I 
I 
I 

-----------~----- · 

Fig. 4.30 

n n 
Y =-x +-3 6 

90. b. We have 

cos <-_1 ( 1- x
2

) 1r 

J + x2 3 

1- x2 rr 
:::::>O~cos·•--,..... <-

1 + x2 3 
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9t.b. sin-• x + sin-• y = ~ ~ -sin-• x =- ~ - sin-• y ~ sin-• x =sin -• J1 ~ Y2 ~ x2 + y1 =: 1 

92.d. sin-'(.r -4x + 6) + cos-•(r -4x + 6) = sin- 1 ((x- 2)2 + 2) + cos- 1((x- 2)2 + 2) . . 
(x - 2)2 + 2 ~ 2, for which sin~'x and cos-•x ar~ not defined. 

93.a. - - cos cos = cot cot-1 
- - 2 + -1t - I ( 2(x

2 
+51 xI+ 3)- 2 J ( 2 ) n 

2 x2 +5lxl+3 .9lxl 2 

n 2 2 Tr 
--2+ :;::; --2+ -
2 x2 + 5lxl + 3 9lxl · 2 

==:) lxl2 - 4 ~I+ 3 = o 

lxl = 1, 3 ==:)X = ± I ' ± 3 

94. c. 2 tan-• (cosec tan-• x- tan cot-1x) = 2 tan-1 [cosec tan-• x- tan coc1 x] 

2 l 

[

sec 0 - 1 ] . = tan-
tan 8 

(putting x =ian 8] · 

[ 

2 . 2 0 l .1 8 sm -
= 2 tan-1 [ · - _cos ] = 2 tan-• 

0 
2 

9 
Sin 9 2 sin- cos-

. 2 2 

B 8 
= 2 tan-• tan-= 2 x- = 8= tan-' x 

2 2 
' ' ---......-·-.-....---
Multiple .Cor.rect Answers. Typ~ . I - - ....... ----··--------,; 

I. b,c,d. 

6x2 + 1 1 x + 3 = 0 

~ (2x+3)(3x+ 1)=0 
==:) x=-3/2,-J/3 . 

For x =-3/2, cos-1 x is not defined as domain of cos-1 x is [-J , I] and for x = - 1/3, cosec-1 xis not 
defined as domain of cosec-1 xis R - {-I , I). However, coC1 xis defined for both of these values as 
domain ofcoc1 x is R. 
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2. a, b, c. 
Let tan- 1(-2)=0 
=> 28= (-Jr, 0) 

:::) tan8=-2:::) ·e=(-n/2,0) 

I - tan2 8 -3 
cos(- 28) =cos 28 = 

2 
-:- -

l +tan 8 5 

2() -1(-3) -13 => - = cos - = 1C- cos -
. 5 5 

2 8 
_ J .3 _ 1 4 t- 1 3 7r • _ 1 3 7r _ 1 '3 

=> =- 7r + cos - = - 7r + tan - = - 1r + co - =- 7r + - - tan - =- - -tan -
5 3 4 2 4 2 ' 4 

7r -1( 3) =--+tan --
2 . 4 

3. a, b,d. 
tan-1(x- I) + tan-1(x) + tan- 1(x + 1) = tan-1 3x 
:::) tan-1(x- l)+tan-1(x);::tan-1 3x-tan-1(x+ I) 

=> tan-1 [ (x - J) + x ] = tan- J [ 3x - (x + 1)] 
1 - (x- 1) (x) 1 + 3x(x + l) 

2x -1 2x- l 
=> ----::-- = ---=----

1 - x2 + x 1 + 3x2 + 3x 

=> (1 - x2 + x) (2x - 1) = ( 1 + 3~ + 3x) (2x- 1 ) 

l 
:::) x=O ±

' 2 
4. h 

We know that sin-1x is defined for x e [- 1, I] and sec-1x is defined for x e (-oo, -I] u [ J, oo). 
Hence, the given function is defined for x E {-1, I} . · 
Therefore,/ (I) = n/2,/(- I)= tr/2. 

5. a, c,d. 
(sin-1 x + sin- 1 w) (sin-1 y + sin-1 z) = n'-
:::) sin-1 x + sin-1 w = sin- 1 v + sin-1 z = rc 
or sin-1 x + sin- 1 w = sin-1y + sin-1 z =·- tr 
=> x = y = z = w = I or x = y;:: z = w =-1 

XN' yN2 
Hence, the maximum value of = 

'!..N3 WN4 

- l -1 1 
= 2 and minimum value = -2 . 

1 I 

Also, there are 16 different determinants as each place value is either 1 or -I. 
6. a, b, c, d. 

{

tan-1 x, if x ~ 0 
Since !tan-• xl = 

-tan-l X, if X <0 

=> ltan-1 xl = tan-• ixl 'r:l x E R 
=> tan ltan-1 xl =tan tan-1 lxl = lxl 
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Also lcoC1 xl = coC1 x; 'V x e R 
=cot jcoC1 xl =x, t1 x E R 

tan- 1 1 tan xl={x, 
- X , if 

if .tan x > 0 

tan x < 0 

7. a, c. 

XE [0; '1] . 

xe[-1,0) 

Domainofftx)=lo&ros- 1xisxe [-1, I) 
.·. [a] =-l orO 

8. · a, b, c. 

(a) sin( tan-• 3+tan~1 ~)=.sin~ =I' 

(" . 3) . (' . 3) 3 (b) cos 2' - sin-1 

4 
=cos cos-1 

4 
= 4 

( ) . ( 1 . -1 .J6jJ c sm 
4 

stn -
8
-

L . - 1 -.[63 8 etsm --"" 
8 

. J63 1 
.. ~ sm 8= -- =cos 8=-

8 8 

· 9 l +cos9 3 
We have cos - = = -

2 2 4 

R 8 · I . 
=>. sin 

4 
= = 

2
..fi 

N I . ( 1 . -1 .J63J t I 3 ow, og2 sm - sm -. - = og2 ..fi = - -
4 8 2 2 2 

(d) co~-1 .J5 = 8 =cos 8= J5 
3 3 

. (} 3 -.JS h' h . . . 1 • . tan - = w 1c 1s trrat1ona . 
2 2 

9. c, d. 

1 l . 
xy <O ::::> x+ - ~2,y+- ~-2 

X )' 

I 1 
orx+- 5 - 2,y+- ~2 

X y 



1 
x+-~2:::;:) 

X 
·-·( 1) [Tr Tr) sec x+ x e 3, "2 

y+ l. ~-2:::;:) sec'""• (y+.!.) e (Tr , 2tr] :::;:) z e 
y . y 2 3 

JO. a, d. 
~etf(x) = (sin- • x)2 + (cos-1 xi 

= (sin- • x + cos-• x)2 - 2 sin-1 x cos- 1 x . 

II. a, d. 
For the given equation 0 ~x.y~ l. 

Also, sin-1 x + sin-1 y = tr 
2 

:::;:) sin-1 x = cos-1 y = sin - I ~1 - y2 

=> X = ~~ - i :::;:) _x2 + i = 1 

Again, sin 2x = cos 2y 

=> cos(; -2x) =cos2y 

1C 
:::;:) --2x :;;; 2mt ± 2 v , where n e 1 2 .. 

/ 
I 1C 

:::;:) x ± y = - - ntr 
4 
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(5Tr 7tr) 
6. 6 · 

(i) 

(ii) 
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From Eqs. (i) and (H), we get 

x = ~ + ~ ~ - ~ andy= ~ ~ - ~ - ; 

12. a, c. 
We have 

_1 (n2
- JOn +21.6) Tr cot >-

1C . 6 

n2 -IOn+ 21.6 1t 
~ <cot-

Tr . 6 
(as cot x is decreasing for 0 < x < tr) 

~ n~-l0n+21.6 < TCJ3 
~ n2 -I On+ 25 + 2 J.6-25 < rr.J3 

~ (n-5)2< TC..[3 +3.4 

~ -.JJ3n+3.4 < 11-5 < ~.J3JC+3.4 

Since 5 = 5.5 nearly, ~.fin+ 3.4 - .J89- 2.9 

~ 2.1 <n <1.9 

n =3,4, 5,6, 7 

13. a,b.d. 
Let I r denote the r th term oft he series 3, 7, 13, 21 , ... and 

S=3+7+J3+2l+· ... +tn 

-S= 3+7+13+ .. ·+tn- 1 +111 

0 = 3 + 4 + 6 + 8 + · · · + 2n - t 11 

. . 1 
~ tn =3+4+6+·:·+2n = 1+2 x-n(n+l) = n2 +n+ I 

2 

LetT,. = coC1(? + r .+ I) = tan-1 ( 
1 J = tan- 1 ( r +I-~ J = tan-1(r + 1)- tan-1 r 

· r2 + r + 1 I + r ( r + 1) 
Thus, the sum of the first n tenns of the given series is 

n . 

L[ tan -I (r + 1)- tan -I r J = tan-'(n + I)-tan- 1(1) 

r=l -o[n+l-n] -1( n) -I[ I] = tan = tan -- c tan --
l+l(n+'l) n+2 l+2 

S ' )' - 1 [ ' 1 · ] Tr s _, 10 _, 5 " 
~ , eo= 1m tan - .- = - , 10 = tan - = tan -

n-.- I 2 4 q , 6 +-
n S - 1 3 . -1 3 

6 =tan - =sm -4 . 5 

S - 1 10 - 11 1 
20 = tan - = cot . 

11 

(i) 

{as n eN} 



14. b. 
f(x) = sin-1jsin kxl + cos-1(cos kx) 
Let g(x) = sin-1 1sin xj + cos-1 (cosx) 

2x, 
1r 

O~x~-
2 

g(x)= . 1C 3TC 
1C, - <x~-. 

2 2 

4n -2x, 
3n · 
-<x~2n 
2 
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g(x) is periodic with period 21< and is constant in the continuous interval [ 2nl< + ~, 2nl< + 
3
;] 

(where n e I) andf(x) = g(/a). 

S j( ) . · . h . 1 [2nTr 11: 2n1t 31t'] o, x IS constant m t e mterva --+-, --+-
. k 2k k 2k 

n: 3n 11: rr 1r 
=:::) -=--- => -=- =:)k=4 

4 2k 2k k 4 
15. a, c. . 

Given equation isx2 + 2x sin (cos-' y) + I= 0. Sincex isreal, D ~ 0 
· 4 (sin(cos-1y)i-4~0 

=:::) (sin (cos-1y))2 ~ I 
=:::) sin (cos-1y) = ± J 

- 1 1C 
~ cos )' = .± - =:::) y = 0 

2 
Putting value of y in the original equation, we have x2 + 2x + 1 = 0 => x =-I. 
Hence, the <:quation has o.nly one solution. 

16. b,c. 

1C 
I~ <oo 

COS-I X 

Hence, 2 should lie between or on the roots of i'- (a+~) 1-,; = 0 where t = 2•/=-•' 

~ ft2)~0 =:::) J+2a-3~0 ~a -E (-oo,.-3]v(l , oo) 
17. a,c. 

2 3 

The given relation is possible when a-~+!:.....+ ... = 1 + b + b2 + ... 
. 3 9 

. a2 • aJ 
Also - I~ a- - + - + ... ~ I and- I ~ I + b + b2 + ... ~ I 

' 3 9 

· a 1 
~ lbl < 1 ~lal <3and -= -

1 +a 1-b 
3 

. . . 
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1-x 

=tan-•(xyJ+tan- • __ Y 
1+!. 

)' 

-J(X) - IJ -1 X 1t = tan - + tan ·- tan - = - . 
y )' 4 

N . E (') . X 3 ow, m q. 1 , puttmg - ;;;; - , we get 
y 4 

tan-• (! )+ tan-• ( ~) = = 
Hence, both the statements are correct and statement 2 is the correct explanation of statement I . 

9. a. See theory 
-·--~---~------~~-----

Linked Comprehension Type 
--·-----

For Problems 1 - 3 

I. d, 2. b, 3. c 

Sol. 

• _ 1 [ rr rr] . sm xe ---
2 ' 2 

cos-• y e [0, n] 

sec-
1 
z e [ 0, ~) u ( ~ , 1r l 

Also, 12
- .fiii t + 3n 

2 [1r n n ( {;)
2 

5n 5rr =' -2v2'+2- 2+31f = ~ - ~r:;: +2~2 

The given inequation exists if equality holds, i.e., 

5n 
L.H.S. = R.H.S. = -

2 

::::::) x = I y = - 1 z = - 1 and 1 = {1C , ' '/2 
cos-1(11_lin{x,y, z}) = cos-1(- 1) == n 

For Problem's 4-6 

4: b, 5. a, 6. b 

Sol. 
Given ax+ b(sec(tan-1 x)) = c and ay + b(sec (tan-1 y)) = c 
Let tan-1x = a and tan- 1y = /3, then the given relations are 
a tan a :.r b sec a= c and a tan f3 + b sec f3 = c 

51t' 
2 

-----. 

From these two relations, we can conclude that equation a tan 8 + b sec9 = 'c has roots a and /3. 
a tan 9 + b sec 8 = c 

~ b sec 9 = c - a tan 9 

==> b2 sec2 9 = c'- - 2 ac tan 8 + a2 tan2 9 
=> b2 + b2 tan28 = c2

- 2 ac tanfJ + cf tan28 
::::::) (cr ·:- b2) tan28 - 2 a~ tanfJ + c2- b2 = 0 
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2 ac 
Therefore, sum of the roots, tan a+ tan f3 = x + y = 2 2 a - b 

c2 -b2 
and the product of roots, tan a tan f3 - xy = 2 2 a - b 

2ac 

and _::.:1_ = a2 - b2 
.1- ·-~y c2 -b2 

l---:--
a2 - b2 

2ac 
=---

For Problems 7-9 

7. b, 8. d, 9. c 

Sol. 

Let cos-• x;::: a=> a e [0, n'] 
and sin-• y = b =>bE [-1r/2, 1r/2] 

)1~2 
Wehavea+b2 = -1-

1f4 
andab2=-

16 

4 

Since 62 e [0, ~/4], we get a+ b2 e [0, n+ ~/4] 

pn2 n2 
So, from Eq. (i) we get 0 ~ -- $ 1f +-

i.e.,OSp~ ~ + 1 
1f 

Sincepe Z,sop =O, I or2. 

4· 4 

Substituting the value of b2 from Eq. (i) in Eq. (ii), we get 

a ( p:1 -a) = ;~ 
since a E R => D ~ 0 
i.e., 16p2 ~r4 -64:Tt~o 

Substitutingp == 2 in Eq. (iii), we get 
16tl- s.Tt a+ n4 = 0 . 

2 4 

( " ) 1r b2 -- ~ From Eq. 11 , we get -
4 16 

=> p =2 

1f2 
=> x=cos-. 

4 

b 
1! . _, 

=> =±- = sm y 
2 

·For Problems 10 - 12 

lO.c, H. a, 12.d 

Sol. 

Let cos- 1 x= 9=>x= cos 9, where Be [0, n] 

=> y=± J 

cos-1(4x3
- Jx) = cos-1(4cos3 9- 3cos9) - cos -•(cos 39) = cos -'(cos a) . . 

(i) 

(ii) 

(iii) 



4.86 Trigonometry 

Ja 1 . h . fi . I I . 
~ -- =--, t ere are m lntte y many so ut10ns 

a+3 J - b 

=> 3a-3ab=a+3 :;;:) 2a-3ab=~ 

· 2a-3 · 3 
=> b = and a=--

. 3a 2-3b 
18. a, b. 

We know that 

if~l S 1, then 2 tan- 1 x = sin-• (~) 
1 +x 

I I 2x 
ifx> J, 2 tan- x- 1l'- sin- 2 ) +X 

2x 
ifx<- 1, 2 tan- 1 x =-n - sin- 1 

2 I+ X 

Hence, the required values are x < -I or x > I . 
19. a, d. 

1 
Casel: lfO~x~- , then 

2 

cos-• (x +}_.JJ- 3x2
) = cos-• (~..!.+~I - x2 J3) = cos - • x- cos-• }_ 

2 2 ° 2 2 2 

l 
Case2: l f - ~ x $ J , then 

2 

cos- • (~ +}_~3-3x2 ) =cos- •..:!..-cos- 1 x 
2 2 2 

20. a, b, c. 
a. cos(tan-1(tan(4'-n))) = cos(4- n) = cos(1Z'-4) =-cos 4 > 0 
b sin(coC1(cot(4 - n))) = sin(4 -1l') =- sin 4 > 0 (as sin 4 < 0) 
c. tan(cos-1(cos(2tr- 5))) = tan(2n- 5) =- tan 5 > O.(as tan 5 < 0) 
d cot(sin-1(sin(n- 4)) = cot(tr- 4) =- cot 4 < 0 

21. a, b. cos- • x + cos-• y + cos- 1 z = 1'C => sin- • + sin- • y + sin-1 z = tr/2 

: 

:;;:) c~s- 1 
x + cos-• y =cos-.' (- z) => zy- ~1- x 2 J1 - l ;::; - z => x 2 + l + z2 + 2xyz =I 

22.a,b. . 
a. cos (tan-1(tan (4- n))) = cos (4- tr) = cos (n - 4) = -cos 4 > 0 
b siri (cot -•(cot (4 -tr))) =sin (4 -Tr) = - sin 4 > 0 (as sin 4 < 0) 
c. tan (cos-•(cos (2n- 5))) "" tan (2n- 5) =-tan 5 > 0 (as tan 5 < 0) 
d cot (sin-•(sin (TC-4)) = cot (tr-4) =-cot 4 < 0 

23.b, c, d. 

( 
14rr) 14n 4n cos - - ;;; cos - = cos-
·5 5 5 

J -1 ( 41l') 2Tr Hence, cos-cos cos- =cos -
. 2 5 5 
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Reasoning Type 

1'. a. Statement 2 is correct, from which we can say coC1x +cos- ' 2x = - tr is not possible. Bence, both the 
statements are correct and statement 2 is the correct explanation of statement I . 

2. d. Obviously, statement 2 is correct, but when x E [-I, I] we have tan- 'x E [-tr/4, n/4]. 

Jt implies that ! + tan- 1x e [n/4, Jn/4]. 
2 

Hence, statement 2 is true but statement 1 is false. 

3. c. cosec- 1 x > sec-1x 

4.a. 

- 1 1r -1 
~ cosec x > - - cosec x 

2 

- 1 1r 
~ cosec x >-

4 

( 
1 l ) I ~x < .J2 and 2 + .J2 e fl • .J2) 

But statement 2 is false. 

sin- ' x = tan- 1 p >tan- 1 x >tan- ' y 
1 -x2 

Therefore, statement 2 is true . 

. I 1 
->-J;Jn Now, e <TC 

By statement 2, we have 

Therefore, statement 1 is true. 

5. d. 30-9n E [0, n] is true but it is not principal value of cos-1(cos30) as cos-1(cos30) = cos-1(cos (9n 
+ (30- 9n))) == cos-1(--cos (30 - 9n)) = 1t- (30 - 9n) = I Otr- 30. 

Hence, statement 2 is true but statement I is false. 

6.a. /(x)=sin-1 (~) = ~ - 2 tan-1x, x ~ I 
I +x 

2 . 2 
~ f'(x)=- l +x2 ~ /'(2) = -5 
Thus statement I is true, statement 2 is true and statement 2 is the correct explanation of statement 1. 

7. b. We know that tan- •x and coC1x have domain R, also tan x and cot x ar~ unbounded functions. On the 
other hand; sec x is an unbounded function, but its range is R- (-I , I), and not R. 

8.a. Forx>O,y >O, 

tan-• (!..) +tan-1 (Y -x) 
y y +x 

(i) 
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where a== 30e [0, 31r] 
Refer the graph ofy = cos-1(cos a), a E [0, 37r] . 

y 

y' 

From the graph, 
Fig. 4.31 

cos -1(4x3 - Jx) =cos - •(cos a) 

{ 

a . 0 ~a< n 

== 21r - a , 1r -5: a~ 21r 

a - 2n, 21t <a~ 31f 

3cos- 1 x, 0 5 3cos-1 x < 1r 

= 2n - 3cos - 1 x, 1r $:; 3cos - 1 x:; 2n 

3cos-1 x- 21r, 2n <3cds-:1 x::; 3n 

3cos- 1 x, 

= 2n-3cos - t x, ( 1r I 3):; cos - I x '5: (2n I 3) 

3cos-1 x-2n. (2n / 3) < ~cos-• x:; 1r 

~COS-I .i·. (I I 2) <X '5: 1 

= 2tr -3cos-1 x, (-I/i):;x:;·(J/2) 

3cos-1 x- 21C, - 1::; x < -(1/2) 

3cos- 1 x-21C, - l$x<(- 1/2) 

= 2n - 3cos-1 x, (-l/2):; x-5: (112) 

3 - 1 
COS X ,. (1/2} < x-5:1 

For x e [ - 1, - ~), .cos -'(4x3
- 3x) = 3 cos-'x ..!211 

~ a =-2n and b = 3 ~ a + bn = 1C 

Forx e [ - ~, ~]. cos -1(4x3
- 3x) = 21r -·3 cos-'x 

7> a= 2irand b=-3 => sin" 1 (sin:)= Sin-• (sin =;J 



Inverse Trigonometric Functions 4.91 

=sin-•(-~)= -; 
For xE (~ ,1]. cos -1(4x3- Jx) = 3 cos- 1x=> a= 0 and h = 3 

lim bcos (y) = Jim 3cos (y) ;;:: 3 
y-+a y....O 

·-··· - - - -------- -~------------·-·- - · -·------.... 
Matrix-Match Type 

1. a --+ p; b --+ qJ s; c--+ r, s; d --+ r, s 
a. cos-1(4x3 - 3x)"" 3 cos- 1x 

0 ~COS-I ( 4x3
- Jx) ~ 71: 

=> 0 ~ 3 cos-1x ~ n · => 0 ~ cos-1x ~ (n/3) 
h sin-1(3x-4x3) = 3 sin-1x 

(-n/2) ~ sin- 1(3x-4x3
) S (11:/2) 

=> (-11:/2) ~ 3 sin-1x ~ ((d2) 

=> (- Tr/6) ~ sin-1x s; (Tt/6) 

=> (-J/2) ~X S (1/2) 

c. cos-1(4x3 - 3x) = 3 sin-1x 

0 ~ cos-1(3x - 4x3
) ~ n 

:;;;> 0$3 sin-1x~.TC 

=> 0 ~ sin-'x ~ TC/3 

=> OSx~(../312) 
d sin-1(3x- 4x3) = 3cos-1x 

(-n/2) ~ sin-1(3x -4;') ~ (11:!2) 

=> (-7r:f2) ~ 3 COS-IX~ (n/2) 

=> ( -rr/6) S COS- I X$ ( 1r/6) 
=> . 0 ~COS-IX S: (tr/6) 

=> O~x~(-../312) 
2. a.--+ q, r, s; b--+ q; c-+ r, s; d--+ p. 

1C2 
a. (sin-1 xi+ (sin-• y)2 = -

2 

. _, n . _, n 
=> sm x=± - sm y=±-

2' 2 
=> x -= ± 1 andy = ± I 
=> x3 + / =-2, 0, 2 

b. (cos-1 x)2 + (cos- 1y)2 = 2~ 
=> (cos:-' xi= (cos-1yi = n 

=> x=y= - 1 
=> xs+ys =-2 

J 

=> (112) ~xS I 
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4 

c. (sin-1 xi (cos-1y)2 = !!..___ 
4 

=> (sin- 1 x)2 = n
2 

and (cos-1y)2 = ",r. 
4 

~ (sin-1 x) = ± 7r and (cos-1y) = 1r 
2 

::} x=± I andy=-1 
~ -lx-yi=0,2 

d lsin-1 x- sin-1 y I = 1r 

. -! 7r d . -1 . 1r 
~ sm x= -- an sm y=-

2 2 

.. -1 7r ; d . -1 7r or sm x = - an sm y =: --
2 2 

=> xY = 1 (-1) or (-J) I = 1 or-) 

3. a~ p, q; b ~ q; c ~ q, r, s; d ~ p, r 
Refer the graphs ofy = sin-1 (sin x),y = cos-1(cos x),y = tan- 1(tan x) andy= coC1(cqt x). 

4. a~q; b~s;c~p;d~r 

. - 1 4 -1 4 a. sm -= tan -
5 3 

2 . -1 I -1 3 -1 4 
tan -=tan -=cot -

3 4 3 

and tan:-1 x +cot-1 x = !!.. 
2 

b tan-1 g +tan-1 ~ +tan-1 63 =tr+tan-1 48 
+l

5 
+ tan- 1 63 

. 5 4 16 20 - 36 16 

-1 63 -1 63 
= rc- tan -+tan - = rc 

16 16 

c. A - tan -I 2~~ x and B- tail-' e~.JJ A) 

tanA -tan 8 
Now, tan (A -B) = I A B 

+tan tan 

2x -A 

= _2_-1_-_x-=--_A......:..~-3 _ 
x../3 2x -It 

1+-- ---=-
21l -x }..,..fj 

= 3xit +(2x- ll)(x -2it) 
J3 [it (2it -x) +x (2x -~)] 
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2.! 
1 2 - 1 1 -1 l -1 3 -1 1 -1 3 - + tan - = tan - + tan -- = tan - + tan -
7 3 7 1-.!. 7 4 

1 3 
-+-

9 

:::: tan-1 7 4 = tan- 11 = n/4 
i -!~ 

74 

5. a~ s; b ~ p; c ~ q; d ~ r 

a. f(x) = sin-1 x +cos-1 x+cot-1 x 

= n +cot- 1 x x E [- 1 1] 2 , , 

For x E (- I, 1), coC1 x E [: , 
3
:] 

b. f (x) = coC1 x + tan-1 x + cosec-1x 

1C -1 
-+cot X E 
2 [

3tr 5n:] 
4 , 4 

= 1C +cosec-1x,wherexe (-oo,-l]u[l,oo) 
2 

Now cosec- ' x e [- ~, 0 )u( 0, ~] 
c. I (x) ~ coC1 X + tan- • X + cos-1x 

=!:. +cos-1 ~. wherex e [-I , I] 
2 

=> -+cos x E --n - 1 [n 3n: ] 
2 2' 2 

d sec- 1 x +cosec- 1 .x+sin- 1 x, wherex e {-I, J} 

n . - • = -+sm x, wherexe{-1, I} 
2 

Hence,.ftx)e {0, .n'}. 
6. a ~ q; b ~ r; c ~ p, r; d ~ q, r, s 

y • I • I 
I 
I 

______ , __ _ _ 
I 
I 

• I 

• • I 

--+----....:W.:__---+---t-X ------~----· 1 
2 

I 
I 

' ' ' 
·-·-r·--~---

• 

y 
I 
I ____ __ ... ____ _ 
I 
I 
I 
I 
I 

• I 
I 
I ------.. -----.. 
• I 
I 

' • 
I 

1 
' • 
' I • ______ ,. ____ _ 
' I . 

Fig. 4.32 

I 
I 
I 
I 

y 

t I 

--r--------1------~2 
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Refer graph for solution. 

· T.rigoQometry 

' ' ' I t • I 

-- - I -----~------~---· · 3 --......-._1 : . 

-3 - 2 . 

' 

I 

' I I I 

----:-------:------ ~- - - ·-1 
I I 

y 

-----~------T---
1 I 
I I 
I I 
I I 
I I 
I I 

•• • ••,••••••T• • • 
I I 
I I 
I I 
I I 
I I 
I I -T·-----T·--

1 

' 

Fig. 4.33 

~~-·---....--.-.---- -_..,.._._..-.rz · - -

Integer Type 
----------, 

·-~· -~------- - .. .... .. _ , , ___,..,.,_........._.._ _______ ._ .. ,.__ ..... :-:··_) 

I. (5) (coc!x)(tan-'x)+ ( 2- ~ )coc;x-3tan-1x - 3( 2 - ~) > 0 

:=::) coc1 x > 0 
:=::) (coC1x- 3) (2- coC1x) :> 0 

~ (coC1x- 3)(coC1x- 2) < 0 

~ 2 <coC1x < 3 

~ cot3 <x < cot2 

~Hence, x e (cot3, cot2) 

~coC 1~ + coC 1b=coC 1(cot 3)+ coC 1(cot2)=5 

2. (2) Since sin-1 is defined for (- I, I] 
:. a =O 

1t 
: . x = sin - I I + cos - I J - tan - t I == 4 
~ sec2x=2 · 

3.(6) Let tan- 1u=a~tana=u 
tan-1v = {3~ tan {3= v 
tan-l.w = y ~tan r= w . 

SJ - SJ 0-(-11) 
tan (a+ {3 + y) = I - s2 = 1 - ( - 1 0) 

11 
=- :::;] 

11 

I . 1t 
:. a+ ,8 + r = ~an- (J) !:: 4 
:=::) 3cosec2(tan-1u + tan- •v + tan-1w) = 6 

(. x4 x6 J ( 4 x
8 

x
12 J 1C 4. (3) sin- 1 

( x2 
- 3" + 9- · · · + cos-• x - 3 + 9 ·.. = 2 

·~ (xi_ x: + x: ······] =( x• _ x: + x~
2 

·····] 

[as coC1x is a decreasing function] 



=> 
x2 x4 

= x2 4 
I X 1+- . +-

3 3 

· 3 3x2 
orx=O => = 

3+ x2 3+ x4 

=> 9 + 3x4 = 9x2 + 3x4 or x = 0 

=> ~= I => X = 0~ I or - I 

Therefore, t~e number ofv~lues is equal to 3. 
' 

5. (7) j(x) = ~3cos-• (4x)- 1r is defined 

Tr 1 1 
J f cos-• 4x ~ 3 => 4x ~ 

2 
=> x ~ 8 

- 1 1 
Also, -1 :S; 4x ~ 1 => - ~ x ~-

4 4 

[-] 1] 
Therefore, from Eqs. (i) and (ii), we have domain: x e 4' 8 · 
=>4a+64b= 7 

6. (9) I +sin (cos-1 x) + sin2 (cos- 1 x) + ··· oo = 2 
1 . 

=> =2 
1- sin(cos-1 x) 

1 
=> 

2 
=I -sin (cos- • x) 

=>sin (cos- • x) = ~ => 

../3 
=>x= - . => 12x2 =9 

2 

1t 
cos-1x=-

6 

6 
:::: tan-• -

X 

=>x2
- ~ =0 => x4 =9 

x2 

8.(4) /(x)=sin- 1x+2tan-1x+ (x+2)2 - 3 

Domain off(x) is (-1, 1). 
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(i) 

(ii) 



4.96 Trigonometry 

Alsoj(x) is an ·increasing function .in the do~ain 

1C ·(-TC) . :.p=fmin.(x)=f(-1)=~2+2 4 +l -3.= ~ n- 2 

. 1C (1C) and q=fmaxo(x)='[(l)=-:;+2 4 +9-~ =~~6. 

Therefore, the range of[(x) is [- n- 2, n + 6). 
' Hence, (p + q) = 4. 

9. (6) T = tan-1 ( n +.I-I ) 
n 1 + (11 + 1)1 

-1 -1 
=tan (n+ I)-tan (n) 

-1 -1 
Hence, S. =tan (n + I)- tan J 

0 n 

-t( n+l- 1) ( 0 _1 n ) I 0 
_1(24) 

= tan I+ (n + 1)·1 = t~n n + 2 = 2
0 

cos 145 

=>2(tan-1
-

11 
) = cos-1 (~) 

n+2 . 145 

=> cos:_1 
( 

2
(n: l) ) = cos-t(~) 

0 n2 + 2n +·2 145 

~{ /~"2:~2) = (~~:) . 
=> J2(n+ .1)2- J45(n+ I)+ 12=0 

=> ((n+ 1)- J2)(12(n + 1)-1)=0 

=> n + I = J2 => n =' ll 

10. (l) We have g(x) = sin-1(cosx) = TC- cos-1(cosox)o 
2 .' 

Y · 

Fig. 4.34 
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Both the curves bound the regions of same area 

m -- , -,- andsoon . [n 7n] [9n 15n] 
4' 4 4 4 

97r2 an2 

Therefore, the required area= area of shaded square= -
8
- = b 

:. a= 9 and b = 8 ~.a- b = I 

11. (3) We must havex(x + 3) ~ 0 

~ x ~ 0 or x :5 - 3 

Also,-15r+3x+ I~ I 

~ x(x + 3) 50 ~ -3 5 x 50 

From Eqs. (i) and (ii), we getx = {0, - 3} 

Hence, required sum is 3. 

12. (I) Given expression is defined only for x = 1 and - 1 

:. f( 1) = 1 and J( - I ) = ( 1 + n')( I + n) = (I + n)2 

Hence, the least value is I . 

13. {3) cos-1(x) + cos-1(2x) + cos-1(3x) = 1l 

~ cos-1(2x) + cos-1(3x) = n-cos-1(x) = cos-1(-x) 

~ cos-1[(2x)(3x)- J1- 4x2 J1 - 9x2 ] = cos-1(-x) 

~ 6~ - ~J - 4x2 J1 - 9x
2 

- - x 

~ (6x2 +xi=(1 - 4x2){l - 9x2) 

~ ~ + 1 2x3 = I - 13x2 

~ 12x3 + 14~- J =0 

~a=J2· b=J4·c=O , , 
~ b-a-c = 14-12 +I =·3 

J 4. (1) tan-1(3x) + tan- 1(5x) = tan- 1(7x) + tan- 1(2x) 

~ tan- 1(3x)- tan- 1(2x) = tan- 1(7x)- tan-1(5x) 

~ tan-•(3x- 2xJ = tan-• ( :x- 5~ J 
1 + 6x2 1 + 35x2 

x 2x 

· ~ 1 + 6x2 -= 1 + 35x2 

~x=O or I +35~ = 2+ 12x2 

1 l 
~x = Oor x= -or---. J23 .fjj 

(i) 

(ii) 



4.98 Trigonometry 

Archives 

1. cos (2 cos- • x + Sin-• x) =cos (cos-o x ·+ ; ) 

= -sin (cos-1 x) = -sin(sin ~1 JI - x2
) = -~1 - x2 

Atx=.!...value =- Jl- 1 
=- (2ii =- 2../6 . s · 2s · v2s s 

2. L.H.S. = cos(tan-1 (sin (coc1 x))) 

=co{an++in-• Q ))J ifx >O 

( -1 ( . ( . -1 1 )JJ andcos tan sm n-sm . ~l+x2 ifx< O 

( ) ( Jg2J ~ 1 -t . +x x + I 
In each case, L.H.S.; cos tan-1 ~ =cos cos 2 ... = 

2 l+x2 2+x x +2 

Objective 

Fill in tile blanks 

I 11 _ 1 a(a+b+c) _1 b(a+b+c) tan- 1 c(a+b+c) 
• • Q = tan + tan + 

be ca ab 

a(a+b+c) b(a+b+c) = atb+c =I+~.+~> I 
be ca c c c · 

a(a+b+c) + . b(a +b +c) 

~ 9= n + tan- 1 be ca + tan-1 c(a+b+ c) 

a(a+b+c) b(a+b+c) 
+ 

be ca 

j¥(~+~) 
= n +tan_, l +tan -t 

1
_:a +b+c 

c 

c(a+ b +c) 

·ab 

ab 

I 
( 

c(a ~b +c) J _1 c(a +b+c) 
-Tr+tan- - r---- + tan =n ~ tan8=0 

ab ab 

2. lan(2tan- l.!._ n) = tan(tan-1 
( 

215 
2
J- tan- 1(1)) 

5 4 l- (1/5) 

j 
-·' . ·-.- ..... ----4··' 



~ tan (tan -I c~)- tan -I (I) J 

= ta.n(tan- 1 ((S/1
2)-JJ) 

1+(5112) 

= tan(ta.n-1(-7/17)) = -7/17 

Inverse Trigo~ometric Functions 4.99 

3. We have~ 

A= 2 tan-1 (2v'2 -1) 

= 2 tan-1 (2 x 1.414- 1) 

=2tan- 1(1.828)>2tan- 1 .J3=2rc/3 :::::) A>(27r/3) (i) 

Also, B = 3 sin-1
( 1/3) + sin-1 (3/5) = sin -I [3 x!-4x-

1 
] + sin- 1 (3/5) 

. 3 27 

• sin - I G~) +sin_, (0.6) = sin - I (0.852) +sin_, (0.6) <sin - I ( .J3i2) +sin_, ( .J3 f 2) = 2.1£/3 

:::::) B < (2n/3) · (ii) 
From Eqs. (i) and (ii), we conclude A> B. 

Multiple clloice questions with Ollf! correct n11swer 

.J.d. 

2. e. 

3. d. 

4.c. 

tan(cos-1 ( 4)+tan-I· (~)J = tan(tan-1 ~ +tan-1 2
) = tan(tan-1( (3/

4)+(2
/
3

) )) 
5 3 4 3 · l-(3/4)x(2/3) 

17 12 17 
=-x-=-

12 6 6 

The princ ipa I value of sin-' ( sin 
2
:) = principa I value of sin_, ( ~) = trf3 

tan( cos-1 5~ - sin- 1 Jn) = tan (tan- 1 .7- tan-1 4] ;. tan ( t~n-• ( ;
9 
)) • ;

9 

tan_1 • .j[x(x+l)] =(rc/2)- sin-1 ~(x2 +x+l) = cos- • ~x2 +x~l = tan- 1 ~-x2 _-x 
~x2 +x+l 

.J-x2 -x 
:::::) .jx(x+l) = J :::::) x=0, -1 aretheonlyrcal solutions. 

x2 +x+ I . 

S.b. sin-'(:•< + x: +·}cos-'(xz _ x; < +·+~ 



4.100 Trigonometry 

2 x4 x6 - x2 x3 
=> x - -+-···-x--+-··· 

2 4 2 4 
We have G. P. of infinite terms on both sides. 

X 2x 

;n}~ · -(-n 2+x 

=> x(x-1) = 0 => x = 0, I but 0 < lxl < .J2 => x= 1 

6. a .. ~or f (x) = sin -I (2.\:) + : to be defir;ed and real sin- 1 2x + (tc/6) ~ 0 

. - 1 2x > Tr => sm _ _ -
' . -6 . 

But we know that -n/2 ~ sin- 1 2x $ rc/2 

Combining Eqs. (i) and (ii), we get 

- 1r16 $ sin- 1 2x $ Td2 

=> sin(- n/6) ~ 2x ~sin ('n/2) 

7.d. sin[ cot-1 (x + t)] = sin(sin-1 
· l · J = I 

~ x2 + 2x + 2 ) x2 + 2x .+ 2 

cos (tan-• x)~ cos (cos-• 1 J = : 1 
·· 

~I+ x2 ~~ + x2 

J }-
Thus, · = => 

~x2 + 2x + 2 ~1 + x2 

Mate II tile followi"g type 

I. a~ p; b ~ q; c ~ p; d ~ s 

sin- 1(a.x) + cos- 1 y + cos- 1(bxy) = 1r 
. 2 

1 
x2 + 2x + 2 = I + x2 => x = - -

2 

=> cos-1 y + cos-1(bxy) = ·n - sin- 1(ax) = cos-1 (ax) 
2 

Let co.s-1 y =a, cos-1(hxy) = /3, cos-1(a.x) = r 
=> y = cos a, bxy = cos /3, ax = cos r 

. . 

Therefore, we get a+ f3= r . => cos(r- a) = bxy ::::) cos ycos a + sin .ysin a = bxy 

=> (a - b) xy =- sin a sin r => (a- b)2 :t; = sin2 a sin2 r= (1- cos2 a)( I - cos2 n 

,. 

(i) 

(ii) 
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=> (a-b)2x2/=(i-c?l)(l-i) (i) 

a. For a= 1, b = 0, Eq. (i) reduces to 

~l=o -~)(J -Y)=>x2+y2 = 1 

b. For a.= I, b= l,Eq. (i) becomes (l-x2
) (t-/) =0 

~ (x2 
- I) (v2- I)= 0 

c. For a= I. b = 2, Eq. (i) reduces to 

x2y2 = (J -x2)(l _ y2) 

~ x2+l= I 

d. For a=' 2, h = 2, Eq. (i) reduces to 0 = (1 -4x2) (I -y2) 

=> ( 4x2 - I) (y2 - · l) = 0 


