2.1 Functions

If A and B are two non-empty sets, then a rule f which associated to each x € A, a unique
number y e B, is called a function from A to B and we write, f:A—>B.

2.1.1 Some Important Definitions

(1) Real numbers : Real numbers are those which are either rational or irrational. The set
of real numbers is denoted by R.

(i) Rational numbers : All numbers of the form p/q where p and g are integers and q # 0O,
are called rational numbers and their set is denoted by Q. e.g. %, - g ’ 4(as 4 = %) are rational

numbers.

(ii) Irrational numbers : Those are numbers which can not be expressed in form of p/q
are called irrational numbers and their set is denoted by Q° (i.e., complementary set of Q) e.g.
\/Z 1—\/5, 7 are irrational numbers.

(iii) Integers : The numbers ....... -3,-2,-1,0,1, 2, 3, ........ are called integers. The set
of integers is denoted by I or Z. Thus, I or Z ={....... ,-3,-2,-1,0,1, 2, 3,...... }
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Set of positive integers I = {1, 2, 3, ...}

Set of negative integers I'={-1,-2, - 3, ...... T.
Set of non negative integers ={0, 1, 2, 3, ..}
Set of non positive integers = {0, - 1, - 2, - 3,.....}

Positive real numbers: R* = (0, ) O Negative real numbers: R™ = (—x,0)
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R, : all real numbers except 0 (Zero) O Imaginary numbers: C ={i, »,....}
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Even numbers: E ={0,2,4,6,...... } O 0Odd numbers: 0 ={1,3,5,7,...... }
Prime numbers : The natural numbers greater than 1 which is divisible by 1 and
itself only, called prime numbers.
O In rational numbers the digits are repeated after decimal
O o (zero) is a rational number
O In irrational numbers, digits are not repeated after decimal
O 7 and e are called special irrational quantities
O o« is neither a rational number nor an irrational number

(2)Related quantities : When two quantities are such that the change in one is
accompanied by the change in other, i.e., if the value of one quantity depends upon the other,
then they are called related quantities. e.g. the area of a circle (A = ar?)depends upon its radius
(r) as soon as the radius of the circle increases (or decreases), its area also increases (or
decreases). In the given example, A and r are related quantities.

(3)Variable: A variable is a symbol which can assume any value out of a given set of
values. The quantities, like height, weight, time, temperature, profit, sales etc, are examples of
variables. The variables are usually denoted by x, y, z, u, v, w, t etc. There are two types of
variables mainly:

(i) Independent variable : A variable which can take any arbitrary value, is called

independent variable.

(ii) Dependent variable : A variable whose value depends upon the independent
variable is called dependent variable. e.g. y = x?, if x = 2 then y = 4 = so value of y depends on
Xx. y is dependent and x is independent variable here.

(4)Constant : A constant is a symbol which does not change its value, i.e., retains the same

value throughout a set of mathematical operation. These are generally denoted by a, b, c etc.
There are two types of constant.

(i) Absolute constant : A constant which remains the same throughout a set of
mathematical operation is known as absolute constant. All numerical numbers are absolute

constants, i.e. 2, \/? 7 etc. are absolute constants.
(ii) Arbitrary constant : A constant which remains same in a particular operation, but
changes with the change of reference, is called arbitrary constant e.g. y =mx +c represents a

line. Here m and c are constants, but they are different for different lines. Therefore, m and c
are arbitrary constants.

(5)Absolute value : The absolute value of a number x, denoted by |x|, is a humber that
satisfies the conditions



-x if x<0
| x|=< 0 if x=0. We also define |x| as follows, |x|= maximum {x, - x} or |x|=vx?
x if x>0

The properties of absolute value are

(i) The inequality | x|<a means —a<x<a (ii) The inequality | x| >a means x>a
or x<-a
(iii) [ x£y[< x| +[y| and | x+y[Z x| | y| av) [ xy < x|l vl
(V) izlil,yio
yl 1yl

(6)Greatest integer: Let x € R. Then [x] denotes the greatest integer less than or equal to
x; e.g. [1.34]=1, [- 4.57]= - 5, [0.69] = O etc.
(7) Fractional part : We know that x >[x]. The difference between the number ‘x’ and it’s

integral value ‘[x]’ is called the fractional part of x and is symbolically denoted as {x}. Thus,
X} =x-I[x]
e.g., if x = 4.92 then [x] = 4 and {x}= 0.92.
|No7le : OFractional part of any number is always non-negative and less than one.

2.1.2 Intervals

If a variable x assumes any real value between two given numbers, say a and b (a<b) as its
value, then x is called a continuous variable. The set of real numbers which lie between two
specific numbers, is called the interval.

There are four types of interval:

(1) Open interval : Let a and b be two real | (2) Closed interval : Let a and b be two real

numbers such that a<b, then the set of all numbers such that a<b, then the set of all
real numbers lying strictly between a and b real numbers lying between a and b
is called an open interval and is denoted by including a and b is called a closed interval
la, b[ or (a, b). Thus, ]a, b[ or (a, b) = and is denoted by [a, b]. Thus, [a, b] =
{xeR:a<x<h} a<x<b , {xeR:a<x<b},<y<p
a b £ 3
a b
gl Closed

(3) Open-Closed interval : It is denoted by Ja, | (4) Closed-Open interval : It is denoted by [a,
b] or (a, b] and ]a, b] or (a, b] = b[ or [a, b) and [a, b[ or [a, b) =
{xeR:a<x<h’ {XeR:a§x<b}asx<b\
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2.1.3 Definition of Function

(1) Function can be easily defined with the help of the concept of mapping. Let X and Y be
any two non-empty sets. “A function from X to Y is a rule or correspondence that assigns to each
element of set X, one and only one element of set Y”. Let the correspondence be ‘f then
mathematically we write f: X > Y where y = f(x),x e X and y € Y. We say that ‘y’ is the image of

‘x’ under f (or x is the pre image of y).
Two things should always be kept in mind:
(i) A mapping f: X - Y is said to be a function if each element in the set X has it’s image

in set Y. It is also possible that there are few elements in set Y which are not the images of any
element in set X.

(ii) Every element in set X should have one and only one image. That means it is
impossible to have more than one image for a specific element in set X. Functions can not be
multi-valued (A mapping that is multi-valued is called a relation from X and Y) e.g.

Set X Set Set X Set

i
\

Function Function
Set X Set Set X SetY
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Not Not

(2) Testing for a function by vertical line test : A relation f: A —» B is a function or not it
can be checked by a graph of the relation. If it is possible to draw a vertical line which cuts the
given curve at more than one point then the given relation is not a function and when this
vertical line means line parallel to Y-axis cuts the curve at only one point then it is a function.
Figure (iii) and (iv) represents a function.
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(3) Number of functions : Let X and Y be two finite sets having m and n elements
respectively. Then each element of set X can be associated to any one of n elements of set Y. So,

total number of functions from set X to set Yis n".
(4) Value of the function : If y = f(x) is a function then to find its values at some value
of x, say x =a, we directly substitute x = a in its given rule f(x) and it is denoted by f(a).

e.g. If f(x)=x%+1,then f()=1°+1=2, f(2)=22+1=5, f(0)=0° +1 =1etc.

Example: 1 If A contains 10 elements then total number of functions defined from A to A is
(a) 10 (b) 210 (c) 10%° (@) 21°°-1
Solution: (c) According to formula, total number of functions =n"

Here, n = 10. So, total number of functions = 101°.

x=| x|

Example: 2 If f(x)= , then f(-1)= [SCRA 1996]
(a) 1 (b) -2 (o) o (d) 2
Solution: (b) f(-1)= o e = -1 =-2.
| 1] 1
Example: 3 If f(y)=logy, then f(y)+ f(l] is equal to [Rajasthan PET
y
1996]
(a) 2 (b) 1 (c) o (da -1

Solution: (c) Given f(y)=Ilogy =f(l/y)=Ilog(@/y), then f(y)+ f(%] =logy +log(1/y)=logl =o0.

Example: 4 If f(x)= IOQEJr—ﬂ, then f[ 2x 2} is equal to [MP PET 1999; Rajasthan PET 1999; UPSEAT 2003]
- 1+x

(@) [f)1 () [f1° (© 2f(x) (d) 3f(x)

Solution: (¢) f(x)= Iog[iJri)
1+ 2x 2
2x 1+ x2 x? +1+2x [1+x:| [1+x}
o f =log| —=2—|=log| ———— | =log| —— | =2log| —— | = 2f(x
[1+x2] J 12X g{szrl—Zx 91°x 9 1°x )
1+x2

Example: 5 If f(x)= COS[;ZZ]X + C0S [—71'2]X, then [Orissa JEE 2002]

(a) f[%):Z (b) f(-7)=2 (©) f(r)=1 (d) f(%]:—l

Solution: (d)  f(x) = cos [z?]x + cos [-72] x

f(x) = cos(9x) + cos(—10x) = cos(9x)+cos(10x) =2 cos(lngj cos(gj



f(%) = Zcos(lgT”jcos[%j; f(%] =2 X_T;X% =-1.

n
Example: 6 If f:R —> R satisfies f(x +y)=f(x)+ f(y), for all x,y eR and f(1)=7, then Z f(r) is
r=1

() 7_n ) 7n+1) (©) 7n(+1) @ mhn+1)
2 2 2
Solution: (d) f(x+y)= f(x)+ f(y)
put x=1,y=0 = fQ=fQ)+f0)=7
put x=1y=1 = f(2)=2.f1)=2.7; similarly f(3)=3.7 and so on
n
.'.Zf(r)=7(1+2+3+ ..... +n) = 7”(”2”).
r=1
Example: 7 If f(x)= ! + ! for x > 2, then f(11)= [EAMCET 2003]
\/x+2J2x—4 \/x—2J2x—4
7 5 6 5
L b) 2 2 d 2
() 6 (b) 6 () 7 (d) -
. 1 1
Solution: (¢c) f(x)= +
\/x+2\/2x—4 \/x—2\/2x—4
1 1 1 1__3-42 3+V2 6

f11) =

+ = + .
Jit+2418 Jii-2418 3+vY2 3-V2 7 77

2.1.4 Domain, Co-domain and Range of Function
If a function f is defined from a set of A to set B then for f: A— B set A is called the domain of

function f and set B is called the co-domain of function f. The set of all f-images of the elements of
A is called the range of function f.

In other words, we can say Domain = All possible values of x for which f(x) exists.

Range = For all values of x, all possible values of f(x).

f Domain =4{a,b,c,d}=A
- Co-domain = {p, q,r,s} = B
Range | Range  ={p, q, 1}

Domain Co-domain

(1) Methods for finding domain and range of function
(i) Domain

(a) Expression under even root (i.e., square root, fourth root etc.) > 0



(b) Denominator = 0.
(c)If domain of y=1f(x) and y=9g(x) are D, and D, respectively then the domain of

f(x)xg(x) or f(x).g(x) is D, N D,.

(d)While domain of 1) is D, n D, —{g(x) = 0}.

9(x)
(e) Domain of (/f(x))=D, ~{x: f(x)>0}
(ii) Range : Range of y = f(x) is collection of all outputs f(x) corresponding to each real
number in the domain.

(a) If domain e finite number of points = range e set of corresponding f(x) values.

(b)If domain € R or R - [some finite points]. Then express x in terms of y. From this find y

for x to be defined (i.e., find the values of y for which x exists).

(c)If domain € a finite interval, find the least and greatest value for range using

monotonicity.

Important Tips

& If f(x) is a given function of x and if a is in its domain of definition, then by f(a) it means the number obtained by
replacing x by a in f(x) or the value assumed by f(x) when x = a.

& Range is always a subset of co-domain.

Example: 8 Domain of the function is [Roorkee 1987; Rajasthan PET 2000]

x? -1
(a) ((o-)u,x) (b) (o —-1]u(,x) (c) (o-1)U[L, ) (d) None of these
Solution: (a) For domain, x?2-1>0 =>x-D(x+1)>0

=>x<-lor x>1 =Xxe(w-1)u@,o).

Example: 9 The domain of the function f(x)= \Al— is [Roorkee 1998]
x| =x
(a) RT (b) R™ (©) Ry (@ R
Solution: (b) For domain, | x| —=x >0 = x|> x . This is possible, only when x e R™.
. . s log,(x +3)
Example: 10 Find the domain of definition of f(x)= - [IIT 2001; UPSEAT 2001]
X“+3Xx+2
(a) (3,») () {-1-2} (© (3,9-{-1-2} (d) (~o0,0)
Solution: (c) Here f(x)= IOZQZ(X +3) _ logp(x +3) exists if,
X% +3x+2 (X+D(x+2)
Numerator x+3 >0 =>x>-3 . (i)
and denominator (x+1)(x+2)#0 =>x=#-1,-2  ...... (ii)

Thus, from (i) and (ii); we have domain of f(x)is (-3,00)—{-1,—2}.
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The domain of the function f(x)=+/(2-2x - x2) is [BIT Ranchi 1992]
(@) —-3<x<43 (b) —1-v3<x<-1+3

(c) 2<x<2 (d) None of these

The quantity square root is positive, when —1- J3 <x<-1+43.

If the domain of function f(x)=x? —6x +7 is (—o0,%0) , then the range of function is

(a) (=00, ) (b) [-2,00) (©) (2.3 (@ (~=-2)

x2 —6x+7=(x-3)%-2 Obviously, minimum value is -2 and maximum .

The domain of the function f(x)= m +Varx +V4—x s [AMU 1999]
(a) [4,x) (b) [4,4] (c) [0,4] (d) [0,1]

f(x)=vx —x? +VA+x +/a-x
clearly f(x) is defined if
4+x>20 = x>+4

4-x>0 = x<4

XL-x)>0 = x>0 and x<1

.. Domain of f=(—0,4]"[-4,0)N][0,1] =[0,1].

The domain of the function \llog(x2 —-6x +6) is [Roorkee 1999; MP PET 2002]
(a) (—0,) (D) (-03-+3)UBE+13,%)
(©) (= 1]u[5,:) (d) [0, )

The function f(x)=4 Iog(x2 —6x +6) is defined when Iog(x2 -6x+6)>0
= x?-6x+62=1 = (X-5)(x-1)>0

This inequality hold if x <1 or x >5. Hence, the domain of the function will be (—o,1]U[5, ).

The domain of definition of the function y(x) given by 2* +2Y =2 is [IIT Screening 2000; DCE 2001]
(a) (o, 1] (b) [0, 1] (©) (~=,0] (d) (1)
2¥y =2-2%

yisrealif 2-2¥ >0 = 2>2"= 1>x

= Xe(-o 1)

The domain of the function f(x)=sint [log,(x/2)] is

[AIEEE 2002; Rajasthan PET 2002]

Solution:

Example:

()
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(a) [1, 4] (b) [-4,1] () [-1,4] (d) None of these
f(x) = sin 1[log , (x/2)]

Domain of sin"! x isx e[-1,1]

= -1<log,(x/2)<1 = —<—<2 = 1<x<4

N~
N | X<

~ X e[L4].
tan % x , | x] <1

The domain of the derivative of the function f(x)=1{1

is [IIT Screening 2002]
ZUxI-1)  [x]>1

(a) R-{0} (b) R-{1} (o R-{-1} (d) R—{-11}
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(d)

1 = —
5(—x—1),x<—1 > X< 1
f(x)={tan T x,—-1<x<1 = f'(x)= ! ,—1l<x<l
1 1+x
—(xX+1,x>1
g x> 1 %
2
f’(—l—O):—l; f'(—1+0):—1 1
2 1+(-1+0)? 2
1”(1—0):;=£;f'(1+0)=l
1+1-02 2 2

. f'(-1) does not exist.

.. domain of f'(x)=R -{-1}.

Domain of definition of the function f(x)= 3 >+ log g (x3 —x), is [AIEEE 2003]
4 —
(a) (1, 2) (b) (-1,0) v (1, 2) (e (1,2)v (2, ») (d) (-1,0) U (1,2) U (2, ©)
()= —— +1og10(x° ~x)
4 —x
So,4—x2¢0:>x¢i\/2:>x¢i2 B R _ .
3 2
and x° -x>0=x(x“-1)>0 = x>0| x| >1 _1 0 1
. D=(-1,0)u,0)—{2}
D=(-1,0)u(@ 2)u(2,x).
The domain of the function f(x)= Iog3+x(x2 -1) is [Orissa JEE 2003]
() (3,-Dul,x) (b) [[3, -1Vl )
(C) (_31_2) o (_2! - 1) U(l, (I)) (d) [_31 - Z)U(_Zv - 1) U[l, OO]

f(x) is to be defined when x2 —1>0

= x2>l, = X<-lorx>1and 3+x>0

© Xx>-3 and x#-2
5D =(3,-2)u(-2,-)ud .

Domain of definition of the function f(x):lfsin*l(Zx)+%, for real value x, is
11 11 11 11
a) |-—,= b) |[-=.= o) |-=.= d) |[-——
@ |-33] ® |-33] © (-33) @ |-3+3]
—Essin‘l(ZX)SE:—lsﬂsl = xe|-L1]
6 2 2 4 2
The range of f(x)=cos x —sinx, is [MP PET 1995]

(@) (L1 (b) [1,2) © [—%ﬂ (@ [V2,2]

Let, f(x)=cos x —sinx = f(x) = \/E(icos X —isin XJ = f(x)= \/Ecos(x + %j

V2 V2



Example: 22

Solution: (b)

Example: 23

Solution: (a)

Example 24

Solution: (d)

Example: 25

Solution: (b)

Example: 26

Now since, —1§cos(x+%]£l = -2 <f(x)<V2 = f(x)e[V2,42]

Trick : ‘.~ Maximum value of cos x —sinx is +v2 and minimum value of cos x —sinx is — \/E .

Hence, range of f(x)=[—«/5, \/E].

1+x2

The range of is [Karnataka CET 1989]
X
(@) 0,1 (b) (1,) (c) [o, 1] (d) [1,)
2
Let y:1+x :x2y=1+x2 :xz(y—l)zl = x2:L
¥ 2 y-1

Now since, x2 >0 :i>0:>(y—l)>0 = y>1 > ye, o

. 1+x? 1 . 1.
Trick : y= > =1+—2. Now since, — is always >0 = y>1= ye(l o).
X X X
For real values of x, range of the function y = ; is
2 —sin3x
1 1 1 1
a) —<y<l1 b) —=<y«<1 c) —=>y>-1 d =>y>1
()3y ()3y ()3y ()3y
yz;, 2—sin3x=l = sin3x:2—l
2 —sin3x y y
Now since,
. 1 1 1 1
—-1<sin3x<l = -1<2--<1 = —-3<-=-<-1 = 1<-<3 = —=<y<l1
y y y 3
If f(x)=acos(bx +c)+d, then range of f(x)is [UPSEAT 2001]
(a) [d+ad+2a] (b) [a—d,a+d] (c) [d+aa—d] (d) [d—ad+a]
f(x)=acos(bx +¢)+d . (69)]
For minimum cos(bx +c¢)=-1
from (i), f(x)=-a+d =(d -a),
for maximum cos(bx +c¢) =1
from (i), f(x)=a+d=( +a)
-. Range of f(x)=[d—a, d+a].
. X+ 2 .
The range of the function f(x) =| 2] [Rajasthan PET 2002]
X +
(a) {o, 1} (b) {-1,1} (A R (d) R-{-2}
-1 -2
f(x)= x+2 )7L ox<
| X + 2| 1, x>-2
.. Range of f(x) is {-1,1}.
The range of f(x)= sec[% cos 2 j —<X <o is [Orissa JEE 2002]

(@) [LV2] (®) [1,%) (© [V2,-1]uLV2] (@) (~0—-1]U[L )



Solution: (a) f(x)= sec(% cos? x]

We know that, 0<cos® x <1 at cos x =0, f(x)=1 and at cos x =1, f(x):\/E
L1<x<42 = x €[4, \/E].

X2 +x+2

Example: 27 Range of the function f(x)= —5——X€ Ris [IIT Screening 2003]
X“+x+1
(a) (1) (b) L11/7) (0 @7/3] (d) @.7/5]
Solution: (¢) f(x)=1+ > = Range =(1,7/3].
X+=| + 3
2 4

2.1.5 Algebra of Functions

Let f(x)and g(x)be two real and single-valued functions, with domains X;, X, and ranges
Y and Y, respectively. Let X = X; "X, #¢. Then, the following operations are defined.

(1) Scalar multiplication of a function : (cf)(x)=c f(x), where c is a scalar. The new

function c f(x) has the domain X;.

(2)Addition/subtraction of functions :(f £g)(x)=f(x)xg(x). The new function has the
domain X.

(3) Multiplication of functions :(fg)(x)=(gf)(x)=f(xX)g(x). The product function has the
domain X.

(4)Division of functions :

( j(x)— ) The new function has the domain X, except for the values of x for which

g(x)
g(x)=0.

(ii) ( j(x)— g( ) The new function has the domain X, except for the values of x for

f(x)
which f(x)=0.
(5) Equal functions : Two function f and g are said to be equal functions, if and only if
(i) Domain of f = domain of g
(ii) Co-domain of f = co-domain of g
(iii) f(x) =g(x)Vvx € their common domain

(6)Real valued function : If R, be the set of real numbers and A, B are subsets of R, then
the function f: A — B is called a real function or real -valued function.

2.1.6 Kinds of Function




(1) One-one function (injection) : A function f: A —» B is said to be a one-one function or

an injection, if different elements of A have different images in B. Thus, f: A — B is one-one.
< azb= f(@=f{b) forall a, be A < f(@)=f(b)=>a=Db forall a,beA.

e.g.Let f:A—> B and g: X » Y be two functions represented by the following diagrams.

X Y

Clearly, f: A — B is a one-one function. But g: X —> Y is not one-one function because
two distinct elements x, and x; have the same image under function g.
(i) Method to check the injectivity of a function
Step I : Take two arbitrary elements x, y (say) in the domain of f.
Step II : Put f(x)= f(y).
Step III : Solve f(x)= f(y). If f(x)= f(y) gives x = y only, then f: A— B is a one-one function
(or an injection). Otherwise not.
M 3 If function is given in the form of ordered pairs and if two ordered pairs do not
have same second element then function is one-one.
O If the graph of the function y = f(x) is given and each line parallel to x-axis cuts

the given curve at maximum one point then function is one-one. e.g.

Y Y
N I
(0, 1)
, x
X o) X o ) X
Fx) = ax + b f(x)=a*(o<a<1)
Y 14
(ii) Number - 7 having m and
. . "P,, ifn>m
n elements respectively, then number of one-one functions from Ato B = 0 "
, ifn<m

(2) Many-one function : A function f: A — B is said to be a many-one function if two or
more elements of set A have the same image in B.

Thus, f:A—>B is a many-one function if there exist X,y e A such that x # y but
f(x) = f(y).



In other words, f: A — B is a many-one function if it is not a one-one function.

M O If function is given in the form of set of ordered pairs and the second element of
atleast two ordered pairs are same then function is many-one.
O If the graph of y=f(x) is given and the line parallel to x-axis cuts the curve at
more than one point then function is many-one.

Y Y
Y Y
\ |
X \ / X X X X
Of feo=x fex) =
Y y’

O If the domain of the function is in one quadrant then the trigonometrical functions
are always one-one.

O If trigonometrical function changes its sign in two consecutive quadrants then it is
one-one but if it does not change the sign then it is many-one.

Y f: (0, x), f(x) = sin x v f:(0, ), f(x)=cos x

i one-one

many-
+ /2
X' X X
+ i + ( \
X : X

I's l2 V3

Y v

O In three consecutive quadrants trigonometrical functions are always many-one.
(3)Onto function (surjection) : A function f: A — B is onto if each element of B has its

pre-image in A. Therefore, if f'(y)e A, Vy € B then function is onto. In other words, Range of f =

Co-domain of f.

e.g. The following arrow-diagram shows onto function.



.

(i) Number of onto function (surjection) : If A and B are two sets having m and n
elements respectively such that 1<n<m, then number of onto functions from A to B is

n
> e
r=1

(4)Into function : A function f: A — B is an into function if there exists an element in B
having no pre-image in A.
In other words, f: A— B is an into function if it is not an onto function.

e.g. The following arrow-diagram shows into function.

A B X Y
f g
L —
—L [\

(i) Method to find onto or into function

(a) If range = co-domain, then f(x) is onto and if range is a proper subset of the co-domain,
then f(x) is into.

(b)Solve f(x)=y by taking x as a function of y i.e., g(y) (say).

(c) Now if g(y) is defined for each y e co-domain and ¢g(y) € domain for y € co-domain, then
f(x) is onto and if any one of the above requirements is not fulfilled, then f(x) is into.

(5) One-one onto function (bijection) : A function f: A — B is a bijection if it is one-one as
well as onto. A B

In other words, a function f: A —» B is a bijection if

(i) It is one-onei.e., f(x)=f(y)= x =y for all x, y € A.

(ii) It is onto i.e., for all y € B, there exists x €

Clearly, f is a bijection since it is both injective as well as surjective.
Number of one-one onto function (bijection) : If A and B are finite setsand f:A—>B isa

bijection, then A and B have the same number of elements. If A has n elements, then the number
of bijection from A to B is the total number of arrangements of n items taken all at a time i.e. n!.



(6)Algebraic functions : Functions consisting of finite number of terms involving powers
and roots of the independent variable and the four fundamental operations +, -, x and + are
called algebraic functions.

3
e.g., (i) X2 +5x (ii) ”X+11,x¢1 (iii) 3x* -5x+7
X_

The algebraic functions can be classified as follows:
(i) Polynomial or integral function : It is a function of the form a,x" +a,x" " +....+a, ;x +a,,

wherea, #0 and ay, a,......... ,a, are constants and ne N is called a polynomial function of

degree n

e.g. f(x)=x*>-2x?+x+3 is a polynomial function.

|No7lt : O The polynomial of first degree is called a linear function and polynomial of zero
degree is called a constant function.

(ii) Rational function : The quotient of two polynomial functions is called the rational

2
. X -1 . . .
function. e.g. f(x)=—3———— is a rational function.
2X°+x°+1

(iii) Irrational function : An algebraic function which is not rational is called an

3

. . . X® =X . . .
irrational function. e.g. f(X)=x++/x +6, g(X) = Tt are irrational functions.
+ X

(7) Transcendental function : A function which is not algebraic is called a transcendental
function. e.g., trigonometric; inverse trigonometric , exponential and logarithmic functions are

all transcendental functions.

(i) Trigonometric functions : A function is said to be a trigonometric function if it

involves circular functions (sine, cosine,
Y
tangent, cotangent, secant, cosecant) of (0.1)
variable angles. X’ /\ -2 i /\ X
—2K _3K =K o K K 2x SRk 3x
(a)Sine function : The function that 2 2 2
. . . (0.—-1)
associates to each real numbers x to sinx is v

called the sine function. Here x is the radian

measure of the angle. The domain of the sine function is R and the range is [-1, 1].

(b)Cosine function: The function that associates to each real number x to cosx is called
the cosine function. Here x is the radian measure of the angle. The domain of the cosine

function is R and the range is [- 1, 1].




(c) Tangent function : The function that associates a real number x to tan x is called the
tangent function.

Clearly, the tangent function is not defined at

1 - I 1
odd multiples of z ie., iz,ig—ﬁ etc. So, the domain '[ 1 : {
2 2 2 I [ | |
- X | == ) i = - X
of the tangent function is R—{(2n +1)E| nel}. Since it —37": : ;': %‘E
|
| | | |
I | | |

N

takes every value between—-« and «. So, the range is

R. Graph of f(x)=tan x is shown in figure.

(d)Cosecant function : The function that associates a real number x to cosecx is called the
cosecant function.

Clearly, cosec x is not defined at x=nz,nel.

iie, 0,+7,+27, +37 etc. So, its domain is ©n

] <
Ll

~In|x

ol

F ]
)
A=t
|
[
[
l___.

[=]
-~
N
>
e
S

R—{nz|nel}. Since cosecx>1or cosec X <-1. !

-
|
|
|

-——-
3
[N]]

I
|
|
|
|
|

N|¥ l

1

-

Therefore, range is (-oo,—1]U[l,0). Graph of ! I

f(x) = cosecx is shown in figure. Y’

(e) Secant function : The function that associates a real number x to sec x is called the
secant function.

Clearly, sec x is not defined at odd 3%

I I
| [
| | 3 |
(-2x)f | 20 (%.0)
| IN@n/ 1 2 1 \(2x.1),
= **—r ===
— —_ JRN R . — —_——
| ”\ . e
e\ 1EE P formn) ) (T
| | I I
1 i 1 I

(f) Cotangent function : The function that associates a real number x to cot x is called the

multiples of % ie., (27r+1)%, where nel. So

[he

its domain is R—{(2n+1)%| ne I} Also,

————rw————
1

R
e

| sec x| 21, therefore its range is (-, —1]U[1, ).

Graph of f(x)=sec x is shown in figure.

cotangent function. Clearly, cot x is not defined at x=nz,nel ie., at n=0, £z, £ 27 etc. So,



domain of cotx is R—{nz|nel}. The range of f(x)=cotx is R as is evident from its graph in

i ] y
! I
| I
| I
x TNEED I\ 20 [\ (5
T (m2m0) N, [(-R.0) o
[ |
l |
| |
1 1

figure.

v
(ii) Inverse trigonometric functions

Function Domain Range Definition of the function

sin™ x [-1,1] [-7/2, =I2] y=sin x< x=siny

cos™* x [-1, 1] [0, 7] y=cosx < x=cosy

tan ! x (-, o) or R (=7/2, n/2) y=tan'x < x=tany

cot™ x (-, ) or R (0, m) y=cot!x < x=coty

cosec *x R-(-1,1) [-7/2, zI2] - {0} y =C0Sec X <> X = cosecy

sec™ x R-(-1,1) [0, 7] -[#/2] y=sec X < X =secy

(iii) Exponential function : Let a=#1 be a positive real number. Then f:R — (0,») defined

by f(x)=a*is called exponential function. Its domain is R and range is (0,«).

Y
a>1
(o, 1)/M=ax
A
X
(0]
Y/

graph of f(x)=a*, whena > 1

f0o) = aX\ (0, 1)

Yy’

graph of f(x)=a*, whena< 1

(iv)

Logarithmic function : Let a#1be a positive real number. Then f:(0,©) > R defined

by f(x)=log, x is called logarithmic function. Its domain is (0,«)and range is R.

Y,

f(x) = loga

o /(1,0) X

Y,

(1, O)X

f(X) = loga




(8)Explicit and implicit functions : A function is said to be explicit if it can be expressed

directly in terms of the independent variable. If the function can not be expressed directly in
terms of the independent variable or variables, then the function is said to be implicit. e.g.

y =sin' x +log xis explicit function, while x°+y® =xyand x°y?=(a-x)’(b-y)* are implicit

functions.

(9) Constant function : Let k be a fixed real
number. Then a function f(x) given by f(x)=k

for all x e R is called a constant function. The
domain of the constant function f(x)=k is the

complete set of real numbers and the range of
f is the singleton set {k}. The graph of a
constant function is a straight line parallel to
Xx-axis as shown in figure and it is above or
below the x-axis according as k is positive or
oyfthen the straight line

coincides with Jt'd]){&lb{ 700 -

X
0 X

negative. If k =

(10) Identity function : The function defined
by f(x)=x for all x eR, is called the identity
function on R. Clearly, the domain and range
of the identity function is R.

The graph of the identity function is a
straight line passing through the origin and
inclined at an angle of 45° with positive
direction of x-axis.

fx) =

Y’



(11) Modulus function : The function defined

X, when x>0

by f(x) 4 X|={

-X, when x <0

the

modulus function. The domain of the modulus
function is the set R of all real numbers and
the range is the set ¢f all non-negative real

numbers.
f00) =-

X"

T () =x

X

(13) Signum function : The function defined

| x|
by  fx)={ x ' *70
0 , x=0

or f(x)=

is

called the signum function. The domain is R

and the range is the set {-1, 0, 1}.
Y

(0, 1)

(12) Greatest integer function: Let f(x)=[x],

where [x] denotes the g

reatest integer less

than or equal to x. The domain is R and the
range is I. e.g. [1.1] = 1, [2.2] = 2, [- 0.9] = -1,

[- 2.1] = - 3 etc. The function f defined by
f(x)=[x] for all xeR, istgalled the greatest
integer function. z o
—0
i
X e—t—t F—t— X
-3 -2 -1 1 2 3
-1
—O -2
_O . _3
v

(14) Reciprocal function: The function that

associates each non-zero
- 1.
reciprocal — is called the
X

The domain and range

real number x to be
reciprocal function.

of the reciprocal

function are both equal to R—{0} i.e., the set

Y,
of all non-zero real numb
shown.

rs. The graph is as
fx) =1/ srap

X

oo 0 X
4 (o’ -
ne |
v’
Domain and Range of Some Standard Functions
Function Domain Range
Polynomial function R R
Identity function x R R
Constant function K R {K}
Reciprocal function 1 Ro Ro
X

x2| x| R R* {0}
x3, x| x| R R
Signum function R {-1, 0, 1}
X+| X| R R* {0}
X—| X| R R~ 0}




[x] R I
x —[x] R [0, 1)
Jx [0, ) R
a* R R*
log x R* R
sin x R [-1, 1]
COS X R [-1, 1]
tan x R - {+£ L 37 } R
o
cotx R —{0, £7, £27uceccer ... } R
SEC X R {+£ L3 } R -(-1,1)
T

COSec X R-{0, +7, 27 o } R-(-1,1)
sin™t x [-1, 1] -z

22
costx [-1 1] [0, 7]
tan~" x R Tz

22
cot ™ x R ©, n)

-1 R-(-1,1
sec™ x -1.1) [0’”]_{5}
2
=il
COSec X R-(-1,1
=2 2.2

Important Tips

q

Any function, which is entirely increasing or decreasing in the whole of a domain, is one-one.
&  Any continuous function f(x), which has at least one local maximum or local minimum, is many-one.

& If any line parallel to the x-axis cuts the graph of the function at most at one point, then the function is one-one and
if there exists a line which is parallel to the x-axis and cuts the graph of the function in at least two points, then the
function is many-one.

&  Any polynomial function f : R — R is onto if degree of f is odd and into if degree of f is even.

# An into function can be made onto by redefining the co-domain as the range of the original function.

Example: 28 Function f: N — N, f(xX)=2x+3 is [IIT 1973; UPSEAT 1983]

(a) One-one onto (b) One-one into (c) Many-one onto (d) Many -one into

Solution:(b) f is one-one because f(x;)=f(X,) = 2x;,+3=2%X,+3 = X; =X,



Example:

Solution:

Example:

Solution:

Example:

Solution:

Example:

Solution:

Example:

Solution:

Example:

29

(b)

30

(b)

31

(d)
32

(d)

33

(b)

34

Further f(x)=2 =3

¢ N (domain) when x = 1, 2, 3 etc.

. fis into which shows that f is one-one into.

The function f:R — R defined by f(x)=(x —1)(x —2)(x —3) is [Roorkee 1999]
(a) One-one but not onto (b) Onto but not one-one
(c) Both one-one and onto (d) Neither one-one nor onto

We have f(x)=(x-1)(x-2)(x—-3) = f@Q)=f2)=f3)=0 = f(x) is not one-one
For each y € R, there exists x e R such that f(x)=y . Therefore fis onto.
Hence, f:R — R is onto but not one-one.

Find number of surjection from A to B where A={1,2,3,4}, B ={a,b} [IIT Screening 2001]
(a) 13 (b) 14 (c) 15 (d) 16
2
Number of surjection from Ato B = Z(—l)z’r c,(n*
r=1
= (1?7 2C,)* + (-1)* % 2C,(2)* =—2+16 =14
Therefore, number of surjection from A to B = 14.
Trick : Total number of functions from A to B is 2* of which two function f(x)=a forall x e A and
g(x) =b for all x € A are not surjective. Thus, total number of surjection from A to B
=2 -2=14.
If A ={ab,c}, then total number of one-one onto functions which can be defined from A to A is

(a) 3 (b) 4 (©) 9 (d) 6

Total number of one-one onto functions = 3!

If f:R—R, then f(x)4 x| is [Rajasthan PET 2000]
(a) One-one but not onto (b) Onto but not one-one
(c) One-one and onto (d) None of these

f(-1) = f0) =1 ..function is many-one function.
Obviously, fis not onto so f is neither one-one nor onto.

X—m

Let f:R — R be a function defined by f(x)= ——, where m #n. Then [UPSEAT 2001]
X —

(a) fis one-one onto (b) fis one-one into (c) fis many one onto  (d) fis many one into
For any x,y € R, we have
)= fy) > 20 _Y=M

X—-n y-n
.. f is one-one
Let ¢ eR suchthat f()=a = >0 g = x = 1N

X—n l-«a

Clearly x ¢ R for a¢=1. So, fis not onto.
The function f:R — R defined by f(x)=¢”* is [Karnataka CET 2002; UPSEAT 2002]

(a) Onto (b) Many-one (c) One-one and into (d) Many one and onto



Solution: (c) Function f:R —> R is defined by f(x)=e*. Let x,x, e R and f(x,)=f(x,) or e’ =e* or x,=x,.

Therefore f is one-one. Let f(x)=e* =y . Taking log on both sides, we get x =logy . We know that

negative real numbers have no pre-image or the function is not onto and zero is not the image of any
real number. Therefore function f is into.

n—_l,when nisodd
Example: 35 A function f from the set of natural numbers to integers defined by f(n)= 2 , is [AIEEE 2003]

Y when niseven

(a) One-one but not onto (b) Onto but not one-one
(c) One-one and onto both (d) Neither one-one nor onto

Solution: (¢) f:N =1

f(1)=0,(2) = -1, f(3) =1, f(4) = 2, f(5)= 2 and f(6) = -3 so on.

I
.
-

In this type of function every element of set A has unique image in set B and there is no element left
in set B. Hence f is one-one and onto function.

2.1.7 Even and Odd function

(1) Even function : If we put (-x) in place of x in the given function and if f(-x)=f(x), ¥x e
domain then function f(x) is called even function. e.g.
fx)=e* +e ™, f(x) = x?, f(x) = xsin x, f(x) =cos x, f(x) = x? cos x all are even function.

(2)0dd function : If we put (-x) in place of x in the given function and if f(—x)=-f(x), Vx e
domain then f(x) is «called odd function. e.g. f(x)=e*—-e™, f(x)=sinx, f(x)=x>,

f(x) = x cos x, f(x) = x? sin x all are odd function.

Important Tips

@ The graph of even function is always symmetric with respect to y-axis.



®  The graph of odd function is always symmetric with respect to origin.
& The product of two even functions is an even function.

& The sum and difference of two even functions is an even function.

& The sum and difference of two odd functions is an odd function.

& The product of two odd functions is an even function.

& The product of an even and an odd function is an odd function

& It is not essential that every function is even or odd. It is possible to have some functions which are neither even nor
odd function. e.g. f(x) = x>+ X3, f(x) = logex, f(x) = e~

& The sum of even and odd function is neither even nor odd function.

%~ Zero function f(x) = 0 is the only function which is even and odd both.

Example: 36 Which of the following is an even function [UPSEAT 1998]
a*-1 a¥-a™”* a¥+1
a) x b) tan x c) —— d
(a) [ax+1] (b) (9] > ()a"—l
. a* -1
Solution: (a) We have : f(x)=x| —
a’ +1
! 1
-X _ — _aX X _
fex) = x| & ) oy iz |2t = f(x)
a*+1 1 1+a* a*+1
—+1
aX

So, f(x) is an even function.

Example: 37 Let f(x)=+/x*+15, then the graph of the function y = f(x) is symmetrical about

(a) The x-axis (b) The y-axis (c) The origin (d) The line X =Yy

Solution: (b) f(x)=vx*+15 = f(-x)=(x)* +15 =+/x*+15 = f(x)
= f(-x)= f(x)= f(x) is an even function = f(x) is symmetric about y-axis.
Example: 38 The function f(x)=log(x +vx%+1) is
(a) An even function (b) An odd function (c) Periodic function (d) None of these

Solution: (b) f(x)=log(x +vx2+1) and f(-x)=—log(x +Vx2+1)=—f(x), so f(x) is an odd function.

Example: 39 Which of the following is an even function [Rajasthan PET 2000]
X X _ X _ =X
(a) o=t ) fo)=x 2L © foo=2=2 (d) f(x)=sinx
aX71 aX+l aX+a—X
a*+1 l+a*  a'+1

Solution: (b) In option (a), f(-x)= =—f(x) So, It is an odd function.

a*-1 1-a* a*-1

=X _ _ X X _
In option (b), f(—x)=(-x) a 1 —X d-a) =X (@ 1) = f(x) So, It is an even function.
at+1 1+a* @ +1

=X X

a’"—a

x4+t

In option (c), f(-x)= =—f(x) So, It is an odd function.




In option (d), f(—x)=sin(-x)=-sinx =-f(x) So, It is an odd function.

Example: 40 The function f(x)=sin (Iog(x +Ux2+1 )) is [Orissa JEE 2002]
(a) Even function (b) Odd function (c) Neither even nor odd (d) Periodic function

Solution: (b) f(x) = sin(log(x +V1+ xz)j

= f(x)=sinflog(-x +v1+x*)] = f(-x)=sin |09[(m X)(\/l +x2 + x)}
W1+ X% + X)

= f(-x)=sin Iog{

1 .
I = f(=x) = sin| log(x + V1 + x?)?
(x+\/1+x2)1 [ }

= f(x)= sin[— log(x + V1 + x? )} = f(-x)= —sin[log(x +V1+ xz)} = f(-x) = -f(x)

. f(x) is odd function.

2.1.8 Periodic Function

A function is said to be periodic function if its each value is repeated after a definite
interval. So a function f(x) will be periodic if a positive real number T exist such that,
f(x +T) = f(x), vx ¢ domain. Here the least positive value of T is called the period of the function.

Clearly f(x) = f(x + T) = f(x + 2T) = f(x + 3T) =...... e.g. sinx,cosx,tanx are periodic functions with period

27,2z and r respectively.

Some standard results on periodic functions

Functions Periods

(1) sin"x, cos” x, sec" x, cosec"x xz; if n is even

2z; if n is odd or fraction

(2) tan"x, cot” x m;n is even or odd.
| sin x|, | cos x|, | tan x|, Vg
(3)
| cot x|, | sec x|, | cosec x|
(4) x-[x] 1
(5) Algebraic functions e.g., Period does not exist

X, X2, X3 +5,....etc




Important Tips

& If f(x) is periodic with period T, then c.f(x) is periodic with period T, f(x + c) is periodic with period T and f(x) £ c
is periodic with period T. where c is any constant.

T
& If a function f(x) has a period T, then the function f(ax+b) will have a period |—| .
a

1
@ If f(x) is periodic with period T then m is also periodic with same period T.
X

& If f(x) is periodic with period T, m is also periodic with same period T.
& If f(x) is periodic with period T, then a f(x) + b, where a,beR(a = 0) is also a periodic function with period T.
& If f1(x), f2(x), f3(x) are periodic functions with periods Ti, T2, Ts respectively then; we have
h(x) = af, (x) £ bf,(x) £ cf3(x), has period as,
L.C.M.of {T ,TZ,T3}; if h(x)is not an even function

- %L.C.M.of {Tl,Tz,Ts}; ifh(x) isan even function

Example: 41 The period of the function f(x)=2cos %(x -r) is [DCE 1998]

(a) 67 (b) 4 (c) 2« () =

Solution: (a) f(x)=2cos %(x -m) =2 cos[% - %j

Now, since COS X has period 27 = cos(%—%) has period ZT” =6x
3
= 2c0s| X~ Z | has period =67 .
3 3
. . TX 7X o s -
Example: 42 The function f(x)= smT + 2COS? —tan i is periodic with period [EAMCET 1992]
(a) 6 (b) 3 (© 4 (d) 12
. . . . 7IX . 2z
Solution: (d) - SInX has period =27 = sm? has period = - = 4
2
cos X has period =2z = cos % has period = 27” =6 = 2005% has period = 6
3
- X .
- tanx has period =7 = tan T has period = —=4.

A
z
4

L.C.M. of 4, 6 and 4 =12, period of f(x) = 12.
Example: 43 The period of | sin2x]| is

(a) % (b) % © = (d) 27



Solution:

Example:

Solution:

Example:

Solution:

Example:

Solution:

Example:

Solution:

Example:

Solution:

(b)

44

(a)

45

(b)

46

()

47

(9}

48

(b)

Here | sin2x|= vsin?2x = w

Period of cos4x is % . Hence, period of | sin2x| will be %

Trick : -~ sinx has period =27 = sin2x has period = 27” =7

Now, if f(x) has period p then| f(x)| has period % = | sin2x| has period =%.
If f(x) is an odd periodic function with period 2, then f(4)equals [IIT 1991]
(a) o (b) 2 (c) 4 (d) -4

Given, f(x) is an odd periodic function. We can take sin X, which is odd and periodic.
Now since, sinx has period = 2 and f(x) has period = 2.
So, f(x)=sin(zx) = f(4)=sin(4z)=0.

The period of the function f(x)= sin?x is [UPSEAT 1991, 2002; AIEEE 2002]
(a) % (b) = (c) 2« (d) None of these
sin? x = m: Period = 27 _ 7

2 2
The period of f(x)=x —[x], if it is periodic, is [AMU 2000]
(a) f(x) is not periodic (b) % ()1 (a 2

Let f(x) be periodic with period T. Then,
fx+T)=1f(x) forall xeR = x+T-[x+T]=x-[x] forall xeR = x+T-x=[x+T]-[x]
= [x+T]-[x]=T forall xeR = T=1234,....

The smallest value of T satisfying,
f(x+T)=f(x) for all x eR is 1.

Hence f(x) = x —[x] has period 1.

The period of f(x)= sin(%}wos[%} neZ n>2is

(a) 2m(n-1) (b) 4n(n-1) (c) 2n(n-1) (d) None of these
f(x) = sin(ij + cos(ﬁj

n-1 n
Period of sin(nﬂx—lj L 2(h-1) and period of cos(%) - 2n

.
n-1
Hence period of f(x) is LCM of 2n and 2(n-1)= 2n(n-1).

1
If a,b be two fixed positive integers such that f(a+x)=b+[b?+1-3b2f(x)+3b{f(x)}* —{f(x)}*]® for all

real x, then f(x) is a periodic function with period

() a (b) 2a (b (d2b
f@a+x)=b+@1+{b—f)P)N® = fl@a+x)-b={1-{f(x)-b}F}'?

= Jar)={-LFY"?  [40=1()-b] = ¢x+2a)={l-{px+a}’}'"* =4(x)
= f(x+2a)-b="f(x)—b= f(x+2a)= f(x)

. f(x) is periodic with period 2a.



2.1.9 Composite Function

If f:A—B and g:B—C are two function then the composite function of f and g,
gof A > C will be defined as gof(x)=g[f(X)], vx € A

(1) Properties of composition of function :

(i) fis even, g is even = fog even function.

(i) fisodd, gisodd = fog is odd function.
(iii) fiseven, gisodd = fog is even function.
(iv) fis odd, g is even = fog is even function.

(v) Composite of functions is not commutative i.e., fog = gof
(vi) Composite of functions is associative i.e., (fog)oh = fo(goh)
(vii) If f: A — B is bijection and g:B — A is inverse of f. Then fog = I; and gof =1,.
where, |, and |; are identity functions on the sets A and B respectively.
(viii) If f:A—>B and ¢g:B —>C are two bijections, then gof : A— C 1is bijection and
(gof)™ =(f~og™).
(ix) fog = gof but if , fog=gof then either f'=g or g'=f also,
(fog)(x) = (gof ) (x) = (x).

Important Tips
gof(x) is simply the g-image of f(x), where f(x) is f-image of elements x € A.

Function gof will exist only when range of f is the subset of domain of g.
fog does not exist if range of g is not a subset of domain of f.

fog and gof may not be always defined.

If both f and g are one-one, then fog and gof are also one-one.

9 9 9 9 9 §

If both f and g are onto, then gof is onto.

Example: 49 If f:R >R, f(x)=2x-1 and g: R > R, g(x)=x? then (gof)(x) equals [Rajasthan PET 1987]
(a) 2x2-1 (b) (2x-1)° (c) 4x?-2x+1 (d) x2+2x-1
Solution: (b)  gof (X\)=g{f(x)} = g(2x —1) =(2x —1)*.

Example: 50 If f:R >R, f(x)=(x+1)* and g:R — R,g(x) = x?+1, then (fog)(-3) is equal to [Rajasthan PET 1999]
(a) 121 (b) 144 (c) 112 (d) 11

Solution: (a) fog (X)=f{g()} =f(x* +1) =(x2 +1+1)2 =(x? + 2)* = fog(-3)=(9 +2)* =121 .

Example: 51 f(x) = sin® x + sin? (x + %) + COS X cos[x +%Jand g[;j =1then (gof)(x) is equal to [IIT 1996]
(a) 1 (b) -1 (c) 2 (d -2

Solution: (a)  f(x) = sin? x +sin?(x +z/3)+cos x cos(x + 7/3) = 1- c;)s 2x 1= cos(22x +2rl3) %{2 cos x cos(x + 7z /3)}

= %[1 —€0S 2X +1 —cos(2x + 27/3) + cos(2x + 7/ 3) + cos 7 / 3]



= L E—{c052x+cos(2x+2—” } + cos ax+ X || = 1 E—Zcos 2x + % |cos Z 1 cos| 2x + X || =5/4 for all x.
2|2 3 3 2|2 3 3 3

gof(x) = g(f(x)) =g(6/4)=1 [ g(5/4) =1 (given)]
Hence, gof(x) =1, for all x.

Example: 52 If g(x)=x%+x—-2 and %(gof)(x) =2x?-5x+2, then f(x) is equal to [Roorkee 1998; MP PET 2002]

(a) 2x-3 (b) 2x+3 (c) 2x*+3x+1 (d) 2x*-3x-1
Solution: (a) g(x)=x2+x—-2 = (gof)(x) = g[f(x)] = [f(X)]* + f(x)-2

Given, %(gof)(x) =2x%-5x+2 %[f(x)]z +%f(x)—1 =2x%-5x+2

= [P + f(x) = 4x2 —10x +6 = fX)[f(X)+1]=@x -3)[@2x —3)+1] = f(x)=2x-3.

y y

N e
y

Example: 53 If f(y)= , then (fog)(y) is equal to

(a) (b) @y (d)
1-y? J1+y?
J1+y? Ji+y?
Solution: (c) f[g(y)]= yINL+y S S Y =y
2 J1ey? JLey?oy?
1- y
1+y?
Example: 54 If f(x)= 2x _23, then [f{f(x)}] equals [Rajasthan PET 1996]
X -
X 1
(@) x (b) -x (c) Z (@ -
2( 2X —23J _3
Solution: (a) f[f(X)]=——~ 2 _x
2x-3) 9
X—2
Example: 55 Suppose that g(x)=1+ Jx and flg(x)) =3+ 2Jx + X, then f(x) is [MP PET 2000; Karnataka CET 2002]
(a) 1+2x? (b) 2+ x? (©) 1+x (d)
Solution: (b) g(x)=1+vx and f(gx))=3+2Vx +x ... (i)
= f(1+\/;):3+2\/;+x
Put 1+Vx =y = x=(y-1)°
then, f(y)=3+2(y-1)+(y-1)72 =2+y?
therefore, f(x)=2+x2.
-1, x<0
Example: 56 Let g(x)=1+x—[x] and f(x)=4 0, x =0, then for all x, f(g(x)) is equal to [IIT Screening 2001; UPSEAT 2001]
1, x>0
(a) x (b) 1 (9 f(x) (d)

Solution: (b) Here gx)=1+n-n=1Xx=neZ

l+n+k—n=1+k, x=n+k (whereneZ O0<k<1)



-1, g(x)<0
Now f(g(x)) =1 0, g(x)=0
1, gx)>0

Clearly, g(x) >0 for all x. So, f(g(x))=1 for all x.

Example: 57 If f(x)= 5: +;, then (fof)(2) is equal to [Kerala (Engg.) 2002]
()1 (b) 3 (9 4 (d) 2
Solution: (d) Here f(2):%
5 2% S +1
Hence (fof)(2) = f(f(2)) = f(—] =—4 -3
4 5
Ix—-2
4
Example: 58 If f:R—>R and g:R—>R are given by f(x)§ x| and g(x)=[x] for each xeR, then
{x e R: g(f(x)) <f(g(x))} = [EAMCET 2003]
(a) ZU(=x,0) (b) (==.0) (o) z (d)

Solution: (d) g(f(x)) < f(g(x)) = g( x|) <f[x] = [| x[1 4 [x]| . This is true for x e R.

2.1.10 Inverse Function

If f:A—>B be a one-one onto (bijection) function, then the mapping f*:B— A which
associates each element b € B with element a < A, such that f(a)=b, is called the inverse function

of the function f:A—> B
f1:B>A fllb)=a= f@@=>b
In terms of ordered pairs inverse function is defined as f* =(b,a) if (a, b) e f.

Nete : OFor the existence of inverse function, it should be one-one and onto.

Important Tips

@ Inverse of a bijection is also a bijection function.
@ Inverse of a bijection is unique.
= (F)=f
< If fand g are two bijections such that (gof) exists then (gof)'=f"'og™.
& If f: A— B is a bijection then f*: B - A is an inverse function of f. f'of = Ia and fof '=Is. Here Ia, is an identity
function on set A, and I, is an identity function on set B.
Example: 59 If f:R—>R is given by f(x)=3x -5, then f’l(x) [IIT Screening 1998]
. 1 . X
(a) Is given by ——— (b) Is given by x+5
3x -5 3
(c) Does not exist because f is not one-one (d) Does not exist because f is not onto

Solution: (b) Clearly, f:R —> R is a one-one onto function. So, it is invertible.



Example:

Solution:

Example:

Solution:

Example:

Solution:

Example:

Solution:

Example:

Solution:

60

()

61

(9]

62

(b)

63

()

64

(d)

y+5

Let f(x)=y. then, 3x -5=y = x === f’l(y)zg. Hence, f1(x)=2— S

Let f:R — R be defined by f(x)=3x —4, then f(x) is

(a) 3x+4 (b) %x—4 © %(x+4) @ %(x—4)
f()=3x-4=y = y=3x-4 = x:% = f*l(y)z% = f’l(x):xg4.

If the function f:R — R be such that f(x) = x —[x], where [y] denotes the greatest integer less than or
equal to y, then f?(x) is

1
x —[x]

(a) (b) [x]-x (c) Not defined (d) None of these

f(x)=x—-[x] Since, for x=0 =f(x)=0

For x =1 =f(x)=0.

For every integer value of x, f(x)=0

= f(x) is not one-one = So f*(x) is not defined.

If f:[1,00) [l ) is defined as f(x)=2"*"Y then f?(x) is equal to [IIT Screening 1999]

1 x(x-1) 1
(a) [ j (b) E(l+,/1+4logzx)

2
(© %(1 —J1+4 log, x) (d) Not defined

Given f(x) = 2**™ = x(x —1) = log, f(x)

1i,/1+4log2 f(x)

= x?-x-log, f(x)=0=x = .

B 1+,1+4log, f(x)

Only x 5 lies in the domain

f(x) = %[1 +1+4log, x]
Which of the following function is invertible [AMU 2001]
(a) f(x)=2" () f(x)=x%-x () f(x)=x2 (d) None of these

A function is invertible if it is one-one and onto.

If f(x)=x?+1, then f'(7) and f*(-3) will be [UPSEAT 2003]
(a) 4,1 (b) 4,0 (c) 3,2 (d) None of these
Let y=x%+1 = X=+Jy-1

= fly)=tfy-1 = ) =+/x-1
S fA7) =417 -1 =44

and f7(-3)=+v-3-1 = +J-4 , which is not possible.



ﬂssignment

&lalue of Function

If f(x)::—z, then f[f(cos 20)] equal to

(a) tan 20

cos? x +sin? x

(b) sec 26

If f(x)=— 7 for x e R, then f(2002) =
sin“ x +cos” x
()1 (b) 2
If ¢(x)=a*, then {#(p)} is equal to
(a) ¢(3p) (b) 3¢(p)

If f(x)=cos(log x), then f(x) f(y)—%[f(§]+f(xy)]=

(a) % (b) 2

If f(¢)=tan 9, then 1O -1¢) is equal to
1+ 1(0)f(¢)

(a) f(0-9) (b) fl¢-0)

If f(x)=2xV1—x?, then f(sin %j equals

(a) sin2x (b) sinx

If f(x)= X , then f@) is equal to
x-1 f@a+1)
1
(b) f[gj

2x-3 , >2 .
If f(x):{ XX z<2, then f(1) is equal to

(a) f(-a)

(a) 21(2) (b) f(2)
If f(x):xz—x‘z, then f[%) is equal to

(a) f(x) (b) - f(x)

(c) cos 26

(o) 3

(c) 64(p)

[MP PET 1994, 2001]

(d) cot 26

[EAMCET 2002]
(d) 4

[MP PET 1999]
(d) 2¢(p)

[T 1983; Rajasthan PET 1995; MP PET 1995; KCET 1999; UPSEAT 2001]

(c) o

(c) f(@+9)

(c) 2sinx

(o) f(@@%)

(0 -t

(d)

(d)

(d)

(d)

(d)

(d)

1

[Rajasthan PET 1996]
None of these

[Rajasthan PET 1989]

25sin X
2
[MP PET 1996]
()
a-1
[Karnataka CET 1989]
1
—f(2
5 (2
[SCRA 1999]
[FO0T



If f(x)=4x3+3x2+3x +4, then x%[%) is
2
1 1
(b) 0 (o) {f[;ﬂ

(b) 2log| x|

(a) f(=x)

The equivalent function of log x2 is

(@) 2log x ()| log x?|

Advance 'Y

If f(x)=cos[z]x +cos[zx], where [y] is the greatest integer function of y then f[%] is equal to

(a) cos 3 (b) O (c) cos 4
1+ x| <-1 . . .
Let f(x)= Ix] . l,Where [.] denotes the greatest integer function. Then f{f(-2.3)} is equal to
X . X>—
(a) 4 (b) 2 (c)-3
Xl + X2 .
If f(x)+f(xp)="f ,X1Xo € (-1,1), then f(x) isequal to
1+X1X2
1-x qf1-x 2X
log| —— b) t — |
(a) Og[lHj (b) tan [“Xj (©) og(l_xzj
If f(x):lﬂ,x # 0, then the value of function
X
()1 (b) o (c) -1

[SCRA 1996]

(d) f(x)

[MP PET 1997]
(d) (log x)?

(d) None of these

(d) 3

[Roorkee 1998]

(d) tan*l(“—xj
1-x

[BIT Mesra 1999]

(d) Does not exists

If a function g(x) is defined in [-1,1] and two vertices of an equilateral triangle are (0,0) and (x, g(x)) and its area is @ , then g(x) equals[I1T 1989]

(a) v1+ x?2

2% 427X

(b) - V1+x2

, then f(x +y). f(x —y) isequal to

(c) v1-x2

If f(x) =

(a) %[f(x efx-yl (b) %[f(zx)+ 12y)]

f1)=1 and f(n+1)=2f(n)+1 if n>1, then f(n) is

© %[f(x +y). f(x -y)]

(a) 2"t (b) 2" (c) 2"-1
If 2f(x)-3f(1/x)=x2, x =0, then f(2) is equal to
(a) 5/2 (b) -7/4 (c)-1

If f(x)4 x—1|, then correct statement is

(@ f(x?)=[fxF (b) f( xD = fx)| (©) f(x+y)=f(x)+f(y)

(d) None of these

[Rajasthan PET 1998]

(d) None of these

[Karnataka CET 1994; 11T 1995]
(@ 2"t
[T 1991]

(d) None of these
[11T 1983]

(d) None of these

(Domain of Function

Basic Level )

The domain of the function f(x)=/logys x is

(a) (o, 1] (b) (0, =) (c) (0.5, =)
The domain of definition of the real function f(x):,/ logqo x2 of the real variable x is
(a) x>0 (b) | x| =1 ()| x|=4

[Roorkee 1990]
(d) [1, )

(d) x=4



The natural domain of the real valued function defined by f(x) = vx? -1 +vx? +1

(d) 1<x<w (b) —w< X< (c) —o<x<-1

The domain of the function y = {l -1 is,
X

(a) x<1 (b) 0<x<1 (c) 0<x<1
Domain of f(x)=log| log x| is

(a) (0,) (b) L) (c) 0,1) (1, )

H\TH2
Domain of function f(x) = [Ioglo[sx ; X ﬂ is
(a) —o<X <0 (b) 1<x<4 (c) 4<x<16

2
Domain of the function sin‘l{logz[%ﬂ is

(@) [L2] (b) [-1,2] () [-22]-(-1LY)
/ 2
The domain of the function f(x) = i;x is
sin" (2 —x)
(a) [0, 2] (b) [0, 2) (o)[1, 2)
The domain of the function f(x) = log(vx —4 ++/6 —x) is
(a) [4,) (b) (o0, 6] (c) [4,6]
Adva‘nce >
The largest set of real values of x for which f(x)=/(x +2)(5—x) — ! is a real function
X -4
() [1, 2] v(29] (b) (2,5] (c)[3,4]
The domain of the function f(x) = _r +AX+2is
log1o (1 —x)
(a) 1-3,—-25[u]-2.5,-2[ (b) [-2,0[u]o0, 1
(o) 10,10 (d) None of these
The domain of the function f(x)=log.(x —[x]), where [.] denotes the greatest integer function, is
() R (b) R-Z (c) 0, +x)
-
The domain of the function f(x)= M is
In(l x| -2)
(@ [24] (b) (2,3)u (3 4] (© [2, »)
Domain of the function f(x)=sin"*(L+ 3x + 2x?) is
(@) (-en) (®) (11 © [‘—50}
/ 2
Domain of the function sin In[ ‘11_:: J
(a) [21] (b) (21) () [-21)

Domain of the function f(x)= \/Iogo_5(3x —8)—loggs(x2 +4) is

[SCRA 1996]
() (~o0)-(-11)

[AMU 2000]

(d) 0<x<1
[Pb. CET 1998; DCE 2002]

(d) (=1

[UPSEAT 2001]
(d) -1<x<1

[MP PET 1998]
(@ [22-{}
(d) [1, 2]

[Rajasthan PET 2001]
(d) None of these

(d) None of these

[DCE 2000]

(d) None of these

[Orissa JEE 2002]

(d) (—OO, - 3 ) o [2v OO)

[Roorkee 2000]
-1
(d) | -0, > (2, )
[T 1985; Rajasthan PET 2003]

(@) (21]

[AMU 1999]



8 8
(a) [E’OOJ (b) (—oo,gj (c) (~o0,0)
. 1 .
Thed f f(X) = —m—movncrs
e domain of f(x) W is
(a) [-2n, 2n7] () @nz, 2n+17) © [(4”;1)”,(4”;3)”
2
The domain of f(x):sin{lz)): }r\/l—xz is
(a) {1} (®) L1 () {1,-1}

The domain of the function f(x) = _[log _1 is
| sinx|

(a) R—{-rn 7} (b) R-{nz|neZ} (c)R-{2nz|neZ}

The domain of the function f(x)= 16*XCZX_1 +20-3x P4y _s , where the symbols have their usual meanings, is the set

(a) {2, 3} (b) {2, 3, 4} ({1, 2, 3,4}
Domain of the function f(x) = sin‘l{l+ex)‘1 is
(a) (= o, ) (b) [-1,0] (c) [0,1]

If n is an integer then domain of the function +/sin 2x is

(2) [n;z—%, nzl (b) [n;r, n7r+%} (©) [(2n—1)z, 2n7]

(d) (0,x)

@ [(4n—l)7r (4n+1)7zj

2 2

(d) None of these
[Rajasthan PET 2001]

(d) (—OO, OO)
[AMU 2002]

(@ {1,2,3,4,5}
[AMU 1999]
(d) [_17 1]

[MP PET 2003]

(d) [2nz,(2n+1)x]

(Range of Function

Basic Level )

If A{-2,-1,0,1,2} and f: A —Z f(x)=x2+1, then the range of f is

(a) {O) 1, 2, 5} (b) {1’ 2, 5} (C) {_5; -2,1, 2, 3}
The range of the function f:[0,1] > R, f(x) = x3 —x% +4x+2sint x is
(a) [-7-2,0] (b) [2, 3] () [0, 4+ 7]
The range of f(x)=cos(x/3) is
(a) [-1/3,1/3] (b) [-3,3] (c) [1/3,-1/3]
2
Range of f(x):% is
X“+2x -7
(a) [5,9] (b) (o0, 5]V[9, ) () 6.9
2
Range of the function f(x) = XZ_—XH
X +x+1
(@) R ®) [3, ©) © Es}

Advance )

The range of the function f(x) = cos[x], where% <X < % is

(a) {-1,1, 0} (b) {cos1,1,cos 2} (c){cosl,—cos1,1}

[Rajasthan PET 1995]
(d) A

(d) [0,2+ 7]
[Rajasthan PET 2002]
(d) [-1,1]

[Roorkee 1983]

(d) None of these

[Karnataka CET 1993]

(d) None of these

[Karnataka CET 1994]

(d) None of these



The range of the function f(x)g x—1| +| x—-2], -1<x<3 is
(a) [1, 3] (®) [1, 5] (0 [3, 5] (d) None of these

Let f(x) = +b?)x? +2bx +1 and m(b) the minimum value of f(x) for a given b. As b varies, the range of m(b) is
[IIT Screening 2001]

(a) [0,1] (b) (Oﬂ © B 1} @ (©.1]

(Kind of Functions O

Basic Level )

Which of the following functions defined from R to R is onto [Rajasthan PET 1985, 86]
(a) f(x)3 x| (b) f(x)=e* (o) f(x)= x3 (d) f(x)=sinx

The number of bijective function from set A to itself when A contains 106 elements is [EAMCET 1994]
(a) 106 (b) (206) (c) 106! (d) 21

If A contains 3 elements and B contains 4 elements, then the number of all one — one functions defined from A to B is
[EAMCET 1992; UPSEAT 2001]

(a) 144 (b) 12 ()24 (d) 64

If A ={a, b}, then total number of functions which can be defined from A to A is
(a) 2 (b) 3 ()4 (d)1

Function f:R - R, f(x)= x3+7 is [Rajasthan PET 1984]
(a) One - one onto (b) One - one into (c) Many - one onto (d) Many - one into

Which of the following functions from R to R is into [Rajasthan PET 1984]
(@) x° (b) 3x-7 (o) x3 (d) sinx

Function f:R - R, f(x)= x2 is [11T 1970; MP PET 1997]
(a) One - one but not onto (b) Onto but not one- one (c) Neither one-one nor onto (d) One- one onto

If A=R—{3},B=R—{1} and f: A - B, f(x)=x—_§, then f is
X_

(a) One-one (b) Onto (c) One-one onto (d) Many-one into

Advance )

2 p—
Let f(x)= X2 4 for | x| > 2, then the function f : (o0, — 2] U[2,00)— (-1, 1) is [Orissa JEE 2002]
X“+4
(a) One-one into (b) One-one onto (c)Many one into (d) Many one onto
Let the function f:R — R be defined by f(x)=2x +sinx,x eR. Then f is [1IT Screening 2002]
(a) One-to-one and onto (b) One-to-one but not onto
(c) Onto but not one-to-one (d) Neither one-to-one nor onto
function f:R — R, f(x) = x|x|is [Rajasthan PET 1991, 98]
(a) One - one but not onto (b) Onto but not one - one
(c) One —one onto (d) Neither one —one nor onto
If for two function f and g; gof is a bijection, then correct statement is [Haryana CEE 1998]

(a) Both g and f must be bijections (b) g must be a bijection



(c) f must be a bijection (d) Neither of them may be a bijection

If £:[0,00) —[0,00) and f(x)= 1L then f is [11T Screening 2003]
+X

(a) One - one and onto (b) One - one but not onto (c) Onto but not one - one (d) Neither one - one nor
onto

The number of all onto functions which can be defined from A={1, 2,3, ....,n}, n>2to B={a b} is [EAMCET 1992]
(a) "p, (b) 2"-2 (c) 2"-1 (d) None of these

If 1+2x isa function having (% , %] as domain and (—oo, 00) as co- domain, then it is [NT 1992]
(a) Onto but not one- one (b) One - one but not onto (c) One - one and onto (d) Neither one - one nor
onto

If A={x] -1<x<1}=Band f: A— B, f(x)=sinax, then fis

(a) One - one (b) Onto (c) One - one onto (d) Many one into
If the real-valued function f(x) = px + sin x is a bijective function then the set of possible valued of p e R is
(& R-{0} (b) R () (O, +o0) (d) None of these
(Even/ 0dd Functions O

Basic Level )

The function f(x)= x cos x is

(a) Even function (b) Odd function (c) Neither even nor odd (d) Periodic function
A function whose graph is symmetrical about the y-axis is given by

(@) f(x)=log,(x +Vx?+1) (b) f(x+y)="f(x)+f(y) forall x,y eR

(¢) f(x)=cos x +sinx (d) None of these

Let f(x +y)=f(x)+ f(y) forall x,y eR.Then
(@) f(x) isaneven function (b) f(x) isan odd function (c) f@O)=0 (d) f(n)=nf@),neN
If f(x) is an odd function then

2T % jsan even function x)| +1] is even, where [x] = the greatest integer < x
f X)2+ f) fi b) [l f here [x] = th

@
f() - f(=x)
2

is neither even nor odd (d) None of these

©

Advance >

If f(x) and g(x) are two functions of x such that f(x)+g(x) =e* and f(x)—g(x)=e™™ then
(@) f(x) isan odd function (b) g(x) isan odd function (c) f(x) isan even function (d) g(x) isaneven function

2 . X
If f(x)_{x sin==IXI<1 then (x) is

x| x|, |x|=1
(a) An even function (b) An odd function (c) A periodic function (d) None of these
Which of the following is an even function? Here [.] denotes the greatest integer function and f is any function
(a) [x]-x (b) f(x)- f(=x) (c) €32 tan? x (d) f(x)+ f(=x)
(Periodic Function O

Basic Level



The period of |cos | is

(a) 2z (b) = © %
The period of the function sin[%j + cos(%] is

(a) 4 (b) 6 (c) 12
If f(x) is a periodic function of the period T, then f(ax +b) where a > 0, is a periodic function of the period

(a) T/b (b) aT (o) bT
The period of the function f(x) = sin(zz—+3j is

T

(a) 2z (b) 67 (c) 672

The period of the function f(x) = 3sin % +4 cos % is

(a) 6 (b) 24 (©)8
The period of the function f(x) & sinx| +| cos x| is

(a) = (b) /2 (c) 2

Advance >

Let f(x)=cos 3x +sin J3x. Then f(x) is

[Rajasthan PET 1998]

3z

(@ -
[EAMCET 1990]

(@ 24
[AMU 2000]

(d) T/a

(d) None of these

(d) 2»

(d) None of these

(a) A periodic function of period 2 (b) A periodic function of period J3r
(c) Not a periodic function (d) None of these
f(x) = cos \/; , correct statement is [Haryana CEE 1998]
(a) f(x) is periodic & its period = NEY: (b) f(x) is periodic & its period = 47
(c) f(x) is periodic & its period = Jr (d) f(x) is not periodic

&omposite Functions

Basic Level )

If f:R>R,f(x)=sinx;g:R—>R, gx)= x2, then (fog)(x) equals to

(a) sin x2 (b) sin? x (c) sinx +x2

If f(x)=(a—x")'", where a>0 and n is a positive integer, then f[f(x)] =

(@ x° () x* (c) x
X

If f(x)= , then fofof (x) is equal to

1+x

[UPSEAT 1987, 2000]
X
(d) sin—-
X

[11T 1983; UPSET 2001]

(d) None of these

[Rajasthan PET 2000]



X X X

(a) —— (b)) —— (©) (d) None of these
V1+3x2 V1+2x2 V1+x?
Let f and g be functions defined by f(x) = L, g(x) = X , then (fog) (x) is
X+1 1-x
1 1
(a) = (b)) — (c) x-1 (@ x
X x-1
If f(x)=ax+b and g(x)=cx +d, then f(g(x))= g(f(x)) is equivalent to [UPSEAT 2001]
(a) f@=9@) (b) f(b)=g(b) (c) f(d)=9b) (d) fe)=9@)
Advance 'Y
If f(x)= ,A x —1| and g(x) = sinx, then (fog)(x) is equal to [Roorkee 1992]
(a) sin,A X —1| (b) | sinx/2 —cos x/2| (c)| sinx —cos x| (d) None of these
If f and g are two real valued function defined by f(x)=e* and g(x)=3x — 2, then (fog)™*(x) is equal to [Roorkee 1998]
(a) log(3x —2) (b) 2“% © |og(x ; 2] (d) None of these
If f(x)= 1 ,X # 0,1, then the graph of the function y = f{f(f(x))},x >1, is
- X
(a) Acircle (b) An ellipse (c) A straight line (d) A pair of straight lines
,if x_is rational .
If £(x) is defined on [0, 1] by the rule f() =4 " < >N hen for all x e [0,1], F(F(X)) is
1—x,if x isirrational
(a) Constant (b) 1+x (c) x (d) None of these
([nverse Function O
Basic Level )
f:R — R isafunction defined by f(x)=10x —-7. If g = 1, then g(x) = [EAMCET 1993]
1 1 X+7 X=7
b d
@) 10x -7 (b) 10x +7 (© 10 () 10
IFy=fx)= 22 thenx = (11T 1984]
x—-1
(a) f(y) (b) 2f1(y) (©) % (d) None of these
y
Inverse of the function y =2x -3 is [UPSEAT 2002]
X+3 X—3
b d) N f th
(a) > (b) 3 (c) %3 (d) Noneo ese
Advance 'Y
The value of « for which the function f(x) =1+ ax,« = 0 is inverse of itself will be [11T 1992]
() -2 (b) -1 ()1 (d) 2
I £:[L+o0) —[2,+00) is given by f(x) = x +— then f* equals [1IT Screening 2001]
X
[ 2 _x2 =
(a) XX -4 ) —= O L @ 1424

2 1+x°2 2



10% —107% .
—_— IS

The inverse of the function f(x) =
10* +107*

(@) logy9(2-x)

[Rajasthan PET 2001]

(b %Ioglo(n xj

—X

The inverse of the function f(x) = % +2 is given by

1 1 2
(c) S 0gso(2x ~1) @ Zlog[ Z_XX]

[Haryana CEE 1996]

1-x

e’ +e
4 4 4 )
(a) m{ijjz ®) |oge[;‘__)1J2 © |og({2ij2 @ |09e(;(_;1j
*%k*
Answer Sheet
Assignment (Basic & Advance Level) O
1 2 3 4 5 6 7 8 10 11 12 13 14 15 16 17 18 19 20
c a a c a b c b b d b c d a d c b c b d
21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40
a b d d c b c c c b b b b c b a d c b a
41 42 43 44 45 46 47 48 49 50 51 52 53 54 55 56 57 58 59 60
a b b c d b c b b d c c c c a d c c c a
61 62 63 64 65 66 67 68 69 70 71 72 73 74 75 76 77 78 79 80
c a b b b b d b d byed ab b,c b d b a d c b b
81 82 83 84 85 86 87 88 89 90 91 92 93 94 95 96 97 08
c d a c a d c b b c c c a a b a b b




2.2 Limits

2.2.1 Limit of a Function

Let y = f(x) be a function of x. If at x = a, f(x) takes indeterminate form, then we consider the values of

the function which are very near to ‘a’. If these values tend to a definite unique number as x tends to ‘a’, then
the unique number so obtained is called the limit of f(x) at x =a and we write it as lim f(x).
X—a

(1) Meaning of ‘x — a’: Let x be a variable and a be the constant. If x assumes values nearer and nearer
to ‘a’ then we say 'x tends to @’ and we write 'x — a'. It should be noted that as x — a, we have x #a. By 'x
tends to a' we mean that

(1) x=za (ii) x assumes values nearer and nearer to ‘a’ and

(iii) We are not specifying any manner in which x should approach to ‘a’. x may approach to a from left or
right as shown in figure.

a X
* .

X a
® e
—— —

(2) Left hand and right hand limit : Consider the values of the functions at the points which are very
near to a on the left of a. If these values tend to a definite unique number as x tends to a, then the unique

number so obtained is called left-hand limit of f(x) at x = a and symbolically we write it as
f@-0)= lim f(x)=rl1im0 f@a—h)

Similarly we can define right-hand limit of f(x) at x =a which is expressed as f(a+0)= lim f(x)
x—a*
= I!|_>m0 f(a+ h).

(3) Method for finding L.H.L. and R.H.L.

(i) For finding right hand limit (R.H.L.) of the function, we write x + h in place of x, while for left hand
limit (L.H.L.) we write x — h in place of x.

(ii) Then we replace x by ‘a’ in the function so obtained.
(iii) Lastly we find limit h — 0.

(4) Existence of limit : lim f(x) exists when,
X—a

() lim f(x) and lim f(x) existi.e. L.H.L. and R.H.L. both exists.

X—a X—a
(i) lim f(x)= lim f(x) i.e. L.LH.L. = R.H.L.
X—a x—a*
|Nol¢ :0 1If a function f(x) takes the form % or 2 at x=a , then we say that f(x) is indeterminate or
o0
meaningless at X = a. Other indeterminate forms are o —oo,00x 00,0 x00, 1%,0°, 0°

O Inshort, we write L.H.L. for left hand limit and R.H.L. for right hand limit.
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O Itis not necessary that if the value of a function at some point exists then its limit at that point must
exist.

(5) Sandwich theorem : If f(x), g(x) and h(x) are any three functions such that, f(x) < g(x) <h(x) Vx e
neighborhood of x =a and lim f(x) = lim h(x) =1(say), then lim g(x)=1. This theorem is normally applied when

the lim g(x) can't be obtained by using conventional methods as function f(x) and h(x) can be easily found.

, wh 1 .
Example: 1 If f(x):{x2 when x> ,then lim f(x) = [MP PET 1987]
x°, when x <1 x—1
(@) x2 M) x (© -1 (@ 1
Solution: (d) Tofind LH.L.at X =1. i.e.,
lim f(x)= lim f@d-h) = lim@-h)?> = lim 0+h%®=2h) =1 ie, lim f(x)=1 (@)
x—1" h—0 h—0 h—0 x—1"
Nowfind RH.L.atx=1 ie, lim f(x)=lim fl+h)=1 ie, Ilim fx)=1 ... (ii)
x—1" h—0 x—1*

From (i) and (ii), LH.L.=R.H.L. = Iim1 fx)=1.
X—>

Example: 2 lim Ix=2]
x—2 X—2

(a) 1 (b) —1 (¢) Does not exist (d) None of these

Solution: (¢) LHL= fim =2l _jmt2=h=2 o 0 _, )
x—2~ X—2 h—=0 2—-h-2 h—0 —h

and, RHL= lim X220 _ i 12£0=2 by (ii)
x—2t X—2 h—=0 24+h-2 h—0h

From (i) and (ii) L.H.L. # R.H.L. i.e. lim H;? does not exist.

Xx—2 X—

2
If f(x)= 5Tx,when X <3

Example: 3 , then
5-x, when x >3
(@) lim f(x)=0 () lim f(x)=0 () lim f(x)= lim f(x) (d) None of these
x—>3" Xx—3" x—3% x—3~
Solution: (¢) lim f(x)=5-3=2 and lim f(x)= 2 1
X—3+ X—3— 5-3
. . 3x,if0<x<1
Example: 4 Let the function fbe defined by the equation f(x)= . , then [SCRA 1996]
5-3x, if 1<x<2
(@) lim f(x) = f@1) (b) lim f(x)=3 () lim f(x)=2 (d) lim f(x) does not exist
x—1 x—1 x—1 x—1

Solution: (d) L.HL. = lim f(x)=limfl—h)= lim 3@—h) = lim3-3h)=3-3.0=3
x—1-0 h—0 h—0 h—0

RH.L.= lim f(x)=lim fL+h)= im[5-3L+h)] = lim(2-3h)=2-3.0 =2
h—0 h—0 h—0

x—1+0

Hence lim f(x) does not exists.
x—1

. X
Example: 5 lim |—| = [Roorkee 1982; UPSEAT 2001]
p
x—0 X

(a) 1 (b) —1 () o (d) Does not exist
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Solution: (d) - lim li' =-1 and lim R}
x—>0- X x—=>0+ X

=1, hence limit does not exists.

2.2.2 Fundamental Theorems on Limits

The following theorems are very useful for evaluation of limits if Iim0 f(x)=1 and Iim0 g(x)=m (I and m are

real numbers) then

(1) lima(f(x) +g(x))=1+m (Sum rule) (2) lima(f(x) —g(x))=1-m (Difference rule)

3) lima(f(x).g(x)) =lm (Product rule) @) iimak f(x) =kl (Constant multiple rule)
_f(x) | . _ 1

(5) im ——~=— m =0 (Quotient rule) (6) If lim f(x) = +o0 or — o, then lim — =0
x>ag(x) m x—a x—a f(x)

(7) 1ima log{ f(x)} = log {1ima f(x)} (8) If f(x) < g(x) for all x, then 1ima f(x) < lima g(x)

(9) ImIf(x)]7 = {lim foo}™=""
(10) If p and q are integers, then lim (f(x))*'® = IP'®, provided (I)*'? is a real number.

(1) If )I(ima f(g(x)) = f()l(ima g(x)) = f(m) provided ‘f is continuous at g(x)=m. e.g. )I(ima In[f(x)] = In(l), only if

1>0.
2.2.3 Some Important Expansions

In finding limits, use of expansions of following functions are useful :

_ I 2
(1)(1+x)”=1+nx+n(n 1)x2+ ..... (2)aX=1+xloga+%+ .....
2 3 2 3 4
X X X X
e =1+ X+—+—+.... log(l+x)=X——+——-—+.....,| X|<1
(3) TREEY (4) log(1 + x) > "3 T2 | x|
2 3 4
(5) Iog(l—x):—x—X?—X?—XT ........ , Where| x| <1
1 lI L+x) 1—1+—2
(6)(1+x)X=e’<og —e 23 .. _ef1- X Myl
2 24
. x® x° x? x* x°
(7)SInX=X—§+H— ....... (8)COSX=1—;+Z—E+ ......
x® 2x° . x® x°
(9) tanx_x+?+ 1 + . (10) S|nhx_x+a+a+ .....
XZ 4 X6 X3
(11)coshx:1+?+?+a+ ..... (12) tanh x =x —=—+2x° —.....
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3 5
T 2 X 242 X Ay, [ ant
(13) sin x_x+1.—3!+3.1 .—5!+ ..... (14) cos x_(zj sin™ x
x® x> x’
15) tan P x =x - —+— - 4.
(15) 3 5 7

2.2.4 Methods of Evaluation of Limits

We shall divide the problems of evaluation of limits in five categories.

(1) Algebraic limits : Let f(x) be an algebraic function and ‘a’ be a real number. Then lim f(x) is known
X—a

as an algebraic limit.

(i) Direct substitution method : If by direct substitution of the point in the given expression we get a
finite number, then the number obtained is the limit of the given expression.

(i) Factorisation method : In this method, numerator and denominator are factorised. The common
factors are cancelled and the rest outputs the results.

(iii)) Rationalisation method : Rationalisation is followed when we have fractional powers (like %%

etc.) on expressions in numerator or denominator or in both. After rationalisation the terms are factorised
which on cancellation gives the result.

(iv) Based on the form when x — o : In this case expression should be expressed as a function 1/x

.. . ipey s 1
and then after removing indeterminate form, (if it is there) replace — by o.
X

Step I : Write down the expression in the form of rational function, i.e., % , if it is not so.
Step II : If k is the highest power of x in numerator and denominator both, then divide each term of

numerator and denominator by x*.

Step I1I : Use the result Iim . 0, wheren > o.

X—0 ¥

|Noié : 0 An important result : If m, n are positive integers and a,,b, # 0 are non-zero real numbers,

a .
b—o, ifm=n
_agx™+ax"t+...+a, ,x+a 0
then Iim bo - bl — bm_l bm ={0, ifm<n
X— X + X T+, + X + .
0 ! n-1 n o,if m>n
Example: 6 lim (3x? +4x +5) =
x—1
(a) 12 (b) —1 (c) Does not exist (d) None of these
Solution: (a)  lim (3x? +4x +5)=3(1)? +4(1)+5 =12
x—1
x/2 3
Example: 7 The value of lim is [MP PET 2000]

x—2 3%X_-9



Solution: (¢)

Example: 8

Solution: (b)

Example: 9

Solution: (d)

Example: 10

Solution: (b)

Example: 11

Solution: (d)

Example: 12

Solution: (¢)

Example: 13
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@ o ® © ) In3
3 6
i 3)(/2_3 . (3X/2 3) 1
lim = lim =—.
X—2 (3X/2)2_(3)2 X—>2 (3X/2_3)(3X/2 3) 6
x"—a"
The value of lim is [Rajasthan PET 1989, 92]
x—>a X-—a
@ o (b) na"?! () na" (d 1
n_n _ n-1 n-2 n-1
lim 2—2 = jim (X=X Ak A ) iy " x"2at L +a" ) = noa™ .
x—a X-—a x—a (x—a) x—a
.1 1 1 N
lim — ——| equals [Rajasthan PET 1987]
h—0 h| x+h x
1 1 1 1
a) — b) —— c) — d -—=
()2X (b) P ()X2 (d) 7

1)1 1 . X—(x+h) 1| -=h 1
lim = L i L X ) _Zh L
h>0h|[x+h x| h>0h| (x+hx | ho0h|(x+h)x x?2

\/1—x2 —\/1+x2 .

The value of lim ———— is [MP PET 1999]
x—0 X
(a) 1 (b) —1 () —2 @ o
2 2 2 2
o (\/1—x —\/1+x )(\/l—x +\/1+x j e 1-x ) (1+x) _ ey .
2 - — =—1.
I e e e (e e
lim —————— equals [UPSEAT 1991]
Xx—3 X — _1/4 X q
@ 1 () % © % (d) None of these
lim x—-3 _ lim (x- 3)(\/ -2 +4- x)
x—3 Jx 2 — J4 X x—3 (/ )Z (/4 X)2
- lim (x—S)(\/x—Z +\/4—x) - lim VX =2 ++44—x :1+1 1
x—3 (2x —-6) x—3 2 2 ’

ax? +bx +C
x>0 dx2 +ex +f

b
@ b < @ = (d)

e f d
Here the expression assumes the form % We note that the highest power of x in both the numerator and

denominator is 2. So we divide each terms in both the numerator and denominator by x 2

b ¢
a+—+—
i CHbxre L TTx 42 _a+t0+0 _a
xoxdx?rex +f xoey € f d+0+0 d’
ot
X X

lim {\/x FYX+VX —\/;} is equal to

X—>0
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Solution: (b)

Example: 14

Solution: (b)

Example: 15

Solution: (a)

Example: 16

Solution: (a)

Example: 17

Solution: (d)

Example: 18

Solution: (a)

Example: 19

Solution: (¢)

Example: 20

@ o (b) % © log2 ) e

lim {\/x+\/x+\/_—\/;}= lim —2SVXFEVX ZX i Ix+Vx = lim 14X L
o Xﬂw\/x+\/x+\/;+\/; X%w\/x+\/x+\/;+\/; >HOo\/lJr\/x_ler_S/z +1 2

2
The values of constants a and b so that lim [X +11 —ax — b] =0 is

Xx—o| X+

(a) a=0,b=0 (b) a=1b=-1 (o) a=-1b=1 d a=2b=-1

0

2 20 B
Wehave lim |2t ax bl=0 = fim X&-8-Xx@+b)+1-b _
x—o| X+1 X—>o0 X +1

Since the limit of the given expression is zero, therefore degree of the polynomial in numerator must be less than that
of denominator. As the denominator is a first degree polynomial. So, numerator must be a constant i.e., a zero degree
polynomial. .. 1-a=0and a+b=0 = a=1andb=-1.Hence,a=1andb=-1.

lim x* =
X—1
(a) 1 (b) oo (¢) Not defined (d) None of these
lim x
lim x* = (Iim x)“l =1 =1
x—1 Xx—1
lim@+x)** =
X—1
(a) 2 (b) e (¢) Not defined (d) None of these
Iim(fj
lim@+x)* = ( lim (L + x))“l x) =2
Xx—1 x—1
2
The value of the limit of X oxt-18 as x tends to 3 is
(@ 3 () 9 (c) 18 (d) 21
3,2
Let y = lim X oxTo18 lim(x% +2x +6)=9+6+6 =21
X—>3 X = X—>3
x3-8
The value of the limit of 5 as x tends to 2 is
(x“-4)
3
(@ 3 (b) ) (© 1 d o
. x® -8 . (x2+2x+4)(x—2) . x2 +2x + 4 4+4+4
lim = lim = lim = =
X252 x2_4 Xx52  (x+2)(x-2) X—2  x+2 2+2
. X
lim ———— isequal to [Rajasthan PET 1988]
x>0 14X —v1-X 1
1
(a) ) (b) 2 (© 1 d o

lim lim

X
x—>0[,l1+x —J1-x ] x>0

X
Jl+x —Jl—x J1+x +\/1—x

[ X M+ﬂ]

_ lim XW1+x +41-x _ lim V1+X +v1-X —3—1
x—0 1+x-1+X x—0 2 2
lim M equals [IIT 1978; Kurukshetra CEE 1998]
x—a+3a+x — 24/x
(a) 22 (b) _2_ © o (d) None of these

3J3 3J3



Solution: (b)

Example: 21

Solution: (b)

Example: 22

Solution: (¢)

Example: 23

Solution: (c)

Example: 24

Solution: (b)

Example: 25

Solution: (¢)
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lim YAt 2X ~V3X \/a+2x—\/§ lim \/a+2x—\/§ y \/a+2x+\/§ y \/3a+x+2\/;
X—>av3a+x—2f x=a| \3a+ x - 24/x Ja+2x +43x V3a+x +2Jx

V3a+x +24x 2
3(Wa+2x +\/§) 3\/5.

199 4299 139 %

= lim
x—>a

lim = [EAMCET 1 1
n—o nloo 994
99 1 1
a) — —— c) — —
@ 100 ®) 100 © 99 @ 101
1
1994294394 4n® o r® 1e(rY)” 1 g9 x 100 1
lim = lim X = lim = — :Ix dx = 2X— | = —.
N nto0 nce 1| 1% n—e n &=\ n 0 100 | 100

2 —
The values of constants ‘a’ and ‘b’ so that lim [X 11 —ax — b] =21is

X—w| X+

(a) a=0,b=0 (b) a=1b=-1 (¢) a=1,b=-3 (d a=2b=-1

x—o| X+1 X—0

2_
lim (X 1—ax—b} 2= lim x-1-ax-b=2= lim x1-a)-(@+b)=

Comparing the coefficient of both sides, 1-a=0 and 1+b=-2 = a=1b=-3

lim {Zg } [Rajasthan PET 1999, 2002]
n—owx n
1 1 1 -1
_= b)) — l d —
(a) 5 (b) 5 (©) 3 (d 3
1 1
. {n(n+l)(2n+1)} : [Hn](hnj 1
lim 3 = lim ==
n—o 6n n—w 6 3

E\_Idc : O Students should remember that,

2

.oXn 1 . xn 1
lim—=— and Iim =—.
n—® 2 n—w n 3
. 1 2 n .
Ilm{ 5+ 5 F e + 2} is equal to [IIT 1984; DCE 2000]
n—owl 1 —n 1-n 1-n
1 1
(@ o (b) -5 (c) 3 (d) None of these
. { 1 2 n } _¥n 1, n’+n 1
lim + oo + = == =—-=
n— o) 1_n2 :]__n2 1—n2 naoo_']__n2 2 now 1_n2 2
If f(x)_ ,g( )_ and h(x)_—M then lim [f(x)+ g(x)+h(x)] is
- x2+x-12 x—3
2
(@ -2 (b) -1 () -7 d o

2_4x+17-4x-2 x?-8x+15 (x-3)(x-5)
X2 +x—-12 x2+x-12  (x-3)(x+4)
(x-3)x-5) 2

I|m [f(x)+ g(x)+h(x)] = I| 3m 7

We have f(x)+g(x)+h(x) = 2
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Example: 26

Solution: (b)

Example: 27

Solution: (¢)

Example: 28

Solution: (d)

Example: 29

2002]

Solution: (¢)

1/n
If lim {n—} equal [Kurukshetra CEE 1998]
nN—o0 nn
1 4
(@) e b = © = @ =
e 4 T
1/n 1/n
1
Let P = lim (”—j = P = lim (1.3.3.3 .......... ﬂ]
n—oo\ n" n—-oo\N N N N n

~.log P =l lim (Iog 1+Iog g+ ......... +log Ej = logP = lim leog—
N n—o n n n —>o© n

1
IogP:J.Iogxdx:[xlogx—x]% — (D)= P:%.
0

3
If lim X2+1—(ax+b) =2, then [Karnataka CET 2000]
X—of X7 +1
(a) a=1and b=1 (b) a=1land b=-1 (¢) a=1and b=-2 (d a=land b=2
3 3(1 Ay _hy2 B
lim [X2+1—(ax+b)]:2:> lim [X d-a) b); ax+( b)}z — lim [x3(L-a)-bx2 —ax + (L —b)] = 2(x> +1).
X—o| X +1 X—»0 X< +1 X—>00

Comparing the coefficients of both sides, 1-a=0 and -b=2 ora=1,b=-2.

lim (x +1)10 +(X + 2)10 + o +(X +1OO)10
X—0 x10 41010
(a) o (b) 1 (¢) 10 (d) 100

10 10 10
xlo{(h—lj +[1+gj +...+(1+@j 1
X X X

is equal to [AMU 2000]

(x +1)10+(x+210+ ...... +(x +100)10 B

li li =100 .
om 10 . 1010 om 10{ 1010}
X1+ —=—
10
Let f(x)=4 and f'(x)=4,then Iimzw equals [Rajasthan 2000; AIEEE
X— -
(@ 2 (b) -2 () -4 @ 3
y = lim xf(2) — 2f(x) ~y = lim xf(2)—2f(2)+ 2f(2) - 2f(x)
x—2 X—-2 x—2 X—-2

Ly = lim 2f00+2fQ)+ X @) -21Q) Ly = i =@ 1@)x-2)

X—>2 x=-2) X—>2 X—2 x—=2 (X=2)
Sy=-2 Iimw+f(2) =y==2limf(x)+f(2)=-8+4=-4.

x—>2 X-—2 X—2

(2) Trigonometric limits : To evaluate trigonometric limits the following results are very important.

. . Sinx . X .y . tanx . X
@  lim —=1=lim — (i) lim —— =1=Ilim
x—=0 X x—0 SINn X x—=0 X x—0 tan X
. -1
vy 1 SINTTX . X . . tanT X .
(i) lim =1=Ilim — @iv) lim ——=1 =lim —
x—0 X x=0gIn"" X x—0 X x=0 tan - X
H 0
. sinx b3 -
(v) lim =— (vi) limcosx =1
x=>0 X 180 x—0
oy o SIN(X — & . tan(x —a
(vii) lim g =1 (viii) lim g =1
X—a X—a X—a X—a
(ix) limsin?x=sin"a|al <1 (x) limcos™x=cosa;|al <1
x—a Xx—a
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o N N .. . SINX . COSX
(xi) limtantx=tan'a; —o<a<w (xii) lim =—= = lim =0
X—a x—0 X x—0 X
. sin(l/x
(xiii) lim M =1
X —00 (1 / X)
Example: 30 Iiml(l —X)tan (%) = [IIT 1978, 84; Rajasthan PET 1997, 2001; UPSEAT 2003]
X—>
2
@ = b = © = @ o
2 V4
Solution: (¢) Iiml(l— x)tan(%j, Put 1-x=y=as x—>1y—>0
X—>
— . 2
Thus limy tan Q = lim E— —Exl =E.
0 0 7 7
y—> y—=>0 71 tan ﬂ
2
Example: 31 lim Ji-cos2x-1) [IIT 1998; UPSEAT 2001]
x—1 x—-1

(a) Exists and it equal J2

(b) Exists and it equals — \/E
(¢) Does not exist because x -1 —0
(d) Does not exist because left hand limit is not equal to right hand limit
Solution: ()  f(1+) = lim f+h) = = lim Y2=6%82N _ iy oS00 _ 5
h—0 h—0 h h—0 h
h—0 -h
.. limit does not exist because left hand limit is not equal to right hand limit.

(1) = lim f@~h) = hlin})—vl’c_oi(’zm ~lim 2SN __ 5

(1—cos 2x) sin5x

Example: 32 lim > [MP PET 2000; UPSEAT 2000; Karmataka CET 2002]
x—0 X< sin 3x
10 3 6
a) — b) — c) — d) =
(&) 3 ®) 10 (© 5 (d
.2 . .2 .
Solution: (a) lim Zs;n X sin5x 3x 5x - lim 25sin x. _3x .5|n5x 5_x _ z,izﬂ‘
x>0 X sin3x 3x 5x x>0 x2 sin3x  5x  3x 3 3
3
Example: 33 lim 5 =
x—0 sin X
1
(@ o ® = © 3 d -
x3 x2 x2
Solution: (a) lim = lim . X =] lim (Iim xj =1.0=0.
x—0 sin x2 x—0 sin x2 x—0 sin x2 x—0
Example: 34 lim sin3x+sinx
x—0 X
1 1
(@ - (®) 3 © 4 d -
3 4
Solution: (¢)  lim SM3XESNX i SNSX iy SINX iy SINSX 5 iy SINX gy =g,

x—0 X x—0 X x—0 X x—0 3X x—0 X
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1
xsin—, x=#0
X

Example: 35 If f(x)= , then lim f(x)= [IIT 1988; UPSEAT 1988; SCRA 1996]
0, x=0 x—0
(a) 1 Md) o (¢) —1 (d) None of these
Solution: (b) lim x sin(lj = ( lim xj ( lim sin l) = 0 x (A number oscillating between — 1 and 1) = 0.
Xx—0 X x—0 x—0 X
sin[x] [X] £ 0
Example: 36 If f(x)=1 [x] ' , then lim f(x) equals [IIT 1985; Rajasthan PET 1995]
0 , [x]=0 x—0
(a) 1 (b) o (¢) —1 (d) Does not exist
Solution: (d) Inclosed interval of x =0 at right hand side [x] =0 and at left hand side [x]=-1. Also [0] =0.
sin[x]
Therefore function is defined as f(x)=4 [x] (1=x<0)
0 , 0<x<1)
. Left hand limit = fim f(x)= lim SnX]_SINCD _ gy qe
x—0— x=0- [X] -1
Right hand limit = 0, Hence, limit doesn’t exist.
. tan x—sinx .
Example: 37 I|m0 —_— [IIT 1974; Rajasthan PET 2000]
X X
1 1 2
(@ = b) -= (0 = (d) None of these
2 2 3
. . . sinx| 2sin? = . sin2 X
. . tanx-sinx . sinXx-—sinxcosx . 2 .| sinx 2 2 1 1
Solution: (a) lim ————— = lim = lim 3 = lim . . ===
x—0 x3 x—0 X3 cos x x—0 x3 cos x x=0 X COSX (y)\2 4 2
2)
sin(e* 2 -1) . .
Example: 38 If f(x)=————~, then lim f(x) is given by
log(x —1) X—>2
(a) -2 (b) —1 () o @ 1
H X=2 _ H t_
Solution: (d) lim f(x) = lim sin(e ) = lim sin(e 1). (Puttingx=2+1)
X2 x>2  log(t+1) t>0 log(t+1)
st t R
~ iim sm(te De-1 t :tl.osm(te 1)[%+%+ ..... j . 11
x—o el _1 t  log(l+t) -0 e -1 12 (1_ tele_ j
3
t —
—111=1 [~ Ast—0e'-150, - s'”(f D17
e -1
aCOtX _ a'COSX
Example: 39 lim —m8M = [Kerala (Engg.) 2001]
x—z/2 Ot X — COS X
(a) loga (b) log2 (© a (d) logx
CotXx _ ,COSX COtX—CosX _
Solution: (a) lim [2——2  |_ jim a®sX aa -l
x—>z/2| cot X —cos X Xx—oxl2 cot X — cos X
cot x—Ccos x _
=a%%='2 |im (a—lj =lloga=loga.
x—>z/2| cot X — COS X
sinx cosx tanx
Example: g0 If f(x)= X3 x?2 X |,then lim L)Z() is [Karnataka CET 2002]
x—0 x

2X 1 1
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(@ 3 (b) -1 () o (@ 1
Solution: (d) f(x) = x(x —1)sinx — (x> = 2x2)cos x — x> tan x
=x2sinx — x3cos x —x% tan x + 2x2 cos X — X sin X
Hence, lim L)z(): lim (sinx — X €0S X — X tan X +Zcosx—ﬂ] =0-0-0+2-1=1.
x—0 x x—0 X
Example: 41 If f(x)=cot ! 3x-x and g(x)=cos * 1-x , then lim M, O<ax< 1 is [Orissa JEE 2003]
-3x? 1+x2 x—a g(x)—g(a) 2
3 3 3 3
PN (b) PN (© — @ --
2(1+a*) 2L+ x°) 2 2
. 1 3x—x° 1 1-x2
Solution: (d) f(x) = cot 5 and g(x)=cos 5
1-3x 1+x
Put x =tan @ in both equation
—tan3
£(6) = cot w = cot *{tan 36}
1-3tan“ 6
() = cot cot(% - 39] = % -30=f@=-3 L. o)
1]1-tan 20 1 .
and g(9) = cos ——— - =¢os (cos20)=20 = g'©®)=2 .. (i)
l+tan“é@
Now lim (—f(x)— f(a)] = lim [ 00 - f(a)] ! = f’(X).—,1 =-3 1.3 .
x>al g(x)-9g@) x-»al x-a ) 9(x)-9(@) g'(x) 2 2
X—a X—a
{1 —tan [;H [1 -sinx]
Example: 42 lim is [AIEEE 2003]
v
=y {1 + tan(;ﬂ[n —2x]®
1 1
= b) o — d) o
(@) 5 (b) (0 ™ (Y]
tan(% - %J (@ —sinx)
Solution: (c) lim 3
x> (7 - 2x)
2
-y 2
tan[—](l—cos y) —tan Y 2sin2 ¥ tan 2 | sin Y
Vs . 2 . .1 2 2 1
Let x==+y,theny >0 = Ilim = lim = lim — . =—.
2 y—0 (-2y)® y—0 -8)y? y—>032 (y y 32
2 2
Example: 43 If lim [(a —mnx - ';an X]sinnx = 0, where n is non-zero real number, then a is equal to
x—0 X
@ o b 2 © n @ n+l
Solution: (d) lim n 2™ jim [(a—n)n— tan XJ =0 = n[@-nn-1]=0=>@-nNh=1= a:n+l.
x—0 nx x—0 n

(3) Logarithmic limits : To evaluate the logarithmic limits we use following formulae
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2 3

(1) log +x)=x— X? + % — e too where -1 < x <1 and expansion is true only if base is e.
..~ . logl ceen 1
(i1) Ilim log( +x) =1 (iii) lim log, x =1
x—0 X X—e
. - . log.@+x
(iv) |Imwz—l (v) lim M:Iogae,a>0,¢l
Xx—0 X x—0 X
Example: 44 lim loge (@ + 2h) _22 loge @ +h) [IIT Screening 1997]
h—0 h
(a) —1 (b) 1 (¢) 2 (d) —2
2 3 2 3
om0 @t
Solution: () fim 129e0+20) 2100, A +1) _;r, :
h—0 h x—-a h
2, op3 2
— Jim =" +22h ~ i D {_“?‘_"“} = lim{-1+2h+..} =-1.
h—0 h h—0 h h—0
Example: 45 lim log{1+(x ~a)} =
x—a (x—a)
(a) —1 (b) 2 (©) 1 (d —2
Solution: (¢) Letx —a=y,when x —->a, y —>0,
The given limit = lim log{1+y} _ 1.
y—0 y
Example: 46 lim 10930 +h) _
h—0 h
(a) 1 (b) logyg e (¢) log, 10 (d) None of these
. . loge(L+h 1
Solution: (b) r!l—rﬂ) ge; ) l0g, 10 =logqp € .
Example: 47 If Iim0 log(3 + x) ; log(3 —x) =k, then the value of k is [AIEEE 2003]
X—>
1 2 2
b) -= £ H -<
(@ o (b) 3 (©) 3 (d 3
3+X 1+(x/3)
log(3 log(3 log 3 log 1 /3
Solution: (c) lim 0g(3 + x) ~ log(3 = x) = lim “X) _ im —(x/3)
x—0 X x—0 X x—0 X
im log(1+(x/3)) lim log(1 - (x/3)) :l_(_lj _2
x—0 X x—0 X 3 3 3
(4) Exponential limits :
2 .3
(i) Based on series expansion : We use e* =1+x + % + % ER o
To evaluate the exponential limits we use the following results —
X _ X _ X
@ fim & =11 b) lim &=L _1og, a ©Iim&=t_1 (120
x—0 x—0 x—0

(i) Based on the form 1*: To evaluate the exponential form 1* we use the following results.
p g
()
lim ——=
(@) If lim f(x) = lim g(x) =0, then lim {1 + f(x)}!/9®) =ex>29() = or
X—a X—a X—a
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lim (f(x)-1)g(x)
when lim f(x)=1 and lim g(x) = . Then lim{f(x)}%% = lim [1 + f(x) - 1]9®) = ex~a
X—a X—a X—a X—a

(b) Iim0(1+x)1/" —e (¢) lim (1+%jx —e (@ Iim0(1+/1x)1” —e* (e) lim (1+%)X —e?

X—>0 X—>0

Jfa>1 . . .
Ndcztl lim a* = Oo_ le,a”=w,ifa>land a” =01ifa<1.
X —>00 0,ifa<l

e e/
Example: 48 lim —— = [MP PET 1994]
x—0 X
1
@ a+p ®) =+p © ao-p @ a-p
ox _ o X X _1y_(aBX _ ax _ A
Solution: ()  fim & =" _ jim €T =D-C7 - _ T2l el g
x—0 X Xx—0 X x—0 X x—0 X
e —1+X).
Example: 49 The value of lim — s [Karnataka CET 1995]
x—0 X
1 1
(@ o b)) = (e 1 @ =
2 4
2 2l L, x x?
. e () @T+x+—+...) -1 +x) _ 21 31 4 11
Solution: (b) lim > li 5 = lim 5 = —=
x—0 X x—0 X x—0 X 2! 2
a¥ -1
Example: 50 lim ———— isequal to
x>0 y1+x -1
(a) 2log, a ) %Ioge a () alog, 2 (d) None of these
X _ X _ [ X _ [ X _
Solution: (a) lim a -1 =li a -1 . 1x+l = lim (@ -Dii+x+1 = lim a1 .(\/1+X +1)
x50 A1+X =1 x504/1+x =1 J1+x +1 x—0 1+x-1 x—0| X
X —
_ [nm a l},(lim Noww +1)j = (log, @).(2) = 2log, a.
x—>0 X x—0
X +3 X+2
Example: 51 The value of Iim[ ) is [UPSEAT 2003]
x—o\ X +1
(@) e* M) o (© 1 @ e?
1+E
X+1 2 X+1 7; 2 1
X+2 ——(X+2). — 1+= 2 Iim[(hfj/(hfﬂ
Solution: (d) lim [ X+3 —lim[1+ 2] 2 D im [1+L] 2 Xz MLl X *1=e2,
x—o\ X +1 X—>o0 X+1 X—>0) X+1
1+—
. e e
+ I 7( 2) X—>0 1 -
Alternative method : lim (X + 3j = lim (1+ 2 j = exlﬁm”“1 o e )2 e?
X—o\ X + X x+1
c+dx
Example: 52 Ifa, b, ¢, d are positive, then lim (l-r J [EAMCET 1992]
X—>0 a+bx

(a) ed/b (b) eC/a (C) e(Cer)/(aer) (d) e
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Solution: (a)

Example: 53

Solution: (b)

Example: 54

Solution: (a)

Example: 55

Solution: (d)

Example: 56

Solution: (d)

Example: 57

1 c+dx 1 a+bx ] c+dx 1
lim |1+ = lim {1+ atbx = gd/0 L. jim |14
X—>o0 a -+ bx X—>0 a-+bx X—0 a -+ bx

ol )]
Alternative method : ¢*>=\ /L 1 J —gd/b

a+bx
] =e and lim =—

c+dx d
x—soa+bx b

IimOXX = [Roorkee 1987]
X—>
(a) o b) 1 (c) e (d) None of these
Let y =x* = logy = xlogx; .. limlogy = lim xlogx =0 =logl = lim x* =1
y—0 x—0 x—0
(1+x)l/xfe+%ex
The value of lim 5 is [DCE 2001]
x—0 X
1le -11le e
a) — b) — c) — d) None of these
(a) ” (b) -1 (©) ” (d)
1 x2 x3 2 2
log@+x) 7[)(_**'*_ J 1—7+X—— ....... —14——— ......
L+x)t* =e —e* 23 =e =ee 2
2
X X2 1 x x? x 11
=e|l+|-—=—4+——... e o =ell- =+ X =
3 210 2 3 2 24
1/x 28
_ @L+x)y"" —e o lle
lim —s =
x—0 x 2 24
1/x _
Iimo(lJrX)—e equals [UPSEAT 2001]
X—>
(@) /2 Md o (c) 2/e (d —-e/2
1 1 l[x x2+>(3 X4+ ] [1 erx2 x3+ ] [ X, x3+ ]
L liogix)] ix-to4 D A LA
WL4x)X e ¥ 2 3 4 _l 203 4 _eel 2 4
= 3 4 23 4 _{e_% e . }
e|ll+ m + 2 + ... 2 24
" ex 1le , e
X ———t+t— X" —
lim &) =€ iy 224 = lim[-&_11e, -
x—0 X x—0 X x—0\ 2 24 2
m
lim (cos —j = [AMU 2001]
m-—o0o
(a) o b) e () 1/e @ 1
x \" X m X m
lim (cos —] = lim {14{005——1]} = lim {1—(— cos—+1ﬂ
m—w m m-—» m m-—o m
2
sin% 2
lim —2 —2Mm | | 2
L |im—(25inzijm o | X [4m21m 2 1imX”
= lim [1—23in2 —} =" mJ—g 2m =e mowdm =0 o1,
m-—oo 2m
2 n(n-1)
. n“-n+1
lim - = [AMU 2002]
n—o{ n®—-n-1
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(@ e (b) e? () et d) 1

1 n(n-1)
2 n(n-1) _ n(n-1) [14— - j
Solution: (b)  lim n“-n+l _ lim [N =D +1 CfimL_ n-1)) & .2,
n—ao| n? n—oo NN —1) -1

n“-n-1 n—o0 1 n(n—l) - e_l
1-
[ n(ﬂ—l)J

n(n-1) jim 2n(-1)
J — e"%wnz—n—l _ eZ .

n>-n-1

nN—o0

Alternative Method: lim (1 +

(5) L’ Hospital’s rule : If f(x) and g(x) be two functions of x such that
@A) lim f(x)= lim g(x)=0

X—a X—a
(ii) Both are continuous at x = a

(iii) Both are differentiable at x =a.

(iv) f'(x) and g'(x) are continuous at the point x =a, then lim %: lim % provided that g'(@) =0
x—a g(X) x—a X

Nolt : 3 The above rule is also applicable if lim f(x) =« and lim g(x) = .

a If lim % assumes the indeterminate form % or 2 and f'(x),g'(x) satisfy all the condition
x—a g (X 0

embodied in I’ Hospital rule, we can repeat the application of this rule on % to get, lim %
X X—a X

= fim %)
x—a g"(X)
of evaluating limit is achieved.

. Sometimes it may be necessary to repeat this process a number of times till our goal

Example: 58  lim 1-cosmx

[Kerala (Engg.) 2002]
x—0 1—cos nx

m? n?
(@) m/n () n/m () — d —
2 2
n m
25in2 X sin ™ 2 2
. . l-cosmx . . m?x? 1 m m
Solution: (¢) lim = lim 2 L _im . 5 =55 | =5 xl=—
x>0 1—cosnx  x—0| ;2 NX x-0 | mx 4 n2x n2 n2
2sin® — sin nx
2 2
nx
Trick : Apply L-Hospital rule
1 - cos mx . msinmx _m?cosmx m?
= lim — = lim ———=—-.
x>0 1—-cosnNXx  x—0 nsinnx x>0 n2cosnx  n?
. . .. (cosx—1)(cos x —e*) . . .
Example: 59 The integer n for which lim ( ) (n ) is a finite non-zero number is [IIT Screening 2002]

x—0 X

(@ 1 (b) 2 (© 3 @ 4
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Solution: (¢)

Example: 60

Solution: (¢)

Example: 61

Solution: (a)

Example: 62

Solution: (d)

Example: 63

Solution: (a)

Example: 64

Solution: (d)

n cannot be negative integer for then the limit =0

L9 X
2sin? = X X
Limit = lim 5 22 € cc;s X =1 lim w (n=1 for then the limit = 0)
x=0 25(x [2)¢ X" 2x-0 x"-
1 e* +sinx . D1 s e e
== lim ————-. So,if n =3, thelimitis which is finite. If n = 4, the limit is infinite.
2 x>0 (n— 2)xn’3 2(n-2)

1

Let f:R — R besuchthat f(1)=3 and f'(1)=6. Then Iing) {%}X equals [IIT Screening 2002]

(@) 1 (b) el/2 (c) e? @ e
1 1 Cf@+x)/ f1+x) '@

i ] f2+X)| :exlgg;[logf(nx)—logf(l)]:exlggf LT _gb/3 _ g2
x—0 f(l)

lim sMa-cSa [IIT Screening 1997; AMU 1997]
a-nld a-rxl4
(@ V2 ) 1/42 © 1 (d) None of these

. sina—-cosa T cos o +Sina s .

{IHmA m (6 form) = a_llr;]/‘lf (By L HOSplta] I‘ule)

1 1 2

= 14— =—= \/E .

J2 2 2

_x%-ad

lim 5 =

Xx—a X° —a
(a) o (b) Not defined (¢) 2a (@ 3_2a

3.3 2 2

m X2 om) = i3 (By L Hospital ruley - 3 32

XI|L'na NEREPY: (0 form) = XILma o (By ‘L’ Hospital rule) = 22"

lim M = [Roorkee 1983]
h—0 h
(a) 1/24x () 1/2vh (c) Zero (d) None of these
lim Vx+h =% = lim \/x+h—\/;X\/x+h+\/;= lim (x+h)—x = lim h _ 1
h—0 h h—0 h YX+h+4/x  hs0h@x+h+4/x)  h=s0hWx+h+4Jx)  2Jx

Trick : Applying ‘L’ Hospital’s rule, [Differentiating Nr and Dr with respect to h]

1
—-0
. 24X +h 1

We get, hILm0 I "o

2 o2
Iimﬂ% [MP PET 2001]
a— a’ —

sin g sin 24
@ o (b) 1 () —£X (@
B 2p

lim sin? c:—sigz B _ sin(a + B)sin(a - B) _ lim sin(a — f) lim sinfa + B) _ lim sinfe+pB) _sin2p )
a—f a®-p a—p—0 (aJrﬁ) (a,'g) a—p—0 (afﬂ) a—LF—0 (a+ﬂ) a—p (a+ﬁ) 28

Trick : By L’ Hospital’s rule, lim 2sinacosa _ sin2f .
asp  2a 28




Example: 65

Solution: (¢)

Example: 66

Solution: (d)

Example: 67

Solution: (c)

Example: 68

Solution: (a)

Example: 69

Solution: (c)

Functions, Limits, Continuity and Differentiability
. tan2x —x
lim ————— equals [IIT 1971]
x—0 3X —sinx
(a) 2/3 () 1/3 (€ 1/2 d o
2tan 2x 1
fim 802X =X ) 2x (1
x=0 3X —sSin X x—0 3_SInX 2
X
If G(x) = —v25 —x2 , then lim =60 ¢quals 11T 19831
x->1  x-1
(a) 1/24 ® 1/5 () —v24 (d) None of these
B o w2 [ox
lim G=6A) _ lim 25 -x" +v24 [Multiply both numerator and denominator by (/24 +v25 —x? )]
x—1 x—-1 x—1 x—-1
— lim X+1 1
X1 Jo4 1425 -x%2 V24
Alternative method: By L'-Hospital rule, lim G _ i =220 1
x—1 x—1 2\/25_)(2 \/ﬂ

If f(a)=2, (@) =1 g(a) =1 g'(a) = 2, then lim 3X@=9@T) .01

X—a X—a

[IIT 1983; Rajasthan PET 1990; MP PET 1995; DCE 1999; Karnataka CET 1999, 2003]

b =

3 () 3

(a -3

1
d -=
(d) 3

9() f@) - 9@ f(x) _ .y ) f@-9(@) f'(x)

Applying L — Hospital's rule, we get, lim
X—a

X—a X—a

1

=g@f@-g@f@=2x2-1x@1)=3.

n p—

lim M = [Kurukshetra CEE 2002]
x—0 X
(@ n b) 1 () —1 (d) None of these

lim @ +nx +“C2x2+ ...... higher pow ers of x to x")—1

x—0 X -
Trick : Apply L- Hospital rule.

lim sinx +log(1 — x) is equal to [Roorkee 1995]
x—0 X2
@ o ®) % © -= (d) None of these
sin x !
COS X — ——— - - 2
. . — - 1—x) 1

Apply L- Hospital rule, we get, lim X = lim ( -=

PP P 8 x—0 2X x—0 2 2

x3 x5 x2 x* x*
) X - ? ? T e - X - 7 - ? - T .......
Alternative method : lim 22X * log(1—x) = lim i i + lim
x—0 X2 x—0 X2 x—0 X2
3 5 2 .3
-.-sinx:x—X—+X—— ...... and Iog(l—x):—x———x— ........
3! 5! 3



SQAFunctiqn_s, Limits, Continuity and

-x2 41 1) x*
N
Hence, lim — =——.
x—0 X 2
X p—
Example: 70 lim wzg(lﬂ() equals [Rajasthan PET 1996]
x—0 X
2 1 1 3
a) — b) = c) = d =
(@) 3 () 3 (© 5 (d 5
X p—
Solution: (d) Let y = lim w [9 formj
x—0 x2 0
e +xe* . 0
Applying L-Hospital's rule, y = lim 1+Xx [— formj
x—0 2X 0
y:liml X reX 4xeX 4+ —1 :Iim£[1+l+0+1]=§
x—0 2 L+ x)2 x—0 2 2
sintx—tantx .
Example: 71 lim ———————is equal to [Rajasthan PET 2000]
x—0 X
1
(@ o () 1 (@ -1 (d 5
P
Solution: (d) lim Sin “x-tan “x (gform)
x—0 x3 0
Applying L-Hospital’s rule,
1 1
1-x2 1+ x2 0
=lim ———— — form
x—0 3)(2 0
-1 —2X 2X
—x +
2 1-x%)%2 @+x®»? 1 1 2 1
= lim = lim = + =—.
x—0 6x x>06|(1-x2)%2 @+x?)?| 2
Example: 72 lim 1+Iog—x—;( = [Karnataka CET 2000]
X—=>11-2X+X
1
(@ 1 (b) -1 (© o (Y] -5
1
. 1+logx —x ! i 1-x
Solution: (d)  Applying L-Hospital’s rule, lim = X = lim ————
x-1 1-2x+x2 x>l —=2+2x x>l 2x(x —1)
Again applying L-Hospital’s rule, we get lim — 1
x>l 4x —2 2
4X _9)(
Example: 73 lim ————= [EAMCET 2002]
x>0 x(4% +9%)
2 1 3 1 3 3
log| = b) —log| — —log| — d) log|—=
(@ g(Sj ) 7 g[zj © 3 g(zj ) g(zj
X _gX
Solution: (a) y = lim 4 -9 (9 formj
x=0 x(4* +9%) 0

4% log4 - 9% log 9

Using L-Hospital’s rule, y = lim

y:I0g4—logg -

= _— .
x=0 (4% +9%)+ x(4% log 4 + 9% log 9) 2 2 3



Example: 74

Solution: (a)

Example: 75

Solution: (d)

Example: 76

Solution: (a)

Example: 77

Solution: (c)

Example: 78

Solution: (b)

If f@=2, f@=1, g(@=-3, g'@@=-1, then lim

Functions, Limits, Continuity and Differentiability

f@)g(x) - f(x)9(@@) _

X—a X—a
(a) 1 (b) 6 () -5
i 51050 (0
x—a X—a 0

@ -

[Karnataka CET 2003]

1

Using L-Hospital’s rule, fim 1@9C=F0I0@ _ ¢ 0y~ fia)x g@) = 2x (1)~ 1x(-3) =1.

1-0
The value of lim 2-Y* =3 s
X7 x°—-49
2 2
a) — b) -— c) —
(a) 5 (b) 29 (©) 56
o1
. o1 . 2Jx =3 . -1 -1 -1
Applying L-Hospital’s rule, lim = lim = =—.
PPying P xor 2% x>7 4xJx -3  47J7-3 56
Let f@@)=g@=k and their n" derivatives f"(a),qg"(a)
lim f@)9() - f(a) - 9(@) f(x)+ g(a) = 4, then the value of k is
x—a g(x)— f(x)
(@ 4 (b) 2 (€ 1
m k g(x)—k f(x) _4
w2 g(x)- f(x)
By L-Hospital’ rule, lim k 909 =fx) =4, .. k=4.
x—a | g'(x)—f'(x)
XZ
I sec? tdt
The value of lim | 20— is
x—0 X sin x
(@ 3 (b) 2 (© 1
XZ
ij. sec” ot sec? x2.2x
lim dx 2o = lim — . (By L' —Hospital's rule)
x—0 4 (xsinx) x—0 Sin X + X €oS X
dx
. 2sec? x? 2x1
= lim - = =
x—0 (sm X ) 1+1
+ €OS X
X
. {Ssinx—\/gcosx:l
lim | ——— ———
X716 6X — 7
1
@ 3 b = © -3
J3
V3 1
3¢os x + /3 sin _3'7+‘/§'§

lim

Using L—Hospital’s rule,
Xx—7l6 6

»
Sl

d -=

@ o

@ o

@ -

56

exist and are not equal for

NE)

[MP PET 2003]

some n. If

[AIEEE 2003]

[AIEEE 2003]

[EAMCET 2003]
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Example: 79

Solution: (d)

2
Given that f'(2)=6 and f'(l)=4,then lim fh+2+h")-1@2) _

h—0 f(h—h? +1)— f(1)

(a) Does not exist (b) —% (© %

. feh+2+h%)-f(2) i f'h+2+h?)(2+2h) 6x2
h>0 f(h—h?+1)—f1) h>0 f(h—h?+1)@L-2h) 4x1

d 3

[IIT Screening 2003]



.ﬂssignment

Basic Limits O

=

Basic Level

fim Bx-1)(2x+5)

x—wo (X=3)(BX+7)

(a) 3 (b) 2
2x%2 +3x +4

lim —— is equal to
X—» 3X“+3X+4

is equal to

(@) % (b) 1

lim f(x).g(x) exists if

X—a

(a) lim f(x) and lim g(x) exists
X—a X—a

(c) lim m exists
x—a g(Xx)

lim [X—M}:

X—00
(a) % ) 1

If lim @ exists then
x—a g(X

(a) Both lim f(x) and lim g(x) must exist
X—a X—a
(c) Neither lim f(x) nor lim g(x) exists
X—a X—a

Which of the following statement is not correct
(a) lim [f(x)+g(x)]= lim f(x)+ lim g(x)
X—C X—>C X—C

() lim [f(x).g(x)]= lim f(x). lim g(x)

.| x=3]

lim —— =
x—3~ X—3
()1 (b) -1
lim |X;3| =
x—3* X—=3

()1 (b) -1

If lim g(x)=a%,a=0 then lim ¢[£] is equal to
X—a x—a \ a

(a) a2 (b) ai,_,

(c) -2 (d)1

[SCRA 1996; Rajasthan PET 1987 ; BIT Ranchi 1998; MP PET 1993)]

(c) o (d) o

[Rajasthan PET 1995]

(b) lim f(x)%®) exists
X—a

(d) lim f(x)g(lj exists
X—a X

[IIT 1975]
1
-= d) o
(© > (d)
(b) lim f(x) not exist but lim g(x) exists
X—a X—a
(d) lim f(x) exist but lim g(x) does not exist
X—a X—a
(b) lim [f(x)—g(x)]= lim f(x)— lim g(x)
X—C X—>C X—>C
lim f(x)
(d) lim 19 =220
x—c g(x)  lim g(x)
X—C
(c) o (d) Does not exist
(c) o (d) Does not exist

© = (@ a°
a



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

X a
If lim 2 =% —_1 then
x—a x* —a2
(a) a=1 (b) a=0
x3/2_g
lim| —— | =
x—4 X-4
3
(a) 5 (b) 3
lim Vva+x —vJa-x |
x—0 X
(a) 1 (b) o
 4x?4+5x+8
lim ———————— is equal to
X—>00 4x +5
(a) -1/2 (b) o
. 3-45+x .
lim ————— is equal to
X—4 X =
(a) 1/6 (b) -1/6
Vx2 -1
lim is equal to
x—o 2X+1
() 1 (b) o
o x2-3x+2
lim —— equals
X2 X“+X—6
(a) 1/5 (b) 2/5
The value of "m[smemj is
-0 0
1
(a) o (b) —
4
_x%-2x
lim - equals
x—0 2sinX
(a) 1 (b) -1
lim sin(2 +x)—sin(2-x) _
x—0 X
(a) sin2 (b) 2sin2
1
lim@3" +4"n =
n—o0
(a) 3 (b) 4
V1I+Xx —41-X

True statement for lim

is

x—>0 42+ 3x =2 -3x

(a) Does not exist

i X —23)(& 1) _
x=1  2X°+x-3

1
() —E

(b) Lies between 0 and %

1
(b) 0

lim (\/x2+8x+3—\/x2+4x+3)=

X—>00

(9]

(9]

(9]

(9]

(9]

(9]

(9]

(9]

(9]

(9]

(9]

(9]

w|nr

Functions, Limits, Continuity and

[EAMCET 2003]

(d) None of these

[DCE 1999]

1
(d) 3

[Karnataka CET 2001; Roorkee 1979; MP PET 1987]

Ja

1/2

2 Cos 2

(9]

1

(d)
Ja

(d) 1
[Orissa JEE 1996]
(d) 1
[BIT Ranchi 1992]
@ 5
[IIT 1970; IIT 1976)]
(d) 5

(d) Note in existence

[Rajasthan PET 1985]

(d) None of these

(d) 2

[Karnataka CET 2003]
(@) e

[Ranchi BIT 1982; Haryana 1996)]
. 1
Lies between E and 1
[IIT 1977]

(d) None of these

[MP PET 1997; Rajasthan PET 1995)]



90

24.

25.

26.

27.

28.

20.

30.

31.

32.

33.

Functions, Limits, Continuity
(a) o (b) ©
. [ x° J
lim equals
x—0( sin x°
a) 1 by
(a) (b) 180
. {13+23+33+ ..... +n3}
lim =
n—o n4
1
a) — b) —
(a) 5 (b)
. 1 1 1
lim | =+ + + o, +—|=
n—o {n n+l n+2 Sn}
(a) o (b) log, 4
n
. k
lim —_—=
n—o kzz;nz +k?
1
(a) [E) log 2 (b) log 2
The lim (cos x)®'* is
x—0
(a) o (b) 1
. Xtan 2x —2xtan x
lim > =
x=>0 (1 -cos 2x)
(a) 2 (b) -2
If 1= [-—"X_ then lim f(x) is
X +C0S“ X X—>©
() o (b) =
X ; x<0
If fx)=5 1 ; x=0, then, Ilim f(x)=
2 x—0
X 7 x>0
(@) o (b) 1
sin x X#n X
VX #
If f(x)= T hez gx)=
0 , other wise
()1 (b) o
AP 2P 43P 4 +nP
lim =
n—w np+1
1 1
a b)) ——
(@ —7 (b) =

and

(c) 2

© =2
T

Advance Level )

(9]

e

(c) log, 3

(9]

N

(9]

w |

(9]

N |-

()1

(c) 2

=0 , then lim g{f(x)}=
’ x—0

1

@ -

2
[AMU 1991]

(d) None of these

(d) None of these

[Karnataka CET 1999]
(d) log, 2

[Roorkee 1999]

(d)

NN

[Rajasthan PET 1999]

(d)

W[

[1IT 1999]

1
d -=
(d) >

[DCE 2000; EAMCET 1997)]

(d) Not exist

[DCE 2000]
(d) Does not exist

[Karnataka CET 2000]

1
d) =
()4

[AIEEE 2002]

1
p+2

(d)



Functions, Limits, Continuity and

34. lim L + 1 + 1 F v + 1 equals [Rajasthan PET 1996]
now2 22 23 2N
(@) 2 (b) -1 ()1 (d) 3
A1+ x —V1-x
35. lim ———— =
x—=0 sin ™ x
(a) 2 (b) 1 (c) -1 (d) None of these
36. lim cos L [UPSEAT 2002]
x—0 X
(a) Is continuous at x =0 (b) Differentiable at x =0 (c) Does not exist (d) None of these
37. If xn:1_2+3_4+5_6+ """ _2n,then lim x, is equal to
Vn? +1 ++an2 _1 n—e
1 1 2
a) — b) - = c) — d) 1
(a) 3 (b) 3 () 3 (d)
. 1 1 1 1 : .
38. lim | =+ + 44— | isequal to [Rajasthan PET 2000]
n”m{n Vn2in Vn?o2n \/n2+(n1)n]
(@) 2+242 (b) 2J2-2 (© 22 @ 2
39. lim ; + 4 +. +i is equal to [Rajasthan PET 1995]
n»o134n3 23408 2n
1 1 1
(a) gloge 3 (b) gloge 2 () gloge = (d) None of these
40. The value of lim { n >+ n >+ n 5+ +i} is equal to
nool1+n° 4+n° 9+4n 2n
1 4
(a) e () = © = @ =
e 4 V4
_ox"
41. lim — =0 for
X—o @ X
(a) No value of n (b) n is any whole number (c) n = 0 only (d) n =2only
( Exponential and Logarithmic Limits O
Basic Level
r 1/x
42. lim | tan (E + XH is equal to [Rajasthan PET 2001]
x—0| 4
(a) et (b) e () e’ @ e
X p—
43. Iim0 ] equals [Rajasthan PET 1998]
X—>
(a) log 3 (b) 31log3 (c) 2log 3 (d) None of these
44. lim mzx)_l = [Orissa JEE 2003]
x—0 X
()1 (b) -1 (c) 1/2 (@ -1/2
el/x
45. lim = [DCE 1999]
x=0 =41
e X

(a) o (b) 1 (c) Does not exist

(d) None of these



92 Functions, Limits, Continuity and
asinx -1

x—0 pSINX _q N

46. [Karnataka CET 2000]

log a o log b
log b log a

(a) % (b) ©

X

. et =1

47. lim = [Karnataka CET 2001]
x—0 X

(@) % (b) o © 1 @ o

X+3 X+1
48. lim = [Rajasthan PET 2003]
x—oo\ X +1

(a) €2 (b) € (c) e (d) et
1

49. lim (- ax); = [Karnataka CET 2003]
x—0

() e (b) e? (0) 1 (d) e?

Advance Level )

X
50. lim (X — zj is equal to [IIT 2000]
X—oo\ X +

(a) e (b) et () e (d) e®

2 1/x
. 1+5x .

51. lim > is [1IT 1996]
x—0| 1+ 3x

(a) e? (b) e (©) et (d) None of these

[x2—2x+l

52. The value of lim

X—00

X
is equal to
x% —4x +2J

(a) e? (b) e (©) eb (d) None of these

X
53. lim [1 + mi} equal to [Haryana CEE 1998]
X

X —>0|

(a) el/m (b) e—l/m (C) em (d) me

X
. (xz +5X + SJ
54. lim | ———| = [AIEEE 2002]

x>0 | x?2+x+3

(a) e* (b) €2 (c) e (d) e
X2 —x i .
55. lim —— is equal to [IIT 1980; BIT Ranchi 1983; Rajasthan PET 1999, 2001]
x—01—cos X

(a) log2 (b) log 4 (c) o (d) None of these

X hX

. [a*-=b

56. IIm[ J = [EAMCET 1988; Rajasthan PET 1995]
x—0 X



57.

@ log[Ej ®) log[ij © 2
a b b
. log x" —[x] .
lim [—,n e N, ([x] denotes greatest integer less than or equal to x)
X —>0 X

(a) Has value -1 (b) Has value o

(c) Has value 1

Functions, Limits, Continuity and

(d) log aP

[AIEEE 2002]

(d) Does not exist

Trigonometric Limits O

58.

59.

60.

61.

62.

63.

64.

65.

Basic Level )
. sin(zzcos2 X)
lim ——————~ =
x—0 x2
(@ -7 ) = © %
x3
SinX — X +—
lim{—— 6 1 _
x—0 xs
1 1 1
a) — b) -— c) —
()120 (b) 120 ()20
]fl(l—cos 2X)
lim Y2 _
x—0 X
(a) 1 (b) -1 (c) o
J2 cos x -1 _
x—zl4 cot X =1
1 1 1
(@ — (b) = () —=
J2 2 22
COs X —Cosa _
x—a Cot X —cot a
(a) %sin3a (d) %cosecza (c) sin®a
Advance Level »
. fx+sinx
lim [——— =
Xx—x | X —CO0S X
(@) o (b) 1 (c) -1
The value of lim cos X cos X cos X .... COS X is
n—o 2 4 8 2n
sin x X
(a) 1 (b) — () —
X sin x

[MP PET 2002; UPSEAT 2001; IIT Screening 2001]

(d)1

[MNR 1985; MNR 1986)]

(d) None of these

[Rajasthan PET 2001; AIEEE 2002]
(d) Does not exist

[BIT Ranchi 1989; IIT 1990]

(d)1

[BIT Ranchi 1987]

(d) cosec %a

[Roorkee 1994]

(d) None of these

(d) None of these

If x is a real number in [0,1], then the value of lim lim [1+coszm(n Iz x)] is given by

m—o0 N—ow
(a) 2 or 1 according as x is rational or irrational
(c) 1 forall x

(b) 1 or 2 according as x is rational or irrational
(d) 2 or1for all x
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66.

67.

68.

69.

70.

Functions, Limits, Continuity and
lim 12908 5X 5 equal to
x—0 2% _3%
(a) o (b) 1 (c) 5 (d) None of these
N aip N
If lim X Zsix is non zero definite, then n must be
x>0 x —sin" x
(a) 1 (b) 2 (c) 3 (d) None of these
The values of a and b such that [|im X(L+acos x)—bsin x =1, are
x—0 x3
5 3 5 3 5 3
a) —,— b) —, —— c) ——,—— d) None of these
(a) 52 (b) >3 () >3 (d)

N

ool

lim = [BIT Ranchi 1987]

h—0 \/Eh(\/g cos h—sinh)

2 3 4
-£ b) -2 —2J3 a =
@ -3 () -5 (© -23 @ 3
If f(x)= I Zs'r‘x—‘gs'”zxdx, then lim f'(x) equals [IIT Screening 1997]
X x—0
(a) o (b) 1 (c) -1 @ 1/2

L'- Hospital Rule O

71.

72.

73.

74-

75-

76.

77-

78.

Basic Level

lim + is equal to [IIT 1992; Rajasthan PET 2001]
x—=0 tan " (2x)
(a) o (b) 1 () % (d) None of these
plan X _ X
lim ——— is equal to [Rajasthan PET 2001]
x—0 tanx —Xx
1
() o (b) 1 (c) e (d) .
lim (sec x —tan x) equals [Rajasthan PET 1998]
x—zl2
(a) o (b) 1 (©) -1 (d) None of these
.2
lim m = [Roorkee 1982; DCE 1999]
x—0 x2
(@) o (b) 1 (c) 18 (d) 36
. sin2x
lim —— = [MNR 1990; UPSEAT 2000]
x—0 X
(@) o (b) 1 (c) 1/2 (d) 2
, . f(x)-1 .,
If f1)=1 and f'})=4, then the value of lim ~——— is [DCE 2001]
x—1 \/;_1
@9 (b) 4 (c) 12 (d) 1
lim M = [MP PET 2002]
x—0 3% -1
(a) loge 3 (b) o ()1 (d) logze
X —e7*
lim — = [Haryana CEE 2002]
x>0  sinx

(a) o (b) 1 (c) 2 (d) Non existent



81.

82.

83.

84.

8s5.

86.

87.

88.

89.

90.

sinfl(x +2)

x—-2  x242x

. logx
lim g
Xx—>1 X —
(a) 1
1_y1/3

lim ————=
x>11_ x 213

1
(a) g

is equal to

The value of lim

1
(b) o0 © -5
() -= © —
a a
(b) o (o) -1
1 2
(b) E () g

- Advance Level )

X COS X — Izog(l +X) is

(b) o ()1
(b) 1 (c) -2
(b) log 4 (c) log3

x—0 X
1
a —
(a) >
lim | _L=tanx_ equals
X_,% 1-/2sinx
(a) o
2% —

lim ———— equals
Xx=0 {1+x -1
(a) log2
lim sin(x +a)+sin(a—x)—2sina
x—0 X sin x
(a) sina

X

tdt

zl2

x—zl2 sin(2x — x)

(a) »

lim (X +y)sec(x +Yy)— X sec X _

y—0 y
(a) sec x(x tan x +1)

lim is equal to
«F 2cosx -1
3
1
a f—
(a) >
X’ —cos x
lim ———— is equal to

x—0 X

is equal to

} is equal to

(b) -sina (o)1

T T
(b) 3 (9] Z

(b) xtan x +sec x

(b) % © V3

(c) xsecx+tanx

Functions, Limits, Continuity and

[Orissa JEE 2002]
(d) None of these
[MP PET 1994]
1
@ -=
a2

[Rajasthan PET 1996; MP PET 1996]

(d) 1/2

2
(d) ~3

[Rajasthan PET 1999]
(d) None of these

[SCRA 1999]

(a 2
[Karnataka CET 1999, IIT 1983]
(d) None of these
[UPSEAT 1998]

(d) o

[MP PET 1998]
@ =
(d) None of these
[AMU 1991]
@ =

J3

[AMU 1990]



96 Functions, Limits,

3
() E

. XCOS X —sinx
91. lim — equals
x=0  x“sinx

1
(a) g

Continuity and

1
(b) 5

1
(b) -3

*%%

2
(9] g

(o 3

(d) None of these

[SCRA 1999]

(d) -3
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2.3 Continuity

The word ‘Continuous’ means without any break or gap. If the graph of a function has no

Introduction

break, or gap or jump, then it is said to be continuous.
A function which is not continuous is called a discontinuous function.
While studying graphs of functions, we see that graphs of functions sinx, x, cosx, e* etc. are

continuous but greatest integer function [x] has break at every integral point, so it is not

. .. 1 . . .
continuous. Similarly tan X, cot x, secx , — etc. are also discontinuous function.
X

y Continuous Discontinuous
fiinrctinn fiimctinn Y
Y
Y
3t
/\ (01 1)" T 21 O
_ : 1+
L f ) = x °
a4 em\ /2 , X X +—t— +—t— X
\/ ¥ % ° - - —1()__ 1 2 3
T (o,- x)=1/x -1
¢ . fG)=1/ _ol_ o
y = sin x o 4 -
v
v

2.3.1 Continuity of a Function at a Point

A function f(x) is said to be continuous at a point x =a of its domain iff lim f(x)=f@). i.e. a
X—a
function f(x) is continuous at x =a if and only if it satisfies the following three conditions :
(1) f(a) exists. (‘a’ lies in the domain of f)
(2) lim f(x) exist i.e. lim f(x)= lim f(x) or R.H.L. = L.H.L.
X—a x—a* X—a~
(3) lim f(x) = f(a) (limit equals the value of function).
X—a
Cauchy’s definition of continuity : A function f is said to be continuous at a point a of its
domain D if for every ¢ >0 there exists § >0 (dependent on ¢) such that | x —a|<o =] f(x) - f(a)|< e.
Comparing this definition with the definition of limit we find that f(x) is continuous at x =a

if lim f(x) exists and is equal to f(a) i.e., if lim f(x)= f(@)= lim f(x).

X—a
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Heine’s definition of continuity : A function f is said to be continuous at a point a of its
domain D, converging to a, the sequence < a, > of the points in D converging to a, the sequence
< f(a,)> converges to f(a)ie. lima, =a=1lim f(a,)=f(a). This definition is mainly used to prove the
discontinuity to a function.

M O Continuity of a function at a point, we find its limit and value at that point, if these

two exist and are equal, then function is continuous at that point.

Formal definition of continuity : The function f(x) is said to be continuous at x =a, in its
domain if for any arbitrary chosen positive number € >0, we can find a corresponding number
d depending on e such that| f(x)-f(a)] < € ¥x for which 04 x-a|<J.

2.3.2 Continuity from Left and Right
Function f(x) is said to be

(1) Left continuous at x = a if Ilim . f(x) = f(a)
X—>a—
(2) Right continuous at x =a if Lim0 f(x)=f@@).
X—a+

Thus a function f(x) is continuous at a point x =a if it is left continuous as well as right

continuous at x =a.

X+4, x<3
Example: 1 If f(x) = < 4, x =3 is continuous at x = 3, then A =
3Xx-5,x>3
(a) 4 (b) 3 (©) 2 (1
Solution: (d) L.H.L.atx =3, lim f(x)= lim (x+ 1) = lim@B-h+)=3+4 ... 1
x—3~ x—3~ h—0
R.H.L.atx =3, lim f(x)= lim B3x-5) = lm{3B3+h)-5}=4 ... (ii)
x—3* x—3* h—0
Value of function f3)=4 . (iii)

For continuity at x = 3
Limit of function = value of function3 + A1=4=1=1.

.1
Example: 2 If f(x)= xsin X! x#0 is continuous at x = 0, then the value of kis [MP PET 1999; AMU 1999; Rajasthan PET 2C
K, x=0

(a) 1 (b)-1 (o) o (d) 2
Solution: (c) If function is continuous at x = 0, then by the definition of continuity f(0)= Iim0 f(x)
X—>

since f(0)=k . Hence, f(0)=k = lim(x) [sin lj
x—0 X

= k = 0 (a finite quantity lies between -1to 1) = k= 0.
2x+1 when x <1

Example: 3 If f(x)=< k when x=1 iscontinuous at x =1, then the value of k is [Rajasthan PET 2001]
5x -2 when x >1
(a) 1 (b) 2 (© 3 (@ 4
Solution: (¢c) Since f(x)is continuous at x = 1,
= lim f(x)= lim f(x)=f@ . (i)
Xx—1" x—1"

Now lim f(x)=lim fl-h)= lim 20-h)+1=3 i.e., lim f(x)=3
h—0 h—0 x—1"

x—1"



Example: 4

Solution: (d)

Example: 5

Solution: (¢)

Example: 6

Solution: (a)

Functions, Limits, Continuity and
Similarly, lim f(x)= lim fL+h)= lim 51+h)-2 i.e., lim f(x)=3
x—1" h—0 h—0 x—1"

So according to equation (i), we have k = 3.

sinf—|, x=0 . .
The value of k which makes f(x)= [x) continuous at x = 0 is [Rajasthan PET 1993; UPSEAT 1995]
k, x=0

(a) 8 (b) 1 (o) -1 (d) None of these
We have Iim0 f(x) = Iimosinl = An oscillating number which oscillates between -1 and 1.
X—> X—> X

Hence, Iim0 f(x) does not exist. Consequently f(x) cannot be continuous at x =0 for any value of k.
X—

2 x<
The value of m for which the function f(x)= mx®,x <1 is continuous at x =1, is
2X, X >1

(a) o (b) 1 (c) 2 (d) Does not exist
LHL = lim f(x)=limm@-h)® =m

Xx—1" h—0
RHL = Ilim f(x)= rl\ln?) 20+h)y=2 and f@)=m

x—1" -
Function is continuous at x =1, .. LHL = RHL = f(1)

Therefore m=2.

(cos X)* x £ 0

If the function f(x)= { ‘ is continuous at x =0, then the value of k is

(a) 1 (b) 1 (o) o (d) e

lim (cos x)'/* =k = lim lIog(cos x)=logk = lim 1 lim log cos x =logk = lim l><0 =logek =>k=1.
x—0 x—0 X x—0 X x—0 x—0 X

2.3.3 Continuity of a Function in Open and Closed Interval

Open interval : A function f(x) is said to be continuous in an open interval (a, b) iff it is

continuous at every point in that interval.

|Noié : O This definition implies the non-breakable behavior of the function f(x) in the

interval (a, b).

Closed interval : A function f(x) is said to be continuous in a closed interval [a, b] iff,

(1) f is continuous in (a, b)

(2)f is continuous from the right at ‘a’ i.e. lim f(x)= f(a)

X—a

(3) fis continuous from the left at ‘b’ i.e. lim f(x)= f(b).
x—b~
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Example: 7

Solution: (b)

Example: 8

Solution: (¢)

x+a’J2sinx 0§x<%

If the function fx) = Jx cot x +b . Z<x<Z, iscontinuous in the interval [0, #] then the values
4

b sin2x —acos 2x , %SXSH‘

of (a, b) are
[Roorkee 1998]
(a) (-1, -1) (b) (o, 0) (© (-1,1) (d) (1, -1)
Since fis continuous at x =~ ; - f[Z|= ¢ £+h): f[Z nl= Z@+b :[E_ojﬂf 2 sin(z—oj
4 4 hoo\ 4 h—o\ 4 4 4 4
= Zip-Z a2 2sinZob=a?y2 L= b=a
4 4 4 J2
Also as f is continuous at x = z ;o f 2= lim f(x)= lim f Z _n
2 2 z h—o (2

X—>—-0
2

= bsin2Z _acos2Z =
2 2

= Iim[(z—h)cot(z—hhb} = b.0-a-1)=0+b=a=b.
h—0| 2 2

Hence (0, 0) satisfy the above relations.

. X
1+sin— for —o<x<1

If the function f(x)=4 ax+b for 1<x<3 is continuous in the interval (—x,6) then the values of a
X7

6tan— for 3<x<6
12
and b are respectively [MP PET 1998]
(a) 0,2 (b) 1,1 (o) 2,0 (d) 2,1
*» The turning points for f(x) are x=1,3.

x—1"

So, lim f(x)=lim fL—h) = lim [1+sin£(1—h)} = {1+sin(£—oﬂ =2
h—0 h—0 2 2
Similarly, lim f(x)=lim f@+h)= limal+h)+b=a+ b
x—1* h—0 h—0

f(x) is continuous at x =1, so lim f(x)= lim f(x)= f(1)
X—1" x—1*

= 2=a+b 1)
Again, lim f(x)= lim f(3—h) = limaB-h)+b = 3a+b and Iim f(x)= lim f(3+h) = lim 6tan 2~ (3+h) = 6
X—3~ h—0 h—0 Xx—3" h—0 h—0 12
f(x) is continuous in (-, 6), so it is continuous at x =3 also, so lim f(x)= lim f(x)= f(3)
X—3" x—3*

= 3a+b=6 (ii)

Solving (i) and (ii)a=2,b = 0.

Trick : In above type of questions first find out the turning points. For example in above question
they are x = 1,3. Now find out the values of the function at these points and if they are same then
the function is continuous i.e., in above problem.

1+sin£x ; —oo< X <1, fQ)=2
f(x)=4 ax+b ; l<x<3 f@=a+bh,f(8)=3a+b
6tan ZX ;. 3<x<6 f(3)=6
12

Which gives 2=a+b and 6 =3a+b after solving above linear equations we get a=2, b=0.
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XsinXx, when0<x£z
Example: 9 If f(x)= 2 then

Zsin(;r + X), when Tex<n
2 2
(a) f(x) is discontinuous at x =% (b) f(x) is continuous at x :%
(c) f(x) is continuous at x =0 (d) None of these

Solution: (a lim f(x =£, lim fx)=-Z and f|Z|=Z"
fon: (a) () =7, ()=~ [2 ;

X = E X—>
Since lim = lim f(x), .. Function is discontinuous at x =z
o e 2
2 2
1—co;4x when x <0
X
Example: 10 If f(x)= a when x =0 is continuous at x = o, then the value of ‘a’ will be
L, when x >0
16 +x) -4
(a) 8 (b) -8 () 4 (d) None of these

2sin? 2x

Solution: (a) lim f(x) lim [ )

x—0" x—0"

j4:8 and lim f(x)= lim [(y16 + v )+4] =8
x—0" x—0"

Hence a=38.

2.3.4 Continuous Function

[IIT 1990; AMU :

(1) A list of continuous functions :

Function f(x) Interval in which f(x) is continuous

(i) Constant K (-0, ©)
(ii) x", (n is a positive integer) (=00, )
(iii) x™ (n is a positive integer) (-, ©) - {0}
@iv) [x-al (=00, )
(V) px)=apx" +ax" T +ax"2 ... +a, (-00, )
(vi) % , where p(x) and g(x) are polynomial in (-0, @) = {x: q(x) = 0}

x
(vii) sinx (-0, )
(viii) cos x (-0, )
(ix) tanx (-0, ©) - {(2n + 1)7z/2 : n € I}
(x) cotx (-0, ©) - {nz:nel}

(xi) secx (-0, ©) = {@n +D7z/2:ne I}
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(xii) cosec x (-0, ©) - {nz:nel}
(xiii) e* (-o00, )
(xiv) loge x (0, »)

(2) Properties of continuous functions : Let f(x) and g(x) be two continuous functions at
x =a.Then

(i) cf(x)is continuous at x = a, where c is any constant
(ii) f(x)x£g(x) is continuous at x =a.
(iii) f(x). g(x) is continuous at x =a.

(iv) f(x)/ g(x) is continuous at x =a, provided g(@) =0 .

Important Tips

& A function f(x)is said to be continuous if it is continuous at each point of its domain.

@ A function f(X) is said to be everywhere continuous if it is continuous on the entire real line R i.e. (—o,x). eg.
polynomial function e*, sinx,cos x, constant, x", | x—a| etc.

& Integral function of a continuous function is a continuous function.

& If g(x) is continuous at x = a and f(x) is continuous at x = g(a) then (fog) (x) is continuous at X =a.

& If f(x) is continuous in a closed interval [a, b] then it is bounded on this interval.

&

If f(x) is a continuous function defined on [a, b] such that f(a) and f(b) are of opposite signs, then there is atleast
one value of x for which f(x) vanishes. i.e. if f(a)>0, f(b) < 0 = 3c € (a,b) such that f(c) = o.

& If f(x) is continuous on [a, b] and maps [a, b] into [a, b] then for some x € [a, b] we have f(x) = x.

(3) Continuity of composite function : If the function u = f(x) is continuous at the point
x =a, and the function y = g(u) is continuous at the point u = f(a), then the composite function
y =(gof )(x) = g(f(x)) is continuous at the point x = a.

2.3.5 Discontinuous Function

(1) Discontinuous function : A function ‘ which is not continuous at a point x =a in its
domain is said to be discontinuous there at. The point ‘a’ is called a point of discontinuity of the
function.

The discontinuity may arise due to any of the following situations.
(i) Iim f(x) or lim f(x) or both may not exist
x—a* Xx—a~

(ii) lim f(x)as well as lim f(x) may exist, but are unequal.
x—a* Xx—a~

(iii) lim f(x) as well as lim f(x) both may exist, but either of the two or both may not be equal
x—a* Xx—a~

to f(@).

Important Tips

& A function f is said to have removable discontinuity at x = a if lim f(x)= lim f(x) but their common value is not equal
x+at x+a~

to f(a).
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Such a discontinuity can be removed by assigning a suitable value to the function f at x = a.

& If lim f(x) does not exist, then we can not remove this discontinuity. So this become a non-removable discontinuity
X—a

or essential discontinuity.
& Iff is continuous at x = ¢ and g is discontinuous at x = ¢, then

(a) f+g andf - g are discontinuous (b) f.g may be continuous

& If fand g are discontinuous at x = ¢, then f + g, f - g and fg may still be continuous.

@ Point functions (domain and range consists one value only) is not a continuous function.

Example:

Solution:

Example:

Solution:

Example:

Solution:

Example:

Solution:

11

(a)

(b)

13

(9}

14

(9}

The points of discontinuity of y = - ! where u = is
uc+u-2 x-1
1 -1 1
(a) E,1,2 (b) 7,l,—2 (©) E,—l,z (d) None of these

The function u = f(x) = ! is discontinuous at the point x =1. The function
X

y=g(x)= is discontinuous at u=-2and u=1

Ciu-2 Uu+2)u-1

when u=—2:iz—2:x=l, whenu:l:izlzx:z.
x-1 2 x -1

Hence, the composite y = g(f(x)) is discontinuous at three points = %,l, 2.

log(1 + ax) — log(1 — bx)
X

The function f(x)= is not defined at x =0. The value which should be assigned to

f at x = 0 so that it is continuous at x = 0, is
(a) a-b (b) a+b (c) loga+logh (d) loga-loghb

Since limit of a function is a+b as x — 0, therefore to be continuous at x =0, its value must be a+b
at x=0=f(0)=a+b.

X2 —4x+3 f 1
If f)=4" ,2_7 ° OrX#1 then [IIT 1972]
2 Jfor x =1
(a) lim f(x)=2 (b) lim f(x)=3
x—1" x—1"
(c) f(x) is discontinuous at x =1 (d) None of these

2_ p—
X“—4x+3 _ lim (x 3):7

fQ)=2, fl+)= lim
@ S xol+  x2-1 x—=1+ (X +1)
X2 —4x +3
fl-)= lim ————=-1= f(1) = f(1-). Hence the function is discontinuous at x =1.
X—1— X< —

x-=1,x<0

If f(x)= %, x=0 , then [Roorkee 1988]
X2, x>0

(a) Ilim f(x)=1 (b) Ilim f(x)=1

x—0" x—0"
(c) f(x) is discontinuous at x =0 (d) None of these

Clearly from curve drawn of the given function f(x), it is discontinuous at x =0.



104 Functions, Limits, Continuity and

Example: 15

Solution: (b)

Example: 16

Solution: (a)

y
(0,1/44 y=x*x>0
X X
0
(0,-1) 4
y=x-1,x </
M
a
@+ sinx])! —%<x<0
Let f(x)= b, x=0 , then the values of a and b if f is continuous at x =0, are
tan 2x
emdx | OQ<x<Z
6
respectively
(a) Eﬁ (b) 3,62/3 () §,63/2 (d) None of these
3 2 3 2
a T
(1+| SinxDlSinX‘ : —(EJ<X<O
f(x)= b ; x=0
tan 2x . T
o tan 3x ; O<x<(€j

For f(x) to be continuous at x=0

a N . a
- lim [|sm X — J

= lim f(x)=f0)= lim f(x) = lim(+| sinx[)/s"X =gxol 1M/ _ea

x—0" x—0" x—0
[taan X)/[tan3>< 3 J
NOW, lim etaan/taan = lim e 2x 3x = lim e2/3 :e2/3.
x—0" x—0" x—0"
2/3 2 db=e??

. e=b=¢e = a:E an

Let f(x) be defined for all x >0and be continuous. Let f(x) satisfy f[iJz f(x)—f(y) for all x, y and
y

f(e)=1, then

[1IT 1995]

(a) f(x)=In x (b) f(x) is bounded (©) f(%)—)O as x>0 (d) xf(x)—>1 as x>0

Let f(x)= In (x),x >0 f(x)= In (x) is a continuous function of x for every positive value of X.

f[ijz In [ijz In (- In )= )~ ).
y y



Example: 17

Solution: (c¢)

Example: 18

f(0) is

Solution: (b)

Example: 19

are
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Let f(x):[x]sin([ ”1]} where [.] denotes the greatest integer function. The domain of f is ..... and
X +

the points of discontinuity of f in the domain are

(@) {x eR| x e[-1,0)}, 1-{0} (b) {x eR|xe[L0)} I —{0}
(© {xeR|x¢[-10)} 1-{0} (d) None of these

Note that [x +1]=0 if 0<x+1<1
i.e. [x+1]-0if -1<x <0.

Thus domain of fis R—[-1,0)={x ¢[-1,0)}

We have sin( ] is continuous at all points of R-[-1,0) and [x] is continuous on R-1, where I

[x +1]
denotes the set of integers.

Thus the points where f can possibly be discontinuous are...... , 3,—2,-1,01,2,.......... .But for

0<x<L1[x]=0 and sin il is defined.
[x+1]

Therefore f(x)=0 for 0 <x <1.
Also f(x) is not defined on -1<x <O0.

Therefore, continuity of f at 0 means continuity of f from right at 0. Since f is continuous from
right at 0, f is continuous at 0. Hence set of points of discontinuities of f is 1-{0}.

1

If the function f(x):w,(x #0) is continuous at each point of its domain, then the value of
2x +tan 7t x
[Rajasthan PET 2000]
(a) 2 (b) 1/3 (c) 2/3 (d) -1/3
ain-1
fx) = lim | 2X=8N X | _ £(0) ,[gformj
x-0| 2x +tan 7t x 0

Applying L-Hospital’s rule, f(0)= Iim0 —_ =
X—>

2 sin™" x
I -
. . - . 2-1 1
Trick : f (0) = Ilmzxs—m&x:ﬂlm Xl = ==
x=0 2X +tan"" X x—0 2+tan‘ x 2+1 3
X
—2sinx, x<-Z
2
The values of A and B such that the function f(x)={Asinx + B, —%< X <% , is continuous everywhere
COS X, x>Z
2

[Pb. CET 2000]
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Solution:

Example:

Solution:

Example:

Solution:

Example:

Solution:

Example:

Solution:

Example:

Solution:

(9}

20

(a)

21

()

22

()

23

()

24

(d)

(a) A=0,B=1 (b) A=1B=1 (c) A=-1B=1 (d) A=-1,B=0
For continuity at all x € R, we must have f[— E] = |lim (-2sinx)= lim (Asinx + B)
X—>(-712)" x—(-12)"
= 2=-A+B . 1
and f[ﬁj = lim (Asinx+B)= lim (cosx)
2 x—(z12)” x—(z12)"

= 0=A+B ... (i)
From (i) and (ii), A=-1 and B=1.

2 p—
If f(x):M for x # 5 and fis continuous at x =5, then f(5) = [EAMCET 2001]

2

X< —-7x+10
(a) o (d) 5 (c) 10 (d) 25

2 Y _
£(5) = lim f(x) = lim X-—10X*+25 _ i, (X=87 525 _
X—5 x—5 X2 _7x +10 x5 (x —2)(x-=5) 5-2

In order that the function f(x)=(x +1)°"* is continuous at x =0, f(0) must be defined as

[UPSEAT 2000; Haryana CEE 2001]

(a) f(0)= % (b) f(0)=0 (c) f(0)=e (d) None of these

For continuity at 0, we must have f(0)= Iim0 f(x)
X—>

1 X cot X 1 Ii”(‘)(tar)w(xj
= lim (x + )P = fim J(L + x)* = lim{(L+ X)X —el=e.
x—0 x—0 x—0
The function f(x)=sin| x| is [DCE 2002]
(a) Continuous for all x (b) Continuous only at certain points
(c) Differentiable at all points (d) None of these
It is obvious.
1-sinx T
, X #E— x
If f(x)=4 7~ 2x 72r be continuous at x =—, then value of 1 is [Rajasthan PET 2002]
A, X== 2
2
(a) -1 (b) 1 (c) o (@) 2
f(x) is continuous at x = E, then Ilim f(x)=f(@0) or 1= Ilim 1-sinx s 9form
2 Xx—rl2 x—orl2 7T —2X 0
Applying L-Hospital’s rule, A= Iim —OSX 2= iim X o,
x—>rl2 — x—zl2 2
If f(x)= 2_sn—);+4 (x #0), is continuous function at x =0, then f(0) equals [MP PET 2002]
in 2x
1 1 1 1

a) — b) -— c) — d) -=

() 2 (b) 2 () 5 (@) 3
If f(x) is continuous at x =0, then, f(0)= lim f(x) = lim 2_— yx+4 ,[9 formj

x—0 x—0  sin2x 0



Example: 25

Solution: (¢)

Example: 26

k is equal to

Solution: (b)

Example: 27

at x=r, is

Solution: (c)

Example: 28

Solution: (c)

Using L-Hospital’s rule, f(0)= lim
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1
[_ 2\/x+4] 1

x—0  2C0S 2X 8"
. X if x is rational ) . .
If function f(x)= o , then f(x) is continuous at ...... number of points
1-x ifxisirrational

(a) »

(b) 1

[UPSEAT 2002]

(c) o (d) None of these

At no point, function is continuous.

1 -1

The function defined by f(x)= x? +e 2 . X#2 s continuous from right at the point x = 2, then
k , X=2
[Orissa JEE 2002]
(a) o (b) 1/4 (o) -1/4 (d) None of these
L 1
fx)=|x2+e2x | and f(2)=k

If f(x) is continuous from right at x =2 then Ilim f(x)=f(2)=k
x—2*

171

= lim | x% +e2-x
x—2*

1 -1

=k = k= lim f2+h) = k= lim |2 +h)? +e 2N
h—0 h—0

-1
= k=1lim|4+h%+4h+e " |7 Sk=[4+0+0+e™>] :k:%.

h—0

The function f(x)= M
1+sinXx +cos X

is not defined at x =z. The value of f(r), so that f(x) is continuous

[Orissa JEE 2003]

1 1
(@ -= (b) — () -1 (d)1
2 2
2c0525—23in5c055 cosi—sini J—
lim f(x) = lim 2 i 2 = lim i i:lim tan(———]
e H”2cos2§+2$in—cos— O os X psin ko (42
At x =1, f(ﬁ)z—tan%:—l.
V1+kx —v1-kx f 1< 0
If f(x)= X 0P =25X<% is continuous at x =0, then k = [EAMCET 2003]
2x% +3x -2 ,for 0<x<1
(a) -4 (b) -3 () -2 (d) -1
L.H.L. = lim —“1+kx_ “l_kX:k

x—0" X
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R.H.L. = lim (2x?+3x-2)=-2

x—0"
Since it is continuous, hence L.H.L. = R H.L = k=-2.

| x|

Example: 29 The function f(x)=| x| +— 1is [Karnataka CET 2003]
X

(a) Continuous at the origin
(b) Discontinuous at the origin because |x| is discontinuous there

| x]

(c) Discontinuous at the origin because — 1is discontinuous there
X

[ x|

(d) Discontinuous at the origin because both |x| and — are discontinuous there
X

[ x|

Solution: (c¢) | x| is continuous at x =0 and — is discontinuous at x =0
X

X[ ... .
o f(x) = x| +|—| is discontinuous at x =0.
X



ﬂsSignment

[
Continuity \)

Basic Level >

5x -4 ,if0<x<1

2 . is continuous at every point of its domain, then the value of b is
4x° +3bx,ifl<x<?2

If the function f(x)= {

[Rajasthan PET 2000]

(a) -1 (b) o (o)1 (d) None of these
log(1 + 2ax) — log(1 — bx) 0
If f(x)= X X #Y is continuous at x =0 , then k equals [Rajasthan PET 1998]
,x=0
(a) 2a+b (b) 2a-b (c) b-2a (d) b+a
X ,when 0<x<1 . .
If f(x)= is continuous at X =1, then value of k is [Rajasthan PET 1993]
k—2x , when1<x<2
() 1 (b) -1 (© 3 (d) 2
X , x<0
If f(x)=91, x=0, then true statement is [Rajasthan PET 1992; DCE 2001]
x2 , x>0
(a) lim f(x)=1 (b) lim f(x)=0 (c) f(x) is continuous at x = 0 (d) lim f(x) does not exist
x—0 x—0 x—0
X—a
If f(x)=————= is continuous at x = a, then f(a) equals
Yx —va
(a) Va (®) 2Va (©) a (d) 2a
If f(x)g x—b|, then function [Roorkee 1984]
(a) Is continuous Vvx (b) Is continuous at x =0 (c¢) Is discontinuous at x=b (d) None of these

4

If f(x)=1 5 5, "WNeN X #2 then
16 ,when x =2

(a) f(x) is continuous at x =2 (b) f(x) 1is discontinuous at
X=2
(c) lim f(x)=16 (d) None of these
X—>2
In the following discontinuous function is [Rajasthan PET 1984]
(a) sinx (b) x2 () —* (@ —*
1-2x 1+x?

x2 ,when x <1
X +5,when x >1

then [MP PET 1996]

If f(x) :{
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(a) f(x) is continuous at x =1 (b) f(x) 1is discontinuous at
x=1
(o) lim f(x)=1 (d) None of these

x—1

1+Xx,when x <2

If f(x)= { then

5—-x,when x >2

(a) f(x) is continuous at x=2 (b) f(x) is discontinuous at x=2 (c) f(x) is discontinuous at
x=0 (d) None of these
The point of discontinuity of the function f(x)= 1 cos 5x
1-cos4x
(a) x=0 (b) x=x () x=xnl2 (d) All of these
Function f(x)4 x| is [Rajasthan PET 1992]
(a) Discontinuous at x =0 (b) Discontinuous at x =1 (c) Continuous at all
points (d) Discontinuous at all points
2
i fp =X 0 W xFl e
2, when x=1
(a) Iim1 fx)=2 (b) f(x)is continuousatx =1 (c¢) f(x) is discontinuous at x
X—>
=1 (d) None of these
sin zx 0
Let fx)=4 5x ' X#0 1f f(x) is continuous at x =0, then k =
k , x=0
T 5
(@) = (b) — ()1 (d) o
5 V3
Function f(x)=x—| x| is
(a) Discontinuous at x =0 (b) Discontinuous at x = 1 (c) Continuous at all
points (d) Discontinuous at all points
Function f(x)=x+| x| is
(a) Continuous at all points (b) Discontinuous at x =0 (c) Discontinuous at x=1

(d) Discontinuous at all points
If f(x) is continuous function and g(x) is discontinuous function, then correct statement is

(a) f(x)+g(x) is continuous function (b) f(x)—g(x) is continuous function
(c) f(x)+g(x) is discontinuous function (d) f(x).g(x) is discontinuous function

-1 ,when x < -1

Function f(x)=<-x,when-1<x <1 is continuous [Rajasthan PET 1986]
1, when x>1

(a) Only at x=1 (b) Only at x=-1 (c) Atboth x=1 and x=-1 (d) Neither at x=1 nor at

x=-1

Advance Level )

1+sinx —+1-sin . . o .
Let f(x)=‘/ +sinx —J1-sinx the value which should be assigned to f at x=0 so that it is continuous
X

everywhere is
[MP PET 1992]

(a) % ) -2 © 2 @ 1
Vi+x —@+x)H3
X

The value of f(0) so that the function f(x)= becomes continuous is equal to
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1 1

a) — b) —
(a) 5 (b) 2
| x—al
21. If f(x)=9 x_a

1 when x =a

when x = a then

(a) f(x) is continuous at x=a (b)

(c) 2

f(x) is discontinuous at x=a (c) lim f(x)=1 (d)
X—a

1
(d) 3

[AI CBSE 1983]

None of

[BIT Rnchi 1999]

(c) f(x) is continuous at x = 0 (d) None of these

these
—X__ wh 0
22. If f()={ gilx 1" X* Y then
0 ,when x =0
(a) Ilim f(x)=1 (b) Ilim f(x)=1
x—0" x—0"
k cos x
,when x = —
23. If the function f(x)={ 7~ 2X :
3 ,when x ==
2
(a) 3 (b) 6 (o) 12

24. A function f(x) is defined in [0,1] as follows f(x):{
(a) f(x) is continuous at x =0

(c) f(x) is continuous at x = l

2
discontinuous
el/X _1
25. If f(x)=1g17x .1 % #0 then at x =0, f(x) is
1 , x=0

(b) Left continuous
X+2 , 1<x<2
26. The function f(x)= 4 , x=2
3X=2, x>2

(b) x<2

(a) Continuous

is continuous

(a) x=2 only
1, when O<xs3—”

27, If f(x)= 5 4 then
2sin—, when —ﬂ<x<7z
9 4

(a) f(x) is continuous at x =0

(c) f(x) is continuous at x = ?:1—”

3z
X = —
4
1/2-x , 0<x<1/2
0 , x=0
28. If f(x)=412 , x=1/2 | then false statement is
32-x, 12<x<1
1 , x=1

(a) f(x) is discontinuous at x = 0

(c) f(x) is discontinuous at x =1

X, if X is rational
1-x,if x is irrational ’

(b)
(d)

(c) Right continuous

(c) 1<x

(b)
(d)

(b)

(d)

be continuous at x = % , then k=

(d) None of these

then correct statement is

f(x) is continuous at x =1

f(x) is everywhere

[BITS (Mesra) 1998]

(d) None of these

[DCE 1999]

(d) None of these

[IIT 1991]

f(x) is continuous at x =7

f(x) is discontinuous at

[Rajasthan PET 1984 (Similar to MP PET 1996)]

f(x) is continuous at x =

f(x) is continuous at x =

IS
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29. f(x)= NP —yl-px “1_px,—1 <x<0= 2x+1 ,0 <x <1 is continuous in the interval [-1,1] then p equals
X —_
1 1
(a) -1 b -- © - (@1
2 2
x?/a L 0<x<1
30. The function f(x)=4a , 1<x< J2 is continuous for 0 < x < o, then the most suitable values of a and b
(2b% - 4b)/x?%, V2 <x <
are
[BIT Ranchi 1984]
(a) a=1b=-1 (b) a=-1, b=1+ﬁ (c) a=-1,b=1 (d) None of these
x3 +x%-16x +20 —_—
31. Let f(x)= (x — 2)? ' if f(x) be continuous for all x, thenk = [IIT 1981]
k Afx =2
(@ 7 (b) -7 (c) +7 (d) None of these
w when x # -5
32. If f(X)=9x24+2x-15" is continuous at x = -5, then the value of ‘a’ will be
a , when x =-5
3 7 8 2
a) — b) — c) — d) —
() 5 (b) 8 () - (d) 3
33. The function f(x)=[x]2 —[xz] (where [y] is the greatest integer less than or equal to y), is discontinuous at [IIT 199
(a) All integers (b) All integers except 0 and 1 (c) All integers except O

(d) All integers except 1
34. If f(x)= % x -1, then on the interval [0, 7]

(a) tan[f(x)] and % are both continuous (b) tan[f(x)] and % are both discontinuous
X X
(c) tan[f(x)] and f‘l(x) are both continuous (d) tan[f(x)] is continuous but % is not continuous
X

35. Let f(x)=[x]++Xx—[x], where [x] denotes the greatest integer function. Then,
(a) f(x)is continuous on R* (b) f(x) is continuous on R
(c) f(x) is continuousonR - Z (d) None of these

36. Let f(x)= [2x3 —-5], [.] denotes the greatest integer function. Then number of points in (1, 2) where the function
is discontinuous, is
(a) o (b) 13 (c) 10 (@ 3

37. The number of points at which the function f(x):% [.] denotes, the greatest integer function) is not
X —[x

continuous is

(a) 1 (b) 2 (©) 3 (d) None of these
sin x h 0
38. If f)=! +cos X, when x # . then
2 , when x =0
(a) lim f(x) =2 (b) lim f(x)=0 (c) f(x)is continuous at x = 0 (d) None of these
x—0* x—0"
39. The number of points at which the function f(x)= I 1| | is discontinuous is
og| x
(a) 1 (b) 2 (© 3 (@ 4

40. The function f(x)= p[x +1]+q[x —1], where [x] is the greatest integer function is continuous at x =1 if
(a) p-q=0 (b) p+q=0 () p=0 (d) =0
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1/x
41. Function f(x)= [1+;J is continuous at x =0, if f(0) equals
(a) e? (b) e (c) o (@) /2
42. Let [.] denote the greatest integer function and f(x) = [tan2 x]. Then [IIT 1993]
(a) Iim0 f(x) does not exist (b) f(x) is continuous at x =0
X—>
(c) f(x) is not differentiable at x =0 (d) f')=1
X +av2sinx 0<x<unld
43. The function f(x)=<2xcotx +b 7l4 < x < z/2 is continuous for 0<x < then a, b are
acos2x —bsinx #l2<x<rx
/— /— 7T 7T
a) —, — b) = — c) —,—— d) None of these
()612 ()36 ()612 (@
44. Let f:R — R be any function. Define g:R — R by g(x)4 f(x)| for all x, Then g is [IIT 2000]
(a) Onto if fis onto (b) One-one if f is one-one
(c) Continuous if f is continuous (d) Differentiable if f is
differentiable
*k*k
Assignment (Basic & Advance Level) O
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
a a c b b a,b b c b a d c c a c a c d d a
21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40
b c b c c c c b b c a b d b b b d C c b
41 42 43 44
d b c c




2.4 Dillerentiabitity

2.4.1 Differentiability of a Function at a Point

(1) Meaning of differentiability at a point
Consider the function f(x) defined on an open interval v R
(b,c) let P(a f(a)) be a point on the curve y=f(x) and let fa-h, f (a-h)1
Q@-h,f@a-h)) and R(a+h,f(@a+h)) be two neighbouring
points on the left hand side and right hand side
respectively of the point P.

X
Then slope of chord PQ = fla=h)-f@)_ fla=h-T@) ©
(@a-h)-a —h
and, slope of chord PR = fla+h)-f@) _ fla+h)-f@)
a+h-a h

+ As h - 0, point Q and R both tends to P from left hand and right hand respectively.
Consequently, chords PQ and PR becomes tangent at point P.

Thus, Ai%&)h_f(a)z rlllrrz) (slope of chord PQ)= (gimp (slope of chord PQ)

Slope of the tangent at point P, which is limiting position of the chords drawn on the left

fa+h)- fa)
h

hand side of point P and r!mg) = Aer}) (slope of chord PR) = F!imp (slope of chord PR).

= Slope of the tangent at point P, which is the limiting position of the chords drawn on the
right hand side of point P.

Now, f(x) is differentiable at x =a < lim 1@-N=f@ _ o

h—0 —h h—0

f(a+h)— f(a)
h

< There is a unique tangent at point P.
Thus, f(x) is differentiable at point P, iff there exists a unique tangent at point P. In other
words, f(x) is differentiable at a point P iff the curve does

not have P as a corner point. i.e., "the function is not {
differentiable at those points on which function has jumps
(or holes) and sharp edges.”
Let us consider the function f(x)4 x—1|, which can be fea=mxn fO=x-1
graphically shown, 1= frea =1
Which show f(x) is not differentiable at x =1. Since, s x
f(x) has sharp edge at x =1. © 12 3
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Mathematically : The right hand derivative at x =1 is 1 and left-hand derivative at x =1 is
-1. Thus, f(x) is not differentiable at x =1.

(2) Right hand derivative : Right hand derivative of f(x) at x =a, denoted by f'(a+0) or
f(a+), is the fim 1 @+N=1@)

h—0 h

(3) Left hand derivative : Left hand derivative of f(x) at x=a, denoted by f'(a—-0) or
fl@a—h)—f(a)

—h )
(4) A function f(x) is said to be differentiable (finitely) at x = a if f'(a+0)=f'(a—0) = finite

f'(@a-), is the lim
h—0

lim fla+h)—f(@) _ fim fla-h-f@ _ finite and the common limit is called the derivative

i.e.,
h—0 h h—0 —h

of f(x) at x =a, denoted by f'(a). Clearly, f'(a)= lim f)-f@ {x — a from the left as well as from
X—a

I
X—a
the right}.

XZ

Example: 1 Consider f(x)= { |T| x#0 [EAMCET 1994]

0 ,x=0
(a) f(x) is discontinuous everywhere
(b) f(x) is continuous everywhere but not differentiable at x = 0
(c) f'(x) existsin (-1, 1)
(d) f'(x) existsin (-2, 2)

X2

2 —=X,x>0
X 0 X

Solution: (b) We have, f(x)= |T|’X¢ =40 ,Xx=0
0 ,x=0 x 2

—=-X,Xx<0

= lim f(x)= lim —=x=0, lim f(x)= lim x=0 and f(0)= o.
x—0" x—0" x—0" x—0*
So f(x) is continuous at x=0. Also f(x) is continuous for all other values of x. Hence, f(x) is

everywhere continuous.
f(h) - f(0) h-0

Also, Rf'(0)=f'(0+0) = lim ———= =Ilm ——=1
h-0 h-0 h—»0 h

fEn-f©) _ o h
- h—0 —h

i.e. Rf'(0)=1 and Lf'(0)=f'(0-0)= lim -1
h—0
i.e. Lf'(0)=-1 So, Lf'(0)= Rf'(0) i.e., f(x) is not differentiable at x =0 .

, then at what points f is differentiable

Example: 2 If the function fis defined by f(x)=

1+] x|
(a) Everywhere (b) Except at x =41 (c) Exceptat x=0 (d) Exceptat x=0 or+1
1 X x>0 —h 0
+ X L
Solution: (a) We have, f(x) = —— = 0, x=0; L) = lim fEN) = 1O) _ iy 145 =1
1+| x| h—0 —-h h-0 —h
x , x<0
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. h
lim-——-0
Rfr(o): lim f(h)_f(o) — h—»01+h - ||mL: 1
h—0 h h h—01+h

So, Lf'(0)=Rf'(0)=1
So, f(x) is differentiable at x =0 ; Also f(x) is differentiable at all other points.
Hence, f(x) is everywhere differentiable.

Example: 3 The value of the derivative of | x—1| +| x—3] at x=2 is

(a) -2 (b) o (c) 2 (d) Not defined
-x-1)-(x-3) , x<1 -2x+4 , x<1
Solution: (b) Let f(x)34 x-1| +] x-3] = {x-1)-(x-3) , 1<x<3 = 2, 1<x<3
x-1)+(x-3) , x=>3 2x—-4 |, x=3

Since, f(x)= 2 for 1<x <3 . Therefore f'(x)=0 for all x e(l,3).

Hence, f'(x)=0 at x=2.

S22
sin x
Example: 4  The function f defined by f(x)={—, —+ **0
0 , x=0
(a) Continuous and derivable at x =0 (b) Neither continuous nor derivable at x =0
(c) Continuous but not derivable at x =0 (d) None of these

- 2 f 2
Solution: (a) We have, lim f(x)= lim X _ Iim[smx Jx —1x0=0=f(0)
X—>

x=>0 X x—0 X2

So, f(x) is continuous at x =0, f(x) is also derivable at

x=0, because Ilim M= IimM = 1 exists v
x>0 Xx-0 x>0 x2
finitely.

Example: 5 If f(x)< log| x|| , then )= Tog]|
(a) f(.x) is continuous and differentiable for all x in its = x- o) O o~ X
domain
(b) f(x) is continuous for all x in its domain but not

differentiable at x =41. v’
(c) f(x) is neither continuous nor differentiable at
X=%1
(d) None of these

Solution: (b) It is evident from the graph of f(x) = |log| x| that f(x) is everywhere continuous but not
differentiable at x =+1..

Example: 6 The left hand derivative of f(x)=[x] sin(zx) at x =k (k is an integer), is
() (-Dk-1r (b) (D k-Dr (© (D'kr (d) (D ke

Solution: (a) f(x)=[x] sin(zx)
If x is just less than k, [x] = k- 1. .. f(x)=(k —-1)sin(zx), when x <k Vk el

Now L.H.D. at X =k,
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lim & =D X) —ksinGrk) - _ - K=DsinEX) oo Ginerk) =0, k < integer]
x—k x —k x—k (x=k)

(k —1)sin(z(k - h))

lim — [Let x =(k —h) ]
- k-1ED*tsinhr k_1 Sinhz _ K _ kg
lim - = Jim kDDA T = kD) T = (D K-

Example: 7 The function f(x)4 x| +| x-1| is
(a) Continuous at x =1, but not differentiable (b) Both continuous and differentiable at x =1
(c) Not continuous at x =1 (d) None of these

—2X +1, X <0
Solution: (a) We have, f(x)4 x| +| x -1|= 1,0<x<1
2x -1, x=>1

Since, lim f(x)= lim 1=1, lim f(x)= lim 2x -1)=1 and f1)=2x1-1=1
x—1" x—1" x—1" x—1"

lim f(x)= lim f(x)=f@1). So, f(x) is continuous at x = 1.
x—1*

Xx—1"
Y
Now, lim 1V =IA_ iy =W =1@) 121
x—>1" x-1 h—0 —h h—0 —h
_ _ -1 =2x-1
and lim 1 =@ _ o, FELN =T 20+ =-1-1 y=- w1 /7
x—1t  x -1 h—0 h h—0 h )

. (LHD at x=1) # (RHD atx =1). So, f(x) is not differentiable at x :

~2x+1 , x<0 x =1/2x =1 x
Trick : The graph of f(x) 4 x| +| x —-1| i.e. f(x)= 1, 0<x<1i
2x -1 , Xx>1

By graph, it is clear that the function is not differentiable at x =0, 1 as there it has sharp edges.

Example: 8 Let f(x)3 x—1| +| x+1|, then the function is

(a) Continuous (b) Differentiable except x =+1
(c) Both (a) and (b) (d) None of these

2X , when x>1
Solution: (c) Here f(X)=| x-1| +| x+1] = f(x)= 2 , when -1<x<1
-2x , when x<-1
Graphical solution : The graph of the function is shown alongside,

From the graph it is clear that the function is continuous at all real x, also differentiable at all real x
except at x = +1; Since sharp edges at x=-1 and x =1.

At x =1we see that the slope from the right i.e., R.H.D. = 2, while slope from the left i.e., L.LH.D.= O
Similarly, at x =-1 itis clear that R.H.D. = 0 while L.H.D. = - 2

Trick : In this method, first of all, we differentiate the function
and on the derivative equality sign should be removed from

doubtful points.
2
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-2 , Xx<-1
Here, f'(x)=< 0 , -1<x<1 (No equality on -1 and +1)
2, x>1

Now, at x=1, f'(1*)=2 while f'17)=0 and
at x=-1, f(-1")=0 while f'(-17)=-2

Thus, f(x) is not differentiable at x =+1.
|/Volt . O This method is not applicable when function is discontinuous.

ax?+b , x<-1

) is everywhere continuous and differentiable
bxc+ax+4, x>-1

Example: 9 If the derivative of the function f(x) :{

at x = 1 then
(a)a:z,b=3 (b)a=3’b=2 (C)a=_2}b=_3 (d)a=_3yb=_2‘

2 —
Solution: (a) f(x)= aXZ +b , x<-1
bx*+ax+4, x >-1

O o

To find a, b we must have two equations in a, b

Since f(x) is differentiable, it must be continuous at x =-1.
~ R=L=V at x=-1 for f(x) =b-a+4=a+b

s.2a=4 ie,a=2

Again f'(x) is continuous, it must be continuous at x =-1.
~R=L=V at x=-1 for f'(x)

—2b+a=-2a Putting a=2, we get -2b+2=—+4

..2b=6 or b=3.

Example: 10 Let f be twice differentiable function such that f"(x)=—f(x) and f(x)=g(x), h(x)={f(x)}* +{g(x)}*. If
h(5) =11, then h(10) is equal to

(a) 22 (b) 11 (c) o (d) None of these
Solution: (b) Differentiating the given relation h(x):[f(x)]2 +[g(x)]2 w.r.t x, we get h'(x)=2f(x)f'(x)+29(x)g'(X) ....... (i)

But we are given f'"(x)=-f(x) and f'(x)=g(x) so that f''(x)=g'(x).

Then (1) may be re-written as h'(x)==2f"(x)f"(x) + 2f' (x)f'"'(x)=0. Thus h'(x)=0

Whence by intergrating, we get h(x)= constant = ¢ (say). Hence h(x)=c, for all x.

In particular, h(5)=c. But we are given h(5)=11.

It follows that ¢ =11 and we have h(x)=11 for all x. Therefore, h(10) = 11.

| 2x=3|[x], x>1
Example: 11  The function f(x)= sin(ﬁ_X} o

(a) Is continuous at x =2 (b) Is differentiable at x =1
(c) Is continuous but not differentiable at x=1 (d) None of these
Solution: (¢) [2+h]=2[2-h]=1,[1+h]=L1[1-h]=0
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At x = 2, we will check R=L=V
R=Ilim|4+2h-3|[2+h]=2,V=1.2=2
h—0

Lzr!iny 4-2h-3|[2-h]=1,R =L, .. not continuous
—

At x=1,R=1lim| 2+2h—3|[l+h]=1.1=1,
V-1 [1]=1

L=1limsinZ(@-h)=1
h—0 2

Since R=L=V .. continuous at x =1.
| 2+2h=3|[1+h]-1 . |-1].1-1 . 1-1
= |lim —————— = |im —= =

R.H.D.= lim li li =0
h—0 h h—0 h h—>0 h
L.H.D. = lim 2220 =8B =h=1 101 1
h—0 —h h—»0 —h h—0 h

Since R.H.D. # L.H.D. .. not differentiable. at x=1.

2.4.2 Differentiability in an Open Interval

A function f(x) defined in an open interval (a, b) is said to be differentiable or derivable in
open interval (a, b) if it is differentiable at each point of (a, b).

Differentiability in a closed interval : A function f:[a,b] > R is said to be differentiable in
[a, b] if

(1) f'(x) exists for every x such that a<x <b i.e. f is differentiable in (a, b).

(2) Right hand derivative of f at x =a exists.

(3) Left hand derivative of f at x =b exists.

Everywhere differentiable function : If a function is differentiable at each x €R, then it
is said to be everywhere differentiable. e.g., A constant function, a polynomial function,
sin x,cos x etc. are everywhere differentiable.

Some standard results on differentiability

(1) Every polynomial function is differentiable at each x e R.

(2) The exponential function a*,a >0 is differentiable at each x eR.

(3) Every constant function is differentiable at each x eR.

(4) The logarithmic function is differentiable at each point in its domain.

(5) Trigonometric and inverse trigonometric functions are differentiable in their domains.

(6) The sum, difference, product and quotient of two differentiable functions is
differentiable.

(7) The composition of differentiable function is a differentiable function.

Important Tips

& If f is derivable in the open interval (a, b) and also at the end points ‘a’ and ‘b’, then f is said to be derivable in the
closed interval [a, b].

& A function f is said to be a differentiable function if it is differentiable at every point of its domain.
& If a function is differentiable at a point, then it is continuous also at that point.
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i.e. Differentiability = Continuity, but the converse need not be true.
If a function ‘f’ is not differentiable but is continuous at x = a, it geometrically implies a sharp corner or kink at x =

If f(x) is differentiable at x = a and g(x) is not differentiable at x =a, then the product function f(x).g(x) can still be
differentiable at x = a.

If f(x) and g(x) both are not differentiable at x = a then the product function f(x).g(x) can still be differentiable at x

If f(x) is differentiable at x = a and g(x) is not differentiable at x = a then the sum function f(x) + g(x) is also not

differentiable at x = a

&

If f(x) and g(x) both are not differentiable at x = a, then the sum function may be a differentiable function.

Example: 12 The set of points where the function f(x)=+v1 _e™" is differentiable

(a) (~oo,0) (b) (~0,0)u(0,x) (c) (1, (d) None of these

_XZ
Solution: (b) Clearly, f(x) is differentiable for all non-zero values of x, For x =0, we have f'(x)= X
1-e*
Now, (L.H.D. at x = 0)
3 L 3 _h2 B _h2 h2 3
= im 1O _ i, JO=N-1O) _ o VI=e " o, Ni=e g e =t
x>0~ X-0 h—0 -h h->0 —h h—0 h h—>0| h2 o’
and, (RHD at x = 0) = lim ~C=fO _yp, ¥i=e = -0y je -1, 1 _o
x—0" Xx—-0 h—0 h h—0 h2 h2

So, f(x) is not differentiable at x =0, Hence, the points of differentiability of f(x) are (—,0) U (0, ).

Example: 13 The function f(x)=e4"| is

Solution: (a) We have, f(x):{

(a) Continuous everywhere but not differentiable at x =0
(b) Continuous and differentiable everywhere

(c) Not continuous at x =0

(d) None of these

e X x>0

e* x<0

Clearly, f(x) is continuous and differentiable for all non======

Now, lim f(x)=lime*=1and lim f(x)=lime™ =1 Y
x—0" x—0 x—0" x—=0
fOx)=e ¥
Also, f(O):e0 =1 (0, 1)
So, f(x) is continuous for all x. ‘/K_/
X X

(LHD at x=0) = i(ex) =% =€’ =1 0 y

dx X0

d -X -X
(RHD at x=0) = [—(e )j =[-e " ]y0 =-1

dx «20 v
So, f(x) is not differentiable at x =0.

Hence, f(x)=e4"| is everywhere continuous but not differentiable at x =0. This fact is also evident
from the graph of the function.

Example: 14 If f(x)= 1-vV1-x? , then f(x) is
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Solution: (b)

Example: 15

Solution: (d)

Example: 16

Solution: (d)

Example: 17

Solution: (b)

(a) Continuous on [-1, 1] and differentiable on (-1, 1) (b) Continuous on [-1,1] and
differentiable on (-1, 0) U (0, 1)
(c) Continuous and differentiable on [-1, 1] (d) None of these

We have, f(x)=V1-v1- x2 . The domain of definition of f(x) is [-1, 1].
X

1
X
\/1—\/1—x2 Vi-x2

Since f(x) is not defined on the right side of x =1 and on the left side of x=-1. Also, f'(x) >« when

For x#0,x#1, x#-1 we have f'(x)=

x —»—-1% or x - 1. So, we check the differentiability at x = 0.

Now, (LHD at x=0) = lim =10 _ p, fO-h-10)

x>0 Xx-=0 h—0 -h
C1-V1-n? —0 . J1-f-@/2n?+@3/8ht 4.} ) 1
= lim ———— =—lim = —lim = he +..... =——
h—0 -h h—0 h h>oV2 8 J2
1
Similarly, (RHD at x = 0) = —
J2
Hence, f(x) is not differentiable at x = 0.
Let f(x) be a function differentiable at x =c . Then lim f(x) equals
X—C
(a) f'(c) (b) f"(c) () 1 (d) None of these

f(c)

Since f(x) is differentiable at x =c, therefore it is continuous at x =c . Hence, lim f(x)=f(c).
X—>C

The function f(x) =(x2 -1 X2 —3x + 2| +cos(| x|) is not differentiable at [IIT Screening 1999]
(@) -1 (b) o (01 (@ 2
(x? —3x +2)=(X —1)(x — 2) = +ive
When x<1 or >2, -ive when 1<x<2
Also cos| x|=cos x (since cos(—x)=cos x )
f(x):—(x2 —1)(x2 —-3X+2)+cosx, 1<x<2
f(x):(x2—1)(x2—3x+2)+cosx, X>2 e 1
Evidently f(x) is not differentiable at x=2 as L'#R’
|/Vo¢“2 : O For all other values like x <0, 0 <x <1, f(x) is same as given by (i).

(L gj
If f(X)=1{xe [| X' x) x20, then f(x) is [AIEEE 2003]
0 , Xx=0
(a) Continuous as well as differentiable for all x (b) Continuous for all x but not differentiable at
(c) Neither differentiable nor continuous at x =0 (d) Discontinuous every where

,[ig]
f(0)=0 and f(x)=xe |4 X

. . h
lim(@© +he 2" = lim ——-=0
h»O( ) h—0 eZ/h

R.H.L.

,Llj
L.H.L. = lim(0 -h)e [h h =0
h—0

. f(x) is continuous.
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—2/h
Rf'(x) at (x =0)= t!mgw = rI]mg)eT =e” =0

)
Lf'(x) at (x =0)= w = r!”c])_he_h = +1= Lf'(x)=Rf'(x)

f(x) is not differentiable at x =0.
Example: 18

(a) Is continuous but not differentiable
(c) Is having continuous derivative

The function f(x)=x? sin<, x 0, f(0)=0 at x =0
X

[MP PET 2003]

(b) Is discontinuous
(d) Is continuous and differentiable

Solution: (d)

Example: 19

Solution: (b)

Example: 20

Solution: (d)

Example: 21

lim f(x)=x2 sin[lj but —1SSin(£js1 and x -0
X X

x—0

lim £()=0= lim f(x)=1(0)

x—0*

Therefore f(x) is continuous at x =0 . Also, the function f(x)= x 2 sinl is differentiable because
X

h? sin L —0 h? Siﬂ[i)
RF() = lim ——D—— —0, LFx) = lim ———"/ _g.
h—0 h h—0 -h
Which of the following is not true
(a) A polynomial function is always continuous (b) A continuous function is always differentiable
(c) A differentiable function is always continuous  (d) e*
A continuous function may or may not be differentiable. So (b) is not true.

is continuous for all x

If f(x)=son (x3), then [DCE 2001]

(a) fis continuous but not derivable at x =0 (b) f'0H=2

(c) f'07)=1 (d) fis not derivable at x =0
3
X3 for x3 =0
| x|
0 for x3=0
X for x#0
Here, f(x)=sgn x3 = | x| . Thus, f(x)=sgn x3 =sgn X, which is neither continuous nor
0 for x=0
-1, x<0
0, x=
1, x>0
derivable at o.
| 10 1(0)= lim f(o”‘) O _ jim 229 5 and #07)= lim JO=N=FO) _ , 2=0_
h—0* h—0~ h h—0"
. f(0%)= f'(07), .. fis not derivable at x=0.
. 1+x, x<£2 .
A function f(x)= is [AMU 2001]
5-%x, x>2

(a) Not continuous at x =2 Differentiable at x =2

(b)

(c) Continuous but not differentiable at x =2 (d) None of the above
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Solution: (c) lim1+@2-h)=3, lim5-@2+h)=3, f(2)=3
h—0"~ h—0"

Hence, f is continuous at x =2

Now Rf'(x) = lim m:_l
h—0
1+(2-h)-3
-h

L) = lim 1

< Rf'(x) # Lf'(x)

. fis not differentiable at x =2.

Example: 22 Let f:R — R be a function. Define g: R —» R by g(x) 5 f(x)] for all x. Then g is

(a) Onto if fis onto (b) One-one if f is one-one
(c) Continuous if f is continuous (d) Differentiable if f is
differentiable
Solution: (¢) g(x)9 f(x)] =0. So g(x) cannot be onto. If
f(x) is one-one and f(x;)=-f(x,) then
Y _ Y _

] . , y=f0x) y=1f09l
g(x1)=09g(x») . So, ‘ f(x) is one-one’ does not P—— y=|f0)| Jp—
ensure that g(x) is one-one. /

If f(x) is continuous for x € R| f(x)| is also \/P o X /P |O X
continuous for xeR. This is obvious Y= F () e

from the following graphical

consideration.

So the answer (c) is correct. The fourth answer (d) is not correct from the above graphs y = f(x) is

differentiable at P while y o f(x)| has two tangents at P, i.e. not differentiable at P.
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Differentiability O

Basic Level >

1 , x<0 .
1. If f(x)= . < then at x =0, the value of f'(x) is equal to [Rajasthan PET 1990]
l+sinx , 0<x<x/2
(a) 1 (b) o (c) » (d) Derivative does not
exist
2. If f(x)4 x—3|, then f'(3) equals
(a) o (b) 1 (c) -1 (d) Does not exist
xsin(L/x), x=#0 ..
3. If f(x) :{ 0( ) q_t then at x = 0, the function is
(a) Discontinuous (b) Continuous but not differentiable
(c) Both continuous and differentiable (d) None of these
4. If f(x)4 x—-3|, then fis [Rajasthan PET 1994]
(a) Discontinuous at x = 2 (b) Not differentiable at x = 2
(c) Differentiable at x = 3 (d) Continuous but not
differentiable at x = 3
Xx+1 , when x <2
5. If f(x)= , then f'(x) at x =2 equals [Rajasthan PET 1992; Karnataka CET 2002]
2x -1, when x >2
(a) o (b) 1 (c) 2 (d) Does not exist
2 .
6. If f(x)= X“sin(l/x), when x = O’ then at x =0, value of f'(x) equals [Rajasthan PET 1991]
, when x=0
(a) 1 (b) o (c) o (d) Does not exist
7. If lim T09=T0) exists finitely, then
X—C X—-C
(a) lim f(x)=f(c) (b) lim f'(x)=f'(c) (c) lim f(x) does not exist (d) lim f(x) may or may not
X—C X—C X—C X—C
exist
-1
8. If f(x):| x4 , X#1 and f(l)=1. Then which of the following statement is true
(a) Continuous for X <1 (b) Discontinuous at x = 1 (c) Differentiable at x = 1 (d) Discontinuous for x >1
9. Let f(xy)=f(x)f(y) for all x,y e R. If f'(1)=2 and f(4)=4, then f'(4) equal to
1
(a) 4 (b) 1 () 7 (@) 2
10. The derivative of f(x)4 x| at X =0 is

(a) 1 (b) o (c) -1 (d) Does not exist
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X
1. If fx)=1° T X <0 is differentiable at x =0 then (ab) is
b(x-1)=, x>0
(@) (3-9 (®) (3,1 (o 3D (d G-
3 4.
12. At the point x = 1, the function f(x)=4% —L l<x<e
X-1; —o<x<1
(a) Continuous and differentiable (b) Continuous and not
differentiable
(c) Discontinuous and differentiable (d) Discontinuous and not differentiable
13. The function | x3| is
(a) Differentiable everywhere (b) Continuous but not
differentiable at x =0
(c) Not a continuous function (d) A function with range [oO,
o]
14. For the function f(x)4 x? —5x +6| the derivative from the right f'(2+); and the derivative from left f'(2-) are
respectively
(a) 1,-1 (b) -1,1 (c) 0,2 (d) None of these
15. Let f(x) be an even function. Then f'(x)
(a) Is an even function (b) Is an odd function (c) May be even or odd (d) None of these
16. Let f(x) be an odd function. Then f'(x)
(a) Is an even function (b) Is an odd function (c) May be even or odd (d) None of these
17. Let g(x) be the inverse of the function f(x) and f'(x) = 3 .Then g'(x) is equal to
1+x
1 1 3 3
a) ———— () ——— (©) 1+(g(x) (d) 1+(f(x))
1+(g(x)) 1+ (f(x)
18. Let g(x) be the inverse of an invertible function f(x) which is differentiable at x =c, then g'(f(c)) equals
(a) f'(c) (b) % (c) f(c) (d) None of these
c
X+2 , -1<x<3
19. If f(x)=4 5 , x=3 thenat x = 3, f'(x) = [MP PET 2001]
8-x , x>3
(a) 1 (b) -1 (c) o (d) Does not exist
20. If f(x)=(X—X,) 9g(x), where g(x) is continous at x,, then f'(x,) is equal to
(a) o (b) xq (c) axq) (d) None of these
21. Function f(x)=| x |+| x-1] is not differentiable at [Rajasthan PET 1996]
(a) x=1-1 (b) x=0,-1 () x=0,1 (d) x=12
e ; X<0
22, If f(x)= , then [Roorkee 1995]
[1-x|; x>0
(a) f(x) is differentiable at x =0 (b) f(x) is continuous at x =0
(c) f(x) is differentiable at x =1 (d) f(x) is continuous at x =1
23. The function which is continuous for all real values of x and differentiable at x =0, is

@ | x| (b) log x (c) sinx (@) x''?
Advance Level )
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24. The number of points at which the function f(x)4 x—-0.5| +| x—1| +tan x does not have a derivative in the
interval (0,2) is
[UP SEAT 1995]
(a) 1 (b) 2 () 3 (d) 4

2
ax“+b, D=0, x<1 .Then f(x) is continuous and differentiable at x =1 if

25. If f(x)= {

bx? +ax +c, Xx>1
(a) c=0,a=2b (b) a=b,ceR (c) a=b,c=0 (d) a=b,c20
ax?—b| x| <1
26. If f(x)= 1 Ix|>1 is differentiable at x =1, then
Ixl
1 1 1 3 1 1
a) a=—,b=—= b) a=-—,b=—= c) a=b== d) a=b=-=
(a) 2 3 (b) 2 2 () 3 (d) >
27. The set of points where the function f(x)2 x —1| e* is differentiable is
(a) R (b) R-{1} () R-{-1} (d) R-{0}

28. Let f(x) be defined on R such that f(1)=2,f(2)=8 and f(u+v)= f(u)+kuv - 2vZ for all uveR and u=v (kis a fixed
constant). Then
(a) f'(x)=8x (b) f(x)=8x (c) f'(xX)=x (d) None of these
29. Let f:R—R be a function defined by f(x)=max {x,x°}. The set of all points where f(x) is not differentiable is
[IIT Screening 2001]

(a) {11} (b) {-1,0} (c) {0,1} (d) {-1,0,1}
, x<0
30. Let f(x)= then for all values of x [MP PET 2002]
x2 , x>0
(a) fis continuous but not differentiable (b) fis differentiable but not continuous
(c) f'is continuous but not differentiable (d) f'is continuous and differentiable
u(x)=sinx 1forx >0
31. If 0 forx =0 then u(x).v(x) has a derivative at x =1 is
V(X)ngn(X)Zo —1forx <0
(a) cos1 (b) sin1 (c) Not continuousatx =1 (d) None of these
1 for| x|>1
32. The coefficient a and b that make the function f(x)=1l X| continuous and differentiable at any

ax? +b  for| x|<1
point are given by

(a) a=-1/2,b=3/2 (b) a=1/2,b=-3/2 (c) a=1,b=-1 (d) None of these
X
33. If f(x)= J'| t| dt, x>-1, then [UPSEAT 1994]
-1
(a) fand f' are continuous for x+1>0 (b) fis continuous but f' is not for x+1>0
(c) fand f' are continuous at x =0 (d) fis continuous at x =0 but f' is not so

ngin Ly 20
34. Let f(x)= X sm;,x * , then f(x) is continuous but not differentiable at x = 0 if

0 x=0
(a) ne(0,1] (b) nell,x) (c) ne(—wo,m) (d) n=0
35. Which of the following is differentiable at X =0 [IIT Screening 2001]
(a) cos(| x|) +| x| (b) cos(| x|) - x| (c) sin( x[) +| x| (d) sin( x[) | x|

36. If x+4|y|=6y, then y as a function of x is
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(a) Continuous at x=0 (b) Derivable at x =0 (c) g—y :% for all x (d) None of these
X

37. The set of point where the function f(x)=x| x| is differentiable is

(a) (-o0,) (®) (~50)w(0,) (c) (0,) (d) [0,)
38. If f(x)= sinl[ 2x 2] then f(x) is differentiable on

1+x

(a) [-1, 1] (b) R-{-11} (c) R-(-1,1) (d) None of these
39. Let f(x)=| x| and g(x) 3 x3| , then

(a) f(x) and g(x) both are continuous at x =0 (b) f(x) and g(x) both are differentiable at x =0

(c) f(x) is differentiable but g(x) is not differentiable at x =0 (d) f(x) and g(x) both are not

differentiable at x =0
40. The function f(x)=sin"*(cos x) is

(a) Discontinuous at x =0 (b) Continuous at x =0 (c) Differentiable at x =0 (d)
41. Let f(x)=(x+| x])| x| . Then for all x

(a) fis continuous (b) fis differentiable for some x (c) f'is continuous (d)

42. The set of all those points, where the function f(x)= 1 X is differentiable, is

+[ x|
(a) (—o0,) (b) [0,00] (©) (—,0) U(0, ») (d) (0,)
43. f(x) and g(x) are two differentiable function on [0,2] such that f"(x)—-g'(x)=0, f@Q)=2,d@Q) =4, f(2)=3,9(2)=9,

then f(x)—g(x) at x :% is

(a) o (b) 2 (c) 10 (d) -5
Vvx+1-1 f 0
44. The set of points of differentiability of the f(x)= Jx or X # is
0 , forx=0

(a) R (b) [0, ) (©) (0, o (d) R-{0}
45. If f(x)=a| sinx | + bel*lic |x|* and if f(x) is differentiable at x =0, then

(a) a=b=c=0 (b) a=0,b=0,ceR (c) b=c=0,aeR (d) c=0,a=0,beR

2)(;1] X1
46. If f(x)= 2X _17 X+5 , then f'(1) equals [IIT 1979]
-= , x=1
3
2 -2 .

(a) 3 (b) 35 (c) O (d) Does not exist
47. Function f(x)=1+| sinx | is

(a) Continuous no where (b) Differentiable no where (©) Every where continuous (d)

x2, x<0
48. Function f(x)={1, 0<x<1 is
1/x, x>1
(a) Differentiable at x=0,1 (b) Differentiable only at x =0 (c) Differentiable at only
x=1 (d) Not differentiable at x=0, 1
- X ,if x<0

49. Function f(x)={ x? ,if0<x<1,is differentiable at

x3—x+1,if x>1

(@) x=0 butnotat x=1(b) x=1 butnotat x=0 (c) x=0 and x=1 (d) Neither x=0 nor x=1
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50.

51.

52.

. (1
If g(x)=x f(x) where f(x)=1*°" [;j X#0 then at x =0
0 , x=0
(a) g is differentiable but ¢’ is discontinuous function (b)

differentiable
(c) g isdifferentiable and ¢’ is continuous function (d)

The set of points where f(x)=x | X | is differentiable two times is

(a) R, (b) R, (e R
x(3el* +4)
If f(X)=1""5_gl/x ' X#0 then
0 , x=0
(a) IirT}J fx)=1 (b) f(x) is continuous at x=0 (¢)
x=0 (@) f(0+0)=3

*%k%

Both f and g are

None of these

(d) None of these

[Roorkee 1995]

f(x) is differentiable at
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	Solution: (a)      =  =
	=  =  =.
	Example: 52 If a, b, c, d are positive, then         [EAMCET 1992]
	(a)  (b)  (c)  (d) e
	Solution: (a) =   and
	Example: 53        [Roorkee 1987]
	(5) L’ Hospital’s rule : If  and  be two functions of x such that
	(i)
	(ii) Both are continuous at
	(iii) Both are differentiable at .
	(iv)  and  are continuous at the point , then  provided that
	Solution: (a)  =  (By ‘L’ Hospital rule)
	= .
	Example: 62
	(a) 0   (b) Not defined  (c) 2a (d)
	Solution: (d)         =      (By ‘L’ Hospital rule) = .
	Example: 63          [Roorkee 1983]
	(a)    (b)  (c) Zero (d)  None of these
	Solution: (a)   =  =  =  =
	Trick  :  Applying ‘L’ Hospital’s rule, [Differentiating Nr and Dr with respect to h]
	We get, .
	Example: 64                    [MP PET 2001]
	(a) 0 (b) 1 (c)  (d)
	Solution: (d) == =  =.
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	Example: 8 If the function  is continuous in the interval  then the values of a and b are respectively        [MP PET 1998]
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