BINOMIAL THEOREM

Binomial Expression: A binomial expression is
an algebraic expression consisting of two terms
connected by plus (+) or minus (=) sign. For
example, 2x + 3y, 3x + 9y, 2x — 5y are binomial
expressions in x and y.
The Factorial Function: For n € N, factorial of
n, denoted by n! is defined by
n!l=nm-1)(®n-2)..3.2.1.
It 1s also assumed that 0! =1
Remarks:
(a) n!=n.n=D!'=nmn-1) (n-2)! ete.
(b) 1/(=n)!' =0
Binomial Theorem: For any positive Integer n
(x+a)'="Cx"+"Cx*'a+"C,x"*a*+...+
s SN R N L SO
where the constant "C, "C,, "C,, ... "C, are
n!
binomial coefficient and "C = (n—r)!




(a) Expansionof (x— a)": If we puta=—ain
the above theorem, we get
(I— {I)" — “Cn 't — :;Cl I”'_l a+ ﬂcr_} xn—i ﬂ'l +
+(=1)""C a".
(b) Expansionof (I +x)":If weputx=1and
a = x then
(1+x)" = "Cn + "Clx + ”CE xi+ ... +"C.~ x'
+..+"C x*
n(n-1)

=1+ + — 24+
1+ nx 91 x-+...

nn=1)(n-2)...(n—-r+1)

r!

x'+ . tx

(c¢) Expansion of (1-x)": If we putx=1and
=—x1n the above theorem.
(I=x)"=1-"C x+"Cx"— ...

+(=1)""C 2+ A+ (1) xn
Important Points: For the binomial exprssion
of (x + ¥)", where n i1s a positive integer.

(1) The expansion on the right hand side
contains (n + 1) terms which is one more
than the index of the Binomial.

(i1) In each term of the expansion the sum of
the exponents (power of x and y) is n (i.e.,
each term 1s of degree n).



(111) The binomial coefficients of terms from
the beginning and the end are equal since

n —_—n

.Cr- C"—l'

te., since "C_="C__.
n — T n — Tl mn — T
C,=7C,"C,="C__,,"C,="C_,...etc.

Hence, the coefficients from the beginning
and end are equal.
General term in the expansion of (x + y)": In
the Binomial expansion of (x + y)", the (» + 1)th
term is called the general term, and denoted by
T, .ThusT , ="C x™"y".
For example, the 5th term from the end in

(2 2)
the expansion of o T 2| 18 LI ¥

9-5+2

=T,[+ n=9,p=5]
Middle term of terms in the expansion of
(x +y)": (Case I): If n 1s even, then there will be

only one middle term in the expansion, which is
(n/2 + 1)th term.

The middle term = (n/2 + 1)th term
- "C,,/g xlc/‘.’. ynl‘.’..
For example, if n = 8, then the middle term is
(8/2 + 1) = 5th term v.e., T,.



(Case II): If nis odd, then there will be two middle

terms in the expansion which are 2 (n+ 1) and

1
5 (n + 3)th terms.

i.e., Middle terms are
T = "C

(n+1y2 (n—=1y2
(n + 1)/2 o S 4

(n-=1)2

n+ 3)/2 = "C'r:+ 1)/2°
For example,if n -(= 7,)then th(e n:meer of terms in
the expansionof (x +y)"is 7+1=8
-. Middle terms are 4th and 5th terms

(e.T,&T)

To find (m + 1)th term from the end: In the
Binomial expansion of (x + y)", the ('n + 1)th term
from the end = (n — m + 1)th term from the
beginning=T,
Coefficient of a particular power of x in
(1+x)"
Working Rule: Step I: Write down the general
term T ,  and simplify.
Step II: Equate the index of xin T | to the given
power and find r.
Step I11: Substitute the value of r in the general
term and get the term and its coefficient.

x(n- l)/‘l. :_V(" + 12



IMlustration: Find the coefficients of x* in the

15
| . 1
expansion of | X )

Sol.: The general term in the equation 1s

1 r
Tr+l = lﬁcr (x5 [_?]

Gll—4r
X
— (_1): lncr o
X
— (_1): IE-CP xﬂﬂ-Tr
It will involve x*if60—-7r=32 .. r=4

- x 2 oceur in the 5th term

15x14x13x12

4x3x2x1

= 1365

Term independent of x in (1 + x)”
Working Rule: Step I : Write down the general
term T, and simplify.
Step II: Equate the index of x into zero and solve
for r.
Step III: Substitute this value of r in the general
term T to get term independent of x.

Coefficients of x™ = (-1)' °C, =



Illustration: Find the term independent of x in

12
s 1
the expansion of (5"7 T ;J :

Sol.: Let T, be the term independent of x in

] r
Tr+| — 1zcr (%)% {I]

— 12 24-2r —
- CI' x r

X
— T — 120;- K24 3r .. ()

r+1

Now x 1s to have power zero.
24-3r=0 = 3r=24 = r=8
Putting =8 in eqn. (1) we get

12!

8! 4!

T — ucﬁ X!

B+l

12x11x10x9
4x3x2
495




Number of terms in the expansion of (x +y + 2)",

where n 1s a positive integer, 1s 2 (n+1)(n+2)

Properties of Binomial Coefficients:
(1)) C,+C, +C,+..+C =2
(i) C,+C,+C, +..=C, +C, +C_ +..=2""
() C, +2C,+3C, +..+"C =n.2"""
(iv) C,—2C,+2C,—..=0.
(v) C,+2C +3C,+..+(n+1)C =(n+1)2""
(vi) C,C +C C_ +..
+C _ C =emln-n'(n+n
(vir) C2+ CH+ C2+ .+ C2 =(2n)!(n!)*?
(viii) C;—=CI+C2-C2... =
[ 0, if n is odd

niz n . .
(1) " C,,, ifniseven

Binomial Theorem (for any index): For any
rational index n (n # 0)



n(n-1) n(n-1)(n-2)

(l+x)'=1+nx+ T ol 3 2
- n(n—-1)(n —2?... (n—-r+1) .
r!
Remember

(z) If n 1s a negative integer or a rational
fraction, then the number of terms in the
above expansion is infinite.

(z1) If n 1s a negative integer or a rational
fraction, then this expansion is valid for
x| <1lie., for-1<x<1.
(z11) If n1s positive integer, then the number of
terms in the expansion is (n + 1) i.e.,
finite, and

nn=1)(n-=-2)...(n—r+1
S e e B e

r+1 r!

(tv) If n 1s a positive integer, then (1 + x)™

n(n+1) .2 n(n+1)(n+2)
2! 3!

=1+ (_l)n "C] X+ (_])2 n+ IC2 x:! + (_1 )3

e ST - W o S VR

- s

=]1=nx+



(v) If n is a positive integer, then

n(n+1)

(1-x)"=1+nx+ ——r—x°

nn+1)(n+2
RLURRY )xu...
3!
— n n+1M 2 n+2MN 3
=1+ C|x+ L2x~+ L_,,x
n+r-1| r
+ i B Crx R

General term

(1) In the expansion of (1 + x)", the general
term i.e., the (r + 1)th term

n(n-1)(n-2)...(n—r+1)

T, = - X

(1) If n 1s a positive integer, then in the
expansion of (1 + x)™
T,.+| — (_l)r n+r—lCr x"
(z11) If n 1s positive integer, then in the
expansion of (1 — x)™
Trn = "”_lcrxr

Important Deductions:
G Ql=2'=1+x+2°+2+. .+ +..
G) A+x)'=1=-x+x*=x+. . +(1)'x +..



i) 1=x)*=1+2x+3x*+4x’+ ..+ +1)x

+...
() 1+x)*=1-2x+3x*—4x* + .+ (1)
(r+ 1x + ...
V) (1=x)"=1+3x+6x>+10x>+...+
(r+1)(r+2)
x + ...
2
(vi) 1 +x)"=1=-3x+6x*=10x"+ ...+ (=1)
r+l1)r+2
r+1)r+2) X+

2




