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Session 1

Skt_atching of Some Common Curves, Some More Curves
which Occur Frequently in Mathematics in Standard Forms,
Asymptotes, Areas of Curves Given by Cartesian Equations

Sketching of Some
Common Curves

For finding the area of a given region, we require the
knowledge of some standard curves.

(i) Straight Line

Every first degree equation in x, y represents a straight line.
So, the general equation of a line is ax + by + ¢ =0. To draw
a straight line find the points, where it meets with the
coordinate axes by putting y =0 and x =0 respectively in its
equation.

By joining these two points we get the sketch of the line.
Sometimes the equation of a line is given in the form

y =mx. This equation represents a line passing through
the origin and inclined at an angle tan~' m with the
positive direction of X-axis. The equation of the form

x =aand y = b represents straight lines parallel to Y-axis
and X-axis, respectively.

Region Represented by a Linear Inequality

To find the region represented by linear inequality
ax + by <cand ax + by ¢, we proceed as follows

(i) Convert the inequality into equality to obtain a
linear equation in x, y.
(ii) Draw the straight line represented by it.
(iii) The straight line obtained in (ii) divides the
XY-plane in two parts.
To determine the region represented by the inequality
choose some convenient points; e.g. origin or some points
on the coordinate axes.
If the coordinates of a point satisfy the inequality, then

region containing the points is the required region,
otherwise the region not containing the point is required

region.

1 Example 1 Mark the region represented by
3x+4y<12.
Sol. Converting the inequality into equation, we get
3x +4y=12
This line meets the coordinate axes at (4, 0) and (0, 3),
respectively. Join these points to obtain straight line
represented by 3x + 4y = 12.

This straight line divides the plane in two parts. One part
contains the origin and the other does not contains the
origin. Clearly, (0, 0) satisfy the inequality 3x + 4y < 12. So,
the region represented by 3x + 4y < 12 is region containing
the origin as shown in the figure.

(ii) Circle
The general equation of a circle is

x? +y? +2gx+2fy+c=0
- The second degree equation in x, y Y,
such that coeff. of x? = coeff, of y?
and there is no term containing xy; it

always represents a circle. To draw a

sketch of a circle, we write the X
equation instandard form

2
(x —h)* +(y —k)®=r?, whose centre Figure 3.1
is (h, k) and radius is r.
Remark
1. The inequality (x — a)% + (y - )2 < r? represents the interior of
acircle.

2. The Inequality (x - a)? + (y - b)? > r2 represents the exterior of
acircle (l.e. reglon lying outside the circle).



(iii) Parabola
It is the locus of points such that its distance from a fixed
point is equal to its distance from a fixed straight line.

Taking the fixed straight line x =—a,a >0 and fixed point
(a,0), we get the equation of parabola y® = 4ax.

Steps to Sketch the Curve
(i) It passes through (0, 0).
(if) It is symmetrical about axis of X.

(iii) No part of the curve lies on the negative side of axis
of X.

(iv) Curve turns at (0, 0) which is called the vertex of the
curve.

(v) The curve extends to infinity. It is not a closed curve.
(1) y* = 4ax (Standard equation of parabola)
Y yz=AaX

\4

K 'X

Figure 3.2
(2) y* = 4a(x — h); where a and h are positive.
Y.

Figure 3.3

Figure 3.5
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(5)y* =—4da(x —h);a,h>0

v
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(0*02 _/(h,0)

Figure 3.6

(6)y* =—4a(x+h);a,h>0
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7 Ch.0) [(0,0) X

Figure 3.7

(7) x* =4ay;a>0

v (0. 0) X
Figure 3.8

(8)x* =4a(y +k);a>0,k>0

¥
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v"fa, -k)
Figure 3.9
) x* =4a(y-k);a,k>0

Figure 3.10
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(10) x% =-— 4ay;a>0

0oy

Figure 3.11
(11) x* =—4a(y +k); a,k>0

\Y

Figure 3.12

(12) x> =—4a(y —k);a,k>0

Figure 3.13

(iv) Ellipse

Basics of Ellipse

Definition 1. An ellipse is the locus of a moving point
such that the ratio of its distance from a fixed point to its
distance from a fixed line is a constant less than unity.
This constant is termed the eccentricity of the ellipse. The

fixed point is the focus while the fixed line is the directrix.

The symmetrical nature of the ellipse ensures that there
will be two foci and two directrices.

Definition 2. An ellipse is the locus of a moving point
such that the sum of the its distances from two fixed
points is constant. The two fixed points are the two foci of
the ellipse. To plot the ellipse, we can use the
peg-and-thread method described earlier.

Stantard Equation

~
~

=
%[N
L}
1

+

1S
~

Ifa>b

Ifa<b

(0,b) and (0, - b)

Vertices (a,0)and (- a,0)
Foci (ae, 0) and (— ae, 0) (0, be) and (0, — be)
Major axis 2a (along x-axis) 2b (along y-axis)
Minor axis 2b (along y-axis) 2a (along x-axis)
Directrices = %andp=f y=Zandy=-=
e e
Eccentricity e b? a
1-= 1-=
a b
Latus-rectum 2b° 2a°
a b
Focal distances of (x,y) axex btey

And lastly, if the equation of the ellipse is

2
(x-a) =B _

aZ bZ

instead of the usual standard form, we can use the
transformation X = x —a.and Y — y — (basically a
translation of the axes so the axes so that the origin of the
new system coincides with (o, B). The equation then

becomes

XZ YZ
=tz
a b

We can now work on this form, use all the standard
formulae that we’d like to and obtain whatever it is that
we wish to obtain. The final result (in the x-y system) is
obtained using the reverse transformation x — X +o. and

y—oY+B.
2 2

x .Y
(1) pr + e ;@ >0,b >0 (Standard equation of the

ellipse)

Figure 3.14
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2
2) %2— + {7 =1; b>a >0 (Conjugate ellipse)
"
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)
Figure 3.15
(x=h?  (y—k)*
(3)_a—z-+yb—2)=1;a >0,b>0anda>b
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ety W ol
Lo (k).
o x=h A
Figure 3.16
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(4)¥+(y—b?k)—=l,wherea<b

a

Y4 / :‘\\
ivf Y
o
B R o o M
L
v iy
: O, N
U
P
o
Figure 3.17

(v) Hyperbola

Ahyperbola is the locus of a moving point such that the
difference of its distances from two fixed points is always
constant. The two fixed point are called the foci of the
hyperbola. Constrast this with the definition of the ellipse
where we had the sum of focal distances (instead of
difference) as constant. As in the case of the ellipse, we have

Focal distance of P(x, y)

d, =e(PF)=e(x—g- =ex—a

d, =e(PF’)=e(x +£)=ex +a
e
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Latus-Rectum

The chord(s) of the hyperbola passing through the focus F
(or F) and perpendicular to the transverse axis. The
length of the latus-rectum can be evaluated by
substituting x =+ ae in the equation for the hyperbola :

.
a® a%(e*-1)
2
. o=t
a’(e® —1)
2 4 4
2 2,2 ,_a b b
= =a’(e” -1)" = =—
y pr 2
b2
= y=t—.
a
2b*

Thus, the length of the latus-rectum is =

We discussed in the unit of Ellipose that an ellipse with
centre at (a, B) instead of the origin and the major and
minor axis parallel to the coordinate axes will have the
equation
—a)? - 2 2

@J_y_ﬂ:l or X 4Y
a b? a® b
where X - x —0.andY — y — .
The same holds true for a hyperbola. Any hyperbola with
centre at (0, B) and the transverse and conjugate axis
parallel to the coordinate axes will have the form

(x-)? (y-B)
o gp L
a b
Xx® y?
or —_——=1
a®  b?

where X - x —otandY — y - .

We can, using the definition of a hyperbola, write the

equation of any hyperbola with an arbitrary focus and

directrix, but we will rarely have the occassion to use it.
2

=y .
(1) 2 r 1(Standard equation of hyperbola)

bY

. K x

Figure 3.18
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¥ x?
2) b—z = a_z =1 (Conjugate hyperbola)

\Jy
oo X

/TN

Figure 3.19

(3) xy =c* (Rectangular hyperbola)

Ya
(c.c)
0.0
(e.—)
Figure 3.20
(x-h* @-K*_
(4)a—2—T—1,a>b>0

y=k | N aSia (.
k)

o
x=h
Figure 3.21
(x-h? (=K _
=" =1
Y A

b
y=kl...... He R

Figure 3.22

Some More Curves which

Occur

Frequently in Mathematics in

Standard Forms

1. LY

y=-x y=x

Figure 3.23

Modulus function, y =| x |

2. LY
2 -—
1 -—
-2 -1
1 2 3
—t-1
~— -2
Figure 3.24

Greatest integer function y =[x]

v
=X
it P y=Inx
0.0 /0.0 =X
Figure 3.25
4.
y
0.1
U
X

Figure 3.26



Figure 3.27
Y

(1.[9)

1

©[0 .

Figure 3.28
y= ! >0
x%’

7. The Astroid

Its cartesian equation is x%/> +y%* = g%

Its parametric equation is x =a cos® t,y =asin’® t

and it could be plotted as

z
N

Figure 3.29

N

Curve Sketching

For the evaluation of area of bounded regions it is very
essential to know the rough sketch of the curves. The
following points are very useful to draw a rough sketch of
acurve.

(i) Symmetry

(a) Symmetry about X-axis If all powers of y in the
€quation of the given curve are even, then it is symmetric
about X-axis, i.e. the shape of the curve above X-axis is
exactly identical to its shape below X-axis. e.g. y* = 4ax is
Symmetric about X-axis.
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(b) Symmetry about Y-axis If all powers of x in the )
equation of the given curve are even, then it is symmetric
about Y-axis. e.g. x° =4ay is symmetric about Y-axis.

(c) Symmetry in opposite quadrants If by putting — x
for x and — y for y, the equation of curve remains same,
then it is symmetric in opposite quadrants.

eg xy=ct, x*+y’= a® are symmetric in opposite
quadrants.

(d) Symmetric about the line y = x If the equation of 2
given curve remains unaltered by interchanging x and y,
then it is symmetric about the line y = x which passes
through the origin and makes an angle of 45° with

positive direction of X-axis.

(ii) Origin and Tangents at the Origin

See whether the curve passes through origin or not. If the
point (0, 0) satisfies the equation of the curve, then it
passes through the origin and in such a case to find the
equations of the tangents at the origin, equate the lowest
degree term to zero. e.g. y? = 4ax passes through the
origin. The lowest degree term in this equation is 4ax.
Equating 4ax to zero, we get x =0.

So, x =0 i.e. Y-axis is tangent at the origin to y* = 4ax.

(i) Points of Intersection of Curve

with the Coordinate Axes

By putting y =0 in the equation of the given curve, find
points where the curve crosses the X-axis. Similarly, by
putting x =0 in the equation of the given curve we can
find points where the curve crosses the Y-axis.

e.g. To find the points where the curve

xy* =4a® (2a — x) meets X-axis, we put y =0in the
equation which gives 4a” (2a — x) =0 or x =2a. So the
curve xy2 =4q° (2a — x), meets X-axis at (2a,0). This
curve does not intersect Y-axis, because by putting x =0
in the equation of the given curve get an absurd result.

(iv) Regions where the Curve
Does Not Exist

Determine the regions in which the curve does not exist.
For this, find the value of y in terms of x from the
equation of the curve and find the value of x for which y
is imaginary. Similarly, find the value of x in terms of y
and determine the values of y for which x is imaginary.
The curve does not exist for these values of x and y.
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e.g. The values of y obtained from y? = 4ax are
imaginary for negative values of x. So, the curve does not
exist on the left side of Y-axis. Similarly, the curve

a’y? = x? (a — x) does not exist for x > a as the values of y

are imaginary for x >a.

(v) Special Points
Find the points at which :x_y =0. At these points the
tangent to the curve is parallel to X-axis.

" . L, dx
Find the points at which -y =0. At these points the
Y

tangents to the curve is parallel to Y-axis.

(vi) Sign of dy/dx and Points of
Maxima and Minima

Find the interval in which % >0.In this interval, the

function is monotonically increasing, find the interval in

which % < 0. In this interval, the function is

monotonically decreasing.
2

Put 4 =0 and check the sign of d—z— at the points so
dx dx

obtained to find the points of maxima and minima.

Keeping the above facts in mind and plotting some points
on the curve one can easily have a rough sketch of the
curve. Following examples will clear the procedure.

I Example 2 sketch the curve y = x°.

Sol. We observe the following points about the given curve
(i) The equation of the curve remains unchanged, if x
is replaced by — x and y by — . So, it is symmetric
in opposite quadrants. Consequently, the shape of
the curve is similar in the first and the third
quadrants.

(ii) The curve passes through origin. Equating lowest
degree term y to zero, we gety =0i.e. X -axis is the
tangent at the origin.

(iii) Putting y = 0in the equation of the curve, we get
x =0, Similarly, when x =0, we get y =0.So, the curve
meets the coordinate axes at (0, 0) only.

; dy _, 2 d’y _ d’y -
(iv) y=x’ :;—Sx ,E—m’and;-’-—é
dy . _ d’y oz d’y
Clearly'zx_= = ;Fat the origin buth,- #0.

So, the origin is a point of inflexion.

Y y=x
X +— 0] > X
rY

(v) As x increases from 0 to e, y also increases from 0 to
o0, Keeping all the above points in mind, we obtain a
sketch of the curve as shown in figure.

1 Example 3 Sketch the curve y = x* —4x.

Sol. We note the following points about the curve

(i) The equation of the curve remains same, if x is
replaced by (— x) and y by (- y), so it is symmetric in
opposite quadrants.
Consequently, the curve in the first quadrant is
identical to the curve in third quadrant and the curve
in second quadrant is similar to the curve in fourth
quadrant.
The curve passes through the origin. Equating the
lowest degree term y + 4x to zero, we gety + 4x =0
ory=—4x.50,y = — 4x is tangent to the curve at the

origin.

(iii) Putting y =01in the equation of the curve, we obtain
x* — 4x=0=> x = 0,1 2 So, the curve meets X-axis at
(0, 0), (2, 0), (-2, 0).
Putting x = 0 in the equation of the curve, we get
y =0.So, the curve meets Y-axis at (0, 0) only.

(iv) y=x3—4x=%=3x2—4

=

(id

dy

Now, Z>0=3x*-4>0
I x
2 2

= X ——= Xt+—= >0

(% )(-+%)
= x<-— 2 or .7c>i (using number line rule)

B V3

dy 2 2

and —<0=>-—=<x<
dx BB

So, the curve is decreasing in the interval

2 2
(—2/ \B,2/ ﬁ)and increasing for x> —=or x<——"
b 5

2 2
x=- is a point of local maximum and x = —= is
BoeP 5

point of local minimum.

2 16
When x=-—, theny=-
BYETIR



2 16
When x=-—, theny=——
B

33

L (5 W0
Keeping above points in mind, we sketch the curve as
shown in figure.

| Example 4 Sketch the curve y = (x — 1) (x —2) (x — 3).

Sol. We note the following points about the given curve

(i) The curve does not have any type of symmetry about
the coordinate axes and also in opposite quadrants.
(ii) The curve does not pass through the origin.

(iii) Putting y =0in the equation of the curve, we get
(x=1)(x—=2)(x —3)=0=> x = 1,2 3.So0, the curve
meets X-axis at (1, 0), (2, 0) and (3, 0).

Putting x = 0in the equation of the curve, we get y =—6.

So, the curve crosses Y-axis at (0, — 6).

We observe that
x<1 = y<o0
1<x<2 = y>0
2<x<3 = y<0
and x>3 = y>0
A Y

P /
/ \, /
’ \ /

o] (1,70 (20)\,

/
/
/
,

A0-6)

760 "

;

Clearly, y decreases as x decreases for all x < 1and y
increases as x increases for x > 3.

Keeping all the above points in mind, we sketch the curve
as shown in figure.

| Example 5 Sketch the graph fory = x? -

Sol. We note the following points about the curve
(i) The curve does not have any kind of symmetry.

(ii) The curve passes through the origin and the tangent
at the origin is obtained by equating the lowest degree
term to zero.
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The lowest degree term is x + y. Equating it to zero,
we get x + y = 0as the equation of tangent at the
origin.

(iii) Putting y = 0in the equation of curve, we get
x? — x =0 = x =0, 1.So, the curve crosses X-axis at
(0, 0) and (1, 0).
Putting x = 0in the equation of the curve, we obtain
y =0.So, the curve meets Y-axis at (0, 0) only.

LY

(0.0)

2
dy ddz
i =x?—-x=>-2=2x-1an =2
PN dx dx?
dy 1
Now, —=0=>x=-
. dx 2
2
At gul g
2 dx?

So, x =%is point of local minima.
1
(v) >0=>2x—1>0=>x>5

A 1
So, the curve increases for all x > 2 and decreases for

1 .
all x< 5 Keeping above points in mind, we sketch the

curve as shown in figure.

1 Example 6 Sketch the curve y =sin 2x.

Sol. We note the following points about the curve

(i) The equation of the curve remains unchanged, if x is
replaced by (- x) and y by (- y), so it is symmetric in
opposite quadrants. Consequently, the shape of the
curve is similar in opposite quadrants.

(ii) The curve passes through origin.

(iii) Putting x = 0in the equation of the curve, we get
y =0.S0, the curve crosses the Y-axis at (0, 0) only.

Putting y =0 in the equation of the curve, we get

sin2x=0=2x=nn, neZ
m
= ="—-.nez
2

So, the curve cuts the X-axis at the points
ws (= 1,0),(=1/2,0),(0,0),(r/2,0),(,0),...
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: 2 dy d’y .
(iv) y=sin2x =>-—==2cos2x and —3 =—4sin2x
dx dx
dy
Now, —=0=>cos2x =0
dx
= ax=tZ 438
2 2
= Ly
4 4
2
Clearly, d—)z/< Oat x=£,5—n...
dx 4 4
and atx=—3—n.—7—n,...
4 4
Fe
and—%'->0 atx=3—n,7—n,_..
dx 4 4
and at x=-£,—5—n....
4 4
So, the points x=£,5—n,7—n..

4 4 4
andx=—37n.—77n....arepointsoflocalmaximum
and local maximum values at these points are 1.
Simjlarly.x=—£,—5—n....andx=3—n,7—n....a:e

4 4 4 4

points of local minimum and local minimum value at
these points is (— 1).

sin 2 (x + 7) = sin 2x for all x. So, the periodicity of
the function is 7. This means that the pattern of the
curve repeats at intervals of length 7.

Y
(-3n/4,1) (n/4,1) (5m/4,1)

(v

~

©.0 a

(-m/4,-1) (3n/4,-1) (7n/4,-1)

Thus, keeping in mind, we sketch the curve as shown in
figure.

| Example 7 Sketch the curve y =sin? x.

Sol. We note the following points about the curve

(i) The equation of the curve remains same, if x is
replaced by (- x). So, the curve is symmetric about
Y-axis, i.e. the curve on the left side of Y-axis is
identical to the curve on its right side.

(ii) The curve meets the coordinate axes at the same points
where y = sin x meets them.

2

: dy . d’y
eas 2

=sin’x = —==sin2x and —= =2cos2
(iii) y ax o) x

Now, .:_y_=o=>sin2x=0:>2x=mt,nez
x

ox="" nezZox=%mn/2,+7n,+3n/2,*2m,...
2

2
Clearly,S—‘Z<Oatx=3‘:1t/2,i3n/2,:':51|:/2....
X

d%y
and “Zsoatx=*mn,+2rn, £3m...
dx’?

So,x=+m/2,+3n/2,+5m/2,...are the points of
local maximum and local maximum value at these
points is 1. Points x =+ mt, + 2m, + 3m,... are points of
local minimum and the local minimum value at these
points is 0.

. . dy - e

(iv) y=sin“ x = e sin 2x

Clearly, d_y >0when 0< x< ud
dx 2

and d—y—<0when£<x<1t.
dx 2

So, the given curve is increasing in the interval
[0, 7 / 2] and decreasing in [/ 2, ).
(v) sin® (m + x)= sin? x for all x. So, the periodicity of the

function is 7. This means that the shape of the curve
repeats at the interval of length .

Y

(-57/21) (8m21) (-w2,1)| (v/2,1)  (3m/2,1) (S5m/2,1)

X
(-2r,0) (-m,0) (o] (r0)  (2r,0) (3m,0)

Keeping the above facts in mind, we sketch the curve as
shown in figure.

Asymptotes

The straight line AB is called the asymptote of curve
y = f(x), if the distance MK from M a point on the curve
¥ = f(x) to the straight line AB tends to zero as M recedes
infinity.
In other words, the straight line AB meets the curve
y = f(x) at infinity (X is a point on AB). Thus,

1. If f(x) = £ oo for x — q, then the straight line x =a s

the asymptote of the curve y = f(x).



2. If in the right hand member of the equation of the

curve y = f(x) it is possible to single out a linear part
so that the remaining part tends to zero as x — + oo,
ie if y = f(x) =Kx + b+ g(x) and g(x) — 0 for

x — t oo, then the straight line y = Kx + b is the
asymptote of the curve.

f(x)

3. If there exist finite limits lim =% = K and
xote x

'En;_[ f(x) —=Kx]=b, then the straight line
y = Kx + b is the asymptote of the curve.

Methods to Sketch Curves

While constructing the graphs of functions, it is expedient
to follow the procedure given below

(1) Find the domain of definition of the function.

(2) Determine the odd-even nature of the function.

(3) Find the period of the function if its periodic.

(4) Find the asymptotes of the function.

(5) Check the behaviour of the function for x — 0 +
(6) Find the values of x, if possible for which f(x)— o.

(7) The interval of increase and decrease of the function
in its range. Hence, determine the greatest and the
least values of the function if any.

Remark

(5), (6) and (7) gives the points where the function cuts the
coordinate axes.

x% =1

x2+1

I Example 8 Construct the graph for f(x)=

2 2
Sol. Here, f(x)= =J =1-
Jex) x2+1 x*+1

(1) The function f(x)is well defined for all real x.
=  Domain of f(x)€ R.
(2) f(- x)= f(x),so it is an even function.
(3) Since, algebraic — non-periodic function.
f(x)>1 for x—>tee
and f(x)> -1 for x>0

It may be observed that f(x)< 1for any x € Rand .
consequently its graph lies below the line y =1 which
is asymptote to the graph of the given function.

Again, : decreases for (0, =) and increases for
x“+1

(- =,0), thus f(x) increases for (0, =) and decreases
for (— oo, 0) in its range.

(4) The greatest value — 1 for x — * oo and the least
value is — 1 for x = 0.
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Thus, its graph is as shown in figure

y =1 (asymptote)

X2
2+1
X

(1.0

(0.-1)

1
1 Example 9 Construct the graph for f(x)=x+ %

Sol. The function is defined for all x except for x =0.

It is an odd function for x # 0.
It is not a periodic function.
For x =0+, f(x)— +eo; forx—>0-, f(x)—> —o
For x— —oo, f(x)— —eo; for x = oo, f(x)— o
lim (f(x)-x)=0
X =t oo

.. The straight lines x = 0 and y = x are the asymptotes of
the graph of the given function.
Now, consider f(x;)— f(x;) (for x; > x,)
1 1
=(xz—x)+——-—
X2 X

=(x; -xl)[l_

]<0 for x, x, €(0,1]

Xy X2
and itis > 0 for x; x, € [1, ).
Thus, f(x)increases for x € [1, o) and decreases for
x€(0,1].

Thus, the least value of the function is at x = 1 which is
f(1) = 2. Thus, its graph can be drawn as

"+ LAY =X
3"
00 X
S ,-2)
| Example 10 Construct the graph for f(x)= 'v‘ :
1+e

Sol. The function is defined for all x except for x =0. 1t is

neither even nor an odd
function. It is not a periodic function.
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Forx =04+ f(x)=0;forx=0~-  f(x)=1

Forx =y e f(x)= E for x = = oo, f(x)= i

lim f(x)=

x=d ke

h.l-

. The straight line y = -L- is asymptote of the graph of the

given function.

As x increases (rom (0, ), 2 decreases from (0, eo) and e/ *
X

decreases from (0, o). Thus, (1 + ¢"*) decreases from (2, o).

s f(x)increases fmm( 1) for x € (0, o).

Similarly, f(x) increases from (1/2,1) for x = (= o, 0).
i.e. f(x)is an increasing function except for x = 0.
Thus, its graph can be drawn as shown in figure

Y
0,1)
A Y = 1/2 (Asymptote)
........................................ >
©/0) .

Areas of Curves

(1) Suppose that f(x) <0 on some interval[a, b]. Then,
the area under the curve y = f(x) from x =a to x = b will
be negative in sign, i.e.

[} fexyax <o

This is obvious once you consider how the definite
integral was arrived at in the first place; as a limit of the
sum of the n rectangles (n — o). Thus, if f(x) <0 in some
interval then the area of the rectangles in that interval will
also be negative.

This property means that for example, if f(x) has the
following form

y

EANERTLAN
RN

o
RS

l a

then LI' f(x) dx will equal A; — A + Ay — Ay and not

A+ Ay + Ay + Ay
If we need to evaluate A, + A, + A3 + A4 (the magnitude
of the bounded area), we will have to calculate

Lx flx) d +| [ fx) dx jy f(x) dx +‘ f Flx) dx
From this, it should also be obvious that
[/ feeydx|< [[1 )1 dx

(2) The area under the curve y = f(x) fromx =a tox=b
is equal in magnitude but opposite in sign to the area
under the same curve from x =bto x =g, ie.

[ fxy == [} fx) dx

This property is obvious if you consider the

Newton-Leibnitz formula. If g(x) is the anti-derivative of
b

x(f), then J: f(x) dx is g(b) — g(a) while L f(x)dxis

gla) — g(b)

(3) The area under the curve y = f(x) from x =ato x =b

can be written as the sum of the area under the curve from
x =ato x =cand from x =c to x = b, that is

[} ey de=[ fxyde+ [ fx) ax

Let us consider an example of this. Let c € (a, b)

) 4
y=1x)

It is clear that the area under the curve from x =a to x = b,
Ais A, +A,.

Note that ¢ need not lie between a and b for this relation to
hold true. Suppose that ¢ > b.

14
y= 1)




Observe that A =I:f(x) dx=(A+A,)-A,
= [, fG0) dx =[] f(x) dx

= [ fx)y dx+ [ flx) dx

Analytically, this relation can be proved easily using the
Newton Leibnitz’s formula.

(4) Let f(x) > g(x) on the interval [q, b]. Then,
[} 1) dx > [ g

This is because the curve of f(x) lies above the curve of
g(x), or equivalently, the curve of f(x) — g(x) lies
above the x-axis for[a, b]

¥4 y=1(x)

y=gK)

Ay

a b
This is an example where f(x) > g(x) >0.
[} flx) dx = + 4,

while j: g(x)dx =A,

Similarly, if f(x) < g(x) on the interval[a, b} then
[} o) dx < [} gx) ax

(5) For the interval [a, b], suppose m < f(x) <M.
That is, m is a lower-bound for f(x) while M is an
upper bound.

Then m(b—a)<[ f(x)dx<M(b-a)

This is obvious once we consider the figure below :

Yi
D (o]
M =t y =1
1
:
1
- il E
mp===-- X» ---------------- ?B
iy x
x=a x=b
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Observe that area (rect AXYB) < I: f(x) dx < area(rect DXYC)

(6) Let us consider the integral of f(x) + f,(x) from x =a
to x = b. To evaluate the area under f;(x) + f,(x), we can
separately evaluate the area under f;(x) and the area under
f»(x) and add the two area (algebraically).

Thus, [ (fi(0) + fue) de = [} fi(x) dx + [} fu(x) dx

Now consider the integral of kf(x) from x =a to x =b.To
evaluate the area under kf(x), we can first evaluate the area
under f(x) and then multiply it by k, that is :

[ k) dx =k [} ) ax

(7) Consider the odd function f(x),ie. f(x) = — f(—x). This
measn that the graph of f(x) is symmetric about the origin.

From the figure, it should be obvious that _[ja f(x)dx =0,

because the area on the left side and that on the right
algebraically add to 0.

Similarly, if f(x) was even, i.e. f(x) = f(— x)

J: flx)dx= ZL f(x) dx because the graph is symmetrical
about the y-axis. If you recall the discussion in the unit on
functions, a function can also be even or odd about any
arbitrary point x =a. Let us suppose that f(x) is odd about
x =a, ie. f(x)=- f(2a—x)

| §
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The points x and 2a — x lie equidistant from x =a at either
sides of it.

Suppose for example, that we need to calculate Eﬂ flx) dx.

It is obvious that this will be 0, since we are considering

equal variation on either side of x =g, the area from x =0

to x =a and the area from x =a to x =2a will add

algebraically to 0.

Similarly, if f(x)is even about x =g, ie. f(x) = f(2a —x)
b

[ a
then we have, for example
[Py de=2[ flx) ax
From the discussion, you will get a general idea as to how
to approach such issues regarding even/odd functions.
(8) Let us consider a function f(x) on[a, b]

¥
fb)

>4

b

'
'
'

a

We want to somehow define the “average” value that f(x)
takes on the interval[a, b]. What would be an appropriate
way to define such an average? Let f,, be the average
value that we are seeking. Let it be such that it is obtained
at some x =c€[a, b]

y

| E——

2=f(c) }--- f2=f(c)

I(a)/

X

O TTERLS rpameia

Qfecncencad

We can measure f,, by saying that the area under f(x)
from x =a to x = b should equal the area under the
average value from x =a to x = b. This seems to be the
only logical way to define the average (and this is how it
is actually defined!).

1
Thus fo6-a)=[ flx)dx = fo=y— flx)dx

This value is attained for at least one c €(a, b) (under the
constraint that f is continuous, of course).

| Example 11 Sketch the graph y =|x+1|. Evaluate
Iz | x+1|dx. what does the value of this integral

represents on the graph.

) (x+1), fx2-1
Sol. Here, y=[x+1|= — (rr Ay s
which can be shown a2s
YA
8 C,
A A
| A
3 Q.93
N A
Dv% IYE
_'4 —1 o 2 X
3 3

] e nde=] e tdes [z nde
=J:—(x+1)dx+j_zllx+1]dx+j_zl(x+l)dr
[F=le=l
=—|—+x| +|—+x| =9
2 2
Representation of the value 9 of integral on graph.

2
J-_‘Ix-z- 1{dx =9 represents the area bounded by the curve

y=|x+1|. X-axis and the lines x = — 4 and x =2 ie. if is
equal to the sum of the ares of AABD and ACE,

ie OO+ em=2+2-9
2 3 2 2

(- area of trian| gle:%xbasexheight)

2 2
I Example 12 Find the area of the ellipse x—2+ Z_Z =1
a

Sol. Using the symmetry of the figure; required area is given by
A = 4 (area OABO)

. 2 2
=4Inydx.wherez—z+:—z=1

B (0.b)

Wi,
\\0 DA @0)




y x
T o
b a®
= yz=_(az_xz
= y=ik a® — x?
a
In the first quadrant,

=£’-Jaz—-x2
a
A=4I:%\/az—x2 dx=4%j: a® - x? dx

a
=2ab(E )
2
A = mab sq units

| E;(amele 13 Find the area bounded by the hyperbola
A 4

=a’ between the straight lines x = a and

Xx=2a.
Sol. We use the symmetry of figure.
Required area, A =2 Lzay dx, where x* —y* =a’

ie xz—a2=y
=%

2
Jx2-a

y

In the first quadrant; y=+\)x2—az
v A=a [P 2 2
& A—ZL x“ —a dx

2a
2
2[%\/:(2 -a —-%log(xﬁr x? _az)]

4 2
=2 Ha,}ttaz— at- gz— log (2a + y/4a*-a’ )} = {0- %108“}]

Chap 03 Area of Bounded Regions 179

2 2
=2[‘”/3az —%log(Za+a~/§)+%logaj|

=2|:a2~/5—%log(waa—ﬁ]]

=243 -a? log (2 + ~/§)sq units
1 Example 14 Find the area common to the parabola
5x2—y=0and2x? -y +9=0.
y =5x° ...(i)
...(ii)

Sol. Given curves are

and y=2x*+9

Remark

In such examples, figure is the most essential thing. Without
figure it just becomes difficult to judge whether y, to be
subtracted from y, or otherwise.

Let us solve Egs. (i) and (ii) simultaneously,

5x? =2x% 49
= 3x2=9=>x?=3
x=-3
or x=43

In the usual notations, the required area is given by

A= I_Jj-z- (= yz)dx
We have to find which curve is above and which is below
w.r.t. X-axis in order to decide y, and y,.
Take any point between x = — /3 and x = /3
Let us take x =0, which lies between

=—3andx=+3

When x =0 fromEq.(i))y =0
When x =0 fromEq. (i) y =9

Now, 9>0
Parabola Eq. (i) is above parabola Eq. (i) between
w=sf§
and x=43.
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.y of the curve (ii) is to be taken as y, and y of the curve (i)
is to be taken as y,.

Area(A)= J’Jj; {(2x* +9) - 5x%} dx
=j_ffﬁ (9 —3x%) dx
=zj°ﬁ(9 —3x?) dx

=2[9x—x3]‘0[5
=293 -343]

Area = 1243 sq units

| Example 15 Find the area enclosed by
y =x(x—1)(x—2)and X-axis.
Sol. The given curve is y = x (x — 1) (x — 2). It passes through
(0, 0), (1, 0) and (2, 0).
The sign scheme for y = x (x — 1) (x — 2) is as shown in
figure.

+ i . +

"
T + +

= 0 1 N 2

From the sign scheme it is clear that the curve is + ve when
0< x < 1or x > 2 hence in these regions the curve lies
above X-axis while in the rest regions the curve lies below
X-axis.

Remark
Sometimes the discussion of monotonicity of funchon helps
us in sketching polynomials. In the present case, — e Y _3?—6x+2

dy : dy
Wi .then; x =1+ —. Sign scheme for — is
hen =0,then;x J§ g =

+ +

-1 T el
3 ey
Thus, it is clear that the curve increases in (

““ﬁ)
1

decreases in (1 -1+ -——) and again increases in

V3' 43
(1 C L ,.,) Therefore, the graph of the curve is as below

//// /)) . E X
APt ‘////////

Hence, required area

=I;x(x—l)(x-2)dx+\ jl’ x(x=1)(x -2)dx

2
—3x% +2x)dx +| L (x* —3x% +2x)dx

o
(_-x o) | (Berer)
g/

I (1
—-—1+1)+|(4—8+4) (4 1+1)

l ls unit
i 2™
1 Example 16 Find the area between the curves

y =2x" — x?, the X-axis and the ordinates of two
minima of the curve.

Sol. The given curve is y = 2x4 - x2.
When y =0, then x =0,0,+ —
g "

The sign scheme is as shown below

Gk + S
—o0 _ ]_ L l oo
2 2
Therefore, it is clear that the curve cuts the X-axis at
x=——F,0and ="
V2 V2
. . 1 1
The curve is —ve in (— —,0) and (0—) while positive in
N ) P
the rest. Now, o4 8x” — 2x. The sign scheme for dy is as
dx dx
below
s + -
- - 1 0 = -

1
2 2
i.e. The curve decreases in (— oo, — 1/2) and (0,1/2) and
increases in the rest of portions. Also, the function possess

minimum at x = —1/2 and 1/2 while maximum at x =0.
Therefore, the graph of the curve is as shown below

\ /.

B i

Y

=

*. Required area=2‘[°m |2x* = x? | dx

12
12 x3 x3
At e e -]

 J—— e
N m— uni
120 1
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Exercise for Session 1
1.

Draw a rough sketch of y =sin 2x and determine the area enclosed by the curve, X-axis and the lines x =m /4
and x =3r /4.

Find the area under the curve y =(x? + 2)? + 2x between the ordinates x =0and x =2.

Find the area of the region bounded by the curve y =2x — x2 and the X-axis.

Find the area bounded by the curve y? =2y — x and the Y-axis.

Find the area bounded by the curve y =4 — x2? and the line y =0 and y =3.

Find the area bounded by x =at? and y = 2at between the ordinates corresponding tot =1and t =2.
Find the area of the parabola y2 =4ax and the latusrectum.

Find the area bounded by y =1+ 2sin? x, X-axis, x =0 and x = 7.

© ® N O GO A W N

Sketch the graph of y = Jx + 1in [0, 4] and determine the area of the region enclosed by the curve, the axis of
X and the lines x =0, x =4.

-
o

Find the area of the region bounded by the curve xy —3x —2y —10=0, X-axis and the lines x =3, x =4.



Session 2

Area Bounded- by Two or Mdre Curves

Area Bounded by Two
or More Curves

Area bounded by the curves y = f(x),y = g(x) and the
lines x =g and x = b.

Let the curves y = f(x) and y = g(x) be represented by AB
and CD, respectively. We assume that the two curves do
not intersect each other in the interval[a, b].

Thus, shaded area = Area of curvilinear
trapezoid APQB — Area of curvilinear trapezoid CPQD

=J! frdx~[! gty dx=[" { fx) - gt de

LY
A B
y=1x)
(o} y=9K)
[6) P g X
x=a x=b

Figure 3.32
Now, consider the case when f(x) and g(x) intersect each
other in the interval[a, b].
First of all we should find the intersection point of
y = f(x) and y = g(x). For that we solve f(x) = g(x). Let
the root is x = c. (We consider only one intersection point
to illustrate the phenomenon).

Thus, required (shaded) area
= 1(x) - g+ [ g(x) - fO)}dx

Y
: iy =0k
|
! by = f(x)
1 e
(] a c b
Figure 3.33

If confusion arises in such case evaluate

Ib|f(x) — g(x) | dx which gives the required area.
a

i Poy=rg

0|

xtg Y=9¥ B

Figure 3.34

Area between two curves y = f(x), y = g(x) and the lines
x =aand x =b is always given by I: {f(x)— g(x)} dx

provided f(x) > g(x) in[a, b]; the position of the graph is
immaterial. As shown in Fig. 3.34, Fig. 3.35, Fig. 3.36.

y=gk)
Figure 3.35

Figure 3.36

I Example 17 Sketch the curves and identify the
region bounded by x=1/2,x=2,y =log, x and
y =2".Find the area of this region. T JEE 1991



Sol. The required area is the shaded portion in the following
figure.

x=1/2

x=2

- ¢
In the region s < x £2; the curve y = 2* lies above as
compared to y = log, x.

Hence, required area = jnlzz (2 - log x) dx

2!
=[ logz—-(xlogx—x)]
=(4—«/§ 5

——log2+3 sq units
log2 2 2

2

1/2

1 Example 18 Find the area given by

x+y<6,x*+y?<6y and y? <8x.
Sol. Let us consider the curves
P=y*-8x=0 (i)
c=x*+y*=6y
ie. x+(y-37-9=0 ..(ii)

and S=x+y—-6=0 ..(ii)
The intersection points of the curves (ii) and (iii) are given
by

(6-y) +y* -6y=0
ie. y=36

R(2,4)

Therefore, the points are (0, 6) and (3, 3). The intersection
points of the curves (i) and (iii) are given by

Yy =8(6-y) ie y=4,-12

Therefore, the point of intersection in 1st quadrant is (2, 4).
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Now, we know that

C < 0 denotes the region, inside the circle C =0.

P < 0 denotes the region, inside the parabola P =0.

$<0denotes the region, which is negative side of the line

S=0.

', Required area = Area of curvilinear AOMRO
+ Area of trapezium MNSR — Area of curvilinear AONSO

SN Jz;?d”%(MmNS).MN
- (Area of square ONSG — Area of sector OSGO)

2
=] ,/de+l(4+3).1-[3’—1‘—3—]
0 2 4

=(21t-—-1-) sq units

4 6

1 Example 19 Find the area of the region

{(x,y):0<y<x*+1,0S y<x+1,0<x<2}

Sol. Let R={(x,y):0<y<x*+1,0Sy<x+1,0<x<2}
={(x,y):05y$x2+l)n{(x,y):05y5x+1)

=R NR,NRy N {(x,y):0<x<2}

where, Ry = {(x,y):0<y < x*+1}
R, ={(x,y):0sy<x+1}

Ry ={(x,y):0< x<2}

Thus, the sketch of R;, R, and R; are

and

From the above figure,

Required area = J: (x* +1)dx + Lz (x +1)dx

x° ¥ T ; 23
=(T+x) +(?+x) =?squnits
0 1
1 Example 20 The area common to the region
determined by y > v/x and x2 + y? <2 has the value

(b) (2 — 1 sq units
(d) None of these

(a) m sq units
(c) (% - %) sq units
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Sol. The region formed by y 2 v/x is the outer region of the
parabola y* = x, when y20and x20and x?+yt<2is

the region inner to circle x? + y* =2 shown as in figure.

y =[x
x,y=20

Now, to find the point of intersection put y* = x in

x? +y2 =2

= *+x-2=0
= (x+2)(x-1)=0
= x=1asx20

*. Required area = J; (V2 - x? —Jx)dx

Hence, (c) is the correct answer.

1 Example 21 Find the area of the region enclosed by
the curve 5x2 +6xy +2y’ +7x+6y +6=0.
Sol. Comparing ax? + 2hxy + by® +2gx +2fy + ¢ =0, we get
a=5b=2h=3,g=7/2 f=3andc=6
= h* —ab=-1<0
So, the above equation represents an ellipse.
2y? +6(1+x)y+(5x2 +7x+6)=0
_ —3(1+x)£J3-x)(x—-1)
2

Clearly, the values of y are real for all x € [1, 3] Thus, the
graph is as shown below

=

YL
0 1 2 3 X

-3

Thus, required area

I ( 3(1+ x)— 1/(3 x)(x—lJ
1
(-3(1+x)+,/(3—x)(x—1)]dx:'

2

| [ V6= x)(x—ldxl lj’ mdx[

_{E(X—Z) —xz+4x—3+%sm (11—2)}1}

b4
= — sq units
2‘1

zZ
| Example 22 If f(x)={‘/:x—}' i:z and g(x)={x}?

(where, {.} denotes fractional part of x), then the area

bounded by f(x) and g(x) for x € [0,10] is
(@) gsq units (b) 5 sq units

(c) 1—:?- sq units (d) None of these

sol. As, f(x) ={ ek S EE g )= )P, i ook
1, x€z

and g(x) are periodic with period ‘1’ shown as

2 3 4 5 6 7 & 9 10
Thus, required area = 10 I; [,,{x} — {(xPldx

=10 j'; [(x)V? = x*]dx

Hence, (c) is the correct answer.

| Example 23 Flnd the area of the region bounded by
the curves y = x?, y =|2— x?| and y =2, which lies to
the right of the line x =1. (1T JEE 2002]
Sol. The region bounded by given curves on the right side of
x =11is shown as

&
Requiredarea= [ ** {x* = (2~ x*)} dx + [ st {4 - x7}ax



=Lﬁ(2x2—2)dx+jji(4—x2)dx
3 vz 1)?
=[2-x—-2x] +[4x—x—]
3 5 3 5
Y
\\ \\/a |/
=41 o

(o (o)

=(_ éﬁi_?):(zo—lzﬁ)sqmts

112 y

3

1 Example 24 The area enclosed by the curve
| y|=sin2x, when x € [0,2r] is

(a) 1 sq unit (b) 2 sq units
(c) 3 sq units (d) 4 sq units
Sol. As, we know y =sin 2x could be plotted as
Y
y=sin 2x
> X

1
Of ™2 \/{;v 2n
w2 2

Thus, | y | = sin 2x is whenever positive, y can have both
positive and negative values, i.e. the curve is symmetric
about the axes.

s 3n
sin 2x is positive only in0< xszandns x £ — - Thus,

; T
the curve consists of two loops one in [ 0, 7 ] and another

m[n%"]

/
Thus, required area = 4 j: : (sin 2x) dx

2x n/2
=4(____cos ) =—2(cos T — cos 0)
2

[}
=-2(-1-1)=4squnits
Hence, (d) is the correct answer.

Chap 03 Area of Bounded Regions 185

1 Example 25 Let f(x)=x?,g(x)=cos x and
a, B (o < B) be the roots of the equation
18x2 — 9mtx + 2 = 0. Then, the area bounded by the

curves y = fog(x), the ordinates x =, x = B and the
X-axis is

(a) % (m —3) sq units
T 2
- nits

(c) 5 squ

Sol.

T i
b) = sq units
()3Sq

d) = sq units
( )12 qu

Here, y = fog(x)= flg(x)}=(cos x)? = cos® x

Also, 18x% —9nx + 2 =0
=5 (B3x—m)(6x—m)=0
n T
= x=—,—(asc,p)
6 3
K T
6 3

. Required area of curve

/3 /3
=I" coszxdx=l_'l1l (1 + cos 2x) dx
x/6 PRETD

1{ sin2x]™® 1[(r ®) 1(. 2n . 2n
=—{x+——p =—9|-——— |+ |sin——sin—
2 2 Ja6 21\3 6) 2 3 6

r (B B =
216 2\ 2 2 J[ 12

Hence, (d) is the correct answer.

1 Example 26 Find the area bounded by the curves
x?+y? =254y =|4—x?|and x =0 above the X-axis.

Sol. The 1st curve is a circle of radius 5 with centre at (0, 0).

4_xz|—|1—"—z
[

which can be traced easily by graph transformation.

The 2nd curve is y =

(-5,0)\ (-4.0) 1—2',0) (4,0) /(5.0)

When the two curves intersect each other, then
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2 ; 1
x? +( 1- i‘i) =25 = x=+4 I Example 28 Let f(x)=max {sm X,COS X, 5}, then
4
2 determine the area of region bounded by the curves
Hence, required ares =2 J.o‘ [VZS =g =1 XT Jd" y = f(x), X-axis, Y-axis and x =2r.

1 2
Sol. We have, f(x)= max {sin x, cos x, —}. Graphically, f(x)

4 2 xZ 4 xZ {
=2[I°q25-x2dx—]'0 (l——;)dx+jz(l—7)dx] could be drawn as 2

=2 6+§sin"(i)—i—§ =d25sin!(2)+4
2 5) 3 3 5

1 Example 27 Find the area enclosed by | x|+|y|=1.

Sol. From the given equation, we have
lyl=1-1x]lo (~lyllo]
= -1€x<1

Here, the graph is plotted between 0 to 21 and between the
points of intersection the maximum portion is included,
thus the shaded part is required area

Interval Value of f(x)
ie. for 0Sx<m/4 cos x
for n/4<x<5m/6 sin x
for 5m/6< x<5m/3 1/2
for 5m/3< x<2m cos x

Hence, required area

n/d Sm/6 | sm/31 2n
I=I cosxdx+I smxdx+j dx+f cos x dx
0 n/4 sn/3

sm/6 2

e /4 sn/6 , 1. \sm/3 . 2
=(sin x), "~ —(cos x);,4 + 5 (x)sﬁ,6 + (sin x)s:‘ua

Therefore, the curve exists for x € [— 1, 1] only

, [ =(L_o)_ _B_1),1(sm_sm RE]
andfor—1<x<1L y==%(1—|x|) x-e-Y={-(Ix|—1) V2 2 ) 25 )0t
Thus, the required graph is as given in figure. _ (5_1! il J:;) —

. Required area = (+/2)? =2 5q units 12

Exercise for Session 2

1. The area of the region bounded by y2 =2x+1andx -y —1=0is

(a)2/3 (b) 4/3 (c)8/3 (d) 16/3
2. The area bounded by the curve y =2x — x? and the straight line y = x is given by

(a) 9/2 (b) 43/6 (c) 35/6 (d) None of these
3. The area bounded by the curve y = x |x|, X-axis and the ordinates x =—1, x =1is given by

(a)o (b) 1/3 (c)2/3 (d) None of these
4. Area of the region bounded by the curves y =2,y =2x — x%,x=0and x =2is given by

@ F.% - % (®) m%z + g (©)3log2- % (d) None of these

5. The area of the figure bounded by the cuves y =e*,y =e™ and the straight line x = 1is

1 1
(a)e + = (b)e - = (c)e + ;1 -2 (d) None of these



10.

11.

12.

13.

14.

15.

16.

b

18.

19.

20.
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Area of the region bounded by the curve y? =4x,Y-axis and the line y =3is

(@2 (b) 9/4 (c)6J3 (d) None of these
The area of the figure bounded by y =sin x, y =cos x is the first quadrant is
(@2(2-1) (b)V3+1 (©)2(3-1) (d) None of these
The area bounded by the curves y = xe*, y = xe™* and the line x =1is
2 2 1 1
a)= b)1- < = d)1-—
(@2 ®)1-2 ©)- @3
The areas of the figure into which the curve y2 =6x divides the circle x? + y2 = 16 are in the ratio
2 4n -3 4n+ 3
(@)= b (d) None of these
3 ()8n+J§ (C)Bn—ﬁ
The area bounded by the Y-axis, y=cosxandy=sinx,02x <n/2is
@22-1) ®)V2-1 ©W2+1) (d)v2
The area bounded by the curve y =l1| andy +R - x|=2is
X
(a) 4"%27 (b)2-1log3 (c) 2+ log3 (d) None of these

The area bounded by the curves y = x? + 2and y =2|x|-cos + xis
(a)2/3 (b) 8/3 (c)4/3 (d)1/3
The are bounded by the curve y2 =4x and the circle x2 + y2 —2x -3 =0iis

(a)2n+g (b)4n+§ (c)n+§ (d)n—g

A point P moves inside a triangle formed by A (0,0), 8 (1, %) .C (2,0 ) such that min {PA, PB, PC} = 1 then the

area bounded by the curve traced by P, is

@3- ®3+2 ©3-2 (d>m+3_2"

The graph of y2 + 2xy + 40| x| =400 divides the plane into regions. The area of the bounded region is
(a) 400 (b) 800 (c) 600 (c) None of these
The area of the region defined by || x| -|y||<1and x? + y2 <1inthe xy plane is

(@ (b) 2n (c) 3n ()1

The area of the region defined by 1<|x -2|+ |y + 1| <2is

(a)2 (b)4 (c)6 (d) None of these
The area of the region enclosed by the curve |y |=—(1-|x |)? +5,is

@307+ 5/F)squaits  (0)2(7+5/)squnits (0 2(55-7Nsqunits  (4) None of these

The area bounded by the curve f(x) =||tan x + cot x| - |tan x —cot x| between the lines x =0,x
X-axis is
(a)log 4 (b) logv2 (c) 2log2

= g and the

(d) V2 log2

If f(x) =max {sin X,Cos x,%}, then the area of the region bounded by the curves y =f(x), X-axis, Y-

x—5—"is
3

axis and

(a) (Ji -J3+ %‘) sq units (b) (Jﬁ +V3+ 5—2") sq units

(c) (J’i +J3+ 5_2") sq units (d) None of these



JEE Type Solved Examples :
Smgle Option Correcg Type Ouestpons

® Ex. 1 If A denotes the area bounded by Required area = 4I ? (W5-x* —1)dx
sin x +cos x . !
f(x) =| ———|, X-axis, x =7t and x =3m, then sl 2 i 1) ”
® . —lo(sm E sin 5
a) 1< A<2 (b)o<A<2
i t ;
(c)2< A<3 (d) None of these Hence, (b) is the correct answer.
ol. & <I [sinx + cosx| die ?_‘/_E ® Ex. 4 The area of the region between the curves
2r I x 2n =
!1 i X a 1’1 alnx and bounded by the lines
[ n<x<2n=—<—< J -(i) cos X
&<I3n|sinx+cosx|dx<& @ Xt Oandx-;ls JIIT JEE 2003]
3n 2 x 21
On adding Egs. (i) and (ii), we get 5 J- V21 t d
ﬂ«uﬂ ° (1+z’)~/1—rz
3n T b IJ‘— 4t
= 075<A<13 © +2W1-12
H , (b) is th t %
ence, (b) is the correct answer. ( )J-ﬁn 24: : &
. = §
® Ex. 2 If f(x)20,Yx€(0,2) andy = f(x) makes posi- e 1(1+t ; !
2+
tive intercepts of 2 and 1 unit on X and Y-axes respectively (d J‘o z&\/_z_
and encloses an area of 3/4 unit with axes, then (+t5)WV1-t
.f xf(x) dx is » Sol. Required area = I e [Jm _Jl—i‘t dx
5 3 ° cos x cos x
(a)—- (b)1 Q= -7 1+sin x _ 1-sin x
4 3 4 3 4 e > 0)
2
Sol. I =xf(x)|i- [, frdx=0-2=-7 A% omx
x 2
Hence, (d) is the correct answer. s 2tan = ' 2 tan z
2 X x
® Ex. 3 The area of the region included between the _ _[ n/a Ltan = B 1+ tan® z | 4
regions satisfying min (/x |, |y [) 2 1and x* + y2<5is 0 R ) -
2 2
S . 42 _-,1) o,y 7 ‘
a) —| sin_'—=—sin"'—= [-4 (b) 10(sm —=sin" — [-4 2 X x
(a) 2( JE JE JE J§ 1+ tan = 1+ tan
2( .42 .41 (._,2 ._11)
c)—=| sin —sin” —|-4 (d) 15| sin"—=—sin" —= |-4 x x
e i) Bl iy P
Sol. Shaded region depicts min (| x|, |[y[) 21 o Tt v 16t
2 2

Y

%

(1.2) \ _ ml+tan——l+lan— - -
1 s dx= |’ .
2.1) 1-tan®= ‘ tanz—

X Put tan—:-=t

-1 1

g Area = j e al dt
= ° (1+r’)31-:’

Hence, (b) is the correct answer.




JEE Type Solved Examples :
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More than One  Correct Option Type Ouestlons

® Ex. 5 LetT be the triangle with vertices (0,0),(0, c?) and
(c,c?) and let R be the region betweeny = cx andy = x?,
where c >0, then

3 3
(a) Area (R) = 56— (b) Area of R= L
3

. Area(T) . Area(T) 3
(c) lim ————== d) lim ———~===Z
—0* Area (R) ¢ )c-I;T‘ Area(R) 2
2
Sol. Area(T)=%5 -
2
=2 y=cx
(X5 ccd
(0.-0)
3 3
Area(R) = ——J x* =c——%=c—
AreaT) _ . & 6 _,
c—0* Area(R) e 2 ¢

Hence, (a) and (c) are the correct answers.
® Ex. 6 Suppose f is defined from R— [-1,1] as
2 -
f(x)= iz——1 where R is the set of real number. Then, the
x“+1

statement which does not hold is
(a) fis many-one onto
(b) fincreases for x > 0and decreases forx<0
(c) minimum value is not attained even though fis
bounded
(d) the area included by the curvey = f(x) and the line
y = 1is 7 sq units

=1 2
Sol. =1-—
Gl z+1 x*+1
fx)= x>0fnsmcrcasmgandx<0f|sdecreasmg.

1)

~
N/

(0-1)

Y

= (b) is true; range is[-1,1) = into => (a) is false; minimum

value occurs at x =0and f(0) =-1 = (c)is false.

2
- x* -1 ~ dx
‘4=2L[ x2+1]dx—40—x2+1

2n = (d) is false.

S i n
=[4-tan ' x]7 = =S

Hence, (a), (c) and (d) are the correct answers.

n
cos x, 0Sx<—

2
n 9
——x|,—<x<m
2 2

® Ex. 7 Consider f(x)= ( such that f

is periodic with period T, then
2
(a) the range of fis [O,KT]

(b) fis continuous for all real x, but not differentiable for
some real x

(c) f is continuous for all real x

(d) the area bounded by y = f(x) and the X-axis from

X =—nmto x =nmis2n 1+; foragivenne N

[ cos X, 0<x< il
Sol. Given, f(x)= = 3. = £ and f is periodic with
(; o ) 5 ; <x<T

period 7. Let us draw the graph of y = f(x)
2
From the graph, the range of the function is [0, n_]
4

It is discontinuous at x = nm, n € I. It is not differentiable

atx=ﬂ,nel.
2

3W2 2n SW2 3 Tw2 4 X

Area bounded by y = f(x) and the X-axis from —n7 to nnt for
neN

N f(x)dx=zn[j’” cosxdx+[" (——x)zdx]

3
=2n 1+n—
24

Hence, (a) and (d) are the correct answers.
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® Ex. 8 Consider the functions f(x) and g(x), both
defined from R—> R and are defined as f(x) =2x - x* and
8(x) =x" wherene N. If the area between f(x) and g(x) is
1/2, then n is a divisor of
(a) 12 (b) 15 ()20 (30
Sol. Solving, f(x)=2x-x* and g(x) = x" we have
2x—-x*=x" = x=0and x=1

/g(x)=:(’

e f(x) = 2x-x°

2

3 w17
A =I;(2x—x’—x“)dx=[xz—x?—x,l ]0

n+1
1 1 2 1

3 n+1 3 n+1
. 1 1 2 1 1
Since, ———=— ———=
n+l1 2 3 2 n+1
4-3 1
= _—= = n+1=6
6 n+1
= n=5

Thus, n is a divisor of 15, 20, 30.
Hence, (b), (c) and (d) are the correct answers.

JEE Type Solved Examples :
Passage Based 0ug§tions

© Ex. 9 Area of the region bounded by the curvey =e*
[T JEE 2009

() [In(e+1-y)dy

and lines x =0 andy =e is
(a)e—-1
(c)e—J; e~ dx (d) I:Inydy
Sol. Shaded arca = e—( [ @ dx) =1

Y

sl X

(o) 1

Also, I:ln(e+ 1-y)dy

Put et+l-y=t
= —dy =dt

=J';lm(—dt) = I:m:dt

=I:lnydy =1

Hence, (b), (c) and (d) are the correct answers.

Passage I
(Q. Nos. 10 to 12)

Consider the function f(x)=x> — 8x? +20x —13.

© Ex. 10 Number of positive integers x for which f(x) is a
prime number, is
(a1 (b)2
()3 (d)4
Sol. f(x) =(x=1)(x* =7x+13) for f(x) to be prime atleast one of
the factors must be prime.

Therefore, x=1=1
= x=2
or x*=7x+13=1
= X -7x+12=0
= x=3o0r 4
= x=2734

Hence, (c) is the correct answer.

® Ex. 11 The function f(x) defined for R— R

(a) is one-one onto
(b) is many-one onto
(c) has 3 real roots

(d) is such that f(x,)- f(x;) < 0 where x, and x, are the
roots of f'(x)=0

Sol. f(x) is many-one as it increases and decreases, also range of
f(x) € R = many-one onto.

Hence, (b) is the correct answer.

® Ex. 12 Area enclosed by y = f(x) and the coordinate
axes is

(a) 65/12 (b) 13/12
(c) 7112 (d) None of these
1
Sol. A= Iof(x) dx|= -j ' —8x + 20x-13) dx = %
0 12

Hence, (a) is the correct answer,



Passage 11
(Q. Nos. 13 to 15)

Let h(x) = f(x) — &(x), where f(x)=sin* nx and
gx)= In x. Let X, X1, X2,..., X047 be the roots of f(x) = 8(x)
in increasing order.

o Ex. 13 The absolute area enclosed by y = f(x) and
y =&(x) is given by

@Y I::"(—1)’h(x)dx (b)i 77 ) o
r=0 r=0 " X"

@23 [ U H @18 [y hn o
r=0 r=0 5

12

X 1
y=9K)

Hence, (a) is the correct answer.

) 32 X, 2 X512 x3 3

® Ex. 14 In the above question, the value of n is
(@1 (b)2 ()3 (d)4
Sol. x,yy =x3 =>n=2

Hence, (b) is the correct answer.

® Ex. 15 The whole area bounded by y = f(x),y = g(x)
and x =0 is

1 8 13
@ (b) y ()2 @5

1 11
Sol. Required area = J; sin* nxdx—jo In xdx= T

Hence, (a) is the correct answer.

Passage III
(Q. Nos. 16 to 18)
Consider the function defined implicitly by the equation
y* =3y + x =0 on various intervals in the real line. If
X € (—00,-2) U (2, 00), the equation implicitly defines a
unique real-valued differentiable functiony = fO). If
X €(~2,2), the equation implicitly defines a unique

real-valued differentiable functiony = g(x) satisfying
8(0) =o0. [IIT JEE 2008]

® Ex. 16 If f(~10¥2) =242, then f "(=102) is equal to

42 42 42 a2
(a)7—33? (b)—7331 (c)ﬁ d) =

Sol. .., Y =3y+x=0
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On differentiating, we get3y®y’ =3y’ =1=0
1
= y=—

3(1-y?)
- ¥ (-1042) = m ()
Again differentiating Eq. (), we get

6~2«/5-(2—11-)2 Y

3(1 —8) - 73 5 32
Hence, (b) is the correct answer.

y"(—lOw/E) =

© Ex. 17 The area of the region bounded by the curve
y = f(x), the X-axis and the line x =a and x = b, where
—o<a<b<-2is

b X
O gy et @)

b X
—| ———=———dx - bf(b)+
(b) J'a SO I]dx bf (b)+af (a)

dx — bf (b) +af (a)

X

b
O seroT

b X
@-f, T dx — bf(b)+af (a)

Sol. Required area = J':f(x) dx = [xf(x)); -I bxf'(x) dx
= bf(b) - af(@) + [ '——=

o X
23 f(}F -1]
Hence, (a) is the correct answer.

® Ex. 18 Jlllg'(x) dx is equal to

(@)2g(-1) (b)o (0 -2g()  (d) 2g(1)

Sol. = ¢(x) dx =[g()Lt, = gt)- g(-1)
Since, Y =3y+x=0 (i)
and y = g(x)
Since, {g(x)F -3g(x)+ x =0 (by Eq. ()]
Atx=1, {g) -3g()+1=0 )
Atx=-1, {g(-1))-3g(-1)-1=0 . (iii)

On adding Egs. (i) and (ii), we get

{F + {g-1)* -3{g(1) + g(-1)} = 0

{g()) + g(-D}Hg()* + g(-1)* - g(1)g(=1)-3} = 0
= g)+ g-1)=0,g1) = - g(-1)
= I=g)-g-1)=gl)-(-g(1) =2g(1)

Hence, (d) is the correct answer.
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Subjective Tyne Questions

® Ex. 19 Find the total area bounded by the curves

2
y =cos x —cos? x andy = x* ( L ]
4
2
Sol. Here, y =cos x — cos® x and y = x° [xz - 1:_] could be
4
drawn as in figure.
< y =X~ "72)

X

y=Cos X
- cos2x

e

n/2 n?
2-[0 (cosx—coszx—x‘+—x2)dx
4

(N1

Thus, the area = 2'[0"/2 [(cosx- cos’x) - {xz (

/2
. x sinzx x*  aiAl
=2|sinx-—-—-———-——+—
2 4 5 12
5
=l 2 F4s
2 120

® Ex. 20 A curvey = f (x) passes through the point

P (1,1), the normal to the curve at P isa(y —1) +(x —1) =0. If
the slope of the tangent at any point on the curve is propor-
tional to the ordinate of that point, determine the equation
of the curve. Also obtain the area bounded by the Y-axis, the
curve and the normal to the curve at P.

Sol. Here, slope of the normal at P (x, y). Y=

1

lope of the li —1)+(x-1)=0is——

= Slope of the linea (y —1) + (x ) is - Sol.
.. Slope of the tangent at P =g,

(%),

dx
It is given that the slope of the tangent at any point on the
curve y = f(x) is proportional to the ordinate of the point.

()

dy dy
—_ e = — =A
dx y dx y
- ("_y) Ik =% @k
dx ] 1)
d
L:ay = —=adx

dx

1+x

= log y =ax + log ¢

= y =ce™,  which passes through P (1, 1)
c=e"

= Curveis y=e‘e” = y=e D

~.Required area = L I 1_“(log y+a)dy+ Ll * lm((l +a)—ayldy
a’e

142

L

1 1 a 2
;[y(logy—-l)+ay)‘_¢ +{(1+a)y—5y

1

(-1+a)—-e “(—a—1)—ae™ 9

+[|:(l+a)(l+%—l)—

1
;[-1+a+ae“’+e"’ —ae“‘]+[_

R

1
=—(—1+a+e"‘)+(l+1—1—i)
a a 2a

® Ex. 21 Sketch the region bounded by the curvesy = x* and

=3 Find the area.

For intersection point, x? =

2

1+ x

X+ xt-2=0

ie.

: 2 2

ie. (x*+2)(x*-1)=0
ie. x=%1




1
Hence, required area = 2 Io ( : 2 > —x* ] dx
+x

3 1
=2[2 tan™! x - X =2(£—1)
3 n 2 3
o Ex. 22 Find the area enclosed between the curves
1
y =log(x +e); x=log, (—] and X-axis.
y
Sol. The given curves are y = log (x + €) and
x=log,(l]=l=e‘ Sy=e*
y 2 4

Using graph transformation we can sketch the curves.
X ==8 Y

0.1)

{1-e.0) |O X

Hence, required area = j,o_, log (x + e) dx + J'; e *dx

=.[. log(t)dt+jn e % dx
(putting x + e =1t)
=[tlogt—t]—[e "]y =1+1=2

® Ex. 23 Find the area of the region bounded by the curve
c:y =tan x, tangent drawn to c at x = 1t/4 and the X-axis.
Sol. The given curve is y = tan x

dy

= =sec’ x
dx
(d_y) =scc21—c-=2
dx) —nsa 4
%
1 P,
+ X
% T N

Nso.atx:%;y:l
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. The equation of the tangent to the curve at the point

(z0)e i3

n 1
=0;x=———=OT
Y 4 2

when
Now, the required area = Area of curvilinear AOPN — Area of APTN
=I:“ (tan x) dx —%“ NT - PN

_ u/4_1(£_£+1).,=l(1° 2_1)
= [log (sec x)]g ali 473 2 g 2

© Ex. 24 Find all the possible values of b >0, so that the
area of the bounded region enclosed between the parabolas
2

y=x—-bx*andy = %— is maximum.

2
Sol. Eliminating y from y = XT and y = x — bx?, we get
x? = bx — b*x*
b
=0, —2 =
1+ b%

by

7 (1%12"’) \x

Thus, the area enclosed between the parabolas,

b/(1+ b2 J
A= b - X | ar
0 b

b+ b 2
=J'°l {x_xz(l-;b )}dx

2
=(X_z_x_].1+bz}b“+b_l p?
2 3 b ), 6 (1+b%?°

For maximum value of A, % =0

put JA 1 (4B 26220 +b%)-26 1 b(1-b?)
db 6 1+ b3t 3 (1+b%)°

dA ;
Hence, Y =0givesb=-1,0,1sinceb >0
Therefore, we consider only b = 1

Sign scheme for % around b =1is as below

0 +

1 -

From sign scheme it is clear that A is maximum.
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® Ex. 25 LetC, and C, be the graphs of the function
y =x* andy =2x,0 < x 1, respectively. Let Cy be the graph

of a functiony = f(x);0 < x <1, f(0) =0. For a point P on C;,
let the lines through P parallel to the axes, meets C, and C3
at Q and R respectively. If for every position of P on(C,), the
areas of the shaded region OPQ and ORP are equal, deter-
mine the function f(x). [IIT JEE 1998]

Sol. On the curve G, i.e.y = x°.

Let P be (o, &.%). So, ordinate of point Q on C, is also o.%.

2

Now, C, ( y =2x) the abscissae of Q is given by x = _}'2_ = %— .
ol |

- Qis 2 o |and Ron Csis {o, f(x)}

2 2
Now,eu'eaofAOPQ=“":z (x,—xz)dy=J: (J_—Z)dy

2 4, at )
=Za-= W
3 4 ®

Again, area of AORP = j: Oh— yo)dx = j:z{x’— Fx)} dx ..

Y 4
(1/2,1)

y [o
Q

L

C; A

©.1) (.1

(1.0

X

Thus, from Egs. (i) and (ii), we get
2° of a
—_———= x* = f(x)} dx
- =], -1
Differentiating both the sides w.r.t. o, we get
202 -’ =0’ - f(@)

o fo)=o-a? = f(x)=x-x

® Ex. 26 Find the area of the region bounded by the
log x
ex [T JEE 1990]
Sol. Both the curves are defined for x > 0. Both are positive when
x >1 and negative when 0 <x <1
We know that, lim log x = — o
x—=0*

curvesy =exlog x and y =

; log x
lim 2£X_,_
x=0" ex

Therefore,

Thus, Y-axis is asymptote of second curve.
and lim ex log x [(0) (= <) form]
x>0

_ elog x
—x—‘o‘ T
_ e(1/x)
B x=0" (‘l/xz)

Thus, the first curve starts from (0, 0) but does not
include (0, 0). Now, the given curves intersect therefore

(— = form)

=0 (using L’Hospital’s rule)

log x
log x=——
ex log =
ie. (e’x* —1)log x=0
ie. x=1, L (- x>0)
e
AY
1
e —X
0 i 1

Therefore, using the above results figure could be drawn as
bgx ex log x ) dx

1
.. Required area = L/ (
d ex

e -5

- [M],‘ —e [xTz(zlog x—l)ll,,=

e
B le

® Ex. 27 Let A, be the area bounded by the curve
y =(tan x)" and the lines x =0,y =0 and x =% - Prove that

forn>2,A, +A,_, = and deduce that

n

< .
2n+2 2n-2

Sol. First part We have, A, = J :“ (tan x)" dx

n/4

Hence, Ap_z= J (tan x)"~2 dx

A+ A,._z=j:“ (tan x)" "2 (tan® x + 1) dx

0

n/4
=I° (tan x)" "2 - sec? x dx

Let tan x =t, so thatsec? x dx = dt

1
A,.+A,._2=j':"‘=d:=( r ] - -0
o n-1 " n-1
Second part
Since, 0<x<m/4 .. 0<tanx<1
= tan"*? x <tan" x < tan""? x
= J:“ tan""zxdx<J.:“ tan"xdx<J':“ tan" "% x dx

= At 2<ARA L D A+ AL, <2A, <A+ A2



1
n—1

<24, <

n+1

1 1
2(n+1)<A"< 2(n-1) [using Eq. (i)]

o Ex. 28 Consider a square with vertices at (1, 1) (-1,1),
(-1,-1) and (1, -1). Let S be the region consisting of all
points inside the square which are nearer to the origin than

to any edge. Sketch the region S and find its arequit JEE 1995]

Sol. For the points lying in the AOAB the edge AB,i.e.x=1is
the closest edge. Therefore, if the distance of a point P (x, y)

(lying in the AOAB) from origin is less than that of its
distance from the edge x =1 it will fall in the region S.

OP < PQ
Y
P
b A
A
)
x
O
C B
y=-x
= J+yr<1-x
= x2+y2$x2—2x+1

= y2 <1-2x

Similarly, for points lying in the AOAD the side y =11is the

closest side and therefore the region S is determined by
x*<1-2y

Since, the edges are symmetric about the origin. Hence, by the

above inequality and by symmetry, the required area will be the
shaded portion in the figure given below

N,

U=

N

Now, when the curves y? =1 —2xand y = x intersect each
other, then
x’=1-2x = x*+2x-1=0

= X=J2——l,—\/§—l
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Hence, the intersection points in the first quadrant is
WZ-1,42-1).
. Required area =8 [Area of curvilinear AOLM]

=g[%(\/5-1)(\/5-1)+'[‘,’:_1 T-2x dx]

[ _ sz N3 1
=8 l(3-2Ji)+[M] J
2 3(-2) Vi-1

4
_;(4,\/2'—5)

® Ex. 29 Sketch the region included between the curves

x2 +y?=a? and /|x|+,[|y | =va (a >0) and find its

area.
Sol. The graphs| x|+|y|=aand| x|? + |y |* = a* are as shown
in figure.
Y
(0.a)
a,0) 0 @0 X
(0,-a)

From the figure it can be concluded that when powers of | x|
and| y | both is reduced to half the straight lines get stretched
inside taking the shape as above.

Thus, required area = 4 [shaded area in the first quadrant]
[ma? a i
=4 — - - 2
| 5L e |
(since in 1st quadrant x, y > 0), hence

WxT+{iyl=va=Vx+Jy=+a

= y=Wa - Jx)?
(0,a)
X+ 92 =a?
(a.0)
(-a.0) o)
Tl iyl =[a
©.-a) X1 +1yl=a

Hence, required the area = ( T -

wiN

)
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© Ex. 30 Show that the area included between the parabo-
lasy? =4a(x+a) andy? =4b (b - x) is%(a +b) Vab.
Sol. Given parabolas are
y?*=4a(x +a) wald)
y2=4b(b-x) ..(ii)
Solving Egs. (i) and (ii), we get

x=(b-a) and y=%2+ab
~. Pand Qare (b —a,2ab)and (b —a,-2ab) respectively,
and the points A and A’ are (- g, 0) and (b, 0), respectively.

//;///,,/////
@

Now, required area = Area APA’ QA =2 Area APA’ A
=2 [Area APMA + Area MPA" M]

‘Z[I: 2 Ja(a+x) dx+j z,(b(b—x)dx]
=4-JZI_:¢ ,[a+xdx+4\[5_“b_n ‘[b—xdx

b-a b
=4J-a-[§(a+x)3/z] +4JE|:—§(b—x)m]

-a b-a

and

I

8~/—

=§ Va (6% + 222 (a)2 = Ja?(a + b) sq units

® Ex. 31 Determine the area of the figure bounded by two
branches of the curve(y — x) 2 = x? and the straight line x =1.
—x)?=x
y-x=% xJx
y=x+x Jx (1)
y=x-x Jx L.(id)
...(iii)

Sol. Given curves are (y

and x=1

Which could be drawn as; shown in figure.

| 4= mmmmm =

>

Hence, required area

=I°l{(x+ x x)=(x—x Vx)} dx
:J: (2x Jx) dx

O ey .
-ZJ'o x° dx .- sq unit

® Ex. 32 Prove that the areas Sy, S, S,,... bounded by the
X-axis and half-waves of the curvey =e~®* sin Bx, x [o.

form a geometric progression with the common ratio
g= e " a/[i.
ax

Sol. The curve y =e”
points where y = 0.

sin Bx intersects the positive X-axis at the

. T
= sinfx=0 = x,,="—,n=0,1,z...

B

The function y = e~ ** sin Bx is positive in the interval

(x2k. Xz k +1) and negative in (X,x 4 1, Xk 4 ), i.e. the sign of the
function in the interval (x,, x, , ;), therefore

(n+1)m/p
S" - In n/B

_H(-l)"”e""
a? +p?
=% {1+ e"“”a}
Be-(n*l)nulﬂ 1+ e—nu/a]
Hence, g = = (az * Bz) —emB
s, Be"ROB (4 ¢ R b)

a? + p?

e~ % sin Bx dx

(n+1)n/p
(o sin Bx + B cos Px) }

nx/f

which completes the proof.

® Ex. 33 Letb#0andfor j=0,1,2,...,n. LetS; be the area

of the region bounded by Y-axis and the curve x - e® = sin by,
+1 ;

IZ: <y S(j b) .Show that S, S,,S,,..., S, are in geomet-

ric progression. Also, find their sum fora=-1and b =m.

b
Sol. Herc,S;:lJ‘(hl)n/ . yl: J‘UH)'”’

~ay sin by
Jrib € d}'

Jnib




e~ (J+0rb
m(—nsinby—bcosby) }

Inib

-afr

e—n(}*l)n/b

a® + b?

e~aU+Dnib
=]b|{“

X0 E -0 s

at+b
e—ajn/b
per
a® + b?

a’ +b?
e—njr:/b an/b
=|b|a2+b2[e +15{j=0,12..,n
s”l e—a(]¢ 1)nr/b ~am /b
Now, 5 =1l ——— ™™+ 1) | b E— (i, 1)
J] a“+b a’ + b?

=e" ™" forall j=0,1,2 -
Hence, Sy, Sy, S5, ..., S, are in GP with common ratio e/,
Fora=-1and b = &, we have

J
g =& mle+1)

1 J=0,1,2 .,
ntv1 ) st
i51=i ¢M§e+l)=(e+l)1|: et
J=0 J=0 n°+1 T+1 e—1
© Ex. 34 For any real
el +e! t_ -t

tx=2+ y=2+%

is a point on the hyper-

bola x* —y? — 4x + 4y —1=0. Find the area bounded by the
hyperbola and the lines joining the centre to the points
corresponding to t, and —t;.

t 3 el d

P, o-
+ e —e
Sol. The points x=2+u—-.y=2+

is on the curve

(x=2)%-(y-2)%=1 or xt—yt—dx+4y-1=0

LY
o
A’ A -
(]
~4)
Q
Put(x-2)=x,(y -2)=y
t ~t g =t
2 _ .2 =€ o EOE
x*-y*=1 and x= = 2

We have to find the area of the region bounded by the curve
x* - y% =1 and the lines joining the centre x =0,y =0to the
point(t;) and (- t,).

4oy

~.Required area =2 | Area of APCN — Il ¥ e
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3{55=) (557 ] )
(252 ()

2 -2
. 1¢n % -2 _
— zjo (e* +e % -2)dt
e —e ™ l[ez" e ]‘l
= e [ -2
4 2 2 2 5
e¥—e® 1| e ™ 1
= -— —- =24 |=4
4 2 2 2 J

® Ex. 35 Find the area enclosed by circle x* +y? =4,

2 L2 X x
parabolay = x* + x +1, the curvey =| sin 3 +cos— [and
X-axis (where, [.] is the greatest integer function).

Sol. - y=[sin2£+cos£]
4 4

1<sin’§+cos§<2 for x € (-2, 2]
.2 X x
& o = 1=1
y [Sln 2 cos o J
Y
(0.12)
2,0\-B8 -1 -1/2[0 . X

13)(2,0)

0.-2)

Now, we have to find out the area enclosed by the circle

2
x2+y2=4.parabola(y—%)=(x+%) ,line y =1and

X-axis. Required area is shaded area in the figure.
Hence, required area

=J§x1+(ﬁ—l)xl+f:(xz+x+l)dx+2IJz_§(,’4—x2)dx

0
=(2«/§—1)+|:x—3+x—z+x +2r£\/4—x2+2sin"(£) ’
: 2 -1 |~z 2)15

=(2\/§-1)+|:0—(-%+%—l)]+2[(0+n)—(i2§-+2?"]]

5 2n 2
=(2\/§-1)+—+—— 3=(—"+ 3—l)squnits
6 3 3 6
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@ Ex. 36 Let f(x)=max {x*,(1— x)%, 2x(1— x)}, where
0 < x <1. Determine the area of the region bounded by the

curvesy = f(x), X-axis, x =0 and x =1. [IT JEE 1997]
Sol. We have, f(x)=max {x% (1 — x%), 2x(1 — x)}
Graphically it could be shown as;
W Y
\<= a2 8

O

max 1) ]

S

%, g ¢
‘O/Gg;-,.. y=2x(1-%)
4)0‘.
"...o X

For figure it is clear that maximum graph (i.e. above max graph
is considered and others are neglected).

Forxe[o,—;- ], K <2x(1-x)<(1-x)°

Forxe[

Wi

], x*<(1-x)?<2x(1-x)
1

-
IN NIH

Forxe{— ,(1-x)?<x*<2x(1-x)

23
Forxe[g,l ], 1-x)P<2x(1-x)<x*

Hence, f(x) can be written as
1-x7,
2x(1-x),

%2,

for0<x<1/3
for1/3<x<2/3

for2/3<x<1

fx)=

Hence, the area bounded by the curve y = f(x); X-axis and the
lines x = 0 and x = 1 is given by

3 i 23 1,
=jo (1-x) dx+Jm 2::(1—Jt)¢br+‘|'z/3 (x*) dx

—Hs unit
27 L

® Ex. 37 Find the ratio in which the curve,
y =[—001x* =002 x?] [where, [] denotes the greatest inte-
ger function) divides the ellipse 3x2 4 4y2 =12.
y =[-0.01 x* - 0.02 x?]
=-1,when-2<x<2
y =—1cut the ellipse 3x* + 4y* =12

2.2

8
Atx’== or x=%t—F
3 ra

Sol. Here,

ie.

0~
Ve f12—3 2
Required area=j_22353 { == x —1} dx
./’ 2613 2613
jzf/: 4~ d J.zfla
=Zsin"J_+—-—\/_
3
-2,-3<x<0
® Ex. 38 Let f(x)={ , where

x—2,0<x<3

g0 =min {f(| x|) +| f(x)|, f(| x|) =| f(x)|}. Find the
area bounded by the curve g (x) and the X-axis between the
ordinates at x =3 andx =—3.

2,-3<x<0

Sol. Here,
= A== { x-2 0<x<3
-3<x<0
| f(x)|= —Jc+2, 0<x<2

x—-2 2<xS53
-x—-4-3<x<0

- fUxD =1 flx) | ={2x - 4. 0<x<2
2<x<3
1Y
f(x)
/(3'.1)
-3 0 ) aﬁx
-2
Graph of f (x)
Y
1 y = (Ix])
-2 [0) 2 —pX
0.-2)

Graph of f (|x])



Graph of | (x)|
y

O 'X
3-1) 2 3

(0.-4)
Graph of g(x)
Since, | f(x)|is always positive.
&(x) = f(| x|) = | f(x)|
where the graphs could be drawn as shown in above figures.
From the graph, required area

1 1
=E(1+4)x3+(5x2x4)+0=22—3squnits

® Ex. 39 Let ABC be a triangle with vertices

A=(6,2(+/3 +1)), B=(4,2) and C =(8, 2). Let R be the region

consisting of all those points P inside A ABC which satisfy

d (P,BC)=max {d (P, AB),d (P, AC)}, where d (P, L) denotes

the distance of the point P from the line L. Sketch the

region R and find its area.

Sol. 1t is easy to see that ABC is an equilateral triangle with side
of length 4. BD and CE are angle bisectors of angle B and C,
respectively. Any point inside the A AEC is nearer to AC
than BC and any point inside the A BDA is nearer to AB than
BC. So any point inside the quadrilateral AEGC will satisfy
the given condition. Hence, shaded region is the required
region, whose area is to be found, shown as in figure

A 2(3+1)

B C(8,2)
(4.2)

1
Thus, required area =2 Area of AEAG =2 X 5 AE X EG

=-;—ABxg-CE=-;-x4x,/4’—2'
43

= —— 5q units
3 q
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° Ex. 40 Let0(0,0),A(2,0) and B (1. -]—3) be the vertices

5
of a triangle. Let R be the region consisting of all those
points P inside A OAB which satisfy
d (P, 0A) < min{d (P,OB),d (P, AB)}, when d’ denotes the
distance from the point to the corresponding line. Sketch the
region R and find its area. [IIT JEE 1997]
Sol. Let the coordinate of P be (x, y).

Equation of lineOA=y =0

Equation of line OB = VBy=x

Equation of line AB = By=2-x

d(P, OA) = Distance of P from line OA = y

d(P, OB) = Distance of P from line OB = 1By = x|

2
d(P, AB) =Distance of P from line AB = I—M
Y

8 (1)

*p

0l(0.0) A(2,0)

Given, d(P, OA) < min {d(P, OB), d(P, AB)}

y <mind Y3 =x| |3y +x-2|
2 2
[V3y —x|
=y yshz (i)
[V3y +x-2|
& =
and y_—“2 (i)
Casel If yslsfiy;xl
2
< X3y . J3
y< ;  rlex> 3y (= V3y -x<0)
= @+VB)y<x
= y<@-3)x
= y < x tan 15° ..(iii)
(" ¥ = x tan 15°is an acute angle bisector of ZAOB)
Casell 16y <Y *x-21

2
= 2y Sz—x—ﬁy
@+3)ys2-x
y<=-2-3)(x-2)
y S—(tan 15°) (x - 2) (iv)
[y =(x -2) tan 15° is an acute angle bisector of CA)

(i.e.v3y + x=2<0)

L1
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From Egs. (iii) and (iv), P moves inside the triangle as shown in
figure.

C
(1.0)

'

As ZQOB = Z0BQ =15°, AOQB is an isosceles triangle
= OC=AC= unit

Area of shaded region =area of AOQA = % (base) % (height)
= % (2) (1 tan 15°) = tan 15°
=2- «/5) sq units

® Ex. 41 A curvey = f(x) passes through the origin and

lies entirely in the first quadrant. Through any point P(x,y)
on the curve, lines are drawn parallel to the coordinate axes.
If the curve divides the area formed by these lines and coor-
dinate axes inm:n, find f(x).

Sol. Area of (OAPB) = xy, Area of (OAPO) = jo’ () dt

Y4 y=f)

B P=(xy)

A X

Therefore, area of (OBPO) = xy — on f(t)dt
According to the given condition,
xy -, fwde
[, foa
= nxy=(m+ n)J'o’ f(t) dt
Differentiating w.r.t. x, we get

n( x%+y)=(m+n)f(x)=(m+ n)y,asy = f(x)

= |3

L0 = 2. (log x) = log y — log ¢, where cis a constant.
y n

x
yzmm/n

l =

® Ex. 42 Find the ratio of the areas in which the curve

3
y=|:]:70+% ]divides the circle x* +yz —4x+2y +1=0

(where, [.] denotes the greatest integer function).

Sol. We have, x> + y2 —4x+2y +1=0

or (x-2) +(y+1) =4 )
Y

-2 +(y+1)?=4

/M@,O)
XX XX XX Ax

(2+/3,0)

x3 X
& =(100+35)'°
for 0<x<4

Now, for0 £ x < 4,

©  x 2 x|
SITO+3—5<1 = ll_(5+g ]—0
So, we have to find out the ratio in which X-axis divides the
circle (i).
Now, at X-axis, y=0
So, (x-2)%=3
So, it cuts the X-axis at (2 — /3, 0) and (2 + /3, 0).

2+43
Therefore, required area, A = J’z:ﬁ (Ya-(x-2)*-1)dx

_4n-343
3
A _4n-33

Required ratio = =
9 am-A 8m+3\3

® Ex. 43 Area bounded by the liney = x, curve
y = f(x),( f(x)>x,V x>1) and the lines x=1,x=tis
(t+1+t2)-(1 +2) forallt >1. Find f(x).

Sol. The area bounded by y = f(x) and y = x between the lines

x=1and x=tis L‘l ( f(x) = x) dx. But it is equal to
t+1+2)-(1+2).
So, .‘: (fx)=x)dx=(t+ J1+ ) =(1 + V2)
Differentiating both the sides w.r.t. t, we get

FlE) = L g

t
= f(=1+t+
\/1+t2 JH:’
or f)=1+x+—=
\/l+xz

® EX. 44 The area bounded by the curvey = f(x), X-axis
and ordinates x =1and x = b is(b —1) sin (3b + 4) , find f(x) .
Sol. We know that the area bounded by the curve y = f(x), X-axis

and the ordinates x =1and x=b is Ix f(x) dx.

From the question; Ilb f(x)dx=(b-1)sin(3b + 4)
Differentiating w.r.t. b, we get

f(b)-1=3(b—1) cos(3b + 4) + sin (3b + 4)
= f(x)=3(x=1) cos(3x + 4) + sin (3x + 4)



o Ex. 45 Find the area of region enclosed by the curve

x-y ) +y)?
( o); e 2(a>b), the line y = x and the pos-
tive X-axis.

i 0 e A
a* b?
and minor axes are x =y =0 and x + Y =0, respectively,

The required area is shown with shaded reglon,

Sol. The given curve =2 1s an ellipse major

y ==Xy,
g

Instead of directly solving the problem we can solve equivalent
problem with equivalent ellipse whose axes are x = 0 and y =0,

The equivalent region is shown as (OA’ B 0) where the

2
equation of ellipse is i.x' + {—J =1
a

" Required area = Area (AOA’ A" + A’ A" B')

where A= ab ab

X}
AOA’A":l % ab ab a

1 .
X |- - = Lol
Area 2 Jal+ bt \/ﬂ2+ b 2( a*+ b ] -

ArcnofA‘B’A"=I“ ab

b [l--’fi]dx
Ju'i-b“ a’

bl x 3 a g X
P et —-x* +—sin" —
al 2 4 x 2 a '1 f]
ab/\Ja® + b
ab . 2

a’b?
¢ -az+h")
= b
;}aa+b'
bl ma® a® . b __ab _
Ta| Ta T |\ JEer ) 2@ ed)
b a’b?

Hence, required area = Sum of Eqs. (i) and (ii)

(i)

=‘11.'ab ab
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® Ex. 46 Let f(x) be a function which satisfy the equation

S(xy) = f(x)+ f(y) for all x >0,y >0 such that f'(1)=2.
Find the area of the region bounded by the curves

y=f(x)y=|x* =6x* +11x =6|and x =0,
Sol. Take x =y =1=> f(1)=0

1
Now, y=—
5 oas(wt)emnrs() = s(5)=-sw
-'-f(£)=f(:f)+f(%]=f()r)-f(y) i)
y
Now, ['(x)= lim (x+hz—f(x)
h
s X+
= lim —-——-—-——-( L ) [using Eq. (i)]
h=>0 h
h
flr+= |-f0)
i ( h”) L0 1 y=0)
h=»0 x
7
Se=z

= f(x)=2log x+¢
= J(x)=2log x
Thus, f(x)=2log xandy =| x* =6x* + 11x — 6| could be
plotted as

[since, f(1)=0=>¢c=0]

y y =2logx
y=|x= 6+ 11x-6|

c
Hence, required area

1
=J'° (x* =6x* + 11x —6) dx + I ° e dy

1
x* 6x®  11x?

=| - = —6x | +2(e”?)°
[4 3 2 . (")

(%—2+%—6)—(0)+2(e°—c'")

11 1
— —8+2=-—squnit
2 4

1
—+
4

© Ex. 47 Find the area of the region which contains all the
points satisfying condition| x — 2y | +| x + 2y | S8 and xy 2 2.
Sol. The liney =+ -; divide the xy plane in four parts

RegionI 2y -=x<0 and 2y +x20

Sothat,| x =2y |+ | x+2y|<8

= (x=2y)+(x+2y)S8 = 0Sxs4
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Region II 2y—x|03nd2y+x20
So that, |x—-2y|+|x+2y|<8
= —(x—2y)+(x+2y)<8 = 0<y<2
Region Il 2y + x<0,2y —x 20

Sothat, |x—2y|+|x+2y|<8
= —(x—=2y)—(x+2y)<8 = —4<x<0
Regionll
2y x20,2y+x20
4y

Regionlll

3 Region|
2y—x20,2y+x<0 -

> X
. yx<0,2y+x20

RegionIV
2y—x<0,2y+x<0

RegionIV 2y + x<0,2y —x<0
So that, |x=2y|+|x+2y|<8=>-2<y<0
Here, all the points lie in the rectangle.
Y
0.12) \D c
E_

Rﬂ“‘[‘nh\ A(1,0) B|(4,0)

Also, the hyperbola xy =2 meets the sides of the rectangle at
the points (1, 2) and (4, 1/2) in the 1st quadrant graphically.
Hence, required area

=2 (Area of rectangle ABCD — Area of ABEDA)

=2(3><2—L‘ %dx)=2(6-2log 4) sq units

® Ex. 48 Consider the function

e x—[x]—%, iFRET

, where [.] denotes the great-
0, if xel

est integer function and | is the set of integers. If

g(x) =max {x%, f(x),| x|}, =2 < x <2, then find the area

bounded by g(x) when—2< xS 2.

x—[x]-%, ifxel

Sol. Here, f(x)=

0, if xel

1
2
0, ifxel
Thus, g(x)=max {x% f(x),] x|}
which could be graphically expressed as

_ (x}—=, f xel

i

[ x}-2<x<—-1

-x, —1<x<-1/4

Clearly, g(x)=

x+—;-,—1/4Sx50

x, 0<x<1

x% 1<x<2

2

Hence, required area = I 5 g(x) dx
(1,2 s 0 1
_J_z(x)dx+j_l (x)dx+_[_m (x+§)dx

1 2

2

+ondx+J" x“dx

3 =1 2 -1/4 2 0 2 1 3 2
BT )3
-2 -1 2 2 -1/4 2 0 3 1 48

© Ex. 49 Find the area of the region bounded by
y = f(x),y =| g(x) | and the lines x =0, x = 2, where f , g
are continuous functions satisfying
fx+y)=f(x)+ f(y)—8xy, ¥ x,y eR
and gx+y)=gx)+g(y)+3xy (x +y),V x,yeR
Also, f’(0)=8 and g’(0)=-4.

Sol. Here, f(x +y) = f(x) + f(y) —8xy
Replacing x, y — 0, we get f(0) =0

Now, f’(x) =humo flx+ hz - fx) _ umo flx+ yy) - f(x)
- y->
w lim T8+ f0) —8xy — f(x)
y—0 y
= lim { _f(y) _8xy }
y—0 y y

T ( f# ) — 8x (using L'Hospital’s rule)

= f’(0)-8x =8 —8x [given, £(0)=8]



= f'(x)=8-8x
Integrating both the sides, we get
f(x)=8x—-4x*+¢

As f(0)=0=>c=0
= f(x) =8x — 4x* ..(i)
Also,  glx+y)=g(x) + g(y) +3xy (x + y)
Replacing x, y => 0, we get g(0) =0
glx+y) - g(x)

y

Now, g'(x)=lim
y=0

= lim 8(x) +g() +3x"y +3xy% - g(x)

y=0 y
= lim [&+m]
y—0 y y

0
=g’_](.l+3x2=_4_’.3x2

gx)=—4+3x?
= gx)=x* - 4x [as g(0) = 0]....(ii)
Points where f(x) and g(x) meets, we have
fx)=g(x) or 8x-4x?=x-4x
= x=0,2-6

x> —4x,x €[-2,0] U (2 =)

4x — x° x €[— o0, —2]U(0,2)

Now, |g(x)|={

.. Areabounded by y = f(x)andy =| g(x)|between x =0to x =2
=[] (Bx—4x") —(ax -} dx

4 .
= J: (x* —4x? + 4x) dx = 34 units

® Ex. 50 Find the area of the region bounded by the curve
y=x% andy =sec™ " [-sin? x], where [.] denotes the great-

est integer function.
Sol. As we kiow, [=sin? x] = 0 or — 1. But sec™" (0) is not defined.

Y
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=  sec”'[-sin’ x]=sec” (-1)=m

Thus, to find the area bounded between
y=x" and y=mn

ie. whenx*=m or (x=—/T to x=+1)

3 Jn
Jr
. Required area=I = (m - x%) dx=(nx—f—]
e VG

=n(ﬁ+ﬁ)—§(nﬁ+nﬁ)=%ﬁ

® Ex. 51 Sketch the graph of cos™ ' (4x> —3x) and find
the area enclosed betweeny =0,y = f(x) and x2—1/ 2.
Sol. Here,  f(x) = cos™" (4x° —3x)

Let x=cos® and 0<O<m
= f(x) = cos™" (4 cos® @ —3 cos B)
=cos ' (cos 30); 0 <30 <3m
36, 0<30<m
2n —-30, m<30<2n
30 —2m, 2w <30 <31

= f(x)

3cos' x, 1/2<x<1

2m-3cos 'x, —1/2<x<1

3cos! x-2m, —1<x<—-1/2

—3/4/1-x%, 1/2<x<1
f'(x)j 3/1-x% —-1/2<x<1/2
-3/1-x% -1<x<—-1/2

-3x
(l—xz)m'

3x
(1- xl)!/Z 2

1/2<x<1

and  f"(x) =4 -1/2<x<1/2

=3x
T)”" -1<x<-1/2

(1
Thus, the graph for f(x) = cos™ (4x® —3x) is

1Y

e

-1 -1/2 o] 1/2 1

—X

Thus, required area = I ‘"z f(x)dx

2 _ i
= I_ {2m =3cos ' x)dx + J‘m(3cos'l x)dx
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2
=- =4a(x+
e _3J‘”2 (E_Sin-l % ] dx+SJl (o) de (iii) For A =—a, we have y* =4a(x + a)
et v xt=4a(y +a)
n 1 i o
=2 b3 Ix/z cos™ xdx - I-uz sin”’ xdx=0 The point of intersection in the 1st quadrant
P=(2+2v2)a,2+2J2)a)
=L 43 (xcos™ x)! +Jl —% i . EAGD AP0A)
2 V27 ) - Required area = 2 (area o Q — area

33 of AOPQ=1. (2 +2+2)?a? =2(1 +2)" a’
On solving, we get = i units 2

22) 2+ 2V2)a xz
AreaofAPQA=J':+ aydx=_|'h (Z;—ade
© Ex. 52 Consider two curvesy* = 4a(x — \) and

i (2+242)
x? =4a(y —\), wherea >0 and \ is a parameter. Show that 1l 2] ’ a_a(x) (2+2)Da
e e 2a
(i) there is a single positive value of A for which the two 4a l 3 J?a
curves have exactly one point of intersection in the Ist 1 33 3 2
quadrant find it. B [(2+2v2)*-a* -8a’]-2V2 a
(i) there are infinitely many negative values of A for which W2+12) ,
the two curves have exactly one point of intersection in > )
the 1st quadrant.
(iii) if A =— a, then find the area of the bounded by the . Required area =2 (2 (1++2)* + w212 Jaz
two curves and the axes in the Ist quadrant. 3
Sol. The two curves are inverse of each other. Hence, the two o 2
curves always meet along the line y = x. T3 as+8+2)a
Consider, y*=4a(x—\) andputx=y
~ : G 3
- y? — day + 4ak =0 Ex. 53 Let f(x) be continuous function given by

2x | x] <1

dat4,a’—ak _ 2 X) = '
ey y=——2—-2ai,/a —ah fix) X2+OX+b,|X|>1
Since, y is real =@’ —ak [ 0or A <a Find the area of the re§ion in the third quadrant bounded

(i) If 0 <A < g, then there are two distinct values of y and by the curves x =—2y* and y = f(x) lying on the left of the
both2 (a + a? —ak)and2(a —ya’ —ak) are positive,  line 8x +1=0. [T JEE 1999)

i.e. both points lie in the first quadrant. Sol. Given, a continuous function f (x), given by
If A =a, then y = 2a only, i.e. only one point of
intersection (2a, 2a).

Hence, there is exactly one point of intersection in 1st
quadrant for A = a.It is infact the points of tangency of
the two curves.
Ifk<0,theny=2(a+\'az—al)>0and -
y =2(a—+a® —ak) < 0. i.e. the only point of intersection \
is in the first quadrant, the other in the 3rd quadrant. b ;
Hence, there are infinitely many such values.

(ii

=

]
1
'
[l
1
\
T
'
[}
\
\
\
A
)

.

S,

N\
i S

\

x2=4a(y+a) V=X

R
o
-
=

x
I
x
I
i
&
>
1

|

@

2x,
(0.22) f<x>={ % Lxlsi

xt+ax+b, |x|>1

x*+ax+b —co<x<—1
ie. fx)= 2x, -1Sx<1

x*+ax+b 1<x<co

* f is continuous.



.~ Itis continuousat x=—=1and x =1,
(-1+a(=1)+b=2(-1)

and W +a()+b=201)

=3 l-a+b=-2

and 1+a+b=2

= -a+b=-3

and a+b=1

= b=-1 and a=2

f(x)={x2+2x—l, when —eo<x<—1
2x, when —1<x<1

Now, y=xz+2x—l=(x+1)z—2

or Y +2)=(x+1)?

We need the area of the region in third quadrant bounded by
the curvesa = -2y%, y = f(x) lying on the left of the line
8x+1=0.

= ¥ +2)=(x+1)

Cuts the Y-axis at (0, —1) and the X-axis at
(-1-+2,0)and (- 1+ V2, 0).

Whenx=1andy =2

Solving x = —2y? and (y + 2) = (x + 1)?, we get
v +2)=(-2y* +1)?

= 4y*-4y’+1-y-2=0

= 4y' —ay’—y-1=0

For y=—14y* -4y’ -y-1=0

At ==1,x=-2

Requheduea=f__:{— ——;E—(x+1)2+2 }dx

+ _[__l”' { —E—Zr }dx

(CETE D ) S N (.72 _g‘
-1

3 3 a2
2(1/2) r 2(

-1
3/2 3
) _mm} 5
3 -2
4

1/8

HER
-}

L}
—_——
RIS
N

N |

. S B ..
3:242 3 3 3242 3(64) 64
4 1 57
=—+ ——=—sq units
3 3(64) 192
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® Ex. 54 Let[x] denotes the greatest integer function.
Draw a rough sketch of the portions of the curves
x*=4[Jx]yandy? =4 [J;] x that lie within the square

{(x,y)|1< x £4,1<y <4). Find the area of the part of the
square that is enclosed by the two curves and the line

x+y=3.
Sol. We have, 1<x<4 and 1<y<4
= 1<Vx <2 and 1<,fy <2

=[Jx]=1and [J;] =1 for all (x, y) lying with in the square.

Y
(4.4)

Thus, x*=4[Jx]y and y*=4[y]x
= x* =4y and y* = 4xwhen1 < x, y < 4 which
could be plotted as;

Thus, required area

2 . x?
=I (2«}x—3+x)dx+j (24 -—]dx
1 2 4

2 4
4 B 3

= —xm—3x+x— + ix’/z—i—
3 2 L 3 12 S

-195 units
6 q

9 Ex. 55 Find all the values of the parametera (a 1) for
which the area of the figure bounded by pair of straight lines

1
y* =3y +2=0and the curvesy =[a] x,y =-2—[a] x?is
greatest, where [.] denotes the greatest integer function.
Sol. The curves y =[a] x* and y = -l; [a) x* represent parabolas
which are symmetric about Y-axis.

The equation y* =3y +2 = 0 gives a pair of straight lines
y =1,y =2 which are parallel to X-axis.
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Thus, the area bounded is shown as

Y
w )'=[«31"2y=%[a]x2
\ i
“ ‘ m\h. ‘ -
r6) X
From thie above Bglire,

. =2
Required axea:ZJy:l (x; — x;) dy

|2y ¥
=2 £0 A [ Y ¥
1 (Vo)
_2(2-1) 2 _2(2-1)2 3,
- [ﬂ] j,\/;dy_ [a] 3(}’ )l
=i(_‘/ﬂ.(23/2_1)
3 [a]
_46-V2-22) _4(6-32)
"3 [a] 3 [a]
Area is the greatest when [a] is least, ie. 1.
Area is the greatest when [a] =1
Hence, a€e(1,2)

® Ex. 56 Find the area in the first quadrant bounded by
[x]+[yl=n, wherene N andy =i (where,ie NV i<n+1),
[-] denotes the greatest integer less than or equal to x.
Sol. As we know, [x] + [y]=n=[x]=n~-[y]

Wheny =0, [x]=n=>nSx<n+1

Wheny =1, [x]=n—1=n—-1Sx<n-2

Wheny =2, [x]=n-2

= n—-2<x<n-3...andsoon.

Wheny =n, [x]=0 = 0sx<1

which could be shown as

S SO e < TR

-
N
wh
N .
o1 f-s-a

From the above figure,

=(n + 1) area of square ABCD =(n+1)-1
Required area =(n + 1) sq units



Area of Bounded Regions Exercise 1:
Single Option Correct Type Questions

1. A Point P(x, y) moves such that [x + y + 1] = [x]. (where
[-]denotes greatest integer function) and x € (0,2), then
the area represented by all the possible positions of P, is

. Let ‘a’ be a positive constant number. Consider two

curves C:y =e*,C,:y =e"*.Let Sbe the area of the

: .S
part surrounding by C;,C, and the Y-axis, then lim —

(@) V2 (b) 2V2 a0 g
(ores (@2 equals
8 Ef s l=L2] pada—® e (@4 (b) 172
. ¢ g 22l _1+x2. e area bounded ©0 () 1/4
i 2 -bb* 0,b>0 n the
by y=f~'(x), X-axis, x =1, x=—1js 8. 3p01ntsO(0.0);P(a.a ), Q(=b,b%)(a> )areo'
2 2 parabola y = x*.Let S, be the area bounded by the line
(“)l loge (b) log (5) PQ and the parabola and let Stz be the area of the AOPQ,
: 2 the minimum value of $;/S; is
" log < L < b) 5/3
Zlogs L e (a) 4/3 (b)
(@)} log (@2 log (2) @ s

3. If the length of latusrectum of ellipse

E, :4(x+y-1)2 +2(x-y+3)* =8
2 2

and E, : .4 y—z =1,(0< p <1)are equal, then area of
P p

ellipse E,, is

. Area enclosed by the graph of the function y = In% x-1

lying in the 4th quadrant is
4
@2 )=
e 14

©2 (H l] @4 (e-l)
e €

n T 3
£ b) — =2—|2— =—j
(a) 5 (b) " 10. The area bounded by y=2—|2—x|and y P is
n T
=, ud 4+31In3 19
(C)Z\/E (d)4 (3).'.T (b)?-Slnz
4. The area of bounded by the cztmre . () 3 i3 (d) i
4]x-2017%"7|+5|y—2017%"|<20,is 2 2

(a) 60 (b) 50
(c) 40 (d) 30

5. If the area bounded by the corve y = x%+1,y=xand
the pair of lines x2 +y* +2xy —4x -4y +3=0is K
units, then the area of the region bounded by the curve
y=x?+1,y=,/x— 1and the pair of lines
(x+y-1)(x+y-3)=0,is

11.

12,

Suppose g(x) =2x+1and h(x)=4x% +4x+5and

h(x) =(fog)(x). The area enclosed by the graph of the
function y = f(x) and the pair of tangents drawn to it
from the origin, is
(a) 8/3

(c)32/3

(b) 16/3
(d) None of these

The area bounded by the curves y = —J/-x and

ix ) 2K x =—,/—y where x,y <0
K (a) cannot be determined
= h
©2 (d) None of these (b) is 1/3
(c)is 2/3

6. Suppose y = f(x)and y = g(x) are two functions whose
graphs intersect at the three points (0, 4), (2, 2) and (4, 0)
with f(x)> g(x)for0< x <2and f(x)< g(x) for

2<x<d, lfI:[f(x)-g(x)] dx =10

and I: [g(x)= f(x)] dx =5, then the area between two

curves for0< x <2, is
(a)5
(c) 15

(b) 10
(d) 20

13.

(d) is same as that of the figure bounded by the curves
y=+v-x;x<0andx=.-y;y <0

y = f(x)is a function which satisfies

(i) f(0) =0 (i) f*(x) = f(x)and (iii) f(0) =1

Then, the area bounded by the graph of y = f(x), the
lines x =0,x-1=0and y+1=0,is

(a)e (bye-2

(c)e-1 (d)e+1
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14.

15.

16.

17.

18.

19.

20.

Area of the region enclosed between the curves
x=y® —1land x =|y|y1-y* is

@1 (b) 4/3

(c) 23 (d)2

The area bounded by the curve y = xe™;xy =0and
x = c where cis the x-coordinate of the curve's
inflection point, is

(a)1-3e>? (b)1=-2¢72

()1-¢? (d)1

If (a,0);a> 0 is the point where the curve

y =sin 2x —+/3 sin x cuts the X-axis first, A is the arca

bounded by this part of the curve, the origin and the
positive X-axis, then
(a) 4A+8cosa=7
(c)4A-8sina=7

(b) 4A+8sina=7
(d)4A-8cosa=7
The curve y = ax? +bx +c passes through the point (1,2)

and its tangent at origin is the line y = x. The area
bounded by the curve, the ordinate of the curve at
minima and the tangent line is

1 1
b) — =
(b) 7 (c) s

1 1
o d) -
(e s

A function y = f(x) satisfies the differential equation
% —y = cos x —sin x, with initial condition that y is

bounded when x — oo, The area enclosed by
y = f(x),y = cos x and the Y-axis in the 1st

quadrant
(a)v2 -1 (b) V2
(©1 (d)1/42

If the area bounded between X-axis and the graph of

y =6x—3x? between the ordinates x =1 and x =ais 19
sq units, then ‘a’ can take the value

(a) 4 or =2

(b) two values are in (2,3) and one in (-1,0)

(c) two values one in (3,4) and one in (=2,—1)

(d) None of the above

Area bounded by y = f ~'(x) and tangent and normal
drawn to it at the points with abscissae 7 and 2w, where
f(x)=sin x—xis

¥ 2
(..)’_,:.‘--1 (1.)1‘2—-2
y 2
© E; -4 () "7

21, If f(x) = x—1and g(x)=| f(| x| ) -4, then the arca
bounded by y = g(x) and the curve x* =4y+8=0is
equal to

(0 2442 -5) ) 2(«/2 -3)

(c) §(4~/5-3) () f—:(h/i—s)

22, LetS= {(x.y): ﬁ:’;:z < 0},

S’ ={(x,y)e AXB:=1S AS1~-15 BS1},
then the area of the region enclosed by all points in
SNS’is
(a) 1
()3

23, The area of the region bounded between the curves
y=¢||x|In| x|, x* +y* =«| x| +|y|)+ 1= 0and X-axis
where | x|< 1, if o is the x-coordinate of the point of
intersection of curves in 1st quadrant, is

(@) 4[j:'ex nxdx+ [ (1= T=(x=1)7 )dX]
(b) 4[I:exlnxdx+ [fa-Yi--1y )dx]
© 4[—j:ex1n xds+ [ (1= 1=G=1)? )dx]
) z[j:‘exlnxdn [ a —‘/l—(x_—l)z)dx]
24, A point Plying inside the curve y = v2ax —x? is moving
such that its shortest distance from the curve at any

position is greater than its distance from X-axis. The
point P enclose a region whose area is equal to

(b) 2
(d) 4

az
(b) 3

« (31:6—4) &

na’
(a) 5

2a*
(c) 5
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o Area of Bounded Regions Exercise 2 :

More than One Option Correct Type Questions

25. The triangle formed by the normal to the curve
f(x)=x" —ax+2aat the point (2, 4) and the coordinate

axes lies in second quadrant, if its area is 2 sq units, then
acan be

(a)2
) 17/4
(©)5
(d) 19/4

26. Let fand g be continuous function on a < x < band set
p(x)=max{f(x), g(x)}and q(x)=min{f(x), g(x)},
then the area bounded by the curves y = p(x), y = q(x)
and the ordinates x = aand x = bis given by

1
(@ [0 - )] dx ®) [ lp(x) - g} dx

O =g ds @ 1ot - dx

2]. The area bounded by the parabola y = x? —7x+10and
X-axis equals
(a) area bounded by y = —x* + 7x—10 and X-axis

(b) 1/6 sq units
(c) 5/6 sq units
(d) 9/2 sq units
2

2
28. Area bounded by the ellipse —XT +29—- =1is equal to
(a) 6w sq units
(b) 3w sq units
(c) 12r sq units
Xyt
(d) area bounded by the ellipse &5 + 7 =1

29. There is a curve in which the length of the perpendicular
from the origin to tangent at any point is equal to abscissa
of that point. Then,

(a) x* + y2 =2 is one such curve
(b) y* = 4x is one such curve
(c) x* + y? = 2¢cx (c parameters) are such curves

(d) there are no such curves

@ Area of Bounded Regions Exercise 3 :

Statement | and Il Type Questions

= Direction (Q. No. 30-34) For the following questions,
choose the correct answers from the codes (a), (b), (c) and
(d) defined as follows :

(a) Statement 1 is true, Statement II is also true; Statement 1l
is the correct explanation of Statement 1

(b) Statement I is truc, Statement II is also true; Statement Il
is not the correct explanation of Statement I

(c) Statement [ is true, Statement II is false
(d) Statement I is false, Statement Il is true
30. Statement I The area of the curve y = sin® x from 0 to
7 will be more than that of the curve y =sin x from 0 to
.
Statement II x% > x,if x> 1.
31. Statement I The area bounded by the curves y = x* =3
and y = kx +2is least if k =0.
Statement II The area bounded by the curves
y=x*-3 and y=kx+2isvk? +20.

32. Statement I The area of region bounded parabola
y*=dx andx? = 4yis % sq units.
Statement I The area of region bounded by parabola
y?*=4ax and x®=4by is%ab.
33. Statement I The area by region [x+y|+|x—y|<2is 8
sq units.
Statement I Area enclosed by region
|x+y|+|x—y|<2is symmetric about X-axis.
34. Statement I Area bounded by y=x(x—-1)and
|
y=x(1-x)is -.
3
Stab\tement Il Area bounded by y = f(x)and y = g(x)is
‘ L (f(x)—g(x)) dx |is true when f(x)and 8g(x) lies

above X-axis. (Where a and b are intersection of
y=f(x)and y = g(x)).
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Area of Bounded Regions Exercise 4 :

~ Passage Based Questions

Passage I
(Q. Nos. 35t0 37)
2
+bx+
Let f(x)= axz—xlc such that y =—2is an asymptote of the
x“+

curve y= f(x) The curve y= f(x)is symmetric about Y-axis
and its maximum values is 4. Let h (x)= f(x)— g(x) where
f(x)=sin* nxand g(x)= log, x Letxg,x|,X3,....X, 4 be the
roots of f(x)=g(x)in increasing order.
35. Then, the absolute area enclosed by y = f(x)and
y = g(x)is given by

@Y [ 1Moo
r=0

® F [ 0 Hoxdx
r=0

@2 [ 1) M
r=0
1 & (% et

@ 20 [y R

36. In above inquestion the value of n, is

(a)1 (b)2
(©3 (d) 4
37. The whole area bounded by y = f(x),y = g(x) x =0is
(a) 11/8 (b) 8/3
(c) 2 (d) 13/3
Passage II

(Q. Nos. 38 to 40)
Consider the function f:(—oo,00)— (— oo, o) defined by

2_
FE=E = e,

x? +ax+1
38. Which of the following is true?
@@+a)’ f 1) +@-a)’ f(-1)=0
(b) 2-a)’ f"(1) -2 +a)*f"(-1) =0
(©) fQ)f(-1)=(@2-a)’
@ FOf(=1)=-2+a)’
39. Which of the following is true?
(a) f(x)is decreasing on(-1,1) and has a local minimum at
(b) ;(x)lis increasing on (-1,1) and has a local maximum at
x=1

(¢) f(x)is increasing on (—1,1) but has neither a local
maximum nor a local minimum at x =1

(d) f(x)is decreasing on (~1,1) but has neither a local
maximum nor a local minimum at x =1

40. Let g(x)= J:x {—+(:—z) dt. Which of the following is true?

(a) g(x) is positive on (—e,0) and negative on (0,°)
(b) g(x) is negative on (—e=,0) and positive on (0,c)
(c) g'(x) change sign on both (=,0) and (0,)

(d) g(x) does not change sign on (—eo,)

Passage 111
(Q. Nos. 41 to 43)
Computing areas with parametrically represented boundaries :

If the boundary of a figure is represented by parametric
equations i.e.x=x(t), y= y(t), then the area of the figure is
evaluated by one of the three formulas

s =—jz y(0)-x'(¢)dt
s=j:x(r)-y'(r)d:

_l p ’ ’
§ =2 [ 0= yx")ar

where o.and B are the values of the parameter “ t*
corresponding, respectively to the beginning and the end of the
traversal of the curve corresponding to increasing ‘',

23 213
41. The area enclosed by the asteroid (i) + (X) =1is
a a
3.5 3 a
(a) Pk (b) T
(c) %naz

(@) 2an

42. The area of the region bounded by an arc of the cycloid
x=a(t-sint),y=a(1-cos t)and the X-axis is
(a) 6ma® (b) 3na?
(c) 4ma® (d) None of these

2
43. Area of the loop described as x = i(s— t),y= .'_(6—t)is
3 8

27 24
(a) ? (b) ?

27 21
(c) T (d) =
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= Area of Bounded Regions Exercise 5 :

Matchmg Type Questions

44. Match the statements of Column I with values of
Column IL

R N ,9"“"‘“'_”_‘ o Column Il
(A) The area bounded by the curve e 2
y=x+sinxand its inverse function
between the ordinates x = 0to x = 21t is
4s. Then, the value of s is

(B) The areabounded by y=x&™ andlies  (q) 1
oo Bis
(C) The area bounded by the Curve“sm);zr;;iﬁ S N
i (1)
and ] y|: 2xis

(D) The smaller are included between the ¢
curves ||+ /Ty| = land |x|+ | y|=1is &

W - “'|'5~:

45.

(A
(B)
(©

o

Match the following :
" Column1l Columnil
Area enclosed by y=|x|, [x|=1 and (p) 2

y=0is S S
Area enclosed by the curve y=sinx, (q) 4
x:O,x=$andy{9is o e
If the area of the region bounded by (r) 27

x? < yand y5x+2is§,lhenkis

CQUAIDY, p reep e
Area of the quadrilateral formed by (s) 18

tangents at the ends of latusrectum of
2

ellipse of ellipse _ré_ + -};—1 =lis

Area of Bounded Regions Exercise 6 :

~ Single Integer Answer Type Questions

46. Consider f(x)= x* —3x +2 The area bounded by
|y]=1f (| x])|,x=1is A, then find the value of 3A +2.

47. The value of ¢ +2 for which the area of the figure
bounded by the curve y =8x? — x°; the straight lines

16 .
x=1andx=candX-axisisequalto?, TS

3 .
48. Thea:eaboundedbyy=2—|2—x|;y=|—xixs T

then k is equal to .........
49. The area of the AABC, coordinates of whose vertices are
A(2,0), B(4, 5) and ((6, 3) is .....on--

50. A point P moves in XY-plane in such a way that
[1x|1+[ly|]1=1, where [-]denotes the greatest integer
function. Area of the region representing all possible of
the point Pis equal to ......cc.... .

51. Let f:[0,1]—> [0, %] be a function such that f (x)is a

52,

53.

polynomial of 2nd degree, satisfy the following
condition :

(a) f(0)=0 1

(b) has a maximum value Ofi atx=1.

If A is the area bounded by y = f(x); y = f~'(x) and the
line 2x +2y —3=01in 1st quadrant, then the value of 24A
is equal to ......... s

Let f(x)=min {sin_l x,cos”! x, %}, xe[0,1] If area

bounded by y = f(x)and X-axis, between the lines x =0

and x =1is —— . Then, (a - b)is...............

K3 +1)
Let f be a real valued function satisfying

f(§)=f(x)—f(y)and }1_1& @=&Findme area

bounded by the curve y = f(x), the Y-axis and the line
y =3 where x, ye R*.
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Area of Bounded Regions Exercise 7 :
Subjective Type Questions

54. Find a continuous function ‘ f, pY

(x* —4x?)< f(x)<(2x% — x*) such that the area

bounded by y = f(x),y = x* — 4x?, the Y-axis and the A FWA y=sinx

line x =¢,(0< t <2)is k times the area bounded by ™~ / X

y=f(x),y=2x% — x*,Y-axis and line x=1,(0< t < 2). o| a P 2p
55. Let f(t)=|t—1|—|t|+|t+1|,Yte Rand

g(x)=max {f(t): x+1<t< x+2};V x € RFind g(x) y=1Kx)

and the area bounded by the curve y = g(x), the X-axis

and the lines x = —3/2and x =5. between x =a and x = ;i =2 between x = Tt and x =27; i =3.
6. Let f(x)=minimum {e*,3/21+e”*},0< x< 1.Find the If A, =1—sin a+(a—1) cos a determine the function

area bounded by y = f(x), X-axis, Y-axis and the line f(x). Hence, determine aand A,. Also, calculate A, fnd A

x=1 . 62. Find the area of the region bounded by curve y =25" +16¢
57. Find the area bounded by y = f(x) and the curve andthe curvey = b.5* + 4,whose tangent at the point

= ~1 (40 In 5)with the X-axis.
y= 2 , where f is a continuous function satisfying * = 1makeanangletan " ( ywi €
1Az’ 63. If the circles of the maximum area inscribed in the

the conditions f(x)- f(y)= f(xy),V x,ye R region bounded by the curves y = x* — x —3and

and f’(1)=2 f(1)=1 y =3+ 2x — x?, then the area of region
58. Find out the area bounded by the curve y—-x*+2x+3<0,y+x? —2x-3<0ands<0.

y= j'sm (sin~'Vt) dt +J' ¥ (cos™' VE)dt (0 x<m/2)  64. Find limit of the ratio of the area of the triangle formed
V8 8 . : ’ :

by the origin and intersection points of the parabola

y =4x” and the line y = a?, to the area between the

parabola and the line as a approaches to zero.
59. Let T be an acute triangle. Inscribe a pair R, S of 65. Find the area of curve enclosed by :

rectangles in T as shown : |[x+y|+|x-y|<4|x|<Ly2 x> —2x+1.

66. Calculate the area enclosed by the curve
4 +y?<2( x| +|y)).

and the curve satisfying the differential equation
y(x+y%)dx = x(y* — x) dy passing through (4, - 2).

67. Find the area enclosed by the curve [x]+[y]=4in 1st
quadrant (where [.] denotes greatest integer function).

68. Sketch the region and find the area bounded by the
curves|y+x|<1,|y—x|<1 and 2x* +2y% =1.

Let A (x) denote the area of polygon X find the
maximum value (or show that no maximum exists), of

A(R)+A(S) ) 69. Find the area of the region bounded by the curve,
_A(T)—' where T ranges over all triangles and R, S 2%l |y +2 %1=1 <1, with in the square formed by the
over all rectangles as above. lines| x|<1/2]y|<1/2

60. Find the maximum area of the ellipse that can be 70. Find all the values of the parameter a (a< 1) for which the
inscribed in an isosceles triangles of area A and having area of the figure bounded by the pair of straight lines
one axis lying along the perpendicular from the vertex y? =3y +2=0and the curves y=[a]x?y= LS [a] x? is
of the triangles to its base. 2

the greatest, where [.] denotes greatest integer function.

61. In the adjacent figure the graphs of two function . - "
y= f(x)and y =sin x are given. y = sin x intersects, 71. If'f(x) is poimve for all posniwe values of X and
y = f(x)at A(a, f(a)); B(m,0)and C (2m,0). £ (x)<0, f”(x)>0,V x € R*, prove that
. n
A; (i=1,23)is the area bounded by the curves y = f(x) 1 f)+ j: f(x)dx< T f(r)< J”‘ Flx)dx + F(1).
and y =sin x.between x =0and x =g;i =1 2 r=1 1
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= Area of Bounded Regions Exercise 8 :

Questlons Asked i in Prevnous 10 Years Exams

(i) JEE Advanced & IIT-JEE

72. Area of the region {(x,y)}e R? :y> [[x +3,
5y<(x +9)<15} is equal to

[Single Correct Option 2016]

1 4 3
)= by 2
(a P (b) 3 (c) 2

5
(d) z

x4+ X
73. LetF(x)=L +fchosztdtforallxe Rand

1
f :[0, E] — [0, o) be a continuous function. For

ae [ 2] if F’(a) + 2is the area of the region bounded

by x=0,y=0,y= f(x)and x = g, then f(0)is
[Integer Answer Type 2015]
74. The common tangents to the circle x? +y? =2 and the
parabola y? = 8x touch the circle at the points P,Q and

the parabola at the points R, S. Then, the area
(in sq units) of the quadrilateral PQRS is

[Single Correct Option 2014]
(a) 3 (b)6 (c)9 (d) 15

75. The area enclosed by the curves y =sin x + cos x and
y =| cos x —sin x| over the interval [Q —TZE] is
[Single Correct Option 2014]
(a) 4~2-1) (b) 2v2(+2 -1)
(c) 2(¥2 +1) () 2v2(¥2 +1)
76. If S be the area of the region enclosed by

y=e"2,y=0,x=0andx=l.'1'hen.
[More than One Option Correct 2012]

@ s21 (b)sm—f

‘°’“§(‘+%) z* f( %)

77. Letf : [—1,2]— [0, =) be a continuous function such that
2
f(x)= f(1-x)Vxe[-1,2} IfR = L xf(x)dx and R,

are the area of the region bounded by y = f(x),

x =—1, x = 2 and the X-axis. Then,
[Single Correct Optlon 2011]

(@) R=2R, (b) RR=3R, (c) 2R =R, (d) 3R =

78. If the straight line x = b divide the area enclosed by
y=(1-x)?, y=0and x =0into two parts R,;(0< x< b)
and R,(b< x < 1) such that R,
to [Single Correct Option 2011]

(d)S<—

-R, = -i— Then, b equals

3 1 1 1
(a) = (b) 7 (c) 3 (d) 2

79. Area of the region bounded by the curve y =e* and
0and y = e is [More than One Option Correct 2009]

() [/In(e+1-y)dy

@ [ nydy

lines x =
(a) e—1

(©) e ——J: e*dx

80. The area of the region between the curves
1+sin x _ [1=sinx

andy= and bounded by the

COos X Cos X

T
lines x =0 and x = —is
e 4 [Single Correct Option 2008]

Jz-1 t Jz-1 4t
——dt (b —_——dt
(a)'[° a+)V1-22 ' ()J” 1+ 1-+¢
J2+1 4¢ JZ+1 t
d _— dt
X ‘[ (1+t)J ()'[° 1+ 1-¢2

= Directions (Q. Nos. 81 to 83) Consider the functions
defined implicity by the equation y*-3y+x=0 on
various intervals in the real line. If x € (—e0, —2) U (2, ),
the equation implicitly defines a unique real-valued
differentiable function y = f (x). If x € (-2, 2), the equation
implicitly defines a unique real-valued differentiable
function y = g (x), satisfying g (0) =0.

[Passage Based Questions 2008]
81. If f(~10v2) =242, then f” (- 10 2) s equal to
42 42
@55 -
(c)% @ -i

82. The area of the region bounded by the curve y = f (x),

the X-axis and the lines x = aand x = b, where
—w<a<b<-2is

b x
(a) Ls[{fT}z—n dx + bf (b) - af (a)

®) = ['——X— dx + bf(b) ~ af(a)
3[{fx) -1]

© [ de - bf(b) + aft@)
3 —1]

@ - ['—— X dx - bf6) + aft@)
S3[{f(x)} -1]

83. ﬁlg'(x)dx is equal to

(a)2g(-1) (o (c)-2g(1)  (d)2g(1)
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(ii) JEE Main & AIEEE

84. The area (in sq. units) of the region [2017 JEE Main]

{(x,y):x20,x+y<3 x* <4y}and y<1++/x}is
5 59 3 7
2 b) 22 2 L
(a)2 ( )12 (C)2 (d)3
85. The area (in sq units) of the region {(x, y):y? >2xand

2 2 .
x“+y"<4x,x20,y>0}is [2016 JEE Main]

(a)n—g (b)n—g
_4e 22
Q%= P

86. The area (in sq units) of the region described by
{(x,y):y* <2xand y> 4x - 1} is [2015 JEE Main]

7 5
(@ = (b) =

15 9
22 )
© 64 @ 32

87. The area (in sq units) of the quadrilateral formed by the

tangents at the end points of the latusrectum to the
x? ’
ellipse — + — =1is
9 5 [2015 JEE Main]

27
(a) % (b) 18

27
(c) = (d)27

88. The area of the region described by
A={(x,y):x* +y* <1and y* <1- x}is [2014 JEE Main]

T 2 T 2
©773 W2*s

89. The area (in sq units) bounded by the curves y = Vx,

2y — x +3 =0, X-axis and lying in the first quadrant is
[2013 JEE Main]

90.

91.

92.

93.

94,

(®) 36
27
@ =

(@) 9
(c) 18

The area bounded between the parabolas x? = % and

x? =9y and the straight line y =2is [2012 AIEEE]
(o) 2047 ) 122
© 20V2 (d)10v2

3

The area of the region enclosed by the curves y = x,

x=ey= 2 and the positive X-axis is
x [2011 AIEEE]

(a) 1 sq unit (b) g sq units

5
()7 5q units ) % sq unit

The area bounded by the curves y = cos x and y =sin x
between the ordinates x =0and x = 2% is

2 [2010 AIEEE]
(b) (442 +2) sq units
(d) (4v2+1) sq units
The area of the region bounded by the parabola
(y=2)% = x — 1, the tangent to the parabola at the point
(2 3) and the X-axis is [2009 AIEEE]
(a) 6 sq units
(c) 12 sq units

(a) (4v2-2) sq units
(c) (442 —1) sq units

(b) 9 sq units
(d) 3 sq units
The area of the plane region bounded by the curves

x+2y® =0and x+3y? =1is equal to [2008 AIEEE]
@lams o

(c) ; sq unit (d) g sq units



Exercise for Session 1

1. 1squnit 2, 4]—? sq units 3. . sq units
3

4. -:- $q units S. 2—38 sq units

7 gaz sq units 8. 2z sq units

10. 3+16 log2 sq units

Exercise for Session 2

LW 2@ 3.(0) 4.(d) 5. (a)

6. (b) 7.(a) 8. (a) 9.(c) 10.(b)
1. (d) 12.(b) 13. (a) 14.(c) 15.(b)
16. @) 17.(c) 18.(a) 19.(a) 20.(b)
Chapter Exercises

1. (d) 2.(b) 3. (b) 4.(c) 5. (b)

6. (c) 7.(d) 8. (a) 9.(b) 10.(b)
11. ) 12.(b) 13.(c) 14.(d) 15.(a)
16. (a) 17.(a) 18.(a) 19.(c) 20.(b)
21. (@) 22.(b) 23.(d) 24.(c) 25.(b,c)
26. (a, b, d) 27.(a,d) 28.(a, d) 29.(ac)
30. (d) 31.(c) 32.(d) 33.(b) 34.(c)
35. (a) 36.(b) 37.(2) 38.(a) 39.(a)
40. (b) 41.(c) 42.(b) 43.(2)

44. (A)> (p); (B)— (p); (C)— (1); (D)= ()
45. (A)> (p); (B) > (p); (C)— (1; (D) > (1)
46. (1) 47.(1) 48.(4) 49.(7)

50. (8) 51.(5) 52.(3)

1
53. 3esqunits  54.f(x) = = l[x‘ — kP + (2k - 43

6. 5—361:1 $q units

28 .
9. = sq units
3 q

Answers

55.

56.

57.

59.

60.

61.

62.

63.

64.

66.
68.

69.

70.
76.
82.
88.

-x-1, x$-5/2
4+ x,~-5/2<x5-2
2, -2<xs-1
[-x,-1<xs-1/2
x>=1/2

g )=

1+ x,

and area = % sq units

4 1 ,
2+ log| —= |—— [squnits
[ g(sﬁ) e]

2 ;
T — = |squnits
( 3 ) i
Required maximum ratio = %
V34
@max = 9
Ay=l-sinl,dy=n—1-sinl,4;=3n-2

4
4 logs ( % )sq units

4( ?—41!: )squni(s

sq units

65. 2 sq units

N W

8 sq units
( it quunits
2

: (a-2- l/2) —1 |sq units
log 2

67. 5 sq units

ae[l,2) 72.c)  73.(3) 74.(d)
(bd) 77.(c)  78.(b)  79.(bc,d) 80.(b)
(a) 83.(d) 84.(b) 85.(d) 86.(d)
(@ 89.(c) 90.(b) 9.(a) 92.(b)

4
s8. 1 ( 2 ) sq units
sl 16

75. (b)
81. (b)
87.(a)
93. (d)



Solutions

1. Here,[x+y]l=[x]-1
when x €0, 1) =[x+ y]=-1

-1Sx+y<0 (1)

when x€[1,2) = [x+y]=0
0sx+y<l1 (i)
which can be shown, as

Y x=1 x=2

\
\
N N
N\ \ N\
N\ \ \
N \ \
\\ \ N
= v ) R 2 =X
N \ \
\\ \\ \\
N\ \ \
N
MW N [Nty =1
\ \ \
\\ \ N
M x+y=0
\\ 4
x+y=-1

.. Required area =2
/2
2. Required area = Zﬂ f(x) dx

Let, f'(x)=t=x=f(t)
dx = f'(t)dt
A=2[) (¢ f@a

=2[(t~ f (t)) -1 f(t)dr}
0
1 t
Z[f(l)—“'o 1—_+7dt:|
1
2[f(1)—1(log(1+z’) ] }
2 [
Z[f(l)—% logz]
1 il [
2 [E ~5 logz]- 1-log2 =log (2)

(x+j2i—1)z ) (x—jti+3)z=l
12 2)*

Length of latusrectum =2

—

3. Here, E;:

2
Now, Ef: =2 =>pm =
P

= p=2"""

2 2
. ) A
Ep: 2713 + 471 =1

Area of ellipse E;, is
T
T ’P.P=1: pyz:Ti-

4. Area of bounded region by
4|x —2017%7| + 5| y —2017%""| £ 20, is same as area of the

region bounded by 4| x| + 5|y| < 20.

=> 4X%X4><5=40
Y
4
'|O Ax
-5 5
4

5. Here,y = x> + 1and y = /x — 1 are inverse of each other.
y y

The shaded area is given K units
= Area of the region bounded by y = x*+1,y=,/x—1and
(x+y—1)(x+y —3)=0,is 2K units.

y y=x2+1
y=x
\1 K .
0o 1 3N\( A
X+y=3
x+y=1
X 4 4
6. Given, .[o f(x) dx—_[o g(x)dx =10
(A+ A3+ A))—(A+ A3+ A) =10
A-A,=10 i)
Y
0.4)
2
]

Again, J: g(x) dx —I:f(x) dx =5

(A + A))-A, =5
Ay =5 -(8)
Adding Egs. (i) and (ii),

A =15



7. Solving, e* =", weget e =¢® = x=2
2

Y y=g

ol ] —X

alz, . _
S=Io (e 3y X_cx)dx=[_(ea‘e—x+ex)];ll

=(€¢ + 1) _(ealz o0 e::/2)=ea _2ea/z % 1=(enlz _1)2

S (g"”_l 2 1( e -1 2
@@\ a ) 4 alz)
- 1 10.
m—=—
a>0g? 4
az_bz
8. mp = b =a - b equation of PQ
Q(-b.b?)
Pla.a®
9
y—az=a — z(:t:—a) or y—a®=(a—b)(x—a)
a+b
y=az+x(a-—b)—az+ab
y=(a-b)x+ab
8 =] (@-b)x+ab-x")dx
3
which simplifies to (i%b)—. ..(i)
a a* 1 ;
Alio; Bm-=b B 1 =%[abz+azb]=zab(a+b) (i)
0 0 1
s_@+op 2 _(a+d)? _1fa b, ]
S," 6 abath) 3ab 3b a |
s| 4
St 3
9. y=In’x-1 = y—?%’f—o = x=1
Y.
X
Ove G
-1

Chap 03 Area of Bounded Regions

x>1,y increasing and 0 < x <1, y is decreasing

A=“:h(lnzx—l)dx|

| J':hlnzxdx —I:/t dx
[x ‘"zx];"‘zj;.(¥)'xdx-(e—£)
() ol
|2 s ]|

[(e+3)-(--2)]

1|7 e
2-@2-x),if x$2=x x, if x<2

y_{z—(x—z),ifx22=4—x_{4—x.ifx22

4

Il
|
)

-
e

—3-,ifx>0

Also, y =4 %

—z,ifx<0
x

Y

3

o
2

01322

= s
’ \y=4—-x

y =X

A= I:/z(x—%) dx+ I:((4-x)—%) dx

=||i52i—3lnx];z+{4x—x?z—31nx]]

|

217

=[2 -3In2 —(% -3In 3)]{12-;—3 |n3—(8—2—l.n2)]

2

T
=§—31n2+3h13—3lr12+g—3ln3+31n2=%-3lnz

11. Given, g(x) =2x+1; h(x) =(2x+1)*+ 4

Now,

h(x) = f[g(x)]
@x+1)*+4=fex+1)
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Let 2x+1=t = f()=t"+4
flx)=x*+4
Solving, y=mx and y=x+4

xP-mx+4=0
Put D=0; m’=16 = m=14
Tangents are y = 4xand y = —4x
A=2Iz[(xz+4)—4x]dx=2_[2(x—2)zdx
0 0
2
2 3 16
=1=(x-2 = — sq unit
[3( )]0 5 Squnits
12. y=——x = y* = —x, where x and y both negative

x=-J-y = x*=-y, where xand y both negative

5 Y
o )
x= —J—T\ ~~~~~
y=—>x
Since, A= 16ab where,a=b= L
3 4
A=-
13. £y
fx)
Integrating, In f'(x) =x+C, f(0)=1=C=0
Y
oAl

fix)=e"f(x)=e*+k f(0)=0 = k=-1
f(x)=¢e*"-1
Aua=j;(e'—1+1)dx=[e']:,=e-1

14. A =2I;[y\/l —y2 —(y*-1)]dy=2
Y

1

x =ly | V1572
(-1,0 Q X
wq X= f—1

-X

15. y=xe

¥y =e ¥ —xe™* =(1-x)e” increasing for x <1

(i)

Yy = —[e* —xe¥]=eF[-1-1+ x]=(x—-2)e"

For point of inflectiony” =0 = x=2

2
A= J:xe"dx =[-xe7¥] 2, J-o e =(-2e7%)— ()2

=2 —(e2-1)=1-¢2-2e2=1-3¢"
16. (a, 0) lies on the given curve
0=sin2a—+3sina = sina=0or cosa =3/2
= a== (as a > 0 and the first point of intersection
6
with positive X-axis)
16
and A = I: (sin2x—+/3 sin x) dx=(
( 1 3) ( 1
=|—+=|-[——=+
4 2 2
= 4A+8cosa=7
17. x=1;y=2

cos 2x K6
———+4/3cos x]

0

7
ﬁ):z— 3=—-2cosa
4 4

2=a+b+c
x=0y=0 =2¢c=0 =a+b=2

Y
\ 2 \/
2
-1 0 'x

=2ax+b=1
(0,0)

Now,d—y’
dx
b=1l,a=1
Hence, the curve is y = x* + x
0 0
A=I ((xF+ x—x) dx:J 1(xz)dx=quunits
= e 24
18. [F=¢~
% e S Ie”(cos x—sinx) dx. Put—x =t

= -j e'(cos t+sint)dt=—e' sint+C
ye*=e"sinx+C

Y.

0 — X

Since, y is bounded when x 5 © = C=0

..{)
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y =sinx Required 5 I—z»zﬁr( +9) . 8‘]] -
5 o/ area = —x -
Area = J': (cosx —sin x) dx =+/2 -1 equire, . l - J

2 6x* 3x° 2 24242 1[ 2 x’T“Zﬁ
- i LW L (I . A _2r- . a - .
19. I-j(6x 3x°) dx > = Ix*-x=x*3-x) —4L (4—4x—x")dx 2L4x 2x 3L
A =1@)-I(1) = 4-2 =2 units ; i
A, =1(2)-I(3) = 4—0 = 4 units =6—[12x-6x’—x’]82’ 2
A, = 1(3) - I(4) = 0—(=16) = 16 units
. . =%[12(-2+2\/§)—6(—2+2~/5)2—(—2+2*/5)’]
=1 (- 24 + 242 — 6(4 + 8—-8+2) —(~8+162) + 242 — 48]
6
=1 =24+ 2442 72 + 482 + 56 — 4042)
6
1

. Ay 3 4
- 0 1 2| , X
3
8 4
== —40]=> (442 —5)=—(442 =5
o 6[3z~/5 40] 6(«/' ) 3( )
22. Shaded region represents S NS’ clearly area enclosed is 2 sq

units.
= One value of a will lie in (3, 4). 1o
Using symmetry, other will lie in (-2, -1).

20. Required area, A = I:“((sin x—X) +2m) dx

2
= "7 -2 sq units 1.0 O| 13231 9)

21. g(x)=| f( x|)-2|=|| x| -1-2|=|| x| -3]|
[ —x-3, x<-3 ©.-1
(x| =3), x<-3 a a
) e —(-x-3), -3<x<0 23. Required area is Z[I exlnxdx+J (1—\j1—(x—1)2)dx]
B TS —(x-3), 0<x<3 Y !

|x|-3 x23
x =3, x23 F4%

-x-3 x<=3
x+3 -3<x<0

= -x+3 0<x<3 S o
x -3, x>3 -
Now, xz~4y+8=0

24. y=2ax-x* = (x—a)’+y? =a®
Let P(h,k) be a point, then BP > PN
For the bounded condition BP = PN =k

Now, AP=q-k= (h—a)2+k2
2
= k=h-
(-2+2V2, 0) 2a

Y

For point of intersection,

X —4-x+3)+8=0
= x*+4x-4=0
—4% 6 +16
=5 x=f=—212«/5

N C(a0)

. Point of intersection is at x = — 2 + 24/2
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25.

26.

27.

28.

29.

xZ

*. Boundary of the regionis y = x——zz

2 2
Required area = ZI: (x—xz] dx = 2%

f(x)=2x-a At(2,4), f(x)=4-a

Equation of normal at (2, 4) is(y —4) =— :
(4-a)

Let point of intersection with X and Y-axes be A and B

respectively, then

(x-2)

A.——.(—M+18.U)Bs(o, 4““18)
a—4
Since, a >2as
2
Area oftl'iangle:l(m—ls)(“_ls) =2
2 (a—4)

= (4a-17)(@—-5)=0

= a=5 or E
4

Max { f(x), g(x)} = % (1 f(x)+ g+ f(x) - g(x)I]
Min {f (x), g(x)}} =%[If(X)+g(X)I —1f(x)-gx)l

b
- Area= [’ [max {f(x), g(x)} - min {f(x). g(x)}} dx
Area bounded by parabolay = x® —7x+ 10 and X-axis is given
by
5 5 52 _ _9 .
Lk—h+Mh—ux+h 10| dx = - sq units

3 Ja
Area bounded by the ellipse x_z + % =1 will be the same as
a

xZ

2
the area bounded by the ellipse o + %7 =1and nab

. Required area = 1t (2)(3)=67 sq units

OP=x
If slope is % then equation of tangent is
dy
Y-t=—(X-x
dx( )
Pix.y)

e

O

Length of perpendicular from origin to this tangent is
dy

Y—x—
dx

30. ..

31.

33.

34.

2

dy 2 2 z(d)') _ dy
2 £y = — | =2xy—
x{l+(dx)} g Y

= dy _ Xy . [homogeneous form]
dx 2xy
fx2+yz]_xz
dy_l—x__x—xz=_l 2 J =}'2—x2
@y o xy 2xy

Since, option (a) is true (equation of circle).

If option (a) is true (b) can’t be (It is parabola).

If option (a) is true, option (c) is also true wherec = 1.

sin? x<sinx, V x €(0,7)

Therefore, area of y = sin’x will be lesser from area of y =sinx.
Statement I is obviously true.

Hence, (d) is the correct answer.
Let the line y = kx +2cuts y = x* —3at x =a and @ =P, area

bounded by the curves = J:(y, -y2)= I:{(kx +2) —(x*-3)}dx

2 372
= flx)= (i%o)_

which clearly, shows the Statement Il is false but f(k) is least
whenk = 0.
Hence, (c) is the correct answer.

. As of region bounded by parabola y* = 4x and x* =4y is

sq units

0 4

3 120 3 3 3

Hence, Statement [ is false.
As the area enclosed by | x| + |y| < a is the area of square
(i.e., 2a%).

~.Areaenclosed by|x + y| + |x —y| < 2isarea of square shown as

4
¥ Ay =X

1
Arca=4(§x2x2) =8 s5q units
Also, the area enclosed by | x + y| + |x —y| <2 is symmetric
about X-axis, Y-axis, y = xand y = —x.

~.Both the Statements are true but Statement II is not the
correct explanation of Statement I.

b
[ ) - (=)} dx

.. Statement I is false.
The area bounded by y = x(x—1) and y =x(1-x).

is true for all quadrants.




\Yl / y = x(x-1)
l\/ y =x (1-x)

5!
.~ Area enclosed = ZJ x(1-x)dx=2 {._ _x_}
3

2 3 6 3
35. Since, absolute area

=J'x' h(x) d)r+J”‘I —h(x) dx + I:' h(x) dx

—Z [""( 1) - h(x) dx

r=0

36. Also, x4, =xy=>n=2
i _H iy 1 1
37. Required arcn—J'o sin® txdx — -[o log, x d. =y

Y

/WV\ X
0 1/2/("03’2 X 2x X 3

—ax+1
2 rax+1
For chfferenhauon. better write f(x) as

2ax
() =1-————
S x*+ax+1

2a(x*-1)
(x*+ax+1)?
fy=0=f(-1)

Then, the options (b) and (d) are eliminated.
Again, for the differentiating Eq. (i) gives

(x* +ax+1)*-2x—(x* -1)

2

£"(x) =2a- 2(x +zax+ 1) (2,\;+ a)

(x +ax+1)

)=

38. f(x)=

Now, on differentiation f(x) =

4a
(2+a)’

[ = ),.

Combining both (1) 2+ a)? + f*(-1)2—a)* =0

(x*-1) N C ) ESD))
(x +ax+1)* (x*+ax+1)*

If is easily seen that f(x) decreases on(-1,1) and has a local
minimum at x = 1, because the derivatives changes its sign
from negative to positive.

39. fi(x)=
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40. . g(x)= e
Now,  fle")= 2a-(e" 1)

(e* +ae* +1)?
It is seen from the above that f*(¢*) and so g’(x) is positive on
(0,00) and negative on (—=¢o,0).

41. Clearly, x=asin® t,y =a cos’ 1,(0 St S2m)

3=j:‘a sin® t-a-3 sin?t(=sin t) dt

1
= -3a° xI" sin't cos® t dt

yy I

=-3a%*x

4 2+2 ZX3X2X1
2
3. 32 _3_2
=-ma’="ma [absolute value]
8 8

42, S= —I:na (1—cost)a(l —cost) dt

2
= -azfo (1-2 cos t+ cos®t) dt

2 1+ 2t
= —azI ‘(l -2cost+ (ﬁ)) dt
0 2

LT
= —52--[0 " [3—4cos t + cos2t]2"
=-3na’ =3na* [absolute value]
43. x= i(6 -t)= l(6t -}, y= '_1(6 -t)= 1(6,2 )
3 3 8 8

ot 1
Area=| —(6—t)-—(12t — 13t?
[i36-0-3C )dt
1ps e 5,1
==] (' + 24t —10%) dt == | — 4 863 =244
BI" 8|5 2 )

117776 216 27
=—=|— +1728 -3240 |= —— ==~ i
8[ 5 0] 5%8 5 st

44. (A) Required area = 4s

n " n
s =I° (x+smx)dx—j°xdx

n? n?
=-——COST + cOs O_T =2 sq units

2
y=x
%y:l(x)=x+sinx

——1"'x)
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(C)Theliney=x+Zintersectsy=xza!x=—landx=2

1
Required area = 2| xe* dx=2[xe* —e*]; =2 .
By Reg I° L b The given region is shaded region area

l

= ——>x
x=-1 0 x=1 = 7 >
9
= 15, xtdx= 3
2 -1
(C) y* = x® and | y|=2x both the curve are symmetric about
Y-ai’is : = (D) Here, a* =9,b* =5,b% = a®(1-¢?)
a4t 2
= ) 3

5)..2x,.Y_4
Equation of tangent at 2.; 157"';—

.~
N

=

9
4x*=x"=x=04 x-intercept = 5 y-intercept = 3

4 16
Required area = ZL @x—x"?)dx= =

D) Vx+lyl =1

9 1
Area=4x5x3x§=27squnits

P : 46. Y
Above curve is symmetric about X-axis
A
(0.1)
\ >X
Y (1.0
Area is pi po 5
eaxsgwenbyA:zIo(x —3x+2)dx=2
3
5
= 3A+2=3.24+2=
[yl =1-Vxand Vx =1-[[y| 5 A7
= forx>0,y>0,,/§=1—«/§ 47. Forc(l;r(sz—xs)dx=l
[
iy 1 5 s
oy E 5 8 1.8 ¢ _16
3 6 3 6 6
dy__|x [ 3]
dx— y = C3—§+c— :E-EQ.l:E
dy l 3 6 3 3 6 6
7;<° = c=-1
1 1 Again, for ¢ 21 none of th : :
Function is decreasing required area = J l,(2\/3; -2x)=§. condition that e values of ¢ satisfy the required
5 ¢ 16
45. (A) The area = 2 unit I'(sz—xs)dx=? " g

(B) Area enclosed = j: sin xdx =2
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X  x<2 3/x x>0 2x—x*
48. y= = =
Y {4 —x x22" {_3, % Es 51, Clearly, f(x) -
Y
(02 y=x
(0372) 3
B
A
Required area = PQRSP = Area PQRP + Area PRSP ol i
~1(00 M N (3/20) (2.0)
(3/4,0) (1,0

+

Jla-n-2)ax

-3

1 1
_4-3In3 Since, 2x + 2y = 3; passes through A (1, 5) and B (5 1)

sq unit:
q units so bounded area A
49. Equation of ABy = g (x-2) = Area O;w : 2 [::.re: oclm + ?MICA.M - Area ?NA;
3-5 =2[.1.x—x—+—(—+-)x———](2x—x’)de=_
EquationofBCy-5=6_(x_4) =Sy=-x+9 2 4 4 2\4 2 4 270 24
0—; = 24A=5
3 A 3
Sinatkn DfCAy_a—m(x_Q =°y=;("_2) 52, f(x):min{sin”x, cos".x—g}.xe[o,ll
Required area
5,4 : 5. A:ea=J’/z sin"x,dx+l(£—lJ+J’l cos™! x dx
=§J‘z(x—z)dx+_|..'("'9)dx—ij(x—Z)dx ! 2{2 2 Va2
g 27 27 2 =(xsin"x+,[1—x2):;z+_@
_51(x=2)°F 1x-9°) _3[{(x-2) 4 _
2 2, 2 ) 4 2 | +(xcos x=1-x )2

=£(1_J§)+ﬁ+“5‘1
2 2 2

=.\/§_1(2_£)= 9-m =_a-n
( i 6(V3+1) b3 +1)

=322 = 0] - L [-3)2 (5] - 2 (47 -
e =~ =) ) )5 [ =]

5 i 3
==x4--[9-25]--[16-0
2 x4-719-25]- 2 [16-0)

=5—%[—16]—2><16=5+8—6=7squnits i ¢ el
53. Given, f|X|= - ;
50. If[|x|]=1and[|y|] =0, then1<|x| <20<|y|<1 o f(y) f&x)-f©) ..(i)
= xe(-2,-1]uU[1,2),y €(-1,1) Putting, x=y =1, f(1)=0 i
if fIxl1=0.0yl1=1 i f(u--)
Y;2 Now,f’(x):hh_r:lo h fx)=}.i_""‘) A £ [from Egq. (i)]
LA 0-)
= lim ——XZ
\ 1 \ h-0 ﬁ.x
\ —— =_:1 X 8 2 1
-2 § - 4 § 2, = fx x [smce, xh_r.no&:_ﬂ =3]
— 0 —_— yw
— = e
= o ) 0.9,
-2 =
— A
Then, xe(-1,1),y e(-2-1]uU[1,2] OE=(10 (.0 =X
Area of required region = 4 (2 — 1) (1 = (1)) =8 sq units —
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- 5
= f(x)=3log x+c Now, required axea=J g (x)dx
Putting x=1= c=0 -3/2
s - 5
=5 f(x)=3logx=y (say] =I 1 (2)dx+J lllz (1—X)dX+I . 2+ x)dx
3 -3z - -
Required a:ea=J xdy=j R dy=3[e")2. ¢ 1 1 N 1 1
== = =2(_1+§)+(_..__)—(—1——)+2(5+—)+—(25——)
=3 (e — 0)=3e sq units 2 2 8 2 2) 2 4
54. According to given conditions, 101 i
J‘[f(x)-(X‘-4x2)]JX‘kJ‘[(2x2 x]) f( )]d =— squnits
= s R e !
i ¢ 56. It is easy to see that,
Differentiable both the sides w.r.t. t, we get e*, 0<x<log(3/2)
fO =@ -ar)=k@ =)= f®) Fy={3/2 logB/DSx<log(@
or A+k) ft)=2kt®* —kt* +1* —41® 1+¢€% log(2) S x<1
1
=P f)=——{t* -kt + 2k —4) £ Let A be the required area. Then,
k+1 )t 1 3
(log 3/2) og 2 1 g
Hence, required f is given by; A= Jo e dx+ Ilog 32 de & Ilng 2 (L) b
o 3 -
e =R 2R+ (R = g2
55. f()=|t—1|=|t|+|t+1] 3(3_,)+3(logz_,ogz)+(,_1_log2+1)
-t 1<-1 2 2 2 e 2
2+t —1<t<0 [ 4 1] :
= 1) = » =2+log( )—-— sq units
fO=12m o<ess 12+ elsm )7 ]
t, t>1 57. f'(x)= lim flx+h)-f(x)
V h—>0 h
- lim fx+h/x)=f(x)
h—0 h

2
f® oy fA+R/0-FO) _fx) o,
v_1\/ X h=0 h/x —_x-f ®

-'-f'(x)=—2f:x) or L) 2

x

»X

1 -1/2 O 72 1 1% 2 fx)
Y4

) =52

1 5
Casel x+2S-E = xS—E

g(x)=max {f ()):x+1St<x+2}
=f(x+1)=—x-1Lx<-5/2

1 5 i :
-—— < - &£ - :
Casell 2<x+2_0=9 2<x_. 2 .0 0 (.o

g(x)=f(x+2)=4+x,-§<"5‘2
Integrating both the sides, we get f (x) = Cx?, since

Caselll 0<x+2<1=>-2<x<-1 )= Ol
g(x)=2 %o Fl=x?
CaselV 1<x+253/2=-1<x$-1/2 : x)=x
gx)=f(x+1)=1-x Now, 2 z=xz S g P
CaseV x+2>3/2=>x>-1/2 1+x
gx)=f(x+2)=2+x = =l = x=di
ml, B8=5/2 Required area =2 J" 2o i
4+ x, -5/2<x<-2 ol 1+ x?
Hence, g(x)= 2, -2<xsS-1 ST
- - x
1-x, =-1<xs-1/2 =2|2tan™ x—— =2[§_§]

24+4x, x>-1/2 2
=(N-§) sq units



8. y(x+y’)dx=x(y*-x)dy

= xydx+yzdx=xy’dy—xzdy

---------- -->y=3n/16
= xd(xy)=x2y’(—ay-lzdx)
x %
d 2
() x x xy 2\«x
At,x=4,y=-2
1 1 1Y)
So, —==| == =
P 2( 2) +C = C=0
Hence, y*+2x=0
So, fx)=(- 2x)13

The second equation given is

sinfx | _ cos? x
y= sin~! Vi dt + J cos
1/8 1/8

~U Ve dt

= y’=x-2sinxcos x+ x-2cos x(—sinx)=0
So, y is constant.

1
Putsin x = cos x =—F=
NG

Hence,y = Il;:z (sin™ VI + cos™! Vi) dt

2 n:) n 3 _3m
= = |ldt=—-==—,
s \ 2 2 8 16

3n
So, we must find the area betweeny = f (x),y = 7

3n
g(x)——6

3

3n 1( 3n
At g B N p
V=16 2(16) Y

Hence, area —I ( = +(@x)" ) dx

an\° 4
= EE,H.ZV’.X_ —1(3—1!-) sq units
16 4/3 8 \16

. A(R)+A(5)=ny+bz
59. Asin the figure AT Kx]2

where h =a + b + c, the altitude of T.
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By similar triangles£= y 2%,
h b+c ¢
a(b+c)x+b.g
so, AR+AG) " 1 h
A(T) hx/2

=%(ab+ac+bc)

We need to maximize (ab + bc + ca) subjecttoa + b+ c=h
One way to do this is first to fixa,so b + c=h —a.

Then, (ab + bc + ac)=a (h—a) + bc

and bc is maximized when b = ¢. We now wish to maximize
2ab + b® subject to a + 2 b = h. This is a straight forward
calculus problem giving a = b = ¢ =1/ 3. Hence, the maximum
ratio is 2/3 (independent of T).

. Consider a coordinate system with vertex P of the isosceles

APQR at (a, 0) and Q and R at (0, b) and (0, — b) respectively.
A=%a~2b=ab )

Let the centre of ellipse be (ct, 0) and the axes be of lengths, 2a
and 2.

2
So, the equation of ellipse i lS (y) =1
BZ
Y
ql©.b)

‘‘‘‘‘‘‘ @ 0)\\ X
/ %{’0)

0.-b)

Now, the line PQ is tangent to the ellipse. To apply condition
of tangency, let us take a new system x’y” whose origin is at
(o, 0).

Then, x=x"+oandy =y’

So, the ellipse becomes XJ— +=—==1
o?

y
p*
+a

and the line PQ becomes s

X
b

which can be written as y'=—k:(+b(l—g)
a a

% H(g) () e

. pr(i2)
a
Now, area of ellipse=n a B = A%=n’a$P?
Using Eq. (ii), A? = n%%? ( 1 2 ) =) (s35)
a
f'(x):n’b’(zu -"iz]
a

6l
f'@)=0 = 20=— = a=§(onto)
a
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. i f maximum area will
3 R T | 12 _ 22 _ 63. By the symmetry of the figure circle(s) o

Since,  f"(a)=n"b ( 2= g ) =-2n'b" =(-ve) have the end point of diameter at the vertex of the two

(ata=a/3) parabola. . i

a a* 2) nA? = Radius of circle = = X AB=~ X8 = 4 units
So, = =Rz'-—-bz(l—— = i L (i 2
f( 3 ) 5 5 = [using Eq. (i)] 2
Hence, (A)pax = -ﬁ = RELY sq units
33 9 \ y

61. A = jo' {sin x = f (x)} dx = — [cos x]} - jo’ f(x)dx 9 y;& P

=—(cosa—l)—J°n f(x)dx=1-sina+(a—1)cosa (given)

3 1
= —cosa -I; f(x)dx=-sina+(a—1)cosa So, the area of shaded region = 4 X[ L (B +2x-x")dx- P
= —j: f(x)dx=-sina+acosa m'enofcircle=4( -132—47': )SQU““S
a . 3
=2 .[o i 64. AreaofMOB=2X(%X-:-><az )=52—
Differentiating w.r.t. a.
f(a)=cosa—(cosa—asina)=asina y=a
f(x)=xsinx A 2 8
Now, y=sinxand y = f(x)intersects at
= asina=sina=(a-1)sina=0
= a=1 [as sina = 0]
Hence, A =1-sinl C
. ) -al2 (0] a2
A1=j| (xsin x —sin x)dx=mn —1-sinl
= . A 3 3 3
A’=L | xsin x —sin x| dx =31 -2 Area=AreaOCBD—In’z b= B8 o8
B 2 6 3
62. Forx=1y=b-5"+4=5b+4 i Area of triangle
= um
and W —p.5 log5 = Sblog5=140log5 = b=8 x>0 Area between the line and parabola
dx - a’/2 3
The two curves intersects at points where = 2/3 = 2
8-5% + 4=25"+16 i . 1
. Required area=—-x2x2= i
= 5% -8.5+12=0 => x=logs x=logs6 & 2 Sl L
Hence, the area of the given region; Y
= [ 85™ + 4 (25" + 16)} dx -1.2) 1.2)
logs 2
=j'°"°(a-s‘—2s‘—1z)dx
logs 2 X
85" 25t 1®° o L
S log 5 2’r—log 25
13 .
ogs 2 (-1,-2) (1,-2)
_slﬂ’ll“ B-Sb‘"
= —— + = —12(log s 6 — log 5 2)
08 08, )2
: glogs 4 = g.5"6 2 66. Required area =4 x[ L‘f)_ -(r=2) ]=5 sq units
log,25 log,5
-36 48 4 16
=+ -12[logs 3] + ——— - (0.{2)
2log,5 log,5 ’ 2(log, 5)  (log, 5)
=_l‘l__|21°g,3=4log,e‘ -4 logs 25
log, 5 o) 2.0

4
=4 logs [ g; ]sq units



67. 5 squnits

W

W
W
1 W

N W e o,

o 1 2 3 4 /5 X
68. Area of the square ABCD =2 sq units
C
D
B
A
Area of the chcle:nx%:%squnits.
Required a.rea=( 2 -g )sq units
69. 25y +2! 51t < (i)

70.

Clearly, this region is symmetrical about X and Y-axes.
Let x < 0, Eq. (i) gives,

2 —y+2*7'<1
1-2"""' jag.l

< = -
= y Y 3
1
x=1/2
1/2 y=1/2
c B
N\ ’
@] 12
-12

Clearly, bounded region in the first quadrant is OABC. The
required area is 4 times the area of the region OABC.

/2

2 1 .

Required =4 27 —=|dx=4|- -=
equired area L ( 2) [ In2 2 ]o

[ 4 o]
=|—@-2"")-1 it
llnz( ) quums
Pair of lines y? =3y +2=0

= Linesarey=2,y=1

Let [a]=b

Chap 03 Area of Bounded Regions

b
Now, curves are y = bx*and y = = x*

Y.

Bounded uea:Z[Ilz (x: —x.)dy] :
1 (B )

2
J\/E.L”-L.ﬁ1
l b 3/2 b 3/2Jl

227

=§—“ﬁ«ﬁ—1>y”’).‘=3—}—5(ﬁ—1)(z~/5—1)

Area will be maximum when b = [a] is least.
Asa22 = [alleast =1 = 1<a<2

71. Since, f’(x) <0 = f (x)is a decreasing function and also

[ (x) >0 = f(x)is concave upwards.
Hence, the graph of the function y = f (x) s as follows :

Y.

1 23 45 n-1n

0

1 23 45 n-1n

— X

(i)
Let S, denotes the shaded area in figure (j).

= SL=f@)+ f@)+...+ f(n)= if(r)—f(l)

r=1

From the figure (i) it is clear that, S, < I " f(x)dx
1

= S fO-fw<f" fxax

r=1
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= Z FO<[" fdc+ £) )
r=|
Let S, denotes the area of the shaded region in figure (ii).
= s=(iro+r@)riv@ssons..
+ (=1 £ )
=[(fW+f@+ fE)+...+ f(n=1)+ f(n)]

1
n 1 . —E(f(l)+f(n))
=Y, Fe)-gf) -7 fie)

r=1

From figure (ii) it is clear that;
S >J‘l" £ (x)dx
= 3 fO-;FW+ o> [ fede

r=1

= 5 FO>[" fEdx+ @)+ @)

r=1
>[ f@dxr a2 1 @) i)
From Egs. (i) and (ii), we get

O+ [ <3 <[] e der £

72

Here, {(x,y) € R*:y 2 \J[x + 3|, 5y S(x +9) <15}

7 y 2 ||x+3]|
m,whcnx2—3

= e {m,whenx5—3

) {x+3,whenx2—3
Y2

or —3—-x,whenx<-3
Shown as
Y
y2=-x-3 y2=x+3
, X
X
3 0
Y
Also, 5y S(x+9)<15
= (x+9)25yand x <6
Shown as v
(0.9/5) -
O
) I - X
= 0
(-9.0)
x=6

o {(ny) e Ry 2fix+3,5y S(x+9)s15)

73.

74.

Y

- Required area = Area of trapezium ABCD
— Area of ABE under parabola

— Area of CDE under parabola

“Larae) - [y Rdx- [ ) dx
- L

® T
15 [3-0"| |+ 3)”2J
-3

2 3 3
2

2 -4
15 2 2 15 2 16_15_2__3_
D fr0-11-5%1B8-0]z——=—-—=——-—=
_2+3[°1]3[8 =3 73737 273 2
Since, F’(a) + 2 is the area bounded by x =0,y =0,y = f(x)
andx=a.
[ifx)dx=F (@) +2
Using Newton-Leibnitz formula,
f(a)=F"(a) and f(0)= F"(0) .(i)
x*+nl6
Given, F(x)= J 2cos’tdt
On differentiating,

F'(x)= 2t:t)sz(x2 + %)21: —2cos®x-1

Again differentiating,

F"(x)=4 {Cosz(xz + %) —2xcos(x2 +%) sin(xz + %)Zx}

+ {4 cos x-sinx}

=4 cosz(xz + E) — 4x? cos(x2 + E) sin(x2 + -7—:-)
6 6 6

+ 2sin2x
F"(0) = 4 {cos’(i)} =3
6

f(0)=3
Let equation of tangent to parabola be y = mx + 2
It also touches the circle x* + y? =2. "

2 |=v2
m ;}l +m?

=> m+mi=2 =2 m'+mi-2=0
= (m*=1)(m*+2)=0
= m=t1m?=-2 [rejected m*=-2]

So, tangentsarey = x + 2,y =—x - 2.
They intersect at (-2, 0).



T(-2,0)
X

Q
Y S
Equation of chord PQis -2x =2 = x=-1
Equation of chord RSis 0 = 4(x —2) = x=2
.. Coordinates of P, Q, R, S are
P(-1,1), Q(-1,-1), R(2, 4),5(2. - 4)

(2+8)x3
2

.. Area of quadrilateral = =15 sq units

75. To find the bounded area between y = f(x)and y = g(x)
between x =ato x =b.
Y

ol
. Areabounded = [Tg(x) ~ f(x))dx + [ {£(x) - gx)lax

b
= []1f() - gx)ldx
Here, f(x)=y =sinx+ cosx,when0<x< x
cosx —sinx,
and g(x)=y =|cosx —sinx|=
sinx — cosXx,
could be shown as

Y
=sinx + COSx
N f(x) b 4 }
=V2sin ( X+ %)
1
o] w4 w2

.. Area bounded = I: e {(sinx + cosx) — (cos x —sinx)}dx
+ Jm /z{(sinx + cosx) —(sinx — cosx)}dx
/4

"4 n/2
= J 2sinxdx + I 2cos xdx
0 R/4

/2

©/4 4 2[sinx]} s

=-2[cosx];
=4 — 242 =22(/Z — 1) 5q units
76. Graph for y=e™

<

a3l
AN
N

N
N
D

S

-9
&=

77.

78.

79.
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Since, x?<x when x € [0, 1]

- 2 -
= —x?2-x or e ¥ 2"

Ile"'dx p- Ile"‘dx
0 0
= S2 (), =1-£ )

Also, I;e"'dx < Area of two rectangles
< (1><L)+(1_L)xi
U2 V2)" Ve
1 1 1
St 1=
N ( V2 )

11 1 1
Y3 -‘/——2+$(1—7—5)2521 a
R=["x fx) dx )

i)

[from Egs. (i) and (ii)]

using [ f(x) dx = ['fa+b-x) dx
R=["a-xf0-xd

R = Jj‘(l — %) f(x)dx ()

[f(x) = f(1 - x), given]
Given, R, is area bounded by f(x), x=—1and x =2.

Ry= j_" f(x) dx (i)
On adding Egs. (i) and (ii), we get
2R = _’l f(x)dx V)

From Egs. (iii) and (iv), we get
2R, =R,
Here, area between O to bis R, and b to 1 is R,.

j:(l—x)zdx—j: (l—x)zdx=l

4
- [a—x)ﬂ”_[( —x)’]‘=1
=3 |, L -3 ),
IR TR P TC T
= 3[(1 b) 1]+3[o (1-b) =
T N S B
o 3(1 b 3+4 12
- 3:1
= (1-b) -
= Q= = pad
2 2

Shaded area =¢ — U: e* dx) =1

Also, I:hl(¢+l—y)dy [pute+1-y =t=> —dy =di)

=j' In t(-d) = ["In tdt=["Inydy =1
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14 = —
Required area = J- r 1+sinx 1-sinx di
0 cos X cosx

[ 1+sinx
-
cosx

80.

X X
1+tan25 1+tan’=

x
1—-tan’=

1 —tanzi
\ 2

2 X
1+tan"—
2

2
l—tani
2

1+tan>
2

1+tan——1+tan—

r—x b=,
1-tan®=

Puttan>=t = lsec X dx=dt
2 2 2

n

tan —

=J' 8
0

[

ni4 an—

x
tanz —

4t dt
a1+1t% ,/1 =
4t dt

As a+1) ,/1 o

81.

Given,

= 3y

d’ dy\' _,d% _
=3y [dzz)+6y(dx) -3 x’—o
Atx=—10~/5,y=2ﬁ

On substituting in Eq. (i) we get

Again, substituting in Eq. (ii), we get

2 1}, d*
3(2&)";—%6(2\/5)'(-5) -3.2%=0
2
2
= 21~d—’;=-12‘c
dx (21)
- dly _-1242 _-4\2
dx* (1 7*-3°

1-sinx

cosXx

S

[ tan % =2 -1]

)

.(ii)

82. Required area = J':y dx = I:f(x) dx=[f(x)-x]’ - j:j'(x)x dx

= bf) - af(@) - [ "f"(x)x dx
= bf(b) - af @) + [

3 f(x )l’
[f(x)-— T
dx 3y' -1 (SN -1)

83.

84.

85.

Let] = _[i‘g’(x) de=[gx)), =g -gC=1

y? =3y +x=0 (i)
y=g(x)
(g -3g(x) + x=0
Atx=1 {g)f -3g()+1=0
Atx=-1{g-1) -3g-1)-1=0
On adding Eqs. (i) and (ii), we get
(g + {g- D -3 {g (1) + g1} =
= [g1)+ g~ DI + (g 1I* - g(x)g(— 1)-3]=
gl)+g(-1)=0
gn)=-g-1)

I=g(1) - g(-1) = g1) — (-} = 28(1)
Given equations of curves are y2 =2x, (i)
which is a parabola with vertex (0, 0) and axis parallel to
X-axis.
And
which is a circle with centre (2, 0) and radius =2
On substituting y* = 2x in Eq. (ii), we get
x?+2x=4x = x*=2x

Since,

and
[from Eq. (i))

)
.. (i)

=

(i)

x2+y2=4x

=
=

x=0o0rx=2 )
y=0ory=%2 [using Eq. (i)]
Now, the required area is the area of shaded region, i.e.

X

Required area_Area of a circle I e
2
rt(2) ‘/-I LI Ea i
3/2

="‘2—3@[2*/§—0]=(n -%)squnits

Given region is {(x, y): * <2xand y 2 4x — 1}

y? S 2x represents a region inside the parabola

y?=2x )
and y 2 4x — 1 represents a region to the left of the line
y=dx-1 (i)
The point of intersection of the curve (i) and (ii) is
(4x—=1)*=2x
= 16x + 1 -8x =2x
= 16x* —10x+1=0

x=

00 | =

B | -




. The points where these curves intersect, are ]

G2

foo]
[}
=}
[2]
o
-
o
N
=
E
o
(=9
B
[}
»
[}
—
= <
+
=
I
I
o
e
)

1{3
=—{=+
4|2

86. Given equation of ellipse is

2 2
x_+y_=1

9 5
a®=9,b*=5

Now,

b
Foci =(tae, 0) =(+ 2, 0) and —a— =

4
0.3

3

O

(-2, 5/3)
M

= a=3b=+5

b? 5 2
e=f1-S=J1--==
a 9 3

2 5

L(2,5/3)

.. Extremities of one of latusrectum are

5).
.. Equation of tangent at (2, ;) is,

A2)  y6/3) _
9 5
or 2x+3y =9

1

Eq.(ii) intersects X and Y-axes at G, 0) and (0, 3), respectively.

. Area of quadrilateral = 4 X Area of APOQ

=4x(lx2x3)=27 sq units
2 2

(et
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87. Given, A={(x,y): x’ +y* <landy’<1-x}

88.

89.

3\!

X 1_, ! 2 1 2
=< —yidy=-m(1)? +2|y -
Required area i +2J0(l y“)dy 21:() (y 3]

NIE]

4

+_

3
Given curves are y =Jx
and 2y—-x+3=0

A\

b d

0

()
(i)

o
~<
[)
%

>

On solving Egs. (i) and (ii), we get
2x -(x)?*+3=0
Wx)-2dx-3=0

Wx-3)(Wx+1)=0

L

y=3

Of=cccaad

Vx =3 [+J/x=—1isnot possible]

. Required area = J:( line - curve) dy = I: {y +3) -y} dy

3P

y’]

=I|:yz+3y—-?J=9+9—9=9
o

Given Two parabolas x* = Yandx? = 9y
4

To find The area bounded between the parabolas and the

straight line y =2,

The required area is equal to the shaded region in the drawn

figure.
Y s
\ y-4xy=_;_)(2
\ I o

The area of the shaded region (which can be very easily found
by using integration) is twice the area shaded in first quadrant.
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Required area =2 J:(B y - —J—z) dy =2 I:(';‘ \/;) dy

2
P =2
=5 Y. =E(23/1_0)=Z@_
3/2 3 3
y=0

90. Given,y:x,x:eandy:l,xzo
x

Since,y =xandx20 = y20
.. Area to be calculated in I quadrant shown as
Y

Y,

0
/] D (1,0)C (e 0)
x=e
1
Area = Area of AODA + Area of DABCD

1 e 1 _1 3
== ><1)+jl ;dx—5+(log|xl)l

=% + {log |e] - log 1} [ log le] =1]
=1+ 1 =§squnits
2 2
91. Graph of y =sinxis
y
.
5 a2/
X i 3n
2n _ 1__1\:/2 \\}“
Y

and graph of y = cosx i

S

1

:OH -
i
r2

T
Ny
03

1

2
3n/2

S

smi4
Required area = I:I‘(cos x—sinx) dx+ J',m (sinx —cos x)dx

n/2 =
+J (cos x —sinx)dx
sr/4

. s
= [sinx + cosx]§* + [—cosx —sinx]y}q

+[sinx+ cosx]inr

= (4\/5 —2) sq units
92. The equation of tangent at (2, 3) to the given parabola is
x=2y—4

X

X750 l
yh y-27%=x-1)
Requiredaxea=-j: {@ —2)% +1 -2y + 4}dy
[ -2y g
=|\%_y2+5yJ

o
=l—9+15+§=9squnits
3 3

93. Given, equations of curves are x+3y* =1
and x+2y2=0
On solving Eqgs. (i) and (ii), we get
y=*landx=-2
1
[ = |

Y

*. Required area =

(2. 1)

| amsytr ey <[ a-ra]

37
=|2[;(l—y’)dy‘= Z[y—z;—] =l2(l—§)\=§squnits

- ()
- (i)



