Chapter 15

GENERAL EQUATION

OF THE SECOND DEGREE
: TRACING OF CURVES

348. Particular cases of Conic Sections. The
general definition of a Conic Section in Art. 196 was that
it is the locus of a point # which moves so that its distance
from a given point & is in a constant ratio to its perpen-
dicular distance PJ from a given straight line ZK.

When & does not lie on the straight line ZA, we have

found that the locus is an ellipse, a parabola, or a hyperbola
according as the ececentricity e is == or > 1.

The Circle is a sub-case of the Ellipse. For the
equation of Art. 139 is the same as the equation (6) of
Art. 247 when 0 =da* 7.e. when e=0. In this case

C8=0, and 87 :% —ae=ow. The Circle is therefore a

Conic Section, whose eccentricity is zero, and whose direc-
trix is at an infinite distance.

Next, let S lie on the straight line ZK, so that § and Z
coincide.

In this case, since K
SP=¢. PN, J
we have \T
- PM 1
:;mISJff_E,? == g _ X
If e>1, then P lies on one or . ;
other of the two straight lines ST K U

and SU' inclined to KXK' at an angle

)
Sl St
&
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If e=1, then PSM is a right angle, and the locus
becomes two coincident straight lines coineiding with SAX.

If e<1, the £ PSM is imaginary, and the locus consists
of two imaginary straight lines.

1f, again, both XK' and .S be at infinity and 5 be on
KK', the lines SU and SU’ of the previous figure will be
two straight lines meeting at infinity, .e. will be two
parallel straight lines.

Finally, it may happen that the axes of an ellipse may
both be zero, so that it reduces to a point.

TUnder the head of a conic section we must therefore
include ;

(1) An Ellipse (including a circle and a point),
(2) A Parabola.
(3) A Hyperbola.

(4) Two straight lines, real or imaginary, inter-
secting, coincident, or parallel,

349. 7o shew that the general equation of the second
deqree
ax® 4+ 2hay + byt + 29+ 2y + e=0......... (1)
always represents « conic section,

Let the axes of coordinates be turned through an angle
#, so that, as in Art. 129, we substitute for « and y the
quantities x cos # —ysinf and wsin #+ycost respec-
tively.

The equation (1) then becomes
a (2 cos @ — y sin 6)® + 24 (2 cos 6 — y sin 6) ( sin 6 + y cos 0)
+ b (2 sin 0 + y cos 0 + 2¢ (x cos §—y sin 6)
+ 2f (2 sin 6 +y cos 0) + ¢ =0,
i.e. w* (@ cos® @ + 24k cos 6 sin 6 + b sin® 0)
+ 2wy {h (cos® § —sin® 6) — (@ —b) cos @ sin 6}
+ 4* (@ sin® 0 — 2} cos @ sin 6 + b cos® 6) + 2u (g cos 8 + [ sin 6)
+2y(feosf—gsind)+e=0........... (2).
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Now choose the angle @ so that the coefficient of xy in
this equation may vanish,

¢.e. 50 that A (cos® 0 — sin® 0) = (@ — b) sin @ cos 6,
%. €. 2h cos 20 = (@ — b) sin 240,

F 2%
7. 2. 80 that tan 20- ——
=0

‘Whatever be the values of a, b, and /, there is always
a value of @ satisfying this equation and such that it lies
between — 45° and +45°. The values of sin 6 and cos 6 are
therefore known.

On substituting their values in (2), let it become

Aa 4+ By + 2Ge +2Fy +e=0............ (3).
First, let neither 4 nor 7 be zero,
The equation (3) may then be written in the form

. .6'_‘ a2 _Z;' 2 | G‘S FE
A(mT:{) 4—E(y+ﬁ ...E--[--j}--—n.
Tissiaforn thecomgn: o the gt [ =2 _F)
'NSIOrm 10 m“lgm 0 e 'l:lﬂ]l'l (-—- ;1 § H .

The equation becomes

AL I
Aa? - By = gt e = ARG Y s (4),
s
i.e. %+%:1 ....................... (5)
4 B
K K grs . _
1If - 1 and b be both positive, the equation represents an

ellipse. (Art. 247.)

K K
If — and 7 be one positive and the other negative, it

representa a hyperbola (Art. 295). If they be both
negative, the locus is an imaginary ellipse.

If K be zero, then (4) represents two straight lines,
which are real or imaginary according as 4 and B have
opposite or the same signs,
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Secondly, let either 4 or B be zero, and let it be 4.
Then (3) can be written in the form

Py ¢ B
B(ﬁ"““ ra) AR [‘“ 26 *m] =

Transform the origin to the point whose coordinates

are
i+ I F)
(_ 2¢' ' 2BG’ B/’

This equation then becomes
By*+ 262 =0,
26

i €. y‘3=-?¢3

which vepresents a parabola. (Art. 197.)
If, in addition to 4 being zero, we also have & zero, the

equation (3) becomes

Byt 4 2Fy + e =0,
2. € / +{,---=J= fﬁ.rfuf‘
g Y g
and this represents two parallel straight lines, real or
imaginary.

Thus in every case the general Bquﬂ.tion represents one
of the conie sections enumerated in Art. 348,

350. Centre of a Conic Section. Def. The
centre of a conie section is a point such that all chords of
the eonic which pass through it are bisected there.

When the equation to the eonic is in the form
ax® + 2hay + byt =0, viieiniinnins (1),
the origin is the centre,
For let («, ') be any point on (1), so that we have
aw® +2ha’y + by +e=0 coiiiiiiin, (2).
This equation may be written in the form
a(- &P+ 2 (=) (—y) +b (— g/} + 0=0,
and hence shews that the point (—a/, — ') also lies on (1)
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But the points (a, ') and (-a', —y') lie on the same
straight line through the origin, and are at equal distances
from the origin.

The chord of the conic which passes through the origin
and any point («, 3') of the curve is therefore bisected at
the origin,

The origin is therefore the centre.

351. When the equation to the conic is given in the
form
ar® + 2hay + byt + 2ge + 2fy + e = 0., (1),
the origin is the centre only when both f and g are zero.

For, if the origin be the centre, then corresponding
to each point (a/, %) on (1), there must be also a point
(—«', —y) lying on the curve.

Hence we must have
aw® + 2ha'y’ + by + 290" + 2y 4 e=0...... (2),
and aa’® + 2haty’ + by® — 292" - 2fy' +e=0....., (3).
Subtracting (3) from (2), we have
gz’ +fy = 0.
This relation is to be true for «/l the points («, y')

which lie on the curve (1). But this can only be the case
when g =0 and f'=0.

852, 7o obtain the coordinates of the centre of the
conic given by the general equation, and to obtain the
equation to the curve veferved to awes through the centre
parallel to the original axes.

Transform the origin to the point (%, 7), so that for a
and y we have to substitute +& and v+ 7. The equation
then becomes

@@+ &P+ 20 (w+a) (y+7)+ b (y+ 9+ 29 (2 + &)
+2f(y+g) +e=0,
we. an®+ 2hay + byt + 2u (a@ + hj + g) + 2y (hE + 0F + f)
+ ai® + 2haeq + 0 + 2gi+ 2fG +e=0 ......... (2).
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If the point (& ) be the centre of the conic section, the
coeflicients of  and y in the equation (2) must vanish, so
that we have

aB+hj+g=0.c (3),
and hE+bF+ =00, (4).
Solving (3) and (4), we have, in general,
_ Jh—bg _ gh—af .
= a—b-—'ﬁrﬂ 3 and W= ;&mz .......... {,j].

With these values the constant term in (2)
= ai® + 2hEF + b + 2g% + 2fiG + ¢
= (ad+hj+ g) + g W&+ b + f) + g + fij + ¢
T AR - N T L S . (6),
by equations (3) and (4),
_abe + 2fgh — af* — by® — ch?
B ab — h*

, by equations (5),
A
=
where A is the discriminant of the given general equation

(Art. 118).

The equation (2) can therefore be written in the form
A
ax’ + 2hay + by + 3= 0.

This is the required equation referred to the new axes
through the centre.

Bx. Find the centre of the conic section
22— bay -~ By -z - dy + 6=0,
and its equation when transformed to the centra.
The centre iz given by the equations 2z — §j - =0, and
—5i -3 -2=0, so that T= -3, and = -4.
The equation referred to the centre is then
222 - by — 3y* +¢' =0,
where d=-3.T-2.7+6=3+3+6="7, (Art. 352)
The required equation is thus
222 - bay - By + 7=0.
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353. Sometimes the equations (3) and (1) of the last
article do not give suitable values for @ and 7.

For, if ab—7* be zero, the values of & and ¢ in (5) are
both infinite. When b — A% is zero, the conic section iy a
parabola.

The centre of a parabola is therefore at infinity.

Again, if ?2.: :;—: :j;’ the result (5) of the last article is
u
of the form § and the equations (3) and (4) reduce to the
same equation, viz.,
ad+ hij + g = 0.
We then have only one equation to determine the

centre, and there is therefore an infinite number of centres
all lying on the straight line

ax + by +g=0..

In this case the conic section consists of a pair of
parallel straight lines, both parallel to the line of centres.

354. The student who is acquainted with the Dif-
ferential Calculus will observe, from equations (3) and (4)
of Art. 352, that the coordinates of the centre satisfy the
equations that are obtained by differentiating, with regard
to @ and g, the original equation of the conic section.

Tt will also be observed that the coefficients of i, 4, and
unity in the equations (3), (4), and (6) of Art. 352 are the
quantities (in the order.in which they occur) which malke
up the determinant of Art. 118.

This determinant being easy to write down, the student
may thence recollect the equations for the centre and the
value of c.

The reason why this relation holds will appear from the
next article.

355. Ex. Find the condition that the general equation of the
second degree may represent two straight lines.
The centre (%, 7) of the conie ig given by
aZ+hF+o=0 ... (1),
and WEEVTEf=00 (2.
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Algo, if it be transformed to the eentre as origin, the equation
becomes

a4 Bhay Wyt 4e" =0, 000 (3),
where &=gF+[G+e.
Now the equation (3) represents two straight lines if ¢’ be zero,
f.¢. if g+ fif+e=0. oo .. (4).

The equation therefore represents two straight ]_mcs 1f the 1619,1':-10113
(1), (2), and (4) be simultaneously true.

Eliminating the quantities T and § from these equations, we have,
by Art. 12,

L ay Ty g

| fy b, J

Vg Sy e
This is the condition found in Art. 118,

356. 1o find the equation to the asymptotes of the conic
section given by the general equation of the second degree.
Let the equation be
an® + 2hay + by + Bga 4+ 2fy +e=0...0.a.0n (1).
Since the equation to the asymptotes has been shewn to

differ from the equation to the curve only in its constant
term, the required equation must be

ax® + 2hay + byt + g+ 2fy +e+ A=0...... (2).
Also (2) is to be a pair of straight lines.

Hence
ab (c+ )+ 2fgh —af*—bg*— (e +A) 2= 0. (Art. 116.)
__abe+ "}‘{;ﬁ af*® —60'" —ch® A
Therefore A== P S

The required equation to the asymptotes is therefore

&
9 ) . S
aa’ 4 famJ-i-bJ + 2 + ..ffy—l—o P § 357 ()

Cor. Since the equation to the hyperbola, which iy
conjugate to a given hyperbola, differs as much from the
equation to the common asymptotes as the original equation
does, it follows that the equation to the hyperbola, which is
conjugate to the hyperbola (1), is

2 A
ax’® +2hay + by + 29w + 2y + ¢ — 2 5—5.=0.
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857. To determine by an examination of the general
equation what kind of conic section it represents.

[On applying the method of Art. 313 to the ellipse and
parabola, it would be found that the asymptotes of the
ellipse are imaginary, and that a parabola only has one
asymptote, which is at an infinite distance and perpen-
dicular to its axis.]

The straight lines aa®+ 2haey + by* =0 .ociiinnnnn, (1)
are parallel to the lines (2) of the last article, and hence
represent straight lines parallel to the asymptotes.

Now the equation (1) represents real, coincident, or
imaginary straight lines according as A* is >= or <ab,
2.¢. the asymptotes are real, coincident, or imaginary,
according as A* > = or <ab, i.e. the conic section is a hyper-
bola, parabola, or ellipse, according as 4* > = or < ab.

Again, the lines (1) are at right angles, 4.e. the curve is
a rectangular hyperbola, if a + & =0,

Also, by Art. 143, the general equation represents a

Finally, by Art. 116, the equation represents a pair of
straight lines if A =0 ; also these straight lines are parallel
if the terms of the second degree form a perfect square, ..
if = ab.

358. The results for the general equation
ax® -+ 2hay + by' + 2ge + 2fy +¢=0

are collected in the following table, the axes of coordinates
being rectangular.

Curve. Condition.

Ellipse. h* < ab.

Parabola. h* = ab.
Hyperbola. It =ab.

Circle. a=>b, and A= (.
Rectangular hyperbola. a+ b =0,

Two straight lines, real or A=0,

imaginary. 2. 8.
abe+ 2 fgh — af* —bg* — ch*=0,

Two parallel straight lines, A =0, and &= ab.
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If the axes of coordinates be oblique, the lines (1) of Art. 356 are
at right angles if a+b—2hcos w=0 (Art. 93); so that the conic
section is a rectangular hyperbola if a + 6 — 2k cos w=0.

Also, by Art. 175, the conic section is a cirele if b=« and
h=a cos w.

The conditions for the other cases in the previous article are the
game for both oblique and rectangular axes,

What conics do the following equations represent? When
possible, find their centres, and also their equations referred to the
centre.

1. 12a° - 28ay + 10y° - 252 4 26y =14.

. 1327 - 18y 4+ 8Ty + 2w 4 14y — 2=0.
o YE— 2 Bay + Bt b — 4y 4 5=0,
207 — Ty + 23y* — 42 — 28y — 48 =0.
Ba? — Gaey — By* + 1w+ by +4=0.

6. Ba®—8xy-—3y*+ 10z - 13y +8=0.

Find the asymptotes of the following hyperbolas and also the
equations to their conjugate hyperbolas.

7. 8224+ 10xy—8y2—22x+4+4y=2. 8. y*®-axy-227-56y+x—-6=0.
0, 5542 - 120ay +20y° + B4z — 48y =0,

10, 19a% + 24wy +y° — 92 — 6y =0.

11. If (%, 7) be the centre of the conic section

J (@, y) = ax?4 2hay + by* 4 2gx 4+ 2fy + e =0,
prove that the equation to the asymptotes is f (x, ¥) =/ (%, 7).

If ¢ be a variable quantity, find the locus of the point (z, y) when

12. -'r=-:t(t-:—%) and yza(t—%).

13. z=at+bt* and y=0bt+ats

14, z=1+t+t and y=1-t+1¢%

If @ be a variable angle, find the locus of the point (x, ¥) when
15. x=atan(f+a) and y=>0tan (6 +B).

16, z=acos(f+a) and y=0cos (7+8).

What are represented by the equations

17, (z—)*+ (2 —a)*=0. 18, ay+dP=a(z+y).

o o M
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19, @ - yP=(y —a) (* - o)

20. @ty (c+y)+a(y-a)=0. 2L, (a*—a?-y*=0.
22. &@+yP+(e+y) (vy— ax—ay)=0. 23. #*+ay+y2=0.
24, (rcosd—a)(r—acosf)=0. 25, rsin®*f=2acosd.

1 : 1 R
26. -J'—!-;=3cust?+smﬂ. 27. F=1+’3“39+w"33]-“ﬂ-

28. 7(4-3sin® §)=8a cos 4.

1. A hyperbola; (2,1); ¢'=-26
2. Anellipse; (-3, —}); ¢'=-4. 3. A parabola.
4, A hyperbola; (-11, - ﬁ.-,-}; ¢'= —46.
5. Two straight lines ; (—-33, 1§); ¢'=0.
6. Ahyperbola; (-4}, 4%); ¢'= ~ .
7. (Qe+4+3y—1)(de—y+1)=0; Ba?+10zy —3y*— 2w +4y=0.
8. (y+x-2)(y-20-3)=0; 9?-ay-2a-by+a+18=0,
9. (1lz—2y+4) (5o —10y4+4)=0;
H0x% — 120y + 209 + 642 — 48y + 32=0.
10. 192+ 24ay 4% - 222 -0y +4=0;
100 4 24y + 4 - 222 — Gy +83=0.
12, a%—yi=4a 13, (az—by)2=(e? - 12 (ay - bx).
14, {1-' yE—-2(x+y) +4=0. 15, (ay+ab)tan{a— 8)=by— ay.
18, E:* 9 mg cos (¢ — 3) =sin? (a — 8). 17. A point.
18. Tw-::: gtraight lines. 19, A straight line and a parabola.

20. A straight line and a rectangular hyperbola.

21. A cirele and a rectangular hyperbola.

29, A straight line and a circle.

23. Two imaginary straight lines,

24, A cirele and a straight line. 25, A parabola.

926. A cirele, 27. A hyperbola. 98, An ellipse.

SOLUTIONS/HINTS

1. The centre is given by
120 -3y - 22 =0, and — 32z + 10y + 13=0,
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whence x=2, y=1.
“=2(-3%)+13-14=—26. [Art. 352.]
Since (42)*— 10 x 12 >0, the conic is a hyperbola.
2. The centre is given by
132 -9 +1=0, and — 92+ 37Ty + 7 =0,
whence z=—1%, y=—%
e=—3+T(-D-2=—-4.
Since 9 — 13 x 37 <0, the conic is an ellipse.
3. Since »*—2 \/§wy + 32* is a perfect square, and
A +0, the equation represents a parabola,
4. The centre is given by
22— 36y—2=0, and — 362 + 23y - 14=0,
.'..’1::—--%—}, y=—7_;2-5. .
b m gAY~ T (- ) 8 = — 46,
Since 36°— 2 x 23 > 0, the conic is a hyperbola.
5. The centre is given by
b —Sy+7=0, and — Sx— 6y + £ =0,
whence r=—13, y=13.
=32 .T+55.5+4=0.
. the equation represents two straight lines [Art. 120].
6. The centre is given by
3x—4y+5=0, and 4z + 3y + 12 =0,

whence r=—453 Y=g
g5y (1) + B i
Since a + & =0, the conic is a rectangular hyperbola.
7. Here
A 8.3.2-10.2.1 —8.4+3.1+2.25___1
ab—k —24-25 e

Hence the equation o the asymptotes is
8a® + 10xy — 3y* — 2w+ 4y - 1 =0,
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and that to the conjugate hyperbola is
82 + 10xy — 3y* — 20+ 4y =0,

A 2.643+43.50-446.4
- = =2
Hence the equation to the asymptotes is

Yyt —xy — 207~ by +x+ 6 =0,
and that to the conjugate hyperbola is
y*—ay—20 by +a+18=0.
9. Here
A °_2.60.32.24-56 - 247-20. 328 16
ab —h* 55.20—60° = '
Hence the equation to the asymptotes is
5ba® — 120y + 202 + 642 — 48y + 16 =0,
and that to the conjugate hyperbola is
5ba* — 120ay + 203 + 642 — 48y + 32 = 0.

A 2,12,11.3-19.3°-11* 4
ab—h* 19 —12° -

8. Here 12.

10. Here
Hence, ete.

11. TLet f(x, y)+A=0be the equation to the asymp-
totes. Since they pass through (Z, ¥),

L S@DIA=0 L A=—S @)
and the required equation is f(z, ¥) =/ (%, @)
12. Square and subtract; .'. a*—y*= 4a’.
13. We have ax —by = (o —0°)t, and
ay — be = (a® — b%) .
S (ax = by) = (@® - 0°) (ay - bx).
14. We have x—y=2,
and 2x+2y=4+4t’=4+(x—y)’.



'.l—xﬂ v, oy w2y2+cos”(a—,3)—2—a:%‘zoos(a—/3).
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15, 0+a=t&n"§, and 0+B=t&n‘1%.

a—ﬂ=tan"§-ta.n“3—/.

b
Y
a b
S tan (@ = f3) = mm—_ ote.
[0
ab
16. 6+ a.=cos“§, and 0+B=cos'1%.
a-—B=cos“ic—cos"g.

b

2 cos(a—B)=g%+\//(l—:—j)(l—%:).

&8 2P P

B Y 2 o (a— B) = sin® (a ).

17. We must have both z=y and . = a, simultaneously;

therefore the equation represents the point (a, ).

and therefore represents the line  —y — 0 and the parabola

1.6.
%.e.

18. The equation is equivalent to (z—a)(y—a)=0,
and therefore represents the two lines # = @, and y = a.

19. The equation is equivalent to
(@—y) (& + az+ ay) = 0,

o+ ax + ay = 0.
20. The equation is
@+t -y (2 +y) +a*(y —x) =0,
(+y)(z—y)* + a®(y-a) =0,
(x—y) (@®—9*—a®) = 0.

Hence the equation represents the line #—y=0 and

the rectangular hyperbola a*—4*= a2,
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21. The equation is equivalent to
(—a+ ) (2 - @ — ) = O,
and thus represents a circle and a rectangular hyperbola.
22. The equation is equivalent to
(x+y)(@@+y*—ax— ay)=0,
and thus represents a straight line and a circle.

23. Two imaginary straight lines through the origin.
[Art. 120.]

24. A circle and a straight line. [Arts. 88 and 172.]

25. In Cartesians, the equation is #* = 2aux, ie a
parabola. '

26. In Cartesians, the equation is 22+ v+ 1=3x+y,
., a circle.

27. 1In Cartesians, the equation is
@+ =(z + Jgg/ — 1)} 1.e. a hyperbola. [Art. 358.]
28. In Cartesians, the equation is
4 (2® + y*) — 3y* = 8aw, or 42+ y*=8aw.
This represents an ellipse. [Art. 358.]
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359. 1o trace the parabola given by the general equa-
tion of the second degree

aa’ + Bhay + by + Zgw + Yy +e=0......... (1),
aiel Lo find its latus rectum.
First Method. Since the curve is a parabola we

have A&*=ab, so that the terms of the second degree form
a perfect square,

Put then a=d* and b=pg% so that h=af, and the
equation (1) becomes
(ax+ ByF + 29+ 2y +¢=0....oouee. (2).
Let the direction of the axes be changed so that the

: ; ; a
straight line ew+ By =0, t.e. y=— 5=, may be the new

B

axiy of X,

We have therefore to turn the axes through an angle 6

such that tan 6= — -“—, and therefore

B

sinfl=— — _._a: and cos = B

Jai+ B N
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For & we have to substitute

Neos G — Veinb, i.e. ﬁxﬁ'_ﬂfl
;\r( -k ,‘3&‘
and for ¥ the quantity
—aX + BY

X sin 6+ Ycos 6, i.e (Art. 129.)

Jal+ @
For ax + By we therefore substitute ¥ /(a®+ 2.
The equation (E) then becomes

T2 (o +ﬁ*}+J [J(ﬁﬁi’w}’)ﬂiﬁf aX)]+e =0,
L9T aﬁﬁf ox = ﬁg ¢

L. . ¥ = i
@+ T (@+pyt @B
1. . (Y—-K)yP=12 (a{ﬁi{ﬁ% [l s (3),
a” - 3"
where K :f— t‘-—;‘i; ..................... (4),
a” + :
and R Ll 00N B
(a® + 8% a® + f3

; Ja' 1 B (u,g +Bf)° :
i e. Hig 3 (af — Bg) ¢— el EEEEE (5).

The equation (3) represents a parabola whose latus
rectum is 2 ,,___HE.E‘ , whose axis is parallel to the new axis

(a*+ B’
of X, and whose vertex referred to the new axes is the
point (M, K).

360. Eguation of the awis, and coordinates of the
vertex, veferred to the original awes,

Since the axis of the curve is parallel to the new axis of
X, it makes an angle ¢ with the old axis of ®», and hence
the perpendicular on it from the origin makes an angle

90° + 6.
Also the length of this perpendicular is K.
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The equation to the axis of the parabola is therefore
o cos (90° + ) + y sin (90° + 0) = K,

T €. —asin ¢ 4 ycos f = K,
i w + By=K o+ f=— 0 gf ......... (6).

Again, the vertex is the point in which the axis (6)
meets the curve (2),

We have therefore to solve (6) and (2), i.e. (6) and

(ag + Bf)

(a*+ %)’

The solution of (6) and (T) therefore gives the required
coordinates of the vertex,

+2gx+ 2fy+e=0.....000000n, (7).

361. It was proved in Art. 224 that if PV be a
diameter of the parabola and @V the ordinate to it drawn
through any point ¢} of the curve, so that ¢/ " is parallel to
the tangent at P, and if # be the angle between the diameter
PV and the tangent at P, then

QVi=4acosec @, PV..ovvrinnnnnnn. (1).
If QL be perpendicular to 2V and QL' be perpendicular
to the tangent at 7, we have
QL=QVsind, and QL =PV sin#,
so that (1) is QL= 4da cosec §. QL.
Hence the square of the perpendicular distance of any

point @ on the parabola from any diameter varies as the

perpendicular distance of @ from the tangent at the end of
the diameter.

Hence, if Az+ By+C =0 be the equation of any
diameter and Az+ By +C'=0 be the equation of the
tangent at its end, the equation to the parabola is

(dz+ By + O =A(d'z+ By +C)......... (2),
where X is some constant,

Conversely, if the equation to a parabola can be reduced
to the form (2), then

A+ By +C=0....cocovvvneninnn.. (3)
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is a diameter of the parabola and the axis of the parabola is
parallel to (3).

‘We shall apply this property in the following article.

362. 7o trace the parabola given by the general equa-
tion of the second degree

ax® + 2hay + by + 292 + 2y +e=0........ (1).

Second Method. Since the curve is a parabola, the
terms of the second degree must form a perfect square

and /7 = ab.
Put then a¢=a® and b=/ so that h=af, and the
equation (1) becomes
(o + By =— (292 + 2y + ¢} ovvivninnn, (2).

As in the last article the straight line ax+ Sy=01is a
diameter, and the axis of the parabola is therefore parallel
to it, and so its equation is of the form

I e e o S | P SN A (3).
The equation (2) may therefore be written
(o + By + N =—(2g2+ 2fy + ¢) + N + 2) (ax + By)

=2 (Aa—g)+ 2y (BA =S+ A —c ....... (4).
Choose A so that the straight lines
al + By A+ A =0 nieirnnerinnenn. (5)
and 2 (Aa—g)+ 2 (BA—F) +A2—¢c=0....... (6)

are at right angles, ¢.e. so that
a(da—g)+B(BA~S)=0,

_Bf+ag
A= iy ST (7).

i.e. 50 that

The lines (5) and (6) are now, by the last article, a
diameter and a tangent at its extremity ; also, since they

are at right angles, they must be the axis and the tangent
at the vertex,
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The equation (4) may now, by (7), be written
2 (af —
oo+ By + 3= 2L LD [ ay 4 )

B u2+,33_
#=5(ef~ By)
. {ﬁtﬁs@_{#}ﬂ 2(ef = Bg) Pr—oy+p

where (N — e),

Jai i B @+p)F Vo
i.e. pve=2 =89 4x
(@ + Y

where PN is the perpendicular from any point P of the
curve on the axis, and 4 1s the vertex.

Hence the axis and tangent at the vertex are the lines
(5) and (6), where X has the value (7), and the latus rectum

_o By
(@+B)"
863. Ex. [racethe parabola
9a? — 24y + 16y — 182 - 101y 4+ 19=0.
The equation is
(Bx—4y)® - 18z -101y +19=0 ..........c.cevnnn (1)

Pirst Method. Take 37 -4y =0 as the new axis of z, i.e. turn
the axes through an angle #, where tan # =%, and therefore sind=3%
and cos #=4%£.

. . . 4X-3F
For x we therefore substitute Xcos# - Ysind, i.e. —5 for
y we put Xgin#+Yeosd, i.c 57??—;}1?, and hence for 3z -4y the

quantity —5Y.
The equation (1) therefore becomes
25Y2-1[72X -54Y] -1 [308X+404Y]+19=0,
i.e. 25Y2 - T5X - TOY +19=0_........ccocceeeen. (2).
This is the equation to the curve referred to the axes OX and O,
But (2) ean be written in the form

14Y
. =8X~18,

i.e. (Y-7)2=3X-104+48=3 (X+3)

Y2
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Take a point 4 whose coordinates referred to OX and OV are -2
and I, and draw 4L and 43 parallel to OX and OY respectively.

&

Referred to AL and AM the equation to the parabola is Y*=3X.
It is therefore a parabola, whose vertex is 4, whose latus rectum is 3,
and whose axis is 4 L.

Second Method. The equation (1) ean be written

(3z — 4y + N =(BA4+18) o+ (101 - BN} X219 ...... (3).
Choose \ so that the straight lines
dx—dy+a=0
and (6A+18) & +y (101 - 8X) +7*=19=0

may be at right angles.
Henee A is given by
3 (6M+18)—4 (101 -8\) =0 (Art. 69),
and therefore A=7.
The equation (3) then becomes

(B2 — dy + T)* =15 (4 By + 2),

) 3o —dy+T\ ., dc+3y4+2 )
i.e. _Jié_) =d"””J§£_ ............ P (4).
Let AL be the straight line
Br—dy+T7=0 ..o [B)
and 40 the straight ine 4o +3y+2=0........ccciiiiiinn(6)s

These are at right angles,

If P be any point on the parabola and PN be perpendicular to
AL, the equation (4) gives PN*=3. 4AN.

Henee, az in the first method, we have the parabola.

The vertex is found by solving (5) and (6) and is therefore the
point (- 33, £3).
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In drawing curves it is often advisable, as a verification, to find
whether they eut the original axes of coordinates,

Thus the points in which the given parabola cuts the axis of «
are found by ﬁpT.ltatn'u;; y=0 in the original equation, The resulting
equation is 92* — 182 +-19 =0, which has imaginary roots.

The parabola does not therefore meet Oz,

Bimilarly it meets Oy in points given by 16y*— 101y +19=0, the
roots of which are nearly 6% and +%.

The values of 0¢ and 0@’ should therefore be nearly % and 6%.

364. 1o find the direction and magnitude of the axes
of the central conic section

o’ -+ Shaey + 8yt = Lo (1).
First Methed. We know that, when the equation to
a central conie section has no term containing ay and the

axes are rectangular, the axes of coordinates are the axes of
the curve,

Now in Art. 349 we shewed that, to get rid of the term
involving «y, we must turn the axes through an angle ¢
given by ;

24 5
tan 26 = oty RLELPEPRPIPURRPRORS (2).

The axes of the curve are therefore inclined to the axes

of coordinates at an angle § given by (2).

Now (2) can be written

2 tan 0 20
T—tand a—p AW
11199+2ht5mﬁ—1:0 ............. (5).

This, being a quadratic equation, gives two values for 6,
which differ by a right angle, since the product of the two
values of tan 6 is — 1. Let these values be #, and 6,, which
are therefore the inclinations of the reguired axes of the
curve to the axis of .

Again, in polar coordinates, equation (1) may be written

% (@ cos® 6 + 2h cos 0 sin 6 + b sin? ) = 1 = cos®# + sin® 0,
2.8,
. cos® @ + gin? § ~ 1 +tan® @
“acos* 0+ 2hcosfsinf+bsin®f @+ 2htan 6+ btan® @
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1f in (4) we substitute either vulue of tan @ derived
from (3) we obtain the length of the corresponding
semi-axis.

The directions and magnitudes of the axes are therefore
both found.

Second Method. The directions of the axes of the
conic are, as in the first method, given by
2%
tan 20 = —. .
a—b
When referred to the axes of the conic section as the
axes of coordinates, let the equation become
R
lf Flg l

_2+F_ ....................... (H).

L1

Since the equation (1) has become equation (5) hy a
change of axes without a change of origin, we have, by

Art, 135,

and oo 0 — A i e (7).

These two equations easily determine the semi-axes o

and B. [For if from the square of (ﬁ we subtract fnur
T 1

times equation (7) we have (;- - Bg) , and hence - = ,6"”

2

hence by (6) we geb : 5 and 5 ]
The difficulty of tlhlﬂ method lies in the fact that we
cannot always easily determine to which direction for an
axis the value a belongs and to which the value S.
If the original axes be inclined at an angle w, the equa-
tions (6) and (7) are, by Art. 137,
1 1 a+b- 2?& COS @
o ;B_E sin® ) ’
1 ab-W
ol sin*e

and
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Cor. 1. "The reciprocals of the squares of the semi-
axes are, by (6) and (7), the roots of the equation

ZF—(a+b) Z+ab— 1 =0,

Cor. 2. Trom equation (4) we have

Avea of an ellipse = wafS = — M
Nab — 2
365. Bx. 1. Ivace the curve
14 — 4oy +11y? - ddx - 58y +T1=0............... (1)

Binee (- 2)®-14.11 is negative, the curve is an ellipse. [Art. 358,

By Art. 352 the centre (%, y) of the curve is given by the equations
147 - 2§ - 22=0, and -2s4-11y-29=0.

Hence =2, and j=3.

The equation referred to parallel axes through the ecentre is

therefore 140® = day + 1192 4 ' =0,
where ¢'= —22F - 295 + 71 = — 60,
go that the equation is
o —day + 112 =60 cooiieniienn o, (2).
The directions of the axes ave given by
2h wf,
; == = _4
L e L T s
dtand
i t e .
e s 1—-tan®*# #
and hence 2tan?f -3 tan §-2=0.

Therefore tan #, =2, and tan §,= -},
Refgrred to polar coordinates the equation (2) is
irﬂ{lices‘* f — 4 cos @ sin 6+ 11 sin® g) = 60 (eos® ¢ +in? 7),

i o B0 14tan*d
e = e ftan 0+ 11 tant 8"
0 1+4
When tan 8, =2, ¢*=60x 1-51_-"1:3'7::1_4__{]'
1+31

— r'ZI N T ———
When tand,= -4, r, IE":':’{14_|_g_|__1§1_
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The lengths of the semi-axes are therefore /6 and 2,

Hence, to draw the curve,
take the point €, whose coordi- ¥
nates are (2, 3).

Through it draw A'CA in-
clined at an angle tan—! 2 to the
axis of # and mark off Q

A'C=0A=,/6.

Draw BCB' at right angles Q
to ACA' and take BC=CB=2,

The required ellipse has A4’
and BB’ as its axes, 5

It would be found, as a veri-
fication, that the curve does not meet the original axis of z, and

that it meets the axis of y at distances from the orvigin equal to
about 2 and 3} respectively.

Ex. 2. Trace the curve
a =By + 17+ 100 - 10y +21=0 .....covvennen (1)0
Since (;3) — 1.1 is positive, the eurve is a hyperbola,

[Art. 358.]
The centre (T, 7) is given by

3
& -~ 5 +5=0,
B g-5=0
and ?:H-g—- =0,
8o that F=-2, and §=2.

The equation to the curve, referved to parallel axes throngh the
centre, is then

a?-Bay+y?+6(-2)-5x24+21=0,

i.e. a2 By F P = — Linsesssmisiiisesisviil gy
The dirvection of the axes is given by
> 2 -3
fan EE_J-_-L’." 1= 1_-:::« \
go that 28=90° or 2707,
and hence 8, =45° and 8,=135°

The equation (2) in polar coordinates is
7% (eos® # — 3 cos # sin 6 + 8in® f) = — (sin® 0+ cos 6),
14 tan®@

- . I = Ak Y
L N I 3tan 0+ tan’6
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e 2
When #,=45° 2= - i-:a_;izﬂ, so that 1,=./2.
) 2 ~9 ~9
When #8,=1385% r?= - 11351 =% 50 thaf n'ﬂz\/ng—- .

To construct the curve take the point ¢ whoze coordinates are — 2
and 2. Through € draw a straight line 4 CA’ inclined at 45° to the
axis of x and mark off 4'C=0Cd=,/2.

Also throngh A draw a straight line KAK" perpendicular to C4
and take AK=K'A=,/2, By Art. 315, CK and CK’ are then the
asymptotes,

The eurve is therefore a hyperbola whose centre is €, whose
transverse axis is 4’4, and whose asymptotes are CK and CK',

On putting £=0 it will be found that the eurve meets the axis of
y where y=3 or 7, and, on putting y =0, that it meets the axis of x
where x=-3or - 7.

Hence 0Q=38, 0¢/'="7, OR=3, and OR'=1.

366. 1 find the eccentricity of the central conic section
a® + 2hay + byt =1 (1).

First, let 4* —ab be negative, so that the curve is

569
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an ellipse, and let the equation to the ellipse, referred to
its axes, be

&t iz s T . (2),
! )
and B = ab — 1? (3)
Also, if ¢ be the eccentricity, we have, if « be > f3,
PN Je
"
R At
- &+ B
But, from (2) and (3), we have
s g @+D g,
: +ﬁg'_mb-—5"¢-“ and o/ Cab-
Hence
N (@ =) + 4?5*-
2_ 22 _ i N _fffRR o TN
o’ —f3 +~’{(u+‘3} 4a’f3 =
. & V(@ =0y + 42
b G R T e S (4).

This equation at once gives e,

Secondly, let /°—ab be positive, so that the curve is
a hyperbola, and let the equation referred to its principal
axes be

g0 that in this case

iﬂﬁbﬂ_mﬁ-ﬂ and — gﬁs—rxb—z’aﬂ:—{hﬂ—afi).
L
= - _,{a_'i"_iﬁ_ 23 — 1
Hence of— 2= 7 and o F—ab’
;J(.:r,- 4Rt

B tlhﬂ-ir [12 + ‘SE = J(_ﬂ?: BE}E:{-_IJ;&?EE = -'H—}m"“ .
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Tn this case, if e be the eccentricity, we have

3+ 4

EJ=%§£,
. ¢ a+p @b i
2. £ 2—32:u’3—,85=ﬂ_W ......... [:n.)}.

This equation gives e
In each case we see that e is a root of the equation
¢\ (a—0)+4k°
(fﬁ—n”) T (a+bp
i.¢, of the equation
et (ab—1%) + {a— b + 4h°} (e — 1) = 0.

367. 1o obtain the foci of the central conic
ax® + 2hay + by" = 1,

Let the direction of the axes of the conic be obtained as
in Art. 364, and let #, be the inclination of the major axis
in the case of the ellipse, and the transverse axis in the case
of the hyperbola, to the axis of x,

Let #* be the square of the radius corresponding to 6,,
and let »,* be the square of the radius corresponding to the
perpendicular direction, [In the case of the hyperbola 7
will be a negative quantity. ]

The distance of the focus from the centre is /r? —n}
(Arts. 247 and 295). One focus will therefore be the point

(Nf'ri*‘f" —r2cos b, .J*rj"" — 7,2 sin ),
and the other will be

Ex. Find the foci of the ellipse traced in Art. 365,
. 2 1
Here tan 6, = 2, so that sin@, = 75 o

Also r,2=6, and r2=4, so that ,/r?—r,5=,/2,
The coordinates of the foei referred to axes through C are therefore

and cos 8, =
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Their ecordinates referred to the original axes OX and OY are

R R )

368. The method of obtaining the coordinates of the
focus of a parabola given by the general equation may be
exemplified by taking the example of Art, 363,

Here it was shewn that the latus rectum is equal to 3,
so that, if .S be the focus, 4.5 is 4.

Tt was also shewn that the coordinates of 4 referred to
OX and 0Y are — % and .

The coordinates of S referred to the same axes are
o 3 T y T 7
—%+ 3 and %, 4.6 55 and £.
Tts coordinates referred to the original axes are therefore
sycosf —Lsind and Jysin 6- + T cos 0,

5 i 4 T b

2. e, s F— 5.3 and i 241.%,
Ly 14 153

0 €. — 11 and A

In Art. 393 equations will be found to give the foci of
any conic section directly, so that the conic need not first
be traced.

869. EBx. 1. Trace the curve

3(Bz—2y+4)2+2 (B2 + 3y —5)=389 ... (1)
The equation may be written
Sa—2y+4 2+ 3y - 5\*°
3( Jis ) T2\~ a8 3 @)

Now the straight lines 3x-2y4-4=0 and 2248y -5=0 are at
right angles, Let them be CM and
CN, intersecting in € which is the
point (- ¢ £5)-

If P be any point on the curve
and PM and PN the perpendiculars B
upon these lines, the lengths of PM
and PN are

Bz-2y+4 4 w+dy-b
A13 CoN1E A
Hence equation (2) states that L
3PM*®*4-2PN®=3,
PME ra
i.e. ﬂ' + }i.: 1.

773
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The locus of P is therefore an ellipse whose semi-axes mensured
along CM and CN are o/} and 1 respectively.
Ex. 2. IFhat is represented by the equation
: (:IJE 2 ﬂﬂ}‘l_l_{y's _ u_ﬂ}ﬂzﬁj 2
The equation may be written in the form
-yt —2a? (27 + y?) + at =0,

ie, (2% y?)? = 2a® (22 4 4% + at=2a%y",
i (84~ a2 2y =0,
i, (@24 /20y = &%) (2 - /2y +92 - @) =0,

The locus therefore consists of the two ellipses
a2y + Yy —at=0, and a®— /22y 4 y* - aP=0.
These ellipzes are equal and their semi-axes would be found to be
ﬂJ2+J2 and «a \/2 —a/2.

The major axis of the first is ineclined at an angle of 135° {o the
axis of @, and that of the second at an angle of 45°,

Trace the parabolas

1. (z-4y)*=>5ly. 2. (w-yP=a+y+l

3. (5z—12y)* =2ax + 29ay + a”.

4, (4z+3y+15)2=>5 (3 —4y).

5. 1622+ 24ay +9y% - bz — 10y +1=0.

6. 9a*+24xy 4+ 16y -4y — 2+ T=0.

7. 1442 - 120ay +25y%+ 6192 — 272y +663=0, and find its focus.
8, 162®— 24xy 4 9y°+ 32w + 86y - 89 =0,

9, 4a®—day+y®-12246y+9=0.

Find the position and magnitude of the axes of the eonics
10. 1222 12zy -+ Ty?=48, 11, 3a+ 2y +8y*=8.

12, a?—wy - 6y%=6.

Trace the following central conics.

13. 22— 2xycos2a+y*=2a" 14, 2%-2xycosec2aty?=a"
15. ay=a(z+y). 16. ay-y*=a%

17. ¥*-2xy+ 2%+ 20 ~ 2y =0. 18. :::é-l-:i:y-{-y'u’—.'-:rrﬂ; -1,
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19, 24%+38xy - 2y~ Tw+y—2=0,
20, 402+ 36xy + 25y* - 196z — 122y + 205 =0,
921, 9a*— B2y + 9y* + 60w + 10y = 644.
22, x—zy+2y° - 2ax — Gay 4 Ta®>=0,
23. 1022 48zy — 10y% + 38+ ddy - 53 =0.
24, 4a?4-27xy - 35y2 - 14a - 31y —6=0,
25. (Bx—4dy+a)(de+3y+a)=a?
06. 3(2c—8y+4)2+2(3x+2y - 5)2="T8.
97. 2(3z—4y+5)2— 3 (dx+3y —10)2=150.

Find the products of the semi-axes of the conies
98, y*-—4oy+5a*=2. 20, 4(3x+4y-T)%+3 (do-3y+4-9)%=3.
30, 11lx®416zy —y*—T0x—40y +82=0.

Yind the foei and the eceentricity of the conies
31, o' -3Bay+4an=2a% 39, 4y - 3% -2ay =0,
93, Sul+6xy 45yt + 12z -+ 4y -+ 6=0.
34, 2*+dwy+yP-224+2y-6=0.
35, Shew that the latus rectum of the parabola

(a¥+ U2} (2 + %) = (ba + ay — ab)?
is 2ab -+ nf a1 b2
36. Prove that the lengths of the semi-axes of the conic
az®+ 2hey +ay*=d

W
are —— and —
a+h a—h

respectively, and that their equation is 2 —3*=0.

37. Prove that the squares of the semi-axes of the conic
ax? 4 2hay + by + 200 + 2fy +e=0
are 28+ {(ab- 0% (a+ b+ W (@=DP+ 408},
where A ig the discriminant.
38. If A be a variable parameter, prove that the loeus of the

vertices of the lLiyperbolas given by the equation - y*+Avy=a? is
the curve (22 +4%)%=a (a* — 7).
39, If the point (at,® 2at,) on the parabola y*=4ax be called the

point ¢t,, prove that the axis of the second parabola through the four
points t,, t,, 1y, and ¢, makes with the axis of the first an angle

bty 1y+ 1
cot-1f 112 "8V
i et

Prove also that if two parabolas meet in four points the distances
of the eentroid of the four points from the axes are proportional fo the
latera recta,
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40, If the product of the semi-axes of the eonie a®+ 2xy + 17y*=8
be unity, shew that the axes of coordinates are inclined at an angle
sin—? &,

4], Sketch the eurve 6z®— Tay — 5y* — 4o 4 11y =2, the axes being
inclined at an angle of 30°.

492. Prove that the eccentricity of the conic given by the general
equation eatisfics fhe relation

et " _{a+b=-2hcos w)*
1-2" 7 (ab=-D0%)sin’w '
where w i8 the angle between the axes.

43. The axes being changed in any way, without any change of
origin, prove that in the general equation of the second degree the
Fi40t—2fgcosw  af?+ by®—-2fgh 1 A

sin® w ’ i e P
invariants, in addition to the quantities in Art. 137.

[On making the most general substitutions of Art. 132 it is clear
that e iz unaltered; proceed as in Art. 137, but introduce the condition
that the resulting expressions are equal to the product of two linear
quantifies (Art. 116); the results will then follow, ]

. (_—%? i _Tg-é) : 0, Two ecoincident straight lines.
10, tanéd,= -3, tand,=%, r =./3, and r,=4.
11. E1=45q, ﬂ?z: 1350, '.?'1:,\;"2, .!J..Hd ?';'EZE.
12, tand,=T+5./2; tanf,=7-5,/2,

= \/%ﬁfw-m. = \/gww.

28, 2. 29. a8, 30. &./-3.
2a o da 2a j——— PE——

31. (q: 5 NWVI0HL, ks JJlﬂnl); 32/20+2,J10.
it da

32. ( N3, Iig,ﬁ); 145

83. (-&+i6, 5:14J0); 343
84, (~1+%./6, 1+2,/6); 2.

SOLUTIONS/HINTS

l. Take x—4y=0 as a new axis of z, i.e, turn the
axes through an angle 6, where tan 6 = 1, so that

guantities e,

b =
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3 1 4
0= e
sin Ji7 and cos @ T
2 4X-Y
For x we must substitute - Jﬁ—— ;
X+4
and for y " " _JL”Y
Soe—-4dy=- W17, T,

The equation then becomes
642 3 12
T-mt = g (¥ + 07)-
Hence ete., as in Art. 363,

2. Take 2z —y =0 as a new axis of @, 7.e, turn the axes

through an angle of 45°.
X-Y X+Y

For 2 and ¥ we must put 72 and 73
Sox—y=—2F.
: 1 1
= = =L
The equation then becomes V* = NG (X + J2> ;

Hence etc., as in Art. 363.

3. Take 5z—12y =0 as a new axis of z, 7.e. turn the
axes through an angle 6, where tan 6 = ;%;, so that sin 6 = 7,
and cos 6 = }.

For 2 we must substitute H_XIILY :
and for ¢ o ) E;‘;i’ .

S be—-12y = -137.

g a\®* a 2a
The equation then becomes (Y -13) =13 (X +13)"

Hence etc., as in Art. 363.
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4, The equation may be written
4o+ 3y + 15)* 3x -4y
=& |5
Since the lines 4+ 3y + 15=0 and 3z —4y =0 are at
right angles, the equation represents a parabola having
these lines for axis and tangent at the vertex respectively,
and whose latus rectum is 1.

5. Take 4x+ 3y =0 as a new axis of &, s.e. turn the
axes through an angle 6, where tan 6 =— £, so that sinf=$,
and cos § = — 3.

For 2 we must substitute — 3X5:—4 Y,
and for ¥ ” 2 4_13; = .
s 4+ 3y=—5Y
X

The equation then becomes (¥ + 1) = =

2
Hence ete., as in Art. 363.

6. Take 3z + 4y =0 as a new axis of =, 7.e. turn the
axes through an angle 6, where tan 6 = — %, so that sin6 =2,
and cos § =— £,

For = we must substitute 4X5— Bt ;
_ . P
and for ¥ 4 v 4 5441 :
..0 3%"‘ 4y=—5Y.
19Y 8X 7T

The equation then becomes ¥? +
Hence etc., as in Art. 363,

1256 126 26°

7. The equation may be written :
(122 - 5y + A\)* =z (24X — 619) + y (272 — 10X) + A* - 663,
and the lines 122 -5y + A =0,
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and @ (24X — 619) + (272 —10A) + A - 663 =,
will be at right angles if
12 (241 - 619) — 5 (272 — 10A) =0,
whence A =26,
and the equation becomes
(12:::— Dy + 26)2 500 <5x + 12y + 13)

R 13 13

Hence ete., as in Art. 363.

If (A, k) be the coordinates of the focus the perpen-
dicular from (4, £) on the tangent at the vertex = o

. Oh+ 12k +13 1

e T— (i)

It will be clear from a figure that the focus and the
origin are on the same side of the line 5 + 12y + 13 = 0.)
Also, since (k, %) lies on the axis,

212 —Bk+26=0. ......ccciinnes (ii)
Solving (i) and (ii), we obtain
h=— 350 k=—ff

8. Take 42— 3y =0 as a new axis of , 7.e. turn the
axes through an angle 6, where tan 6 =4, so that sinf=#,
and cos 6 = 3.

For z we must substitute 3X; 4Y,
and for y # = e ; 3Y.

o dx-3y=-5%,
and the equation then becomes (¥ + 12)* = - 58 (X — 13),
Hence etc., as in Art. 363.
9. The equation is (2z—y — 3)*= 0.
10. Asin Art. 365, tan 26 = ag_"b= = 1_37 =—153.
2 tan 6 12

S o—— Sy or 6 tan*d — 5 tand — 6 =0.
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. tanf,=—-%, and tan @, = 3.

B 48 (1 + tan?0) e
e Ty

11 AsinArt.365,'tan20=—2—k—=i=°O.
-0 3-8
-.- 91= 450’ and 02= 1350-
8 (1 + tan? )
> . & A y —
Also 1._3+2 0+3tan’0_2 or 4,

12. Asin Art. 365, tan 2= -2 - =1

. a—-b T7°
2 ta -
. 1—_m£n39= ~7!; Jotan?*@— 14 tanf—-1=0;

% . 6(1 + tan26)
.. t&na-—-'f 5 2 el — —
200 sad. 1—tan 6 — 6 tan*@ s

13. Since cos®2a—1 is negative, the curve is an ellipse.
The direction of the axes is given by
2k —2cos2a
a—% 1-1 ~—*°
5, 0,=45°% 0, = 135",
24%(1 + tan? 6)
L Py 2 cos 2a. tan 0 + tan* 6

tan 260 =

=a*cosec’a or a’sec’a.

14. Since cosec?2a — 1 is positive, the curve is a
hyperbola. The direction of the axes is given by
tam 26 — 2h  —2cosec 2a

g=~b 1=l
-.o 0l= 45°, 02: 1350,
2 2 2
i a*(1 + tan?6) a

1 — 2 cosec 2a tan 0 + tan®0 l ¥ cosec 2a°

15. The equation is equivalent to (xz—a)(y —a)=a’
which is a rectangular hyperbola, whose asymptotes are
parallel to the axes, and whose centre is the point (a, a).
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16. The curve is a hyperbola, the direction of whose
axes is given by tan 26=1.

o 6,=22}° and 6,=112}".
Cotan6,=42-1, tan8,=— /21 and
_a*(1 +tan®d)

“tanf—tan’d O
17. Since 1*— 2 is negative the curve is an ellipse.
The centre is given by
2%—g+1=0, and — % + 71 =0,
whence =0, y=1 and .. ¢ =-1.
Therefore the equation referred to parallel axes through
the centre is y* — 2xy + 22° = 1.
The direction of the axes is given by
-2
2-1
S tan®@—tan 6 —1 =0,

tan 20 = =92,

it

. tan @ LEY and tan 0.3=1—“/'

9 2
1+ tan? 42
__ l+tan®g - J_5, ot
2—-2tan @ + tan2é 4

18. Since (})*-1 is negative, the curve is an ellipse,
The centre is given by

2Z+y+1=0, and £+ 27+ 1=0.
S ®=—4, and y=—1 and d=—3-1-1=-4

Therefore the equation referred to parallel axes through
the centre is a*+ay +72=4,

2h
Hence tan20=a—_5=oo; . 6,=45° and 6,=135",
2 _g‘;(l+ta.n’~0‘)w v il 2,/2 7_2,\/6
l+tanf+tan®g’ ~* 17 3 2T g
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19. Since @ + b =0, the curve is a rectangular h -
bola. The centre is given by s i

4%+ 3y—T7=0, and 3z—4y + 1=0.
“#=1, and =1 and ¢==F+31-2=_5

Therefore the equation referred to parallel throue
the centre is 2% + 3wy — 2,2= 5, parallel axes through

. 24
5 (1 + tan®f)
P - B e
2+3ta119—2tan”0—20r_3’ Sor=y/2or Nt

20. Since 18°-40.25 is negative, the curve is an
ellipse. The centre is given by
20z + 9% —49 =0, and 187+ 255 — 61 =0.
“%=2 and y=1 and ¢'=-98.2-61.1+205=—52.
Therefore the equation referred to parallel axes throngh

the centre is 402 + 36y + 254* = 52, :
. tan 26 — 2 :;?E:E.
a—b 15 5

o 6tan*f + H5tanf -6 =0,
S, tan 6,=3, tan6,=- 3,
52 (1 + tan@)
40 + 36 tan @ + 25 tan® @
21. Since 16°—9.9 is positive, the curve is a hyper-
bola. The centre is given by
9z — 169+ 30=0, and — 162+ 9y + 5 =0.
 ®=9, and =3 and ¢ =2.30+ 3.5 64} =10}
Therefore the equation referred to purallel axes through
the centre is 92 — 322y + 9%* = — 101.
az_"b —; ... 6,=45° 0,=135"
 —10i(1+tan®*6) 3 & 21
T 9-32tan 0+ 9 tan®6 2 50

=1 or 4.

and 3=

tan 260 =

and r

581
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22. Since 1*— 8 is negative, the curve is an ellipse,

The centre is given by
2%~y —2a=0, and —Z + 4y — 6a=0.

' Z=2a, y=2a and ¢'=—a.2a—3a.2a+Ta*=—a’

Therefore the equation referred to parallel axes through
the centre is 2? — ay + 29* = @*

- tan 20= a‘“’_"‘b s 1“_12 S 15 0 6, =221, =112},
a* (1 + tan® 6
i ’3=1-u§.n0+2tm)ﬁe’

23. Since @ + b= 0, the curve is a rectangular hyper-
bola. The centre is given by

102 — 24y + 19=0, and —24z - 10y +22=0.
“Z=4, y=1, and ¢'=4.19+22-54=26.

Therefore the equation referred to parallel axes through

the centre is 5z® — 242y — by — — 13.
2h 12 -
a=b b’
whence tan 6,= 2, and tan 6,=—3.
—13 (1 + tan®6
g _"24"e§n“9_‘5—t£na‘é B

24. Since (%7)* —4.35 is positive, the curve is a

hyperbola. The centre is given by
8%+27y—-14=0, and 27z + 707 - 31 =0,

ete.

.. tan 20 =

Whence Z=-13, ¥=18,
and d=T.}}-81.12-6=-12

Therefore the equation referred to parallel axes through
the centre is 42° + 27wy + 35y°= 12.

. 24 L 27
..tan20—a_b_4_35=_31,
.. 27 tan®@ — 62 tan 6 — 27 = 0.

: _ 31+13,/10
.o t&no-———27—'—

, ete.
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26. The equation may be written
3m-4y+a) 4ac+3y+a)_a’
( 5 ( 5 - 25’

or referred to 3z—4y+a=0, and 42+ 3y +a=0,as axes
(which are at right angles)

2

a
X'Y=§5'

The equation therefore represents a rectangular hyper-
bola, having these lines for asymptotes and semi-axis

N2.a
-
26. The equation may be written
1 <2x— 3&4)2 4 1 (3m+ 23/—-5)" e
2° J13 '\ 8 )™
Hence etc., as in Art. 369.
The curve is an ellipse whose centre is (%, 22), and
semi-axes ,/3 and ,/2.

27. The equation may be written

i (3‘”",-43/_.t§>’ i (4“’ s 10)’_ ]

3 5 2 5

Hence ete., as in Art. 369. )
The curve is a hyperbola whose centre is (1, 2), and

semi-axes /3 and /2.

AL T e
28. BSee Art. 366. aff= T J%.%_ L
29. The equation may be written
L (3_“’2*;'/ iy T (4”—‘--33 h 9)’ e
3 5 5
This is an ellipse whose axes are the straight lines
3x+4y—T=0 and 42— 3y + 9=0,
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and the len of whose corresponding semi-axes are /134
and /5% (cf. Art. 369, Ex. 1).

o g = \/1-3—0-.-51-‘=31-0—. N3
30. The centre is given by
11:7:+897—35=O, and 8&':—37-20:0.
Whence 3 == '5"‘ 7= r ;
and d=-35.23-20 % +82=-25.
Therefore the equation referred to parallel axes through

the centre is 112? + 162y — y* = 25.
1 1 25 5
- — = — e I . —3,
S s /-1 3V
~ 258 25
31. The equations for the centre are
2% -3y +4a=0, and £=0.
. ¥ 4;,:::-0 and ¢ = — 2a%
Therefore the equation referred to parallel axes through
the centre is a* - 3zy = 2a”

.. tan 20:—3 t!'lne —~——3~[}9 and tane 1+N/10

. 8inf, =— izl};l——ol, and cos @, = 1\/ ~/

9( 11+2J10)

-

2(1 +tan®6)
1-3tanf ~ +.4/10

2 20+ 2 2
___g__m%_ = g (F2/10-2)

e 8 2.J/2
: rl‘—rf::g V10, oAl r2= g/ J V10, ete.
See Art. 367.

Also =
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The equation for the eccentricity is [ Art. 366, equation 5]

2—2, i) T P Ji

so that e=1 /20 +2,/10.

32. The equations for the centre are
3x—-2y=0, —2Z+a=0.

i O 3a nd o= 32
.2—2, y_z,a, C—-—T.

Therefore the equation referred to parallel axes through
the centre is

2 2
4wy—3x2=3%, Le. 3ar:"—4:az:3/-—--32

4
2h 4
bdn29='a—~b=—§.
2tan’0 -3 tanf - 2 = 0,
" tanf,=2, tan@,=— 1.
— 4a*(1 + tan?6 , R
A %3 (4 mn9—2=2a2 OF =gy

. rt-rl=1ta% and cos0l=-\/15, sin 6, _:/—5.
Therefore the coordinates of the foci are
/3
@ NIa ~/¥a
(§ + & 4 + —5 ) [Art. 367.]
2
Also =27 [Art. 366]

UL emgyn
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33. The equations for the centre are
5Z +3y+6 =0, and 3z + 57 +2=0.
s 5:—%—, g:%,
and =—3.6+%.2+6=—

Therefore the equation referred-to parallel axes through
the centre is 5z* + 6ay + 5y* = 2,

2h 6 . 5
ta.n20=a'_b=51_5=oo; S 6,=45° 6,=135°,
2 (1 + tan? 6) l

7Bt add "1 T L

L. 2 3 1 1
. S ~/ P RO O - P
PN/ B 55 cos 0, 73 smo' NEh
Hence the coordinates of the foci are
(3716, 151 /6).

PSR U RN,

a

34. The equations for the centre are
z+2y-1=0, and 22+ 7+ 1=0.
“xZ=-1, y=1, and ¢'=1+1—-6=—4.

Therefore the equation referred to parallel axes through
the centre is 2+ 4oy + > =4,

tan 20 = 2h - > =03 . =40, 6,=130"
- a_..b l_l y v 1 ) 2 .
4(1 +tan®*6) 4
rq—1+4tan0+tan’0—§ e
—— 1
NP —ri=%./3, siné, = ~/2, 0080,=ﬁ.
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Therefore the coordinates of the foci are
(-1+£3 6, 113 /6).
2 4
Also ,'=H.§.2:_4;:"_§:4:;

2
a 3

Je 62,

35. The latus rectum = twice the perpendicular from

the focus (0, 0) upon the directrix (b + ay — ab = 0)
2ab
Va' + b
36. Here tan 20 = —2h— =} .. 0;,=45° 6,=185".
a—a

Hence the equations of the axes are

2—y=0 and z+y=0.
o d (1 + tan®@) .
“a+2htanf+atan*d a+h’

37. The equation referred to parallel axes through
the centre is [Art. 352]

Also

o
2 = 23
aa,+2kxy+by’—ab_h,-.0.
Hence as in Art. 364,
1,1 asb 01 _ab-w
LRl R e e
& o8 _(a+d)C yizk. .
..a.+ﬂ°-- _ab—/ﬁ and aﬁ’—-m.

e . JO @+ by —40%(ab— )
'“"ﬂn‘ix/ (ab — 72y

C
=iab—h2J(a-b),+ M’-
Therefore the values of o* and 8 are

%a%h,[awb/(a_b)u 47,

1 A 4 (ab— 1)
2(b-1) as b3 (a—0p+4a?’
i.e. ~2A +[(ab - %) {a + bF N (a=b) + 40%)].

€.
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38. 1If 6 be the angle made with the axis by the axis
of the curve,

A

tan 20 = § .
Hence the polar equation of the required locus is
i a®(1 + tan®6) a’

=l—t§h’0+ht&n0: 1 —-tan®*6@ )_L 2tanf
1+tan?@ " 2'1+ tan?@

= a® cos 26,

a®
~ cos 20 + tan 20 . sin 26
or, in Cartesians, (¢ + %)’ = a® (a® — 3°).
39. Let the axis of the second parabola be parallel
to y — ma =0, so that its equation is of the form
_ (y —max)® + 292+ 2fy + ¢ = 0.
If this meets the first parabola in the point (a#, 2at),
then, on substitution,

tm*a®— dma’t® + .., =0,
: dma® 4
‘e t1+tg+t3+t4=mTa2 =1’72=4COt0’

if 6 be the inclination of the axes of the parabolas.

If 4, and y, be the distances of the centroid from the
axes,

Y= 2a(tl i tz+ t3+t‘) = 2a cot 6.

Similarly, if 45 be the latus rectum of the second
parabola, y,= 2b cot 6.

5 )
Ya b
_ 32
40. Since ﬂ— =1, [Art. 364 |
sinw ;
,17—1_., T [ —
. 8’ = 81Nn* w. ..Smw—z, .. W=81In §.

41. The equation breaks up into
(3x— 5y + 1) (2x+y —2)=0,
and therefore gives two straight lines which are easily
drawn,
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42. See Art. 364.

; @ +b— 2h cos w
L @)
in2
and e S (ii)
Al AR s R ¢t (&®+ () —4a?B?
R ITET A @B (a4
4a? P T

BT i s o R
L (@4B)_ 4t 4e

adpE 1-¢
Substituting, from (i) and (ii) we have
(@ + b — 2k cos w)? é

(@b —R)sinte T l-&
43. Asin Art. 137, we have
x’(a+)\)+2wy(lz+)\cosw)+;y“(b+/\)+'_’.ya:+2jy+c
=a*(a’+ ) + ete. ..

The left-hand side will be the product of lmea.r
factors if

c(a+ A)(b+A)+2fg (h+Acos w)—c (h+ A cos w)
N ~(@+ N = (BN g

A’csin® w + A {c (@ + b — 2k cos w) + 2fg cos 0 —f* — g*} + A = 0.
Hence, as in Art. 137,
¢(@+b-2hcos w) + Yy cosw—f?—g*

¢ sin® o
(@ +b -2 cos ')+ 2f'g cos o —f'?—g'* (1)
- ¢ sin® o'
A A’
B 30000 e e e e 2
esinfw ¢ sinfo (2)

But, clearly, since the origin is unaltered, such substi-
tutions as those of Art 132 do not alter the constant
terms, and thus c¢=¢",
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Therefore from (2) sirﬁ == §i$ po LT XTP PSSO (3)
Also, from Art. 137,
@+b—2hcosw &' +8 — 2 cosw’
sin® B sin? o' :
and therefore (1) gives, on subtraction,
f“+g’—2fgcoscp:f'2+g’2—_2f’g'cosw’ (4)
sin®w i sin® o' P
Also Art. 137 gives 2% _ il it
sinw  sin?w

Multiplying the two sides of this by ¢ and ¢’ and sub-
tracting from (3), we get
o +bg* - 2gh  af'*+ g —2f o'W
sin? @ T sinfe i




