Chapter 8

Binomial Theorem

Exercise 8.2
Q. 1 Find the coefficient of
x> in (x + 3)8
Answer:

It is known that (r + 1) ™ term, (T ; +1), in the binomial expression of (a +
b) " is given by

Tr+l1="C;a™ b’

Assuming that x5 occurs in the (r + 1) ™ term of the expression (x + 3)8,
we obtain

T =5Cx0)5 T (3)
Comparing the indices of x in x° in T ;4

We, obtainr =3
Thus, the coefficient of x5 is 8C3 (3)° =

Q. 2 Find the coefficient of
b’ in (a — 2b)'?
Answer:

It is known that (r + 1) " term (T ;+ 1), in the binomial expression of (a +
b) "is given by

T:+1="Ca"™b"

Assuming that a°b” occurs in the (r + 1) '? term of the expression (a —
2b)'?, we obtain




T,:1= 12Cr(a)12-r (-Zb) r— IZCr (a)lz-r (b)r
Comparing the indices of aand bin a’b” in T ;4
We, obtainr =7

Thus, the coefficient of a°b” is

12C (2)7__ 27 12.11.10.9.8.7!

715! 54327 (=2)7 =-(792)(128) = - 101376

Q. 3 Write the general term in the expansion of(x*— y®)°
Answer:

It is known that the general term T ;+ 1 {which is the (r + 1) " term} in
the binomial expression of (a+b) "is given by T r+; ="C;a""b ".

Thus, the general term in the expansion of (x> — y°) is

T+l =6C, (x2)57 (<y) "= (-1) T 6C, x12- 2 y ¥

Q. 4 Write the general term in the expansion of(x? —y x)'2, x # 0
Answer:

It is known that the general term T ;11 {which is the (r + 1) " term} in the
binomial expansion of (a +b) "is givenby T;+1="Cra”"b"

Thus, the general term in the expansion of (x? —y x)!'? is

T =2C ()2 T (cyx) "= (-1) 2C x 242 yr=(-1) " 2C,. x "y "
Q. 5 Find the 4th term in the expansion of (x — Zy)lz.

Answer:

It is known (r +1) " term, T ;11 in the binomial expansion of (a + b) n is
givenby T+ ="C,;a" "b"

Thus, the 4™ term is the expansion of (x*> —2y) ? is

3 12 12 11.10

Ts=Tsn="Cs (x)? > (2y)’ = (-1’ — 3191

=-1760x’ y?

x. (2)3. (2)3 9 3
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Q. 6 Find the 13™ term in the expansion of {9x 3 \/_}

Answer:
It is known (r + 1) " term, T ; +; in the binomial expansion of (a + b) n is

givenby T+ ="C,a""b"

18
th . . _ .
Thus, the 13" term in the expansion of {9X e \/_} 1S

1 412
Ti3=T 121 ="8C (9x)!8 12 {— ﬁ}

- e () 5 ()"

:18.17.16.15.14.13.12' oL 1 g2 L 1
1216.5.4.3.2. ) x6 312

= 18564
7
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Q. 7 Find the middle terms in the expansions of (3 — %)

Answer:

It is known that in the expansion of (a + b) " in n is odd, then there are
two middle terms

Namely (n;rl) term and (— + 1) term.

N n
Therefore, the middle terms in the expansion (3 — %) are (%) = 4th

and (11 + 1) = 5% term.

9
Ti=T3a= "G -2 = (1p 230 5

_ 76540 4, 1 O = 105 4
3.2.4! © 7 T 2333 8




3\ 4 12
Ts=Tan="Ca3) * (- 2) = (1) . 3. 5

3
_ 7.6.5.4! 3 12 _ E 12
. X = X
413.2 " 2434 48

7

: . : 3 105 35
Thus, the middle terms in the expansion of (3 — xz) are - ——= x’ and 5
12

X
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Q. 8Find the middle terms in the expansions of (g + 9y)

Answer:
It is known that in the expansion of (a + b)n, in n is even the middle

term is (2 + l)nterm.

, : : X 10 r10 n
Therefore, the middle term in the expansion of {5 + 9y} 1s (? + 1) =
6th

10! x5

o~ (x)107° 5 5 %S
T4=T5+1= Cs (g) (9y) =£.;.9.Y

_10.9.8.7.6.5! 1
5.4.3.2.51 36

=252 x 35.x°. y° = 6123x%ys

. 310.x5y5 [ 95 — (32)5: 310]
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Thus, the middle term in the expansion of (g + 9y) is 6123x%y°

Q. 9 In the expansion of (1 +a) ™ "™, prove that coefficients of a™ and a"
are equal.

Answer:

It is known that (r + 1) "term, (T ;+1) in the binomial expansion of (a +
b) " is given by

TrH:nCran—rbr




Assuming that a n occurs in the (r +1) ™ term of the expansion (1 +a) m
+ n, we obtain

T ] = m+n Cr (1) m+n-r (a)r — m+ncr ar
Comparing the indices ofaina™in T ;4
We, obtainr=m

Therefore, the coefficient of an is

M +n (m+n)! (m!4+n!)

Ci= = (D)

m!(m+n—-m)! min!

Assuming that an occurs in the (k + 1) " term of the expansion (1 +a) m
+ n, we obtain

Tk+1 :m+an(1)m+n—k(a)k:m+nCk(a)k

Comparing the indices of aina” and T i+
We, obtain
K=n

Therefore, the coefficient of an is

.. (2)
Thus, from (1) and (2), it can be observed that the coefficient of a” in the

expansion of (1 +a) ™" " is equal.

Q. 10 The coefficients of the (r — 1) ®, r "and (r + 1) " terms in the
expansion of (x + 1) ™ are in the ratio 1: 3: 5. Find n and r.

M +n _ (m+n)!  _ (m+n)!

n!(m+n—n)! T oam!

Answer:

It is known that (k + 1) ™ term (T « + 1) in the binomial expansion of (a +
b)nisgivenby Tx+1="Cyxa™ by

Therefore, (r — 1) " term in the expansion of (x + 1) is




(r + 1) term in the expansion of (x + 1) "1s
T, 1="C,x)" "(1)r="Cx"r"

r " term in the expansion of (x + 1) "is
T,="C, (x)"@-D=nC, _ xn-r+!

Therefore, the coefficient of the (r — 1) th, r " and (r + 1) ™ term in the
expansion of (x + 1) "

"cr—2,"c.—1,and n ¢ r are respectively. Since these - coefficient are
in the ratio 1: 3: 5, we obtain

_Derp 1 g R 23

Ne,._y 3 N, 5

L n! ri(n-r)! _  (r-D!(r-2)!'9n-r+1)
Ne,_, (r=Di(n-r+1) n! T (r=2)I(n-r+1D)!(n-r+2)!

=3r—-3=n-r+2
=n—4r+5=0....(1)

Nepq n! rin-r)! r(r—-1)(n-r)!
B (r-D!(n-r+1) n! - (r-D!(n-r+1)(n-r)!

Tlcr

3
5

R
=5r=3n—-3r+3

=3n—-8r+3=0...(2)

Multiplying (1) by 3 and subtracting it from (2), we obtain

=r=3




Putting the value of r in (1), we obtain n

thus,n=7andr=23

Q. 11 Prove that the coefficient of x "in the expansion of (1 + x)2n is
twice the coefficient of x ™ in the expansion of (1 + x)2n — 1.

Answer:

It is known that (r + 1) " term, (T ;+ 1), in the binomial expansion of (a +
b) n is given by

Ti+1="cra""b"

Assuming that x n occurs in the (r + 1) " term of the expansion of (1 + x)
n we obtain

Tr-i—l :2ncr(1) 2n—r(X)r:2nCr(X)r
Comparing the indices of x inx "and in T ;+ 2, we obtainr =n

Therefore, the coefficient of x " in the expansion of (1+x) 2" is

n. _  @n)! (2n)!  (2n)!
2 =22 = 1)

Cn= = =
" nen-n)! T nnl ni2

Assuming that x n occurs in the (k + 1) ! term of the expansion of (1 +
X) 2"~2, we obtain

Tk+1 =2nck(1) 2n—r—k(X)k=2an(X) k
Comparing the indices of x inx "and in T ¢ + 1, we obtain k =n

Therefore, the coefficient of x n in the expansion of (1 +x) 2"~ ! is

2n-1)!  _ (2n-1)!
n!(2n—-1-n)! - nl(n—-1)!

2n—1lcn=

_ 2n(2n-1)! _ (2n)! _ 1 (2n)!
2nnl(n-1)!  2nln! 2 L(n!)?

] ... (2)From (1) and (2), it is observed that




1
E(2ncr):2n—lcn

:2ncn:2(2n—lcn)

Therefore, the coefficient of x ™ expansion of (1 + x) " is twice the
coefficient of x ™ in the expansion of (1 + x) 2*~!

Hence, proved.

Q. 12 Find a positive value of m for which the coefficient of x? in the
expansion (1 +x) ™1is 6.

Answer:

It is known that (r + 1) ™ term, (T ;) in the binomial expansion of (a +
b) " is given by

Tr+1:ncran—rbr

Assuming that x? occurs in the (r + 1) ® term of the expansion of (1 + x)
1 we obtain

Tr="C: (D" x)"="cr(x)"
Comparing, the coefficient of x in x?> and in T ;+ 1, we obtainr =2
Therefore, the coefficient of x*is ™ ¢

It is given that the coefficient of x2 in the expansion (1 + x) n is 6.

_ m(m+1)(m-2)! _
2xX(m-2)!

=m(m-1)=12
=m’-m-12=0

=m?—4m+3m-12=0
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=m(m-4)+3(m-4)=0
=(m-4)(m+3)=0
=(m-4)=0or(m+3)=0

=m=4orm=-3

Thus, the positive value of m, for which the coefficient of x? in the
expansion (1 +X) 15 6, 1s 4.




