Polynomials

3.01. Introduction

In earlier classes, we have studied various operation of algebraic expressions in
which algebraic experssions are included in these classes, we have used the following
algebraic indentities for factorisation.

(x + y)3 =x 4 2xp+ )7,

(x_y : :x2 _2xy +y2 and

xi-yt = (x+y)(x—).
In this chapter we shall study a particular type of algebraic expressions, called polynomials,
and the terminology related to it. We shall also study some algebraic identities to factorization
of polynomials.
3.02. Polynomials

We know that a variable is denoted by the symbols x, y, z, etc. A variable can take
any real value. When any constant and variables are expressed with four main operations,

\
. . . . . 2

then the combination is called the algebraic expression. For examples, 3x, 5x, —x, ——x
2

etc., are algebraic expressions. General form of an algebraic expression is cx, where a1s

constant and x is variable. 3x, x* +3x, x* +2x> —4x +5 etc. are algebraic expressions.
In all of these the exponents of variable x is a whole number. These type of expressions are
called the polynomials in one variable. In all of above examples x is a variable. A polynomial
1s denoted as p(x), g(x), g(3) ..... etc.

For example

p(x)=3x" +4x-5
glx)=x+1
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q(y)=y"+2y-1
s(t)=3-1-21"+5¢

A polynomial can have a lot of but finite number of terms
px)=ax"+a_x"'+ . +ax +ax+a,

where a_,a,_,,...a,,a,,a,are the constants and ¢, = 0 . In polynomial x° +3x;

=11

x~ and 3x are terms of the polynomial. Ina polynomial every term has a coefficient.
In polynomial 5x* —2x* +x +3

coefficient of x* =35, coefficientof x* =-2

coefficient of x =1, coefficient of ¥ =3

Is 3 is a polynomial?

3,-7, 9etc., are called constant polynomials.

0 1s called zero polynomial.
Polynomials having only one term are called monomials.

Forexample, 3x, 5x°, —3x",2, 7%, y etc.
Polynomials having two terms are called binomials.
Forexample, x+2, x* —2x, y"+2, (" —¢ etc.
Similarly, polynomials having three terms are called trinomials.
Forexample,  p(x)=x"+x+1
gx)=x-x"+3
t(y) =y +y+3
s(t)=r"+1 -2
The highest power of variable in a polynonmal is called the degree of the polynomial.

i_"

In p(x)=4x" - 2x" + 8x — 21; the hightest power of the term 4x* =3,
In ¢(¥)=3y" —4)° + y+9 the hightest power of the term 337 =7.
So, the degree of polynomials p(x) and q( y) are 3 and 7 respectively.

In the constant monomial g(x)= 2, the term 2 with highest power = 2" So its
degree =0
Conclusion : The degree of a non-zero constant polynomial is zero.

Now analyse the following p(x)=5x+4, g(y)=12y, r(r)=4-2¢ and
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.s‘(’u) =3 +2u.

Degree of all these polynomials is 1 (one).

Polynomials having degree 1 are called the linear polynomials.

Generally, a linear polynonual is expressed as :

plx)=ax+b,a=0

The maximum terms of a linear pelynomial is two. 1t means a linear polynomial 13
either a binomial or a monomial,

Observe the following polynomial :

p(x) =2x" —3x+15, g(x) =5x*+3 and g(y) =y +2y

These polynomials have degree 2 are called the quadratic polynomials.

Generally, a quadratic polynomial is expressed as :

plx)=ax’ +bx+c,a=0
A quadratic polynomial in one variable has at most three terms. 1t means a quadratic
polynomial can be monomial, binomal or trinomial.
A polynomial of degree three is called a cubic polynomial. A cubic polynomial is
expressed as p()c) =ax’ +bx’+cx + d, a # 0 can have at most four terms. A polynomial

n one varible x of degree 7 1s an expression of the form :

#l

plx)=ax"+a,_x" "'+ +ax+a, where a #0,a,.a,,, . .a,a,are
constants.

In particularif g, = a, =a, = a, =...= a, = 0(all the constants are zero), we get
the zero polynomial, that is denoted by 0. The degree of the zero polynomial is
not defined.

. . . 1
Consider an algebraic expression x + —.
X

1 |
X+—=X+X

X
The exponent of 2nd term of expression 1s —1 which is not a whele number.
Jx45=x"45

el . ] . +
The exponent of x* is 5 which is not a whole number.

Yy+y =y

DU | o
Here, exponent of ' is 3 which is not a whole number.
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All the above expressions are not polynomials because as none of them has exponent
as a whole number.

We have studied polynomials having one variables. There are polynomials having
more then one variable for example, x*+3°+xyz, p° +8¢" ++*, 1 +5 . These
polynomials have 3, 3 and 2 variables respectively. We shall study these polynomials leter on.

Exercise 3.1
1. Which of'the following expressions are polynomials in one variable. Find the number
ofterms also :7

3
(i) 3x* —5x+13 (i) % +24/3 (i) Y +;

(]V) 3 (V) 2‘\/; + ‘\/g,\‘ (Vl) x" +y3 4

2. Write the coefficient of x* in following expressions :

7; el
() 12+3x +5x° (i) 7—11x +x° (i) V3x—7 (V) Xty

Write an example of binomial of degree 45.

Write an example of monomial of degree 120.

Write an example of trinomial of degree 8.

Can you give some examples other than questions number 3, 4, and 5 have been
given? If yes, then give two more examples for each.

7. Writethe degree of each of the following polynomials :

(i) 12 -3x+2x° (i) 5y — 2 (iii) 9 (iv) 3+4r°
3.03. Zeros of a Polynomial
Consider a polynomial

oo A W

p(x)=2x3—3x2 +4x -2
If we replace x by 2 everywhere in p(x) , we get
p(2)=2x(2) -3x(2Y +4x2-2
=2x8-3x4+4x2-2
=16—-12+8-2=10
So, we can say that the value of p(xJ at x =2 is 10.
Similarly p(0)=2x(0) =3 x(0) +4x0-2=-2
and (1) =2(-1) =3(-1) +4x(-1)-2
=2x-1-3x1-4x1-2=-11
[40]



We can say that the value of polynomial p(x) can be obtained by replacing the
x=a in pla).
Example 1. Find the value of the polynomial p(x)=8x"-3x+7 ,at
x=-1and x=2.
Solution : p(,\‘) =8x° —3x+7
The value of the polynomial p(x)atx=-11s:
P =8(-1) —3(-1)+7
=8+3+7=18
Again, the value of the polynomial p(x) at x=21s:
p(2)=8(2)" -3(2)+7
=32-6+7=33
Example 2. Find the value of the polynomial p(x)=2x"—13x" +17x+12,
1

at x=——.
2

Solution : p(x)=2x"-13x" +17x+12

1
XxX=——
Put 5

RS EESE

:2><_—1—']3><l+'17><_—1+'12
8 4 2

. —%—14_3—%“2:0
Example 3. Find the value of the polynomial p(x)=x"-6x"+11x-6 at
x=1.
Solution : plx)= ¥ —6x° +11x -6

p()=(1y -6(1)" +11(1) -6
=1-6+11-6=-12+12=0

In the above example since p('l) =0, so we say that 1 15 a zero of polynomial p(x).
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In general we can say that a zero of a polynomial p(x) is a number “&” (alpha) such
that p(a )=0.
What is the value of p(1) = 0, for polynomial p(x) = x — 1

plh=1-1=0

We observed that the zero of the polynomial p(x) = x — 1 is obtained by equating it
toOie,x—1=0, whichgivesx=1.Wesay p(x)= 0isapolynomial equation and 1 is
the root of the polynomial equation p(x) = 0. So we can say that 1 is the zero of the

polynomial x—1, oraroot of the polynomial equation x—1=0 .

What 1s the zero of the constant polynomal 77

It has no zero because replacing x by any number in 7x" still gives us 7. Infact, a
non-zerc constant polynomial has no zero.

What about the zero of'the zero polynomial ? By convention, every real number is a
zero of the zero polynomial.

Examples 4. Check whether 3 and -3 are zeroes of the polynomial p(x) =
x+3.

Solution : p(x)=x+3
p(3)=3+3=6
p(-3)=-3+3=0
Therefore, —3 1s a zero of the polynomial p(x) = x+3 but 3 isnot a zero.
Example 5. Find a zero of the polynomial p(x) =3x+2.
Solution : Finding a zero of p(x) is the same solving the equation p{x) =0
plx)=3x+2=0 = 0=3x+2
-2
= 3x=-2 = X= 3
Now, if p(x) =eax+b, a =0, 13alinear polynomial, then we can find a zero of
p(x) from above examples.
It means finding a zero of the polynomial p(x} is to solve the polynomial
equation p{x) = 0.
Now, p(x) =0=>ax+b=0, a=0

ax =-h
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b
So, X =— 4 is the only one zero of p(x) i.e., alinear polynomial has one and only

one zero.

AW N -

Example 6. Verify that 3 and 0 are the zeroes of the polynomial x*- 3x.

Solution : Let p(x)= x> —3x
Then p(3)=(3Y -3(3)=9-9=0

and p0)=(0)" -3(0)=0-0=0
Hence, 3 and 0 are both zero of the polynomial > — 3y
We can get the follwing conclusion.

A zero of a polynomial need nottobea 0.

0 may be a zero ot'a polynomial.

Every linear polynomial has one and only one zero.

A polynomial may have more than one zero.

Exercise 3.2

Find the value of the polynomial 2x* — 13x> +17x + 12 at the following value of

X

(iyx=2 (i) x=-3 (i) x=0 (iv) x=-1

Find the P(2), P(1) and P(0) for each ofthe following polynomials :

(i) p(,\‘) =yl —x+1 (ii) p(y) = (} + 1)(}" - 1)

(i) p(x)=x" (iv) p{e)=2+1+07 -1

Verify whether the followings are zeroes of the polynomial indicated against them :
, . 1

() plx)=x° ~1; x=1, -1 (i) () =2x 1, x =~

(il p(x)=4x+5; x = % (iv) p(x)=3x% x=0

(v) P(X)Z(X—.?)(.’CJrS); x=3,-5 (vi) p(x):ax+b; x:-%

) 1o L
(vi) P(x)=3x" —1; X=-= el (viii) P(x)=3x+2; x=—
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4.  Find the zeros of the tollowing polynomials :

(i) plx)=x-4 (i) p(x)=4x
(iii) p(x)=bx, b=20 (V) p(x)=x+3
(v) p(x)=2x-1 (vi) p{x)=3x+7

(vii) p(x)=ex+d, ¢#0, ¢,d arereal numbers,
Remainder Theorem :

We know that when we divide 25 by 7, we get quotient 3 and remainder 4.
Mathematically we express it as

25=(3x7)+4
Similarly if we divide 48 by 8, we get
48 =(6x8)+0

Here, remainder is (0) and we say that 8 is s factor of 48 or 48 is a multiple of 8. In
the same way we can divide a polynomial by another polynomial. In first case it divisor is

monomial. For example on divide polynomial 3x” +2x” +x by monomial x.

3x7 2% x . _
+—+—=3x"+2x+1,

(3x3+2x2+x)+x: . PRRAS

Here, you have noticed that x is common to each term of (3363 +2x° + x)
3x° +2x° +x = x(3x2 +2x+ 1) . We say that x and (3x2 +2x+ 1) are

factors of 3x* +2x” +x and 3% 4 247 1y isamultiple of x as well as a multiple
of 3x* 4 2x+7-
Now divide 5x° +x+1 by x.
(Sx2 +x+1)+x=(5x3 +x)+(x+x)+(1+x)

Here, when 11s divided by x, we don’t get a polynomial term. So, in this case we
stop here, and note that 11s the remainder. Thus, we have

S5x*+x+1= [(5x+'l) X x]+']
Here, we get (Sx + 'l) as a quotient and 1 as a remainder. So (3x — /) isnot a factor

of 5% & y +1. Since, the remainder is not zero.
Dividend = (Divisor x Quotient) + Remainder.

In general, if p(x) and g(x) are two such polynomials that the degree of p(x) 18
greater then g(x) and g{x) = 0 , then we get two polynomial ¢(x) and #(x).
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p(x) = g(x)-q(x)+r(x) where r{x)=0
Or the degree of r(x)is smaller than that of degree of g{x);

When p(x)is divided by g{x), we get quotient ¢(x) and remainder (x).
Example 7. Divide p(x) by g(x); where p(x) =7x+ 5x* +3 and g(x)=x + 1.

S5x+2

Solution : x+1)5%> +7x +3
Sx? +5x

2x+3
2xy+2

|

Note : We take the following steps for above division operation.
Step I : Wewrite the dividend 7x +5x” +3 and divisor x +1 in the standard form

arranging the terms in the descending order i.e. dividend as 5x” +7x +3 and divisor
as x+1.

Step II : We divide the tirst term of the dividend by the first term of the divisor; i.e.,
we divide 5x? by x get Sx. This gives us the first term of the quotient.

Step I : We multiply the divisor by the first term of quotient 5x and subtract this
product 5x? + Sy form the dividend. This gives us the remainder as 2x+3 .

Step IV : We take this remainder 2x +3 as the new dividend. We repeat the step
IT to get 2 1s the second term of the quotient.

Step V: Similarly as step 111. We multiply the divisor x + 1 by the second terms of
quotient 2 and subtract the product 2x +2 fromthe dividend 2x+3 . This givesus 1 as
remainder.

This process continues till the remainder is O or the degree of the new dividend is
less than the degree of the divisor. At the last stage, dividend becomes the remainder and
the sum of'the quotients gives us the whole quotient.

In this example divisor is a linear polynomial. Let us see the relation between the
remainder and certain vahies of dividend.

In p(x)=35x"+7x+3, substituting —1 in place of x, we get
P =5(-1) +7(-1)+3=5-7+3=1
Hence the remainder obtained on dividing p(x) = 5x* + 7x + 3 by (x+1)is the

same as the value of the polynomial p(x) at the zero of the polynomial (x +1)ie, —1.
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Let us consider some more examples.
Example 8. Divide the polynomial 2x*-3x* +3x+ 1 byx+ 1.
Solution :
2x" —5x° +5x-2
2x" —3x" +3x +1
x+112x" +2x°

—5x° +3x+1
—5x —5x*°

+ 4+

5% +3x+1

5% +5x

—2x+1

—2x-2

+ +
3

Remainder =3

Here the zero of divisor x+1 1s—1. So on putting x= —1 in pfx).
p(=1)=2(=1)" =3(=1Y +3(~1) +1
—2+3-3+1=3
= Remainder

Example 9. Find the remainder obtained on dividing p(x) =x-1 by x*- 1.

x +x+1
Solution : x—1[x* —x°
- +
x° —1
X —-x
- +
x—1
x—1
- 4+
0
Now the remainder is .

The root of divisor x—1is x=1and p{x)=x"-1

p()=(1y -1=1-1=0
[46]



So p(1) = 0is equal to the remainder obtained by actual division.

In this way, it 1s a simple methed to find the remainder cbtained on dividing a
polynomial by a linear polynomial. We shall now generalise this tact in the form of a theorem.
Remainder Theorem

Let p( x) be any pelynommal of degree greater than or equal to one and let ez be any
real number. If p(x) is divided by the linear polynomial x —a , then the remainder
is pla).
Proof: Let p(x) be any polynomial with degree greater than or equal to 1. Suppose
that when p(x)is divided by x —a | the quotient is g{x) and the remainderis r(x), ..,
pl) = (xa)g(x) +r()
Since, the degree of x—a is | and the degree of r{x) is less then degree of
(x—a ), the degree of #(x)=0.It means that (x)isa constant, say 7
So for every value of x, 7(x) =r
Therefore plx)=(x-a)g(x)+r
In particular, it x = ¢ | this equation gives us
pla)={a-a)g(x)+r
=0xg(x)+r=r
. Hence Proved.

Example 10. Find the remainder when x* - 4x* + x* + 2x + 1 is divided by
x-1,

Solution : Let p(x)= xt—4xt X’ +2x+1

Thezeroof x—11s1.

Thus,  p(1)=(1)" =4(1)" +(1)" +2(1)+1
=1-4+14+2+1=5-4=1

Thus, remainder =1

Example 11. Verify whether the polynomial p(x)= 4x° - 12x*+ 13x -4 is a
multiple of g(x) =2x-1.

Solution : As we know, p(x) willbe amultiple of g{x) only when g{x) divides

p(x) completely i.e., remainderis zero.
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So, glx)=2x-1=0

Hence, g(x)isafactor of p(x), means p(x)ismultiple of g{x).
Exercise 3.3

Find the remainder, ifthe polynmomial x* + x* — 3x* + 3x +1 is divided by following
linear expression :

() x—1 (i) x - % @yx+zr  (W3+2x (W) x

Find the remainder, when 2x” +2ax’ — 5x +a is divided by x+a .

Check whether y 41 isfactorof x* + 3x% + 3x + 1 ornot.

We get the same remainder if polynomials x°+x°—4x+¢ and

2x" +ax® +3x—3 aredivided by x —2 . Find the value of a.

Factorisation of Polynomials :

It is found by observing the example 11. Since, the remainder p(zl) =0,

therefore, g(x)=(2x—1), is factor of p{x) . So for a polynomial p(x)

plx) = (2x ()
This is the particular case of the theorem that is given below.

Factor Theroem : If p( x) 18 a polynomial of degree 5 >1 and «ais any real number

suchthat p(a)=0 then (x—q) isafactor of p(x),i.e.if (x —a) isafactor of p(x)

then p(a)=0.

Example 12. Examine whether x —3 is a factor of polynomials
x*—3x" +4x—12 and 3x-9 .
Solution : Given, p(x)=x"-3x>+ 4x-12, ¢(x)=3x-9
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According to factor theorem if {x — 3)is a factor of p(x) and g(x), then:

p(3)=4(3)=0
The zero of (x—3) is 3.
P(3)=(3) =303)" +4(3)-12
=27-27+12-12=0
Thus, x —31safactor of p(x)
Similarly, S ¢(3)=3x3-9=0
Thus, x —31safactor of g(x) also.

Example 13. Find the value of a if x - 5 is a factor of the polynomial
x-3x + ax - 10,

Solution : As x5 isafactorof p(x)=x"-3x* +ax-10

p(3)=0
Now, (5 =(5) -3(5 +a(5)-10=0
= 125-75+5a-10=0
= 40+5a =0
40
= —— = —8
Thus, a 5

The factor theroem 1s used to factorise some polynomials of degree 2 and 3. We
are already familiar with the factorisation of quadratic pelynomials like ax™ +&x +¢
where « = 0 and a, b, ¢ are constants by splitting the middle term.

Let av’+bx+c= ( pX + q)( X+ S)

= prx’ +(ps+qr)x +gs

Comparing the coeffficients of both side, we get

a=pr
b= ps+qr
C=qs

Where b 15 the sum of two numbers ps and g7, whose product is
(ps)ar) = (pr{gs) = a-c
Therefore, we can say that to factorise «ax® + bx + ¢ , we have to write » as the sum

of those two numbers whose product is ac.
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Example 14. Factorise 6x~ +17x +5 by splitting the middle term and using the
tactor theorem.
Solution : 1, By spliting the middle term :
We haveto split middle term 17 into such numbers whose sumis 17 and product is
6 x 5=30

Factors of 30 are, 1x30=30

2x15=30
3x10=30
5x6=30

The sum ot the pair of 2 and 15is 17. So
6x° +17x+5=6x"+(2+15)x+5
=6x" +2x+15x+5
= 2x(3x + 'l) + 5(3x + 'l)
=(3x+1)(2x +5)

2. By factorisation theorem
- , 17 5
6x” +17x+5= 6(,\" +?x+g) = 6-p(x)

Let the zeroes of p(x) are a and b, then

6x° +17x+5= 6(x—a)(x—b)

So, ab=
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1
So [x + Ej isa factor of p(x)
" " + 5 "
Similarly, by trial, we can find that | ¥+ Jisa factor of p (x)

N ' ' 5
Therefore, 6x° +17x+5= G[x + %)[r + 5)

3

i 6[3)(:: lj(zx; 5)

=(3x+1)(2x+3)

Example 15. Factorise x° —7x +12 with the help of factor theorem.
Solution : Let p(,\‘) =x*—7x+12

Now, if p(x)=(x—a)(x—5),then

Here, constant term ab =12

So, to look for the factors of p(x) we find the factors of 12.
Factorsof 12 =1,2,3,4,6

P3) =03 -7(3)+12=0
So, (x—3)isfactor of p(x)
Similarly, p4)=(4) -7(4)+12=0

So, (x—4)is factor of p(x)

Thus, x —7x+12= (x: - 3)(,\‘ - 4)

Example 16. Using the factor theorem, factorise the polynomial

xtrx -7 —x+6,

Solution : Let p(x)= xtex’ =Tt —x+6

The factors of constant term 6 = + 1, +2, +3 and + 6
PN=(0+(1y -7y -1+6=8-8=0

So, (x—1)isfactorof p(x).

Similarly, P =(-1)" +(-1) = 7(-1) - (-1)+6=8-8=0
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So, (x+1)isalso afactor of p(x)

p(2)=(2Y +(2Y = 7(2) —(2)+6=30-30=0
Therefore, (x - 2) 1s another factor of p (vc)

p(2)=(=2)" +(2) - 7(-2) —(-2)+6=24-36=0
So,(x+2)isnota factor of p(x)

p(=3)= (=3 +(-3Y = 7(-3) ~(-3)+6=90-90=0
So,(x+3)isa factor of p(x) |
Since, p (\') 1s a polynomial of degree 4, therefore it can not have the factors more
than 4.

p(x) = k(x— '])(x +1)(x — 2)(x +3)
= x4+ xT-7x —x+6=k(x-1)(x+1)(x-2)(x+3). .. (1)
putx=0, we get
0+0+0-0+6=k(-1)(1)(-2)(3)

= 6=0k
= k=1
Replacing 1 tor £ in the equation (1) we get

x4+ x" =T —x+6=(x—1){x+ 1) {x—2)(x+3)
Exercise 3.4
Determine which of the following polynomials has (x - 1) as afactor:
() x* —2x" - 3x" +2x+2 () x* +x’ +x* +x+1
(iii) x* +3x" = 3% +x -2 (iv) x'ﬂ’—xz—(2+\/§)x+x/§
Using the factor theorem, tind it g(x) is a factor of p(x) ?
(i) plx)=3x"—x"=3x+1; g(x)=x+1
(i) p(x)= 2x" —7x” —13x7 + 63x — 45, g(x)=x-1
(ii)) p(x)= 37 +3x” +3x+ 1 gx)=x+2
(iv) p(x)= 2% +x7 —2x-1; g(x)=2x+1
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3.  Find the value of &, when (x —5) isafactor of the polynomial x* - 3x* + kx—10 .

4.  Find the value of , when (x — 1) is a factor of the polynomial 2% +hx++/2
5.  Find the value of aand b, if (x + 'l) and (x — 1) are the factors of the polynomial
xt et - 3xT +2x+h .
6. Factorise:
(D) 3x> +7x+2 () 4% —x-3
(i) 12x* —7x+1 (iv) 6x° +5x-6
7. Findthe zeroes of the polynomuals :
() x’+6x° +11lx+6 () x’ +2x> —x-2
(i) x* —2x" —7x* +8x+12 (W) x' —2x —x+2
(V) x* —3x" -9x-5 (vi) x’ —23x +142x-120
Algebraic Identities :
In our earlier classes, we studied that an algebraic identity i1s an algebraic equation

that is true for all values of the variables occuring init. We have already studied the
identities given below in our previous classes.

Identitiy T ; (x+y) =%’ +2xp+)°
Identitty 11 : (x—y)2 = x? - 2xp+y*
Identitiy Il : =y =(x+y)(x-»)
Identitty IV (x+a)fx+b)=x*+(a+b)x+ab

All of above identities involved product of binomials. Let us extend the Identity I to
a trimonial X+ ¥+ 2 . We shall compute (x +y +z)’.
Let x+y =1, then
(x erJrz)2 = (r +Z)2

=17 +24z+2" (Using Identity 1)

=(x+y) +2(x +p)z+2°
Substituting the value of't, we have

=x* +2xp+ 37 +2xz 4+ 2yz +2°

=x* 4+ +2xy + 2z + 2z

So, we get the following identity :
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Identity V: (x+y+z) =x? + 3% +2° +2xy + 2yz +2zx

Example 17. Expand : (2x +4y +3z)’

Solution : On compairing with identity V.
x=2x,y=4y,z=3z
On using the Identity V.
(2x+4y+32)" = (2x) +(4y)" +(32)" +2(2x)(4y)+ 2(4y)(32) + 2(32)(2x)
=4x° +16y" +9z7 + 16xy +24yz +12zx
Example 18. Expand : (2a - 35— 4c)’
Solution : Using Identity V

2

(2a-3h—4¢)’ =[2a+(-36) +(~4)
=(2a) +(=3bY +(~4c) +2(2a)(~3b) + 2-3b)(~4c) + 2(—4c) 2a)
= 4a’ +9b7 +16¢° — 12ab +24b¢ - 16ac
Example 19. Factorise : 4x° + y* +2° — 4xy —2yz + 4xz
Solution : 4x° +y° +z° —4xy—2yz +4xz
=(25) +(=p) +(2) +202x)~3) +2(-3)(z) +2(z)(2x)
= (2x -y +z)" (Using Identity V)
=(2x-y+z)(2x-y+z)

Now, let us extend identity I to compute ( X+ })

2

Here, (x er)3 =(x+y)x+y)

(x+ y)(x2 +2xy+ yz)
= .vc:()c:2 +2xy+ y2)+ y()c:2 +2xy +y2)
=x'+ 2xzy +ng'2 +x2y + 2er2 +y'ﬂ’
=x +3x°y+3xy> +y°
=x"+y + 3xy(x + y)

So, we get the tollowing identites :
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Replacing y by —y in the above identity, we get
Identity VII: (x —y)’ = x> —3* —3xy(x - ) = x* — 3" = 3x"y + 3n)"
Example 20. Using the identities expand the following expressions :
(i) (4a+3b) (i) (3x —5y)’
Solution : (i) Comparing the expression with (x + y)'3 . we find that
x=4a and y=3b
(4cr+3b) = (4a) +(3b) +3(4a)(3b)4a +3b)
=64a’ +278 +144a b +108ab’
(i) Comparing the expression with (x — y)'3 , we find that
x=3x, y=5y

(3x -5y =(3x) —(50) - 3(3x)(50)(3x — 5)
=27x" —125y° —135x%y +225x)"
Example 21. Using the suitable identity evaluate each of the following :
() (102)’ (ii) (998)’
Solution : (i} (1 02)3 =(100+ 2)3

=(100)” +(2)" +3(100)(2)(100 +2) (Using the Identity VI)
= 1000000 + 8+ 60000+ 1200
= 1061208

@  (998)" =(1000-2)

3

=(1000Y" —(2)" - 3(1000)(2)(1000 - 2)

= 1000000000 — 8 — 6000000 + 12000

= 994011992
Example 22. Factorise : 8x° + 273" +36x7y+54x)°
Solution : 8x” +273" +36x"y +54x)”

=(2x)" +(3y) +3(2x) (3y) + 3(2x)(3y)’
= (2x + 3y)3 (Using Identity VI)
=(2x+3y)(2x+3y)(2x+3y)

Let us find out an important identity

On expanding (,\‘ + ¥+ z)()c:2 +y 4z —xy— yz— zx) , we get
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=x (X 4y 2 —xy—yz- ) (X Y —xy-yz-zx)+
z(x2 +y'+2° —xy—yz—zx)
=x A iy -zt Ry —xy — vz xyz
txiz4 Ytz —xypz -y —x2?
= x" +y° +2° = 3xyz (By simplification)
So we obtain the following identity.
Identity VIIL x* +y* +2° =3xyz=(x+y + z)(x3 +y +2° —xy—yz—zx)
Example 23. Factorise : 27x* +y° +z° —9x)z

Solution : 27x* +y* + 27 —9xyz = (3«‘i’)3 +(}’)3 + (Z)S =3(3x)(»)(z)

= (3x+y+z)[(3x)2 +yi+z —3x-y—y-z—z-3x]
(Using theidentity (V1I1))
= (3x + ¥+ z)(_()x2 +y 2 = 3xy—yz - 3zx)

Exercise 3.5
Use the suitable identities to find the product of :

() (x+3)(x+7) (i) (x - 5)(x +8) (i) (2x+7)(3x - 5)

() (5-3x)(3+2x) () [f + %) [xz - %) (vi) (x +2)(x—5)
Using the algebric identities, find the product of following :

(i) 104 x 109 (i) 94 x97 (i) 103 x 97

Using the suitable identities, factorise the following.

o 5 5 ST ol X° 2
(1) x* +6xy+9)° (i) x> —4x+4 (11i) 00 Y
Expand the following with the help of suitable identities :
® (2a-36—¢) () (2 +x-2y) (iii) (@ + 26 +4c)

el

(1v) (m +2n- 5p)2 (v) (3.:1 —7h—¢t )2 (vi) [; + i): + E)

X
Factorise :

(1) 9x* +4)° +162° —12xy— 163z +24xz
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10.

11.
12.

(i) x* +2)° +82° + Zﬁxy —8yz— A2xz
Expand the following cubes :

(i) (3a- 21‘;)3 (i) (1+ 2x)3 (i) (%x + 3) (iv) [x — % y)
Evaluate the following using suitable identities :

(D) (98)’ (i) (103)’ (iii) (999)"

Factorise :

(i) x° +8y” +06x"y +12xy" (ii) 274" —8h" — 54a°h +36ab’

(i) 27 —125x" —135x +225x° (iv) 125x" — 64" —300x"y + 240xy°
Factorise :

(i) 64a° +27b° (i) 125x° - 8y°

Verify that ;

() x +y +2" —3xyz = %(r +y Jrz)[(x—y)2 +{y—z) +(z- x)z]

(i) 27a" +b* +c" = (Ba+b+ c)[9a2 +b* +c* —3ab—bc— 3ac:|

If x+y+z=0,thenverify that x* + y° +z° = 3xyz

Using the suitableidentitites compute :
M (30)" +(20)" +(-50) (D) (-15)" +(28)" +(-13)’

[Hint :Useidentityif x+ y+z=0,then x* + 37 +2z° = 3xyz |
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11.

12.

13.

14.

15.

{Important Points ]

A polynomial p(x) in one variable x 1s an algebraic expression in x of the form

)_ # #l 2
plx)=ax"+a,_x""'+ . +a.x +ax+a,

=l
Where @ ,,a,.a,,... areconstantand a, # 0

o
a,,q,,a,...a, arerespectively the coefficients of x°, x, x?,... and nis called
the degree of the polynomial.

ax’.a_ x"' a, where a #0 iscalled a term ofthe polynomial p(x)
A polynomial of one term is called a monomial.

A polynomial of two terms is called a binomial.

A polynomial of three terms 1s called a trinomial.

A polynomial ot degree one is called a linear polynomial.

A polynomial of degree two 1s called a quadratic polynomial.

A polynomial of degree three is called a cubic plynomial.
A real number ‘a’is a zero of the polynomial p(x),if p(a)=0.

Every linear polynomial in one variable has a unique zero, a non-zero constant
polynomial has no zero, and every real number is a zero of the zero polynomial.

. Remainder Theorem : If p(x)is any polynomial of degree greater than or equal to

1 and aisa real number. If' p(x) is divided by the linear polynomial (x —a), then
the remainderis p(a)
Factor theorem : (x —a) is a factor of the polynomial p(x) , if p(a) = 0. Also if

x—aisafactor of p(x),then p(a)="0
(x+y+z) =x*+3* +2° +2xy + 2z + 2xz
(x+y) =x> + 3 +3xy(x + )

(x-y) =x" -y 30(x-y)

x3+y3+z?‘—3xyz=(x+y+z)(x3+y3+22—xy—yz—zx)

-
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Answer
Exercise 3.1

(1) Polynomial, one variable.

(11) Polynomial, one variable

(i11) and (v) are not polynomial, because each exponent is not a whole number.
(1v) Constant polynomial

(vi) Polynomial, three variables.

7
(i) 1 (i) 0 (iii) O (v)
5x* +7 (other polynomials may be possible)

3x'* (other polynomials may be possible)

2x* +3x* +5x (other polynomials are also possible)

Possible, write yourselt.

(i) 3 (i) 1 (i) O (iv) 2
Exercise 3.2
(1) 10 (u)—210 (1i) 12 (1v) =20
(1)3,1,1 (i) 3,0, -1 (iii) 8, 1,0 (iv)0,3,2
4 (i) O ()0 (iv) =3
! L1 d
™) 5 G-y i

Exercise 3.3

.
J

: ﬂ 1
(1)1 (i1) 6 (i) 7z° — 7" -37° =37 +1
.. 137 .

)~ W

0a

Yes, because remainder is zero.

fga=-5
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Exercise 3.4
(1) and (i11) has a factor (x—1),
(ii) and (iv) do not have a factor (x— 1)

(1) Yes (1) Yes (1) No

(i) k=-8

k=~{2++2)

a=-2h=2

() (x+2)(3x+1);

Gii) (3x—1)(4x-1);

(iy—1, -2, -3 ; (i) -2, —1, 1;

(iv)—-1, 1, 2; (v)-1, 5;
Exercise 3.5

(i) x* +10x+21 (i) x” +3x— 40

(iv) 15+ x— 6x° (v) ¥ - >

(i) 11336 (i) 9118

(@ (x+3p)(x+3y) () (x—=2)(x—2)

(i) 4a* x 9b* +¢c* —12ab + 6he — dac

(i) 4+x" +4)° +4x—4xy -8y

(iii) a” + 46> +16¢” +4ab +16bc +8ac

(V) m* +4n° +25p° +4mn—20np — 10pm
(V) 9a® +49h° +c* —42ab + 14bc — 6ac

: : S o2x 2 2z
Gl +ZE+—Y+—y+—

vz Xt oz ox vy

(vi)
(1) (3x -2y+ 42)3

[60]

(1v) Yes

(i) (x—1)(4x+3);
(iv) (2x+3)(3x-2)
(i) -2, 1, 2, 3;
(viy 1, 10, 12

(i) 6x° +11x — 35

(V) x> _3x—-10
(iii) 9991

(i+ (i_ ..
G| 10 “") 10 7

i) (x+v2y-2v22)

)



12,

() 27a’ —8h° —54a’h +36ab

8 36 . 54
i) —x +27+—x" +—x

(i) 15 25 5
(i)941192 ; (ii) 1092727

@ (x+2p): (i) (3a-26);
(i) (4a+3b)(16a” —12ab + 9b%);
(i)—90000; (i) 16380

[61]

(W) 1+8x" +6x+12x"

. \_3_& 3oyl +i )2
(1v) 57 Y Y 3 Xy
(111) 997002999
(iil) (3-5x)" (iv) (5x -4y’

(i) (Sx - 2}")(25,\‘2 +10xy + 4y3)



