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Methods of Indeterminate Analysis :
Basic Methods

6.1 Introduction

Il a struclure is delerminale then equations of equilibrium are enough 1o find reaclians, shear force,
bending moment and axial hrust at supports and members. The equilibrium conditions does nort involved the
use of propedies of malerial and crass-seclion. Bul if, the slructure is indelerminate then apart Irom equilibrium
condilions extra compalibility condilions are required which depends upon the properties ol malerial and cross-
saclion. Il properties of material are known then exact methods can be used lo analyse the structure but if
properlies of material are nof known then approximate methods may be used, There are two basic methods for
analysis of struclure

(/) Forcemelhods (i) Displacement methods

() Force Method/Campatlbiiity Method/Flexibillty Method
In 1his melhod, Ihe tedundant forces are chosen as unknovns and additional equalions are obtained
by considering the geomelrical conditions imposed on the defo:mations of the siructure. The examples
of lorce melhads are:
a) Meihod of consislent deformalion
(¢} Strain energy method
{e) 1hbree momant Iheorem
(g} Flexibility malrix method

(b} Virlual work/Unit toad method
{d) Method of minimum polential encrgy
{1} Column analogy method

(i) Displacement Mothod/Equilibrium Method/Stifness Method
In this method, displacement ol joints are laken as unknavms. The equilibium cquations are expressed
in lerms of these displacemenis and internal loads. These equations are soived to give the actual
joint displacements, lcom which redundant {orces can be calculated. The examples ol displacerment
methods are:

{b) Slope drflection method

{d) Siilfness matnx method

(a) Moment distribution melliod
{¢) Kanismelhod

Comparison betwesn Force and Displacement Msthod

Force/Compatiblilty method Displacement/Stinass method

1. The unknowns are laken as inlema! | 1. Theunknowns arelakenasjointdisplacement.
member forces or reaclions.

2. To find unknowns compalibilily conditions | 2. Tofindunknowns displacement, joint equilibrium

arewritlen. condilions arewrillen,
Number of compalitilily condilions needed Jolnt equilibrium conditions needed = degree of
=Number of redundant forces kinematicindelerminacy
=Degree ot slali&indelenninaw »
3. Thismethodissuilablewhen D.< 3, 3. Thismelhodissuilablewhen D, > D,

4. Examples: Sirain energy melhod or | 4. Examples: Momeni dislribution method, siope
minimum potential energy methed, defleclion method, kani's method, stiffness
Caslingliano's theorem, unit load method, maiixmethod.
vilual work melhod, column analogy
melhiod, three moment method, flexibility
methed,

6.2 Castigliano’s Theorem
62.1 Castigliano’s First Theorem

in any slructure, the material of which is linear elastic, temperature is constant, support are unyielding,
then “the lirst partial derivative of total strain energy with respect to any displacement component is equal 1o
external force apphed at thal peintin the direction of thal displacement™.
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Fig.6.1

622 Castigliano’s Second Theorem

Inany structure, the materiat of which is lincar elastic, temperature is constant, supporis are unyigiding
then “the firsi partial denvative of lotal sleain energy with respect to any force is equallo deflcation al that point
inthe direction of that force”.

Fig.6.2



6.3 Principle of Minimum Potential Energy

“Among ail ihe geometrically compatible state of a siruclure, which salis'“ly‘ \_Q_/

deliection boundary condilions and lorce cquifibrium requirement, will bave linal s1able LS
condition when its total potential energy is minimum®. s vy ey
CR

“If a structure is loaded and there are redundant reaclion then true
value of radundant reaction will be that for vehich lolal potential enarqy is
minimum’,

Consider a portal frame shown below.

Number of redundantin above rame

= Degree of slatic indeterminacy
=Dg=1
Redundant is one {say R}

il potential energy slored in ponal frame is Uthen the lrue value of
redundant Rwill be that lor which {/is minimum.

i Uis minimum,

then, — =0

6.4 Bettis Law ,
In any siructure the material of whichis linear

2lastic, and loflow Hook's law, supporls are unyielding and  Axg 1 v
the lemperaiure is canstani, the extemal vital work done. \\L
by P-system of forces Py, £,. P, ...... during the distortion ;

caused by Q-systemof forces Q). Q,, O, ......is equal o
the exiernal virtual work done by the Q-system of lorces
0,0, 0, ... during the distortion caused by the A%
P-cystem of forces Py, £y, Py.......
Vintual work done by P-system of forces is given
by, . Fig.6.5
W= Py + Py
and virtual work done by Q-system of lorces is given by,
W= 0,1, + QY
" according to Bett's law,
Py + Py = OyY, + OpYy

Speclal Case-1: il 0} is rotational displacernent in the diraction of moment M, produced by some othef

moment i3, and 85 is rotational displacementin the direction of M, due to some other moment A4, [ then external
virtual work done by M, 15 equal lo external virlual work done by M,

MO; = M,0;

Special Case-2: 1t 07 is roltational displacement in the direclion ol any moment M given by a linear lorce
Pacling a sorme olher point and if &° is linear displacementin the direction of force Pdue to any momenl Macling
at some other poinl then external work done by Adis equals w exlernal virtual work done by £.

MO = A
Exampie6.1 . In the cantilever beam shown in the given figure. B, is the defleclion under X
dus 1o load W, at ¥Yand 8, Is the deflection under Y dus 1o load W, at X. The ratio of §,/5,is
Wy Wi
g_ X 4\( IL lx %
“\5’\; ,E 5
' '
W W,
a —_— ——
(@) i ® Fow;
A W,
c -
© W, @ Wew,
Ans. (¢}
Virtual work done by W, during dellection caused by W, is given by,
' Mody = w,x3,

and virtual work done by W, during dellection caused by W, is given by,

Wy, = w3,

According lo Betti's theorem Mol = (Mo x5,
WS, =, x3,
5 W
5, W !

The bieam shown in figure carries load of 30 kN and 40 %N al paints X and ¥
fespectively and produces a deflection of 8 mm at Z,

30kN A0 KN

AN X P4 v Y

y bTo praduce delleclions of 8 mm and 5 mm at X and Y regspectively, lhe Ioad required al Z
WOU; e

{a) 20 kN {b) 40 kN
{c) 50 kN (d) 80 kN
Ans. (¢}

According to Belli's theorem

W %8 =30xB8+d0x5

_ 2104200 .

W, =55 kh



For a semicircular 2 hinge arch shown In figure, 2 moment of S0 t-m Is
appliad al 8 which produces a displacament of 0.5 cm in verlical directlon a1 A. If a concentrated load
of 10tis appliad ai A In verlical direction then rotelion at D will be :

JL

ok o

{a) 0.01rad {b) 0.05 rad

{c) 0.1rad (3) 0.5rad
Ans. (o)
According 1o Baili's theorem,
P& = MO
“10 % 0565 10°? = B0 x 6’

8" = 0.01radian

.:,.ﬁi-;a'iili!-h Using Beuti's thearem, determine the elongation of a bar 10 mm In diameter
and 1 mlong when it is subjected lo a force of 10 kN at diamatrically opposite points at midpoint of ile
lengih. £ = 2 % 10° MPa, it = 0.3.

Solution:
The loading oa il bar may be shown as

(b osismsands,

[ s [ i ]

Heuis”theorerm says thatthe duilectinn along the aws of he bar due 1o force Pat centre (s equal to the
detlecton at e centre due to force £at the ends (avig).
The eiongation along k-diteclion s given as

A PL

s, P

it

I‘l

= T

Strainyin p-chragtion will be

uP H
= E‘i = A—E !
s }
Bul we know that, D=5
j,lP D A= 1:2?_
= A‘. = z&-:x ATy
pP x4
A =
= . £ aDE
Nowif Ais the deﬂecrion along the ends due 1o force P al the centre, thon by Belli's theorem:
. WP
"% ROF
| 4% 03x% 10= 10° 187 x 1030
= m———— . T m
Tx 10x2%10° X !
6.5 Maxwell’s Reciprocal Theorem
ltis a gpecial case of Beili's law in which P= Q. i“’
For example. in a beam or siructure the detiection at any A t c 2 /a\
point Ddue o load Wat any other point Cis ihe same as ~d )ﬁe =
the dellection at C due fa the same load applied at Di.e, N~
5= 4, : L
Virtual work done by Wwhen applied at 4 e l 5 8
= Wx§, 1 :
- 5, :
Vinual wotk done by When applied at O —N\‘\ : /"/ﬁ.
= Wxa, — AT
As per Belli's law, Fig.6.5
Wx5, = Wxa,
&= 4 (Known as Maxweli'steeiprocal Law}

This method can be applied for determinale and indeterminate beams bolx, lis special utility 15 sgenin
Cantilaver beams,

Find deflection at a distance L/2 from fixed end when Ioad Pis applied al |

free and.
P
. c
. !

18

L | 3 1
2 ' H ]
Salution:
According to Maxwell’s reciprocal thearem, the dellzction at 8due 1a load Papphed at Cwill be same
Inabove casei.e.

: s By = B ;
Here, Sy = deflection of 8when load at ¢

and 85 = deflection of Cwhenload at &



Applying load Pat Cand calculaxindéehecﬁcn al B,

5m=5m= SC'I'OC Xg—

LY L
_P(E) P(E) L_5P0

3E¢ 281 2 48 EI

e
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6.6 Principal of Virtual Work
Cage-1: For deformable bodies or Etasiic bodigs:
The total virual work done is equal 1o zero
W+ W=10
vihere, W, = Exiernal virtual work done
W, = Internal vinual work done
The internal vilua! work done { W) by inlernal resistance (Such as stress) is negative.
Hence, Iw,l =lw)]
Case-2: For rigid bodies:

In figid bodies there is no internal deformation, Hence, inlernal virtual work done is always zero, Therefore
extarnal virlual work done is alse zero.

CW,=0

Forthe truss shown In figure. Calculata the horlzontal componant of deffection
at joint £ due to lollowing movements of suppors.

{a} Support A moves horizontally by 0.0050 m from right to tefl and 0 0075 m vertlcally down.

(b} Support C moves verlically down b y 0.00250 m.

Assume there Is no change In length of eny mamber because all members ara rigid and joint
displacement is dug to movement of support: anly.

6 4m F 8m E 1
e )
“, 3m " 3 5m
Hy oy c
2y 4m g 4m Aam p

Ra? . ? Rc
Solution:

Lelus apply unit load in horizontal dirgclion at £ Let A, H, A, are reaclions developed at Aand Cas
shown in igure due lo unil load a1 £, Rk
X =0
= Ha+1=0

H,o==1 (3)or1{+-)
Also, IF =0

1
i

- R+ R.=0 i)
Also, M, =
= R.x8-1x3=0
o RC = % (T)
L . 3
From equation (i), Re= -5 5]

Since displacement of support A and Cis due to some other agency:. Hence (otal exiernal virtual work E
done should be zero (bady is rigid).
W‘) =IPA =0

= Faxdiy+hyua+ RoxSic+1x81g =0

- -gx(4.0075)+(-1)x(o,ooso)+gx(-o.oozs)+s;g -0 ;

81 = -0.006875m (From right Lo lef()

6.7 Principle of Superpaosition

Assumptions: .

{) Material is isotropic homcgenous and linearly elaslic in which Hooke's law is valid.

(i} Temperalure is constam

(i) Supports are unyielding

“In a beam, truss ot frame which may be determinate or indelerminale. The resultan] vatue of any stress
function due to mullipte loading is equal to the sum of effects of individual loading The siress function may e
8F, BM, reaclion, stope, deflaction, slress or strain”,

6.8 Consistent Deformation of Method

This is the basic meihad to analyse Redundant siruclures taking lorce ar Reaction as unknoyn, To find
unknown force of reactions suitable compalibility conditions are waitten,
Consider a propped cantitever subjected to UDL over entire span as shown below:

1 W per URILeun
A 4

| e
: L 4
Fig.6.7
For above propped canlilever, De=r1,-2
={2+1)-2=1

Hence above beam s staticatly indeterminate (o lirsl degree So SF and BM at any section cannot b
bt 2o by using equations of slatic equilibrium alone.



I we consider Reaclion Ay asredundanl and remove resiraint ofiered by Ry, then remaining cantilever i
slaticaily determinate which is called primary slructurs.

— L {

() Given Struclure

} L |
(i) Primary struclurg, if Ry is takon os redundani

} L d
(it6) Prmary strueiuro, if K1, is okon as rodundant
Fig.6.8

Cansider figure (i) as primary structure,

o] L

(1) Prmary structuro subjectod 1o givon loading

N o . :
i

‘TRg

I L
{In) Struciure subjected lo redundant Ry

Fig.6.9
Since al B, there is a unyielded supporl. Hence Net verlicat dellection at Bwill be zero.
Ay=0 ... (compatibility condition)
= £ - E -
aEr 3y
3

= ' ﬁ'u = gll‘i.

Now Ayis known, Ihe BM and SF diagrams can be drawn for the structure by superimposing tha BM and

SF diagrams of primary siruclures.

Sheal Force Dlagram:

-
A 8
l , " ®

b L -

‘a) P lniclur subjosiod 1o UDL

¢ iy sinetr ° {6} SFD conospanding (o primary

SR strictuma showm In fig (a)
A i -]
I 1 “ Juc
3 .
Rg= 3 "
s [ — (¢} SFD COTBSpONging o primary
{c) Primary skucture subjociad 1o R, struclure shenen in i (c)

]

b L — St
(0} Givan proppod contliover {0} Resultont SFD
Flg.6.70
Bendlng Moment Diagram;
w
"l S8 Wt 5]
4 ) -
; [ —={
{a} Primary structuro subjected to UDL (b} BMD corres pondding to primary
shucture shown in fig {a§
, + +
o .
i, T‘ | )
! Rye %WL kN
= L
(¢} Pai sUuciuro subjecled o R, {d} SFD comespanding to pri
Nt 8 j ° stucture shown in fig (c;mry
nt i
W
A B
1 i o M
b L — . &
{¢) Given propped eonfilever
) PR . - T {1} Resultant {BMD}
Flg.6,%1



It we consider M, as redundant in the analysis of propped cantilever as shown balow:

M W
A 'ﬁwmmmazf
- L —s]
{0} Strueturo

M_] (N Y NN YN - A A .y |

{b) Primary Structum subjected to given loadinrg
+

{£) Piimary Stnseiure subfecied 1o Reduadant M,:
Fig.6.12

. i
Since end A in actual struclure is lixed, hence at and A net rotation {slope) will be zero.

- 0, = ¢}
8, + 8, =0
ML
24E7 3E}
2
' M, = —-—
B rﬁ 8

Here Negativa sign indicale M, is just opgosite as wa assumed.

2hear Forge Diagram:

A w wh
M 7| =)
%"1 (o) Primary structure sebjected o 1“% : ) ‘
fven loading (b} Conpspondiog SFD to
shovm in fig (a}

¥

A

S

M= g '
G; AL gl\ NG T #

R.'-*‘%“T """"""""""""""""" l a
{c) Primary struclura subjected 1o Ry Rf"g'

{d) Carrasponding SFO 1o struclne
shoran in fig {e)

L} ]
l S :(_) 3
.‘ '_a Swl ) & /

{H) Resultant (SFO)

»

2 8
(o) Grven propped contilevee

Fig.6.13

|2

...{compatibility condition)

nlE

1.

M,,c---i
{a -
(s

Bending Farce Dlagram:

|

8
ok

t pot

(2} Primary strugiure subjocted 18 UDL

N'i
B~

y +
wi

28

{c) Pamary struciumo subjocled (o R, l

P [59] \
A 8

{b) BMD comresponding o pmary
structure shov in fig {a}

wh +
Y
e
=) T

——

(9) BMD cormasponaing 1o Stusture

R, =-‘%— Rn=__w1. shawn in fig ()
o 8 1 1
Wl
6
- | ) )
¥ = 8 wt'| & *
(a) Given propped contilgvas o // \\;
{f) Rusultant (BMD)
Fig.6.14
Some Important Beam Displacement:
5.No. Boam Dlaptacoment
ML
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Some Passible Primary Struclures:
Actual Slructuros Poesiblo Primary Structurn
1
- 2|0 T
R
uu 2.
PR - 73
L A o o | e I
n T B,
"

Procedure of Analysis by Conslstent Deformation Method

Find degree of indeterminacy.
Choose slatically délcrminale and stable primary structure,

{dentify the redundants and compule displacernent of primary structure subjeciedfo exiernaltoading
and redundants separately a1 those poinls where conditions of compatibility may exists.
By using compaibility conditions gnt the values of those assumed redundants.

Plol SF and BM diagram by superimpasing effect of redundants and given oading on the primany
structure. .



Example6.7 Analyse ths Fixed bsam shown In ligure below:

lP

<

L.,

b3
—— ARG

[N
Aafr-

T

Solution: :

-~ ez

Let us assumed Mg and Ry as redundant. The corresponding primary stfucture is shown below,

\ } ﬁ
¢ i

B

8
T
0] 8y, -
L,
+ '.'.‘.jéu;
g T 3‘:*
al :
; ) TB
+ %

Since end Bis lixed in actual sluclure.
Hence.

{} 0y =0.. First companbility condilion
{i} 8,=0... Second compatibility condtion

pluzy  pd
. O = =i
Sigpaat end B: &= 5 TTAA
Rut*
and Og, = —EHE—/. g
ok .
and O, - +ﬂ_'m)

ﬁ%jﬁ““\\iw

Frorn compalibility condition (i),

8,=0
= Ba ‘H)B) 4‘05_\ =0
P2 R Myt
= 85 2e TE T
= PL—-4R L+ 8My =0
Dellaction at end B:
- - L
0 = Qp x—
Dy O + ?> 5
_ Py LR
3E¢ BES
5 A3
=y
: -Bgl3
nd- 5, = ——e—
2 _ & = 255 (")
and 85, - ﬂu)
&= 28
From compatibility condition (i),
5=0
=2 83_ + 531 +5& =0

5 A0 Rl Ml

— - =

48 BT 3E1 | oET
= 5PL-16 Ryl +24 My=0
Fram (i), we have .
_ ARL = PL + 8M,
Subslituting valus of 4R, in (i), we gel

= SPL-A(PL+8Mg) + 24 M, = 0
oL
My = )

From (iit), we get

AR = PL+3[%5]

L
o —-
2

e e
= 281 " T6ET

(1)

i)



Alarnalive Approach: Letus assume #, and M, as redundant. The carresponding primary siruclure is

shown below,
Inaclual structure Bolh, ends are lixed. Hence
[0)] 0, = 0...compatibility condition {i)
(i) 05 = 0...compatibility condition (ii)
Slope al snd A: . i
P2 i f
0p = == A 8
AT Yeer - c 1
f L 1 L ]
MAL ¥ 2 T 2 4
Oy = T3Er {1) Svucture subjecied Lo given kaading
Mgl I
8 = T
and A= g .
From compalibifity condition (i),
OA =0 y O Os, _,B.‘
=5 BA"FOA?'PG% =0
2 (i} Primury struciuro subjecied lo oxicrnal loading
- L Mk Mk
1667 3E1 6&/ +
= 16M,+ BM, = 3PL . ..(0)
Slope at end B: A 4y ey
o . P @’)’v" -
& = e {1} Primary structuro subjected 16 rodurdant 44,
A ‘/”._.--"'“ i
MaA P T DR >
and 8, = +§-E—lv e 4y AN

From compellability condition (ii),
Oy = 0
[)9‘ + 932 + 0’33 =0

i

PLY ML Ml

= “vees TeEr T3Er 70
= : 811,4" =
Subsliting value of 8 M, into (i), we get
= 2(3FL~16Mg)+BMg = 3PL
PL
= My = —

(1) Primary stiuciuro subjected (o redundant Af,

(3PL- 16Mp)

Oré¢—"

Fram {iy,
PL ¢ o y
= 1. —{ = 3FA AL
3 VGAM, I—B( 8 J M },1D=’%!- P

A 8

xFy= Q; RA + RB =P ]
PL Pxi PL
IMy= 0 A xt-—=- —=0
BTIAET TSR
“ P
Ry = E(T)
From (A), we get
P
Ay = 'Z‘(T)

k m |
Solution:
(i) Possible redundant reactions are
A g 8
(o} TR
or

& R
d o

Considering figure (a) as primary struclure

Q k-4
" “haem
A H 8
ﬂ 20 kiN-m
(i} Primary strirclure subjecled
to 20 xK-m moment only
1’ +
i 1
) {il) Prienary structure subjected TR
o redundant R, only

Since atend B, thereis a unyielded support Hence Net defiection at end 8 will be zaro,
4;=0 Compatibifity condition. . (i}
Dowvnveard de'tection at 8 due 10 20 kN-m moment al B,

Y

MZ 20x 107 1000,

T = R T




Upwiard deflection at 8due to redundant Reaclion Rat B,
ARG A(0)'  1000m

%= 35 < TaEr " 3

From compatibility condition (i),
Agg=dpy =0
1000A 1000

= R =3RN(T)
I, =0
HA +'95 =0
A,+3=0
A, = -3kN(T)or3kN (1)
M, =0 ‘
M, +20-Ryx10=0 f
M, = 10kN-m (tlockwise direction

H§='UU

Alternative solutlon:
Considering figure (b) as primary structure

(= &)
." _2DkN-m :

#

0ay 8, =
. 20 kN-m\_)
{) Pimary struzture subjected 1o

20 kN-m momenl only

+
423" YA N
r«f;_.. M,
() Prmary structura subjecied to Reduntant
b4, only

Since support Ais lixed. Hence Nel rotalion at A will be »
& 0,=0 Comgpatibility r;ontdilion )
Rotation at Adue 1o 20 kN-m moment al 8.

M. 20x10 110

oj\[""_

" 88 eE 3

0, ML Mix10 10M,1( 3
T T B T

From compalibility condition (i),

(),-H +O,;3 =0
100 10M,
= st =
3E1 3E4
- My = -10kN-m (_} or 10kN-m (D)
10 kN-m
A 8
e &,
20 kNam )
f - 10m
R, I3
.‘_'Fy =
= Bt Ap=0 ' AN
IM, =0
= 10+20-R,x10=0
= Ay = 3kN(T)
Frem (A),
. » Ay =-Ay=-3KkN(T)
s A, =3kN{)

Determine the reaction campenants In the beam shown in figure,

i 20kN-m B
A c
{ =,

fo— 6m } 2m —-
Solution:
D;=r,-2 (forverical loading)
=3-2=1
Considering reaction A, as redundant
20 ki¥'m 8
A ; C
F am b—2m —f
ol
; 20&Nim 8
A - C
) Primary stniclute subjected to UDL only
+
A ? [0y
M~ Am = 20—

Ut Prumary structure subjedied to Redundant R only




Since atend 8, there is a unyielding support. Hence nel defiection at & will bs zero,
ap=0 Compatibliity condition o)

Downward deflection at B duye to given UDL:

- J’BW‘( A 20 kt'm . 8 "
aL = 2 2F; = ~ P-dx it

” & [ 2m —
- é?]:(xa—&z]dx " T

x
20["' 2'*’3T I_/"J.J‘*""\‘;T'“
o 7
26473 | oHo

_ 6840
= EIXSBd = ?(l}

Upvward dellection at 8 due to redundant &
Re Ax8 72m

F R R Pk Y

b= g s mm w5 ()
Frorn compatibiiity condition (i),

Dgp-dy =0
72R 6840
= Er B
= A= 95kn(T)
IF,=0

= tq" + RU =20x8
= R, =160-95
= A= BSKN(T)

IM, =0
= M, +20x8x4-Ryx6=0
= M, +640-95%6=0
- M, = -T0kN-m or 70 kN-m (y_1)
Detsrmine the fixed end moment developed In the fixed beam shown in

figure below:
ai f\ M E »
E
b b |
Solution;
Dy=r,-2 {verticalloading}

Here =4
Di=d4-2=2

Thus the above beam is indeterminate 0 2'9 degree, Assuming moment reaclion al A and 8 as
redundant, resulling PAMaAry struciure witl be simply supported beam as shown below.

+
C—a’*’;;' nbg"p. 8
o M, . +

Since both ends A and 8ars fixed, Hence Net rolations at 4 and Bwill be zero.
0,=0 -{i{Compatibility condirion)
[ -.{if (Compatibility condi tion}

Aolation 0, in figure due to eccentiic moment on simply supported beam can be found out by conjugate
beammelhod.

H
EjL

T

4 .
oL &
R‘T W%‘Z TR'
i Ed

Conjugate beam
Mg
0, = f, =28
A A T
_ Y Aa a(mf‘_’) JMb b 2w
Tt T2Er ¥ &2 3

sgs[zb -4 {30 +a) O



%E[Zb” -2a°+a% + ab]

2 EIL

2 (av2

Simitasly, Og = Ay = E‘li”—
_MaMa_ 22 1 M
L} 2L 3
_ 2
= 6E1L2 [2° -0 (0a+ 0)]
M

H

‘ GEI?
Botation 04, and 8, for figure is given by

82 = 3gr (WD)
ML
and | 05, = & (L)
Rolation 84, and 8g,for figure is given by
Mgl
g
“ = e
Mgl
and 0 -8
ST

From compatibility condition (i), we get
0M+0A2+B,;3 =0

Ml | Mol
20° - &% (3b ML Mgl
GEIL"’[ F@v+a)ls i o =0
= 2{203 -a* {31}4—:1}] IQMA.pMB!
GEIL 6E7
= ' M, M‘ P - g
M= 726" - & (20 + a)]

From compalibilily condition (i), we gel

05"('0& +05.1 =0

Mt gt
EE[ 3E?

ssu [bz (3a+b)-2a"]+ A2

= ki, + 2y = ‘%’[b”(aa +0)-2a" |

——[p*(3a+b)-24"] (3

]
3

|

A

..{B)

Sublracting {8) from twice {A). we gat

M, =
= M; | =
From(B),

2M,, =
= ME

i

%i[zuz ~a*{3b+ a)] —-%:—[bz (3a+b)- 233]
’[b“ -2a%-ab* ]

Mb[b" -2 - ab]

MO
1_3

%_'fs—b[[bz —a")—a(af b)}

[bz —at-at -ab]

%Q[(n +a)(b-a)-a(a+b)]

%e[a} b)(b-2a)

Mb(L - 3a) Mb(3a-1)

P Vo =0

%[n?(aaa, b)-24"] - M,

- Lﬂa[zbea -4 +azb]

Ma[QbL-a +ab] )

Ta[z.bz —-2a+a? +ab]

Aa
LJ

[E(b -a° }+ a(a +b}]
%[}2[’34 b)(b-a)+afa+ b)]
Y2 (a+ e)fe(o-a) )]

%‘Q(a +b)(20-a)

[L=a+b]

[cL=asb)



Thus, Mg=M 2%11(35__,_) {¥)]
_ M
and Mgy = Mu=-,_7a(3b-f-) ()

Dstermine the fixed end moments develaped In a fixed beam of span £ ang
floxural rigidily £7 whan the right hand side support selilas down by A.

i
A
i

ks
i

Solution: : .
i Letthe momentreaclion al Aand Bas redundant, Resulling primary siruclire will ba simply supparled
beam as shown below:

e

Oy ‘)
AN Fig. (d) My fv)

Since both ends 4 and B are lized. Hence Net rolalians al /A and B will e zero.
0,=0 - {Compaubility condinon)
0,=0 i) {Compartitaliy conditon)

B4, and 8p, for fig (b} is given by

0"" =
ang Gg, =
B,q; and Ug, for fig {c) is given by

‘ 04, =
and Og, =
04y and B, for fig (d) is given by
aﬁd 9&, =
From compatibility condition (i), we get

B4, + 84, +04 =

- LA ML Ml
L 3E! 6E7

= M, + Wy =

From compatibility candition (i), we get
g, +0g, + Og,

«

= M, + 284,
Substracling {8) [rom twice A, we get

M, =

I M=
From {A) & (8), ve g&1

] -
My =

-3
200

A
T Ly

AL

—= ()

367
ML
BEf

Mgl
8E7

()

- = ()

Mgl
a O

6Ea

Q

=0

GE/A
~ 5

12674 + LEIA

L‘?:
6E1a

LE

GELA
I
(A

"

.
13

‘_2

-2M, =

O

6ElA _12Fia

LE

L?

(A}

{8}



= 8E1A
Thus M/@ = Mﬂ = L2 O
- 8Ea
and Mgy=Ma = =3
m Analyse the conlinuous baam shawn in figure
P

H—%—ﬁ-—:g—*{«-—— [p—

£1 s conslant
Sofution:
=7-2 {vertical loading)
Here, f=1+1+1=3
RE B=3-2=1

Above beam s indeterminate o first degrea, Considaring Reaction Ryas redundant,

gy
»
O

AA - TR % '

f— 20—} L {
Ry=R )
Fig. {a}
-3
l i
8
A C
R z
R,=0.75p + T fg=0250 '
Fig. (b}
_-"""“ IGM T R
A e b,
AN TB Ay
R
Flg. (&}

Since there is a unyielding support at B. Hence nel deflection at Bwill be zero,
AB=0 ...{iy Compatibilty'’condiition

Downward deflection at 8 dus 1o given loading

i -
ml lm;

Fig. {d) Conjugate beam

Reactions In conjugate beam:

1 3PL 3P
= - ey 1
Ratfo = oxlx e =85 M
CIMp= .
s 1.1 3P A L 1 3°PL BLESL)
= 2LH,,:(~—>(—J<BEI)>(2 6)+(2XE§ 2y3x2
: 7PL?
= AT 16EL
, 5A7
and fe'= zer
Ag = BM al 8in conjugate beamn
N 1A
= 2= 951
Upward deflection at 8 dus to redundant Ay
‘ Ao Ay A2
8= Ta8Er  6F/
From compatibily condition (i), we get
Bpa =B =0
' A2 1R
= BEr 96 £
11
= RB= EP(T}
)IF), =0
= R, + Ra+ R =P
= R+A=2p AA)
M, =0
=  Byx2l- P)% :—;PL_O
- 13
= RC: @P{T)
Frem equation (A),
5 3P ap
= p- = - —.[l
i P-Fc 3 O 3t )



Downward defiection at Band Cdue o given loading be found by conjugale beam method,
mmmyse the beam shown In figure by consistent dsformation methed.
100 kR S0kN
100 kN 50 kN 1 1
. A l & £ c
A | ; 5 c ] 2
1 0 s E Lo ‘ P 2 Mt 2 e 2 a7 s
‘ ]
p—2m } 2m } 2m——r—— 2 m——| p 5 8 E c
: Jiize
Solution; %o "
Oy=r,-2 ~{For vertical lcading) A D 8 £ ¢
=4 - 2
o | || LI
Thus the above beam is indeterminate o 204 degree. Assuming Ag and R as tedundant. &
Conugala boam by part
8y, = BMal Bin conjugate beam
100 kN 50 kN
. : 1 200 ARK 300} 2
= =g 2r—== x| 2+ 2x < |- | ngn My =x6
Al Yo g be c [2‘ EIH 3) [2 &3
i T.q, : _?Rc » _ 428567 ©)
fr——2me——f-—0> fo—2 Mo 2m—es] £l
' ' B and a = BM at Cin conjugate beam
It 200 (. 2 V.80 (, 2 6856.67
253354 1y
100 kN SOkN = TE'TX(S+§X2J+EX(2+§XG) = Z7 (..-)
" S l o l c Verlically upward dallection at 8and Cduetoredundant can be given as
i g 8 .
‘ . _ R4} 6an,
+ - Deflection al 8 due fo A, Mymg = TR =-§--E_I-(T)
B
A ) T £ ¢ ) ard delleclion a1 C due to Ap. beug = Byag +8g x4
]
By ‘ . 89 Ax(4) . 320R, ()
+ : ' T BE1 2E1 R ]
fection dueto R, Agae = Aowhen R.isat 8
\ 5 5 ¢ . Deflection a1 Bdue to R, 5ie = Acwhen Rgis
T ‘ 4 R(4Y Ao (af 320A,
=Ly = T
Re ‘ AE 2@ 5 ()
A.(8) 512R;
Neci o~ 4 =L LT
Since there are unyielding supporls at Band C. Hence netverlical defleclion at 4 and C will be zelo, and deflection at C due to Re cre 3E 3/ ( )
Ag=0 (i) {compatibilny condition) From compatibility condition (i)
4:=0 . (i) (compatibility condition) A - Bomg - dare = 0
4266.67 64 Ay _320A;
= £ 3E& 6& =0

= , 128 A, + 320 R, = 25600 ‘ A



From compatibility cendition (it},
ba~3cm=bcn: =0
6866.67 3208, §12A,
= Er 6l a3k =9
= 320 Ay + 1024 8, = 41200
Solving {4} and (B), we get

Ay = 454.46 kN(T)
. A= -101.78kNor 101.78KN (1)

..{B}

IF=0
= 94*90+Hc=’00*50
- A— 150 - 454.46 + 101.78
= = -202 22kN or202.22kN (l)
Analyse the conlinuous beam shawn in fligure using consistent deformalion
mathod.
100 kN
A (50 kt¥m 8 ¢
iu ,, A il
b 6m e 2 2 M+
E!'5 consinay
Solution: ;
Di=1,~2 ..{For vertical loading)
e =3-2=1

Assuming interrial moment at Bas redundant

Intemal hinga 100 kN

100 KN

Fig (u) Pnmary structutw subrected la redundant only

At Intermadiiate support 8,
Opy +8gy; +8p, 405, =0

i 150x6" 1350

Where, o = 5367 = 24Er T gy
PP 100x4® 100

and Y = T6E7 = 96E1 < ET
Mi _Mx6  2mM,

and %on = 35 " T3E = E 2
Mt M, x4

and 0 3E1 = 3

2R T 3£) T 3
From compatibiity condition (i)
1350 100+2M 4 M,

= e VE T 3E <0
= -1350 % 3+ 300 + 6 My~ 4 My = O
= : My = 1875kN-m
Supporl reactions:
150 kN/m 8 | c
1B75 ke 1875 KN-m 1
Ry Re
} a&m | i‘-—2 m—=fe—2 =i
Portlon AB:
A, =0
= RA+RH‘=150X6=900
My =0
= Ay x6+1876-150x6x3 =0
= A, = 137.5kN(T)
From eq, (i}, R = 900- 137 5= 7625 kN (T)
Portion BC:
E.‘F), =0
= HDE +Hc =100
£, = 0
= ~1875 + 100x 2~ A x4 = 0
= A, = -418.75kNor 418 7S kN (1)
and Ao = 100- A= 100+ 41875 =51B.75kN(T)

A By= Hy+f, =7625+518 75 = 1281.25kN(T)

{1} (Compatibility)

- A{id)



M Using conslstant de!‘ormatlon melhod, determine all induced reactions due
to a vertical settlement of 3 mm of the Intermedlale support 8 as shown below, £ = 2 x 10° N/mm? and

1=160 x 105 m?,

N g g
l Ad /A
b 4m + am ~
Solution;
Op=r,-2
- =4-2=2

Assuming reaction A and A redundant.

N 8 _ ¢
! s I

——— 4m t im -~
Primary structuro
] 8 [
A g :!-_///T
Re

.
Ry

! 4m 2 4m 1

A 8
Rll
- 4m i Am {
" i
+ i
T e a;
1 ”/vm;' Re e
9 B T
RC
} 4 - 4m ~
Compalibility condditions,
Ay = 3.0mm
A:=0

{For vertical loading)

L)
Ay

Vertical deflection al 8 due lo Ap.

Bgap
Verlical deflection al € due 1o Ay

dc,ﬂg
Verlical deftection al Cdue to Re
Vertical dellection al 8 due Ae

An.ﬂc

From compalibitily condition (i}, we get

B4Ry 320R, . . .

36 “eE
= 128 A, + 320 A,
= 128 R+ 320 A
From compalibilily condilion (ii}, we have
3008, 5128,
BEr 3Ef
= 320 Ap+ 1024 A,
= Ay

Substirining value of Ay into (A),

= 126 x (3.2 A.) + 320 A
RC

= . ' HB
IF,

= I R+ R+ R,
=» A, +20.57 - 6.49
RA

) ZAd,

= M- Ryxd-A.x8
= A

3
- Ay {4) . 64R, 0
3£} 31

Be(4) Ay(a)

547, G4R, 3208,
NCA N AL W SN R b T
= T3 T % U

= 3 &1 261 T T6E1

R (8) _5124, M
3E1  3E1

dcwhen R al B {Maxwell's reciprocal theorem}

A (4 A (a) 3208, ,
= 4 - T
=38 g ¥4 e ()

=0

= 18%10% %200 x 10% % 160 x 10
= 576 A

=0

=0
1024
= '(-3_2(—]— }Rc =‘3'2Rc

= 576

-0.42 kN or 6,42 kN (1)

= -32x(-6.42) = 20,57 kN (T)
=0

=0

=0

= -14,08 or 14.08 kN({}

=0

=fAyxd+ A.x8 *
= 2057 x4-642x8

= 3092 kN-m

n



Example6.16

method.

Solution:

Here

o

D.=r-3
=2+2=4
Ds=4-3=1

Assuming harizonial reaction al £ as redundant. After romoving
redundantrest of struclure is determinate,

Since there is an unyielding and non movalie support al £hence net
harizontal movernaen of supporl Ewill be zero. -

A, =0

.{i} {compatibility condilion}

Horizontal displacement of suppon E due to given loading,

48N

2m €

6m 8m

Fig () R=21%N  Fig.(b)

Anslyse the portal iramms shawn In {igure by using consislent deformalion

48 kN

4m

Fig. {€}

Using unil lvad method,

Partion AB ac CcD DE
Origin A B D E
Limit 0-8 02 0-2 04
M Q 24x 24¢ o
m, x ~=+6 % +4 x

Where,

M= BMat any section due t6 given toading, figure (b}
m, = BM al any seclion when horizontal unit load is applied at £, tigure (o)

- IMm‘d.t

fa Er

2 2
Eiag = 0+f 24:\:(6— %]d.‘ +[ 24.\‘.( 4+ g]d,r +0

n

[i[19x 126 + 96 1247t

= [f240:0x
. 240[5;]:24%23
2 2
480
Ag = ‘EI‘(*’)

B
4m h
dm
6m
13
b TN
A
L :
R
l ZHN

1
2™ Fig )

Horizontal displacemenl of support £due o harizontal ceaction &,
= Horizantal disptacement at £ due 1 unit horizonlal unit load » 4

B =

HAEH

I

Eldg

1

Am

From compafihllilycon(liliun (i)

Ay =

= Qg+ S =
194, 67H 4180

= —=- =
Er I"I

= H =

_ 19467+

m‘dr
x{t
Er

{f:r’rmj;( 5‘} de+ [ (d+ ] dr*-J:xzd.r]xH

72+ 60.67 + 40.67 + 21.33

g =}

~2.AG KN (=) ar 2 46 KN [+

)




6.9 Three Moment Equation A B ¢
The lhrge moment equalion express the

relationship belween the mE:)manl at \he three e fof 'Q" h 'Q;’

successiva supparls. The support moments can be

determined by lhe application ol three moment

‘equalions. This melhod is mos! suitable for the f\/

analysis of conlinuous beam. fee T, ___.! gy
According 10 three moment equation, suppart Fig {b) Freo BMD

moment M, Mgand M. althe supporl A, Band Care

given by the relation.

Fig (a} (Conlinuous banm)

My
M, -’-’-}-PQM“ —"—+12- +M; L3
i 5 & f
} Fig {c} Final BMD
_Bay, . 6a,%,
y [A Fig.6.15

Where,  a, = area of iree BMD for span A8

a, = area of free BMD [or span 8C )

¥, =cenvraidal distance of lree BMD on ABirom A

%, = cenlroidal distance of free BMD on BClrom &
Special Case-1: When span carries UDL over enlire span. A wiunitlength - g

a, = Area ol free BMD on AB fa'a aaa s e =
! . . A 1 Ay
2 el il
= =xdo—=t o 1L w',l
3 8 12 . -
¥, = cenlroidai distance ol ree BMD on A8 rom A
L
T2
Fig (4): Frea BMD for SPAN AB
x i h '
Ba¥, T ip Tg_wi Fig.6.16

) /. 3

Hence, ha three moment equation can be writen as when span ABand AC carries UDL over antire span.

. 3 ]
Wid, + 20, 0+ )+ ML, = L’j’.. + ‘14_’1

Spectel case 2; When £fis ot constant

jﬁﬂmﬂﬂﬂ EHW [ D};ﬂﬁmx

Wy

Fig.6.17
ihien three mement cquation will be,

Lo Gse‘F,+@£1

VRNV A AT
R VAR

Example6.17 Analyse the conlinuous beam shown in figure.

4BEN b
A 1 2 12 kiNim c
e o) = @ & |
f—— m } Im } any {
Sofution;
72 kN-m ;
!
\ o,§ 24 km
A i a;d :
T C H
P'—fv’a‘—"’* g F-g=2— 1
" Maxi . 48x6 Z
Aaximum ordinale of free BMD on A8 = yae 72 kNe-m H
‘ 12x 42 |
Maximum erdinate of free BMD on 8C = = 24 kN-m !
Area of frae BMD on A8, a = %x6x72=216 unit 3
i
Area of [ree BMD on 80, a = gxd ®24 = 48 unil i
Cenlroidal disiance of free BMD on AS from A, ) l
. x =3m
Cenlroidai distance of free BMD on 8C from B
L =2m ‘

Applying three moment equation for span A8and 8C

Mlsam [l k) gy b o Gaw
4 ! T W L

i H

Since A and Care simple supports,

Hence, M= Mo=0
. i
0+2Mﬂ[§+—4—}+0 - 6x216x3+6x48x2 1
1 27 G/ 4%2/ 195 ke 1
!
L oM G872 |
! o7 i
16 M, = 720 |

Iy = 45 kiv-m




L

Analyse tha continuous Seam ABCD shown in figura,

36N 48 KN
A i SM@WV\C l o
A 2, Ay EAS
b= 4m to—2m —=} &m fe1.5m] t.5m
Efis consiant !
Solution:
108 kN-in
48 kN-m
"l%
H .
A H A :
p—R=338— b 5=a—t® =
=
Flg. Frao BMD
Area of free BMD on A8, a = %xsma: 144 unil
' 2 .
Arcaof Iree BMD on BC, a= sxﬁxma =432 unit
Areaoffree BMD on CO, a = %xBxSE =54 unil

Centreidal distance ol free BMD on ABlrom A,

7 = eﬂ[%g);a&m

Centroidal distance ol free BMD on BClem C,

X =3m
Centroidal distance of iree BMD on COfrom D,
I, =15m

Applying three momenl equation {or span ASand BC, N

M+ 2M (1, + 1)+ M, = ¥ BT
1 2

Since end Ais simply supporied.

Hence, M, =0

6>141x3.33 + 6x432x3

G G
240+ G, = 177552

0+ 2Mf6+ 6]+ Mcx6 =

(i)

Applying three moment equation for span BC and €D,

ba,x, + 6a,T,
L A

Wy + 200ty + 1)+ Myt =

Since end Dis simply supported.
Hence, My=0

BMy+ 2ML6+3) +0 = Gxt|§2x3+6x5;x1.5

By + 18M = 1458
On solving (i) and (ii). we gel

My = 58.61KN-m
M, = 61.46 kid-m

A1)

BMD
Example 6,19 Analyse the éonlinumis beam éhown in figure. '
401N SO KN
L l c 24 kN/m 0
A B LY NN ¢
® £ ® &= @ £ 0
fa—2m— s I — e e 4m —fe— 2m—e]
Sotution:
75 hN-m
\
84 N 48 kN-m
| /’:‘—T—"\\
: . p 24 ,
8 HE. " v\ o
|- =3 'l < |'_71=2'—"
Fig. (o) Free BMD
Arca ol free BMD on £C, a = %xﬁ_x‘ls =225 unit
Area of Irce BMD on CD, a, = g”- 45148 = 128 unil
Centroidal distance of freg BMD on 8C {rom B,
L =3m




Centroidal distance of Iree BMD on CD from D,

Xy =2m

M (from A) = —40 x 2 = -BOKN-m

Mp{from £) = 24 x 2 x 1 = A8 kN-m

Applying Ihree momenl equation for span BC and €D,

I L+l 11 6ax
My o | 2l | pg | | L Ba 62T
"L,} “[1,+JJ+ O[Iz] A

6 6 4 4 6x225x3 Gx128x2
EO[E] FzM‘:[EJ'TBT}*[Tﬁ] T Tex2r  awisr
34
240+ M, +128 = 337.5.+ 256
%Mc = 2255

M, = 19.89KkN-m

' 25.055 kN-m
34.055 kN-m 48 kKN-m

Fig {b)BMD

6.9.1  Application of Three Moment Equation to Continuous Beams with Fixed Ends

A‘ : a8 l Ie]
[ Y res
Fig.6.18

Above beam can be analyzed by three moment equation if an imaginary zero span A'A of length zero

with flexural igidity (Ef = «) is added at lixed end A.

N

|

C

& EJ':"_- I,..,...,.,-..n,-,,..,,..,-..‘g

A mospan |

Fig.6.19

Movi M, and M can be faund by applying three moment aquation lor span A'A, AB and span AB, 80

separately.

&

Example 6,20 Anelyse lhs continucus beam

shown in figure by using thres moment

equatian. |
BOKN
A
‘B B 24 kNm
c
1 L
: k 3m . 3m i m—
£/ {3 comstont
Solution:
Let us introduce on imaginary zero span A'A
BOKN
A
” | g 24 kN/m c
& £, 2,
f—0—4 3m . Im + am -
E/ s constant
120 kN-m

| N

48 kN-m

a, \
H i
H L2
’ A i /'-:-\
A - c

— =3y 8 g2
Froo BRD
Arga of free BMD on A8, g = %xax 120 = 380 unit
Area of frea Bhon BC, &= gx 448 = 128 unit
Centroidal distance of free BMO on AB {rom A,
K =3m
Cenlroidal distance of free BMD on 85 frem 8
' l Y, =2m
Applying threc moment equatian for span A4 gnd AB,
6a.y,
M, x0+2M, (0+ 6+ M, %6 = i
i .
.- . {3 : .
= 0+ 1284, 4 G g, = L2003
= 12 M, + 6 A = 1080 i}




Applying three moment equalion for span AS and BC

64,7, . Ba,x,

= M x6+2M 6+ 4) + M x4 =

4 IR
Bx360x3 6x128x2
= BM, + 20My + AM. = —-—-6———-+———-3-—-—
= GM, + 20My + AM = 1464
Since suppont Cis simply supporled.
M.=0 ! )
= 6M, + 200, = 1464 L]

On solving (i} and {ii), we gel
’ #1, = 62.82kN-m
M, = 54.35kN-m

i
8MD

692 Application of Three Moment Equation to Continuous Beam with Support at Different
Level
Let the support 5 selller by 8, vart support A and §, w.t.t. suppart C.

A 3E
! ), ; f ' ‘
i i
i &
i
Al T
'f ; /,/ 5,
1 —
Fig.620

Then three momenl equalion can be wrilen as

627, 6%, .. (5 8
My v 20 + 1)+ M, = i, 4_!— GEf 4 ’ [

SUTIAEIR  Analyse the continuous beam A

Smm. Take Ef = 7.5 x 10'9 kN-mm?

8C0 shown in figure il supporl C sinks by »

30N A0 KN
24 kN/m
2 8 l c o
. "'_—“T_“"'_“
b &m f am f— 2 1 Em g s 5m ]
‘ Etis conslon
Solution:
108 XN-m
v \ 10 kN-m
tay 30 kN-m
]
Al ' \ ,,/’ﬁ _E -
8 ‘
1= 3m — -+ In)- ~riwe— 3 33m b 2.67M e Syt St
) 24%p°
Max, ordinale of free BMD on A8 = 5 - 108 kKN-m
Area of lree BID on A8, a = gxﬁx 108 = 432 unit

Centroidal dislance of free BMD on ABlrom A,

&N =3m
30xdx
Mas. ordinate of free BID gn 8C = —9—{6;2 =40 kN-n
Area of free BMD on BC,; a,= E‘xﬁz 4'=120 unit
- Cenlaidal distance of free BMD on EClram .
i o= gtz = 2,667 m
’ 3
, ‘ A0x3.
Max ordinate of freq BMD on co, = ke §= 30 Khd-m

Arzaof free BMOD on CD, a,= ;’x 3%30 =45 unt

Gurtiaigal dislance of e 3D on CDIum O,

oo lhm




Applying three moment equalion for span AB and BC
- ' E“’“"'”-” Employing the equation of th ]
) o . Sa% 6% 5,8 ) ' nree moment to obtaln the cenlra! deflection ina *
Mg, + 2M, & 1)+ M, = 7 + 7 6E7 i + i simply supponed beam of span ! loaded with & UDL of wper unlt lenglh. &lis constant.
Since end A 15 simply supported. wiunii lengih
Hence, . 8
r 2 N
Solution;
Letusinlraduce an imaginary support providing zcro react .ty
I ction althe centre of the bes 5
imaginary support sinks by § at centre thebeam AB. Assuming
8, = salilement of support 8wl support A
! wiunit length
=0 i
&, = seltlement of support B it support C i
= -5mmor0.005m . :
. i 4 65120x2.667 0.005 .
s 016+ 2My (64 6) + My xG = 2 22"3+ —GE!(OﬂT) - !
TP.‘ =0
i 6x7.5x10° x10°° x0.005 Applying three moment equalion for span AC and i
- 2aMy + GM, = 1206+320,04 + 5 P C8, !
3 3 i
- 24Mg + 6Mg = 1616.04 + 375 , My + M1, ¥ 1)+ M, = lﬁ;’;ﬂ“_j?.,sg;(ﬁﬁz_] ?
! ' L 0L i

= 2471, + 6M, = 1991,04 -4
applying three moment equation for span BCang CO, Since end A and Bare simply supported.

Henze, M= M =0
= . = My= ‘
Mgy + M 4 1) + My = 00 _5_:‘!-'2_-551[&+ Ea) '
oo I, A T2 h and . M= _Wl" ’
Since end 13 simply supporled. ¢ 8 {regging; |
lerce. My=0 & = selllement of stpport C it A :
A A, = sellerrent of support Cwit support B = 45 ‘ i
= +Hmmor0.095m ' . 8, = setilement of support Cwit 8 ‘
A, = setilement of support Cirl support 0 ' = 45 i
= +5mmor 0.005m Applying three moment equation, :
6x120%3.33 6x45x1.5 Q. 0.005 ! /o a N
= OMp+ 2M A6 +3) +Ox 3 = —— ~SEI[——+—-— = 0x—-+2}\»{.[.-+_ +0 = wi . wi n ?E‘g
6 3 6 3 i 2 AR ax8 xs GE7 o
6x7.5x 10 x 10 0,005
67, + 18V, = 393.6+135~ 5 - _QK‘LF.,” : jtﬂ,,ﬂ’__%EIS
G+ 18M, = 534.6- 375 2 32
GA,+ 1BAT, = 1596 < - WP w24
Qe solang ooy (1) ond Do, we gel BT T
* At = 86.08 kil-m
A = 2099 kNm o . 5w
= e

334 £



musﬁfaﬁvg Examples

The free end of a cantilaver AB 44’ lang Is supported from below on the frea
end G of the canlllever CD ‘25" long through a roller as shown in ligure. Tha¥two beams have uniform
and equal flexural rigidities and carry a UDL of intensily wiunit lengih. Draw'tha BMD for AB and CO.

wiunit [engin

P ~

n?maaooaoémacoq'ﬂ S

¢

| i’ i 2 ;
Eiis consiont
Solution:
DS =1,- 2- I,
Here, r,= 4 and f,=1
- D;=4-2-1=1
Letthe reaclion at the roller as redundant (say A) h
] whurit lengin ' ?
A, ]
E 3
- 40 R
R
5Y : c 1
po— 20— l

Fig (a) Piimsry structura

Al 8, Ihe deflection will tse equal for both partion A and 8C
{85l = (Bglee i
w(da)' B A(sa)y w(2a} R(Za)

= 8EI  3E/  BEI | 3E]
P “1gat] = il 8a’ +Gaa®
= ge7129%a' - 16a'] = 35 ( )
= ¥ oa0a = Duzaal
8 3
= A= gﬂ'ﬁ 5 i
Bending moment diagram:
Portion AB:
MiviunB) = HH“’T* [0<a<4a)
1
AL = "3“'3""\""‘2{; (Parabfic) |
ata=0, M,=0
ata = 4da, M, = Rwd”

For BM 10 be zero,

M =0
wrt
= - AV - =
> s}
5 W
= x| =W ———1 .
- [4 2 ] =0
v=0
and éwa—ﬂ‘—‘I =
= X = 25a
Parlion CD:
M, (xtrom §) = -Rl;i?’f_
v M, = -gwap‘—”:‘—
ata=0, Me=0
alx = 2a, M. = 4.5 wa
whiit longlh
A, 8
A
| 4n —i-wu
gm

4.5w0"

[0sx<2a]

{Parabolic)

Using tho force (flexibility/com;_);tibilil;) ;-ethod. Analyse lhe struclure in-

the figure balowr:

« |

8
| & l =

T" s
b — - e




Solution:
Lel the stilfness of spring be k. Also lel reaction at 8 be 8
redundant and say A. A - ¢
ALB, & I &
811 cartiony = Bp, spemny i
...} (compatibility condition) R
Whete, Ag oy = Agdue o A-Agdugilo Pal C
= R—E-—Ac wihen P acting at 8
3&7
= AL - fl_':._.pp_v’!xi_ —ﬂn__spij
T 3E1 |3Er 26] | 3El &I TR
A Primary Struciuro
and f\b\ spring = ;
From (1), we have
1R 5P R
= —_—]————— ] = —
Efl3 6 K
LP _SPLJ _ R
= 3£/ 6E1 "k
5P2
T T 6Er]
3 — ——
[2L % }

A floating column A8 of length ‘L, ia modslled
withtap end fixed and botlom end ylelding under column load. The ylelding
support can be visuallsed as en axial spring of stiffness %’ Il an axig!
force ‘P'is applied al a distance ‘e’ from the top. determine reaclions at
the ends A and B and displacement at the end B,

Solution:

& —=n

@

Let reactions al Aand Bbe A, and R, respeciively.
Assuming A, as redundant {say A, = A)

l [ E=2F, =0 only]

Prmary Strecturn

Net slongation In bar: . T&
IF, =0 )
= R+ R; =P A 1’ l‘qn’R
= A,+A=pP c
Ry = (P-R) a T
Bgy = Dot ipy 1 o
. Ra A(t-a € b ) J-
AT AE ! |
R, =R
_ (P-A)a R(L-3)
CTE A

! * AETAE AETAE T AE AE
Net compression in spring:

Pa Aa AL Ra Pa At

R, _A
&= 3%
From (i}, we have
Fa AL _R
AE AE T k
= Pa AR
' AE  AE kK
= A _PE;IAE - G
[ | AE
lae*4] %]
and F?& =P-R
Pa
= Pa Pl - a
[L~§-€) L= AE
k
Displacement of End 8, dg= Ag
_AR__ ra _ Pa
Sk AEY T[T AE
k(’_'i" k) (kL'ﬁ";{—'}

i

Nei elongation inbar = Met compress.onin spring iy {compalibility)

Summary * Thera are two basic methods for structure analysis
—_— ) )
{(} Forcemethod (i) Displacement method
@ *  Inforce method unkrowns are laken as inlernal forces of member or reacton, itis suilable
when Dg< O, o
* Indisplacement melhod, unknowns are laken joint displacements. § is suitable when
O, < Dg



e i

» Il aslruclure is loaded anﬁllhefe are redundant reaclion, thén true value of redundant
reaclion will be that for which total potential energy is minimurn,

* Inany struclure, the deflection at any paint D due to load Watany paint Cis same as the
defleclion at C due to the same load applied at .

Bng=dey

this condition is alsa knpwn as Maxwaell's reciprocal iheorem.
* Forrigid todies external virtual work done is zaro.

W,=0 ] .
? _-Objective Brain Teasers
=)
Q.1 Malch List-} {Method of analysis) with List-1l List-lf
(Unknowns being evalualed) and select the 1. Successive apgroximation
correct answer using the codes given below the 2. Flexibility methad
lists: 3. lteralion process
List-1 4. Stiliness method ,
A. Flexibilily Methad Codes: B
B. Stifincss Method A B C D
C. Kani'sMothoo a1t 4 2 3
D. Moment Distribution Method M2 3 14
List-If @1 3 2 4
1. Degrees of Ireedom @2 4 1 3
2. Redundantforces Q.3 Considerthe following stalements regarding the
3. Rotations by incremental iteration and analysis of indeterminale siructures:
unknown sways of plane [rames 1. The force mcthod consists in applying
4. Displacement. rotations and sways of plane displacement cémpalibility condilions atthe
frames nodes.
Codes: 2. Theslifiness mothod consisisin formulating
A B C D equilibrium equations at the nodes.
@32 1 4 3 Yhich of these statemonts isface correct?
@3 4 1 2 {8) Only ! by Only2
@2 4 1 3 {c) Balh1and2 «d) Neither 1 nor2
@3 1 4 2 Q.4 Aload 500 kN appheg al painl A, as shown in
Q.2 Maich List- with List-Il and select the correct the hgure belaw, produces a vertical deflection

answer using the cades given below the ists;
List-l

A. Swrainensrgy method

8. Siope deflection

C. Moment distribution

D. Kani's method

at Band C of the beam as Ay =10 ram and
A =15 mm, respeclively.

500 %N
£ L
ran 8 A [4 A
. %—. ——e— L

Qs

Q6

Whatis the deflection a1 Awhen loads of 100 &N
and 300 kN are applied al Band C, respeclively?

{a) 6mm () Bmm
ey 11mm (d) 12.59mm
What is the reaction on 1he hinge C lor a beam
as shown in the figure
! wkN/m I
- 2}
A | ® ¢ @& |
[ L i L 1
1
(a) —ng (L) EWL
1 3
(’3) E\/L {d) I‘é i,

The thearem of thrae moment equation for a

continuous beam expresses the condition of

(@} equilibrium al anintermediate support

(b} stope compatibility at an intermediale
support

(c) zero suppart selifement

{d) None ol the above

Dlreclions: The following items consists of two
stalements; one labelled as ‘Asserlion (A} and ihe

“other as ‘Reason (RY'. You are 1o examing those lwo

siatements carefully and setect Ihe answors 10 these
items using Ihe codes given bolow:

Q7

(ek:]

Codops:

() bolh Aand R are true and R is the correct
explanation of A

{b) hoth A and R are frue but R is not a corract
explanation of A

(€) Aistrue but R is false

{d) Aislalse but Ris true

Assertion (A): Force methad o analysis is not
canvenient for computer pragrameming

Reason {R): Band vadth of flowbitity matrix is
Much larger compared i hat of stitiness marx

Assartion (A): The total vitual work done by o
system of foree acting un a ngid body in
cauilibrium duing a virii d splacement s zero.

[OR:}

Reason (R): Il a system of forces acting on a
delormable body is in equilibrium, as the body
is subjecled to a small deformation, the exiernal
virtual work done by the lorce will also be zero.

Assertion (A} In a cantilever, the ILD lor
dellection at the ree end is same as elastic curve
ol the beam due to unit load placed al the free
end.

Reason (R): By Maxwell's Reciprocal theorerm.
Ihe deltection al the free end, due to various
positions of unil load on the span equals
dellection at those places of unit moving load
due to static unit Ioad at the Iree end,

Q.10 Assertion (A): In the analysis of pin-jointed ptane

Irames, the force method is generally preforable
o the displacement method,

Reason (R): The degrees of freedom far pin-
jointed ptane frames are generally much larger
than the degrees of static indeterminacy and thus
ferce method requires less larmulation and
compuiation than the displacement method.

Answers
1. (a) 2.(d) 3. (c) 4. (c) 5.(b)
6. (d) 7.(c) 8 (c) 4 (a) 10. (a)

Hints and Explanations:

1.

(a)

Farce or flexibility method uses redundant forcos
while stiffness or displacement method of analysis
uses degrees of (reedam.

{c)

(i) The lorca method considers redundant farces
as unknowns. The displacement compatibihty
at nodes gives simullaneous equations for
these unknowns,

()Sinlarly the stiflness method considers
degree ol lrecdom (indepandent

_ displacement companenis al joints) 1o be
unknowns The foree equilibrium equaticns at
the nodes gives the smultancous equations
fo thesc unknovins
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(c)
Using Maxwrell-Betti's theorem
5004,,= 1004, + 3004,

85 .3 10 15x2
A= —HaX T
AT gl TS

=31mm

8

. e C .
-&.\Jﬁ}) WQ__ bep 2

atintermediate suppor,

O, +85 =0
Thus the three moment theorem for conlinuous
beam express conditionaf slope compalibility al
an intermediale suppori.
Hence option (b)is correcl.

{d}

RL
c - ]

fe. !

4

By compaiibilily,

Aduc=(82)5

Conventional Practice Questions

A mild steel bar 100 mm diameter is ben! as
shownintigure. s lixeg horizontally a1 A and a
loact of 500 N hangs at D. Draw the bending
momen! diagram for the parts AB, AC and 0
indicating the maximum values, Find the
deflection &l O, Take £ = 2 x 105 Njmm?,

W A AL

8E/ 3E; A3EI

oA wl
3£  BE?
!

R= EWL

Hance oplion (d) is correct.

{e)

Bernoulil's principle of virlual work slates 1hat
for a rigid body in equilibrium by a system of
forces andfor couples, the total virtual work done
by this system of forqes andfor couples during a
virtual displacement ls zero.

For-a deformable body under equilibrium, the
external virual work is equal to intemal vinual viork,

(a)

1 B ‘1 0
d — H
Figure-!
[—
1 ,ol

—iclius

beg

\

Flgure-11

From Maxweli's reciprocal theorem

6,=¥,
Therelore the dellecled shape in figure- will be
he ILD far deflection.

{a Im

Tm

Zm

500N
ANG, § =492 mm

Q.2 Find Ihe vertical and horizantal dellection al A
for the lamp post foaded as shown in ligure,
Assume unilorm flexural rigidity.

G

f2ad Pr(r+n)*
Ansg. 4—§(nr+4h), —S5

Q3 AdOmmwide3mm deep strip of steelis placed
through a row of five 7igid pegs as shown in
ligure. The pegs which are 15 mm in diametar
are provided at a spacing of 1 m. Find the thryst
on each peg. neglecling the weightof the strip.
Take E = 2 x 10° N/mm?.

A 2 c 0

3 affees +
— I — et —f—1 M { m—]

Ans. B, = 1.IS7TN{T), B, =-3702 N (L)
Ay=R,=-3702N(L), R,=R,= 1157 N}
A, = 2(3.702) - 2(1.157) = 5.090N (T}

Q.4 Find outthe value of &, and A, by using method

of Least Work.
120KN 80WN
ng— ~‘£ 8 lD c
R\‘ 1”) fR)
A

F—Sm-—'{--—-am—‘-ﬁ'—:im—*r——' 3y
Ans, A, = 25kN, R, = 115 kN



