Circles

Introduction
Circle
A circle is defined as the locus of the points at a given distance from a certain fixed point.

Chord

The straight line joining any 2 points on the circle is called a chord.

AB is a chord.

The longest chord is called the diameter if passes through the centre of the circle.

A diameter is twice the length of the radius. CD is a diameter.
A secant is a line cutting a circle into two parts. PQR is a secant.

Circumference
The set of all the points on a circle constitute the circumference of the circle. In simple language
we can say that the boundary curve of the circle (or perimeter) is its circumference.

Circumference



Arc
Any part of the circumference is called an arc.
A diameter cuts a circle into 2 equal parts. An arc less than a semicircle is called a minor arc. An

arc more than a semicircle is called a major arc.

“ADC is & minor arc and FRBC™ s a major arc.

Sector
A portion cut off by two radii is called a sector.
Segment: a portion of a circle cut off by a chord is called a segment.

Concentric circles
Circles having the same centre are called concentric circles.

Theorem 1
A straight line drawn from the centre of a circle to bisect a chord which is not a diameter, is at
right angles to the chord.

Data:

AB is a chord of a circle with centre O.
M is the mid-point of AB. OM is joined
To Prove:

£AMO = £BMO = 90°

Construction:

Join AO and BO.

Proof:
Statement Reason

In A* AO0M and BOM

1 40 = BO radii

2. AM = BM data

3, OM = OM commaon

4, ABOM = ABOM {5.5.5.)

E. . ZAMO = SBMO statement {4)
6. But £AMO + ZBMO = 1807 linear pair

7.0 £BMO = ZBMO = 90° statements (5) and (6)



Theorem 2: (Converse of theorem 1)
The perpendicular to a chord from the centre of a circle bisects the chord.

Data:
AB is a chord of a circle with centre O,
oM 1 AR,

To Prove:
AM = BM.

Construction:
Join AO and BO.

Proof:
Statement Reason
In A*AOM and BOM
1. LAMO = £BMO sach 90° (data)
2. A0 = BO radii
3, 0OM = OM Common
4, AAOM = AROM {R.H.S.3
E. AM = BM Statement (4)

Converse of a theorem is the transposition of a statement consisting of 'data’ and 'to prove'.
We elaborate it from the example of previous two theorems:

Theorem Converse of theorem

1. Data: M is the mid-point of AB To prove: M is the mid-point of AB.

2. To prove: OM 1L AB Data: OM 1L AB




Theorem 3
Equal chords of a circle are equidistant from the centre.
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Data:
AB and CD are equal chords of a circle with centre O. OK L AB and OL 1 CD.

To Prove:
OK=0L

Construction:
Join AO and CO.

Proof:
Statement Reason
1 1 from the centre bisects the chord.
1, AK = — 4B
2
1 L from the centre bisects the chord.
2. CL = =0CD
z
3, But aB = CD data
4, 0 AK = CL statements {13, {23 and (3}

In A% AQK and COL

5. £AKO = ZCLO each 90" {data}
6., 40 = CO radii

7.oAK = CL statement {4)
8. .. AAOK = ACOL (R.H.5.)

9, .. Ok = oL, statement {8}



Theorem 4 (Converse of 3)

Chords which are equidistant from the centre of a circle are equal.
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Data:
AB, CD are chords of a circle with centre O.
OK L AB, OL L CD 0 0K = OL.

To Prove:
AB =CD.

Construction:
Join AO and CO.

Proof:

In AAOK and COL
1.

Statement

ZAKD = LCLO

CAD = C0
COK = 0L

AADK = ATOL

LOAK = CL

But ak = %.&E-

CL = lCD
2

AR = CD

Reason

each on” {data’)
radii

data

{R.H.5.}

statement {4}

L from centre hisects the chord.,
1 from centre hisects the chord

statements (53, {6 and (7)



Theorem 5
There is one circle, and only one, which passes through three given points not in a straight line.

Data:
X, Y and Z are three points not in a straight line.

To Prove:
A unique circle passes through X, Y and Z.

Construction:
Join XY and YZ. Draw perpendicular bisectors of XY and YZ to meet at O.

Proof:
Statement Reason

1. O = 0y O lies on the L1
bisector of =Y.

2,0% = 07 o lies on the L1
bisector of ¥2

3.0 =0Y =02 statements (1) and
(2]

4, O is the only point equidistant from =, ¥ and Z. statement {3}

5. With © as centre and radius OX, a circle can be statement {4}
drawn to pass through ¥, ¥ and Z.
6. .. the circle with centre O is a unique circle statement (&)

passing through =, ¥ and Z.



Angle Properties (Angle, Cyclic Quadrilaterals and Arcs)
In fig.(i), the straight line AB students 2APB on the circumference.

(i) . F__‘_ (i = I—

£APB can be said to be subtended by arc AMB, on the remaining part of the circumference.

In fig.(ii), arc AMB subtends 2APB on the circumference, and it subtends £AOB at the centre.
In fig. (iii), ZAPB and £AQB are in the same segment.

Let us study the theorems based on the angle properties of the circles.

Theorem 6

The angle which an arc of a circle subtends at the centre is double the angle which it subtends at
any point on the remaining part of the circumference.

fig (i)

Data:
Arc AMB subtends [JAOB at the centre O of the circle and [JAPB on the remaining part of the

circumference.

To Prove:
2AOB =2 2APB

Construction:
Join PO and produce it to Q. Let [JAPQ = x and [IBPQ =y.



Proof:

Statement Reason
1, ZJADD = 2w+ A ext. = sum of the int. opp. 2=
2o = A DA = OP {radii)
3.0 SADD = 2w statements (1% and (23
4, JBOQ = 220y same way as statement (30

For fig. (i} and fig.[iii)

E. ZACQQ + SBROD = 2w o+ By statements (30 and (43

5. = SAOB = 2 {0+ 2yl statement (&)

7. For fig.(ii} statements {33 and (43

LBOQ - LSADQ = 25y - 220

5. JACQBE = 2Ty - Tu) statement (8)

9. . LADR = ZSAPB statement {93
Theorem 7

Angles in the same segment of a circle are equal.
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Data:

£APB and £AQB are in the same segment of a circle with centre O.

To Prove:
2APB = £AQB

Construction:
Join AO and BO.
Let arc AMB subtend angle x at the centre O.

Proof:
Statement Reason
1. Sw = 256PB S atcentre = 2 ¥ 2 on the circumference
2, 5 = 2A0B L oatcentre = 2 % 2 on the circumference

3.0 ZAPBR = LJAQB statements {1} and {2}



Theorem 8
The angle in a semicircle is a right angle.

Data:
AB is a diameter of a circle with centre O.P is any point on the circle

To Prove:
2APB =90°

Proof:

Statement Reason
2 at the centre = 2 2= 2 on the Oce,
1. ZAPB = %i.-’-‘-.DEn

2, Zn0B = 1807 ACQB is a straight line

1 Statements (10 and (2
3.0 LAPR = 3 x180" o 2

4, - Sapp = ag® Staterment {3}

Cyclic Quadrilaterals

If the vertices of a quadrilateral lie on a circle, the quadrilateral is called a cyclic quadrilateral.
The vertices are called concyclic points.

In the given figure, ABCD is a cyclic quadrilateral. The vertices A,B,C and D are concyclic
points.



Theorem 9
The opposite angles of a quadrilateral inscribed in a circle (cyclic) are supplementary.
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Data:
ABCD is a cyclic quadrilateral; O is the centre of the circle.

To Prove:
(i) A + 2C =180°
(ii) 2B + 2D = 180°

Construction:
Join BO and DO.
Let zBOD = x and reflex LBOD =y

Proof:
Statement Reason
1oza = Ly Z at the centre = 2(Z on ths
2 circumference)
Z at the centre = 2(ZL on thse
2, £c = Loy (
2 circumfarence)
1 1 Statements (1) and {2}
3LA + LT Sl S Ly
2 2
Stat t (3
4, Lh o+ LC = %{.Zx . 2y atement (3)
. But Zx + Ly =360° £s at a point

1 statements (4) and (&
6..'.£ﬁ.+£c=§><3600 ) (%)

7.0 28 v S0 = 180" statement (6)

S.4lso ZARC + £ADC = 180° same way as statement (7]



Corollary:
The exterior angle of a cyclic quadrilateral is equal to the interior opposite angle.

Data:
ABCD is a cyclic quadrilateral. BC is produced to E.

To Prove:
<DCE = 2A
Proof:
Statement Reason
1, 28 + SBCD = 1807 Opp. £= of a cyclic quad.
2, Z/BCD + ZDCE = 180° linear pair
3.0 LZBCD + LDCE = ZA + ZBCD Statements {1} and {2}
4, . LDCE = ZA, Statement (2}

Alternate Segment Property
Theorem 10:

The angle between a tangent and a chord through the point of contact is equal to the angle in the
alternate segment.

f B! T
\ | g
\ N /)
N \ oy /
\ry 7 E
5 A T

Data:
A straight line SAT touches a given circle with centre O at A. AC is a chord through the point of

contact A. ZADC is an angle in the alternate segment to 2CAT and 2AEC is an angle in the
alternate segment to 2CAS.

To Prove:

(i) 2.CAT = 2ADC

(if) £CAS = £AEC



Construction:
Draw AOB as diameter and join BC and OC.

Proof:
Statement Reason

1. A0aC = 20CA = & + DA =0C and supposition
2, SCAaT + 2w = an” » tangent-radius property
3, SA0C + 2w+ 2w o= 1800 sum of the angles of a A
4, ZH0C = 1807 - 22y staterment (3]

5. Also Ja0c = 2 ZaDC £ at the centre = 2.2 on the Cce,
6., SCAT = 90" - Statement (2}

7. 22CAT = 1807 - 2u Statement (6)

B, 0 2LCAT =224D00C Statement (43, (&) and (7}
9, JCAT = ZADC Statement (&)

10, ZCAS + LCAT = 180° Linear pair

11, ZaDC + ZAEC = 180° Opp. angles of a cyclic quad

12, JCAS + ZCAT

ZADC + SAEC Staterments {100 and (11}

13, . LCAS = JAEC Statements (9 and (12

Theorem 11
In equal circles (or in the same circle), if two arcs subtend equal angles at the centres, they are
equal.

Data:
AXB and CYD are equal circles with centres P and Q; arcs AMB, CND subtend equal angles
APB, CQD.

To Prove:
arc AMB = arc CND.



Proof:

Statement Reason
1. Apply @ CYD to (3 AxB so that centre Q falls

on centre P and QC along PA and D on the
same side as B, < (s are equal {data)

L oOce, CYD owverlaps Oce. AXB,

2. .. Cfalls on A, » PA = QC {data)

3. ZAPR = ZCQD data

4. . QD falls along PB statements {1} and (3}
E. . DfallsonB = QD = PB (data)

6. .. arc CHD coincides with arc AMB, statements (23 and (&)
7. arc AMB = arc CHMD statement (&)

Theorem 12 (Converse of 11)
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In equal circles (or in the same circle) if two arcs are equal, they subtend equal angles at the
centres.

Data:
In equal circles AXB and CYD, equal arcs AMB and CND subtend 2APB and 2CQD at the

centres P and Q respectively.

To Prove:
ZAFE = SC0Q0,



Proof:

Statement Reason

1. Apply QICYD to AXB so0 that centre Q falls on centre

P and QC along P&, and D on the same side as B. s are

Cohce. CYD averlaps Dce. AXB equal {data}

2. .. Cfallson A Pa = QC {data)

3. arc AMB = arc CMD Data

4, . D falls an B, Statements (1),
(2% and (3}

. . QD coincides with PB and QC coincides with P& Statements {1y,
(2% and (4)

6. JAPR = JCqb, Statement (&)

In case of the same circle:

Fig.(i1) and fig.(iii) may be considered to be two equal circles obtained from fig.(i) and then the
above proofs may be applied.

Theorem 13
In equal circles (or in the same circle), if two chords are equal, they cut off equal arcs.
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Data:
In equal circles AXB and CYD, with centres P and Q, chord AB = chord CD.

To Prove:
arc AMB = arc CND; arc AXB = arc CYD



Proof:
Statement
In & ABP and CDQ
1, 4P = CQ
BP = DO
4B = CD

AABP = ACDO

oM

E. . ZAPB = ZCQD

G, arc AMBE = arc CHD
» DAKB - arc AMB = (JCYD - arc CHD

-1

3. . arc AxB = arc CYD,

Theorem 14 (Converse of 13)

Reason

radii of equal. s,
radii of equal (s
data

(5.5.5.)
statement {4}
statement (5}

equal arcs [statement (6]

statement {73

In equal circles (or in the same circle) if two arcs are equal, the chords of the arcs are equal.
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Data:

Equal circles AXB, CYD with centres P and Q have arc AMB = arc CND.

To Prove:
chord AB = chord CD

Construction:
Join AP, BP, CQ and DQ.
Proof:
Statement
In & &BP and CDOQ

1. &P =CQ
2. BP = DQ

3. ZAPB = CQD

4. . ABBP = ACDQ

5 AR =CD

Reason

radii of equal (s
radii of equal (s
= arc AaMB = arc CMD

(S.4.5.)

statement {4)



Theorem 15

If two chords of a circle intersect internally, then the product of the length of the segments are

equal.

Data:

AB and CD are chords of a circle intersecting internally at P.

To Prove:
AP x BP =CP x DP.

Construction:
Join AC and BD.

Proof:

Statement
In AAPC and DPB

1. ZA = 2D
2. 20 = 2B
3. 00 AAPC ~ ADPR

AP CP
4, . — = =
DPF  BF

5. aPuwBRP =CPxDP

Reason

Z= in the same segment

Zsin the same segment
A& similarity

Statement {3}

Statement (4



Theorem 16
If two chords of a circle intersect externally, then the product of the lengths of the segments are

equal.
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Data:

AB and CD are chords of a circle intersecting externally at P.

To Prove:
AP x BP = CP x DP.

Construction:
Join AC and BD.

Proof:
Statement Reason

In & ACP and DBP

i1, £& = ZBDP ext. £ of acyclic quad. = int. opp. £
2. LC = ZDBP ext. 2 of a cyclic quad. = int. opp. &£
3. 00 AACP ~ ADBP b similarity

4. - ap  CP Statement (3}

" DR BR

B, AP« BP = CP % DP Statement {4}



Theorem 17

If a chord and a tangent intersect externally, then the product of the lengths of the segments of
the chord is equal to the square on the length of the tangent from the point of contact to the point
of intersection.

Data:
A chord AB and a tangent TP at a point T on the circle intersect at P.

To Prove:
AP x BP = PT?

Construction:
Join AT and BT.

Proof:
Statement Reason
In AFAPT and TRR Angle in the alternate segment
1. ZA = ZBTP
2. ZP = 2P Cammaon
3. 00 AAPT ~ ATPB A& similarity
4 &P PT Statement {3
" PT BP

5 AP w BP = PT® Statement (4)



Test for Concyclic Points

(a) Converse of the statement, 'Angles in the same segment of a circle are equal’, is one test
for concyclic points. We state:

If two equal angles are on the same side of a line and are subtended by it, then the four points are
concyclic. In the figure, if 2P = 2Q and the points P, Q are on the same side of AB, then the
points A, B, Q and P are concyclic.
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(b) Converse of 'opposite angles of a cyclic quadrilateral are supplementary' is one more
test for concyclic points.

We state:

If the opposite angles of a quadrilateral are supplementary, then its vertices are concyclic. In the
figure, if A + 2C =180° then A,B,C and D are concyclic points.




