13

dvqﬂCEd Trigonometric Identities*
A (4

/.-—1;1 gle : Sum or difference of two angles is called compound
Cmni’i:’:} A-B, A+ B+ Cetcare compound angle.
le. !
ang

ulae :
lmPO.rta;t:O;T; sin A cos B + cos A sin B
’ i1 slniA+B)=COSACOSB‘—SI-DASinB
1.2 C?S(A_B):SinACOSB—*COSASinB
jjolI;(A_,BchcrsA cos B + sin A sin B
1.

tan A +tan B
15 tan(A+B)=1 anAtan B
tan A—tan B
16 tan(A-B) =1 G Tian B
cot Acot B—1
17 cot (A +B) = cot B+cot A
cot AcotB+1
18 cot (A-B) = cot B—cot A
M, q|_l+tan@ oo T
191 tan (Z+B)‘1~tan8 ( tan4—1)
T _4)|_1-tan@
192 fﬂﬂ(&“‘e)*lﬂanﬂ
cotf-1
193 cof(§+9)=c—o"m-;f (+ cot 1)
i _cotf+1
194 cot (4 "9)"c0t8-—1

These results are obtained
1.5, 1.6, 1.7, 1.8

110 (More results)
LI01 sin(A + B) sin(A - B)
1102 cos(4 + B) cos(A - B)

by putting A = %, B=6 respectively in

= $in”A - sin2B = cos2B — cos?A
= c05%A - sin?B = cos2B — sinA

1102 tan(4 + B 4 ) = tanA+tanB+tanC-—tanAtanBtanC

1—tanAtanB—tanBtanC-—tanCtanA
2 sin (4 +B), sin (4 - B),

to 8et the following res

cos (A + B) and cos (A - B) can be transformed
ults,

2.1 ZSinA Cos B = gin

(A+B)+sin(A—B)
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2.2 2co~,AsinB—sin(A+B)-si"(AA B;)
23 stAcosB—cos(A*-B)‘*Cosf
2.4

418

B
4 2sin Asin B =cos(A-B)— ~cos(A+ .)

- : _C."-"——D-COS‘%—_I?'

25 sinC+sinD=2sin "3
c-D
2

D sin

26 sinC—-sinD=2¢c05" 3

c+D
2.7 cosC+cosD=2c05 "7 o2

_ ¢+D._..D=C
28 cosC—cosD=2sin "7 sin =75
sin(C+D)
2.9 tan C+tan D = cosCcos D
sin(C-D)
2.10tan C —tan D = 55 C cos D
sin(D+C)
ZI]COtC'f-COfD—m
sin(D-C)

2.12cot C-cot D = grcemD

3. Multiple and submultiple angle : Integral multiple of § e, 26, 3p,
40

etc. are called multiple angle, while & 2 3, 4 etc. are calleq submulg
ple

angle. Formulae for Multiple and submultiple angle can be e
€rlved,

from compound angle formulae as follows
' . sin (A+BJ=sinAcosB+c05AsinB
Putting, A= B
sin (A + A) =sin A cos A +cos A sin A
or, sin2A =2sin A cos A

Ag_ain replacing 24 by Aand A by 521

sinA=2 sin:?"‘1 Cosizq— etc.

i Important formulae :
3.1 sin24 = 2sinAcos4 = —2tanA
" 1+tan?4
» COSZA:COSZA-— 22
Sin A=2C052A_1=1_28in2A= l—tanzA
B 1+tan’A
824by Aand A by 4
2
sin“4: - tan’4
- =2 cos? ’21 ~1=1-2gin2 1:24_1 fans
I-Ptan"”é1

*
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3‘5 StanA—tan3A
3 wn3A=""1_3tan’A

: dition
£ 5peclal con
gf o cos 2A =2 cos?’A -1

371
1+c052A=2c052A or, 1+cos A= 2.:052%
472 €S 24A=1-2sin%A
1-cos2A=2sin*Aor, 1-cos A= 2sin2%
373+ sin 3A =3sin A-4sin’A
sindA= 3sin A; sin 3A
374+ cos3A=4cos’ A-3cosA

. 3 cos A;—cos 3A

tAcotB-1
375  cot(A+B)= Cr?ot Biocot A

_cotzA—l
= t24="5 A

376 ' sin?A + cos?A + 2sin Acos A=1+sin2A

1+sin2A =(sin A + cos A)?

L Must learn it for shortcut
41 sinf sin (60° - B) sin (60° + 6) = i sin36

42 cosh cos(60° — 6) cos(60° + ) = %CDS3B
43 tanf tan(60° - @) tan (60° + 6) = tan30
44 sinjge = _43_41

45 C0836° — ’!54'}'1

A-_
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; o 3-1_o_73
. 4.8 tan15" = (3T -

-
4.9 cotl5 Ej]f;‘_.]”'2+4

4.10 tnnzzlzi =42-1
411 cot22 5 =42 +1

5. Quadrant Rule.

a equals sinat s s
in rad faa : cosB ~tang
90 :: cosf sinf cotf
0+0 . cosf -sinf —cotf
180-8 sinf —cosf —tanf
180 + 8 -sin@ —cosH tanf
708 —cosh —sinf cotf
270+ 0 —cosb sinf —coth
3606 ~sinf cosf —tanf
360 + 6 sinf cosf tanf
2nm-0 -sinf cosf —tanf
Zm+ 6 sinf cos tan®

To realise above result, we have following two steps—

Step-1. : i i
ep-L : In different quadrant, sign of t-ratio value are as follows.

Quadrant I | I v
sinf + ve + ve -ve - ve.
cosf +ve -ve -ve +ve
tang +ve ~ve + ve i 4

Step-IL: (i)
. If anple ;
into sglir? Its (9-00i O)or (270° +6); change sin into cos, cos
»fannto cot, ot into tan etc 3 :

ains sin, oo (360° + 6) donot make any change

S I'émains cog etc.
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wom

: (in rad)
(
‘ 0
(r T
R 6
n
5 %
T
o 3
T
o’ .
2n
120° 3
3n
135° 4
5
150° 6
180° B
Viis
210° 6
5n
225° 4
4n
240° 3
' 3n
270° 5
’ on
30 3
- 7n
315 4
11m
330° 6
360° 211
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122 Lucent’s SSC Higher Mathematics

(i1) tan 75° = tan (45° + 30°)

_tan 45° + tan 30°
= 1 —tan 45° tan 30°

e 1+
B Ee J§+1)
T 1413- A3 - 1(3 :

(r+1)2 gﬂi&fi 4+24§_z+r

2. IftanA=pandcotB=4q then express sin (A + B) in terms of p ang

Solution : sin (A + B) =sin A cos B +cos A sin B

pq+1

S A Tl e (R

)+2tana=0

1

g + 2a) then prove that tan (6 + @

.ven sin 8 =3 sin (9 +20)

Solution : G
(6 +o)+ Ol]

3. Ifsin@= 3 sin (
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Advanced Trigonometrie ldentitiog*

P 2A = 1 = cot 3A cot 2A + cot 34 cot A
t 2A = cot 3A cot 2A - col 3A cot A - 1, P

t‘*
\.“lA -

J o that tan 40° + 2 tan 10° = tan 50°
MY 400+ 10° = 50°
et T (40° + 10°) = tan 50°

+tan10°  _ )
0 ﬁﬂﬂo T+ tan 10° ™ tan 50
0

tan 40° + tan 10° = tan 50° (1 - tan 4Q° tan 10°)

" an 40° + tan 10° = tan 50° — tan 50° tan 40° tan 190

>

ot \an 40° + tan 10° = tan 50° — cot 40° tan 40° tan 10°

L\fp

of tan 40° + tan 10° = tan 50° — 1-tan 10° (.
tan 40° + 2 tan 10° = tan 50°, Proved.
or,

[A+B=14 T then prove that (cot A—1) (cot B — 1) =2,
b

colution : -:A+B= 4=>C0t(A+B) COtZ
o T

cot Acot B—1=cot B + cot A
cot Acot B—cotB—cotA=1
Adding ‘1" both sides,
cotAcotB—cotB—cotA+1=1+1
or, cotB (cotA—1)—1 (cotA—-1)=2

or, (cotA—1) (cotB —1) =2, Proved.

1 1
tan3A—tan A ~ cot3A-cot A — Ot 24.

7. Prove that

e o 1 1
Solution : L.H.S. = tan3A—tan A ~ cot3A —cot A

- 1 : 1
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478 85C Higher Mathematics

Lueern?

/ n_gl=1.
I!+ﬂ)col(7;' 0)
i iﬂde

prove that "‘“(4
n
n =0 )
LH.S. = cot (:; + U) cot (4 (o’
i s

Solution ¢
ot0-1,cot0+1_q
- O TT coto-1"

dn_ 3
_2_..-5“1-3'9"5111_'(:]—"16

g, Prove that sin 9sm 9
g 0° 180"). ( 180°
Solution : L-HS =5in(1890 )5in(2 1% )5111(3 g —|sin 445
olution : L.F1.o
— sin 20° sin 40° sin 6

0° sin 80° wi

(2 sin 20° sin 40°) ‘/2"?: sin 80° ( sin 60° = ig’:) 12- Pr

-
-2
= Y2 105 (20° - 40°) - cos (20° + 40°)} sin 80°

fo:e 2-;inAsinB=cos(A—B)_cos(A+B))

Sul“ﬁ

3 {cos 20° — cos 60°) sin 80° (. cos (-8) = cog 0)

sin 80° cos 20° - lsmE’rU") ( Cosﬁ{}o__'_])
N

( sin 80° cos 20° —sin 80")
{

o

I*\» "“ﬁ i

sin (80° + 20°) + sin (80° - 20°) - sin 80°)

(sin 100° + sin 60° - sin 80°)
13. ]

% mih o

{sm (180° - 80°)+ ~—~sm 80° }

43 _3
2 16

Sol

m!h
o[S3

(sm 80° + g ~sin 80”) 8

10. Prove that 4 cos 6 cos (60° + 0) cos (60°- 8) = cos 30.
\ o
olution : LH.S, = 4 ¢og 0 cos (60° + 6) cos (60° — 0)
=2cos0 (2 €os (60° + 8) cos (60° 0)}
=2 cos 8[2 cog {(g0° .
{(60°+6)— (500 — 0)}+cos {(60° + p) + (60°-0))]
o 2¢0s Acos B= cos(A-B)+cos(A+B);

=2¢
05 6 [cos 2¢ 4. cos 120°] (here 4 =60° +8 and B = 60° - 0)

ZCOSBCOSZB +2cos g (——1)
7 ( ~.-c05120°=l21)
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E ' ;\ul\"““"‘" Trigonomietrie Tdentitios* 425

) v oon (O 20)) - cos O (2 com A com B formula)

i\"-" - 4 ) ‘o8 30
o i 0 -~ cos 0 = cos ), (. com (< 0) ~ cevs €y)

aidt &

m T
st o il o .
pat the value of €os™0 4 cos™(e 4 0) = 2 cos « cos 0 cos (1 + 0) is
L e

A ’w“q:\nh““ of 0 2 2
T ojven expression = Cos™) + cos(c + 0) - (cos (a - 0) + cos
.g«f*‘m . (cr + 0)) cos (1 + )
" _ o080 + cos?(a + 0) = cos (o~ 0) cos (o + 0) - cos¥(c + 6)

_ cos?0 — cos(a - 0) cos (a + 0)

_ cos?0 - (cos’a - sinZ0)
_ c0s20 + sin?0 — cos’a= 1 - cos?a = sina

chich is independent of 0
‘ LS
sin@+sin30+sin50+sin76 _ tan 30+ tan
. prove that L9550+ cos 30+cos568+cos70 ~ 1-tan30tan 6"
o [Key:0+70=36+50=286]

o (sin 76 + sin 8) + (sin 50 + sin 30)
LHS:= (cos 70 + cos 8) + (cos 50 + cos 30)
St 792+B G6h 792—6 Dt 59-539 e 59539
70+0 __ 70-0 50+30 ___ 50—30

=2cos 5 -COS 5 +2 cos 3 cos =5

2 sin 40 cos 30 +2sin 40 cos® _ 2sin 46(cos 36 +cos B)
= 2cos40cos30+2cos40cosB ~ 2 cos40(cos 30+ cosB)

— tan 40 = tan (36 + 6) = 1tir:z?r? ;Bt?:neﬁ

i Prove that cos o + cos B + cos y + cos (o + f +y) ;
— Ecos PP s BT R
=4c0s—5 €OST 5 COS~5

Solution : L.H.S. = (cos o + cos B) + cos (o + f +y) + cos y
- a+p+y+ a+B+y-—
= 2 CO8 E—;—ﬁco:r,giﬁ+2cos 527 Ycos ﬁzY 1

- o+p+2y
=2 cos a;B[cosazﬂ +cos—*—%—*—}

a-p  a+p+2y ﬂ_m]

2 a+BL R TP WS
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14, I gomes A - ot o

/“'5
tan Atan B=ct 3 - o B+ e B

wat e AF
— LA B~ wC ;; =

~

Gesbuatiom 2 CAven t

o, cormec fi :
L
o, “r,wg “~ sin j; nﬁﬂ
£
rr‘/ =%
sink ~sin/ - ‘“; Yor /o
¢, f-jri/’,ﬂﬂ fa

b# fn;rff/”ﬁ 2Am
*ma‘”ﬂf

A58 4in 5"

2ean 7

iy
L'/j ",’Il/z;’

(hr
“ b s /o

o ,h,g,,/mn!a

»
(iri 2 qn/,,mb
of = s B o A
wn- 2
A4E _pan Atan b
0, fl‘)’i 2 b:f

+ B

A
o fan A tan p=ct

-4in 28 cors 24 —rmzb) A (A B
18, Prove that (ux ﬁj ¢ (I;;Zf') ( 4in 2A +6in 2B 2tan" (A-B)or 0
H fu even orn is odd.

in 24 = ,mzf,) (ru,2/‘1—rn;2h)

According a%
Golution ¢ LLH. 2 = (”),Jz/, v o 2B in 2A + sin 2B

24 4 2!;,,,] 2w4-28[ Z(an/xng,_. 2824

2h 428 o 2 52:'5 15 4in 2A£2f5mz/1223

2oy

Zb
:\..*

zfaf}"a

M;\_

cors(A=B) cos(A~B)
= (tan (A - B)" + (~tan (A - B))"
w tan"(A - B) + (<1)" tan"(A ~ B)

When n is an even number (<1)" -

LS = tan" (A = B) 4 tan™(A - B)

2 tan"(A ~ B)

When 1 is an odd number (-1 |

o LS~ Aan"(A - B) - tan"(A - B)

: (unm m) (—f,in(mf:))"
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) = y cot (6 =30°) then : E
prove that y—7, 2 cos 20

! Advanced Trigonometric Identities* 427
e

greot @ 120°
i . Given that x cot (0 +120°) = y cot (0 - 30°)

.\Wli““ ' o
W cot(0-309.
X w40 +120°)

of y
By Componendo-—dividendo
r+y cot (6 - 30°) + cot (0 +120°)
Z=y " cot (0 -30°) - cot (6 +120°)
sin(D+C :
We know that coblat cat B = EFC_sin_Dl&CotC—-cotD=M
sinCsin D

( sir(l(e +120° + 6 - 30°)
x+y _\sin (6 +120°) sin (6 - 30° )
Thus, W€ have — y sin (6 + 120° - 0 + 30°) :

sin (6 + 120°) sin (8 — 30°)

x+y sin(90°+20)
o, ¥-y~ sinl50° ~ c?ije

2

x+
or, 3—_—% = 2 cos 20. Proved.

17 If2 tan A =3 tan B then prove that sin (A + B) = 5 sin (A - B).

Golution * Given2tan A=3tan B

Using componendo—dividendo,

tan A+tanB _3+2
tanA-tanB ~ 3-2

1
sin(A+B)
cos A cos B
o
sin(A-B)
cos Acos B

5
1

sin(C+D sin(C-D)
[ tanC+tan D = E-(E"CT::_()-S#DL) and tan C —tan D = o5 C cos D

)]

sin(A+B) _
% sin(A-B) 0
or, sin (A + B)=5sin(A- B)
lue of following.

18. If sin @ = .% 0<6 < J then find the va
(iv) sin 36

(i) sin 20 (ii) cos 26 (iii) tan 26
(v) cos 36 (vi) sin 40
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o s Higgher Math
Lanwdtt ®

‘\\
i ~ 13
,os owin e !.:1 5 \\\
galution @ .
5 = 9
i 120
e 5 1212
" 2 sin 0 cO8 0=293"13" 169
Now; (i) sin 20 = o . " }Ag
193/ =" T 169
§20=1= 2 (lnr
i) cos 20 = 2 €O
! 293 ‘}U 10x12 _ 120
2““‘ -1 :”H"-"_z 119 =119
s 58]
9=3sin@- 4 sin’
. ~ 15-132-500 _ 2035
B 133 = 2197
12 12
(v) cos30=4cos’®—-3cos 0= 4(]3) 3 13
_ 4123-3613% _ 828
133 = 2197
' 120 119 _ 28560
(vi) sin 40 = sin (2(28)):25111 20c0os20=2- 169165 - 28560

! 6 1+sin26
! 19. vae‘ha*}+f§33 c0s20

sinf
Solution : [ H§~ — €058 _cosB+sinf % €050 +5sin

1-8in8 = cos 6 —sin cos ) +sin O
cosf

Cos B+sm 8+2cosﬂsmﬁ 1+sin 26
=—=-__L_H__1______ —1+sin 26
cos2g - sin’g cos 20

20. Prove 20
Prove that cot 7 —tan g 4cotﬁcoe.ec9

ution .7 . 5 = 0
“iLHS . c0[§~tang)(m{g—+tang)

) )
& SE_Z_‘S'”!: CUSS sinJ
sing cos | Of ' R

2 slnz cos—g

cog2 0 gin20
Y ~8in 20
) rin%r{""“ﬁ‘z‘ 22 +sin?f
- 2 Cos §] ““T}-“
2 "m2 cos

+

Scanned by CamScanner



Advanced Trigonometric Id entities* 429

2-cosO 21
=[708 . ..8 )\ 2sin2 [}
2siny COS7Y siny cosy

e 2
= Z_s.fi?%%r-——-—-sina =4 cotOcosecB = R.H.S.

(sin @ +sinp=4 and cos a + cos B = b then proved that

i g
| L 2., 12 -

a?+b" =2 a=p 4—p* -1

ms(a,_ﬁ)=--—-——r2 and tan—5 =% _m_—a2+b2

R = n2+b2-2=(Siﬂﬂ"’Sinﬁ)2+(cosa+cosﬁ)?"-—2
gion * * 2
sin2t1+5i“2|5+ 2 sin a.sin f + cos
= 2

| o ; :
a+cos’p+2cosacosp—-2

(sin”a+ cosza) +(51H2 p+ COSZI?:) +2(cos acosp+sinasinf)-2
= 2

1+2cos(a— )-2 2cos{a—
3 }I__-—-——z-*-'ﬁ‘__'=—~*—2"—'m =cos(a—-p) =L.HS.

o Eta e 0
gecond part i 1-cos 8 =2sin’y and 1+ cos8=2cos’5
. 20
2sin’%5
—cosB 2 0
1-cos— 0 =ta“2'f [Note]

“ 1+cosB 20
2 cos 5

2(1-—[3__1—005((1—[5)
Hence, tan"—75 —-F————-————"l Fcosla—p)

1_a2+b2—2_
= 2 ,;2-:12-{12+2:4ﬂa2—b2
1+a2+b2—-2 prai+b2-2 at+b’

2. Express sin’x + cos®y in terms of sin 2x and hence find the maximum

and minimum value of sin®x + cos®x

Solution : sin®x + cos®x = (sinx)® + (cosx)’

= (sin®x + cos2x)(sin*x — sin?x cos’x + cos*x)
(ra+bP=(@+Db) (a® —ab + b?))

=1-(sin®x + cos’x + 2 sinx cos’x — 3 sin®x cos’x)
= (sinx + cos?x)* = %(2 sin x cos x)*

. s

= 1 4 sim 2x

Now, -1 < sin2x <1 = 0 <sin2x< 1.

L
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e Higher Mathematlcs
f.u(!'rrfﬂ o J."m |
oy 4 COBY o Rl
31.d
opw =4 "4

Oy 4+ cou®x a
Minimum value of sin’x are rcHPcclIw:l)’

+ B cot Ba = cot a
+ 4 tan 4ot
an 2a + 4

l 8
that tana + 2 N
25 hﬂ“" lllﬂ t iz +2 tnnzﬂ. +4 tan 4(1 + tan 8(1
.L.H.S. =1a

solution .
t an 2a -+ 4 tan 4o + an3 2-——-——( %)

8(1-tan’4a)
an2a+4tan4a+ STan fo

4(1- tanzd.a)
ana+2tﬂn2a+4 tan 4o + e

=tnnn+2t

=t

4 tan’4a+4—4 tan?4q
= tan a + 2 tan 2o + SRy

4
=tana+2tan2a+m

2
=tana+2tan2a+4.%}ﬂ_2§_a
2(1- tan*2a)

tana + 2 tan 2o o

2tan%2a+2 -2 tan?2q
tan 2a

=tan a +

= 2
2(1-tan’)

an 2
=f &
“* fan2g =tana+ s

=

=tana +

l—tanzq
tana ~ tan o +

1
1 tang —tana
=t_a_ﬁ_a:'-c0ta = RHS
Second Method :

Wekncwthatcote—tan8=§9i§ sinf
SINB ~ cos
P
= L0570 —sin2
-_‘-'__—_'—'-'————___
Schosee“‘ Cos20 _ 2cos20

O, cotg - 6 _5_19_2_& ~2%0s 2
._2cot29 >
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= tan a + 2 tan 2 + 4 cot 4o o 431

= tan a -+ 2 tan 2a + 2 (g 2

« tan @ + 2 cot 2 an 2u); (10 =24 in (i)

= tan a + cot a - tan C
= COL (o = R_}-{ -]

L 3
we that sin’0 + sin(120° 4 g) 4 sin*(24¢p0 ., 0) = =3
= -4_ Hin 3"

P
; .+ sin3 a =3 sina - 4 sind

sant . *
s aulit :
« 5 i
& 4 gt = Jsin az Sin 3

3sinfB-sin30 3si o .
Now L.H.S = 4 + 20120 +B);sm3(120°+9]
+ 38N 240°+6) _sin 3 (2400 4 g
4

<y :
= ;;{Slnﬂ+51n(120°+B)+sin(240n+9)}

| Lr; -
/ ~ 1{sin 36+sin (360° + 39) 4 i1, (720°+ 36)}

Lo (€8]

. . 120°+9+ o
{sm9+25m-————-2—_2_éﬂj-_ﬁmslg‘li_ﬁ_£24ﬂ_,_i:g}

T ————r

)
~5 {sin 30 + sin 39 + sin 30}

(e8]

(sin 6+ 2sin (180°+6) cos 60°) — 71*{3 sin 30)

[ [V

{sinﬁ-—Zsin 9-%}—%@1 30

- —;%sinBB — RHS

5. Prove that cot 6 + cot(60° + ) + cot(120° + 8) = 3 cot 30.
olution : L.LH.S. = cot 6 + cot(60° + 8) + cot(120° + )

_ cot60°cot@—1 , cot120°cotf—1
cot @ + cot 0+ cot 60° cot 0+ cot 120°

1 -1
“=cotb-1 —=cotO-1
=cot O + {3 1 +J§

1 -
c0t9+ﬁ cotO 3

_ cot0-43  cotO+43
nEd /3 cot@+1 43 cotf-1

(cot®—43) (3 cot8—-1)—(cot 0+ 43)(43 cot8+1)

=cot 6 +
3cot?6-1

9+M-—cotﬂ—acotﬁ-}-ﬁ)—(@cot29+cotﬁ+3cot9+4§)
3cot?0-1
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t20—c
—~BcotO Jcot” U —CL
._colfl'-+(3 otzf} 1) 3 cot 9
cot 3p—3cot O
3cot?0-1

sin4B.
26, Prove that sin 6 cos’0 — cos B sin’0 =

b i +cos B = 2ac
(i) sin(a+p)= ?Z“:? (ii) cos a 2t
Solution : .’ a, B are roots ofacos B +bsinB=c

gcosa+bsina=¢
and acosp+bsinp=c

equation (i) — (ii) a(cos o —cos B) + b(sina—sinB)=0

a+p . a-p
’ or, ra-Zsinﬂ;ﬁsinB2 +b2cos 5 smTz(}

= a+ a+p
or, 25ina—29(~asm zﬁ+bcos 5 )=0

or, —ﬂsm%ﬁ"'bcosgg—la:o
+
or, bcos E“E‘E:”Si“ I[12 :
or, tan —ﬂ;ﬁr-ﬁb
a+p
2tan —— b
Now, sin (a+ ) = cf-!-ﬁ: 2(:2: "Eab
1+ tan? ) 1+£’3 e
o
Second part : Given equation is b sin 0 = ¢ — g cos 6
Squaring both sides b%sin%0 = (2 + 2 cog2g 2a ¢ cos B
2
or, b(1-cos%0) = 2 + 42 c0s’0 - 2ac cos ©
or, (a*+ b?) cosg — ~2accos O+ -2
' twovalues of § are a, B
Root
) s of abovye €quation are ¢, B
ence sum
of roots ~C0Sa+cosf = =B ~2ac
a% + b2
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_3c0t0 9c0t{3:3( 3 o281 ) 3 cot 30,

g;_g_,__seﬂ.@iif’—)-msﬂ(w)
Solution : LH.S. =sin 6 ( 4

—Ssin4g
{smﬂcos 3@+ cos Bsin 36} = sm (0+30)= sin dg

27. If aand B are two distinct roots ofacos 8 +bsin® =c , prove thiat

(i_]
=+« (i)

e — A —————

e —

29. F
Solu

3(
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43, o abn 47
|“q n[ H‘n 8 "H'in H lﬂh' H 4 Hin E:'

: i e ¥ adn 4
.1 AT, gin® v+ sin ('n U)r i ( n
(f .“:(;i\'v“"""‘i" 8 8 AR U 3)
5 _.h‘““ ( . - I In 3
s 4 H'""H,H‘-ﬂ--h)
43
; .‘in 8 +':|“ 8 +'5|n 8 G ';ln4181 (..' !iin ('ﬂ-—") ‘:in “}
’ 01
| =2{\5'"*%f+(sm2*s*ﬂ
| ﬂz 3
’ [ 1-cosy 1-cos <t
i L9 ( 5 )_'_( 5 4)] (.-.Sinz%:l_gsﬂ)
| i
i 2
_24(1-L)+(1+L
P %l2(1+%)} - 1+%=% ( (n+b)2+(n—b)2=2(n2+b2))
{ the value of cosec 10° — 43 sec 10°.
3 F:; n : Given expression = COSecC 10° — 43 sec 10°
gol 143
= sin10°  cos10°

- )
cos 10° - 43 sin 10° u2(2C°510 5 sin10
sin10°cos10° sin 10° cos 10°

2 % 2 (sin 30° cos 10° — cos 30° sin 10°)
2 sin 10° cos 10°

_ 4sin (30° - 10°)  4sin20° _
sin(2 % 10°) =Tsin20°

. Prove that sin 6° sin 42° sin 66° sin 78° = Tlg.
Solution : L.H.S. (2 sin 78° sin 42°)5 > (2 sin 66° sin 6°)

= % ;{cos (78° — 42°) — cos (78° + 42°)}
{cos(66° — 6°) — cos (66° + 6°)}

!.-a

=4 (cos 36° — cos 120°)( cos 60° — cos 72%)

-5
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Lucent’s 55C Higher Mathematics
(Tas

’\[q I L L] ’!g-. :
(m-ﬂﬁ = 12 ael cos 72° = sin 18° - 4])

() e=)

a cos 2. cos 3a cos 40 €0s Sa cos 6a = E1_4_

31. Ifa= ﬁ Prove that cos
(2 sin o cos @) cos 20 cos 3a cos 4a. cos 5a cog 6a

Solution : L.H.S = 54
_@ 3211; 229; ;‘1’5 20) cos 3a cos 4. cos 5a. cos 6,
- et s sacosSacos o

sm 8ct cos 3a cos Sa.cos ba
8sina

But; a‘=1-‘% :13&:1‘[ =;8a=n_5a
LHS. = sin (- 5a) cos 3a cos 5a cos 6a
8sina

_ (2sin 5a cos 5a) cos 3a cos 6
2Xx8sina a

_ sin10a cos 3a cos 6a
16sin o

_ sin(m-3a)cos 3a cos 6o
16sina (. 10a+3q =)

(2 sin 3a.cos 3at) cos 6
= .
2X16sin g 2312 ggsci?lscfa

= 8inl2q _sin(n-q)
sin o 645ina (12 a+a=n

_ _Sing

6481{‘1(1 64 RHS

| 32. Prove that sin 3n
1sin Mgin S e 7 gp
14 5in fflsin Mgy 1 130
14 m‘]“rsm———-=_1._ ,
14 ~64- |

Soluhcn LHS -
= 81N+

3n
sin $. o ST
14 14 'Sin 14 sm-zu.sin(n__%)
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Advanced Trigonometric ldentities*
1L Tl
- (sln 14 sin {4 sin ?4)1

= lms(lzl_ff{)cns(g-— %%)cou(g —?—E)F

i (ms 7111 =1, o8 7111-:1311 7n145n)1

=

(coss;‘ cos Vi o::os;,.)2

Il

- 7+ COS 77+ COS 57 cos 7t Vi

25inf 2r_ 3
Zsm?

5]1'12;1 COS 7 Ccos 3;{

2|2
2 25m7

E,

[sin%-cos(n—g‘—;)r g
45111% ( i3 —*:n)
[_ 4n 4:t]

sin-5" CoS
_ /i 7 (.- cos (w—8) = cos 6)

4sinZ 7

2
[—2sm4;[ cos 411] [—sm 7 ]
24sm7 1851117J

Lsin(n+%)r

T
85111?

sin% 1 1
T
851n7 8

3, T
For positive integer n if

/,6)= tan%(l +secB)(1+sec20)(1+sec40)......(1+sec2"0) then find

the valye of jfz(%)and fs(uis)

e -_
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f "1'"' (] !‘".‘!(, l"“l“l VRaTEe o
A

e wec 20)(1 + 8¢

0
14 mn?g

)14 ——30
an 9|1+ 1" 1an?9

t
(Given a8 ot
inlll.llh!l\ : f “l) -~ Lan
"

] sec0)=
here, 1aN32 frem

{
l—tan?; - 1 +tanth
s 50CH = ——__
-cos = 7 —4
’ 1 +tan®y 1-tan ;
1—tan2—2-+1+tan 5
= taﬂz l—ta_nzﬂ
)
i) B]-ET‘Z'g=tan9
tan7 (1+€¢ r-l—tanz:—z'
8 ...one by one
Replacing 8 by 6, 26, 2%0 g e y
=tan 20
tan 0 (1 + sec 26) i
tan 20(1 + sec 2%0) = tan 2 B i etc.

Using these identities
f{(})={tan%(1+secﬂ)](1+sec 20)(1+sec220)...(1+sec2"0)
= {tan8(1+sec20)} (1+sec2%0)...... (1+sec 26)

= {tan 26(1 +sec228)}(1 +sec2%0)...... (1+sec2™g)
Proceeding in the same manner.
£,(68) =tan 2"~ (1 + sec 2"8) = tan 2"@.

n fE)- tan(Zz-i%) =tan (%) -1

fjs(i%ﬁ) = tan(Zs—j%) = tan(%%) = tan% =1,

34. Find the valye

g t 2

i 12
(i) tan 142 5

olution ; (i) We know
that 1 4 ¢ - 0
08 0 = 2 g2 7andsin@= Zsin%cos%

Itcosy  2cos?!

LT i o S

2 sin-{z-’- Cos ‘2} el 2
o,  cor 0 =1+cosg
27 Sing

[Nate]
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A peanced Trigonometrie Identities®
AL

£ 165" 14 cos Ih‘?"
\{’ ﬁ“ - 165° cot 79 ain 165"
iy =
plll l \m l]
1 |- om.ll. A -2"12-
(825 7 sin 15° ¥d -1
o o a 242
25 -d3-1 341 246+42{2-3-43-43-1
=B R 3-1
2642820228 55 2 s
i cos0=2 sin® % and sinB =2 sin-%cosg—
@
g 1-cosb
tany =" sin 0
putting 0 =285°
o 1-cos285° _1-sin15°
tan‘z'ﬁ"’W —cos 15°

A1

24‘ _ 22-43+1 _43-1
f+1 y N3 +1 43 -1
242

-(25—2Ji—3+ﬁ+ﬁ_1)
3-1

(24— 242 = 4*‘”) (/6 ~4Z ~2+43)

s B x ercise—13 ALTIINGE

R

L Ifpand g are two quantities such that p? + g* = 1, then maximum value

of ptqis
@ 3 ®) 7 (© A2 ) 2
2 If@isreal then 3 - cos 0 + cos (e+—’?§) lies in the interval
(a) [-2,3] (b) [-2, 1] (c) [2,4] (d) [1,5]
3, E zlgz?: ﬁ_ﬁ and sinB = ;,%, where A and B are acute angle then
ol = b) % © 3 @ F

Iimsﬂ §9 @) = a, cos (8 — B) = b, then the value of sin® (a — B) + 2ab cos
: is
(a) g2 + B2 (b) P R (c) b2 —a? (d) - - b
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gsC Hi gher Mathematics
t's
parts such that their tangeny, .

¢ the angles is

positive @ [;;IL is oo measure 0 )
vely 2 and 3% (c) ’3! (d) 6
(b)
d tan (%) are roots of equati
=B X tan(‘z‘ an A on,

s In APQR L thzn which of the following is true. )

,,13+br+cb=0, (b)aﬂb'i'c (c) b=atc (d) b=c¢

(ﬂ) C:—'aw" Mlﬂ#_f}wﬁf_ 3

f mn10°

7, The value O sin a4 T

(a) 715' (b) 2
g. The value of cos 15°—i»!'11 15°1s 3 4 o L
. e

(a) 0 ®) 77 2 2.3

i

9. Minimum value of 27°=F 81" " is :
) (b) 25 (@ -5 @ 3

(@) 543 27

. 6 Fax

10. 3 (sinx — cosx)* + 6 (sinx + cosx)? + 4(sin®x + cos’x) =

(@) 14 (b) 11 () 12 (d) 13
11. If sin @ = sin 15° + sin 45%, where 0° < 8 < 90°, then value of 6 is

(a) 45° (b) 54° (c) 60°

(e) 75°

(a) —2sin (a+B) (b) 2cos (@ +PB) (c) 2sin (a—P)
(d) —2cos (o +B) (e) —2 cos (o - B)
13. IfA+B=45%then (tanA-1)(tanB-1)is

(d) 72°
'12. If cos  + cos p = 0 = sin a + sin B, then value of cos 20 + cos 28 is

(a) 1 ) (c) -1
(d) -2 (e) 2
14. Ifa,ﬁe(q, E) T |
Bis 2) Sia =5 and cos (o + B) = —%, then the value of sin
63
8 a
(d) 13 ) &
5 65
- he value of tan 4qp ., ¢
an 2(° + o
. A5 B 1 13 tan 20° tap, 400 is
3 () 1
ORI
e 3

e .
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1 4+ cos 100° + cos 140° is

F’ I i of €08 2
& " ® 75 (©) 43
o (e) 1
{d] ] i
0<% foand 0#E then the value of cot ({45 +U')col. (_:4’;__0) & -5,:
H '2 ®b) -1 © 1 -
{ﬂ . (e) 2
{d]_ g-3sin(@+ 2a), then the value of tan (8 + o) + 2 tan a is
g S0 ®) 2 © -1
@3 (e) 1
0
— -3—=zcos—-— then the value of xy + yz + zx is
4,
S ®) 0 © 1 @ 2
0+gin9®
5 Shange AU
(a) tan 26° (b) tan 81° (c) tan51° (d) tan54°
5, The value of sin 50° — sin 70° + sin 10° is
@ 0 (b) 1 @ % @ 75
| » Maximum value of 3 cos 6 + 4 sin 6 is
(@ 3 (b) 4 () 5 (d) 7
1 Iftana= 1 and tan p = 2n1+1’ then the value of a + B is
' () % (b) g (c) § d =
o Sin(x+y) g+b tanx .
U Hsin{x—y) b then the value of {3 any 15
@) 0 (b) ab © & @ &
5. If tana = “g‘, tanp = 11 then the value of o +pis
) =g (b) § © -3 @ §
% Maximum value of sin (x + %) + COs (x + %) is
@) 42 (b) 47 (c) 2 (d) 8
2, | 5 n
"Let cos (o + B) = # and sin (@ - B) = 73, where 0 < o, B < T,
en tan 20 =
B 19 20
) 16 (b) % (c) V] (d) 17
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i re 13
"“"T; © 7=A=] (d) je=A=<1
=16

4 sin 18° then
L 7B an 294(2‘) z<X<Y (d) x<z<y
)y, then ) tan x = tan® &

- equals
+7/35in 250 3
> . (d)
(c) 3 2
fotud 1+co Zﬂ*)
(]+cos~g“) (“’C"S 8 el e
© 3 @ %
4 4_.7ﬁ
+cos* g +cos” g" is
() -1 (d) 1
I 2n 4n 8n is
34. The value of cos7g €0S T5 €OS 75 €OS 15
(o) & ®) -16 (c) 1 @ o
R R equals
12+42+42+2cos dx
(a) sec 25 (b) secx (c) cosec x (d) 1
36. The value of cos 15° cos7 %csin7%ﬂ i
1 1
@ 2 () g iy 1 1
4 (d)
37, cotx-tany 16
| cof2y equals
) 1 (b) 2
38. tan 67 12 1° e} <1 (d) 4
(a) 2
L SR
Ime4A._CO 2A=C054A (d) 34/‘_2-
> "SanA’ (D{A(E_ th
(a) 1 4 |then the value of tan4A
(b) ;}? (
d) B-1 c) 43
ﬁ'?l (e) B +1
13-1
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;. Suppose @, P are such that m< o — B < 31, if sin o + sin B = — 2L

: ms?i% +c0s> %g +cos? 20

| 441
Advanved Trgonometric Identities*

e AR A0) equaly

li-‘ o (1) win 40 () sin'o
_1,1 0""::‘ (¢) sin'(h/2)
™ " n |
L 30 ¢ §wec 20 = 05, 0 <0< then the value of 4 cos 460 is
T L
4 3 3y =3
I 2 (b) 7‘,‘;-' (©) Fy
o N =32
0 _%z ™S
a w24 cosdA ... cos2" 1A equals

Wi

wA e vy 2 "sin2"A ©) 2"sin A (d) ~.SinA

@ :I'P:nﬂ L sin2"A 2"sin2"A

s

° - i 81° equals
¢° - tan 27° - tan 63° + tan q

o (b) 3
{a} 4 (d) Non of these
{C
15‘::20 equals

@) m(g_%) (b) tan(-z-—~) (c) t.‘=,m(34T g) (d) tan(% g—)

65 and

ms(ﬁcosﬂ——%s- then the value of cos oy is

(a) 'T'—iﬁ" (b) T—_@-‘ () 365 (d) _3%
. The value of cos® (A— B) + cos *B -2 ¢os (A-B) cos A cos B is
() cos®A (b) sin2A

(c) tan®A (d) cot?A

16 +c052%g- equals
(@) 0 (b) 1

(c) 2 (d) 3

5in6 - cogg - '!32-'], then 0 equals
(b) 45° (c) 60° (d) 90°
Which, of the

a1 " i - X
S\ 2 followingis treee atee s o0 o S
[N RS AN HJ AR e bl



nlh‘.mnlll'ﬂ

wr p
ol hich of the following is/are tr,,
w

) Lucent’s 55
: =01
1. 10 1 ¢+ cosy cosy b win iy

[, CORY 4 COsY = 0

it
2. winy + siny = { I
‘.'l & . given below
3, winu + cosy © e

the 3 (d) 1and 2
chose the correct option o (c) only - ——

(b) only 2 4381

(a) only 1 G
nswert 7. (d 3

| o b0 EO D w0 el
e 26 = 12. (d) 1> 22. () 23. (@) 24 (d)i

1. (e) . (@
9.(a) 10.(d) 1 0@ 2O 50w xn ©

o 8@ 190 2. (a) |
b @ xw 20 . Core B@ 90O g
laa @ u@ B0 0L 5@ 60 470 4G
lap 26 960 % e ;

9.0 0.0 @

1. (@« PHT= I,Ietp=sinﬁ,q:cosﬂ
p+q=sin&+cos&

Its maximum value = Y12+ 12=42

2. (¢) 3-cosB—cos(6+ %)=3~c059 + (cosB cos% —sinB sin—g—

=3 - cos0 + % cosh — i;‘?l sin®

breremy

3' fd] 5in..4 = -_]_._
m:tanA:%a“dSinB=-Jg 1
2

Now, ta ¥
"UrB-fildinp  gvg

4. b
fﬂj COS'(UL -'ﬁJ = COS(& = B) (ﬁ 2 X _3_-
~(B-p)
= Cos(a~ 6) cos(
B-0)+ ,
“ab+ 1 152 ( Pin(e=0) sin(p - 8)

L R ——
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Vi .
Nu;{“ ~ ) + 2ab cos(a =) =1 - cos*(u - ) + 24 cos(a - f3)
b
g =1 - (ab + 4]—“‘ '”I'-'bz )z-i- 2ab (ab + ‘lh'-'ﬂz 'h"‘-bi)
gimplify 1
angent of angle means tan 6
W p [l :
$ ere, tand = %, tanB = 3 as in question number (3) A+ B = 45°
!P+Q+R=180" = P+Q=90° (- R=90") -
(a
4 =k g + % =45°

tm%-&-tan%—

= T e
l—tan'itan*z—
_b

= ‘_azz
~a

= =1

7. (d)

sin55° — cos 55°

_ 8in55° —sin 35°

sin10° sin10°
B 55° E 35° Sin55° - 35°
= i - =2c0845° = 42
o A3+1 o
8. (b) Recall that cos15° = EY/B B and sin15° = 2

9 (a) 27c052:'815in21: = 33:052:: 34sin2x
s 33(:06?.1’ + 4sin2x

minimum value of acosf + bsin® = —4 a+b?

oy
2+42

S ; g i 1
Minimum value of given expression = 37" 523

=37 =543
) (sinx + cosx )* = ((sinx — cosx)?)? = (1 — 2sinxcosx)?
Sin’x + cos®x = (sin?x + cos?x) (sinx — sinZxcos?x + cos’x)
= 1-{(sin?x + cos?x)? — 3sin®xcos’x}

=1 - 3sin?xcos?x etc.
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, from %, putting x =0

s al‘f-'”‘ L 60+ 17 +4(0+1% =13
ﬂ.—-

g = 2sin  cos15”= 5in75°
- cos?p + 2c0s0c0sp =0

0 = cos@ 2ﬂ,+25iﬂaSinB=0

adding
- cos(@=

g

(ggj_?ﬁ)ms(z“;zﬁ)
coszﬂ + Cﬂszﬁ = 2¢08 V.
Now, secia+B) cos(a — B) = —2cos(a + B)

in{(a + B) @} '
= ::(u + B) cos@ = cos(a + p)sina

=12 _ sin(a +PB) = % because (a + B) lies in {1

['.' COS(IJ + ﬁ) G
’ quadrant 50 sin(a + p) is positive]
15. (e) tan (20°+ 40°) = tan60°

tan20°+tand0° _
1-tan20"tan40°_{3_

= tan20° + tand0° = 43 - 43 tan20°tan 40°
= tan20° + tand0°® + 43 tan20°tand0° = 43 .

17. {c) Apply cot(4 + B) and cot(A — B) and simplify.

sin (6+2a)
sing  —3+ Apply componendo-dividendo

§

},’ 16. (d) For cos100° + cos140° apply cosC + cosD .
r

i

|

18. (d)

19. (b) Let:czycos%gzzcosﬂ—k
3 =

Lol = =
2 x-k’yzhzkrzr-—'zk

xy‘,'yz +Zx::-.2k2 27
20. (d) €059 +singe -2
w:%-t%ln_gg .
i 7. (divide N” & D by cos?’)
) Apply o~ U4 9%) < tansge
. PPY Componen g, and djyiq
enda

[—
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28. (c
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30.

31.
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K_0
(@l 6

G sin(x + g) + cos(x + ;65) = sin6 + cosO

jts maximum value = {1 H 1% T

n——-otan(a+ﬁ)=-"43—

4

A 1:11605(‘1*[5)53‘

d -a-isz-tan(— )=_§_

sin(@-B)=13 e )
. tan2a=tan ((a+B) + (@~ B))
a tan(a+ﬁ)+tan(u—ﬁ)

3,5
_ 4712 _5
;.35 733
T412

4 (0 A=sin’x + cos’x

=1-cos’x + cos’x
=1-cos’ (1 - cos?x)

. 9
:1—coszxsinzx=1~ilﬂ4—;x-

+ 0<sin®2x <1
. whensin®2x=0 A =1

when sin2r =1, A=1 - i_=§_

B (@) xtan15°=2- 43 =2-1.73 = 0.27

y=cosec75°=—.—]——=-g_‘jg___23_1_‘£lﬁi_ 28
SIn15° " 3.1 173-1 =p.73 =04 (Approximate)
z=4singo _ 4[ 49 =1
4sin8 *4(_“4 )= 223-1=123
i I{y.(z

0.0 sin(y + 30) = 3sin (o - x)
~ $inxcos3a + cosy sin3e —
= Siﬂx

(cos3a + 3 coser) = cosy (3sina — sin3a)

¥ 8inx 4 cogdy
s C0s"a = cosx 4 sin3y (" 8in30 = 3sind - 4 sjn3
"y —4 sin“g)

3 (sina cosx — cosa sinx)

Ly 1
35in250° = sin20° ~ 43 cos 20°

_ 43 ¢0s20°-sin20°
43 sin20° cos 20°
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" ("; cos 207 = 2 sin 2()")

w2? Jg(zﬁmznzcmzn )

4(sin 60° c0s20° - cos 60° 5in 20
””""-_“_JS sin40°
4sin (60°— 20°) _ 4

20— =T
=~ /3sin40 3

2n s34 cos T8 Su
sm 15 cos 28 15 £ O 15 15

etc.

Zsm 15

Now take the help of solved example 31.
35. (a) Applying 1+ cos20 =2 cos’0

we have, y2+2cosdx = 42 (1+cos4x)

= 42:2c08?2x = 2cos2x

. 2 2
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%cos%scos%gcos&—g >

etc.

2sin+% 15

Now take the i'h'lp of solved example 3
35. (a) Applying 1 + c0s20 = 2 cos?0

we have, 42+2cosdxy = ¥2(1+ cosdx)

= 422 COSzz.Y = 2(052_-[

2 = 2
V2+242+2cosdx 42+ W2 +2cos2x shie

e l___ 1° 1°
167 +cot672 cv;mt}';z2 +tan22—2-

=(W2+1)+ (2-1)=242

N3A cosA = 2 cos3A cosA

{use formula of sinC + sinD 2
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‘r'-.i?(‘}rﬁ 3 l+‘-'°s(%f0)

. @

45. @ Tos

cos(A-B) + cosB - cos(A - B) {2cosAcosB) ‘
= cos(A~- B) + cos?B — cos(A - B) {cos(A - B) + cos(A + B)}
=c0s%(A~-B) + cos?B — cos’(A - B) - cos(A - B) cos(A + B)

46. (b)

= 008°B - cos?4 + sin’B=1— cos24 = sinA

47. (o) co 2%=cosz(§-—%}=sin2‘3~

s o 0
= cos* {2

3 (n 3x :

-
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43 -1
cosf="72

(2]
2

sinf -~
4 gqual'fﬂg

2_
(sinf - cos8)” =

K. 3+1-243
sin? + c0s°0 — 25in 086 = ===

=
i3

1-si1129=1* 2

Siﬂzﬂ = —? = Si.l'l 1200

26:1200

95600

siny _1-cosx

() T+cosx~ sinx
sin*x = (1 - cosx) (1 + cosx)

(1 - cos’x) = (1 - cos?x)

2

sin%x = sin%x

butat x =180°% sinx =0, and 1 + cosx = 0

’ =0,s0d i :
identity is not defirnd when x = 180° erominator of given
.. options (c) is correct.
30. (c) cos0°+cos1°+...... +¢0os 179° + cos 180°
=005 0° + cos 1° + cos 2° + ... + cos

-

=1+c0s1°+cos2°+ ...
L(d) v 1+ cosx cosy + sinx-siny = 0
= 1+cos(x~—_y)=0

~ 08 (¥~y)=—1=cos 180°

iid I~y=180°=:>x=180°+y
Co:
SX + cosy = cos (180° +y)+ COsY = - cosy + cosy = 0

Statemen (1) is correct.
SINX + giny = o
Sy = sin (180° + y) + siny = — siny + siny = 0

S
fatement (2) is corrent
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ey meur'a gsC !
gina cosy = sin “HU'" + y) +
4 not mrn.'ct.

(31
on (d) is mrruct.
e

cosy =~ giny + cosy » 0

A
Stalvuwnl

Hence ¢ pti



