Integration

9.1 INTEGRATION

If %(F (%)) = f(x), then J.f(x) dx =F(x) + C.

The function F (x) is called anti-derivative or primitive or integral of the function f(x) and
C is called constant of integration or arbitrary constant.

The process of finding functions whose derivative is given is called anti-differentiation or
integration.

9.1.1 Some Elementary Standard Integrals

xn+1
l.Jx”dxz +Cnz-1

n+1

Corollary.de =x+C
Z.J‘ldx=log|x|+C S.Ja"dx: ar +C a>0a=1
x loga

4._[exdx=ex+C 5._[5inxdx=—cosx+C
6.J.cosxdx=sinx+C 7._[seczxdx=tanx+C
S.Jcoseczxdx=—cotx+C 9.Jsecxtanxdx:secx+C

10. J cosec x cot x dx = —cosec x + C.
(For proofs, see Understanding ISC Mathematics XI)
9.1.2 Four Standard Theorems
Theorem 1. %(J.f(x)) dx = f(x)
Theorem 2. Iocf(x) dx = o ff(x) dx, for all oo € R
Theorem 3. [(f; (x) + f(x) - f(x) + ...) dx
= Jfl(x) dx + _[fz(x) dx — Jf3(x) dx + ...

Theorem 4. [f’(3(x)) g'(x) dx = f(g(x)) + C.
(For proofs, see Understanding ISC Mathematics XI)
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ILLUSTRATIVE EXAMPLES
Example 1. Evaluate the following integrals :

(i) | (x - %)3 G [ O g

Solution. (i)I (x—%)S dx = J(xB _x%—?,x.%(x—%n dx
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oy

4

= Z__——3—+310g|x| + C
4

- X_+L—§x2+3log lx1 + C.
4  2x2 2

» (ax + bx)Z _ a2x + h2x 4 Qgxpx _ Z X é X
(if) e dx = I B — dx = I [(b) +(a) +2J dx

&,
=\ ) +2x +C,a#b.

a
logg log;
In particular, if a = b, then
@ by O S i = [adx=ax + C
axb* '

Example 2. Evaluate the following integrals :
Q) ] 9> ax (ii) [ 108 x () (i) [ alos * dlx,

Solution. (7) J'910g3x dx = I(32)1°33x dx = I3210g3x dx

= I31°g3x2dx = j x2 dx | al%8e* = x
3
- Y ic=leic
3 3
(i1) _[ e3logx (x4) dx = _[ elos ¥ (x4) dy = J X3 . x4 dx | elogx = y

J.%dx=logx+C.

(iii) First we note that glog x = x log a,
Taking logarithm of both sides, we get
log (alog x) — log (xlog u)

= log x log a = log a log x, which is true.
xloga+1
Ialogx dx = J xloga gy = 2~
loga+1

Example 3. Evaluate the following integrals :
(i) [ tan’x dx (ii) | \1—sin2x dx.

Solution. (i) j tan? x dx = J (sec2x —1)dx=tan x —x + C.
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(1) J J1-sin2x dx = J Ncos? x + sin? x — 2sin x cos x dx

J(cos x —sin x) dx = sin x —=(-=cos x) + C

sin x + cos x + C.

Example 4. Evaluate the following integrals:

. 1 Sin x
® J 1+secxdx (1) J 1+sinx

J‘ 1 secx — 1 _J‘ secx —1
x dx = | ==~
secx+1 secx -1 sec2 x — 1

Solution. (i) J. U =

1+ secx

secx —1 _ sec x 1
Ty X = ool ol Lo
tan< x tan< x tan- x

J (cosec x cot x — cot? x) dx = _[ cosec x cot x dx — _[ (cosec? x — 1) dx

= —cosec x — (—cot x —x) + C=—cosec x + cot x + x + C.
sin x (1+sinx)-1 J‘
i1 = = “dx=| ldx-
( ).[ 1+s 1nx 1+sinx 1+sinx

1-sinx 1-sinx
_ X —dx = x— dx
1+sinx 1-sinx cos? x

1 sin x
X — J (—2——2)dx=x—_[(sec2 X — sec x tan x) dx
COS“ Xx COS“ X

=x—-(tanx-secx) + C=x—tan x + sec x + C.

Example 5. Evaluate the following integrals :
(i) [ cos™ (sin x) dx (ii) | tan~! (sec x + tan x) dx

(iii) _[ tan 1 (,I_Si,nx] dx

V1+ sinx

Solution. (i) J cos! (sin x) dx = J cos! (cos (E - x)j dx = J (g - x) dx

2
= E.x—x— + C.
2

(ii) J tan~! (sec x + tan x) dx = J. tan-1 ( smx)

COsSX COsSx

T
. 1—Cos(— +x)
= J tan~! (1 i Smx) dx = J tan | — 2 _J| gy

cos x . [T
sinf —+x
2

2sin? (E + ﬁ)
4 2 T X
= J tan™! dx = J tan™! (tan (— + D dx
23in(£+£) co (£+£J 42
4 2 4 2

1 [ (1-sinx 1 \‘I_COS(E_X)
(117) | tan | dx = | tan l——=—< | dx

V1+sinx
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EXERCISE 9.1
Evaluate the following (1 to 16) integrals:

2
) 1 .. 3+ 5t — 712
1. (i) '[ («/?—ﬁ) dx (i) J — dt.
2. () [@c-1) (2 +1)dx G) [ (2 x——) dx.
3. (i) [ (25)°85% dx (ii) [ 29847 dx.
4. (l) j eZlogx(x73) dx (”) J (exloga +ea10gx _ealoga) dx.
’ x10 —1 o 1
2 (@ J x-1 e (é2) J 1 - cos2x i
6. (i) I cot? x dx (71) J. (tan2 x—7x2+ 1) dx.
X
5 1+ cosx x ”) J 1+ sinx
’ sin? x - ——
8. (i) Ty dx (i1) J N1+ sin 2x dx.
9. (i) j (2 tan x — 3 cot x)? dx (i1) J (90”/2 — cos? %) dx.
cos 2x
10. (1) J ( —sinZ cosE+5) dx (77) J. pr B
sec x COS X — COS 2x
11. (l) .[ secx + tan x dx Zl) J 1-cosx dx
g sin x + cos x o COS 2X — €OS 20
12. (i) J Tros dx (11) J. e —— dx.
Hint. (i7) cos 2x — cos 200 = (2 cos? x — 1) — (2 cos? ot — 1) = 2 (cos? x — cos? o).
g 1 sin® x + cos® x
18 @ J. sin? x cos? x dx & J. sin? x cos? x dx.
. 1 sin 2x ) 4 cos 2x
14. (i) J cot (1_C082x dx (7) j tan [ 1+COS2x)dx
: -1 2tanx .. _1| I-tan”x
15. (i) '[ sin (—1+tan2xj dx (1) J cos [—1+ tanzx] dx
16. (i) I tan~! (cosec x — cot x) dx (i1) J tan~! (cosec x + cot x) dx.

17. If f’(x) =asinx + b cos x, f/(0) =4, f(0) =3 andf(%) =5, find f (x).

9.2 INTEGRATION BY SUBSTITUTION

Some functions can be integrated directly by the use of standard integrals while there exist
some functions which cannot be integrated directly but can be reduced to the standard
integrals by proper substitution i.e. by the introduction of new variable. The method of
evaluating an integral by reducing it to standard form by a substitution is called integration
by substitution.
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Remark. The method of substitution is essentially the use of theorem 4, namely

[ F(g)) g(x) dx = f(gx)) + C.
9.2.1 Theorem. Ifjf(x) dx = F(x) + C, then

F(ax +b)
a

ff(ax+b)dx +C a#0.

Proof. Putax + b=t thenadx =dt = dx = %dt,

[fax+byax = [f@®). zdt =1 [r0) a

1p@ + ¢ = Haxth)
a a

+ C,a=z0.

Hence, we have the following important rule:

If the integral of a function of x is known, then if x is multiplied by a constant and to the product
is added another constant, the integral is of the same form but it is divided by the coefficient of x.

Remark. Long division
In a rational function, if the degree of the numerator of the integrand is equal to
or greater than that of denominator, divide the numerator by the denominator
until the degree of the remainder is less than that of the denominator.
In this context, remember that

remainder
denominator

numerator

—————— = quotient +
denominator !

ILLUSTRATIVE EXAMPLES

Example 1. Evaluate the following integrals :

() [ igdx () [ 1027 dx G [ 1+ sinx dx.

—_n)1/2
Solution. (i) J- % dx :j (Bx — 2)1/2 dx = (3x1 LS
x_ _—
2
= V-2 +C
. 21 _ 102x+1 _ 102x+1
(i) J 02t dx og10.2 "~ 210g 10

(11) j N1+sinx dx = J. \‘e“cos2%+sin2%+2singcos§ dx

. X X
Sin — — COS —
X . X _ 2 2
= — + — = £ 4+______<£
J. (cos2 smz)dx T + T + C
2 2

2 (sin%—cos%) + C.

Example 2. Find all the primitives of the following functions :

2
W) 572 e (i1 X (iii) 2.
N2x+3+N2x -3 1-x
—2x
Solution. (i) J5—2x e dx = j (5e)2x dx = (5e) L C
log 5¢ (- 2)

-2
(e N
2 log 5e
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. 1 1 N2x+3 —+2x -3
(11) J- dx = J- x dx
N2x +3++/2x -3 N2x +3++2x -3 N2x+3-+2x-3

V2x+3-~2x -3
2x+3)-(2x-3)

dr=1 j (@x + 3)1/2 — (2x — 3)1/?) dx

1| (x+3)32  (2x - 3)3/2 _ 1 3/2 _ (2y — 3)3/2
ol i e +C= 2 (@ +3) (2x - 3)%%) + C.
2° 2°
2
Gii) [ 2= dx t-x) 2 Lxet
1-x x? - x
. -+
= —x-1+ dx x
J. 1-x
x-1
L w2 logli-xl L N
1 1
x2
= - (7+x+log|1—x|) + C.
Example 3. Find all the anti-derivatives of the following functions :
. 2x .. aoxt+2
(i) T (ii) 3x + 1) N2x -1 (ii) TR
ion. (i) [ -2 gy [@E*D-1 (L 1
Solution. (i) '[ Bx 1P dx = ox 1P dx J‘ (2x+1 (2x+1)2jdx

-1
_ J‘( 1 _(2x+1)_2)dx:10g|2x+1|_(2x+1) L C
2x +1 2 -1.2

1 1
E(log|2x+1|+2x+1j

(ii)J. Bx +1) V2x -1 dx J (%(2x—1)+§)«/ﬁdx

[ @x-1pPdx+ 2 [ @x - DV dx

|
N |

_ 1)5/2 _ 1)3/2
.(2x5 1)%/ +§.(2x3 1)3/ N
22 2 25

2 2

I
N | W

_ 3 124 2 _1)3/2
m 2x -1) +6(2x 1)3/2 + C.

1 5
—(B3x+1) +—=
3Gx+ D+

(iif) X2 gy = By
V3x +1 V3x +1

@ Gx + 1)V2 + §(3x 4 1)—1/2)dx

3/2 1/2
_ 1.(3x3+1)/ +§.(3x1+1)/ L C
3 3.3 3 L
2 2

= 2@+ DM+ BT+ C
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Example 4. Evaluate the following integrals :
(i) J sind x dx (i) I cos* x dx  (iii) j sin 4x cos 7x dx.

SSmx;sm?)x d

Solution. (i) J sind x dx |sin 3x = 3 sin x — 4 sin® x

3 1( cos3x
Z (~cos x) - |-
4 4 3

)+C

1
o (cos 3x — 9 cos x) + C.

2
(i) | cost x dx = [ (cos? 2P dr = | (Lreostn Vg

2

i J(l + 2 cos 2x + cos? 2x) dx = ij (1+2c052x+—1+C2°S4x)dx

= % J.(B + 4 cos 2x + cos 4x) dx = %[3x+4.sir122x . sin44x} e

= 3% (12x + 8 sin 2x + sin 4x) + C.

(717) Jsin 4x cos 7x dx % J 2 sin 4x cos 7x dx

% _[ (sin (4x + 7x) + sin (4x — 7x)) dx

1 '[ (sin 11x —sin 3x) dx = l.(— cos1lx —(COS3XJ] + C
2 2 11 3

= 6_16 (=3 cos 11x + 11 cos 3x) + C.

Example 5. Evaluate the following integers :

(1) _[ (sin® x + cos® x) dx  (ii) J

1+ cos 4x

cotx —tanx
Solution. (i) J.(s.in6 x + cos® x) dx = I((sin2 x)3 + (cos? x)3) dx

= j((sinz x + cos? x)3 — 3 sin? x cos? x (sin? x + cos? x)) dx
[ a®+ b3 =(a+0b)°-3ab(a+Db)]

= j(13 — 3 sin?x cos? x.1) dx = J- (1 - % (2 sinx cos x)2) dx

= J.(l - 35'111229(] dx = I(l - 3.1_C084x) dx
4 4 2

%J‘(5+3cos 4x) dx = %(5x+3sir;4xj L C

EY [20x + 3 sin 4x] + C.

1 + cos 4x 2cos? 2x 2cos? 2x. sinxcosx cos? 2x. sin 2x
(ii) dx =22 2 dx = dx = | Cos72x.smn 2x
cot x—tan x cosx sinx cos2x
sinx cosx

dx

cos® x—sin’ x

_[cos 2x sin 2x dx = % _[2 sin 2x cos 2x dx

lJ.sinélxdx=l.(—wj +C=—1cos4x+C.
2 2 4 8
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ANSWERS ]

10.

11.
12.
13.

14.

15.

16.
17.

(@)
(@)
(@)
(i)
@)
(i)
(i)

x2
5t log lxI-2x + C

4 .3
xt x
-+ x2-x+C
2 3

lx3+C
3
log x + C

10 9 8 c
4 Lt x+
10 9 8

—cotx—x+C

— cot x + cosec x + C
x —sinx + C

4tanx -9 cotx —25x + C

§x2/3+%cosx+5x+C

tan x — sec x + C
x + C
tan x — cot x + C

1xz-t-C
2
x2+C

lesc
4

2cosx +4sinx+ 1.

(i)

(@)

)

(i)

(i)

(i)

2z (ax + b)*/2 + C
3a

—%log|5—3x|+C

—% tan (7 - 3x) + C (11) %(ezx—e—2x+4x)+C.

¥ x2 x 1 o xdatl adx
————+—-—log l2x+11 +C +— +C
6 8 8 16 &' @) 3277 * 3loga
Liax v 3p2 v @21+ C (i) log [x + 1]+ e

9 x+1

1

i(Zx + sin 2x) + C
%(4x —sin (4x + 10)) + C

242 sin% +C

-1 %«/zx ~1+C

EXERCISE 9.1

(i) 6+t + %tlﬁ —%tw + C.

(1) %x5 —§x3 +x+ C.

Gi) 202+ C,
3
a+1

a* x

(if)

loga a+1

() - % cot x + C.

7
(1) tanx—x—§x3+log x| + C.

(1) tan x — sec x + C.
(11) sin x — cos x + C.

Zx52 - - = + C.
(ll) X X sin X C

(1) — cot x — tan x + C.

(1i1) 2 sinx +x + C.

(#) 2 (sin x + x cos ) + C.
(1) tan x — cot x — 3x + C.

(ii) % 2+ C.

(i) x* + C.

(ii) %x - %xz +C

EXERCISE 9.2

() @Ot

+C n=z-1
a(n+1) "

(ii) 2+/e* + C.

(ii) %(Pm _ )2 4 %

(i) 3—12(12x — 8 sin 2x + sin 4x) + C.

(ii) é(24x + 8 sin 4x + sin 8x) + C.

(i) Z(Sing + cos gj + C.

—-a*.x + C.

(Bx - 203/2 + C.

A-471
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