Basic Operations
and Factorization

Polynomials

An algebraic expression having a variable x, and its

non-negative integral powers with real numbers as coefficients,
is called a polynomial in x

The highest power of x in this expression is called the degree of
polynomial,
eg. 1.4 —9x* +7x+9 is a polynomial in x of degree 3.

7Y ; . :
Z [3:3 +?x—1+—) is not a polynomial. As it contains a
X

7 - B
term, namely =, having negative integral powers of x
X

3. (Sx* 7% +x—1)is not a polynomial as the term —7x""
contains rational power of x.

Various Types of Polynomial
1. Linear Polynomial A polynomial of degree 1, is called
a linear polynomial.
eg. 9x +7,x—9,x+2 erc, are all linear polynomial.

2. Quadratic Polynomial A polynomial of degree 2 is
called a quadratic polynomial.

The general form of quadratic polynomial is ax® +bx +c¢,

where g,b and ¢ are real and a = 0.

es, x =7x +12.5y2 -7, =4 etc, are all quadraric
alynomials.

3, Cubic Polynomial A polynomial of degree 3 is called
a cubic polynomial.

The general form of a cubic polynomial is
ax® +bx® +cx +d, where a,b, cand d are real and a #0.
eg,3x* +2x* +7x=1,8y° +5y+2,x° —8 erc, are all cubic
polynomials.

4. Piquadratic Polynomial A polynomial of degree 4 is
talled a biquadratic polynomials.
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The general form of a biquadratic polynomiy
ax’ +bx® + o’ +dx+e, where abcdande are 1y

numbers and a # 0.
eg, (6x° +3¢ +2x* +x+2), x* =8, all are biquadey
polynomials.

Factors

A polynomial g(x). is called a factor of polynomial p{x) if gy
divides p(x) exactly.

eg. As (x +5) satisfies the quadratic polynomial X +6x450
it is a factor of polynomial.

Factorization

To express of polynomial as the product of polynomials d
degree less than that of the given polynomial is called &
factorization.

eg. 1.x* —49=yx =7* =(x=7)x+7)
2 8 =Tx+12=x =3x —dx+12
=x(x=3) —4x-3) =(x—4)(x-3)

Required Formulae for Factorization
1. (a+b)’ =a® +b® +2ab and (a—b)? =a® +b* - 200
2 (a+b)’ —(a=b)? =4ab and

(a+b)® +(a -b)? =2(a? +b?)

3 (a+b) =a’ +b* +3ab(a +b)
4 (a-b)’ =a® -b* ~3ab(q - )
5. (" =b')=(a +b)(a—b)

6 (@ +6%) =(a+b)a? +5? - gb)
7. (@’ =b%) =(a~b)(a? +5? + ab)




ww*d: =[.a2 +b? + +2(ab +bf+nc]|]
b 3 4 b +¢ —3abd=(a+b+c)(a? +p? +2

o

. —ab—gc-
|fn+b+€5”=""3+b}+c!=3ubc ==y

13 §_ g 2 2

; ,,‘wibz +b"=(a" +ab+b*") (4 ‘db+b2}

yethods of Factorization

. Factorization by taking Out the Common

Factor

Method If each term of an expressio

nhas ac
faceor, take out the common facrors, g

grample 1. Factorize value of 16x2 12 is
(a) 44x +3Y) (b) 4x + 3y
(c) 4x(4x +3Y) (d) 4x -3y

gl (0) 165+ 120 =4+ 4x” + 3-(4xy) = ax(4x + 3)

:mmple 2. Factorize value of x* +5x +2x2 +101s
(a) (x +5)(x +2) (b) (x? +5)(x +2)
(@) (x+5)(x* +2) (d) None of these

8ol (b)) +2x* +5x+10 =x"(x+2)+5(x +2) =(x +2)(x* +5)

Example 3. Factorize value of 4(3a —2b)? —5(3a - 2b) is
{a) (30 -2b)(12a —8b-5) (b) (2a —3b)(12a —8b)
(c)(2a -=3b)(Ba =12b=5) (d) None of these

Sol. (a) 43a-2b)* —5(3a—2b)

=(3a—2b)[4(3a —2b)—5] =(3a -2b)[12a —8b —5]

2. Factorization by Grouping

Method Sometime in a given polynomial it is not
passible to rake out a common factor directly. However,
on rearranging the terms of the polynomial and grouping
such thar all the terms have a common factor.

Example 4. Factorize value of xy + yz + xa +za is
@ (x+2)(y + a) (b) (x—2)y +a)
() (x-2)(y —a) (d) (x -2y +a’)

S0l () xy 4974 xa+ 2

=y(x+2)+alx +2) =(x+2)y+ a)

EXample 5. Factorize value of x2 + y =Xy — X is

(@) (x - y)(x + 1) (b) (x=y)Hx* =1

€ L+ y)x? 4 (d) (x=y)x ="

{'ﬂ It-i*ya-x},l —x

=5 —x 4y —xy =x{x =) +y(1=%)

=—x(1—x)+y(1—x) =(1=x)(y =%

=x? —xy +y —x =x(x =)+ Ay —x)

) =) =D

or
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Exa o
mple 6. Factorize value of x? +—Ez- +4-2x . is

2 2 x 3
(a) X-—; X+—42 (b) [x——z-][x+£'—2)
x X X X
(c) x+; X +;-2 (d) None of these

1, 4 A 4
“ oot ool
X x X X

(R &N
3. Factorizing a Perfect Square Trinurﬁia[

Method Here, the polynomial is given as the perfect
square trinomial, which is the square of a binomial.

Formulae (a+b)? =a? +b* +2ab
(a-b) =a® +b* —2ab

Example 7. Factorize value of 16x% —8x + 1is

(@) 2x=1%  (b) (x-4)% (o) (x-2)% (d) (4x—1)2
Sol.  (d) 16x* = 8x +1=(4x)* —2(4x) + ¥ =(dx —1)!
Example 8. Factorize value of 1-10x +25x% is -

(@ (5x-1* (b) (x=5)? () (2x=0* (d) (2x-5)
Sol. (@) 1-10x +25x" =25x" =10x + 1 =(5x)* =2(5x) + 1 =(5x =1)*

Example 9. Factorize value of x* =2/5x +5 is
(a) (x+5 - 1)2 (b) (x -5)*
(c) (x +/5)(x =~/5) (d) (x —+5)2

Sol. (d) x? =25x 4.5 =x? =25x + (/52 =(x =5’

Example 10. Factorize value of
X2y +2Axy+yz +20) s
(@) (x+ylx+y+z) (b) (x + y)x + y +2z)
(c) (x=y)x+Y) (d) (x* + y*)x~y)
Sol. (b) ' +y" +20y+yz+ ) =x"+y" + 2y + z+ 22
=(x* +y* +2x9) + 22(y + x) '
=(x+y) + 22y + x) =(x +y)[x +y +22))

Example 11. Factorize value of
¥(x=2)x-a4)+4x -8 s
@(x-27 (b (x+2)? () (x-2)® (d)(x+2)?
Sol. (c) x(x=2)(x—4)+4x -8 =x(x =2){x —4) + 4(x —2)
' =0 = 2)[x(x = 4)+ 4)) =(x =2)[x ~ 4x + 4]

=(x =2)(x=2)* =(x -2)’

4. Factorizing the Difference of Two Squares

Method Here, the polynomial is given as the difference
of two square or we will evaluate it to the condition, then

apply formula a® —b* =(a =b)(a +b)
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Example 12. Factorize value of 16x2 =25y is

(a) (4x -5))* (b) (4x +5y)°
(c) (4x —5y)(4x +5Y) (d) None of these
Sol. (c) 16x% —25" =(4x)" —(5y) =(dx =5)(dx + )

Example 13. Factorize value of 2a% -32a is
(a)a? +4)(a-2)(a+2) (b) 2a (a® + 4)la -2){a +2)
(c) 2ata? +4) (d) None of these
Sol. (b)20 —32a=2a(a"~16)
=2d{(a")} ~(4)'] =2ala’ + 4)(a’ —4)
=2aa’ + 4)(a® -2°) =20(a’ + 4)a-2a+2)

Example 14. Factorize value of x* + x?y? + ytis
(@) (x* + y? —x(x? +y? + xy)
(b) (x + y)2(x-y)?

(&) (x+ y=xy)lx+y+ xy)
(d) None of the above

Sol. {a}x‘+x’}r’+}r"=x‘+1ﬁ;’+y‘_x’y’
={XI+F2F _WJ? ={XI +}I"=‘|'X}|"}{XI 4‘}'! -3}"}

Example 15. Factorize value of x* + x* +1is
(@) (x2 +1+ )(x? =x+1  (b) (x? +1+x)(x? =x-1)
(&) (x* =1+ x)(x? + x+1) (d) None of the above
Sol. (@) x'+x?+1=x'+2+1-x4"

=(x?+ ) =x?=(x’+ 1+ x)xt=x+7)

5. Factorizing a Trinomial (by splitting the middle term)

Method Here, the general form of trinomial is
ax® +bx +¢

Find two number such that their sum is ' and product is ‘¢
Then, if numbers are p and q.
Then, ax® +bx+c=ax’ +(p+q)x+pq

=ax’ + px+gx+pgq
Now, factorize by grouping.

Example 16. Factorize value of x? +9x + 14 is

(a) (x+2)x+7) (b) (x=2)(x -7)
(€) (x +2)(x=7) (d) (x=2)(x+7)
Sol. (@) x* +9x+14=x"+(7+2x+14

=x" +7x+ 2+ 14 =x(x +7) + 2x +7)
=(x+7Yx+12)
Example 17. Factorize value of 44/3x? +5x -3 s
(@) 2x +V3)4x=43)  (b) (2x —/3)(4x +3)
(€) (V3% +2)(4x -+/3) (d) None of these
Sol. (c) 4v/3x% 4+ 5x =243 =43 + 8x = 3x =243
[ 43 % (~23) = 24 =8 (-3
= x(Bx +2) = VB(Vax +2) =(Vax + 2)(4x - y5)

value of
+ e{za‘ + b] -8is

(b) (2a + b +2)[5(24 +b
(d) None of thesa b |

7. Factorize

1
gxamplé b=l b)?

(a) (2a + b+2)
(c) [5(2a + b:'l"
sol. (b)52a +b) +
(2a+b)=X=
.—_5."‘2 4+ 10x

=(x +2)5x—4)

Hence, S2a+b)" + g2a+b)-8=0a+b +2)52a+b)-4

. Factorization of Sum and Difference of y,
lynomial will be given in the fo,

Method The poYy d
2 +b or a* —b* or evaluate, then tf] the form ang a,

formulae.
1@ +b’ =(a +b)a’ ~ab+b’)

b} =(a—b)a’ +ab+b?)

4)
g2a+b)—8
gy’ 4 6x —8

— gy —8 =5x(x +2)—4(x +2)

Put

28 -

Example 19. Factorize value of 8a’ —343b7 is

(a) (2a —-7b)(4a” +14ab+ 49b?)
(b) (2a +7b)(4a” +14ab + 49b?) -
(c) (2a +7b)
(d) (2a =7b) &
Sol. () 84 —343* =(20) =(0)’ S
=(2a—7b){(2a)" +(2a)(7b) + (6]
=(2a~7b)(4a’ + 14ab + 49b")

-

Example 20. Factorize value of L"Ei{'—n— 3y)* —(2x-3y
is

(a) 18(4x? +3y?)

(c) xy(4x? + 3y?)
Sol. (d) 2x+3)® —(2x-3)

(b) 18y(3x* +4y?)
(d) 18y(4x? +3y%)

_|
# r-| "

Put 2x+3y=a a3
2x-Y=b=d -b =(a—b)a" +ab+b)
=x+y-22+Yy)

X [(@x+3)) +@x'+ Y)(ax -3 +x-H]
=647 + ' + 12 +'4x? =97 + 4’
) +9‘;1-'|3'?]
Hence, (2x + 3)* _{zx_ayji E.{Mﬁxz +’_,'_yt]

rr

Example 21. Factorize value of a* _i] _%a +..2.h

e ——

a
1Y 2. 1 &
EB} a+—||la*° + — __2 ﬂ—l
aj\ a? a

{b} ﬂ_l\(a2+ 1 v N 1
__i_+1 +2 q__EJ

ﬂ{; a
{f:l [a+l ﬂ—.l) e &
a/\ a

(d) None of the above
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b7 Factorization of a®+b? Fit 3abc
| Method Here, it is easy to use,
0] ai +bl +1.'.‘ =3abe
'—{ﬂ'+b+r:]{a +b' + —ab—peo
(ii) Fa+b+c=0, then
a® +b’ +c =3abc

GE}

Example 22. Facturize value of

x3 +2?y +823 —18xyz is
[a][x+3}r+22][x1 +9y* +42° + 3xy + 6yz + 2x2)

[b][r+3}’+13}':x +9y +4z? =3xy —6yz —2xz) -

(0 (x=3y-22)(x* +9y? —422 ~3xy + 6yz + 2x2)
(d) None of the above
Sol. (b) X +27% +82 =189z =X + ()’ +(22)° -Ax))22)
=(x+ 3;&»‘-1'2_-’beI + 97 + 427 — x(3y) - 3(22) - x(22))
=(c+ 3+ 22)((x" + %" +42° -2y ~ 62 -2

Example 23. Factorize value of o
(2x-3y)* #(3y -52)% +(5z-2x)*is °
(@) 3(2x - 3y)(3y —52)(5z - 2x)
(b) (2x =3y)(3y — 52}[5:' -2x)
Q) 32x - 3y)(3y +52)(52 —2x)
(d) None of the above
Sol. (a) Here, 2x —3y =@, 3y =5z =b,52 -2 =¢
S0, a+b+c=0
Here, (2x =) + (3 =52 +(52 -2y

=ga° +b] + 53 =3abc :3{2,!(—-3;}[3_].-‘-52]{52 =2x)

Hence,
2x=3) + @y —52)° +(52-2x)°
- =3(2x ~3)( ~52)(52 =2

8‘ Fﬂﬂlﬂrlzatlun by Factor

Method

of degree not less than one and ‘w'beare
¥ b0 is divid
Remai 3inder can be evaluated by substituting X
*=a in p(x),

Theorem/
Remainder Theorem/ Synthetic Division

Remainder Theorem Let p(x) be a polynomial in %'
al number.

der is fla)
by (x—a) then remam:; ; I:.,i'llf&‘

)
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Example 24. The remainder when
12x% =13x? —5x + 9 is divided by (3x +2) is

(a) 1 (b) 2 (c) 3 (d) 0
Sol. (¢) Let plx)=12¢ =13x? =5x 49

and q{x}=3x+2-—.3[x+3J=3[ _(;2]]
3 3

When p(x) is divided by (3x +2) the remainder i p[‘%]_

3 1
=3 = = o
Now, p[-—]=12[—2 13l 22) =5[22 )4
3 3 3 3
=12x{‘3] E TP LI TS
27 9 3

= The required remainder =3
Factor Theorem Let p(x) be a polynomial in x of degree
not less than 1 and a be a real number.
If ploc) =0, then (x =) is a factor of p(x).
If (x —a) is a factor of p{x), then p(a) = 0.

Example 25. Check, if x — 3 is a factor of

x? + x* —17x + 15, then the value of remainder is

(a) 0 (b) 1 (c) 2 (d) 4
Sol. (a) Here, p(x) =+ +x* =17x +15 and (x —3) will be a factor of
plx), if p(3)=0
so, p)=0F +(F =17%x3+15
=37+ 9-51+15=51-51=0
~x=3is a factor of p(x)

Synthetic Division Method (Shortcut Method)
Horners Method

This method is to find the quotient and the remainder when a pn!vnnmlal
is divided by a binomial.

Rule for Synthetic Division
Rule 1 Firsc we make the given polynomial f(x) complete by
supplying the missing term with zero coefficients.
Rule 2 Write the successive coefficients ay, a,,a,,...
the polynomial f(x).
Rule 3 If we are to divide the polynomial by x — h, then write
' is the left corner.
Rule 4 In third row write b, below ag(a, =b,) and first
term is obtained by multiplying by(ora,) by h and product
hby =a

/ Hule 5‘ Add hb, to ag, we get by, which hb, to a,, we get b,
which is third term in third row.
Rule 6 Repeat this till you get last term which is remainder R

.a, of
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. If R =0, then 'K is the root of the polynomial f(x}=0 and the equation
can be depressed by one dimensian. R

Example 26. The remainder, when f(x) is divide by
(x -5)is

where ;

flx)=x5 —4x* +7x* =11x =13

(a) 289 (b) 432 {c) 1432 (d) 1289
Sol. (c) Here, f(x)=¥ —dx'+7¢ —=11x =13
Rule 1 Now, ﬂn='|'-ﬂ':='4-51#?.05=U.ﬂ.,=—11,a$=—13
Rule 2

5 1 -4 7 0 -1 -13
Rule 3 S § 60 300 1445
by=1 by=1 b,=12 b=60 b,=289 R=1432

The quotient Q =bgx‘ + b’ + by’ +byx + b,

1. The factors of 5% —20xy are

(a) 5x(x —4y) (b) 10x(x - 2y)

[c) 5(x" —2y) (d) Mone of these
2. The factors of Sx(y + z) - 7yly + z) are

(a) (5x =7ylly -2 (b) (5x =7ylly + z)

(c) (5x +7y)ly + 2) (d) (5x +7y)ly - z)
3. It [x + i] =06, then [x’ + xli) is equal to

fa) 32 (b) 38

(c) 34 (d] 44
4. [f [x -1] =1 then the value of [E.x2 + i} is

x] 2 K&
25 9 9 27
(a) T (b) E [C} I (d) ?

5. What are the factors of x* + -1],»'2 +4y —dxy -2x -8?
[a) [x —2y —4) and [x =2y + 2) (CDS 2010 1)
B) (x =y +2) and (x — 4y + 4)
le) (x =y +2) and (x —4y —4)
(d) [x + 2y —4) and (x + 2y + 2]

6. If (x - 3) is a factor of (x* + 4px —11p), then whal is the

value of p? (CDS 2011 1)
(a) - (b) -3 (e) =1 (d) 1
7. I x+i= 5, then the value of x° +;1_:|~ is
fa 85 (b) 24/5
(c) 545 (d) 745
8. The factors B —4x —2x° + x* are
fal (2 -x)(4 —x°) (b) (2 + x)(4 —»*)
(c) (24 x)(3 ") (d) (2 =x)0x" -4)

Exercise

st‘+x’ +12x° + 60x + 289

e or R=1432

and remaind
27. Factorize value of

Example 3 ox? +3X+6, when divided h-""':xﬂ}is

2;(" + 3x
(a) (x +2)(2x° "-“'i =3)
(b) (x~2)(2x> =X +3)
@ (x+2)2x* —x" +3)

bove
(d) None of the a i |
Sol. (c) So. here f{x}=zx*+3xi —2x'+3x+6and x+2j diviy

-2 3 6
-2 |2 3 i
< -4 2 0 -6
T =1 0 3 B
. Q:?? -x'+3
So. fix)=(x +2)(2° =x" +3)

If a+ b=>5 and ab=6, then the value of @ +p

(a) 25 (b} 30 c) 35 (d) 45

10. If x=5¥ =3and z=2, then the value
¥ 4y + 2 =2xy + 2yz - 22x is

(a) 125 (b) O
(e) -25 (d) 10
11. Which one of the following is the factor ¢
X+ xy +x2 + Py +yt 4 y2? cos 201
[B) x+y+2 (b) 2 + % + 2
Q) & +y + 2° (d) £+
12. The factors of x* —2/3x + 3 are
(a) [x + +3F (b) (x — 3}
(@ (x+v3)(x = +3) (d) (x + 2)(x + ¥3)

13. The factors of (a*b* -16¢") aré -
(a) 4le’t” + *){ab - 2¢)(ab + 2c)
(b) (&®6” —4¢?)(ab + 2¢F N
(e) (&6 + 4¢¥)(ab + 2c)(ob -21:]. |
() (@*6" — 402 P(ab + 2¢)(0b + 4¢)

1 It
14, 1f [x+;)=1'r§, then the value of [:-r’ +;13-] will B

(a) 33 (6) 343 1)
(c o (d) 3(v3 +1) ,
15. Tf p::lfr-—l, what is the value of the fﬂ’mﬁ

+ __1__.; [nuﬂm
1+r'+p™!

(b} =1
1
[d,} .

e
l+p+ g™t :_;:;:T

a) 1
&) o




16.

17.

18.

19.

20.

21.

The factors of (x* —y*) are
(a) b+ ¥)* + ¥ )x + y)fx = y)
(o) 1 + Pl + yllx — y)
(@) I+ VI + PPl y)lx - y)
(d) (2 + V¥ )lx = yP
The factors of (a* — b -dac+ 4¢) are
fa) lo+2c +bllo~2c —b) (b) (0—2c + blla-2c - b)
[)lo-2b+cllo+b+20) (d) (o —2b)(e + 26 + 2¢)
Factors of [(2x - 3)* - 8x +12] are
(a) (3x = 2)(7x —2) (0] (2¢ - 3)(2¢ -7)
(c) (4x =3)(3x —4) (d) (9x = 3)(4x ~2)

If 2 —9x" +12x - 14 is divisible by (x —3), what is the
remainder?

(CDS 2011 1)
(a) 0 (b) 1 lc) s6 (d) 184
The factors of [uz +a+ l] are
4
2
(a) [a-r ,;.] (b) (a+ -%] fo+2)

1 1 1 2
() [a+ E)[?'_'E] (d) [G—'z—j
What are the factors of (¢ —2J25°R
(a) (o =2b)(0* = v20b + 267)
(b) lo —2b)(& - ~/20b - 26%)
() (o =~2b)(e? + v2ab + 26%)
(d) (o + V2b)(@* —/Z1b - 207)

22. If x=2 ++/3, then what is (* - x"%) equal to?

13,

24,

(CDS 2009 )
fa) 12 (b) 13 (o) 14 (d) 15
The factors of [(a-b) - a® + b*] are
(@) lo+ b + b + ab +1)
(o) (o - b)(c® + &* —ab)
L fo-b)1-c - b —ab)

(d) (o - b)(e” + b7 + ab)
The factors of [ﬂf - ;] are

27y°
1%(- . 1)
‘*‘(”“iﬁ)x‘“z'?ﬂf’f.
(b) [Zx+ l]raxz £ I N
YA, W 97’:
[t}[!x-l‘) 4 e Xyl
W\ ¥y 9f)
,d,[h 1]( 2, 2 _‘L]
25, a+ b+ ¢ =0, thenwhat is the value 0[5"5*';5?
A i (COS 2010 1)

26.

27,

28.

29,

30.

3l

32,

33.

3s.

35.

36.
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The factors of [03 ——E -d4a+ EJ are
a a

o [n+§][o’ ; -;-}—-z] () [u g][a* -442)
o) wedoried

The factors of [9x° + 12xy) are
(a) 3x(3x + 4y) (b) 4x[3x + 3y)
{e) (3¢ + 2y)(3x + 6y) (d) None of these
The factars of (" -1-2a-¢) are.
(@) [x —a=1x + @ +1)
) x—a+1x+0+1)
f) x+0+1x+a-1)
(d (x +o=1x-a+1)
If the remainder of the poelynomial
Gy + QX + 63 + ...+ a,x" when divided by (x —1) is 1,
then which one of the following is correct?
(@) og+0,+...=0 40, +... (CDS 2009 1)
b) g+ 3 +...=1+0+0, +...
[R1+g+0,+...=-[0+0,+...)
d1-0,-06,-...=a+0,+...
What are the factors of [(5a - 7b)* + ¢ - 5a)°
+[7b-9cP 2
{al 350 =7b){76 - 3c)(9c - 5a)
(b) 350 +76)(76 + 8c)(9c + 5a)

(d % (50 ~76)(7b —9c)9¢ — 50)

(d) Mone of the above
What is the remainder when {dx® -3x* +2x-1 is
divided by (x + 2% :
(a) 49 (b} 48 {c) —49 (d) —48
What is the remainder when 12x* -13x% —5x + 7 is
divided by (3x +2), is
fa) 1 (b) =1 [e) 2 (d) -2
Ifta+b+c=6,a" + b + ¢ =26, then what is the value -
of ab + be + ca? (CDS 2011 1)
(@ o (b) 2 (c) 4 (d) 5
The factors of (m* + 17mn - 84n?) are
{a] [m —21n)[m = 4n) (6) (m + 21n)(m - 4n)
{c) (m + n){14m —2n) [d) None of these

What are the factors of [%x’ -Ex—-ﬂ]?

1

(a) 3 [x =9)(x +3)
© %IHHHHJJ (@ 3 b+ 9)x -3
What are the factors of (643 - 47x + 5/3)7

fa) (3v/3x + 543)(3x - 543)

(b) (3v3x = 543)(x+/3¢ +1)

fe) (2¢ + 543)(34/3x +1)

(d) (2x - 5+43)(3+3x -1)

(b) %[x ~9)ix -3)
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37.

/

38.

39.

40.

41.

42,

43.

44,

45.

46.
'47.

48.

CDS Pathfinder

Which one of the following statements is correct?
_ : (CDS 2009 1)
(a) Remainder theorem is 3 special case of factor theorem
(b) Factor theorem is a special case of remainder theorem

(c) Factor theorem and  remainder theorem are two
independent results

(d) None of the above
The polynomial f(x) = ax® + 9x* + 4x -8 when divided

b;r l:x‘+ 3) leaves the remainder {-20). Then, the value
of ais

(a) 1 (b) 2 () 3 (d) 5
The factors of (8a® +125b® -64¢ + 120abe) are
(a) (20 + 56 —4¢)(20 +5b + 4c)
(b) (20 - 5b - 4¢)(20 + 5b + 4¢)
[c) (20 + 56 ~ 4c)(4d” + 2567 +16¢* -100b + 20be + 8ac)
(d) (20 + 5b + 4c)(40® + 2567 +16¢? —100b + 20be + 8ac)

What is the value of xfy- Ay +2)+ylz-x)z + x)
+ Z{x = y)(x + y) equal to? (CDS 2009 1)
@) (x+ylly+2Mz+x) o) (x=ylx = 2)(z ~y)
[e) (e + y)(z =yllx - 2) (d) [y =)z = ylix - 2)
What is the value of the polynomial r{x), so that

I{x) = glx)qlx) + r(x) and deg r(x) < deg glx), where
f(x) =x* +1 and glx) =x +1? (CDS 2008 1)

(a) 1 (b) =1 [c) 2 (d) -2
Which one of the following is one of the factors of
X'y =2) + ¥* (2 - X) - zlxy - yz - 2xP? (CDS 2007 1)
(a) x -y Blx+y-2z [Jx—y-2z dx+y+2z

What must be added to 1 to make it equal to x?
o .

7 fdma.
x+1

@ £ @ikl

2
(o) X!
X 1
The factors of (2x° +19x +38x +21) are |
(3) (2¢ + 3)x +5)(x +1) (b) (4x +3)(2x + 1(x +1)
() [x + Nlx + 4)(2x +1) (@) (x + 10x +7)(2x + 3)

If one of the two factors of an expression which is the
difference of two cubes is (x* + x*y + y*), then what is

the other factor? (CDS 2007 1)

(a) x +y b x-y (@2 +y ([0« -y
Ifa+ b+ c=10 and ab + be + ac =31, then the value
of d+b +¢ is

(a) 48 (b) 38 (c) 28 (d) 18
If a=5b=3 and c=2, then the value gf
@ +b* + & -2ab + 2be - 2ac is

(a) O (b) 100 (e) 225 (d) 289

Let S ke i <et of all even integers. If the operations
I-addition 1I. subtraction

II1. muluplication IV. division

are applied to any pair of numbers from §, then for

which operations is the resulting number in §

(CDS 2008 1)
(b) I, 1l and Iil only

(a) I Il, il and IV
(d) Il and IV only

fc) | and Il only

49. The factors of (x* + x* +25) are
(a) (x* +3x + 5)x =2) (b) (x* +15 + ) 45
() (2 + x +5)0F =x+5)  (d) (¥ + 2 +3)x =3
50. The factors of (8a® + b’ —6ab +1) are
(3) (20 -1+ b)l4c +1—-4a—b' —2ab)"
(b] (20 = b+ 1)(40® + b° —4ab +1-2ab)
(c) (20 + b - 140" + b +1-30b - 2a)
(d) {20 + b + (4d® + b* +1-20b — b =20}
51. The factors of 6Q2a+3b)* -8 Ra+3b) are

(a) 2(20 + 3b) (Ba +9b—4) (b) 2(20 + 3b) lﬁu+aa+4|,
(c) 20(2+3b) (60 +9b -4)  (d] 3(2d"+ 3b) (6o +9p -4
52, If (ab-b+1=0) and (be-c+1=0), then what is the

value of (a- acl (CDS 200
fa) =1 (b) 0 fe) 1 (d) 2
53. 'I'l'lﬁl_ﬂr:lurs of & + ﬁz— +1-2x '_“'kI:"ME

Bfxeg)fx-xe2) w5 T-zlx](“‘z‘i“*]
W) )L

54.°(x" +3x +5) (¢ -3x +5) can be expressed as ¢
difference of squares which are . y
M) (7 +5F - (3P (0) (4 5F + (3
ol ¢ -5) —(axF (d) bt 5F + (6xf

55. The factors of (o - b%) (# - d®) —4qbed are

418 [ac + bd + be + ad) (oc - bd - be — ad)
" [b) [oc = bd —be + ad) (ac + bd + dc'+ ab)
(c) (oc - bd + be + od) (ac ~ bd — be - od)
(d) (ac - bd - be — ad) (o + bd + de + ab)

56. Suppose, p*q=2p+2q-pq, where p and ¢ ¥

»" " "natural numbers. If 8* x = 4, then what is the value®

7 (cns 2081l
(a) 1 (b) 2 @3, (@4
57. The value of @ -242 I is
(a) (o + +2 b) (¢* ~2a0b+267)"
(0) (@~ 2 b) (e + /2 b + 282)
(©) lo =2 b)(o? ~ 2 ab + 282
(d) (0 -2 b) (o2 +20b + b) o
58. The remainder when 4¢* — 12 %;%417 -3is divided "

Qﬂ - ﬂ* is 1 “
5 3 —
@ > © 3 (0 ks il
59. If (x/y) = (z/w), then what is the value of (xy + i
(cDS o
(&) 0 + 22 (2 + w) (b) £y + 2w
(0) Xw? + 222 {UJW*""’J”]"IHIJ

60. The factors of 4x® + 2332 — 41x"—42 are

(@) (¢ +7) (x ~7) (ax + 4) {h][x.:z}fx”}[“i;]]
(© K+7)x~2)(3x +4)  (d) (x +7)(4x + I




61.

1f[x"+uxz+bx+ﬁ}ha.s[x-2] as a factor and leaves

a remainder 3 when divided by (x - 3), then the values
of 'a' and 'b' are

67.
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fa) 3 [b) -8 ) 14 (d) —4
The polynomial flx)=x"'-2:" +32 —ax+ b, when
divided by (x-1 and (x+1) leaves the remainders

@ o=-3b=-1 (b) g=3b=1 _
L » o 5 and 19, respectively. The values of a and b are
{f]ﬂ Zb 1 [d] ﬂ:-—],h:'l [a]ﬂ=ii,b=3 {hlﬂ:lb:li.
LR et T [ o=5b=8 ) 0=9,b=7
("% + a™V%) (@"® — @ 18) (@14 4 g1y (qu2 4 g-102) 4 68. What is the remainder when (x'' +1) is divided by
(@ la+a™") b lo-0™") (0 (o +077) () (& - o) (x+ 17 {cos 2011 11)
63. What must be subtracted from (x' + 4x® —6x —14) to fa) 0 [b) 2 (e} ll1 = {d) 12
obtain a polynomial exactly divisible by (* - x - 2)¢ 69. 1f 'a' is an integer such that a + — =, then the value
a) x +4 b) x+4 ([Jx-4 () x+8 0
64. What must be added to (x* +2x" -2% -2x-1) to ¢ [H'E)m
obtain a polynomial which is exactly divisible b 13 17 15
6@ +2x - 37 ? y (@) 4 o P © -
-l ax-2 b) 4x+2 [ 2x+4 (0 %4 70. If x+y+z=0, then what is the value of
65. If m and n are two integers such that m=n® - n, then xXyz 7
(m* —2m) is always divisible by (CDS 2009 11} (x+y)ly+2) (z+x
(a) 9 . []a] 16 (c) 24 (d) 48 [xe-y,y2-2z2-X]| (CDS 2011 11)
66. What must be added to (x* - 3x* + 4x —15) to obtain a [a) =1 b) ll\i P
polynomial, which is exactly divisible by (x -3)? [c) xy + yz + d) None of these
Answers o
7. (b 8. 9. (c) 10. (b
1. (a) 2. (b) g (c) 1:' E"G’; 13' E:g 1& E:; 17, Eb:'.: 18, EEE 19. (d) 20. (a)
ne BR mO we =0 =@ Ze 2@ =@ 00
: ¢ 2 ' A 37. (b) c . (c ;
3.(c) d2() W@ b W@ LG @ 8 4 50
41. (c) 42.(c) 43.(0) 4440 - U ) ST ss.(o) 59.(8) 60, (b)
: 52. (c). 53. (b) s4. (a) 58. (c) 56. (b) . (b) y .
:: E:% 62. Eﬁ% 63. (c) 64. (a) .65, (c) 66. (a) 67. (c) 68. (a) 69. (d) 70. (a)
Hints and Solutions
; : =(x =2y - 4)x -2 +2)
1. 5x* —20xy =5x(x = 4y) . 6. Let fl)=x"+4px—11p
2, Sx(y+a)-Ty(y+ A=(5x=H)y+2) Since, (x —3) is a factor of f{x)
fG)=0
3. {’”1]"5 = (3 +4p(3)-1p=0=2p==9
X
1 1
On squaring, we get ] 7. [x+i]] =¥ +F~+3[x+;)
2,1 Lr=36= K7 +—5=34
a +x1 X! (V5] =+ +%+3{J§} [x +£=v‘r§]
g P |
i = £+%=5£-3£=2J§
8] i t
ﬁSqUi:'-I:E-‘ WE23'51 8. 8-dx—2¢ +x'=4Q-x)- @2=x)=@2=-x)(a=x)
K ——2=—
' B S e 7 9. @ +8 =(a+b)’ ~3ab(a+b)
S (g +=1—1=_I.+i=l—- =5(Jf "‘;‘5‘)“5:(; 2 =(5)* -3(6)(5) (~a+b=5, ab=6)
£ B0 gt : & =125-90=35
K 1!+4yi+4y-fih]f—_1¥"a ___{x_j_p} -Z[H—z}'}
= (k= - ax =) +2x-W)=E
 ———————
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0. x* +y:+z!-hy+2yz-zzx
=(x=y-2'=(5-3-2)=0
M. X4+ +02 +Xy+y ey =x (42 +2) 4y (4 +y +7)
=(x+p)d 4y +2)
Clearly, (* +3* +2') is a factor of
.\:‘+Jq.} +.a’ +x1y+y"+yz’
12, x’-2\ﬁx+3 =x1-\l'r3:x—-\ﬁx+3
= xP2) — V3 (x = V3)= (= VB) (x = 43) = (x = 3}
13. (a'b*-16cY)
=[(a’d?)’ - (4c")?) [v &’ —b?=(a-b)(a+b))
=[a®’ + 4¢*)(a'b? - 4c) =[a’h? + 4c?)((ab)? - 2¢/)
=(a'b? + 4c*){(ab +2¢)(ab - 2¢)]

1 (1} 1 1
14. x’+;-{x+:) -3x-;[x+:)
=(3)* -3(+3) (
=3y3-33=0

1 1
—1+ -1+ 1 =1
1+p+q 1+gq+r T+r+p
1 1 1
= _|+ 1+
T+p+— 14+g94-
q r

(rx=5y=32=))

15.

'l+r+l

p

= - + J + P
T+pg+q r+rg+1 p+rp+1

= q + r + P

= - - (xpgr=1)
Warte 048 pelad
Pq R g
- q +—1Pq o P9
1+pg+q 1+q+pg pg+i+q
B S t‘r‘:i-+r;:v.q+,15\-':; (e par=1)
¥ 1+pg+q
_q+1+p¢ju1
T+pg+qg

16, x* =y = (0 = (¥ = +y 30 -
=[N = ) =090 N0 -y
=" +y90 +y7) (x +y) (x-y)
17. (a* =b% = dac+ 4c?) =(a® — dac + 4c?) - b*
=(a’ =2ac-2ac+ 4c’) - (b?)
={a-2c}!-b:={a—2c-b]{a—-2c+bj
18. (2x—3)' —8x+12=(x -3 = 4(2x-3)
=(@x =[x ~3)- 4] =(x - 3)(25 - 7)
19. On pucting x=3in % — 9 +12x = 14 we ger
Remainder =(3f =903 +12%x3-14
=243—-B1+36—-14=184

20.

21, @ -2428 =2 ~ (26} =(a=2b)(@* +2 ab + )
[-.*{a"-b’]l#a—b]{a‘whbni
e defer)
22, ot b—=|xt=| -2
¥ W X
/ 1 ¥
=k2+-ﬁ+m;] =2 (x=24
5 2
= 2+-J’i+2'1‘ﬁ] -2=16-2=14
1
23. [o-b-2 +F]=[(a~b)~(d - )]
=((a=b)=({a~b)(a* +ab +b%)
=(a-b)[1~(a’ +ab+b")) =(a—b)(1- a*~ b4
2. ax"-—l-={2x}3-(—‘)] =(zx-l] {2x}2+2.w--‘+[lI
2y y 3 y \y
=[2x-~)[4x’+-2i+i]
Y 9
25, Given, a+b+c=0
= @+ +¢ =3abc
A s T e
T b a ok b a e
26 A=t i 8 3
3 du-t-a a 3 4(:: a]
li 3
= {a?-(-i—]]-—f,[ _E)
a
( 2 4 2 I
= a--)(a?+2+—-]—4(a—'—)
\ @ a’ a
. 2\ 1. 4 2\( 2 i-?)
3 ][ *‘E“‘*i]:[“";)[“ i
27, 9x1+12)q;=3x{3x+qﬂ
28, x’~1~2a—a’=x1-{l+2n+a’}
=x'=(a+ ) =(x—a-1)(x+a+7
29, Let f{x]:an+a,x+a}x3+,,.+ﬂ,,x"
=05+ +a,+...+4,
ol 1=a,+a +a,+...+a,
% I-ay-a,- ..=a,+a; +...
30. As (5a=7b)+(9¢~50)+ (b — 9) =0
@’ +b +¢ =3abc
If a+b+c=0
So,

2 Nt Yo Sawe
(ﬂ +ﬂ+; =da ) 2 4

Yo

2

(5a=7b) +(9c—saf + (70— 9¢)
=3(5a~7b)(7b — 9¢)(9c - 5a)



j{,;-4x’ —3x 4 2x =1

pur x=-12 \
fl-)= (=2 -3(-2) +2{-2}-'|
== -12-4-1=—49

32. Here fﬁ}ﬂﬂx‘vﬁx —Sp47

-2
Pulll""::u:’x:T

(3]G (3)-

=95 -
Cut. 8 TN P
.7 - E 9 9 3
=—32-52+!ﬂ+63=~3¢i+93 9
9 § B
3, - (a+b+c =a’ +b* +¢* +2(ab + bc + ca)
% (6)* =26 +2(ab + bc + ca)
o 2(ab +bc+ca)=10 = ab +be + ca=5

34, m=+1?rnn-84n1 =m’ + 21mn— &mn — 84n*

=m{m +2¥} = dn(m+21)
=(m+2W)(m— 4n)

2
35. [1 X! =2x— 9]:'[—" =t BT
3 3 3

=1[xfx—9]+3[x—9]]=1l:x+3][x—9]

= 9x +3x=27]

- 36. sJix —4?x+5-.|"i 63 x -45x-zx+5-f
=343 x(2x=543)=1(2x=5+3)
=(x-53)33x-1
37. Factor theorem is a special case of remainder theorem.
38. Here, flx)=ax +9x* +4x =8

So, put a==3
“f(=3)=a(-3) +9(-3) +4(-3)-8=-20
==27a+81-12-8=-20 (given)
—27a=-81

a=ﬂ—3
7

a=3
39, 87 41255 — 640 +120abe =(2a} + (56} —(4cf +120abe
=(2a) +(5b) +(— 4¢f —3(2a)(5b) (- 40)
=[za+5b-4c}{4a‘+zsb‘+1ﬁc’—10ﬂb+1°b-=+3ﬂ*=1
[+ @ +8 +¢ —3abc= =(a+b+0)(a* +b’+c'—ab—bec—ad)]
0. xy-z)(y+2)+ylz- x}{z+x}+z{x—'}"]f#+}'}
=x{y’ —2+y(t —xY)+zlx "]r"IJ
—x(f =) byt 4 =
=x(y—2)(y+2)+x [z-y}+}-"2[2'}"}
=(y=2)(y +x=x"=y2)
=(y -2y (x-2)+x(z=x)]

=(y-2)(z=x)x-y)
=(x=y)x=2)(z-y)

41.

42.

43.

45.

47.

49,

50.
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Mow, x=1

x+ T+
X+ x
e |
— =
+ +
2
rix)=2
x(y=- z}+y'{z-x} 20y -yz- 2x)
=xy—x2+y' -y K-y +y2 + '
=xy(x =y —2) = 2x’ =y?) + 2 (x +)
=xy(x—y-2-zlx+y)x-y=1]
=(x—y— 2y —yz—z)
Let a be added, then
gt —==xXx=a=xX——

Hence,

As fl)=2+ +19x7 +38x 421

As x =—1 satisfies the equation, so (x+1) is a factor of f(x)
Now, by synthetic division method

-1 ]2 19 38 21
-2 -17 -21
2 17 21 0
=208 + 1903 + 38 +21=(x + ) (2x° +17x +27)
=(x+ 26 +14x +3x+27]
=(x+D[2x(x+7)+3(x+7)]
=(x+ Nx+7)(2x+3)

Now, (x)? =y =(* =) (x"+y* +x%)
Hence, other factor is (x* —y)
(a+b+cf =a® +b*+ ¢t +2ab+2bc+2ac
(10 =(a® +b* + 1) +2(31)
o +b 4+t =100-62=2 0" +b" + ¢ =38
As a® +b? + ¢l —2ab—2ac+2bc=(a-b—¢f =(5-3-2)" =0
Let S=}..,—6,—4,—2024,6..]
I Now, 2+(=2)=0e§, it is applied.
IL Mow, —2(2)=—4€5 it is applied.
IIl. Now, —4x(4)==16€ S, it is applied.
IV, Now, =4+ 4=—1&5, it is not applied.

At 425 =0 +25)+x*
= (5" +25+10x%) = 107 + x* =(x*+ 25+ 10¢") = 9x*
=(x?+5 - (3x) [va'-b'=(a+b)a-b)]
=(x? +5-3x)(x" +5+3x)
84 +b — 6ab+1=Qd} +b + 7 —3Q2a)b)1)
=(2a+b+)(4a’ +b’ +1-2ab-b—20)
o 45 +& =3abe = (a+b+c)@ +b' + ¢ —ab—bc—ca)
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51.

52,

53.

54.

35.

56,

57.
58.

59.

CDS Pathfinder

&2a+3b)’ - 82a +3b)

=2(2a+ 3b)[32a + ) — 4]
=22a+3b)([6a+ % —4))

Given, ab=b+1=0=bla-T)==1
= s L ..(0)

1-a
Also, be—c+1=0

-1+
= b= ) g ...(if)
From Egs. (i) and (ii), we get

1 =1+e
1—a c

= c=(1-a)(-1+¢)
=

c==l+ito-ac=a-ac=1

1 1 1
Cr— == == 41]-2| s -
4x’ x 4t 2x

2
e o)
2% x % 2x
(¢ +3x +5)(x* = 3x +5) = [(x® +5) + 3][(x* +5)=13x)
=("+5)=(3x)  [-(a-b)a+b)=a’-b?|

(@® —b%)(c® - d%) - 4abed
=a'c’ —a'd’ -b’c* +bd’ - dabed
=(a’c’ +b’d’ —2abed) - (bc* + a’d’ + 2abcd)
=(ac=bd)’ - (bc + ad)’
=(ac —bd + bc + ad)(ac — bd - bc— ad)

P q=2p+29~-pq

B8*x=4§

= A8 +2x)—Bx=4
—fx==12=x=2

@ -2\ =2 - (Vb)) =(a- J2b)(a +~2ab +2b%)
Here, f(a)=4a —12a’ +14a—3 and ga)=2a-1

Given,

Put ga)=0 =ﬂ=%

Put the value of a in f(a) we get

f[%):-i[%))—ﬁx[s]z-l-ﬁx%—]

1 1 1 -
=AX ==X =+7-3=-=3+7-3==
il e e TR 7
Given, === = w=yz O
£z
Now, (o +zw) =a'y +2" +2(y-2)
=x? + 2w +2(yz-y2) [from Eq. (7))
=Yy 2+ Wy (romq ()
=y’{x1+a’}+z"‘wl+ﬁu?£ [from Eq. (i))
=y + ) +wi(d +2)

=0+ 2y +wd)

9

T — 42 +23x% — 40 — 42 eliminates, 50 Dr»-;]
K
i

61.

62.

63.

64.

65. Given, 2

50.9(x) will be exactly divisible by (x+3) and (x~ 1

factor of it.
By synthetic division methed

2|4 23 =41
L 8 62 P
a 31 e
< 4@ 2t - - 2 =(x=2)(4" +31+29)
=(x—2)[4x® +28x + 3x +21)

=(x=2)[4x(x+7)+3(x+7))
=(x=2)(x+7)(4x+3)

As (x=2) is faccor, 02 +a(2)’ +b(2)+6=0
da+ib==14=2a+b=-7 |

~43

and (x —3) leaves remainder 3, so -§
() +a@)} +b(3)+6=3 - .
9a+3b=-30=3a+b=-10 - i

On solving Eqs (i) and (i), we geta=-3and b=—
As(a+b)la-b)=a" - b’
5o, [(d"® +a~"*)(d"* —a ")  +a m}wn_m-m”
= HatH-_ a-'IHHa'IH_i_ ﬂ]i'-l]]{a;lﬂ + a—-‘l.ﬂ}
= Eﬂﬂi - 'I.f!] [:;FI + a—'l.f!} —-I:ﬁ— ﬂ'_1}
X+5
Rmx=0F F oI —6x—T4
¥ =t -2
- + +
Sx’ = 4x—14
Sx? —5x —10
= U B
x—4
Hence, polynomial to be subtracted is (x — 4)
Let JW=x* + 2 =3 =(x +3)(x—)
X g)=x'+2¢ —2x7 — 95 _1q
when gx)is divi . i 2
s i 1 e T
Let (ax +b) 10 be added o #x) to obtain g(x) as a factot

G0)=00x)+ ax +b =(* + 22 — 252 = 2¢ - )+ (@

A0=3)=((~3f+2(=P)—2(=31)-2(-3)-1

+a(-3+7

b-3a=—14 A
q()=0

(P+2(F -2x 12 -2 1=N+a+b=0

=%

™ b+a=2 -

t:'Jn solving Eqs, (i} and (i), we get a=4andb=-1
- The polynomial 1o be added =(4x —2)
M=n"=n

M =2m=(pt ~ )t -2t =)




m"{n-"}'[ﬂ:—na-zj
={n+)nn="N(n-2)
It is 2 product of consecutive number,
Hence, it is divisible by 24 (41).
66. Lec f)=X —3x¥ +4x—15
Let m to be added, then
: glx)= fix)+m
E{X}=.‘:’ ‘3xz+4x_~|5+m
g3)=0
83)=2-3x3 +4@)=15+m=0
m=-3=0=m=3
67. fl)=x'-27 +3" —ax+b
Put x=12s f(}=5 f(=T)=19
fO=7 -2 +300 ~a+b
1—2+3-ﬂ+b:5 =_.,a+b=3
fEV== -2 +3- P -a(=+b
=142+3+athb=19a+b=13

D)
i)
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On solving Eqgs. (i) and (i), we get2b=16 = b=8
Put b=8in Eq. (i}, we ger
—a+8=3

—g=j=-=—-ag==5=a=5%
68. Lec flxy=+"+1
Put x=-1, we get

f=D=(="+1==1 +1=0

70. Given, x+y+z=0
. Xz -2 e _

=22 =1

(x+yMy+2)(z+x) (=(=x)-y) -xz

gra— R S —




