Differential Equations

Introduction to Differential Equations

An equation involving derivative (derivatives) of the dependent variable with respect to the
independent variable (variables) is known as differential equation.

A differential equation containing derivatives of the dependent variable with respect to only one
independent variable is called ordinary differential equation. For
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example, are ordinary differential equations.
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Here, the derivatives are also denoted as dx dx dx

The order of a differential equation is defined as the order of the highest order derivative of the
dependent variable with respect to the independent variable occurring in the given differential
equation.

For example, order of differential

equations dydx+tan x=0, d2ydx2+ex=2dydx+tan x=0, d2ydx2+ex=2, and

xd3ydx3+(dydx)2= 0xd3ydx3+dydx2= 0 are 1, 2, and 3 respectively.

The degree of a differential equation is defined only when the differential equation is a polynomial

equation in derivatives (i.e. ¥ *¥ »¥ =) The degree of such differential equation is defined as the

highest power of the highest order derivative.
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xd3ydx3+(dydx)2= 0xd3ydx3+dydx2= 0 are 1, 3, and 1 respectively.
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d"'] is not defined because this is not a polynomial equation in
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derivative.

Solved Examples

Example: Find the degree and order of the following differential equations.

x d-‘fj +logx=10
(i) dx”

(ii) xdx + ydy =0
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(iv) dx dx

Solution:

d*y
x ‘1 +logx=10

(i) o

d’y

Here, the highest order derivative is dx”  Therefore, order is 2.

This is a polynomial equation in y’’ and the highest power raised to y"is 1. Therefore, the degree is
1.

(ii) xdx +ydy =0

) dr € dx

(iii ' is not a polynomial equation. Therefore, its degree is not defined, but its
order is 1.
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Here, the highest order derivative is dx" and its order is 3 and degree is 2.

General and Particular Solutions of a Differential Equation



e Afunction y = @ (x) is said to be the solution of a differential equation if it satisfies the given
differential equation.

o Ifthe solution of a differential equation contains arbitrary constants, then the solution is called
general solution of the differential equation.

o Ifthe solution of a differential equation does not contain any arbitrary constants, then the solution
is called particular solution of the differential equation.

Solved Examples

Example 1: Verify that y = tan (2x + a), (a € R) is the solution of the differential

& _ 2y*=2=0
equation dx

Solution:
y=tan(2x+a)
ﬁ = 2sec’ {Zx + .:.-]
friy
L dy 2

s =2yt =2=2sec” (2x +a)-2tan’ (2x +a) -2
alx

i—Pj'.—E_\:: -2 =12sec’ [2.1f+¢.-}—2[] +tan’ [2.r+¢r}]

dx

E—Ef —2=2sec’ (2x+a)-2sec’ (2x+a)

dx

Q—’_’u -2=0

dx

b _ 2y =2=0
Thus, y = tan (2x + a) is a solution of the differential equation dx

Example 2:

u"y] _19

Verify that y = 8e-2¥ + 3x is a solution of the differential equation [ @

Solution:



ﬁ =—1be " +3
dy

Y 33
o

[?J =32
Thus, y = 8e~2x + 3x is a solution of the differential equation o
Example 3:
y [J" \dv v
sin—=log x X COS —J—=J-‘EDS = |+x
Verify that ¥ is a solution of the differential equation x ) dx X :
Solution:

. ¥
sin—=logx
X

Differentiating both sides with respect to x, we obtain
msi_i[i] !
x odvl x X
[}'][|({V 1} |
= cos| = || ————y— |=—
x)|lxde x| x
Bk
o .T;—J.’ =X
x dx

— X' CO0S [J—)ﬂ = Voos [J—)-F X
x [ty X

Hence verified.
Formation of Differential Equation

e The order of a differential equation representing a family of curves is the same as the number of
arbitrary constants present in the equation corresponding to the family of curves.

e The procedure of forming a differential equation whose general solution is given as follows:



Let the given equation of a family of curves contain ‘n’ arbitrary constants ai, az ... an. i.e., general
solution of the equation is given as

-}:I 3 d”_},"
f(x,y1,y2, ... yn, a1, az, ... an) = 0, where ot (D

Step 1 - Differentiate the equation of family of curves (1) ‘n’ times to get ‘n’ more equations.
Step 2 - Eliminate ‘n’ constants using (n + 1) equations.
The required differential equation is obtained in the form f (x, y1, y2, ... yn) =0
For example: Form the differential equation representing the family of curves (y — a)? = 4b (x - 3)
Solution:
yv-a)é=4b(x-3)..(1)
On differentiating (1) with respect to ‘x’, we obtain
2(y-a)y1=4b
=>y-a)yi=2b..(2)
On differentiating (2) with respect to ‘x’, we obtain

{_}J—a}y: +y, =0 {3)
=(y—a)= —‘: . 4)

-ji:h - (5)
(2)and (4)=> =

On substituting (4) and (5) in (1), we obtain

.I-I .'3
=2 g M (x-3)=0
¥y 2y,

=y +2(x-3)y,=0
”I:I“'F +£=

or 2(x—3) Tt

0




This is the required differential equation.
Solved Examples
Example 1

Form the differential equation of the family of all parabolas having vertex at the origin and axis
along the negative direction of the y-axis.

Solution:

Let @ be the given family of parabolas. Let (0, —a) be the focus of a member of the family, where a is
an arbitrary constant.

-

=~ The equation of @ is given by x2 = - 4ay ... (1)

On differentiating both sides with respect to ‘x’, we obtain

2x= —4&% {2]

4=

.TE
From (1), y

On substituting in (2), we obtain

¥ dx

5 dy
:} 2"","" — _‘t'_ —
ax
= I:ﬁ—ixy=(l
fa

This is the required differential equation of the given family of parabolas.



Example 2

Form a differential equation whose family of curve is y = ax3 + bx.
Solution:

y=ax +bx ... (1)
=y =3ax’ +b ... (2)
=y, =b6ax ... (3)

(3)=a=22 .. (4)

=

Y =3[ﬂ]x: +b
(2) and (4) = 6

VX

=y, =——+bh
2

=b=y - %,\:v_, .. (5)

On substituting (4) and (5) in (1), we obtain

1"1 1 ]
V=—"=X +| ¥, ——x¥, |X
y= 2+ 5 -g

| . v
=S Y=—X +PX=—,
[§] 2

[
= y=- EI_'V? + xy,

Method of Solving Differential Equations with Variables Separable

dy

—=F [x, V)
The first order, first degree differential equation of the form dx , where F (x, y) can be
expressed as f (x) g (v) [where f(x) is a function of x and g (y) is a function of y], is said to be of
variable separable type. That is, differential equation is of the form



D r(x)e(y)

The variable separable equation, i.e. dx , can be solved as:

If g (v) # 0, then separating the variables and rewriting the equation as

& __ (x)dx
Hbj-;L}i - (1)

Then, integrating expression (1) to obtain

[——dbv= [ (x)ax -(2)

2(v)

Equation (2) gives the solution of the given differential equation of the form, G (y) =H (x) + C,
|

where G (y) and H(x) are anti-derivatives of g(y) and f(x) respectively and C is an arbitrary
constant.

For example, consider the differential equation

L)
},d,'l:_l{']-l‘-}- )—f}

dv 1(] - J-‘I}
dc v
J:{fqr

= xdx

3
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Integrating both sides, we obtain



1 2y
> ;;; de= Jxd

:»%Iog{l+y:} :%+(.‘I

=log(1+y7)=x"+C, (C,=2C))
=14y ="
=141 =ke" [k =)

This is the required solution.

Solved Examples

2ye’ @ =CosX
Example 1:Find the general solution of the differential equation dx

Solution:
oy
2ye’ & =C05 X
el
= 2ydy =e " cos xdx
Integrating both sides, we obtain

IE_Vd_'V = _[e'“ cos vy [I]

Iﬁ_]:aj:: :r.fjurn.- = 2—§= ¥ - (2)
Letl= jc "cosxdx
| = cusxje'%afr— J.[% COs X Ie'”cir]cix

|==cosxe ™ = Is—‘.inx e ey

[=—cosxe™ —|:sin x _[e"‘dx— ].[i sin x _l-e""c.’x]c.{r:|
dx

|=—cosxe™ —[—sinxe" + Imne":ﬁ-]
= 2l=—-cosxe "+sinxe "
=

I =%e “(sinx—cosx) w(3)

e



From equations (2) and (3), substituting in equation (1), we obtain

. .
yi=ge “(sinx—cosx)+C
= 2y’e’ =sinx—cosx+Ce’
Example 2: Find the particular solution of the differential equation
} R Ry 3 — 2 P
(2y+1)dy—(4-2x)(y—2) dx —'[I, ifx=4aty=3.

Solution:

(2y +1)dy—(4-2x)(y-2) dx =0

= (2y+1)dy =(4-2x)(y—2) dx
2y +1
(v-2)

= d_v:{ﬁl—ix]ld_'c

2

Integrating both sides, we obtain

J‘{ fj_;;’ dy = .[{4 ~2x )dx

2 5
= 11:_1’—2 +{J:_2}2:|c{v = [(4-2x)ds

J‘—2|—5[ ! J:4x—.r3+C
y—2

= 2log

Itis giventhatatx=4,y=3

2 2log[3-2|-5=4x4-4"+C
= C=-5

- 2log|y-2|- :j —4x-x" -5

This is the required particular solution of the given differential equation.

Example 3: Find the equation of a curve passing through (1, 2), if the slope of normal to the curve
3
at any point (x, y) is 32X



Solution:

3

The slope of normal to the curve at point (x, y) is givenas 32X,

-1 32:
()= =25
[_ 3_v-] 3y
=~ Slope of tangent at 32x
cdy _32x
Ty 37

= 3y dy =32xdx
IE Vidy = I_'ilm’x

_L'i - 2
3y" _ 32x L0
3 2
sy =160 +C

Atx=1andy =2, we obtain C = -8.
Thus, the required curve is y3 = 16x2 - 8.
Homogenous Differential Equations

e Afunction f{x, y) is said to be a homogeneous function of degree n, if f{Ax, Ay) = A" f{x, y) for any non-
zero A.

For example, f(x, y) = x2 — 3xy is a homogenous function because f{Ax, Ay) = A2 (x2 - 3xy)
=N flxy)

g(x,y) =log x + log y is not a homogenous function because g(Ax, Ay) = log Ax + log
Ay # A" g(x,y) for any n €N.

o Iff{x,y) is a homogenous function of degree n, then f{x, y) can be expressed as
.f'{xk_v}=x"g["'] ury"fr[ ")
X y
L

o A differential equation of the form ¢ is said to be homogenous, if f{x, y) is a homogenous
function of degree zero.



dr }?2__1'_2
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For example, &  2x“+y

dy [y
=S ey)= g("—]
e Ahomogenous differential equation of type “* */ can be solved by
substituting y = vx in the given equation and then differentiating it with respect to x. That is,

y=vx ...(1)

dy dv

— =v4+x—
Differentiating it with respect to x, we obtain dlx alx

dy

Now, substituting the value of dx in given equation (1), we

dv dv
vix—=g(v)=>x—=g(v)-v
obtain dx clx

Separate the variables and integrate i.e, © (v)-v T x

This gives the general solution of the given differential equation.

dx
—=rlxy)
e The homogenous differential equations of the form dy can be similarly solved by
substituting x = vy.
de  x-y
For example, consider the differential equation, dy  x+y
Letx=vy
dx dv
So— =V P—

Ty

Substituting the value of x in the given equation, we obtain



V4 p—=

Y vl

dy v+l

dv v=l=v=y [1""' )
= y—-= =—

ay l+v | +v

Integrating both sides, we obtain

it '

:>[ l,,]dv+l[ 'tﬁ]dv=—d'}

I+v 20 1+v ¥

tan"v+110g{l+v:):—lngv+f
> _

4| X +l|ng.[1+i] = —logy+C
2 ¥ )

fan

e

_ X
tan "' =

1 y 4
+= log (" + x° )— log v

tan +;I0g(y3+x3):{3

~logy+C

Solved examples

Example 1:

dx x

y—=yeos—+x

Solve: <V ¥

Solution:

oy x
¥ =VCos—+x
dy v

dx x| x
= — =05 — |+ —
dy y) v



Thus, equation (1) reduces to

dv
y—+v=Ccosv+y
dy
dv ﬂ

cosv it
E 1
= |secvdv = Ii
»

secv+ tanv| = log y +log C

= log
= secv+tan v = O

X X
Sosec —+tan—= yC

v y
Example 2:
X ﬂ =x 4y =2xy
Solve: dx
Solution:
2dp 2 2
X=X + ¥ 2xy
dr L Py (22
ﬂa_l-l_xz 21_[1 x)

Fy _ —
Let-=v=y=1

dv

ax tv

~ o dr
o0, i =x

Substituting in equation (1), we obtain



dv 3
v =(1=v
Ac.{r v=( L}

:bﬂ:1+v:—3v
oy

dv dx

=
v =3v+l =x

Integrating both sides, we obtain

et
SiAH

(3%
! 1 2 ° | log C
= lo =logx+lo
5 g 3 5 g g
2| — v——+
2 2 2
1, |2v-3-45
= ——log|——~={=logCx
N PN e
| 2}:—(3+\E)x
= —log =logCx
"J'E EJJ—(B—\E)I‘
Example 3:
dy S
X——=yfx =y 4y
Solve:
Solution:

x% = fx* —yz + ¥
x

S LY (1)
dx X x

Put L=v=>y=xv
X
dy dv
= =x—+v
dx dx

Substituting in equation (1), we obtain



dv 3
r—4v=yl—v +v
dx

dv _d_.r

—
Nl X

Integrating both sides, we obtain

sin"lv =logx +log C
~ sin"lv =log (Cx)
Linear Differential Equation

gj:

—— + [JJ_.' _ Q
The differential equation of the form dx , where P and Q are constants or functions
of x only, is known as a first order linear differential equation. For

B v
ar +e'y=cosx,—+2y=logx
example, X

£+P,x=0|

Another form of first order linear differential equation is , where P1 and Q1 are
dx v :’J‘r}" X 2
—+3x=e", — =y

? de  viogy

constants or functions of y only. For example,

The linear differential equations can be solved as:

ﬁ +Py=0Q
Firstly, reduce the given differential equation in the form ¢ , where P and Q are constants
or functions of x only.

T".:.'l.'

Then, find the integrating factor (I.F) given by, ©

v(LF) = [Q(LF) dx+C

The solution of the given differential equation is given by,

E+]:',:r:=(:lI

If the first order linear differential equation is in the form dy , where P1 and Q1 are

fru x(LF)= [Q (LF) dy+C

constants or functions of y, then LF. is given by © and the solution is



For example, consider dv  x

Qj.-'

This differential equation is of the form ¢

1
LF = ej-*dr e =y
The solution is given by,
yux= _fx.x de+C

=Xy = jx? dr+C

:}xy:x__;.(:_‘
3

Solved Examples
Example 1:

dx
Solve: (1 +y?) dv _x= tan-1ly

Solution:

+Py=0Q

The given differential equation can be written as

dv 1 . tan~' y
dv \1+y° ) 1+)°

|
IF _ e_ ‘[I—_I'lﬁfr — e—[:lll '_l

The solution is given by,

(513 i 3

wty  ftanyee
ve " =j—J ——dv+C
1+ v

B tﬁ-n_l J:_e—lzn Yy L
Letl= IT ﬂ'l_}

= (‘,ﬁ: = df
Puttan-ly=t= I+

, Where

P=

1

;anszx



1= _Frc"d.r

I =rIL="dr - j%r . je"df

[=-tet-et

Substituting in equation (1), we obtain

.'L'L"_m” I_'.' — E_Iml I_I' —E_[:IIL I_l. tElI'I_I J.‘+C

~ x=1-tan-1y+Cetan-1yx=1-tan-1y+Cetan-1y

This is the required solution.

Example 2:
f—‘ﬁ: + ytan x =sin x
Solve: dx
Solution:
ﬁ + ptan x = sin x
dx

Here, P =tan xand Q = sin x
“ L.F = elJtanxdx = p-logcosx = gec x
The solution is given by,

ysecx = |secx siny de+C

51N x

ysecy = de+C

cos.x
soyvsecx =logsecx+C



