Integrals

Short Answer Type Questions
Verify the following

2x —1
.1 dx = x — log|(2x + 3)%| +C
Q. 17~ d=x-log|(2x + 3’|

I:J‘2x71 dx:J-2x+3—3—1

. Let
Sol 2x+ 3 2x + 3

dx

1 4
= j1o’x - 4Imdx: X — '[(3j dx

20 x + —
2
SH
X+ =
2

(2x+ 3)‘+C,
2

=x —2log|@x + 3)| + 2log2 + C’ [ Iogm = Iogm—logn}
n

=x —2log +

C'=x —-2log

=x—log|@x + 3|+ C [ C =2log2 + C]

Q.2I 2x +3 dx =log|x® +3x| +C

x? +3x
2x + 3
Sol. Let 1= dx
".x2 + 3x
Put x%+ 3x =t
= @x + 3)dx =dt

1
I:ft—dtzlog\thc

=log|(x® + 3x)| + C



x+1

® Thinking Process
First of all divided numerator by denominator, then use the formula J dx=log |x| to
get the solution.

x4+ 2

Sol. Let I= dx

:%—x+3log|(x+1)|+c

6logx 5logx

Q'4Ie —-e

e4logx _ e3109x

6log x 5log x
e —-e
Sol. Let =] [de"

_ eIog x5
G |dx [ alogb =logb?]

6 .5
(;“4 - is ]dx [ €997 = ]

Q 5 J-(l +cosx)

X +sinx
R
j J- +003x)dx

Sol. Consider that,
(x + sinx)

Let x +sinx =t = (14 cosx)dx =dt
1
I=|-dt=log|t|+C
It glt|

=log|(x + sinx)| + C



Qsj'dix

1+cosx

® Thinking Process

x .
cosx=2cos’=—1 and also use formula e, J.seczxztanx-kC to solve the above
2

problem
Sol. Let - j1 o -
+00sx 1+2c032§—1
:1j ! dx:lj.seczfdx
2 cos? X 2 2
~lanfoscztants0 [-.-Jseczxo’x:tanx]
2 2 2

Q.7 Itanzx sec’ x dx

@ Thinking Process

Use the formula sec*x =1+ tan’ xand put tanx =t to solve this problem

Sol. Let I:jtanzx sec’ x dx
Put tanx =t = secxdx =dt
I=[t2(+t%)at=[ (1% + 1)t
3 5 5 3
L+L C:tan x+tan x+C
3 5 5 3

smx+cosx
Q.8[———

J1 +sm2x

_ [Sinx +cosx (sinx + cosx)
Sol. Let I=| Jirsox & _I\/sinz _ : dx
X + COS” x + 2sinxcosx
:J- smx+cosx2 dx:j.1dx:x+c

(sinx + cosx)

Q.9 [(ivsnxds
Sol. Let I= _[1/1 + sinxdx

= I\/sinz X cos?? 4 2sinFcost ok [ sin? X 4 cos? ¥ = 1}
2 2 2 2 2

2
_I [sm + COS— j dx = j[sm— + COS— jdx
2 2

= —cos£~2 + sin—~2 +C= —2(:os£ + 23in— +C
2 2 2 2




Q. loj'ﬁdx

X
. Let I=|[—d
Sol j&+1 x
1
Put Jx =t > ——dx =0t
= dx =2/xdt

I= 2}[ ]o’t 2j—dt ZI—dt

:2..'1 +1—1dt:2j‘(f+1)(t —l‘+1)dt_2J'
t+1 t+1

:2j(t2—t+1)dt—2j$dt

2 12
=2|——-—+t-log|t +1)||+C
3 2

x«/7 X

{8_2+ x—log(«/;+1)|}+c

Q. III atx

® Thinking Process

Here, put x=acos2 0 and also use the formula ie, cos20=2cos’ §—1=1—2sin"§ to
get the solution.

Sol. Let I= _[ a+xdx
— X
Put x_aCOSZG
= dx =—-a-sin20-2-do

I=-2f a+ac0820 o000
a—acos20

[ 0520 =" =20=cos"' ¥ = 0= cos! f}
a a 2 a

J- 1+00526

sin20d0 =-2a | 2€08°0 2 0d

=—2a_[cote~sin26d9=—2 J.Z?See 2sin0-cos 0do

=- 4a-|'oos2 006 = —Zaf(1 + c0s20)d0

sm26} L C
2

2
:—2<€11<303’1£+1,1—x—2 +C
2 a 2 a

1 X x2
=—acos’(—)+ 1-— +C
a a

= —28|:9 +



Alternate Method

Let [=J' a+xdx=J- wdx
a-x (@-x)a+ x)
ACEEN
a® - x?
a x
I + dx
'[\/az—x2 J.\/a2 x?
I=-1,+1,
Now, I, :IL:asm 1(*] + Gy
NEGE
X
and I = [——dx
a - x
Put a® —x?=t? = —2xdx=2tct

t
I, =-|-dte=—|1dt
2=~ Jote=-]
=—t+C,=-4a° -x*+C,
I=asin‘1(g) +C, —ya® - x% +C,

I= asin"[gj Jai-x?+C

1/2
x
Q.12 [~ de 2
1+x _[_x
Sol. Let I—I71+x3/4dx
Put x=t* = dx=4t%t
tz(ts) ) £2
I=4 at = 4|2 - at
j1+t3 I 1+¢°
2 t?
I=4ft%t —4[—at
'[ J‘1+t3
I=I1-1I,
2 t3 4 o
L=4ft?dt =4-— +C = —x¥" + C,
3 3
f2
Now, I, =4|——at
2 I1+t3
Again, put 1+t3=z = 3t%t=dz
= 120t = Loz :fjldz
3 37z

:élog|z| +C, :£|09|(1+t3)| +Cy
3 3
=%Iog\(1+ x|+ C,
1:§x3/4 e —%‘09\(1 + x| -C,

= %xS/A —log|(1+ x¥*)+C

[t% =a? - x?]

[+ C=Ci+Cy]

[+ C=C,—C,]



1+x
Q.13 j dx
i Ty
1+ x° T+ x% 1
Sol. Let I= dx = —dx
.[ 4 .[ x 3
1+x° 1 1 1
= —dx=|,|—+1-—dx
.[ RER .[ 22 3
Put 1+i2:t2:> ;‘fdxzztdt
x x
1
= —— =tdt
e
3 3/2
I=—J.t2dt=—t—+C=—1[1+i2j +C
3 3 x
dx
Q. 14 j
16 — 9x°
@ Thinking Process
First of all concert the expression in form of ﬁ then use the formula,
& -
J-# dx= sin_(fj +C.
\Ja —% a
Sol. Let 7= % [ % g 1sin’1(3—xj +C
Jie-9x® 7 J@P - (3x) 3 4

Q.15JL

g
%! H(t 3y (i”
SRN




® Thinking Process

First of all convert to the given integral into two parts, then by using formula ie,

1 5 .
——— =log|x+ & + & |+ get the desired result.
[ g ol el

Sol. Let j %
1= dxfj. LI
\/x2+9 \/x2+9
I=1I -1,
Now, 1_I\/x7+
Put %% +9=t°> 2xdx =2tdt = xdx =tdt
I1=3_|'§—dt
=3fat =3t + C;=3/x? + 9+ C,
and

1 1
f :J.\/x2 + de:'[\/xg +(3° o
:Iog|x+\/m|+c2
I:3M+C1flog|x+M|f
:3m7I09|x+M|+C [-C=C,-C,]

Q.17 J}/S —2x + x°dx

@ Thinking Process

First of all convert the given expression into /% + a form, then use the formula ie,
1 a
J ¥+ azdngxwlx2 +d + ?Iog|x+ \E +d|+C

Sol. Let I:J1l5—2x+x2dx=.|.wlx2—2x+1+4dx
[V =17 + @Pdx = [P + (x -
:xT—qu +(x -1 +2log|x -1+ 2% + (x - %]+ C

1

= xT_ 5-2x + x% +2log|x —1++5-2x + x%| + C




Sol. Let g —
J3c4—1
Put x% =t = 2xdx=at jxdx:%dt
1 1 dx 1
- - .= C :7|O
-[ 2 2 N { I 2_g° 2a 9

:%[Iog|x2—1\—log|x2+1|]+C

X —a
x+a

t—1
t+1

@ Thinking Process

1 » 1 1, [+x .
Here, use dx=tan” x+C and | =——=dx=—Io +G to solve this
'[1+3c2 J.az—xz 20 -z
problem
x2
Sol. Let I=[—"—dx
1-x
1 x> 1 x?
7_7+7
2 2 2 5 5
_J 5—>dx [ a® - b? =(a+ b)@a-b)
=221+ x?)
l(1+x2)—1(1—x2)
_[2 . 2 dx
=x9)(1+ x9)
B 2(1+x _7.‘_ 1—x
A= x?)(1+ x?) -x2)(1+ x?)
1 1 1 1 11 1+ x 1. 4
— - =—-—lo +C,——-tan ' x+C
2l T T T T Y 1T T
1 T+xf 1, 4
Zlog1 -—tan " x +C [-C=C,+C,]

Q. 20 J‘,/2ax — xldx
Sol. Let I= J-«IZax - x%dx = _[«l— (x? - 2ax)dx

= [{-(® —2ax + &® — &%) dr = [/-(x - @) - &%
=J a® - (x —a)jdx

— 2 —
_X 8 2 _(x—aP + a—sin’(—x a) +C
2 2 a

2 —
=*78 bax—x% + a—sin“(x—a) +C
2 2 a




Q21J‘ sin” x

(1 x )3/4

Sol. Let 1= j sin’ ’“3/4 j S'”\/f

Put sin"x =t = dx =at

m

and x =sint = 1-x? =cos’t

= cost = /11— x?
- J-COS
=t [sec?tot - j(%r ~J'se02to’tjdt

=t-tant - [1-tantat

at :jt~sec2 tdit

=ttant + log|cost| + C [ J'tanxdx =—log|cosx| + C]

=sin’1x-\/xi2 +log|y1-%2|+C
1-x

(cos5x + cos4x)
. 22 d
Q I 1—-2cos3x

9x x
2C0S— -COS—

Sol. Let I J-COSSx +cosdx =j > 2 g
) 1-2c0s3x 1_2[200823i_1)
2
[ cosC +cosD = 2003C D cosC —D and cos2x =2cos? x — 1}
9x x 9x x
2C0S—-COS— 2C0S—-COS—
sz 2 32dx=—.|. 23x 2 dx
3 - 4cos? == 4c0s®>= -3
9x X 3x
2C0S—-C0S—-COS— 3x
- 2 2 2 gx  |multiply and divide by cos>>
33x 3x 2
4cos® 3cos?

Ox 3x
2008— Cos— CcOoS—
2 2

3 2 dx=-— j2cos— cos dx
X 2
cos3- >

- _J‘{cos(%x + gj + cos(sz—x - g)}dx

= —j(cost + cosx)dx
_{sian

+ sinx} +C

= —%sian —sinx +C



sm X + COS X
Q.23 [>T “dx
Sll'l .’)CCOS X

® Thinking Process
Use @ +b° =(a+ b)(d* —ab + b’) and sec® x=1+ tan’ x, cosec’x=1+ cot’ x to solve
the above problem.

dx

a2 A3 2,13
Sol. Let I Ism x + cos® xdx:j'(sm x)” + (Cos x)

sin® xcos® x sin® x-cos® x

_J (sin® x + cos x)(sm x —sin® xcos® x + cos x)o’x

sin’ x - cos x

sin® x cos*x sin® xcos® x
_I x+f-2 2dx_.[~2 5 _dx

sin® xcos® x sin® x-cos® x sin® x -cos® x

= Itan xdx + fcothdx - f1dx
= [(sec?x — 1) dlx + [(cosec?x — 1) o - [ 1dx
= Isechdx + fcoseozxdx - 3fdx

I =tanx —cotx —3x + C

a3 - x3

Sol. Let 1= \/a x = T 3/2 7
Put 2=t = gx”zdx =dt
at
= [——-= +C
3 l(as/z)z _t2 3
2 x¥ 2 4 a®
—58”’] a37+c—gs|n 73+C
COSX — C0S2x
Q.25 j dx
—COosx
® Thinking Process
. C+D  D- X
Apply the formula, cosC — cosD =2sin -sin and cosx=1-2sin > to solve
it.
Zsin?’—x-sinf
Sol. Let [ [SOSX 0082, 2 20y
1-cosx 11+ 2si 7
o 3x x 3x
sin—-sin— sin—

= 2-[ 2 2 dx = J. 2 dx
2gin2 ¥ sin™
2 2



3sin™ — 4sin®*
2

:I72dx [ sin3x = 3sinx — 4sin® x]

sinf
2
= 3de - 4IS|n —dx = SIdx - 4Jﬂdx
= SJ.dx - Zde + 2'[008 x dx

:de+ZICOSxdx:x+23inx+C:28inx+ x+C

dx
Q.zﬁjx -

dx
Sol. Let I=|—F——=
J.x\lx4 -1
Put x% =sec = 0 =sec”' «?
= 2x dx =sec-tan 6do
J~sece tane =1jde=1e+c
sec etane 2 2

1 sec '(x%)+ C
2

Q. 27 [ (x* +3dx

@ Thinking Process

I: f(x)dxzhliiﬁoh[f(a)+f(a+h)+...+ fla+(n=1)h}) where h:b;a—>0 as
n—»oo-
Sol. Let I=[x® + 3o
Here, a:O,b:Zandh:b_a:2_O
n n
= h:%: nh=2 = f(x)= (x> + 3)

Now, jOZ (x% + 3)dx = m A [f(0) + 0+ h)+ (0 + 2h) + ...+ F{0+ (= Dh}]

: f(0)=3

= 0+ hy=h> + 3 f(0+2h) =4h*> + 3=22h% + 3
fFl0+(n-Nhl=(®-2n+Dh+3=(n-1?h+3

From Eq. (i),

j02 (x? + 8)dx = lim (3 + h? +3+22h + 3+ 3%h% + 3+ ...+ (n-12h* + 3]

= lim h{3n + PP{1? 422+ ..+ (n=1°}

0]

— iim h{3n+h2 ((nf1)(2n72+1)(n71+)ﬂ [".ZHQ :n(n+1)(2n+1)}
h—0

6

= limh |3n+ R? w
T hs0 6

6



h—0

2
= lim h{3n + %(zn3 -n?-2n%+ n)}

. 2n°h® = 3n?h® -h+ nh-h?
= lim| 3nh+
h—0 [§)
— . 2. . 2 —_ 2
_ Im{32+2 8-322.h+2-h }: “m{mm 12h + 2h }
h—0 6 h—0 6
—g+0_g, 8.2
6 3 3
2 X
Q.28 jo e“dx
Sol. Let I=J.2ex dx
Here, a=0 and b=2
h:b
n
= nh=2 and f(x)=e"
Now, joz e’y = lim Alf(0) + (0 + h) + O +2h) + ...+ H{O+ (1= 1) )]
—

I=1lmhf+e" +e? + . +ehh
h—0
(Y _ nh _
T P b A R
h—0 e 1 h-0 | el =1
2 —
- lim h[eh 1}
h—0 (e" =1

5 h h ) h
=e“lim m — lim < lim =1
h-0e — 1 06l —1 h—0gh —1

=e? -1=e°-1

Evaluate the following questions.

Q29J‘e +e ¥

X

1 dx 1 e
Sol. Let I=]) == [ T
Put e* =t
= e* dx =dt

—j = [tan™ t]
=tan'e — tan"'1

—tan'e - &
4



Q.30] Me tanx g

0 1+mltan’x
w2  tanx dx
Sol. Let =" —F——ox
0 1+ mtan“«x
sinx
/2
_ J'O Ccosx dx
sm X
1+ m? ==
cos®x
sinx
/2
ZJ' . cosxz —
0 cos“x + m~sin“x
cos®x
2 sinxcosx dx
:J dx

—sin’x + m?sin®x

/2 sinxcosx
—sin® x(1 - m?)

Put sin®x =t
= 2sinxcosx dx =dt
11 at

T2h i m?

r 1
| 2
=—|-log|1—-t(1—-m%)|-
5| ~leglt - I mz}

1 > 1 1
=—|-log|1—=1+ m7- + log[1}:
2{ ol | 1+ m? gI1—m2}

1 1 2 logm
= _|Og|m2|' > =5 29
2| 1-m 2 (m -1

~log—"
m? -

Q.31 dx

P x-1)2-x)
® Thinking Process

. . L 1 .
First of all convert the given function into ——— form, then apply the formula e,
22
a—x

dx=sin" L+C

I
:J' dx :J‘Z dx
& 0@ -®) N pr-x?-2+x
:J'Z dx
1wlf(xsz%erZ)

Sol. Let




_ LZ dx2 :
He-or-0]
-7 dx zgﬁwx‘g

=[sin”'@x - 3)F =sin"'1—sin"'(-1)

G [ sin™ = 1and sin (- 0) = —sin 9}
2 2 2
=T
1 X
1132L444fm
1/1+x2
1 X
Sol. Let I=| ——adx
'[Owl1+x2
Put 1+ x? =t?
= 2x dx = 2tdt
= x dx =tdt
=]
1ot
=[R2 =2 -1

Q. 33 I: x sin xcos® x dx

® Thinking Process

Here, use the property ie, '[:f(x)dx: I; (a—x)dxand

sin (7T — X) = sinx, cos(T — X) = COs X.

Sol. Let I= jox sinxcos? x dx ()
and I= j;‘(n — x)sin(r — x)cos?(n — x)dx
=

I= J.g(n — x)sinxcos® x dx ()
On adding Egs. (i) and (ii), we get
2l = J'(;[nsimccos2 x dx

Put cosx =t
= —sinx dx =dt



As x — 0, thent —>1

and x — &, thent — -1
-1

1 t3
szrrL 20t = I=-n—

1

= oI=-T -1 = 21-2F
3 3
="
3
1/2 dx
Qo [t
(1+x*)1-x
1/2 dx
Sol. Let =%
'[0 1+ x?p1 - «°
Put x =sin0
= dx =cos0db

As x —>0 then6—0
and x—)l,thene—)E
2 6
/6 0 /6 1
[ oo
0 (1+sin e)cose
_J-n/e
0

_J-n/6 sec?0
0 sec?0+ tan’0

0 1+sin“0

cos? 0 (sec? 6 + tan® 6)

_ J»n/s sec?0
0 1+tan0+ tan’0
_ In/e sec?0
0 1+2tan’0
Again, put tan 0=t
= sec?0d0 =dft

As 06— 0, thent -0
1

and6—>6 then t - —

73

I 143 dt zlj-wé at

0 q42t2 270 [1j2 )

— | +t

V2

1/4/3
1 1 4t 1 i 13
=— tan = ——[tan”'(\2t
2 1/2 1 a2t
N2 1y



Long Answer Type Questions

2
X
x" —x" =12
® Thinking Process
Use prtq __ A + i where a #b , then compare the coefficient of x to
(x—a)(x—b) (x—a) x-—
get the value of A and B.

Sol. Let I= jx 0 dx
=]

*J- x%dx
2 — &)+ 3(x2 - 4)

xt = 4x® + 3x% —12

x%d
_‘[ 4x +3)

x2
Now, —_ [letx® =t]
(x° = 4)(x° + 3)
t A B
= = +
t-4¢+3 t-4 t+3
= t=At+3)+Bt-4
On comparing the coefficient of t on both sides, we get
A+ B=1 ()
= 3A-4B=0 (i)
= 31-B)-4B=0
= 3-38-4B=0
= 7B=3
= B=3
7
|fB=§,thenA+§=1
7 7
= A4
7 7
x? B 4 3
(- Hx®+3) 7(x"-4) 7(x"+ 3
4 1 3 1
I=— dx + = d
e 7 e (mp ™
4 1 x-2| 3 1.
=——Io +--—=tan" —=+C
722 Fx+2| 7 43 V3
1 x V3, x
—I —tan —=+C
7% 12|77 N




2
Q. 36 dx
J‘(x +a?)(x® +b?)
2
X
Sol. Let I= J‘mdx
2

Now, (x® + a )(x2 + b?)

3 t A B
Ct+adt+b?) (+ad) * t + b%)
t=A(t+ b+ Bt +a°)
On comparing the coefficient of t, we get

A+B=1
b?A+ a’°B=0
= b2(1-B)+a’B=0
= b%? - b?B+ a’B=0
= b? + (@° - b%)B=0
—b? b?
= SRy s
. b?
From Eq. (i), A+ a2 =1
A_bz—az—bz_ -a°
- Top2_g? b? - &@°
2 2
a b 1
1= x dx
(b? - a%)(x? + a°) jbz x% + b?
2
-a 1 b? 1
= dx dx
(bz—az)Jx +a’ b? ajx2+b2
_ et 1% RIS ;
b2—82 a a bz_az b b
=%[—atam —+btan1x}
bc —a b
= 21 Q[atanq——btaan}
a“-b a b
T X
Q.37 —
0 1+sinx
Sol. Let =" x, x
0 1+ sinx
and =] "% gy T
0 1+ sin(n — x) 01+ sinx

On adding Egs. (i) and (ii), we get
el=nf" ——dx
01 +sinx
jn (1 —Sinx) dx
0 (1+ sinx)(1-sinx)

kg

llet x% =t]

... (i)



J'Tt (1-sinx)dx
=T —_—
0 cos’x
T
= ch.O(sec2 x — tanx -sec x)dx
9 2 1
= njosec xdx — n-[o sec x x-tanx dx
= nftanx]; — n[sec x]j

= n[tanx — sec x7][
0
= r[tann — sec n — tan0 — sec 0]
= 2l =n[0+1-0+1]
21 =27
I=n

Q-38.[ 2x -1

x
(x =1 (x +2)(x —3)

@ Thinking Process
px+q _ A B
A e E—bx—0 -0 @b @9

1
Cand useJ‘fdleog|x| +C.
x

Sol. et 1= Cx-V 4
x—‘l x+2 -3)
2x — 1 B C
Now, + +
(x—1)(x+2)(x—3) (x—1) (x+2) (x-3)
= 2x —1=Ax +2)(x = 3)+ Blx = )(x = 3)+ C(x = N)(x + 2)
Put x = 3, then
6-1=C(3-1(3+2)
= 5=10C = C:%

Again, put x =1, then
2-1=A(1+2)(1-93)

= 1=-6A = A=-—
6

Now, put x = —2, then
4 -1=B(-2-1)(-2 -3

= -5=15B = B=-
1 1
P P T Pt

:—%Iog| (x =] —%Iog\ (x+2) + %Iog| (x -3 +C

=

Wl =

x—1

—log| (x = )["® —log| (x + 2)|"® + log]| (x - 3)|"? + C
Jx =3
=log

— +
(x — )8 +2)7°

C
+ , then get the values of A, B and



B 2
Q. 39 J'eta“ Lo THx 47 dox
1+ x°

2
Sol. Let I= _[«5*“"”1 x 1+x7+2x dx
T+ «x

_ 2
_Ietanwx(1+x + xz]dx

1+ x° 1+x

tan~" x
-1 xe
—fer iy 4 £ gy

1+ x2
I=1L+1, (D)
tan”! x
Now, L= o
1+«
Put tan"'x =t = x = tant
= ! ~dx =dt
1+ x
I:J'tant-e‘ ol
I I
=tant-¢' —J'seczre’dt +C
=tant-e' — I(1 + tan’t)eldt + C [ sec®0 =1+ tan® 0]
etan’u
L =tant-e' - [(1+2%)>——dx +C
1+ x

I, =tant €' - ‘[eata”1 *dx + C
I= fe“"“_1 *dx + tant -e' — .[eta”_w *dx + C

=tant-e' +C
-1
=xe™ *+C

Q. 40 J‘sin_1 Y odx
a+x

® Thinking Process
First of all put x=tan’ © and convert the given expression into two parts, then use the

formulae for integration by part e, I I Ildx= IJ Idx— J. (di II dej dx
x

Sol. Let I= f sin”! =X o
Va+x

Put
x=atan® 0
dx =2atan 0sec® 0d 0

=
. tan? 0
I= 'fsm‘1 LnQ(Zatan 0-sec20)do
a+a tan’0

= 2a'|'sin‘1 (tane]tan 0-sec?0do
sec 0

= 2a_[sin’1(sin6)tan 0-sec0do



= 2aj 0-tan 0sec?0d 0
I I

= Za{ejtan 0-sec?0d0 — f(:—eejtan 6~seczede) de}
Put tan 6 =t
= sec 0-tan 0-d0 =adt

:>Itan 0 sec?0do :jtdt

2 2
_oa e.tan G_J-tan ede
2 2

=a0tan® 0 - aj (sec®0 — 1)do

=a0-tan’0 — atan O + ad + C

= a{xtan1 \/E + tan™ \/;J +C
a a a

/3 (1 - cos x)*?
w2 4J1+cosx
"3 (1-cos x)
Jn/z J1+ cosx J
= X
©3 (1-cos x)°,/1+ cosx

Sol. Let

2 1 2 1
=], ———5—dx= ——dx
™ (1-cos” x) ™ §in® x
2 2 /2
= cosec” x dx =[-cotx
J.ng [ ]T[/3

=— ‘:COtE —COTE:| = —[ - i} =+ 1
2 3 V3 V3
Alternate Method

1/2
2X
n2 1+ cosx d 2 (ZCOS 2) J
N TP = S

Let IZL{/S (1—COSx)5/2 x= /3 (2Sin2x)5/2

/3 x dx =7 w3
" sin® (—j 4 sin® [fj
2 2

cos| X cos| X
B \/§J~7{/2 2 1 w2 2) g

N

Put sinf =t
2
= cosf . 1o!x =dt
2 2

= cos go’x =2dt



As x—)E,thent —>1
3 2

and x—)%thent —>i

N

172 1\/5(171‘71 t75+1
-5+ 1

1/+/2

T ady2 45 T o
4 t 2 12

1 1 1

&) ()
V2 2
1 12 3
=——(4-16)=—=—
8 8 2
Note If we integrate the trigonometric function in different ways [using different identities]
then, we can get different answers.

Q. 42 Ie‘3x cos® xdx

Sol. Let 1= je’sx cos® x dx
11 1
=cos® xj'e’“ dx — j(icoss x_[e’“ dx)dx
dx
5 e—3x 5 ] e—3x
=cos’x- - J.(f 3cos” x)sinx - dx
-3 -3

1 _ . _
=——cos®xe™* - jcos%csmxe Sxdix

3

1 N ) ) _
= _ECOSS xes* - J.(1 —sin? x)sinx e >%dx

1 . )
= gcos3 xe ¥ - jsm x e %y + _[sm3x e %y
I 11
—3x e—3x
- J'33in2 XCOSx -
-3 -3

1 _ . _ 1. _ _
= fgcossxe Sx _ J.smxe Sxdx fgsmsxe x4 '|.(1 — cos? x)cosx e >¥dx

3x

1 _ . _ ) e
=—§cossxe —_[smxe S*gx + sin x - dx

1 N ) N 1 _ _ _
I=-—cos®xe™* —Ismxe sx —gsmsxe Sy jcosxe 3’Cdx—fcosaxe Sxglx
II

e—3x e—Sx e—Sx

o = [cos® x + sin® x] — | sinx- 5 Icos R dx | + J.cos x e 3dx
e 3x 1 1

2l = [cos® x + sin® x] + gsinx e _ gjcos x-e ¥y + _[cos x e dx
e 1 2

2l = [cos® x + sin®x] + gsinx e 4 gjcos x e 3%y



Now, let I, = [cos xe ¥y
I II

—3x e—Sx
— | (=sinx)- a.
3 J.( inx) 3 x

e
I, =cos x-

I, - Veosx-esr -1 [ sinx-e
3 3

-3x e—3x
- JCOS X

1
—Leosx-e® - Msinx. dx
3 3

1 N 1. ~ 1 _
= —gcosx-e Sx 4 gsina - Sx _ f.fcos x e %

L+-I= o9 cosx + Lsinx-e %
9 3 9

[Q)L — e cosx + Lsinx -7
9 3 9
I = Be5 cos x + e sinx
10 10

1 ) 1.
oI = —ge‘s’“[sm3 x + cos® x] + sin= %~ S cosx
+ e sinx + C
10
] , 1 .
I= —ge‘“[sm‘"’x +cos®x] + S—Ee‘s" sinx — 7% .cosx + C

sin 3x = 3sinx — 4sin® x

and cos 3x = 4cos® x — 3cosx
-3x -3x
e . 2
= [sin3x — cos3x] +
24

[sinx — 3cosx]+ C

Q. 43 jJtan x dx
Sol. Let I= Iﬂ/tan x dx

Put tanx =t% = sec® x dx =2t dt
2t
I=|t- at=2
I sec®x I
_j 1)dt
1+t
t° +1 -1
at
I J.+l‘4
1+l 1—%
=[—Ltodt+ [—Loat
t2 124
2 +rz




Put u=t—t1:>du=( 1)

and v:t+;3dv:[ lzj
:J' adu J' av
02+ (2) V2 — (27
=g Y ! log V-2 +C
NA) 2o VA2

tanx —+2tanx + 1|

tanx + v2tanx + 1|

LIS Lo L Tt LI
2 Jtanx 22 9

Q 44 J‘TE/2 dx
0 (a®cos® x +b?sin’ x)°
w2 dx
I=|

Sol. Let
(@®cos® x + b®sin® x)?

Divide numerator and denominator by cos* x, we get
B J-mz sec’x dx
0 (@ +b%tan®x)?

J~n/2 (1+ tan® x) sec®x dx
@ + b?tan® x)?

Put tanx =t
= secx dx =dt
As x — 0 thent -0
2
and x—)ﬁ,thent—mo I:I %
2 0 (@ + b7 t°)
1+ Zg 2
Now, —— 55 let t
(82 + bZ t2)2 [
1+u A . B
@ + buP (@ +bu) (@ + b3

= 1+u=A@°+b%)+ B
On comparing the coefficient of x and constant term on both sides, we get

a’A+ B=1
and b2A =1

1
A = biz
2
NOW, % + B=
a® b?-a°
- B=l- e =y
o (1+t7)

u]



1 e at b? —a° = at

ZTJ. + 2 .[ 2 2,212

b Ob2[32+t2] b 0 (@ + b%?)
b2

1 (tY]” bE-a(m 1
=_g(an |t e
ab all, b 4 a’b
2 _ .2
:%[tan’woo—tan’10]+£b - f
ab 4 (a°b°)
_n  mbi-a
2ab® 4 (@°b%)

. 2a° +b*-a°| m(a”+b?
4a°b® 4 a*p®

Q.45 I;xlog(l +2x) duc

® Thinking Process
Use formula for integration by part ie, [T 1ldx=1[ Ho/xf_[[di 1/ Idx) dx and also
x

useJ =log|x|+C

j; xlog(l + 2x)dx

27 2
={log(t +20) | [ LIPS
2| Jivax T2

Sol. Let I

2

1 2 i
= S Ixflog(1 + 2x)] —j1 oo
x
x 2
1log3 -0
[ 9 1- j02 1+ 2x
1 1 ¢t 10 x
=§|Og37§'|.0xdx+§_"o@dx
27! (2x+171)
oga- 2] et
2 212 |, 2x+1)
1
=—log3-—|=-0| + — d
29 2[ } j 01+ 2x "
—1|o 3—1+1[x]1 —7[|o \(1+2x)\]1
509%™ * ¥~ gllog 0
1 11 1
=—log3—-—+ — - —[log3 —log1
51093 -7+ 8[9 g1]
1 1
=—log3 - —log3
51093 - ¢log
:§I0g3

8



Q. 46 J'On xlogsin x dx

@ Thinking Process

First of all use property of definite integral ie, _[Oa flx)dx= J;f(a—x) dx, then use

[ sce =2 flo .
Sol. Let I= J:xlogsinx dx
I= j;‘(n — x)logsin(r — x)dx
= jg(n — x)logsinx dx

21 = n_[; logsinx dx

or :275_[;/2 logsinx dx [ joza f(x) dx :2'[:f(x)dx}

/2 .
I= njo logsinx dx
Now, I=n jg/2|ogsin(n/2—x)dx
On adding Egs. (iv) and (v), we get
2l=n J'g/g (logsinx + logcos x) dx

w2 .
2l =n fo logsinxcosx dx

= dx

n/22  2SiNxCOSXx
n [ Plog2onxeosy.

0 2
n/2 .
2l=n IO (logsin2x —log2) dx

/2 X n/2
2l=n jo logsin2x dx — © jo log2 dx
Put2x =t = o’x:%o’t

As x — 0, thent -0

andxeg,thent —>T

2
T (=n . T
21 = > Iolog3|nt at - ?Iog2

2
T [ . T
= 21 = > IOIOQS|nx dx — ?Iog2
TC2
= 2l =1 — ?|092

2 2
b b 1
I=-—Ilog2=—Iog|—
2 9 2 9(2)

[from Eq. (iii)]



Q. 47 j log(sin x + cosx) dx

Sol. Let I= J log(sinx + cosx)dx ()

1= '[_nmlog {sin (Z - % - xj + cos(% - % - xj}dx
- V:L log{sin(~x) + cos(~x)} dx

and I= J. log(cosx — sinx)dx (D)}

From Egs. (i) and (ii),
4
21 = J._WlogCOSZx dx

21:](;“ logcos2:x dix (i)
[ jaf( )dx = 2[ ) if f(—x) = f(x)}
Put 2x =t = dx:%

As x — 0 thent -0

and x —>E,them‘ N
4 2

21:%.[:2|ogcost at (iv)

or= 1™ T t]at [--jaf dx =t d}

=51 ogcosz— .O(x)x—o(a—x)x

= 21=%j':zlogsint dx ()

On adding Egs. (iv) and (v), we get
T2 .
4] = > JO logsintcost dt

= ar=1 LjZIogngt it

= 4l - % [ ogsinex o - % [ 1og2 x

= 41 = % J.:zlogsin(g - 2x) dx —1og2 . %

= 4] = % _[:2log0032x dx — %IogZ

= 41 = [} logoos2x dx — Zlog2 [ [ ) o=2 [1x) o’x}
= 41:21—%092 [from Eq. (iii)]

b1 b 1
I=-—log2 =—log|—
8 g 8 g(Zj



Objective Type Questions

Q. 48 IM dx is equal to
cosx —cos0

(b) 2(sinx — x cos6) + C

(@ 2(sinx + xcos6) + C
(d)2(sinx —2x cos @) + C

(c) 2(sinx + 2x cos 6) + C
® Thinking Process
Use formula cos20=2 cos® @ —1to get simplest form, then apply 'f cosxdx=sinx+C.

Ccos2x — Cc0s26
_[ dx
COSx — C0oSs0

Sol. (@) Let

@cos?x —1-2c0s?6 + 1)
:_[ dx
Cosx —Cos0
J- (cosx + cos0) (cosx —cos0) dx
(cosx —cos0)

= ZJ (cosx + cosB)dx

=2(sinx + xcos0) + C

dx

.49 — - is equal to
sin(x —a)sin(x —b
. sin(x — b) sin(x — )
(@) sin(b — a) log—— + C (b) cosec(b — a) Iogi +C
sin(x — a sin(x — b)
(c) cosec(b — a) Iogw +C (d) sin(b — a) IogM +C
sin(x — a) sin(x — b)
L P I S
Sol. () Let -[sm (x — a)sin(x — b)
3 1 I sin(b — a)
" sin(b - a)? sin(x — a)sin(x - b)
- 1 J-s.in(x—afx+b)dx
sin(b — a)* sin(x — a)sin(x — b)
o J'sir?{(x—a)f(x—b)}dx
sin(b —a)’ sin(x — a)sin(x — b)
N 1 Isin(x —a)cos(x — b) — cos(x — a)sin(x — b)dx
B sin(b a) sin(x — a)sin(x — b)
Sm(b j[cot (x — b) - cot(x — a)]dx
1 ) .
= snb_a) [log|sin(x — b)| = log|sin(x —a)|]+ C
= cosec(b — a)log sin =b)l o

sin(x — a)




Q. 50 [tan ! V/x dx is equal to
@@E+Dtan'Vx —Jx + C () xtan™'Vx —x + C
Ovx —xtan'Wx + C dVx —(x+tan'Vx + C

® Thinking Process
Use formula for integration by part i.e, [T Tldox=1[TTdx— f (di IJ1I dxj dx.
x
Sol. (a) Let I=]1-tan"Jx dx

=tan'Vx - x——j1:x %

=xtan 1\/5—7

dx

J.\/71+x
Put x =t?>=dx=2tdt

I:xtan’1\/7—.[t72

t1+12)

=xtan”

—xtanK/E—J‘[ Jdt

:xtan‘wx/i—«/;+tan‘t+c
=xtan'Vx —Jx + tan'Vx + C
=@+ Ntan'Vx —Jx + C

Q.51 j - dx is equal to
(4x +1

-5 -5
(@ — ! (4+Lj +C (b)1(4+i2) +C
5x x 5
1

5 1
c)— 1+ 4) +C (i —

Sol. (@) Let 1= =




Q. 52 Ifjd—x:alog|1 +x%| +btan ' x +Elog|x +2| +C, then
(x +2) (x* +1) 5

(a)a—j,b—_—2 (b)a:i,b:—g
10 5 10 5

(c)a:j,b:g (d)a:i,b:g
10 5 10 5

® Thinking Process

. o 1 A Bx+C
Use method of partial fraction i.e, = +

(x—a)( +bx+¢) (x—a) (&+bx+c)
to solve the above problem.

Sol. (¢) Given that, '[W;'ix: alog |1+ x| + btan ' x + %Iog |x+2/ +C

Y (%2 + 1)
dx
o e
1 A Bx +C

(ac+2)(962+1)=x+24r x% +1
1=Ax? + 1)+ Bx +C)(x +2)

=
= 1=Ax? + A+ Bx® + 2Bx + Cx + 2C
= 1=(A+ Bjx® + 2B+ C)x + A+ 2C
= A+B=0A+2C=12B+C=0
Wehave,A:l,B=—1andC=g
5 5 5
L
Jo i ave |5 S
(x+2)(x“+1) 57x+2 x% +1
1 1 1 x 1 2
== dx — — dx + — dx
5'[x+2 5"-1+x2 5".1+x2

1 1 2
=—log|x + 2| - —log[1+ x?| + Ztan'x + C
5 10 5

b:ganda:_—1
5 10
53
Q.53 j is equal to
x+1
2 3 2 3
X X X X
Ax+—+"——logll-x|+C b)x + == —log[l—x|+C
@+ 5+ ~logfi-x (b)x-+ 2 =% log[1 x|
2 3 2 3
X X X X
(©x—-—"——-"~—logll+x|+C d)x —=—+"——log[l+ x|+ C
-~ —logfi+ x| -+ S —logi+ x|
xS
Sol. (@) Let I=] dx
x+ 1
=J(x2—x+1)— ! dx
(x+1)
xS 2

:——x—+x—log\x+1|+c
3 2



Q. 54 Ix *sinx dx is equal to

1+cosx
(@ log[1+ cosx| + C (b) log|x + sinx| + C
(c)x—tang-rC (d)x-tan§+C
Sol. (@) Let :Ix + smx
1+cosx
:I J‘ sinx
+cosx 1+ cosx

x 2sinx /2cosx /2
=_[ 5 dx+J 5
2c0s“x /2 2cos“x /2

1 2
=—|xsecx/2dx + |tanx /2 dx

dx

:l{x ~tanx /2 -2 fj'tan£~2dx}+ _[tanfo’x
2 2 2

=x~tanf+c
2

3
Q.55 If\/gixzza(1+x2)3/2+b 1+x% +C, then
1+x

(@a=—b=1 (b)a:_?],bﬂ

(©a=—,b=-1 (d)a=

L
3 3

Sol.(d) Let I=[—"oarx=a(+2??+bf1+2?+C

Y1+ «2

3 2
S R e
\/1+x2 \/1+x2
Put 1+ x2 =t?
= 2x dx =2t dt

2 3
I:jt(t V-t _tic
t 3

:%(n 2P J1ex? 4+ C

=1andb=—1
3

4
Q. 56 jn/ _dx is equal to
—n/4 1+ cos2x

(@1 (b) 2 (©3 (d) 4
Sol. (a) Let _In/4 In/4 dx

n/41+0032x ©/42c0s° x

n/4 n/4
ffj seczxdx:_[o sec® x dx = [tan x]-

]Tl/4

=1



Q.57 .[;[/2,/1 —sin2x dx is equal to

(@) 242 022 +1)
(©) 2 (d)2(2 1)
Sol. (@) Let I=["* fi=sin2x dx
= j§/4\l(cosx —sinx)? dx + J‘://f\l(sinx —cosx)’ dx

= [sinx + cosx]§*

1 1 1 1
:$+ﬁ7071+(7071+$+$j
=22 -2=2(2 -1)

n/2

+ [-cosx —sinx] ),

4 .
Q. 58 .[:/ cosxe™ “dx is equal to

(@e+1 (b) e -1 (0 e (d)—e
Sol. (b) Let I= j;[/zcosx &SN ¥ gl
Put sinx =t = cosx dx =dt

As x ->0thent -0
andx —» /2, then t —1

:
I=[edt =T

=e'—e®=e -1

Q.59 I x+3 e“dx is equal to
(x +4)?

Sol. (a) Let I:I x+3 e* dx

e e”
_I(x+4)_j(x+4)2dx
=Iex[ LI 2]dx

(x+4) (x+4)

= e"[ ! ] +C [ J.e"{f(x) + f'(x)} dx =e*f(x) + C]
x+ 4




Fillers

60 If E, thena=......... .
Q. IO 1+ 4x° 8

let I=[——Fde="
Sol j01+4x2 T8

Now, ja;dx: [tan ' 2x]
4y )
4 —+x
4
1. 4
=—tan"'2a-0=n/8
2
1 _q T
—tan 2a=—
8
= tan"'2a=n/4
= 2a=1
1
. a= "'
2
sin x
Q. 61j dx = uvnen
3+4cos? x
3+ 4cos’x
Put cosx =t = -—sinxdx =adt
_*J. at =*1J‘ at
3+4t° 4 (@,]2 )
— | +t
2
12 o
=———tan"'—=+C
4 3 J3
1 4(2003x]
=-——tan C
2.3 NE)

T . .
Q. 62 The value ofj sin® xcos® x dx is ......... .
-7
= J._nnsini’ xcos® x dx
—x)= [" sin(-2) - cos?(~x) dx

= —f(x)

Sol. We have,

Since, f(x)is an odd function.
_[j;sin3 xcos?x dx = 0



