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Pierre Fermat

Rene' Descartes (1596-1650 A.D.), the father of

analytical geometry, essentially dealt with plane
geometry only in 1637. The same is true of his
coinventor Pierre Fermet (1601-1665 A.D.)

Descartes had the idea of co-ordinates in three

dimensions but did not develop it.

J.Bernoulli (1667-1748 A.D.) in a letter of 1715
A.D. to Leibnitz introduced the three co-ordinate
planes which we use today. It was Antoinne
Parent (1666-1716 A.D.), who gave a systematic
development of analytical solid geometry for the
first time in a paper presented to the French
Academy in 1700 A.D.

L.Euler (1707-1783 A.D.) took up systematically
the three dimensional co-ordinate geometry.

It was not until the middle of the nineteenth
century that geometry was extended to more than
three dimensions, the well-known application of
which is in the Space-Time Continuum of
Einstein's Theory of Relativity.
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System of Co-ordinates

7.1 Co-ordinates of a Point in Space

(1) Cartesian Co-ordinates : Let O be a fixed point, known as origin and let OX, OY and OZ be three mutually
perpendicular lines, taken as x-axis, y-axis and z-axis respectively, in such a way that they form a right-handed system.

I [Py, 2)

The planes XQY, YOZ and ZOX are known as xy-plane, yz-plane and zx-plane respectively.

Let P be a point in space and distances of P from yz, zx and xy-planes be X, v, z
respectively (with proper signs), then we say that co-ordinates of P are (X, y, 2). v

Also OA=x,0B =y, OC=z. w0 X

The three co-ordinate planes (XQY, YOZ and ZOX) divide space into eight parts and
these parts are called octants. Y z

Signs of co-ordinates of a point : The signs of the co-ordinates of a point in three dimension follow the convention
that all distances measured along or parallel to OX, OY, OZ will be positive and distances moved along or parallel to OX’,

OY’, OZ' will be negative.
The following table shows the signs of co-ordinates of points in various octants :

Octant OXYz OoX'YZ OXY’'Z ox'y'z OoXYzZ' ox'yz' OoxXY'z' ox'y'z!
co-ordinate
X + — + — + — + =
y + + = = + + = —
Z + + + + — - - -

(2) Other methods of defining the position of any point P in space :

(i) Cylindrical co-ordinates : If the rectangular cartesian co-ordinates of P are (X, y, z), then those of N are (x, y, 0)
and we can easily have the following relations : X = u cosg, y = using and z = z.

Hence, u? = x? +y? and ¢ = tan *(y/Xx). - §
Cylindrical co-ordinates of P = (u, ¢, 2) \P(X,Y, 2)
b ¢ 7)
’ L (69
X O ~7g X
U
RN
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(if) Spherical polar co-ordinates : The measures of quantities r, 6, ¢ are known as spherical or three dimensional
polar co-ordinates of the point P. If the rectangular cartesian co-ordinates of P are (X, y, z) then

Z=rcosf, u=rsing .. Xx=Ucosg=rsing cosg, y=using=rsing singand z =r cosé

2 2
Also r? =x2 +y? 422 and tang =L =YY - fang =Y
z X

[A[QZE’ :d The co-ordinates of a point on xy-plane is (x, y, 0), on yz-plane is (0, y, z) and on zx-plane is (x, 0O,
7)
O The co-ordinates of a point on x-axis is (x, 0, 0), on y-axis is (0, y, 0) and on z-axis is (0, 0, z)
O Position vector of a point : Let i, j, k be unit vectors along OX, OY and OZ respectively. Then position
vector of a point P(x, y, z) is OP = xi + yj+zk.
7.2 Distance Formula
(1) Distance formula : The distance between two points A(x,,Y,,z,) and B(X,,y,,z,) is given by

AB =[x, = X,)? +(y, —y1)” +(z, —21)"]
(2) Distance from origin : Let O be the origin and P(x, y, z) be any point, then OP =/(x? +y? +2?).

(3) Distance of a point from co-ordinate axes : Let P(x, y, z) be any point in the space. Let PA, PB and PC
be the perpendiculars drawn from P to the axes OX, OY and OZ respectively.

Then, PA=,/(y?+z?)

 P(xy.2)
PB =4/(z* +x?) Y )
PC =(x? +y?)
Example: 1 The distance of the point (4, 3, 5) from the y-axis is [MP PET 2003]
@ <34 () 5 © a1 @ 15
Solution: (c) Distance = Vx2 +2% =+/16 + 25 =41
Example: 2 The points (5, 4, 2), (4, -3, 1), (7, -6, 4) and (8, -7, 5) are the vertices of [Rajasthan PET 2002]
(@) Arectangle (b) Asquare (c) A parallelogram (d) None of these
Solution: (c) Let the points be A(5, -4, 2), B(4, -3, 1), C(7, -6, 4) and D(8, -7, 5).

AB=+1+1+1=+3,CD=+1+1+1=+3,BC=v/9+9+9 =33, AD=v/9+9+9 =33
Length of diagonals AC =v4 +4 +4 =243, BD =16 +16 +16 =4+/3

i.e., AC#BD
Hence, A, B, C, D are vertices of a parallelogram

7.3 Section Formulas
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(1) Section formula for internal division : Let P(x;,y,,z,) and Q(x,,Y,,Z,) be two points. Let R be a point
on the line segment joining P and Q such that it divides the join of P and Q internally 4 Payiz)
in the rato m,:m,. Then the co-ordinates of R are /x\lRo(n],z,z)
1’?»:/,—— Q(X2,¥2,22)

(mlx2 TMyX, Myy, +Myy;, My, Jrmzzlj R S
m, +m, m, +m, m, +m,

\E‘L

Y
X

(2) Section formula for external division : Let P(x,,y,,z,) and Q(X,,Y,,Z,) be two points, and let R be a
point on PQ produced, dividing it externally in the ratio m, :m, (m, #m,). Then the co-ordinates of R are

(mlxz_mle mpy, —myy, mlzZ_mZZl]
m, —m, m, —m, m, —m,

LNO.ZE’ 4 Co-ordinates of the midpoint : When division point is the mid-point of PQ then ratio will be

1: 1, hence co-ordinates of the mid point of PQ are (Xl ;Xz ! eryz ! ;Zz J :

U Co-ordinates of the general point : The co-ordinates of any point lying on the line joining points
kx, +Xx; ky, +y; kz, +12,
k+1 ' k+1 ' k+1

the ratio k : 1. This is called general point on the line PQ.

P(x;,Y,,2,) and Q(X,,Y,,2,) may be taken as ( J,which divides PQ in

Example: 3 If the x-co-ordinate of a point P on the join of Q (2, 2, 1) and R (5, 1, -2) is 4, then its z-co-ordinate is
[Rajasthan PET 2003]
(@ 2 (b) 1 (c -1 (d) -2
Solution: (c) Let the point P be Sk+2 , k+2 , —2k+1 .. Given that Sk+2 =4 = k=2 .. z-co-ordinate of P = —22)+1 =-1
k+1 k+1 k+1 k+1 2+1

7.4 Triangle
(1) Co-ordinates of the centroid

@) If (X;,Y1,21),(X,,Y,,2,) and (X5,Y5,25) are the vertices of a triangle, then co-ordinates of its centroid are

(Xl +X, + X3 Y, +Yo, +Ys 2, +1Z, +Z3]

3 3 3

@y 1f (x,,y,,z,); r =1, 2, 3, 4, are vertices of a tetrahedron, then co-ordinates of its centroid are

(Xl + X, + X3 +Xy Y +Yo Y3 +Y, Zy+Z, + 1754 +Z4]

4 4 4

@iiiy If G (o B, ) is the centroid of AABC, where A is (X;,Y;,Z;), B is (X,,Y¥,,2,), then C is
Ba—x; =%,,3B-Y1 —Y,,37 —2; —7,).
(2) Area of triangle : Let A(X,,Y;,Z;), B(X,,Y,.2,) and C(X;,Y5,253) be the vertices of a triangle, then

1 y, z; 1 1 X, z; 1 1 X, Yy, 1
AX:E Yy, Z, 1,Ay=5 X, Z, 1’AZ:§ X, y, 1
ys 23 1 Xz z3 1 Xz Yz 1

Now, area of AABC is given by the relation A = /A3 + A2 + A2 . A(xs,y1.21)

B(X2,Y2,22) C(X3,Y3,23)
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L L i j k
A|SO,A=E| ABxAC|==||X, =Xy Y, Y, Z,-1,

2
Xz =Xy Yz =Yy Z3—-174

(3) Condition of collinearity : Points A(X,,Y;,2;),B(X,,Y,,2,) and C(x,,Yy5,z5) are collinear

if X=X _Yi7Y¥o 21720

Xo =Xz Yo—V¥Ys3 Z,-1;

7.5 Volume of Tetrahedron

X; Y. z; 1
. . . 1[X z, 1
Volume of tetrahedron with vertices (x,,y,,z,);r=1,2,3,4,is V==|"?2 Y2 %2
6|X; Y3 z5 1
Xg Ya 24 1
Example: 4 If centroid of tetrahedron OABC, where A, B, C are given by (a, 2, 3), (1, b, 2) and (2, 1, c¢) respectively be (1, 2, -1), then
distance of P(a, b, ¢) from origin is equal to
@) +107 (b) V14 (©) 107 /14 (d) None of these
Solution: (a) (1, 2, -1) is the centroid of the tetrahedron
p0%arle2 oy, 042+byl oo, 0434240 o o
4 4 4
- (a,b,c)=(1,5, -9). Itsdistance from origin = v1+ 25 +81 = /107
Example: 5 If vertices of triangle are A(L,-1,2), B(2,0,—1) and C(0, 2,1), then the area of triangle is [Rajasthan PET 2000]
@ 6 0) 26 © 3V6 d 46
L i j k L i J k .
Solution: (b) A==||2-1) (O+1) (1-2)||==|| 12 1 -3 :E| i(8)— j(—4) + k(4)|
0-2) 2-0) @+1) -2 2 2
4 4i+2j+2k| =16 +4 +4 =24 =26
Example: 6 The points (5, 2, 4), (6, -1, 2) and (8, —7, k) are collinear, if k is equal to [Kurukshetra CEE 2000]
(@ -2 (b) 2 (© 3 (d -1
Solution: (a) If given points are collinear, then
Xi=Xy _Yi=Yy _Z1-2 - 5-6 _ 2+1 :4—2 - —_1:§:L 3lzi k=2
X, =X3  Yo—VY3 Z,—1I4 6-8 -1+7 2-k -2 6 2-k 2 2-k

7.6 Direction cosines and Direction ratio

(1) Direction cosines

(i) The cosines of the angle made by a line in anticlockwise direction with positive direction of co-ordinate axes are
called the direction cosines of that line.

If o, B, ybe the angles which a given directed line makes with the positive
direction of the X, y, z co-ordinate axes respectively, then cose, cosp, cosy are called
the direction cosines of the given line and are generally denoted by I, m, n
respectively.

Thus, | =cosa, m=cos g and n=cosy.

By definition, it follows that the direction cosine of the axis of x are respectively cos0°, cos90°, cos90° i.e. (1,
0, 0). Similarly direction cosines of the axes of y and z are respectively (0, 1, 0) and (0, 0, 1).
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Relation between the direction cosines : Let OP be any line through the origin O which has direction cosines I, m,

n.LetP=(x,y,z)and OP=r. Then OP? =x* +y? +z? =r%* ... (i)

From P draw PA, PB, PC perpendicular on the co-ordinate axes, so that
OA=x,0B=y,0C=2z Also, Z/POA =«,/POB = g and Z/POC =y .

From triangle AOP, | =cosa = X = x=Ir
r

Similarly y =mr and z =nr.

Hence from (i), r2(1> +m? +n?)=x?+y? +z> =r? = 1> +m? +n? =1

or, cos?a+cos? f+cos’y=1,0r, sina+sin® f+sin?y=2

I.NOIE’ :d If OP = r and the co-ordinates of point P be (X, Y, 2), then d.c.’s of line OP are x/r, y/r, z/r.

O Direction cosines of r=ai +bj+ck are l%l%lil

O Since -1 < cosx < 1, VX € R, hence values of I, m, n are such real numbers which are not less than — 1
and not greater than 1. Hence d.c.'s € [-1,1].

O The direction cosines of a line parallel to any co-ordinate axis are equal to the direction cosines of the
co-ordinate axis.

O The number of lines which are equally inclined to the co-ordinate axes is 4.

Projection of a vector r on the co-ordinate axes are 1| r|, m| r|, n| r|.

. . 1
Q Ifl, m, nare the d.c.’s of a line, then the maximum value of Imn = — .
33
Important Tips
@ The angles ¢, S, yare called the direction angles of line AB.
& Thed.c.’s of line BA are cos (r— ), cos (z— ) and cos (z— y) i.e., —C0Sq, —C0S/3, —COSy.
@ Angles ¢, 5, yare not coplanar.
@ a+ B+ yisnot equal to 360° as these angles do not lie in same plane.
& If P(x, y,z) be a point in space such that r = OP hasd.c.’s Lmnthenx =l rl,y=m]|r|,z=n|r|.
&
&

rg r| (li+mj+nk) and r=Ili +mj+nk

(2) Direction ratio
(i) Three numbers which are proportional to the direction cosines of a line are called the direction ratio of that line.

If a, b, c are three numbers proportional to direction cosines I, m, n of a line, then a, b, ¢ are called its direction ratios.
They are also called direction numbers or direction components.

I m n

Hence by definition, we have — ZF =—=k (say) = l=ak, m=bk, n=ck
a c
S 2 im?en? =@ +b2 et =k k=t 1
Va2 +b? +¢?
a b c

=t ——— M=t N=t———
Va2 +b? +c? va? +b? +c? Va2 +b? +¢?
where the sign should be taken all positive or all negative.

: O Direction ratios are not uniques, whereas d.c.’s are unique. i.e., a® +b*+c? =1

(ii) Let r=ai + bj + ck bea vector. Then its d.r.’s are a, b, ¢



If a vector r has d.r.’s a, b, c then r =
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| 1|
va? +b? +c?

@i + bj + ck)

(iif) D.c.’s and d.r.’s of a line joining two points : The direction ratios of line PQ joining P(x,,y,,z,) and

Q(x,,y,,z,) are x, —x, =a, Yy, -y, =b and z, —z, =c (say).
Then direction cosines are,

z Q(x2,y2,22)

| = (X, —X%4) Y2 —VY1) _ (2, -7y) P(x1,y1,21)

,m = n=
VE0G —x)7 YE0G —x)? X, —x,)?

ie, =

Example: 7

Solution: (b)

Example: 8

Solution: (c)

Example: 9

Solution: (a)

Example: 10

Solution: (a)

Example: 11

n

Xp =X m=Y2_Y1 n:22_21
PQ PQ PQ
A line makes the same angle @ with each of the x and z-axis. If the angle S, which it makes with y-axis, is such that
sin? #=3sin? @, then cos? @ equals [AIEEE 2004]
2 3 1 2
a) — by — c) — d —
(a) c (b) c (c) c (d)

We know that, cos? o +cos® 8 +cos® 7 =1 . Since line makes angle & with x and z-axis and angle 4 with y-axis.
= c0s20+cos? f+c0s20=1 = —(2c0s2@—1)=cos’ B ...... (i)
Giventhat sin®? g=3sin’¢ . (ii)

From (i) and (ii), 1=3sin?@—2cos? @ +1 = 0 =3(1—cos? #)—2cos’ & = 5cos?H=3 = cos?#=3/5

Direction cosines of the line that makes equal angles with the three axes in a space are [Kurukshetra CEE 1995]

,ié (C) ii,ii,ii (d) i\/z,i i,i i
7 3 3 3 77 V14 V14

1P +m?24n?=1 = cos® a+cos? f+cos?y =1

1,1 1
Q) to,t=, = b) +
@ *5.+2.%2 (b)

~N|o

,t

w (N

Now, =B =y

= 3c0s?a=1 = cosa=+1/3 ie, l=m=n=+1/4/3 .
1

,iﬁ.

-axis and z-axis, then the angle which it makes with x-axis is
[Rajasthan PET 2002; DCE 1996]

1
Hence required d.c.’s are £+ —, *
V3

-

A line which makes angle 60° with

<

() 45° (b) 60° (c) 75° (d) 30°
Giventhat =y =60° i.e. m=cos f=c0os60°=1/2, n=cosy =cos60°=1/2
PP +m?+n?=1 > |2:1_l_£:£ = I:i = cosw:i = a=45°

4 4 2 V2 V2

A line passes through the points (6, —7, —1) and (2, -3, 1). The direction cosines of line, so directed that the angle made by it with
the positive direction of x-axis is acute, are

2 -2 -1 -2 21 2 21 2 21
C) b —.<.> 0 . == d =22
()333 ()333 ()333 ()333
Let I, m, n be the d.c.’s of a given line.

Then, as it makes an acute angle with x-axis, therefore 1>0.
Direction ratios = 4, —4, -2 or 2, -2, —1 and Direction cosines :é, _?2 , _?1 .

N . . 111
If the direction cosines of a line are [— V=, —] , then [DCE 2000; Pb. CET 1996, 98]
ccec
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(& c>0 (b) c=+J3 (c) 0<c<1 d c>2
Solution: (b) We know that 1> +m? +n® =1 = Ciz+ci2+ci2:1 = Ciz =1=c=1/3.
Example: 12 If r is a vector of magnitude 21 and has d.r.’s 2, -3, 6. Then r is equal to

(8) 6i-9j+18k (b) 6i+9j+18k (©) 6i-9j-18k (d) 6i+9j-18k
Solution: (a) D.r.’s of r are 2, -3, 6. Therefore, its d.c.’s are | = ;, m= _73, n :g

oor=l ] (Ii+mj+nk):21[$i—$j+gk}:6i—9j+18k.

7.7 Projection
(1) Projection of a point on a line : The projection of a point P on a line AB is the foot N of the perpendicular
PN from P on the line AB.

N is also the same point where the line AB meets the plane through P and P

perpendicular to AB.
A N B

(2) Projection of a segment of a line on another line and its length
: The projection of the segment AB of a given line on another line CD is the segment
A'B' of CD where A’ and B’ are the projections of the points A and B on the line CD. B

L ' o —a
The length of the projection A’ B'. A| N
c D
A'B"'= AN = ABcosé A B

(3) Projection of a line joining the points P(x1, Y1, z1) and Q(Xz, Y2, z2) on another line whose
direction cosines are |, m and n : Let PQ be a line segment where P =(x,,y,,z,) and Q =(X,,Y,,z,) and AB be a

given line with d.c.’s as I, m, n. If the line segment PQ makes angle & with the line AB, then

oM K

Projection of PQ is P'Q" = PQ cosé = (x, — x,)cosa +(y, —Y,)cos B +(z, —z,)C0S ¥
=X, =X )+, =y )m+(z, —z;)n

Important Tips

< For x-axis, | = 1, m =0, n=0.
Hence, projection of PQ on x-axis = x2 — X1, Projection of PQ on y-axis = y2 — y1 and Projection of PQ on z-axis = z2 — 21

@ If Pisapoint (X1, y1, z1), then projection of OP on a line whose direction cosines are I, m, n, is l1x1 + m1y1 + niz1, where O is the origin.

& If Iy, my, n1and lz, mz, N2 are the d.c.’s of two concurrent lines, then the d.c.’s of the lines bisecting the angles between them are proportional to
1+ 1, m+ mo, N1+ na.

Example: 13 If A, B, C, D are the points (3, 4, 5) (4, 6, 3), (-1, 2, 4) and (1, 0, 5), then the projection of CD on AB is
[Orissa JEE 2002; Rajasthan PET 2002]



Three Dimensional Co-ordinate Geometry 327

(@) 3 (b) 4 (c) 3 (d) None of these
4 3 5
Solution: (b) Let I, m, n be the direction cosines of AB
Then | = 4-3 =l,m:ﬂ=£.8imilarlyn=_—2
Ja-32+@6-42+@-5° 3 3 3 3

.. The projection of CD on AB = {1 —(—1)(%ji| +[0— 2][%) +[5 —4][ 2] = é_%J{_ EJ = _4

3 3) 3
Example: 14 The projection of a line on co-ordinate axes are 2, 3, 6. Then the length of the line is [Orissa JEE 2002]
(@ 7 (b) 5 () 1 d 11
Solution: (b) Let AB be the line and its direction cosines be cose, cosg, cosy. Then the projection of line AB on the co-ordinate axes are

ABcosa, ABcosp, ABcosy. .. AB cosa =2, AB cosfi= 3, AB cosy =6
= AB?(cos?a+cos? f+cos? y)=22+32+62=49 = AB2?(1)=49 = AB=7
7.8 Angle between Two lines
(1) Cartesian form : Let @ be the angle between two straight lines AB and AC whose direction cosines are

l,,m;,n, and l,,m,,n, respectively, is given by cosé& =1, + mym, +n;n, . C
If direction ratios of two lines a,,b,,c, and a,,b,,c, are given, then angle
B
L a,a, +b,b, +c;c
between two lines is given by cos@ = = 122 21 2 = = 22 = 9
\/al +by +c; .\/a2 +b5 +c¢; A

Particular results : We have, sin®@ =1-cos? 8 =(1? +mZ +n?)(1Z +mZ +n2)—(,l, +m;m, +n,n,)?

2 2 2
=(m, —=1,m;)" +(m.n, —m,ny)° +(nyl, —n,ly)

= sind = i\/Z(Ilm , —1,m;)? , which is known as Lagrange’s identity.

2 2
. . . . . L m m, n n, |
The value of siné can easily be obtained by the following form. sing=_||* | +| * " +|* !

[, m, n, n, n, I,

When d.r.’s of the lines are given if a,,b,,c; and a,,b,,c, are d.r.’s of given two lines, then angle & between them
\/z(ale —a,b,)?

\/af +b? +c? \/a§ +bl +c5

Condition of perpendicularity : If the given lines are perpendicular, then & =90° i.e. cosd=0

= LI, +mym, +n,n, =0 or a,a, +b,;b, +c,c, =0

is given by sin@ =

Condition of parallelism : If the given lines are parallel, then 8 =0° i.e. sind=0
= (I,m, —1,m;)* + (m.n, —m,n,)*> +(n,l, —n,1,)> =0, which is true, only when

I,Lm, -1I,m; =0, myn, —-m,n, =0 and n,l, —n,l; =0

| m n
h_om N

l, m, n,
.. a b c
Similarly, -+ =2 ="L

a, b Czl
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|N0f6’ :d The angle between any two diagonals of a cube is cos ™ (%)

U The angle between a diagonal of a cube and the diagonal of a faces of the cube is cosl[\/g] :

O If a straight line makes angles ¢, £, y, 6 with the diagonals of a cube, then
cos? a+cos? B+¢€0s? y +C0s2 S = %

U If the edges of a rectangular parallelopiped be a, b, c, then the angles between the two diagonals are
cos‘{i a? +b? icz}
a?+b?% +c?
(2) Vector form : Let the vector equations of two linesbe r=a; + Ab, and r=a, + Ab,
As the lines are parallel to the vectors b, and b, respectively, therefore angle between the lines is same as the
b,.b,

angle between the vectors b, and b, . Thus if @is the angle between the given lines, then cos 8 = |b||—b| :
1 2

|NOZ"6’ : O If the lines are perpendicular, then b;.b, =0.

U If the lines are parallel, then b, and b, are parallel, therefore b, = Ab, for some scalar A.

Example: 15 If d.c.’s of two lines are proportional to (2, 3, —6) and (3, —4,5), then the acute angle between them is [MP PET 2003]
(49 (1842 (18

a) cos | — b) cos™| —— c) 90° d) cosT| —

(a) [36 j (b) [ 35 (©) (d) %
Solution: (b) D.c.’s of two lines are proportional to (2, 3, —6) and (3, — 4, 5)

i.e. d.r.’s are (2, 3, -6) and (3, -4, 5)

2(3)+3(-4)+(-6)5 6-12-30 -36 -1842
- cos O = = = = c0sf =
V22 +32 £ (-6) /32 + (-4)? + 52 V4950 752 35

Taking acute angle, @ = cos{%}

Example: 16 If the direction ratio of two lines are given by 3Im—4In+mn =0 and I+2m+3n =0, then the angle between the lines is
[EAMCET 2003]
v v v v
@ 3 (0) 3 © 7 @ 3
Solution: (a) We have, |+2m+3n=0 . @)
3im-4n+mn=0 . (i1)
From equation (i), 1 = —(2m +3n)

Putting the value of | in equation (ii)
= 3(=2m -3n)m+mn —4(=2m-3nn =0 = —6m?* —9mn +mn +8mn +12n> =0 = 6m?-12n> =0

= m?-2n2=0 => m+v2n=0 or m-v2n=0

l+2m+3n=0 ... () Ol+m+v2n=0 ... i) Ol+m-+2n=0 ... (iv)
| m n
From equation (i) and equation (iii), =— =
2J2-3 -2 1
From equation (i) and equation (iv) ! _m.n
C_22-3 2 1

Thus, the direction ratios of two lines are 2J§ -3, —\/5, 1 and — 2\/5 -3, JE 1
(l,my,ny) = (2\/5—3, -2, 1), (,,m,,n,)= (—2\/5—3, J2, 1), Ll, +mym, +nn, =0 .Hence, the angle between them /2.



Example: 17

Solution: (c)

Example: 18

Solution: (b)

Example: 19

Solution: (b)
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If a line makes angles ¢, £, 7, Swith four diagonals of a cube, then the value of sin® a +sin? g+sin® y +sin® & is

4 8 7

a) — b) 1 c) — d —
(a) 3 (b) (©) 3 (d) 3
Let side of the cube = a Y(0.20)
Then OG, BE and AD, CF will be four diagonals. Cl=d —B(a,a,0)

> = = (aaa
dr’sof OG=4a,3,a=1,1,1 (0.2.3) G a
dr’sofBE=-a,-a,a=1,1,-1 D ((0,0,0) )

X le—a—>A X
dr’sof AD=-a,a,a=-1,1,1 0
(a,0,0)

dr’sof CF=a,-aa=1-1,1 0.0.8) £ F
Let d.r.’s of line be I, m, n. Therefore angle between line and diagonal z (203)
COSa—I+m—+n Cosﬁ—lﬂn—_n cosy—m Cosé‘—l_m—_‘-n

= 0032a+coszﬂ+coszy+c0325=%[(l+m 2 +(+m-nP+(-l+m+n’+(1-m +n)2]:%

. . . . 8
= sm2a+sm2ﬁ+sm2y+sm25:5

If I,m;,n; and I,,m,,n, are d.c.’s of two lines inclined to each other at an angle &, then the d.c.’s of the internal bisectors of
angle between these lines are

@) I, +1, m; +m, n, +n, (b) L +1, m; +m, n, +n,
2sin@/2'2sin@/2" 2sind/2 2c0s0/2'2cos@/2 2cos /2
© L -1, m; —m, N —nN, (d) L -1, m; —m, n—np

2sin@/2'2sin@/2" 2sind /2 2cos@/2 2cos@/2' 2cos b2
Let OA and OB be two lines.

D.c.’sof OAis (I;,m;,n;) and OB is (I,,m,,n,).

Let OA=0B =1.

Then the co-ordinates of A and B are (I, m;,n,) and (I,,m,,n,).

Let OC be the bisector of ZAOB.

P(l1,my,n1)
1A1 1

(I2,mz,n7)

1

. . . . . I, +1
Then C is the mid-point of AB and so its co-ordinates are ( L ; 2 M ;mz My ;nzj .

1

.. Dur.’s of line OC are (IlHZ ml;mz nl;nzl

5

2 2 2
We have, OC=\/[I1ZIZJ +[m1;m2] +(n1;n2j =%\/I12+mf+nf+|§+m§+n§+2(lllz+m1m2+nln2)

:%\/1+1+2cos¢9 :%,/2(2@0326/2) =cos6/2.

D.r.’s of line OC are b+ ly , My + My , MmNy
2cos @12 2cosO@12 2cosO/?2
The angle between the lines r=(4i—j)+s(2i+j—3k) and r=(—j+2k)+t{i —3j+2k) is [Tamilnadu (Engg.) 2002]
3z T 2 T
a) — by — c) — d =
@ 3 0) 7 © 3 @ %

We have, r = (4i —j)+s(2i +j—3k) and r = (i — j + 2K)+t(i — 3j + 2K)

We know that, cosaz&, cosez(2|+1_3k)'(l_3j+2k): 2-3-6 :i, c0s 0 = — =
| byl byl Va+1+9J1+9+4 J14 J1a 14 2

1).
Hence, acute angle 6 = cos’l(zj ie. 0= %
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The Straight Line
7.9 Straight line in Space

Every equation of the first degree represents a plane. Two equations of the first degree are satisfied by the co-
ordinates of every point on the line of intersection of the planes represented by them. Therefore, the two equations together
represent that line. Therefore ax +by +cz+d =0 and a’x +b'y + ¢z +d’ = 0 together represent a straight line.

(1) Equation of a line passing through a given point
(i) Cartesian form or symmetrical form : Cartesian equation of a straight line passing through a fixed point
—Xy Y=Y 7274

a b ¢
(if) Vector form : Vector equation of a straight line passing through a fixed point with position vector a and parallel

toa given vectorbis r=a+b.

o . . X
(x4,Y4,2,) and having direction ratios a, b, c is

z

b
2 —
A(a P(r
r
0 Y
x/

Important Tips

& The parametric equations of the line X=X _Y —bY1 =278 arex= X, +al,y =Yy, +bA,z =2z, +cA, where A is the parameter.
a c

& The co-ordinates of any point on the line X% = ¥ _byl =271 are (x, +ady, +bA,z, +CA), where 4 R
a c

@ Since the direction cosines of a line are also direction ratios, therefore equation of a line passing through (x1, y1, z1) and having direction

. . X=X - z-1
cosines |, m, n is Lo YT L
| m n

@ Since X, y and z-axes pass through the origin and have direction cosines 1, 0, 0; 0, 1, 0 and 0, 0, 1 respectively. Therefore, the equations are x-
x-0 y-0 z-0
1 0

axis : ory=0andz=0.

X_o:y_o:Z_Oorx=0andz=0; zaxis: 2290 _¥=0_z-
1 0 0 0

@ In the symmetrical form of equation of a line, the coefficients of x, y, z are unity.

y-axis : Oorx:Oandy:O.

7.10 Equation of Line passing through Two given points

(i) Cartesian form : If A(x,,Y;,z,),B(X,,Y,,Z,) be two given points, the equations to the line AB are
X=X _ Y=Y _2-74
X=Xy Yo=Y1 2,77

The co-ordinates of a variable point on AB can be expressed in terms of a parameter A in the form

_ XXy Aoty Z=ﬂzz+zl

A+1 A+1 A+1

A being any real number different from —1. In fact, (X, y, z) are the co-ordinates of the point which divides the join
of Aand B in the ratio 4 : 1.

(if) Vector form : The vector equation of a line passing through two points with position vectors a and b is
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r=a+Ab-a)

A(a)B(b) P(r).

o Y

./

7.11 Changing Unsymmetrical form to Symmetrical form

The unsymmetrical form of a line ax +by +cz +d =0,a'x+b’y +c'z+d'=0

- y e
. I_ ! I_ ! Z
Can be changed to symmetrical form as follows : —30'=ab __ ab'-ab ___ 2
bc'-b'c ca'—c'a ab’—a'b
Example: 20 The equation to the straight line passing through the points (4, -5, -2) and (-1, 5, 3) is
Xx—4 y+5 z+2 x+1 y-5 z-3 X y z X y z
a = = b = = ) —==<L== d —=—2-=—
(@ 1 -2 -1 (b) 1 2 -1 © -1 5 3 ()4 - -2
— ; ; g X=X Y=V _2-4
Solution: (a) We know that equation of a straight line is of the form I = =
m n
D.r.’s of the line =(-1-4,5+5,3+2) i.e, (-5,10,5) or (-1,2,1).
Hence the equation is X-4 _y+5 _z+2 ie., X-4 _y+5 _z+2
-1 2 1 1 -2 -1
Example: 21 The d.c.’s of the line 6x —2=3y+1=2z-2 are
1 1 1 1 2 3
@ —=—=— 0 — —,— () 1,2,3 (d) None of these
V3 V33 V14 ' 1a s
Solution: (b) We have 6x-2=3y+1=27-2 = GX_EZ/G) _ 3 +i1/3) = 2(21_1)
x-@/3) y+@/3) z-1 N x—-@/3) y+@/3) z-1
1/6 1/3 1/2 1 2 3
d.r.’s of line are (1, 2, 3). Hence d.c.’s of line are (llx/ﬂ, 2/@,3/@)
Example: 22 The vector equation of line through the point A(3, 4, —7) and B(1, -1, 6) is
(@ r=@i+4j-7k)+ A —j+6k) (b) r=(@{-j+6k)+ABi+4j-7k)
(€) r=Bi+4j-7K)+ A(-2i—5j+13Kk) (d) r=(i—j+6k)+A(4i+3j—k)
Solution: (c) Position vector of Ais a =3i+4j—7k andthatof Bis b =i—j+6k

bd'-b'd da’'—d'a
X_

We know that equation of line in vector form, r=a+ A(b —a), r=3i+4j-7K)+ A(-2i —-5j+13k).
7.12 Angle between Two lines

[MP PET 2003]

[Pb. CET 1999]

Let the cartesian equations of the two lines be

X2 _Y7h _27h () and 2=X2_Y=Yo 272 )
Q b, C, a, b, C,
cosd = a,a, +b,b, +c,c,

\/alz +b} +c12\/a§ +bl +c?
Condition of perpendicularity : If the lines are perpendicular, then a,a, +b,b, +c¢,c, =0
b, ¢

.. . . a
Condition of parallelism : If the lines are parallel, then ==t =L
a, b, ¢



332 Three Dimensional Co-ordinate Geometry

Example: 23

Solution: (a)

Example: 24

Solution: (b)

Example: 25

Solution: (a)

x=1_y-2 _2-3 jgX=1_y=5_2-6 are at right angles, then k =
-3 2k 2 3k 1 -5

If the lines

[MP PET 1997, 2001; DCE 1997, 99]
(@ -10 (b) 10/7 (c) -10/7 (d)y -v/10
x-1 :y—2 _ z-3 and Xx-1 :y—5 _ z2-6
-3 2k 2 3k 1 -5
Since lines are L to each other. So, aa, +b;b, +¢,c, =0

(-3)(3K) + (2K)(1) + (2)(-5) =0 = —9k +2k-10=0 = ~7k =10 = k =—10/7 .

We have

Thelines x =ay+b, z=cy+d and x =a'y+b’, z=c'y +d’ are perpendicular to each other, if [11T 1984; AIEEE 2003]
(@ aa'+cc’'=1 (b) aa +cc'=-1 (c) ac+ac' =1 (d ac+ac'=-1
We have, x =ay+b, z=cy +d
X —b z-d x—b -0 z-d .
—y, 28y o _y_2_z= (i)
a c a 1 c

and x =a'y+b’, z=c'y+d’

xob_y zmd o xeb ys0 _zed (i)
a C a

1
'

" Given, lines (i) and (ii) are perpendicular
~a@)+11)+c(c)=0, aa' +cc'=-1
X—=7 :y+17 _ z-6 and X+5 _ y+3 _ -4
-3 1 1 2 -2
[Pb. CET 1999]

The direction ratio of the line which is perpendicular to the lines

are

@ <4,57> (b) <4,-57> (¢) <4,-5-7> (d <-4,57>
Let d.r.’s of line be I, m, n.
*." line is perpendicular to given line
-~ 2l-3m+n=0 . @)
I+2Zm-2n=0 . (ii)
From equation (i) and (ii)
| m n |

= = Or—:mzﬂ.Hence,d.r.’sofline(<4,5,7>)
6-2 1+4 4+3 4 5 7

7.13 Reduction of Cartesian form of the Equation of a line to Vector form and Vice versa

g Y=Y _Z2-74

. . . . X — .
Cartesian to vector : Let the Cartesian equation of a line be =—= ... (1)

a b C

This is the equation of a line passing through the point A(x,,y,,z,) and having direction ratios a, b, c. In vector
form this means that the line passes through point having position vector a = x,i +Yy,j+ z,k and is parallel to the vector
m =ai +bj +ck . Thus, the vector form of (i) is r=a+Am or r=(x,i +y,j+z,K)+ A(@i +bj+ck), where 1 is a

parameter.

Vector to cartesian : Let the vector equation of a line be r=a + Am

Where a =x,i+y,j+2z,k,m=ai+bj+ck and A is a parameter.
To reduce (ii) to Cartesian form we put r = xi + yj + zk and equate the coefficients of i, j and k as discussed below.
Putting r=Xi +yj+zK,a=X,i +y,j+2z,Kk and m =ai + bj + ck in (ii), we obtain

Xi +yj+zk=(X,i +y,]+z,K)+ A(ai + bj + ck)

Equating coefficients of i, j and k, we get x =x, +at,y=y, +bA,z=2z, +ci or X=X _ y_byl it =1
a c
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Example: 26 The cartesian equations of a line are 6x —2 =3y +1=2z — 2. The vector equation of the line is
(@) r:(%i—%j+kj+i(i+2j+3k) (b) r=@i-3j+Kk)+ Al +2j+3k)
() r=(@0+j+k)+ A0 +2j+3k) (d) None of these

Solution: (a) The given lineis 6x —2=3y +1=2z -2 = 2 _11/3 =Y +21/3 - ;1

This show that the given line passes through (1/3, —1/3) and has direction ratio 1, 2, 3.
Position vector a = %i —%j + k and is parallel to vector b =i+ 2j+ 3k. Hence, r = (% i —%j + k)+ Al +2j+3K).

7.14 Intersection of Two lines

Determine whether two lines intersect or not. In case they intersect, the following algorithm is used to find their
point of intersection.

. . . X — X - -1 ,
Algorithm for cartesian form : Let the two lines be LYV Lo @)
al bl Cl
X — X - z7-1
And 2 _Y7¥2 2722 (ii)
a, b, C,

Step | : Write the co-ordinates of general points on (i) and (ii). The co-ordinates of general points on (i) and (ii) are
X YTV 2T g oang XTX2 Y TY2 2722 ) vespectively.
4 b, Cy a, b, C,

given by X

ie, @A+x,,bjA+y;, +c,A+2z;) and (@, + X, b0 +Y,,Cot+12,)

Step 11 : If the lines (i) and (ii) intersect, then they have a common point.

yA+X, =a,u+X,,bjA+y, =b,u+y,and c;A+2, =C,u+12,.

Step 111 : Solve any two of the equations in A and z obtained in step Il. If the values of A and  satisfy the third
equation, then the lines (i) and (ii) intersect, otherwise they do not intersect.

Step 1V : To obtain the co-ordinates of the point of intersection, substitute the value of A (or ) in the co-ordinates
of general point (s) obtained in step I.
x-1_y+l_z-1 qX=3_y-k_z intersect, then k = [11T Screening 2004]
3 4 1 2 1

@ 2/9 () 9/2 © 0 @ -1

Example: 27 If the line

x-1 y+1 z-1

Solution: (b) We have, 3 =1 (Let)
Xx=2r+1y=3n —-1,z=4r +1 i.e. pointis (2r, +1,3r, —1,4r; +1) and XT_S = % = % =r, (Let)
i.e. pointis (r, +3,2r, +K,1,).
If the lines are intersecting, then they have a common point.
= 2rn+1=r,+3,3r -1=2r, +k,4r, +1=r,
Onsolving, p, =-3/2,r,=-5
Hence, k = 9/2.
Example: 28 A line with direction cosines proportional to 2, 1, 2 meets each of the lines x =y+a=z and x+a=2y =2z. The co-
ordinates of each of the points of intersection are given by [AIEEE 2004]

(@ (2a,3a,3a)(2a,a,a) (b) (3a2a 3a)(a a a) (c) (3a,2a,33)(a a 2a) (d) (3a 33, 33)(a a a)
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Solution: (b) Given lines are % = ylﬁ = % = A (say) .. Pointis P(1,A—a, 4)
X+a y z . X+a y z P
and =——=—ie ===—=y (sa A B
1 1/2 1/2 R
. Point Q(2u—a, u, 1) ¢ Q b
Since d.r.’s of given lines are 2, 1,2 and d.r.’s of PQ = Qu—a—- A, u—A+a, u— 1)

2u—a-A u—-A+a _ u-14
2 1 2
Then A = 3a, u= a. Therefore, points of intersection are P(3a, 2a, 3a) and Q(a, a, a).

According to question,

Alternative method : Check by option x =y+a=1z i.e. 3a=2a+a=3a
—a=a=aand x+a=2y =2z i.e. a+a=2a=2a = a=a=a. Hence (b) is correct.
X—X1 _ y—y1 _ Z—Z1

7.15 Foot of perpendicular from a point A(e, B, 7) to the line i p -

(1) Cartesian form

Foot of perpendicular from a point A(e, B, %) to the line X _le YTV 275 (£ p pe the foot of
m n

perpendicular, then P is (Ir+ x,,mr +y,,nr +z,). Find the direction ratios of e 79
aY 17

AP and apply the condition of perpendicularity of AP and the given line. This
will give the value of r and hence the point P which is foot of perpendicular.
Length and equation of perpendicular : The length of the
perpendicular is the distance AP and its equation is the line joining two known : T vy 1en
points A and P. T

I_AZQZE’ : O The length of the perpendicular is the perpendicular

distance of given point from that line.
Reflection or image of a point in a straight line : If the perpendicular PL from point P on the given line be

produced to Q such that PL = QL, then Q is known as the image or reflection of P in P
the given line. Also, L is the foot of the perpendicular or the projection of P on the line.
A N B
(2) Vector form Q(image)
Perpendicular distance of a point from a line : Let L is the foot of
perpendicular drawn from P(a) on the line r=a+4b. Since r denotes the positiol P(3)
r=a+ Ab. So, let the position vector of L be a + b .
Then PL=a—d+ b =(a—d)— (a‘“z)b b
| b]
A B
r=atib L = (a+A4b)

The length PL, is the magnitude ofﬁ, and required length of perpendicular.
Image of a point in a straight line : Let Q(B) istheimageof Pin r=a+ b



Then, 7 = z[ujb

Example: 29

Solution: (a)

Example: 30

Solution: (a)
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2

A
r=(a+2b) |L(a+b)

Q(A(image)

The co-ordinates of the foot of the perpendicular drawn from the point A(1, 0, 3) to the join of the points B(4, 7, 1) and C(3, 5, 3)
are [Rajasthan PET 2001]

(a) (5/3,7/3,17/3) (b) (5,7,17) (c) (5/13,-7/3,17/3) (d) (-5/3,7/3,-17/3)
X—4 _Yy -7 _z -1

Equation of BC,

-1 -2 2 A(1, 0.3)
.o x—-4 y-7 z-1
ie. = = =r (sa
I > — (say)
Any point on the given line is D(r+4, 2r +7,—2r +1) 900
Then, dr.’s of AD = (r+4—1,2r+7-0,—2r+1-3 B c
( ) 4.7,1) D (3,5.3)

i.e.dr’sof AD=(r+3,2r+7,—2r—2) andd.r.’s of BC = (-1, -2, 2)

Since AD is L to given ling,

S EDE+)+Rr+7)(-2)+(2)(2r-2)=0 = r-3-4r-14-4r-4=0 = 9r-21=0=>r=-7/3
- Dis{4—(7/3), 7- (14/3), (14/3)+1} i.e. D is (5/3, 7/3, 17/3).

The image of the point (1, 6, 3) in the line % = y_;l = % is

(@ (1,0,7) (b) (-1,0,7) () (1,0,-7) (d) None of these

Let P(1, 6, 3) be the given point, and let L be the foot of the perpendicular from P to the given line. The co-ordinates of a general
. . . . x-0 y-1 z-2

point on the given line are given by =5 =3 - A P(L. 6. 3)

ie. x=4y=21+1,z=31+2.

Let the co-ordinates of L be (1,24+1,34+2) ... (6] A L B

So, direction ratios of PL are 1-1,24+1-6,34+2-3 i.e. 1-1,21-5,31-1.

Direction ratios of the given line are 1, 2, 3 which is perpendicular to PL. Q

L (A-1)1+(2A-5)2+(BA-1)3=0 = 141-14 =0 = A =1
So, co-ordinates of L are (1, 3, 5). Let Q(X,,Y,,2;) be the image of P(1,6,3) in the given line.

Then L is the mid-point of PQ.

S XlTﬂzl,M:s and #:5 = x, =1y, =0 and z, =7.

Hence the image of P(1, 6, 3) in the given line is (1, 0, 7).
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Example: 31 The length of the perpendicular from the origin to line r =(4i+2j+4k)+ A(3i +4j—5K) is [AMU 1992]
@ 245 (b) 2 © 5v2 d 6
Solution: (d) a=0i+0j+0Kk =
— - (@-a)b
PL=(@a—-a)-|—=—1|b
(@-a) [ Tt
A
r=a+\b L B
PL = (41 + 2j + ak)—| G120+ 4K BT+ 41258 1 5i 4i 51y ai 4 25+ ak - [ 2258220 ) 51 4j_5K)
9+16 +25 50
PL = 4i +2j + 4k
The length of PL is magnitude of PL i.e., Length of perpendicular =| ﬁ| =yJ16+4+16 =6 .
Example: 32 The image of point (1, 2, 3) in the line r=(6i+7j+7K)+ A(3i+2j—2K) is
(@ (5,-8,15) (b) (5,8,-15) (©) (-5,-8,-15) N
- P
Solution: (d)  Giventhat, a =6i+7j+7k, b=3i+2j—2k and =i+ 2j+3k ()
Then,E:Za—[Mjb—& B
| b] AT o)
=2(6i+7j+7k)—[2(5'+5”4k)'(3'+21_2k)j(3i+2j—2k)—(i+2j+3k) N
9+4+4 Q( B) image

On solving, ,_é =5i+8j+15k . Thus ,_é is the position vector of Q, which is the image of P in given line.
Hence image of point (1, 2, 3) in the given line is (5, 8, 15).
7.16 Shortest distance between two straight lines
(1) Skew lines : Two straight lines in space which are neither parallel nor intersecting are called skew lines.
Thus, the skew lines are those lines which do not lie in the same plane.

Line of shortest
distance

(2) Line of shortest distance : If I, and 1, are two skew lines, then the straight line which IS perpendicular to
each of these two non-intersecting lines is called the “line of shortest distance.”

T_A[QCE‘ : O There is one and only one line perpendicular to each of lines I, and 1I,.

(3) Shortest distance between two skew lines

. : . X — X - -1 X — X - -1
(i) Cartesian form : Let two skew lines be 1Y~ L and 2 _Y7¥2 _ 2
ly my n I, m, n,

Therefore, the shortest distance between the lines is given by

Xo=Xy Yo=Y1 Z,- 7

d= '2
Jamn, —m,n,)? + 0yl —Ln,? +(,m, - l,m, )’
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(if) Vector form : Let |, and |, be two lines whose equations are |, :r=a,+4b; and |,:r=a,+ ub,
_|byxb,).(a; ~ay)| _|[byb, (@, —2y)]

respectively. Then, Shortest distance PQ

_| | by xbsy| |_ | b, xb,|
(4) Shortest distance between two parallel lines : The shortest distance between the parallel lines
r=a,+4b and r=a, + ub isgiven by d :l—(aZ I_le)Xbl

(5) Condition for two lines to be intersecting i.e. coplanar

(i) Cartesian form : If the lines XIXI YTV 270 qng X X2 Y TY2 272 prersect, then

Xo=Xy Yo=Y 2744
I, m, n, [=0.
I, m, n,
(i) Vector form : If the lines r=a, + Ab, and r=a, + Ab, intersect, then the shortest distance between them is
zero. Therefore, [b,b,(@, -a,)]=0 = [(@,-4a,) b;b,]=0 = (&, —a,).(b, xb,)=0

Important Tips

@ Skew lines are non-coplanar lines.

< Parallel lines are not skew lines.

< If two lines intersect, the shortest distance (SD) between them is zero.

& Length of shortest distance between two lines is always taken to be positive.
& Shortest distance between two skew lines is perpendicular to both the lines.

(6) To determine the equation of line of shortest distance : To find the equation of line of shortest
distance, we use the following procedure :

(i) From the given equations of the straight lines,

ie. X8 _y-b Y ey @)
l, m, ng
and X=8 _¥=b _2-C_ @y (i)

I, m, n,
Find the co-ordinates of general points on straight lines (i) and (ii) as
(@, +Al,by + Amy,c; +4An;) and (a, + w,,b, + um,,c, + 1n,).

(ii) Let these be the co-ordinates of P and Q, the two extremities of the length of shortest distance. Hence, find the
direction ratios of PQ as (a, + 1) —(a, + L 4), (b, + m,)— (b, + M, 4),(C, + my)—(C, + N A).

(iii) Apply the condition of PQ being perpendicular to straight lines (i) and (ii) in succession and get two equations
connecting 4 and . Solve these equations to get the values of 4 and .

(iv) Put these values of 1 and y in the co-ordinates of P and Q to determine points P and Q.

(v) Find out the equation of the line passing through P and Q, which will be the line of shortest distance.

I_A[QIE 4 The same algorithm may be observed to find out the position vector of P and Q, the two

extremities of the shortest distance, in case of vector equations of straight lines. Hence, the line of
shortest distance, which passes through P and Q, can be obtained.
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Example: 33

Solution: (b)

Example: 34

Solution: (b)

Example: 35

Solution: (c)

Example: 36

Solution: (b)

Example: 37

Solution: (d)

The shortest distance between the lines X+ = = and 222 - =" s [Kerala (Engg.)2001; DCE 1993]
2 3 4 3 4 5
1 1 1 1
(@ — b — © — d =
6 J6 J3 3
2-1 4-2 5-3 1 2 2
2 3 4 2 3 4
3 4 5 3 4 5 1
SD.- - _1
Ji5-16)2 +(12-102 +(8—-9)? Vi+1+4 6
The shortest distance between the lines r=(i + j—k)+ A(3i —j) and r =(4i —K)+ u(2i + 3K) is [Pb. CET 1995]
(@ 6 (b) O (c) 2 (d) 4

5. |Bixbo)(@; —al)I _I[(si — )% (2i +3K)].(3i —j)I _I(—si ~9j+2K).(Bi—j)| _ ~9+9+0

| Ibyxbyl | (3i—j)x (2i +3K)| Jorsl+a | 94

Hence, S.D. =0

Theline X=2_¥=3 24 g X=1_¥y-4_2-5 coplanar, if [AIEEE 2003]

1 1 -k k 2

@ k=0or-1 (b) k=0or1 () k=0or-3 (d) k=3o0r-3

Lines are coplanar, if

Xo =Xy Yo=Y Zp—-124 1-2 4-3 5-4
I, m, n [=0=|1 1 -k |[=0 > k?+3k=0 = kk+3)=0 = k=0, k=-3
1, m, n, k 2 1

The lines r=a+ A(bxc) and r=b + u(c xa) will intersect if

(@ axc=bxc (b) ac=b.c (c) bxa=cxa (d) None of these

If lines are intersecting, then
(@, —a;).(b; xb,)=0 = b@—-b).[(bxc)x(cxa)]=0
= (@a—-Db).[(bxc.a) -(bxc.c)a]=0 = (@a-b)[(bxc.a)c]=0

= [(@-Db).clabc =0 = (a.c—b.c)@c)=0 = ac—-bc =0 = a.c=hb.c

. . t . .
If the straight lines x =1+s,y=3-1s,z=1+1s and X = > y=1+t,z=2-t, with parameters s and t respectively, are co-

planar, then A equals CAIEEE 20041
1
® 0 () -1 © -3 @ -2
Wehave X2t _y+38 _z-1__ 2x_y-1_z2-2_,
1 -1 A 1 1 -1

i x-0_ y-1 z-2 't
T 2 -2 2

Since, lines are co-planar,

Xo=Xy Yo=Y1 Zp-7 -1 4 1
Then, l, m, n [=0= |1 -4 1 |=0
1, m, n, 1 2 -2

On solving, A =-2.
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The Plane
7.17 Definition of plane and its equations

If point P(x, y, z) moves according to certain rule, then it may lie in a 3-D region on a surface or on a line or it may
simply be a point. Whatever we get, as the region of P after applying the rule, is called locus of P. Let us discuss about the
plane or curved surface. If Q be any other point on it’s locus and all points of the straight line PQ lie on it, it is a plane. In
other words if the straight line PQ, however small and in whatever direction it may be, lies completely on the locus, it is a
plane, otherwise any curved surface.

(1) General equation of plane : Every equation of first degree of the form Ax + By +Cz + D =0 represents
the equation of a plane. The coefficients of x, yand z i.e. A, B, C are the direction ratios of the normal to the plane.

(2) Equation of co-ordinate planes

XOY-plane:z=0

YOZ -plane : x=0

ZOX-plane:y=0

(3) Vector equation of plane z

(i) Vector equation of a plane through the point A(a) and perpendicular to the vector n is (r—a).n=0 or
rn=a.n

Y
XOY-plane

YOZ-plane

X
ZOX-plane

I_AZQZE : O The above equation can also be written as r.n =d, where

d = a.n. This is known as the scalar product form of a plane.

(4) Normal form : Vector equation of a plane normal to unit vector A and at a distance d from the origin is
rh=d.

[AZQZE : Q If n is not a unit vector, then to reduce the equation r.n =d to

normal form we divide both sides by |n| to obtain r- N 4 or r.h = da

(5) Equation of a plane passing through a given point and parallel to two given vectors : The
equation of the plane passing through a point having position vector a and parallel to
bandcis r=a+ Ab + uc , where 4 and u are scalars.

C
c

M P(n)

P@ L p B

(6) Equation of plane in various forms

(i) Intercept form : If the plane cuts the intercepts of length a, b, ¢ on co-ordinate axes, then its equation is
X
—+ y + L. 1.
a b c

(it) Normal form : Normal form of the equation of planeis Ix+my +nz = p,

where I, m, n are the d.c.’s of the normal to the plane and p is the length of perpendicular from the origin.
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(7) Equation of plane in particular cases

(i) Equation of plane through the origin is given by Ax + By +Cz =0.

i.e. if D =0, then the plane passes through the origin.

(8) Equation of plane parallel to co-ordinate planes or perpendicular to co-ordinate axes

(i) Equation of plane parallel to YOZ-plane (or perpendicular to x-axis) and at a distance ‘a’ from it is X = a.
(ii) Equation of plane parallel to ZOX-plane (or perpendicular to y-axis) and at a distance ‘b’ from it is y = b.
(iii) Equation of plane parallel to XOY-plane (or perpendicular to z-axis) and at a distance ‘c’ from it is Z = C.

Important Tips

@ Any plane perpendicular to co-ordinate axis is evidently parallel to co-ordinate plane and vice versa.

< A unit vector perpendicular to the plane containing three points A, B, C is M .
| AB x AC |

(9) Equation of plane perpendicular to co-ordinate planes or parallel to co-ordinate axes

(i) Equation of plane perpendicular to YOZ-plane or parallel to x-axisis By + Cz + D =0.

(ii) Equation of plane perpendicular to ZOX-plane or parallel to y axisis Ax +Cz + D =0.

(iii) Equation of plane perpendicular to XOY-plane or parallel to z-axisis Ax + By + D=0

(10) Equation of plane passing through the intersection of two planes

(i) Cartesian form : Equation of plane through the intersection of two planes

P=ax+b,y+c,z+d, =0 and Q=a,x+b,y+c,z+d, =0 is P +4Q =0, where A is the parameter.

(if) Vector form : The equation of any plane through the intersection of planes r.n, =d; and r.n, =d, is
r.(n, + An,)=d,; + Ad,, where A is an arbitrary constant.

(11) Equation of plane parallel to a given plane

(i) Cartesian form : Plane parallel to a given plane ax +by +cz+d =0 is ax+by +cz+d'=0, i.e. only

constant term is changed.
(if) Vector form : Since parallel planes have the common normal, therefore equation of plane parallel to plane
rn=d, is r.n =d,, where d, is a constant determined by the given condition.

7.18 Equation of plane passing through the given point
(1) Equation of plane passing through a given point : Equation of plane passing through the point
(X1,Y1,2;) is AX—X;)+B(y—-y,;)+C(z—2,)=0, where A, B and C are d.r.’s of normal to the plane.

(2) Equation of plane through three points : The equation of plane passing through three non-collinear
x vy z 1
Xy Y1 74

X, ¥, Z, 1

X=Xy ¥Y=Y1 -7
=0or|x,-x;, y,-y, Z,-2,|=0.

Xg =Xy Ys3—Y1 Z3—-7

points (Xy,Y1,2;), (X2,Y2,2;) and (X3,y5,25) is
Xz Yy Z3 1
7.19 Foot of perpendicular from a point A(e, B, ») to a given plane ax+by+cz+d=0

If AP be the perpendicular from A to the given plane, then it is parallel to the normal, so that its equation is

X—a_y-f _2-y
a b c
Any point P on it is (ar +a,br + g,cr + y). It lies on the given plane and we find the value of r and hence the point

=r (say)
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(1) Perpendicular distance
(i) Cartesian form : The length of the perpendicular from the point P(x,,y,,z;) to the plane ax +by +cz+d =0

s ax, +by, +cz, +d

Va2 +b%+c?

I.A[Qté’ : U1 The distance between two parallel planes is the algebraic difference of perpendicular distances on the
planes from origin.
U Distance between two parallel planes Ax+By+Cz+D, =0 and Ax+By+Cz+D,=0 s
D,~ D,
JAZ1B21C?
(ii) Vector form : The perpendicular distance of a point having position vector a from the plane r.n =d is given

a.n—-d
by p=120 4
| n|

(2) Position of two points w.r.t. a plane : Two points P(x,,y;,z;) and Q(X,,y,,z,) lie on the same or
opposite sides of a plane ax +by +cz+d =0 according to ax, +by, +cz, +d and ax, +by, +cz, +d are of same or

opposite signs. The plane divides the line joining the points P and Q externally or internally according to P and Q are
lying on same or opposite sides of the plane.

7.20 Angle between two planes R

(1) Cartesian form : Angle between the planes is defined as angle between normals to the planes drawn from any
point. Angle between the planes a;x +b;y +c;z+d, =0 and a,x +b,y+c,z+d, =0 is

a1 a,a, +b,b, +c,c,

cos
V(@ +bf +c7)(@; +b? +c)

T.A[QZE :QIf a,a, +b,b, +c,c, =0, then the planes are perpendicular to each other.

uif & b—l = C—l, then the planes are parallel to each other.
a, b, ¢
- n,.n
(2) Vector form : Anangle & between the planes r,.n, =d, and r,.n, =d, is given by cosé =i||1|—2|.
Nyl Ny

7.21 Equation of planes bisecting angle between two given planes
(1) Cartesian form : Equations of planes bisecting angles between the planes a,;x + b,y +c¢,z+d; =0 and

a,X+b,y+c,z+d ax+b,y+c,z+d
a,x +b,y+c,z+d =0 are 2X TPV TGUZTh _ QX T DY ¥ Cp2 T,

@2 +b? +c?) @3 +b2 +c3)

LNQI@: a If angle between bisector plane and one of the plane is less than 45°, then it is acute angle

bisector, otherwise it is obtuse angle bisector.
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a If a,a, +b,b, +c,c, is negative, then origin lies in the acute angle between the given planes provided
d: and d. are of same sign and if a,a, +b,b, +c,c, is positive, then origin lies in the obtuse angle
between the given planes.
(2) Vector form : The equation of the planes bisecting the angles between the planes r,.n, =d, and r,.n, =d,
o | rn, —d| :| rn, —d,| or FM1 —-d, _ e —-d,
| ny| | n,| | ny| | n,|

7.22 Image of a pointin a plane R

a

Let P and Q be two points and let 7 be a plane such that

(i) Line PQ is perpendicular to the plane 7, and

(if) Mid-point of PQ lies on the plane .

Then either of the point is the image of the other in the plane =

To find the image of a point in a given plane, we proceed as follows

(i) Write the equations of the line passing through P and normal to the given plane as

X=Xy _ Yy—Y, _ Z—17 . | P(X1,y1,21)
a b c abey+cz+d=0
(i) Write the co-ordinates of image Q as (x, +ar,y,,+br,z; +cr). .
(iii) Find the co-ordinates of the mid-point R of PQ. z
(iv) Obtain the value of r by putting the co-ordinates of R in the equation of Garanys+orzten) | Q
the plane.

(v) Put the value of r in the co-ordinates of Q.

7.23 Coplanar lines
Lines are said to be coplanar if they lie in the same plane or a plane can be made to pass through them.

(1) Condition for the lines to be coplanar

—X — 7—-1 X=X - -1
LYV 2o 2 Y 7Y2 2722 g0 coplanar

(i) Cartesian form : If the lines X

Iy m, ny I, m, n,
Xo =Xy Yo =Y1 2, -1
Then I m, n, |=0.
1 m, n,
X=Xy Y=Yy, z2-174 X=Xy, Y—=Y2 Z-17,
The equation of the plane containing themis | |, m, n, (=0or| I, m, n, [=0.
I, m, n, l, m, n,

(ii) Vector form : If the lines r=a, + Ab, and r=a, + Ab, are coplanar, then [a,b,b,]=[a,b,b,] and the

equation of the plane containing themis [rb, b,]=[a, b, b,] or [rb,; b,]=[a, b, b,].

LNQI@: a Every pair of parallel lines is coplanar.
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U Two coplanar lines are either parallel or intersecting.
U The three sides of a triangle are coplanar.

Important Tips

< Division by plane : The ratio in which the line segment PQ, joining P(x1, y1, z1) and Q(xz, Y2, z2), is divided by plane ax +by +cz+d =0 is

_ [ @axy+by, +cz, +d
ax, +by, +cz, +d )

< Division by co-ordinate planes : The ratio in which the line segment PQ, joining P(x1, y1, z1) and Q(x2, yz, z2) is divided by co-ordinate planes
are as follows :

(i) By yz-plane : —xu/x2 (i) By zx-plane : —yily2 (ii) By xy-plane : —z1/z2
Example: 38 The xy-plane divides the line joining the points (-1, 3, 4) and (2, -5, 6) [Rajasthan PET 2000]
(@) Internally in theratio 2 : 3 (b) Internally in the ratio 3 : 2
(c) Externally in the ratio 2 : 3 (d) Externally in the ratio 3 : 2
Solution: (c) Required ratio = L —(ij __2
Z,y 6 3
.. xy-plane divide externally in the ratio 2 : 3.
Example: 39 The ratio in which the plane x —2y +3z =17 divides the line joining the point (-2, 4, 7) and (3, -5, 8) is [AISSE 1988]
(& 10:3 (b) 3:1 (c) 3:10 (d) 10:1
Solution: (c) Required ratio = | 21 by, +cz, +d | —(_ 2-8+21-17 ] 6.3
ax, +by, +cz, +d 3+10+24 -17 20 10
Example: 40 The equation of the plane, which makes with co-ordinate axes a triangle with its centroid (¢, £, ), is [MP PET 2004]
@ ax+py+z=3 0 X+¥iZoa © ax+fy+z=1 (@ Z+¥iZ-3
a p vy a p vy
. X y z .
Solution: (d) We know that —+=+—=1 ... (1)
a b ¢
.. (a b c) .
Centroid 3'3'3 ie.a=al3,pf=b/3,y=c/3 = a=3a,b=383,c=3y
From equation (i), X + Y + Z . 1
3a 38 3y
. X + Yy + z_ 3.
a p vy
Example: 41 The equation of plane passing through the points (2, 2, 1) and (9, 3, 6) and perpendicular to the plane 2x +6y +6z =1 is
[AISSE 1984; Tamilnadu (Engg.) 2002]
(@ 3x+4y+5z=9 (b) 3x+4y+5z=0 () 3x+4y-5z=9 (d) None of these
Solution: (c) We know that, equation of plane is a(x —x,)+b(y —y;)+c(z—2z,)=0
It passes through (2, 2, 1)
Lax—-2)+bly-2)+cz-1)=0 ... (1)
Plane (i) also passes through (9, 3, 6) and is perpendicular to the plane 2x +6y +6z =1
. 7a+b+5¢=0 . (ii)
and 2a+6b+6c=0 . (iii)
a b c a b ¢

= = or = =
6-30 10-42 42-2 -24 -32 40
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Example: 42

Solution: (c)

Example: 43

Solution: (b)

Example: 44

Solution: (b)

Example: 45

Solution: (a)

Example: 46

Solution: (c)

Example: 47

Solution: (a)

a b c
or —=—=—=Kk(sa

3 4 -5 (5ay)
From equation (i), 3k(x —2)+4k(y —2)+(-5k(z—-1)=0
Hence, 3x+4y—-5z2=9.

The equation of the plane containing the line r=a+kb and perpendicular to the plane r.n =q is

@ (r-b).(nxa)=0 (b) (r-a).(nx@xb))=0 (c) (r-a).(nxb)=0 (d) (r-b).(nx(@xb))=0

Since the required plane contains the line r=a +kb and is perpendicular to the plane r.n =q.

.. It passes through the point a and parallel to vectors b and n. Hence, it is perpendicular to the vector N =nxb .

.. Equation of the required plane is (r—a).N =0 = (r—a).(nxb)=0.

The equation of the plane through the intersection of the planes x +2y+3z—-4 =0, 4x+3y+2z+1=0 and passing through
the origin will be [MP PET 1997; Kerala (Engg.) 2001; AISSE 1983]
@ x+y+z=0 (b) 17x+14y+11z=0 () 7x+4y+z=0 (d) 17x+14y+z=0

Any plane through the given planesis (x +2y +3z—-4)+k(4x+3y+2z+1)=0

It passes through (0, 0, 0)

o —4+k=0=k=4

. Required planeis (x +2y +3z—-4)+4(4x+3y+2z+1)=0 = 17x+14y+112=0.

The vector equation of the plane passing through the origin and the line of intersection of plane ra=A4 and r.b = x is

@ r(la-wb)=0 (b) r(ib-pa)=0 () r(la+wub)=0 (d) r.(Ab+wua)=0
The equation of a plane through the line of intersection of plane r.a = 1 and r.b = ¢ can be written as r.(a +kb) =1 +ku
...... )

This passes through the origin, therefore putting the value of k in (i),
riwa—-Ab)=0 = r.(lb—ya)=0.

Angle between two planes x +2y +2z =3 and -5x+3y+4z=9 is [T Screening 2004]
(@) cos™ ﬂ (b) cos™ % (c) cos™t ﬂ (d) cos™ ﬂ
10 30 20 5
a,a, +byb, +c,c, _U(5)+2@)+24) 9 32

We know that, cos 6 =

ie 0= cosl[ﬂJ :
10

\/a12+b12+c12\/a§+b22+c§ V144442549416 3542 10

Distance between two parallel planes 2x +y +2z =8 and 4x+2y+4z+5=0 is [AIEEE 2004]
9 5 7 3
a) — by — c) — d —
@ - ®) © @ -
We have 2x +y+2z-8=0 .. 1)
and 4x+2y+4z+5=0 or 2x+y+2z+5/2=0 ... (i1)
Distance between the planes = 5/29+8 = 2 = 7 .
Ja+1+4 23 2
A tetrahedron has vertices at O(0, 0, 0), A(1, 2, 1), B(2, 1, 3) and C(-1, 1, 2). Then the angle between the faces OAB and ABC
will be [MNR 1994; UPSEAT 2000; AIEEE 2003]
(19 (17
a) cos | — b) cos™| — c) 30° d) 90°
(a) (35 (b) 31 (©) (d)

Angle between two plane faces is equal to the angle between the normals n, and n, to the planes. n, , the normal to the face

=5i-j-3k .. ()

BN -
w X

i
OAB is given by OAxOB =|1
2

n, , the normal to the face ABC, is given by AB x AC .
i j k

n,=1 -1 2|=i-5j-3k .. (ii)
-2 -1 1



Example: 48

Solution: (c)

Example: 49

Solution: (b)

Example: 50

Solution: (a)

Example: 51

Solution: (c)

Example: 52

Solution: (b)
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n,.n,  51+5+9

Il npl V35435

If 6be the angle between n, and n,, Then cos & =

c059=E = 0=cos (2],
35 35

The distance of the point (2, 1, -1) from the plane x -2y +4z =9 is [Kerala (Engg.) 2001]
J13 13 13 13
a) — by — C) — d —
@ (®) - © 75 @ 5
Distance of the plane from (2, 1, —1) :|272(1)+4(71)79| -8
A+a+16 | V21
A unit vector perpendicular to plane determined by the points P(1, -1, 2), Q(2, 0, -1) and R(0, 2, 1) is [T 1994]
2i—j+k 2i+j+k 2i+j+k 2i+j-k
(@) — (b) — (© — (d) —F
Je Ve Je Ve
We know that, %
| PQxPR]|
PQ=i+j-3k, PR=—i+3j—k
i j k
PQxPR=| 1 1 -3|=8i+4j+4k and| PQxPR|=46
-1 3 -1
Hence, the unit vector is 4@ +j+k) ie. 2i+]+K .
4.f6 J6
The perpendicular distance from origin to the plane through the point (2, 3, —1) and perpendicular to vector 3i —4j+7k is
13 13
@ — b) —— (c) 13 (d) None of these
J74 J7a

We know, the equation of the plane is (r—a).n =0

or (r—(Qi+3j—K).GBi—4j+7k)=0 = (xi +yj+2zk—2i —3j+K).(3i —4j+7K)=0 = 3x —4y+7z+13 =0

Hence, perpendicular distance of the plane from origin = 13 = 13

324y +72 V14
If P =(0, 1,0), Q =(0, 0, 1), then projection of PQ on the plane X +y +z =3 is [EAMCET 2002]
(@ 3 () 3 © V2 @ 2
Given planeis x +y +z -3 =0 . From point P and Q draw PM and QN perpendicular on the given plane and QR L MP.
| MP| 0+1+0-3 2
212,42 43 P(©.1,0

V12112412 V3 (0.1,0)

2
| NQJ=—= 001) Q7T 'R

J3 , .

| PQ|= (0 -0)* +(0 -1 +(L-0)® =+/2

| RP| = MP| —| MR| = MP| —| NQ| =0 (i.e. R and P are the same point)

I NM || QR| =\/PQ? - RP? = (J2)" -0 =2
The reflection of the point (2, -1, 3) in the plane 3x -2y -z =9 is
26 15 17 26 -15 17 15 26 -17
@ |5 b |5 © |5 T
7T 77 T 7 7 77 7

Let P be the point (2, -1, 3) and Q be its reflection in the given plane.
Then, PQ is perpendicular to the given plane

[AMU 1995]
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Example: 53

Solution: (a)

Example: 54

Solution: (b)

. -2 1 -
Hence, d.r.’s of PQ are 3, -2, 1 and consequently, equations of PQ are X 3 -y +2 -z 13

Any point on this lineis (3r+2,—2r—1,—r+3)

Let this point be Q. Then midpoint of PQ :(3r+2+2 ) —2r-1-1 , —r+3+3j :[3”4 1 _HGJ

2 2 2 2 2

This point lies in given plane i.e. 3(3r;4j—2(—r—1)—(_r;6]=9 = Or+12+4r+4+r-6=9 = 14r=8 > r=;

Hence, the required point Q is (3[;} +2,— 2(;) -1, -4 + 3] = [é , -5 , Hj )

7 7 7 7
A non-zero vector a is parallel to the line of intersection of the plane determined by the vectors i, i + j and the plane determined
by the vectors i — j, i + K. The angle between a and the vector i — 2j + 2k is [T 1996]
Vs 3z 2z 3z T 3z
©) 7 or e (b) e or e (©) > or - (d) None of these
Equation of plane containing i and i +j is
[r=i,i,i+j]=0 = (r=i).[ix({+))]=0 = [(x-1)i+yj+zklk=0 =z=0 ... @)
Equation of plane containing i—jand i + k is
=>[r-@(-j) i—-j i+K]=0 = (r—i+))[i-})x(i+k)]=0 = x+y-z=0 ... (ii)

Let & = a,1 +a,j+azK. Since ais parallel to (i) and (ii)

a3=0, ay+a,—-a3=0 =>a =-a,,3,=0

Thus a vector in the directionof ais u=i—j. If @ isthe angle between aand i—-2j+ 2k .
Then cosg=+—~DFEDED) 4 3 oosp_r L g rraor3nsa
Ji+1V1+4+4 2.3 2

The d.r.’s of normal to the plane through (1, 0, 0) and (0, 1, 0) which makes an angle 7 /4 with plane x +y =3, are
[AIEEE 2002]

@ 1421 ) 1142 © 1,12 @ V2,11

Let d.r.’s of normal to plane (a, b, C)

ax-1)+by-0)+cz-0=0 ... (1)

It is passes through (0, 1,0). .. a+b=0 = b=a. D.r.”s of normal is (&, &, €) and d.r.’s of given plane is (1, 1, 0)
. coszl4= a+a+0 = 4a’=2a’+c®> = J2a=c

va?+a? +c2y2

Then, d.r.’s of normal (a, a, \/Ea) or (1,1, \/E)

Line and plane

7.24 Equation of plane through a given line

(1) If equation of the line is given in symmetrical form as X _I YV 274 , then equation of plane is
m n

ax —x,)+by-y,)+ciz-2z,)=0 ... (1)

where a, b, c are given by al +bm +ecn=0 ... (ii)

(2) If equation of line is given in general form as a;x +b;y+c,z+d, =0=a,x+b,y+c,z+d,, then the

equation of plane passing through this line is (a,x + b,y + ¢,z +d;)+ A(@,x +b,y+c,z+d,)=0.

(3) Equation of plane through a given line parallel to another line : Let the d.c.’s of the other line be 1,,m,,n, .
Then, since the plane is parallel to the given line, normal is perpendicular.
~a,+bm,+cn, =0 . (ii1)
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Hence, the plane from (i), (ii) and (iii) is | 1, m, n, |=0.

If P=a,x+b,y+c,z+d, =0 and Q=a,x+b,y+c,z+d, =0 are equations of two non-parallel planes, then
these two equations taken together represent a line. Thus the equation of straight line can be written as P =0 =Q . This
form is called unsymmetrical form of a line.

To transform the equations to symmetrical form, we have to find the d.r.’s of line and co-ordinates of a point on the
line.

7.26 Intersection point of a line and plane

To find the point of intersection of the line > _I Xt _Y 7Y 274 sndthe plane ax +by +cz+d =0.

m n

The co-ordinates of any point on the line
X=Xy Y=V _2-174

= are given by
X=Xy Y=Y, _2-1Z

| L= r (Say) or (Xl + Ir!yl +mr, Z, + nr) ----- (l) ax+by+cz+d=0
m

If it lies on the plane ax + by +cz +d =0, then

a(x, +InN+b(y, +mr)+c(z, +nr)+d =0 = (ax, +by, +cz, +d)+r(@ +bm +cn)=0

B _(ax1 + by, +cz;, +d)

al+bm+cn
Substituting the value of r in (i), we obtain the co-ordinates of the required point of intersection.
Algorithm for finding the point of intersection of a line and a plane
Step | : Write the co-ordinates of any point on the line in terms of some parameters r (say).
Step 11 : Substitute these co-ordinates in the equation of the plane to obtain the value of r.
Step 11 : Put the value of r in the co-ordinates of the point in step I.
7.27 Angle between line and plane

(1) Cartesian form : The angle between the line X-—a _ Y -pB _1-7 and the plane
m n
aX+by+CZ+dzoiisgivenbysingz a|+bm+Cn .
V@ +b7 +%) (7 +m? )

(i) The line is perpendicular to the plane if and only if % = b = E.
m n
(ii) The line is parallel to the plane if and only if al +bm +cn =0 .
(iii) The line lies in the plane if and only if al +bm +cn =0 and ac+bg+cy+d =0.
b.n
| bl n|

(i) Condition of perpendicularity : If the line is perpendicular to the plane, then it is parallel to the normal to the
plane. Therefore b and n are parallel.

(2) Vector form : If @is the angle between a line r = (a + Ab) and the plane r.n =d , then sin@ =

So, bxn =0 or b= An for some scalar A.
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(if) Condition of parallelism : If the line is parallel to the plane, then it is perpendicular to the normal to the plane.
Therefore b and n are perpendicular. So, b.n = 0.

(iii) If the line r =a + Ab lies in the plane r.n = d, then (i) b.n =0 and (ii) a.n = d.
7.28 Projection of aline on a plane

If P be the point of intersection of given line and plane and Q be the foot of the perpendicular from any point on the
line to the plane then PQ is called the projection of given line on the given plane.

X YY1 278 bjaneis a,x b,y ¢,z +d =0.
4 b, Gy

Find point of intersection (say P) of line and plane. Find image (say Q) of point (x;,y,,z,) about the plane. Line
PQ is the reflected line.

. X
Image of line about a plane : Let line is

Example: 55 The sine of angle between the straight line = ;2 =Y 4_ 3.2 ;4 and the plane 2x —2y+z =5 is
[Kurukshetra CEE 1995, 2001; DCE 2000]
243 J2 4 10
@ — (b)) — © —= d —=
5 10 542 6+/5
Solution: (b) We know that sin @ = al +bm +cn
Va? +b2 +c? V12 +m? +n?
. 3(2)+4(-2)+5(@) 3
sing = =
J9+16+25V4+4+1 5423
Hence, sin@ = ﬁ
10
. .o x-1 y-1 z-k . . S .
Example: 56 Value of k such that the line =3 Tk is perpendicular to normal to the plane r(2i +3j+4Kk)=0 is
[Pb. CET 2001]
(a) —% (b) —% (c) 4 (d) None of these
Solution: (a) We have, X -1 y;l -z ;k
or vector form of equation of line is r=(+j+kk)+ A(2i +3j+kk) i.e. b=2i+3j+kk and normal to the plane,
n=2i+3j+4k.
Given that, b.n =0
= (2i+3j+kk).(2i +3j+4Kk)=0
= 4+9+4k=0 = k=-13/4.
Example: 57 The equation of line of intersection of the planes 4x +4y -5z =12, 8x +12y —13z = 32 can be written as [MP PET 2004]
X y-1 z-2 X y z-2 x-1 y-2 z x-1 y-2 z
) —="——-=— by —===——+— ) —=—=— (d —=——=—
® 2 3 4 ®) 2 3 4 © 2 3 4 @ 2 -3 4
Solution: (c) Let equation of line X_le = y;nyl -z _nzl ...... @)
We have 4x +4y-5z=12 .. (i) and 8x+12y-13z=32 ...... (iii)

Let z = 0. Now putting z = 0 in (ii) and (iii),
we get, 4x +4y =12, 8x+12y =32, on solving these equations, we get x =1,y =2.
x-1 y-2 z-0

Equation of line passing through (1,2,0) s | - .

From equation (i) and (ii),



Example: 58

Solution: (a)

Example: 59

Solution: (a)

Example: 60

Solution: (d)

Example: 61

Solution: (a)
Example: 62

Solution: (d)
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41 +4m-5n=0 and 8l+12m-13n=0

I m n . I m n . .. ox=-1 y-2 z
= —=-—=— i.e. —=—=—. Hence, equation of lineis —=>"—-==.

8 12 16 2 3 4 2 3 4
The equation of the plane containing the two lines XTA:%:% and %:%:Z—? is [MP PET 2000]
(@ 8x+y-5z-7=0 (b) 8x+y+5z-7=0 (c) 8x-y-5z-7=0 (d) None of these
Any plane through the first line may be written as
ax-1)+by+1)+c@z=0 .. 1)
where, 22-b+3¢c=0 .. (ii)
It will pass through the second line, if the point (0, 2, —1) on the second line also lies on (i)
ie if a0-1)+b(2+1)+c(-1)=0,ie, -a+3b-c=0 ...... (iii)

L a b c¢c. a b ¢
Solving (ii) and (iii), weget — =—=—j&. = =—=—

g (i) and (iii), we get —=— = 1&. o=—=—

. Required planeis 8(x —1)+1(y +1)-5(z)=0 = 8x+y-5z2-7=0.
The plane which passes through the point (3, 2, 0) and the line ~— 3_Y ; 6_2 ;4 is [AIEEE 2002]
@ x-y+z=1 (b) x+y+z=5 () x+2y-z=1 (d) 2x-y+z=5
Any plane through the line = -3 _ y;G = 224 is
ax-3)+by-6)+cz-4)=0 .. @)
where, a+5b+4¢c=0 .. (ii)

Plane (i) passes through (3, 2, 0), if

a(3-3)+b(2-6)+c(0-4)=0

-4b-4c=0ie.b+c=0 .. (iii)

From equation (ii) and (iii), a+b=0...a=-b=c.

.. Required plane is a(x —3)—a(y —6)+a(z-4)=0 i.e. x—-y+z-3+6-4=0 i.e. x—y+z=1.
x-3 y-6 z-4 x-3 y-6 z-4

Trick: [3-3 2-6 0-4|=| O -4 -4 | = x-y+z=1.
1 5 4 1 5 4
The distance of point (-1, -5, —10) from the point of intersection of the line x=2 = y;rl = 21_22 and plane x -y +z =5 iS[MP PET 2
(@ 10 (b) 8 (c) 21 (d) 13
Any point on the line X=2 _ y:;l = 21_22 =r is (3r+2,4r-1,12r +2)
Thislieson x—y+z=5,then 3r+2—-4r+1+12r+2=5i.e.r=0.
. Pointis (2, -1, 2). Its distance from (-1, -5, -10) is J9+16 +144 =13 .
The value of k such that X =% = ¥ I 22 ;k liesin the plane 2x —4y +z =7 is [T Screening 2003]
@ 7 (b)y -7 (c) No real value d) 4

Given, point (4, 2, k) is on the line and it also passes through the plane 2x -4y +z =7 = 2(4)-4(2)+k =7 => k=7.
The distance between the line r = (i + j + 2k) + A(2i + 5j + 3k) and the plane r.(2i + j—3K)=5 is

[Kurukshetra CEE 1996]
6 7

5 8
(@ ﬁ (b) ﬁ (c) ﬁ (d) ﬁ
The given lineis r=(i + j+ 2K)+ A(2i + 5j + 3k)
a=i+j+2k, b=2i+5j+3k
Given plane, r.(2i+j-3k)=5 = rn=p
Since b.n=4+5-9=0

. The line is parallel to plane. Thus the distance between line and plane is equal to length of perpendicular from a point
a=i+j+2k on line to given plane.
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Hence, required distance = |(I+J+2k)(2”] 3K)- 5| |2+1 6-5

| 8
Va+1+9 | J14 |_\/H
Sphere

A sphere is the locus of a point which moves in space in such a way that its distance from a fixed point always
remains constant.

The fixed point is called the centre and the constant distance is called the radius of the sphere.

P(r)

7.29 General equation of sphere

The general equation of a sphere is x? +y? +z2 + 2ux + 2vy + 2wz +d = 0 with centre (—u, —v, —w)

i.e. (~(1/2) coeff. of x, —(1/2) coeff. of y, —(1/2) coeff. of 7) and, radius = Vu? +v? +w? —d
From the above equation, we note the following characteristics of the equation of a sphere :
(i) It is a second degree equation in x, y, z;

(i) The coefficients of x?,y?,z? are all equal;
(iii) The terms containing the products xy, yz and zx are absent.

: O The equation x? +y? +2z? + 2ux + 2vy + 2wz +d =0 represents,

(i) A real sphere, if u? +v? +w? —-d >0.
(i) A point sphere, if u? +v? +w? —d =0.
(i) An imaginary sphere, if u? +v? +w? —d <0.

Important Tips

@ If u?+v2+w?—d <0, then the radius of sphere is imaginary, whereas the centre is real. Such a sphere is called “pseudo-sphere” or a
“virtual sphere.

< The equation of the sphere contains four unknown constants u, v, w and d and therefore a sphere can be found to satisfy four conditions.

7.30 Equation in sphere in various forms
(1) Equation of sphere with given centre and radius
(i) Cartesian form : The equation of a sphere with centre (a, b, ¢) and radius R is

(x-a)?+(y-b?+@Z-c?=R> ... @)

If the centre is at the origin, then equation (i) takes the form x? +y? +z2 = R?,

which is known as the standard form of the equation of the sphere.

(ii) Vector form : The equation of sphere with centre at C(c) and radius ‘@’ is| r—c| =

(2) Diameter form of the equation of a sphere

(i) Cartesian form : If (x,,y,,z,) and (x,,Y,,Z,) are the co-ordinates of the extremities of a diameter of a sphere,
then its equation is (X — X )(X = X,)+(y -y )y -Yy,)+(Z-2,)(z-2,)=0.
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(ii) Vector form : If the position vectors of the extremities of a diameter of a sphere are a and b, then its equation is
(r—a).(r-b)=0or| r|?> -r.(a—-b)+ab=0.

7.31 Section of a sphere bv a plane

Consider a sphere intersected by a plane. The set of points common to both sphere and plane is called a plane
section of a sphere. The plane section of a sphere is always a circle. The equations of
the sphere and the plane taken together represent the plane section.

Let C be the centre of the sphere and M be the foot of the perpendicular from C
on the plane. Then M is the centre of the circle and radius of the circle is given by

2 2 P M Q
PM =+CP? —CM

The centre M of the circle is the point of intersection of the plane and line CM
which passes through C and is perpendicular to the given plane.

Centre : The foot of the perpendicular from the centre of the sphere to the plane is the centre of the circle.
(radius of circle)? = (radius of sphere)? — (perpendicular from centre of spheres on the plane)?

Great circle : The section of a sphere by a plane through the centre of the sphere is a great circle. Its centre and
radius are the same as those of the given sphere.

7.32 Condition of tangency of a plane to a sphere

A plane touches a given sphere if the perpendicular distance from the centre of the sphere to the plane is equal to the
radius of the sphere.

(1) Cartesian form : The plane Ix + my +nz = p touches the sphere x? +y? +z% + 2ux + 2vy + 2wz +d =0, if
l+vm +wn —p)?> =% +m2 +n?)U? +v2 +w? —d)

|an-d|

(2) Vector form : The plane r.n =d touches the sphere| r—a|=R if K
n

R.

Important Tips

& Two spheres S; and S, with centres C, and C, and radii r, and r, respectively
(i) Do not meet and lies farther apart iff | C,C,| > 1, +1,
(ii) Touch internally iff | C,C,| = 1, —1,|
(iii) Touch externally iff | C,C,| =1, +r,
(iv) Cutinacircleiff| b —r,| < C,C,| <K, +1,
(v) One lies within the other if | C,C,| <] 1, —1,] .

When two spheres touch each other the common tangent plane is S; —S, =0 and when they cut in a circle, the plane of the circle is

S, —S, =0; coefficients of x?,y? z?

being unity in both the cases.
@ Let p be the length of perpendicular drawn from the centre of the sphere x?+y? +z2 =r? to the plane Ax + By +Cz +D =0, then

(i) The plane cuts the sphere in a circle iff p < r and in this case, the radius of circle is /r*> —p? .

(ii) The plane touches the sphere iff p=r.

(iii) The plane does not meet the sphere iff p > r.
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@ Equation of concentric sphere : Any sphere concentric with the sphere xZ+y®+z°+2ux+2vy+2wz+d=0 is
x2+y2+22 4 2ux + 2vy + 2wz + A =0, where A is some real which makes it a sphere.

7.33 Intersection of straight line and a sphere

Let the equations of the sphere and the straight line be x?+y?+z2+2ux+2vy+2wz+d=0 ... (i)

And X—a _y-b_1-y

=r (sayy L. (i)
| m n

Any point on the line (ii) is (e +1Ir, +mr,y +nr).

If this point lies on the sphere (i) then we have,

@+ +(B+mr)? +(+nr)? + 2u(@ + 1IN+ 2v(B +mr)+2w(y +nr)+d =0

or, r2[17 +m? + n?]+ 21U + @) + m(v + B)]+nw + »)] + (@2 + B2 +y? + 2ua + 2B + 2wy +d) = 0 ....(iii)

This is a quadratic equation in r and so gives two values of r and therefore the line (ii) meets the sphere (i) in two
points which may be real, coincident and imaginary, according as root of (iii) are so.

I_NOI@ @ If I, m, n are the actual d.c.’s of the line, then 1 +m? +n? =1 and then the equation (iii) can be
simplified.
7.34 Angle of intersection of two spheres .

The angle of intersection of two spheres is the angle between the tangent planes to them at their point of
intersection. As the radii of the spheres at this common point are normal to the tangent planes so this angle is also equal to
the angle between the radii of the spheres at their point of intersection.

If the angle of intersection of two spheres is a right angle, the spheres are said to be orthogonal.
Condition for orthogonality of two spheres
Let the equation of the two spheres be

X2 +y?+z2 +2ux+2vy +2wz +d =0 .. (i)

and x?+y?+z2+2ux +2v'y + 2w’z +d' =0 .....(ii)

If the sphere (i) and (ii) cut orthogonally, then 2uu’ + 2vv' + 2ww’=d + d’, which is the required condition.
I_AZOI@ -0 If the spheres x?+y?+z?=a’ and Xx%+y?+z2+2ux+2vy +2wz +d=0 cut

orthogonally, then d = a?.

. . o nr
U Two spheres of radii r, and r, cut orthogonally, then the radius of the common circle is 12

2 +rf

Example: 63 The centre of sphere passing through four points (0, 0, 0), (0, 2, 0), (1, 0, 0) and (0, 0, 4) is [MP PET 2002]
1 1 1 1
a) |=,12 by |-=,1,2 c) |=,1,-2 d |1,=,2
()(2) ()(2] ()[2 J ()(2)
Solution: (a) Let the equation of sphere be x2 +y2 +22 +2ux + 2vy + 2wz +d =0

-+ It passes through (0, 0, 0), .. d =0
Also, It passes through (0, 2, 0) i.e., v=-1



Example: 64

Solution: (b)

Example: 65

Solution: (a)

Example: 66

Solution: (c)

Example: 67

Solution: (b)

Example: 68

Solution: (c)
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Also, It passes through (1,0, 0) i.e., u=-1/2

Also, it passes through (0, 0, 4) i.e., w=-2

. Centre (-u, v, -w) = (1/2, 1, 1/2)

The equation | r|? —r.(2i +4j—2k)—10 = 0 represents a [DCE 1998]

(a) Plane (b) Sphere of radius 4 (c) Sphereofradius3  (d) None of these

The given equation is| r|? —r(2i +4j—-2k)—10 =0

= x?+y?+22-2x-4y+2z-10=0,

which is the equation of sphere, whose centre is (1, 2 —1) and radius = V1+4+1+10 =4,

The intersection of the spheres x?+y?+z%2+7x-2y—z=13and x?+y®+z%-3x+3y+4z=8is the same as the

intersection of one of the sphere and the plane [AIEEE 2004]

@ 2x-y-z=1 (b) x-2y-z=1 () x-y-2z=1 d x-y-z=1

We have the spheres x% +y2 +22 +7x—2y—-z-13=0and x? +y? +2%> -3x+3y+4z-8=0

Required plane is S, —S, =0

S (Ix+3x)-(2y +3y)—(z+42)-5=0

i.e. 10x -5y +(-52)-5=0 => 2x-y—-z=1.

The radius of the circle in which the sphere x? +y? +2? + 2x =2y —4z —19 =0 is cut by the plane x +2y+2z+7 =0 is
[AIEEE 2003]

(@ 1 (b) 2 (© 3 (d) 4

For sphere x2 +y2 +22 +2x -2y —4z-19 =0, Centre O is (-1, 1, 2) and radius =v1+1+4 +19 =5,

Now, OL = length of perpendicular from O to plane X +2y +2z+7 =0 is

1+ 2+447 _ 12

- Ji+4+4 3
In AOLB, LB =+vOB?-0L%? =+/25-16 =3.

=4 ,ie.OL=4.

A B
The radius of circular section of the sphere | r|=>5 by the plane r. (i+j+k) = 443 is [DCE 1999; AMU 1991]
@ 2 (b) 3 (c 4 (d) 6
Radius of the sphere =5
Given planeis x+y+z ~443 =0
Length of the perpendicular from the centre (0, 0, 0) of the sphere to the plane = i =4
o Ji+1+1

Hence, radius of circular section =+/25-16 =3,

The shortest distance from the plane 12x +4y + 3z = 327 to the sphere x2+y?2+22+4x -2y —62 =155 is [AIEEE 2003]
(@ 26 (b) 11 % (c) 13 (d) 39
Centre of sphere is (-2, 1, 3)

Radius of sphere is V4 +1+9+155 =13

Distance of centre from plane = T24+44+9-327 338

V144 +16 +9 13

.. Plane cuts the sphere and hence S.D..= % -13 = % =13.
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ssignment

System of Co-ordinates O

10.

11.

12.

Basic Level >

From which of the following the distance of the point (1,2,3) is J10

(a) Origin (b) x-axis (c) y-axis (d) z-axis

If A, 2,3);B(-1,-1,-1) be the points, then the distance AB is [MP PET 2001]
(a) ‘/E (b) \/Z (o) \/E (d) None of these
Perpendicular distance of the point (3,4,5) from the y-axis, is [MP PET 1994]
(a) /34 (b) V41 © 4 @ s

Distance between the points (1,3,2) and (2,1,3) is [MP PET 1988]
(a) 12 (b) V12 (©) V6 (d) 6

The shortest distance of the point (a,b,c) from the x-axis is [MP PET 1999; DCE 1999]

(a) @ +b?) (b) (b2 +c?) (©) V(c?+ad) (d) Y@ +b?+c?)

Points (1,1,1), (-2,4,1),(-1,5,5) and (2,2,5) are the vertices of

(a) Rectangle (b) Square (c) Parallelogram (d) Trapezium

The triangle formed by the points (0,7,10), (-1,6,6) (-4,9,6) is [Rajasthan PET 2001]
(a) Equilateral (b) Isosceles (c) Right angled (d) Right angled isosceles
The points A(G,-1,1); B(7,—4,7); C(1,-6,10) and D(-1,-3,4) are vertices of a [Rajasthan PET 2000]
(a) Square (b) Rhombus (c) Rectangle (d) None of these

The coordinates of a point which is equidistant from the points (0,0,0), (a,0,0), (0,b,0) and (0,0,c) are given by

[MP PET 1993; Rajasthan PET 2003]

abec a b c a b ¢ ab c
a) |- o b) |-——%.7 Q) |5 o d |--.o—%
U[zzzj ()(2 22) ”(222} ()(22 2)
If A, 2,-1) and B(-1,0,1) are given, then the coordinates of P which divides AB externally in the ratio 1:2, are[MP PE1
(a) %(1,4,_1) (b) (3,4,-3) () %(3,4,—3) (d) None of these

The coordinates of the point which divides the join of the points (2,-1,3) and (4,3,1) in the ratio 3:4 internally
are given by

[MP PET 1997]

2 20 10 15 20 3 10 15

a) -, 0= b) — == Q) —. =
@ 773 ® 77 © 73

20
7

15

2 5
= d o
7 (@) 77

Points (-2, 4, 7), (3, -6, -8) and (1, -2, -2) are [AI CBSE 1982]



13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

Three Dimensional Co-ordinate Geometry

(a) Collinear (b) Vertices of an equilateral triangle

(c) Vertices of an isosceles triangle (d) None of these

Which of the following set of points are non-collinear [MP PET 1990]
(a) (1, -1,1),(-1,1,1),(0,0,1) (b) (1, 2, 3), (3, 2,1), (2, 2, 2)
() (-2, 4,-3), (4, -3, -2), (-3, -2, 4) (d) (2, 0,-1), (3, 2, -2), (5,6, -4)

If the points (-1, 3, 2), (-4, 2, -2) and (5, 5, 4) are collinear, then A =

(a) -10 (®) 5 () -5 (d) 10

The area of triangle whose vertices are (1, 2, 3), (2, 5, -1) and (-1, 1, 2) is [Kerala (Engg.) 2002]
(a) 150 sq. units (b) 145 sq. units (©) 155 . units (d) %sq. units

Volume of a tetrahedron is K (area of one face) (length of perpendicular from the opposite vertex upon it),
where K is

1 1 1 1
(a) 5 (b) 3 () 7 (@ =
A point moves so that the sum of its distances from the points (4,0,0) and (-4,0,0) remains 10. The locus of the
point is
[MP PET 1988]
(a) 9x? —25y% +2522 =225 (b) 9x? +25y% —2522 =225
(c) 9x? +25y% +25z% =225 (d) 9x? +25y% +252% +225 =0

If the sum of the squares of the distances of a point from the three coordinate axes be 36, then its distance
from the origin is

(a) 6 (b) 3\/5 (©) 2\/§ (d) None of these

All the points on the x-axis have [MP PET 1988]
(a) x=0 (b) y=0 (c) x=0,y=0 (d) y=0,z=0

The equations | x|=p| y|=p)| z|] =p in xyz space represent [Orissa JEE 2002]
(a) Cube (b) Rhombus (c) Sphere of radius p (d) Point (p,p,p)

The orthocentre of the triangle with vertices (1,2,3), (2,3,1) and (3,1,2) is
(a) (1,1,1) (b) (2, 2,2) (c) (6,6,6) (d) None of these
If a+b+c=A1, then circumcentre of the triangle with vertices (a,b,c); (b,c,a) and (c,a,b) is

(a) (4, 44 (b) (412, 212, 212) (c) (413,413, 413) (d) None of these

(-1,6,6),(-4,9,6) are two vertices of A ABC . If its centroid be (-5/3,22/3,22/3), then its third vertex is

(a) (0,7,10) (b) (7,0,10) (c) (10,0,7) (d) None of these
If points (2, 3, 4), (5, a, 6) and (7, 8, b) are collinear, then values of a and b are [AISSE 1989]
(a) a:6,b=_3£ (b) a:G,b:% () a=23—2,b:6 (d) az%,bz—ﬁ

Direction cosines and Projection O

Basic Level Y
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25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

If a line makes angles of 30° and 45° with x-axis and y-axis, then the angle made by it with z-axis is
(a) 45° (b) 60° (c) 120° (d) None of these
If a straight line in space is equally inclined to the coordinate axes, the cosine of its angle of inclination to any
one of the axes is
[MP PET 1992]

1 1
@ 5 ® 5 © = @ -
If the length of a vector be 21 and direction ratios be 2, -3, 6, then its direction cosines are
2 -1 2 2 -36 2 36
(a TR e (b) PR (o) Py (d) None of these
If Ois the origin, OP =3 with d.r.‘'s -1, 2, —2 then the co-ordinates of P are [Rajasthan PET 2000]
(@) (12-2) ®) (1,2,2) © (—% z- éj (@ (3,6,-9)

The numbers 3, 4, 5 can be

(a) Direction cosines of a line (b) Direction ratios of a
line in space

(c) Coordinates of a point on the plane y=4,z=0 (d) Co-ordinates of a point on the plane x+y-z=0

If [, m, n are the d.c.'s of a line, then

(a) P+m?+n?=0 (b) P+m?+n?=1 (©) l+m+n=1 (d) l=m=n=1

If aline lies in the octant OXYZ and it makes equal angles with the axes, then [MP PET 2001]
1 1 1 1

(a) lI=m=n=— (b) I=m=n=+t— (o) lI=m=n=-— (d) I=m=n=+t—
J3 J3 J3 J2

If a line makes equal angle with axes, then its direction ratios will be
(a) 1,2,3 (b) 3,1, 2 (© 3,2,1 (d)1,1,1

The coordinates of the point P are (x, y, z) and the direction cosines of the line OP, when O is the origin, are [,
m, n. If OP = r, then

(a) I=x,m=y,n=2z (b)) I=xr,m=yr,n=2zr (c) x=Iny=mr,z=nr (d) None of these

The direction ratios of the diagonals of a cube which joins the origin to the opposite corner are (when the 3

concurrent edges of the cube are coordinate axes) [MP PET 1996]
() iii (b) -1,1,-1 (© 2,-2,1 (d)1,2,3

V3 33 T o
If the direction ratios of a line are 1, -3, 2, then the direction cosines of the line are [MP PET 1997]
(@) — = 2 ) —— 2 3 (@ =+ 3 =2 @ = 2 =

Jia V14 14 Jia V1414 Jia ' 14 14 1414 " 14

If a line make «, 5,y with the positive direction of x, y and z-axis respectively. Then cos? & +cos? f+cos? y is

[Orissa JEE 2002; MP PET 2002]

(a) 1/2 (b) -1/2 (o) -1 (d) 1

The direction-cosines of the line joining the points (4, 3, -5) and (-2, 1, -8) are [MP PET 2001; Kurukshetra CEE 1998]
6 2 3 2 36 6 3 2

a) (-0 b) |-.=-.= Q) |[=,=,— d) None of these

()[777j ()[777j ()[777j (d)

The direction ratios of the line joining the points (4, 3, -5) and (-2, 1, -8) are [AI CBSE 1984; MP PET 1988]



39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

Three Dimensional Co-ordinate Geometry

(a) [gégj (b) 6,2, 3 © 2,4, -13 (d) None of these

The coordinates of a point P are (3, 12, 4) with respect to origin O, then the direction cosines of OP are [MP PET 1996]

111 3 1 2 3 12 4
a) 3,12, b) — = = ) —,—,—/— d) — — —
(a) 3,12, 4 ®) 5.5 © = IE TE @ 5131
The direction cosines of a line segment AB are iii If AB =417 and the coordinates of A are (3, -6,
17 V17 V17
10), then the coordinates of B are
(a) (1> _2; 4) (b) (2) 5; 8) (C) (_1, 3) _8) (d) (1) _3: 8)
If (% % , nJ are the direction cosines of a line, then the value of n is [Kerala (Engg.) 2002]
V23 23 2 3
a) — b) — c) — d) —
() 5 (b) 6 () 3 (d) >

If a line makes the angle «,8,y with three dimensional coordinate axes respectively, then
COS 2 + COS 23 + COS 2y =

[MP PET 1994,95,99; Rajasthan PET 2003]

(a) -2 (b) -1 (1 (d) 2

A line makes angles of 45° and 60° with the positive axes of X and Y respectively. The angle made by the same
line with the positive axis of Z, is [MP PET 1997]
(a) 30° or 60° (b) 60° or 90° (c) 90° or 120° (d) 60° or 120°

If «,f,ybe the angles which a line makes with the positive direction of coordinate axes, then
sin? ¢ +sin® B +sin? y =

[Rajasthan PET 2000; AMU 2002; MP PET 1989,98,2000,03; Kerala (Engg.) 2001]
(a) 2 (d) 1 (o) 3 (d) o
A line makes angles «, #,y with the coordinate axes. If o+ =90°, then y =
(a) o° (b) 90° (c) 180° (d) None of these
The coordinates of the points P and Q are (x,,y;,2;) and (X,,Y,,Z,) respectively, then the projection of the line

PQ on the line whose direction cosines are I, m, n, will be

(@) Xy =x )+, -y )m+(z, —z4)n (®) [XZI_Xl]+(y2r;ylj+(22;21j
(C) ﬁ+y_l+z_l (d) ﬁ_‘_Y_Z_FZ_Z
I m n I m n

The projection of the line segment joining the points (-1, 0, 3) and (2, 5, 1) on the line whose direction ratios
are 6, 2, 3, is

[AI CBSE 1985]
(a) 10/7 (b) 22/7 (c) 18/7 (d) None of these
The projection of any line on coordinate axes be respectively 3, 4, 5, then its length isIMP PET 1995; Rajasthan PET 2001
(a) 12 (b) 50 () 5\/5 (d) None of these
If 0 is the angle between the lines AB and CD, then projection of line segment AB on line CD is [MP PET 1995]

(a) ABsing (b) ABcos@ (c) ABtané@ (d) CDcos @
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50.

51.

52.

53.

54.

The projections of a line on the co-ordinate axes are 4, 6, 12. The direction cosines of the line are

%%g ) 2,3, 6 o 228 (d) None of these

a ) ,
(@) 11 11 11

The projections of segment PQ on the coordinate planes are -9, 12, -8 respectively. The direction cosines of PQ
are [Pb. CET 1998]

9 12 -8

(@) <—————— ——> (b) <-9,12,-8 >
VA7) J@A7) A7)

© <— 12 8, @ <=2 12 8
289 ' 289 ' 289 171717

The projections of a line segment on x,y,z axes are 12, 4, 3. The length and the direction cosines of the line
segments are

[Kerala (Engg.) 2000]
(a) 13,<12/13,4/13,3/13> (b)19,<12/19,4/19,3/19 > (c) 11,<12/11,4/11,3/11> (d) None of these
The coordinates of A and B be (1, 2, 3) and (7, 8, 7), then the projections of the line segment AB on the
coordinate axes are
(a) 6,6,4 (b) 4,6, 4 (©) 3,3, 2 (d) 2,3,2

A line segment (vector) has length 21 and direction ratios (2, -3, 6). If the line makes an obtuse angle with x-
axis, the components of the line (vector) are

(a) 67 -9, 18 (b) 2, -3, 6 (C) _187 27, -54 (d) _6) 9, -18

Angle between Two Lines O

55.

56.

57.

58.

59.

60.

61.

Basic Level Y

The angle between the pair of lines with direction ratios (1, 1, 2) and (\/5—1, —J§—1, 4) is [MP PET 1997, 2000]

(a) 30° (b) 45° (c) 60° (d) 90°
The angle between a line with direction ratios 2:2:1 and a line joining (3, 1, 4) to (7, 2, 12) is [DCE 2002]
(a) cos1(2/3) (b) cosi(-2/3) (c) tan'(2/3) (d) None of these

The angle between the lines whose direction cosines are proportional to (1, 2, 1) and (2, -3, 6) is

o 2 o 1 af 3 af 5
(a) €08 [7\/5} ( ) €08 (7\/EJ (C) €08 (7\/EJ ( ) €08 (7\/EJ

If the vertices of a triangle are A (1, 4, 2), B(-2, 1, 2), C(2, -3, 4), then the angle B is equal to
(a) cos(1/+/3) (b) 712 (c) cos (/6 /3) (d) cos+/3

If the coordinates of the points P, Q, R, Sbe (1, 2, 3),(4,5,7), (-4, 3, -6) and ( 2, 0, 2) respectively, then
(a) PQ| RS (b) PQ LRS (c) PQ=RS (d) None of these

If the coordinates of the points A, B, C, D be (1, 2, 3), (4, 5, 7), (-4, 3, -6) and (2, 9, 2) respectively, then the
angle between the lines AB and CD is

T T T
(a) 5 (b) 7 () 3 (d) None of these

If the angle between the lines whose direction ratios are 2,-1,2 and a 3,5 be 45° then a=



62.

63.

64.

65.

66.

67.

68.

69.

70.

71.

72.

73.

Three Dimensional Co-ordinate Geometry

(a) 1 (b) 2 (© 3 (d) 4
If O be the origin and P(2, 3,4) and Q(, b, 1) be two points such that OP L OQ, then b=

(a) 2 (b) -2 (c) No such real b exists (d) None of these
If d.r.'s of two straight lines are 5, -12, 13 and -3, 4, 5 then, angle between them is [Rajasthan PET 2001]
-1 2 -1 1 -1 3 /a
a) cos | — b) cos™| — c) cos | — d) —
(a) [65} (b) [65} () [65} (d) 3

If direction ratio of two lines are a;,b;,c, and a,,b,,c, then these lines are parallel if and only if

(@) a, =ayb, =byc =c, (b) aa,+bb,+cc, =0 © Z—l hoa (d) None of these

2 b
If AK,1,-1),B(2k, 0,2) and C(2+2k,k,1) be such that the line AB 1 BC, then the value of k will be

(a) 1 (b) 2 (© 3 (d) o
A(a,7,10),B(-1, 6,6) and C(-4,9, 6) are the vertices of a right angled isosceles triangle. If Z/ABC =90°, then a=

(a) o (b) 2 () -1 (d) -3

Advance Level )

The angle between two diagonals of a cube will be [MP PET 1996, 97, 2000; Rajasthan PET 2000,02]
(a) sin’l% ) cos*% (c) Constant (d) Variable
If a line makes angles «,f,7,6 with the four diagonals of a cube, then the wvalue of

cos? a+c0s? f+c0s? y+cos? S =

[Rajasthan PET 2002]

(a) 1 (b) % (c) Constant (d) Variable

The angle between the lines whose direction cosines satisfy the equations I+m+n=0,1>+m?-n? =0 is given by

[MP PET 1993; Rajasthan PET 2001]

2z T 57 T
(a) 3 (b) 5 () 5 (d) 3
If three mutually perpendicular lines have direction cosines (I, m;,n,),(I,,m,,n,), and (Il;,mg,n;), then the line
having direction cosines |, +1, +1;,m; +m, +m; and n, +n, +n; make an angle of .......... with each other
(a) o° (b) 30° (c) 60° (d) 90°

The straight lines whose direction cosines are given by al+bm+cn=0, fmn +gnl+hlm =0 are perpendicular, if

L EE\EZ _ Jog - zzzz\ﬁ
(@) —+ +o=0 (b) \ﬁ+\/§+ =0 (c) faf =Jbg =+/ch (d)\/: \/; -

The angle between the lines whose direction cosines are connected by the relations I+m+n=0 and
2Im+2nl—-mn =0, is

(a) % (b) 2?” © = (d) None of these

A@B,2,0),B(5,3,2),C(-9,6,—3) are three points forming a triangle and AD is the bisector of the /BAC, then

coordinates of D are



360 Three Dimensional Co-ordinate

74.

75.

76.

77-

78.

17 57 28 38 57 17 38 17 57 57 38 17
@ | === ®) | = == © | === (@D | ===
16 16 ' 16 16 16 '16 16 '16 ' 16 16 16 '16

The direction cosines of two lines at right angles are <I,m;,n, > and <I,,m,,n, >. Then the d.c. of a line 1 to
both the given lines are
(a) <mn, —m,n,;, nyl, —n,k, Im, —Lbm, > (b) <l +l,,m; +my,,n +n, >
(© <l -lL,m —-m,n —n,> (d) None of these
Lomy n
Three lines drawn from origin with direction cosines I, m;,n, ;l,,m,,n, ;l;,m;,n; are coplanar iff I, m, n, =0,
l; m; ng
since

(a) All lines pass through origin (b) It is possible to find a line
perpendicular to all these lines

(c) Intersecting lines are coplanar (d) None of these
The direction cosines of a variable line in two adjacent positions are I,m,n and I+d,m+dm, n+on. If angle
between these two positions is & , where 5 is a small angle, then &? is equal to

(a) &% +om?+on? () d+sm+a (© d.m+dm.m+.d  (d) None of these

If direction cosines of two lines OA and OB are respectively proportional to 1, -2, -1 and 3, -2, 3 then direction
cosine of line perpendicular to given both lines are

(a) +4/29,+3/29,+2/29, (b) +4/729,+3/429,F2/J29

(© i4/\/5,i2/\/5,i3/\/5, (d) None of these

A mirror and a source of light are situated at the origin O and at a point on OX respectively. A ray of light from
the source strikes the mirror and is reflected. If the d.r'.s of the normal to the plane are 1, -1, 1, then d.c'.s of
the reflected ray are

122 122 1 2 2 1 22
a) —. - ¢ b) ——.-.— C) ———— ¢ d) ---—-. 7
(@) 333 (b) 333 (© 3 3 3 (d) 3 33
( Straight Line ()
Basic Level '
79. The equation of straight line passing through the point (a,b,c) and parallel to z-axis, is [MP PET 1995]
Xx—a y-b z-c x—a y-b z-c x—a y-b z-c x—a y-b z-c
a = = b = = C = = d = =
(@) 1 1 0 (b) 0 1 1 (© 1 0 0 (@) 0 0 1
80. Equation of x-axis is [MP PET 2002]
X 'y z X 'y z X y z X_y_ 12
a) — =L == b) —=Z == c) —=<=— d) —====
(@) 1 1 1 (b) 0 1 1 (© 1 0 O (@) 0 0 1
81. The equation of straight line passing through the points (a, b, ¢) and (a—b,b—c,c—a), is [MP PET 1994]
X—a -b z-c X—a -b z-c X—a -b z-c X—a -b z-cC
(@ > =¥~ () X2 Y2 (© 122 @ _y=b
a-b b-c c-a b c a a b c 2a-b 2b-c 2c-a
82. The equation of a line passing through the point (-3, 2, -4) and equally inclined to the axes, are
(@) x-3=y+2=2-4  (b) x+3=y-2=2z+4 © Xigzygzzzg“ (d) None of these
83. The straight line through (a, b, ¢) and parallel to x-axis are [DCE 1992]



84.

8s5.

86.

87.

88.

89.

90.

o1.

92.

93.

94.

Three Dimensional Co-ordinate Geometry

Xx-a y-b z-c Xx-a y-b z-c Xx-a y-b z-c Xx-a y-b z-c

a b c d
@) 1 0 0 (b) 0 1 0 (© 0 0 1 (@ 1 1 1

. . . . . X-6 y-2 z+4+7 . .
Equation of the line passing through the point (1, 2,3) and parallel to the line TR is given by
(a) x+1:y+2:z+3 (b) X_lzy_zzz_g,where 12l+4m+5n=0

12 4 5 | m n
(©) x-1_y-2_2-3 (d) None of these

12 4 5

Let G be the centroid of the triangle formed by the points (1, 2, 0), (2, 1, 1), (0, 0, 2). Then equation of the line
OG is given by

x=1 vy z x-1 y-1 z-1
a) x=y=z b) —===— C = = d) None of these
(a) y (b) 1 171 () I I 0 (d)
The direction cosines of the line 3X—;1 = % = il are
12 2 1 1 1 2 1
(a) [—,—YOJ (b) (—1,—,1] (9] (——, L——j @ |-——=—=-—F
3'3 3 2 2 Js 'V Ve
The direction cosines of the line x =y =z are [MP PET 1989]
1 1 1 111
@ —=,— —+— b === (c) 1,1,1 (d) None of these
J3'V3'y3 3'3'3
The direction ratio's of the line x—-y+z-5=0=x-3y-6 are [MP PET 1999]
3 1 -2 2 -4 1
(a) 37 17 -2 (b) 2’ _47 1 (C) ek sk N (d) T T T
J1a " V14 ' 14 Ja1 a1 a1
The angle between two lines x+1_ y-2+3 =z _14 and 2 14 = y42r4 s ;1 is [MP PET 1996]
1 1 -1 2 -1 3 -1 4
a) cos | — b) cos | — C) cos | — d) cos| —
@ eos 5] ) cos 2] (@ aos (3] @ eos 5]
The angle between the lines x+4 = y-3 = z2+2 and izy—_lz— is
2 3 3 -2 1
.1 1 -1 2 -1 1
(a) sin 7 (b) cos 7 (c) cos 0 (d) None of these
The angle between the lines X Y_Z gnal=-Y_-Zis
1 0 -1 3 4 5
41 41 41 51
a) cos  — b) cos = Cc) cos — d) cos™ —
() = (b) 3 () > (d) 2
The value of 2 for which the lines > 1_1 = y;Z =z +11 nd X +/11 = y;rl 222 are perpendicular to each other is
(a) o (b) 1 (c) -1 (d) None of these
The angle between the straight lines x+1_ y;Z = 213 and 2 1_1 = y;2 =z _33 is [MP PET 2000]
() 45° (b) 30° (c) 60° (d) 90°
The angle between the lines 2x =3y =-z and 6x=-y=-4z,is [MP PET 1994,99]

(a) o° (b) 30° (c) 45° (d) 90°
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95. The angle between the lines x=1,y=2 and y=-1 and z=0 is [Kurukshetra CEE 1993]
(a) 90° (b) 30° (c) 60° (d) o°
96. The straight line Xx=3_Y 1 2_2 ;1 is [Rajasthan PET 2002]
(a) Parallel to x-axis (b) Parallel to y-axis (c) Parallel to z-axis (d) Perpendicular to z-axis
97. The lines x=1_y-1_2-3 g X=2_Y-8_2-% ,re
3 0 0 0 1
(a) Parallel (b) Skew (c) Coincident (d) Perpendicular
98. The straight lines X"l _y-2 278 jngX2l_¥-2.2°3 4
2 3 2 2 -2
(a) Parallel lines (b) Intersecting at 60° (c) Skew lines (d) Intersecting at right
angle
99. The angle between the lines X2 = y_+1 z=2 and x-1 = 2y +3 = 2+5 is
3 -2 1 3 2
() »/2 (b) n/3 (c) »/6 (d) None of these
100. The lines X =Y oZ gng X=1_¥-2_2-3 . [Kurukshetra CEE 2000]
1 2 3 -2 -4 -6
(a) Parallel (b) Intersecting (c) Skew (d) Coincident
101, Thelines X-t_Y¥=2_2-3 jpqX-1_y-2_2-3 ..o
2 4 7 4 5 7
(a) Parallel (b) Intersecting (c) Skew (d) Perpendicular
102. Lines r=a; +tb; and r=a, +sbh, are parallel iff [Kurukshetra CEE 1992]
(a) b,is parallelto a, —a, (b) b, is parallel to a, —a,
() b, =1b, for some real 1 (d) None of these
103. The equation of the line passing through the points ai+a,j+a;k and b;i+b,j+bsk [Rajasthan PET 2002]
(a) (ai+a,j+agk)+tb,i+b,j+bsk) (b) (ai+a,j+agk)—t,i+b,j+bsk)
() ay@—-ti+a,l-tj+a;@—-tk+b,i+b,j+bsk)t (d) None of these
104. The vector equation of the line joining the points i —2j+k and -2j+ 3k is [MP PET 2003]
(@) r=ti+j+k) ) r=t,(-2j+k)+t,3k-2j) (c) r=({-2j+k)+tRk—-i) (d) r=t(2k-1i)
. s . . x-1 'y z+3
105. The acute angle between the line joining the points (2,1, -3),(-3,1,7) and a line parallel to 3 = 4 = 5
through the point (-1, 0, 4) is [MP PET 1998]
o4 7 4 1 4 3 4 1
(a) cos 1[—} (b) cos 1(—] (c) cos 1(—] (d) cos {—]
510 J10 510 510
106. The shortest distance between the lines ~ ;3 -y _18 -z 13 and 2 +33 -y ; [ ;6 is [MP PET 2002]
(a) v30 (b) 2430 (c) 5v30 (d) 3v30
107. Shortest distance between lines ~— 6_y=2_2-2 g X4 _y 2+l
1 -2 2 3 -2 -2
(a) 108 (b) 9 (c) 27 (d) None of these

108. The lines |, and |, intersect. The shortest distance between them is
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(a) Positive (b) Zero (c) Negative (d) Infinity
109. The shortest distance between two straight lines given by X 14 =Y Zl e _30 and X 1_1 = y;rl -z _52 is [Pb. CET 2001]
(a) 2 (b) 3 (©) 5 (d) None of these
J5 J5 J5
110. The shortest distance between the lines r=(3i-2j—2k)+it and r=i-j+2k +js (t and s being parameters) is [AMU 19¢
(@) V21 (b) V102 © 4 @ 3

Advance Level )

111. The equation of the line passing through the point (1, 2, -4) and perpendicular to the two lines
x—8 :y+19 :z—lo and x —15 :y—29 :z—5
2 -16 7 -2 8 -5
X-1 y-2 z+4 Xx-1 y-2 z+4 Xx-1 y-2 z+4

2 3 6 (b) — =73 8 © —357=7 8

112. The equation of straight line 3x+2y-z-4=0 ; 4x+y—-2z+3 =0 in the symmetrical form is

, will be [AI CBSE 1983]

(d) None of these

(a)

Xx-2 y-5 1z X+2 y-5 z X+2 y-5 z
a =2 > _= b =2 — == c =—=== d) None of these
(a) 3 2 c (b) 3 — 5 (9] 3 > 5 (d)
113. The point of intersection of lines X=4 _y-l_ 2 g Xt_¥y-2_2-38 4 [AISSE 1986]
5 2 1 2 3 4
(a) (-1, -1,-1) ) 1, -1 () @& -1,-1) (@ 1,1-1)

x-11 y+2 z+8
-4 -1

(a) 14, (L 2 -3) (b) 14, @, -2, 3) (©) 14, 2, 3) (d) None of these

114. The length and foot of the perpendicular from the point (2, -1, 5) to the line are [DSSE 1987]
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X+5 y+3 z7-6

115. The perpendicular distance of the point (2, 4, -1) from the line 2 3 is [Kurukshetra CEE 1996]
(a) 3 (b) 5 7 @o

116. Distance of the point (x,,y;, z;) from the line X_IXZ _YoY, _Z7% , where [, m and n are the direction cosines of

m n
line is
(a) \/(Xl - X2)2 +(yy *yz)z +(z, *22)2 =[xy =x2)+m (y; —y,)+n(z, *Zz)]z
(b) \/(Xz - Xl)z +(y, *yl)z +(z, *21)2
(© \/(Xz = X) I+, =y)m+(z; —2z)n
(d) None of these
. . . X-6 y-7 z-7 .

117. The length of the perpendicular from point (1, 2, 3) to the line 3 = > = 3 is [MP PET 1997]
() 5 (b) 6 () 7 (@) 8

118. The foot of the perpendicular from (0, 2, 3) to the line X+3 = y;l _Z ;4 is
(a) (_2; 3) 4) (b) (2; _17 3) (C) (27 37 _1) (d) (3} 2) _1)

119. The foot of the perpendicular from (1, 2, 3) to the line joining the points (6, 7, 7) and (9, 9, 5) is
(a) (5,3,9) (b) (3,5,9) () (3,9, 5) (d) (3,9,9)

120. If the equation of a line through a point a and parallel to vector b is r=a+tb, where t is a parameter, then its
perpendicular distance from the point c is [MP PET 1998]
(a) | c—b)xa| + a| (b) | c—a)xb]| +| b (c) | (@—b)xc| +| c| (d) | @—b)xc| | a+c]|

121. The distance of the point B(i+2j+3k) from the line which is passing through A(4i+2j+2k) and which is
parallel to the vector E =2i+3j+6k is [Roorkee 1993]
(a) 10 (b) V10 (c) 100 (d) None of these

Plane O

122.

123.

124.

125.

126.

Basic Level 'Y

The ratio in which the line joining the points (a, b, c¢) and (-a, -c, -b) is divided by the xy-plane is [MP PET 1994; Him.

(a) a:b (b) b:c (c) c:a (d) c:b

The ratio in which the line joining (2, 4, 5) (3, 5, -4) is divided by the yz-plane is [MP PET 2002; Rajasthan PET 2002]

(a) 2:3 (b) 3:2 (c) -2:3 (d) 4:-3

xy-plane divides the line joining the points (2, 4, 5) and (-4, 3, -2) in the ratio [MP PET 1988]

(a) 3:5 (b) 5:2 (o) 1:3 (d) 3:4

The coordinates of the point where the line through P (3, 4, 1) and Q (5, 1, 6) crosses the xy-plane are [MP PET 1997]
3 13 23 13 23 3 13 23 13

@555 ® 555 © 550 () 500

The plane XOZ divides the join of (1, -1, 5) and (2, 3, 4) in the ratio 1:1, then 1 is [Pb. CET 1988]
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127.

128.

129.

130.

131.

132.

133.

134.

135.

136.

137.

138.

139.

140.

1
(a) -3 (b) 3 () -3 @ =
XOZ plane divides the join of (2, 3, 1) and (6, 7, 1) in the ratio [EAMCET 2003]
(a) 3:7 (b) 2:7 (c) -3:7 (@ -2:7
The plane 1+%+5 =3 meets the coordinate axes in A, B, C. The centroid of the triangle ABC is
a c

abec 333 111

R b) =22 === d) (b,
(a)[333] ()(abc] (C)(abcj (@) (ab,c)

The ratio in which the plane r.(i—2j+3k)=17 divides the line joining the points -2i+4j+7k and 3i-5j+8k is
[Kurukshetra CEE 1996; DCE 1999]
(a) 1:5 (b) 1:10 (c) 3:5 (d) 3:10

If a plane cuts off intercepts OA =a, OB=b, OC =c from the coordinate axes, then the area of the triangle ABC

(a) %\/bzc2 +c%a? +a%h? (b) %(bc +ca+ab)

© %abc ) %\/(b ZP +(c-a) +(a-by
The plane §+%+§ =1 cuts the axes in A, B, C, then the area of the AABC is [MP PET 2000]
(a) J29 (b) Jar () J61 (d) None of these

The volume of the tetrahedron included between the plane 2x -3y +4z-12 =0 and the three coordinate planes is

(a) 34/(29) (b) 64/(29) (c) 12 (d) None of these

A point located in space moves in such a way that sum of its distances from xy-and yz plane is equal to distance
from zx plane, the locus of the point is

(a) x-y+z=2 (b) x+y-z=0 () x+y-z=2 (d) x-y+z=0

The equation of a plane parallel to x- axis is [DCE 2001]
(a) ax+by+cz+d=0 (b) ax+by+d=0 (c) by+cz+d=0 (d) ax+cz+d=0

In the space the equation by +cz+d =0 represents a plane perpendicular to the plane [EAMCET 2002]
(a) YOZ (b) Z=k (c) Zzox (d) X0y

The intercepts of the plane 5x -3y +6z =60 on the coordinate axes are [MP PET 2001]
(a) (10, 20, -10) (b) (10, -20, 12) (c) (12, -20, 10) (d) (12, 20, -10)

The coordinates of the points A and B are (2, 3, 4) and (-2, 5, -4) respectively. If a point P moves, so that
PA2—PB2 =k where k is constant, then the locus of P is

(a) Aline (b) A plane (c) A sphere (d) None of these

In a three dimensional xyz space the equation x?-5x+6 =0 represents [Orissa JEE 2002]
(a) Points (b) Plane (c) Curves (d) Pair of straight line
The equation of yz-plane is [MP PET 1988]
(a) x=0 (b) y=0 (c) z=0 (d) x+y+z=0

The intercepts of the plane 2x -3y +4z =12 on the coordinate axes are given by



141.

142.

143.

144.

145.

146.

147.

148.

149.

150.

151.

152.

153.

154.

Three Dimensional Co-ordinate Geometry

(a) 2,-3,4 (b) 6, -4, -3 (c) 6,-4,3 (d) 3,-2,15

The locus of the point (x, y, z,) for which z =k, is

(a) A plane parallel to xy plane at a distance k from it (b) A plane parallel to yz plane at a distance k from it
(c) A plane parallel to zx plane at a distance k from it (d) A line parallel to z-axis at a distance k from it

A point (x, y, z) moves parallel to x- axis. Which of the three variables x, y, z remains fixed

(a) x (b) xand y (c) yandz (d) z and x

If a, b, c are three non-coplanar vectors, then the vector equation r=(1-p-q)a+pb+qc represents a [EAMCET 2003]

(a) Straight line (b) Plane
(c) Plane passing through the origin (d) Sphere
The direction cosines of the normal to the plane 3x+4y+12z =52 will be [MP PET 1997]
3 4 12 3 4 12
(a) 3, 4,12 (b) 3,-4,-12 © — == @ ==
1313 '13 V13 V13 ' V13
The direction cosines of the normal to the plane x+2y-3z+4 =0 are [MP PET 1996]
1 2 3 1 2 3 1 2 3 1 2 3
@ —=-— — b —= === ©© —— === @ = —=—F
NI VIV V14 " V1a ' 14 14 V14 ' 14 N7 VRN
Normal form of the plane 2x+6y+3z=1 is
2 6 3 2 6 3 1 2 6 3
a) = X+=-y+—z=1 b) = x+=-y+—-z== c) =X+=y+—2z=0 d) None of these
()7 ZY+s ()7 FY+oz=5 ()7 7Y+3 (d)
The equation of a plane which cuts equal intercepts of unit length on the axes, is [MP PET 1996]
X y z
(a) x+y+z=0 (b) x+y+z=1 (c) x+y-z=1 (d) —+=+—=1
a a a

The equation of the plane which is parallel to y- axis and cuts off intercepts of length 2 and 3 from x-axis and z-
axis is

(a) 3x+2z=1 (b) 3x+2z=6 (c) 2x+3z=6 (d) 3x+2z=0

A planes 7 makes intercepts 3 and 4 respectively on z-axis and x-axis. If z is parallel to y- axis, then its
equation is [EAMCET 2003]
(a) 3x+4z=12 (b) 3z+4x=12 (c) 3y+4z=12 (d) 3z+4y=12

The equation of the plane through the three points (1,1, 1), (1, -1, 1), and (-7, -3, -5), is [AISSE 1984]
(a) 3x—4z+1=0 (b) 3x-4y+1=0 (c) 3x+4y+1=0 (d) None of these

The equation of the plane through (1, 2, 3) and parallel to the plane 2x+3y—-4z=0 is [MP PET 1990]
(a) 2x+3y+4z=4 (b) 2x+3y+4z+4=0 (c) 2x—-3y+4z+4=0 (d) 2x+3y—-4z+4=0

The equation of the plane through (2, 3, 4) and parallel to the plane x+2y+4z =5 is[Kurukshetra CEE 1999; MP PET 199
(a) x+2y+4z=10 (b) x+2y+4z=3 () x+y+2z=2 (d) x+2y+4z=24

The equation of the plane passing through the points (1, -3, -2) and perpendicular to planes x+2y+2z=5 and

3Xx+3y+2z=8,1is
[AISSE 1987]
(a) 2x-4y+3z-8=0 (b) 2x-4y-3z+8=0 (c) 2x+4y+3z+8=0 (d) None of theses

The line drawn from (4, -1, 2) to the point (-3, 2, 3) meets a plane at right angles at the point (-10, 5, 4), then
the equation of plane is
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155.

156.

157.

158.

159.

160.

161.

162.

163.

164.

165.

166.

[DSSE 1985]

(a) 7x-3y-z+89=0 (b) 7x+3y+z+89=0 (c) 7x-3y+z+89=0 (d) None of these
X+y+z+2=0 together with x+y+z+3 =0 represents in space [MP PET 1989]
(a) Aline (b) A point (c) A plane (d) None of these

The equation of the plane which contains the line of intersection of the planes x+2y+3z-4=0 and
2x+y—-z+5=0 and which is perpendicular to the plane 5x+3y-6z+8 =0, is [DSSE 1987]
(a) 33x+50y+45z2-41=0 (b) 33x+45y+50z+41=0 (c) 45x+45y+50z-41=0 (d) 33x+45y+50z-41=0

The equation of the planes passing through the line of intersection of the planes 3x-y-4z=0 and x+3y+6=0,
whose distance from the origin is 1, are

(a) x-2y—-2z-3=0,2x+y-2z+3=0 (b) x-2y+2z2-3=0,2x+y+2z+3=0

(c) x+2y—-22-3=0,2x-y-2z+3=0 (d) None of these

The equation of the plane which passes through the point (2, 1, 4) and parallel to the plane 2x+3y+5z+6 =0 is
(a) 2x+3y+5z2+27=0 (b) 2x+3y+5z-27=0 (c) 2x+y+4z-27=0 (d) 2x+y+4z+27=0

The equation of a plane which passes through (2, -3, 1) and is normal to the line joining the points (3, 4, -1)
and (2, -1, 5) is given by

(a) x+5y-6z+19=0 (b) x-5y+6z-19=0 (c) x+5y+6z+19=0 (d) x-5y-6z-19=0

The coordinates of the point in which the line joining the points (3, 5, -7) and (-2, 1, 8) is intersected by the
plane yz are given by

[MP PET 1993]

13 13 13 2 13 2
(a) (O,?,Zj (b) (O,—?,—Zj (c) (O,—?,gj (d) [O,?,gj

If P be the point (2, 6, 3), then the equation of the plane through P at right angle to OP, O being the origin, is [MP PET
(a) 2x+6y+3z=7 (b) 2x-6y+3z=7 (c) 2x+6y—-3z=49 (d) 2x+6y+3z=49

The equation of the plane containing the line of intersection of the planes 2x-y=0 and y-3z=0 the
perpendicular to the plane 4x +5y—-3z-8=0 is

(a) 28x-17y+9z=0 (b) 28x+17y+9z=0 (c) 28x-17y-9z=0 (d) 7x-3y+z=0

The equation of the plane passing through (1, 1, 1) and (1, -1, -1) and perpendicular to 2x -y +z+5 =0 iSTEAMCET 2003]

(a) 2x+5y+z-8=0 (b) x+y-z-1=0 (c) 2x+5y+z+4=0 (d) x-y+z-1=0
The equation of the plane through the intersection of the planes x+y+z=1 and 2x+3y-z+4 =0 and parallel to
Xx-axis is

[Orissa JEE 2003]
(a) y—-3z+6=0 (b) 3y—-z+6=0 (c) y+3z+6=0 (d) 3y—-2z+6=0

If O is the origin and A is the point (a, b, c), then the equation of the plane through A and at right angles to OA
is

(a) a(x—a)-b(y—-b)-c(z-c)=0 (b) a(x+a)+b(y+b)+c(z+c)=0

(c) a(x—a)+b(y-b)+c(z—c)=0 (d) None of these

The equation of the plane through the point (1, 2, 3) and parallel to the plane x+2y+5z=0 is [DCE 2002]
(a) x-1)+2(y-2)+5@z—-3)=0 (b) x+2y+5z=14

() x+2y+5z=6 (d) None of these
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The equation of the plane passing through the intersection of the planes x+y+z=6 and2x+3y+4z+5=0 and
the point (1, 1, 1), is
(a) 20x+23y+26z-69 =0 (b) 20x+23y+26z+69 =0
(c) 23x+20y+26z+69 =0 (d) None of these
The equation of the plane passing through the intersection of the planes x+2y+3z+4 =0 and 4x+3y+2z+1=0
and the origin is

[Kerala (Engg.) 2002]
(a) 3x+2y+z+1=0 (b) 3x+2y+z=0 (c) 2x+3y+z=0 (d) x+y+z=0
If the plane x-2y+3z=0 is rotated through a right angle about its line of intersection with the plane
2x+3y—-4z-5=0, then the equation of plane in its new position is
(a) 28x-17y+9z=0 (b) 22x+5y-4z-35=0 (c) 25x+17y-52z-25=0 (d) x+35y-10z-70 =0

The equation of the plane passing through the point (-2, -2, 2) and containing the line joining the points (1, 1,
1) and (1, -1, 2) is

(a) x+2y-3z+4=0 (b) 3x-4y+1=0 (c) 5x+2y-3z-17=0 (d) x-3y-6z+8=0

The equation of the plane containing the line 2x+z-4 =0,2y+z =0 and passing through the point (2, 1, -1) iSTAMU 199

(a) x+y+z+2=0 (b) x+y-z-4=0 (c) x-y-z-2=0 (d) x+y+z-2=0

In three dimensional space, the equation 3y +4z =0 represents [Kurukshetra CEE 1994]
(a) A plane containing x-axis (b) A plane containing y-axis
(c) A plane containing z-axis (d) A line with direction

numbers 0, 3, 4

Direction ratios of the normal to the plane passing through the point (2, 1, 3) and the point of intersection of
the planes x+2y+z=3 and 2x-y-z=5 are

(a) 13,6,1 (b) 5,7,3 (©) 4,3,2 (d) None of these

The plane of intersection of x?+y?+z2+2x+2y+2z+2=0 and 4x?+4y*+4z2 +4x+4y+4z-1=0 is [Pb. CET 1996]

(a) 4x+4y+4z+9=0 (b) x+y+z+9=0 (c) 4x+4y+4z+1=0 (d) They do not intersect

If the planes x+2y+kz=0 and 2x+y—-2z =0 are at right angles, then the value of k is [MP PET 1999]
1 1

() -3 (b) 3 (c) 2 (d) 2

The value of k for which the planes 3x -6y —-2z=7 and 2x+y—-kz =5 are perpendicular to each other, is [MP PET 1992]

(@) o (b) 1 (c) 2 (d) 3
If the given planes ax+by +cz+d =0 and a'x+b'y+c'z+d'=0 be mutually perpendicular, then [MP PET 1994]
@ 2-bL_¢ m 2:2.C ¢ (c) aa+bb'+ec+dd' =0 (d) aa-+bb'+cc'=0

a b a b ¢

The angle between two planes is equal to

(a) The angle between the tangents to them from any point

(b) The angle between the normals to them from any point

(c) The angle between the lines parallel to the planes from any point

(d) None of these

If the planes 3x -2y +2z+17 =0 and 4x+3y—kz =25 are mutually perpendicular, then k = [MP PET 1995]

() 3 (b) -3 () 9 (d) -6
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The angle between the planes 2x-y+z=6 and x+y+2z=7 is [MP PET 1991,98,2000,01,03; Rajasthan PET 2001]

(a) 30° (b) 45° (c) o° (d) 60°
The angle between the planes 3x -4y +5z=0 and 2x-y-2z=5 is [MP PET 1988; Kurukshetra CEE 2000]
(a) % (b) % © % (d) None of these

If 0 is the angle between the planes 2x-y+2z=3, 6x-2y+3z=5, then cos 8 is equal to [Kerala (Engg.) 2001]

21 11 20 12

a) — b) — c) — d) —

()20 ()20 ()21 ()25
The value of aa'+bb'+cc' being negative, the origin will lie in the acute angle between the planesax +by +cz+d =0
and a'x+b'y+c'z+d'=0, if [MP PET 2003]
(a) a=a'=0 (b) d and d' are of same sign (c) d and d' are of opposite sign (d)

The equation of the plane which bisects the angle between the planes 3x-6y+2z+5=0 and 4x-12y+3z-3=0
which contains the origin is

(a) 33x-13y+32z+45=0 (b) x-3y+z-5=0 (c) 33x+13y+32z+45=0 (d) None of these
The equation of the bisector of the obtuse angle between the planes 3x +4y—-5z+1=0, 5x +12y-13z=0 is
(a) 11x+4y-3z=0 (b) 14x-8y+13=0 () x+y+z=9 (d) 13x-7z+18=0

The two points (1, 1, 1) and (-3, 0, 1) with respect to the plane 3x +4y-12z+13 =0 lie on

(a) Opposite side (b) Same side (c) On the plane (d) None of these

Distance between parallel planes 2x-2y+z+3=0 and 4x-4y+2z+5=0 is [MP PET 1994, 95]
2 1 1

(a) 3 (b) 3 (© 5 (d) 2

The distance between the planes x+2y+3z+7=0 and 2x+4y+6z+7 =0is [MP PET 1991]

() % (b) % © g @ %

Distance of the point (2, 3, 4) from the plane 3x -6y +2z+11=0 is [MP PET 1990,96]

(a) 1 (b) 2 (o) 3 (d) o

The distance of the plane 6x -3y +2z-14 =0 from the origin is [MP PET 2003]

(a) 2 (®) 1 (c) 14 (d) 8

The distance of the point (2, 3, -5) from the plane x+2y-2z=9 is [MP PET 2001]

(a) 4 (b) 3 (o) 2 (d) 1

If the points (1, 1, k) and (-3, O, 1) be equidistant from the plane 3x +4y-12z+13 =0, then k =
(a) o (b) 1 (c) 2 (d) None of these
If the product of distances of the point (1, 1, 1) from the origin and the plane x-y+z+k =0be 5, then k =

(a) -2 (b) -3 (© 4 (@ 7
If two planes intersect, then the shortest distance between the planes is [Kurukshetra CEE 1998]
(a) cos0° (b) cos 90° (c) sin90° (d) 1
The length of the perpendicular from the origin to the plane 3x +4y+12z =52 is [MP PET 2000]

(a) 3 (b) -4 (©) 5 (d) None of these
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196. If the length of perpendicular drawn from origin on a plane is 7 units and its direction ratios are -3, 2,6, then
that plane is
[MP PET 1998]
(a) 3x+2y+6z-7=0 (b) 3x+2y+6z-49=0 (c) 3x-2y+6z+7=0 (d) 3x+2y-6z-49=0
197. If a plane cuts off intercepts -6, 3,4 from the coordinate axes, then the length of the perpendicular from origin

to the plane is

1 13 12 5
() — (b) — () — @ ——=
J61 J61 J29 Ja1
198. If A(-1,23),B(1, 1,1 and C(2, -1, 3) are points on a plane. A unit normal vector to the plane ABC is [BIT Ranchi 1988]
2i+2j+k 2i-2j+k 2i-2j-k 2i+2j+k
(a) | 29X (b) =) 22X (@ # === @ - ===
3 3 3 3
199. If the position vectors of three points A, B and C are respectively i+j+k,2i+3j—4k and 7i+4j+9k, then the
unit vector to the plane containing the triangle ABC is [DCE 1999]
. . 31i-38j-9k 31i+18j+9k
(a) 31i-18j-9k (b) ——— (c) —— (d) None of these
V2486 V2486
200. The projection of point (a, b, ¢) in yz plane are
(a) (o, b, ) (b) (a, o, c) (c) (a, b, 0) (d) (a, 0,0)

Advance Level )

201. A variable plane at a constant distance p from origin meets the coordinate axes in A, B, C. Through these points
planes are drawn parallel to coordinate planes. Then locus of the point of intersection is
1 1 1 1 1 11
@) S+5+5== (b) x*+y?+2%=p? () x+y+z=p (d) =+=+==p
X z p Xy z
202. A variable plane is at a constant distance p from the origin and meets the axes in A, B and C, then the locus of
the centroid of the triangle ABC is

(a) x2+y2+z2=p? (D) x2+y2?+z22%2=9p2 () x2+y?+z72%=p? (d) None of these

203. The equation of the plane which bisects line joining (2, 3, 4) and (6, 7, 8) is [CET 1991, 93]
(a) x+y+z-15=0 (b) x-y+z-15=0 (c) x-y-z-15=0 (d) x+y+z+15=0

204. The equation of the plane which bisects the line joining the points (-1, 2, 3) and (3, -5, 6) at right angle, is
(a) 4x-7y-3z=8 (b) 4x-7y-3z=28 (c) 4x-7y+3z=28 (d) 4x+2y—-32=28

205. P is a fixed point (a, a, a) on a line through the origin equally inclined to the axes, then any plane through P
perpendicular to OP, makes intercepts on the axes, the sum of whose reciprocals is equal to

(a) a (b) 3 () 3a (d) None of these
2a 2

206. If from a point P (a, b, c) perpendiculars PA and PB are drawn to yz and zx planes, then the equation of the
plane OAB is
(a) bex +cay +abz =0 (b) bcx +cay —abz =0 (c) bcx —cay +abz =0 (d) —bcx +cay +abz =0

207. If I,m,n, and |,,m,,n, are the direction ratios of two intersecting lines, then the direction ratios of lines

through them and coplanar with them are given by
(@) L +kmg, I, +km,, I3 +kmg (b) khl,, kmym,, knyn,

kl, km, kn .
—L+ 1 ~1 ¥k being a number whatsoever

(©) L +kly,m; +kmy,n, +kn, @ b m; n,

208. The four points (0, 4, 3), (-1, -5, -3), (-2, -2, 1) and (1, 1, -1) lie in the plane
(a) 4x+3y+2z-9=0 (b) 9x-5y+6z+2=0 (c) 3x+4y+7z-5=0 (d) None of these
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209. A plane meets the coordinate axes at A, B, C such that the centre of the triangle is (3, 3, 3). The equation of the
plane is
(a) x+y+z=3 (b) x+y+z=9 (c) 3x+3y+3z=1 (d) 9x+9y+9z=1
210. Two system of rectangular axes have the same origin. If a plane cuts them at distance a, b,c and a’, b’, ¢’ from
the origin, then
[AIEEE 2003]
1 1 1 1 1 1 1 1 1 1 1 1

(a) ¥+b—2+c—2+a7+b—lz+c7zo (b) ¥+b—2+c—2+a7+b—lz—0720
1 1 1 1 1 1 1 1 1 1 1 1
© et e 7l @ e pr 0

211. Which one of the following is the best condition for the plane ax+by+cz+d =0 to intersect the x and y axes at
equal angle

(@) | al =| b] (b) a=-b (c) a=b (d) a?+b2=1

212. If the equation 2x%—2y%+4z2+6xz +2yz +3xy =0 represents a pair of planes, then the angle between the pair of
planes is
(a) cos'(4/9) (b) cos (4 /21) (c) cosi(4/17) (d) cost(2/3)

213. The points A(-1,3,0),B(2,2,1) and C (1,1 3) determine a plane. The distance from the plane to the point
D(5,7,8)is

[AMU 2001]

(a) 66 (b) V71 (©) V73 (d) V76

214. The length and foot of the perpendicular from the point (7, 14, 5) to the plane 2x +4y-z=2, are [AISSE 1987]
(a) V21,01 2, 8) (b) 3v21,(3,2,8) (©) 2143,(1 2 8) (d) 321,02 8)

215. The distance of the point (1, 1, 1) from the plane passing through the points (2, 1, 1), (1, 2, 1) and (1, 1, 2) is [AISSE 198
(a) % (b) 1 © V3 (d) None of these

216. Perpendicular is drawn from the point (0O, 3, 4) to the plane 2x-2y+z =10 . The coordinates of the foot of the
perpendicular are

(a) (-8/3,1/3,16/3) (b) (8/3,1/3,16/3) (c) (8/3,-1/3,16/3) (d) 8/3,1/3,-16/3)

217. The equation of the plane containing the lines r—-a=tb and r-b=sa is
(a) r.a=a.b (b) [rab]=0 (c) r.a=r.b (d) r.b=a.b

218. Let the points P, Q and R have position vectors n, =3i-2j—-k; r,=i+3j+4k and r; =2i+j-2k relative to an
origin O. The distance of P from the plane OQR is [Roorkee 1990]
(a) 2 (b) 3 () 1 (d) 5

219. The projection of the point (1, 3, 4) on the plane r.(2i—j+k)+3=0 is
(a) (1, 3,4) (®) (-3,5,2) () (-1,4,3) (d) None of these
220. If rr2i—-j+ k)+% =0 is the equation of plane and i-2j+3k is a point, then a point equidistant from the plane on

the opposite side is [AMU 1998]
(a) i+2j+3k (b) 3i+j+k (c) 3i+2j+3k (d) 3(+j+k)
221. If (p;,q;,n) be the image of (p, q,r) in the plane ax+by +cz+d =0, then

(a) pl;p = qlb_q = rl;r (b) a(p+p))+b(@+aq)+c(r+nr)+2d=0

(c) Both (a) and (b) (d) None of these
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Line and Plane ()

222.

223.

224.

225.

226.

227.

228.

2209.

230.

231.

Basic Level Y

The equation of the straight line passing through (1, 2, 3) and perpendicular to the plane x+2y—-5z+9=0 is [MP PET 1

x-1 y-2 z-3 x-1 y-2 z+5 X+1 y+2 z+3 X+1 y+2 z-5

b d

@) 1 2 -5 (b) 1 2 3 © 1 2 -5 (@ 1 2 3

The equation of the perpendicular from the point (¢, 3,7) to the plane ax+by +cz+d =0 is [MP PET 2003]
(@) a(x—a)+b(y—p)+c@z—y)=0 (b) X;“J;fﬁj

() ax—a)+b(y—p)+c(z—y)=abc (d) None of these

The equation of the plane passing through the points (3,2,2) and (1, 0O, -1) and parallel to the line

x—lzy—lzz—z is

2 -2 3
(a) 4x-y-2z+6=0 (b) 4x-y+2z+6=0 (c) 4x-y-2z-6=0 (d) None of these
. .. . x+1 y-3 z+2 . .
The equation of the plane containing the line 3 = 5 = I and the point (0, 7, -7) is [Roorkee 1999]
(a) x+y+z=1 (b) x+y+z=2 () x+y+z=0 (d) None of these

The equation of plane through the line of intersection of planes ax-+by+cz+d=0,ax+b'y+c'z+d'=0 and

parallel to the line y=0,z=0 is [Kurukshetra CEE 1998]
(a) (ab'-a'b)x +(bc'-b'c)y +(ad'-a'd)=0 (b) (ab'-a'b)x +(bc'-b'c)y +(ad'-a'd)z =0
(c) (@b'-a'b)y +(ac'-a'c)z+(ad'-a'd)=0 (d) None of these

x-1 y+2 z-3

The equation of the plane passing through the line and the point (4, 3, 7) is [MP PET 2001]

6
(a) 4x+8y+7z=41 (b) 4x-8y+7z=41 (c) 4x-8y-7z=41 (d) 4x-8y+7z2=239
The equation of the plane containing the line 2x —5y +2z =6, 2x +3y —z =5 and parallel to the line izlezéis
(a) 6x+y-10=0 (b) 6x+y-16=0 (c) 12x+2y-1=0 (d) 6x+y+16=0

X-4 y+3 z+1

The equation of the plane which is parallel to the line 2 7

and passes through the points (0, 0, 0)

and (3, -1, 2), is
[DSSE 1984]
(a) x+19y+11z=0 (b) x-19y-11z=0 (c) x-19y+11z=0 (d) None of these

Equation of a line passing through (1, -2, 3) and parallel to the plane 2x+3y+z+5=0 is

x—-1 +2 z-3 x—-1 +2 z-3 X+1 -2 -3
_Yy = (b) _Y = (©) _y =

a
(@) -1 1 -1 2 3 1 -1 1 -1

(d) None of these

The equation of the plane through the line 3x -4y +5z =10, 2x +2y -3z =4 and parallel to the line x =2y =3z is

(a) x—-20y+27z=14 (b) x+4y+27z2=14 (c) x-20y+3z=14 (d) None of these
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232.

233.

234.

235.

236.

237.

238.

239.

24o0.

241.

242.

243.

244.

The equation of the plane passing through the line > 14 = y13 = Z;2 and = 13 = y_—42 :% is

(a) 11x-y-3z=35 (b) 11x+y-3z=35 (c) 11x-y+3z=35 (d) None of these

The equation of the plane in which the lines 2 ;5 = y4—7 = Z_+53 and X ;8 =Y 14 _1°8 lie, is [MP PET 2000]
(a) 17x—-47y—-24z+172 =0 (b) 17x+47y—-24z+172 =0

(c) 17x+47y+24z2+172 =0 (d) 17x—-47y+24z2+172 =0

The equation of the line passing through (1, 2, 3) and parallel to the planes x-y+2z=5 and 3x+y+z =6, iS[DSSE 1986

(a) x-1_y-2 z-3 (b) x-1_y-2 z-1 ©) x-1_y-2_z-1 (d) None of these

-3 5 4 -3 -5 4 -3 -5 -4
The plane x-2y+z-6 =0 and the line % = % = % are related as [Kurukshetra CEE 2001]
(a) Parallel to the plane (b) Normal to the plane (c) Lies in the plane (d) None of these

The condition that the line ~—4 -Y=¥1 _ 274

lies in the plane ax+by +cz+d =0 is

m
(a) ax,+by,+cz; +d =0 and al+bm+cn=0 (b) al+bm+cn=0 and ax, +by, +cz, +d #0
(c) ax;+by,+cz;+d=0 and al+bm+cn=0 (d) ax,+by, +cz; =0 and al+bm+cn=0

r=i+j+r2i+j+4k) and r.(i+2j—k)=3 are the equation of line and plane respectively, then which of the
following is true

(a) The line is perpendicular to plane (b) The line lies in the plane

(c) The line is parallel to plane but does not lie in plane (d) The line cuts the plane obliquely

The line joining the points (3, 5, -7) and (-2, 1, 8) meets the yz-plane at point [Rajasthan PET 2003; MP PET 1993]
(@) [o,%z] (b) [2, 0% © [o, 2, %] @ (2, 2,0

Two lines which do not lie in the same plane are called
(a) Parallel (b) Coincident (c) Intersecting (d) Skew

The planes x =cy +bz,y =az +cx,z=bx +ay pass through one line, if

(a) a+b+c=0 (b) a+b+c=1 (c) a®+b%+c?=1 (d) a®+b%+c?+2abc=1
. x-3 y-4 z-5 .. .
The line = - lies in the plane 4x+4y—-kz—d =0 . The values of k and d are
(a) 4,8 (b) -5, -3 () 5,3 (d) -4, -8
If 4x+4y—-kz =0 is the equation of the plane through the origin that contains the line XT_l = yT+1 :% , then k= [MP PE
(a) 1 (b) 3 () 5 (d) 7
x-1 y-2 z+1 . . . .
If I = = is the equation of the line through (1, 2, -1) and (-1, 0, 1); then (I, m, n) is [MP PET 1992]
m n
(a) (_17 O’ 1) (b) (1; 1) _1) (C) (1) 2) _1) (d) (07 17 O)

Given the line L: x-1_y+l_z-3
3 2 -1

and plane P:x—-2y-z=0. Then of the following assertions, the only one

that is always true is

(a) L is parallel to plane P  (b) L is perpendicular to plane P  (c¢) L lies in the plane P
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249.

250.

251.

252.
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The coordinates of the point where the line joining the points (2, -3, 1), (3, -4, -5) cuts the plane 2x+y+z=7

are

(a) (2,1,0) (®) (3,2,5) () (1,-2,7) (d) None of these

The point where the line x-1 = y—32 -z +3 meets the plane 2x+4y-z=1 is [DSSE 1981]
(a) (3,-1,1) (®) (3,1, 1) () (1,1, 3) (d) (1,3, 1

The coordinates of the point where the line x-6_y+l_z+3

meets the plane x+y-z=3 are [MP PET 1998]

-1 0
(a) (2> 1) 0) (b) (7) _1; _7) (C) (1) 2) _6) (d) (5) _1) 1)
. . . . x y-1 z+2 .
The point of intersection of the line 1 = = = 3 and the plane 2x+3y+z =0 is [MP PET 1989]
-1 9 -25
0,1, -2 b) (1, 2, -1, 9, -2 d) |[—,—, —
(@) ( ) (b) ( 3) () (-1, 9, -25) ()(11 11 11j

If p,=0 and p, =0be two non-parallel planes, then the equation p, +Ap, =0, 1 eR represents the family of all

planes through the line of intersection of the planes p, =0 and p, =0, except the plane
(a) p,=0 (b) p,=0 (©) py+p,=0 (d) p—p,=0
The direction ratios of the normal to the plane passing through the points (1, -2, 3), (-1, 2, -1) and parallel to

x—2:y+1:£ is

2 3 4
[Tamilnadu (Engg.) 2002]
(a) (27 3 4) (b) (4’ o, 7) (C) (_27 o, _1) (d) (2) o, _1)
The distance between the line > 1y +22 -z ;1 and the plane 2x+2y-z=6 is
(a) 9 units (b) 1 unit (c) 2 units (d) 3 units
-3 y-4 -

The distance of the point of intersection of the line X > and the plane x+y+z =17 from the point

2
(3, 4, 5) is given by

(a) 3 (b) % © V3 (d) None of these
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The distance of the point (1, -2 3) from the plane x —y +z =5 measured parallel to the line % = % = i6 , IS [Al CBSE 1984]
6 7
(@ 1 (b) - (©) 5 (d) None of these
If line X _I X1 Y=V _ 274 g parallel to the plane ax +by +cz +d =0, then [MNR 1995; MP PET 1995]
m n

a b c a b ¢
@ —=—=-— (b) al+bm+cn=0 ¢ —+—+==0 (d) None of these

I m n I m n
The angle between the line —2 ygz ~222 andthe plane ax +by +cz+6 =0 is

a c
@ sinl|-——1 | (@ 45 © 60° (d 90°
va? +b%+c?
The angle between the line % = % = % and the plane 3x +2y-3z=4 is [MP PET 2003]
(@) 45° (b) 0° © cost 24 _ (d) 90°
V29422
.oox=-1 y-2 z+3 .
The angle between the line 5 = I = > and the plane x +y+4 =0, is [MP PET 1999]
(@ 0° (b) 30° (c) 45° (d) 90°
.oox+1 y-1 z-2 .
The angle between the line = 5 = 2 and the plane 2x +y—-3z+4 =0, is [Al CBSE 1981; Pb. CET 1997]
(@ sin™? 4 (b) sin™t 4 (¢) sin?t 4 (d) None of these
J406 J406 1429

Advance Level >

A straight line passes through the point (2, -1, —1). It is parallel to the plane 4x+y+z+2=0 and is perpendicular to the line
x11=y/(-2)=(z-5)/1. The equation of the straight line are

@ x-2)/4=@y+1)/1=(z+1)/1 (b) (x+2)/4=(y-1)/1=(z-1)/3

) x-2)I(-1)=(y+1)/1=(z+1)/3 d) x+2)/(-)=(y-1/1=(z-1)/3

The equations of the projection of the line = 1 yIZ ~223 onthe plane x+y+z-1=0 are

@ x+y+z-1=0=2x-y-z+3 (b) x+y-z-1=0=x+2y—-z-3

() 2x-y+3z-1=0=x+y+z+1 (d) x+2y-3z=0=x+y+z+1

If a plane passes through the point (1, 1, 1) and is perpendicular to the line x;l = y;l -z ;1 , then its perpendicular distance from the

origin is [MP PET 1998]
3 4 7

a) — by — c) — d) 1

@ - ®) © 3 (@
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262.

263.

264.

265.

The line X;Z Y271 ersects the curve xy =c?,2=0 ifc=

2 -1
(@ =+1 (b) +1/3 (c) +.5 (d) None of these

X+1 y+3 z-

The points on the line 2 distant /(14) from the point in which the line meets the plane 3x + 4y +5z-5=0 are

3 -2
(@ (0,0,0), (2, -4,6) (b) (0,0,0),(3,-4,-5) (c) (0,0,0), (2 6,-4) (d) (2,6,-4), (3,-4,-5)
The angle between the line r = (i + 2j — k) + A(i — j + k) and the normal to the plane r.(2i—j+k)=4 is [MP PET 1997]
(@) sinl[&J (b) cos{&] (c) tan l[ﬁJ (d) cotl[ﬂ]
3 3 3 3
Angle between the line r =(2i —j+k)+ A(—i + j+ k) andthe planer. (3i +2j—k)=4 is [AMU 1993]
(@ cos ‘{%J (b) cos ‘1(— %} (c) sin‘l[%j (d) sin‘l(— %J

Sphere O

266.

267.

268.

269.

270.

271.

272.

273.

274.

Basic Level 3

The ratio in which the sphere x? +y? +z% =504 divides the line segment AB joining the points A (12, —4, 8) and (27, —9, 18) is given by
(&) 2:3 externally (b) 2:3 internally (c) 1:2 externally (d) None of these

The graph of the equation y2+22 =0 in three dimensional space is

(a) x-axis (b) z-axis (c) y-axis (d) yz-plane

A point moves so that the sum of the squares of its distances from two given points remains constant. The locus of the point is

(@ Aline (b) Anplane (c) Asphere (d) None of these

The locus of the equation x2 +y? +2z2+1=0 is

(&) Anempty set (b) A sphere (c) A degenerate set (d) A pair of planes

Let (3, 4, -1) and (-1, 2, 3) are the end points of a diameter of sphere. Then the radius of the sphere is equal to [Orissa JEE 2003]
(@ 1 (b) 2 (© 3 (d) 9

The number of spheres of radius ‘a’ touching all the coordinate planes is

@@ 4 (b) 8 (c) 1 (d) None of these

The equation of the sphere touching the three coordinate planes is [AMU 2002]
(@ x*+y?+z%+2a(x+y+2)+2a2=0 (b) x®+y*+z%—2a(x+y+z)+2a*=0

(©) x*+y?+z%+2a(x+y+2)+2a2=0 (d) x®>+y?+z%+2ax+2ay+2az+2a°=0

Equation ax? +by? +cz2 + 2fyz + 2gzx + 2hxy +2ux +2vy + 2wz +d = 0 represent, a sphere, if [MP PET 1990]
(@ a=b=c (b) f=g=h=0

() v=u=w (d a=b=cand f=g=h=0

The centre of the sphere which passes through (a, 0, 0), (0, b, 0), (0, 0, 0) is [AMU 1990]
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a b c abec
(a) (E,o,oj (b) (O'E'Oj (© (O’O’Ej (d) [533]

The equation ax”® +ay? +az? + 2ux + 2vy + 2wz +d =0, a = 0, represents a sphere if

(@ u?+vi+w?+ad<0  (b) ul+vi+w?+ad>0 () u?+vZ+w?-ad<0 (d) u?+vZ+w?-ad>0
The radius of the sphere x*+y2 +22 —6x+8y—10z+1=0 is [Kurukshetra CEE 1994]
@ 7 (b) 5 © 2 d) 15
Centre of the sphere (X — X, )(X —X,)+( —Y,)(Y —Y,)+(z—2,)(z—2,)=0 is
X, — X -y, 2,-1 X, + X +Y, 2,41
@ (Y2 22) (b) ( o At A j © ( R WO B2 j @ (4,%2)

The equation of the tangent plane at a point (x,,y;,z,) on the sphere x? +y? + 2% +2ux + 2vy + 2wz +d =0 is

(@) XX, +Yy, +2z; +UXx +vy +wz +d =0 (b) XXy +Yy; +2Z; +UxXy +Vy, +Wz, +d =0
() XXy +WYY; +2Z; +U(X + X )+ V(Y +Y;)+W(Z +2,)+d =0 (d) None of these

If two spheres of radii r, and r, cut orthogonally, then the radius of the common circle is

@ (b) Z+r2) © 6y +1) (d) ——
(2 +17)
The equation of the sphere, concentric with the sphere x? +y2 +z2 —4x —6y —8z—5 =0 and which passes through (0, 1, 0), is

[Pb. CET 1994]

(@ x*+y2+22-4x-6y—-8z+1=0 (b) x%?+y?+z2-4x—-6y—8z+5=0
(©) x*+y2+z2-4x—-6y—-52+2=0 (d) x*+y?+z2-4x-6y—52+3=0
The radius of the sphere which passes through the points (0, 0, 0), (1, 0, 0), (0, 1, 0) and (0, 0, 1) is [AMU 1991]
@ % ) 1 © V3 @ V372
The coordinates of the centre of the sphere (x +1)(X +3)+(y —2)(y—4)+(z +1)(z+3)=0 are [AMU 1987]
@ (1,-1,1) () (-1,1,-1) (© (2,-3,2 d) (-2,3,-2
Equation of the sphere with centre (1, —1, 1) and radius equal to that of sphere 2x2 +2y? + 222 —2x +4y —6z =1 is

[DCE 1994]
(@ x*+y2+z2+2x—2y+2z+1=0 (b) x?+y2+22-2x+2y-2z2-1=0
(©) x*+y2+22-2x+2y—-2z+1=0 (d) None of these

The equation of the sphere concentric with the sphere x? +y?2 +z2 —2x —6y —8z —5 =0 and which passes through the origin is

[Pb. CET 1990]
(@ x*+y2+22-2x—-6y—-8z=0 (b) x*+y®+z2-6y—8z=0
() x*+y%2+z2=0 (d) None of these
The equation of the sphere with centre at (2, 3, —4) and touching the plane 2x + 6y —3z +15 =0 is
(@ x%+y2+22-4x-6y+8z-20=0 (b) x*+y?+z2+4x—-6y—8z-20=0
(©) x*+y2+22—-4x-6y+82+20=0 (d) None of these

Spheres x? +y% +z2 +x+y+z-1=0 and x® +y? +z2 +Xx+y+z-5=0 [AMU 1991]
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287.

288.

289.

290.

291.

292.

293.

294,

295.

296.

297.

(a) Intersect in a plane (b) Intersect in five points (c) Do not intersect (d) None of these

If r be position vector of any point on a sphere and a and b are respectively position vectors of the extremities of a diameter, then

[AMU 1999]
(@ r-(@a-b)=0 (o) r-(r-a)=0 () (r+a)-(r+b)=0 (d) (r-a)-(r-b)=0
The centre of the sphere & r—2u.r= g, (@ #0) is [AMU 1999]
@ -ula b) ula © aulp o Ly

[24
The spheres r? +2u,. r+2d, =0 and r? +2u,. r+2d, = 0 cut orthogonally, if [AMU 1999]
(@ wu,-u,=0 (b) uy+u, =0
(€) uy-u, =d;+d, (d) (U —uy)-(u; +u,)=df +dj

Advance level >

If a sphere of constant radius k passes through the origin and meets the axis in A, B, C then the centroid of the triangle ABC lies on
(@ x*+y’+z° =k’ (b) x?+y®+z? =4k? (© 9(x*+y?+2%)=4k? d) 9(x*+y*+2%)=k?

The smallest radius of the sphere passing through (1, 0, 0), (0, 1, 0) and (0, 0, 1) is [Pb. CET 1997,99; Kurukshetra CEE 1996]

3 3 2 5
(a)\g (b) \g © \/; @ |5

In order that bigger sphere (centre C, , radius R) may fully contain a smaller sphere (center C, , radius r), the correct relationship is

[AMU 1991]
(@ C,C,<r+R () CC,<R-r (c) C,C,<2(R-1) (d) c,C,< %(R +)
Asphere x? +y?+2% =9 iscutbythe plane x +y +z = 3. The radius of the circle so formed is
@ 6 () 3 © 3 d 6
The radius of the circle x? +y? +22 -2y -4z =11, x+2y+2z=15 is [AMU 1990,92]
(a) 4 (b) 7 © 5 (@ 7
The line x7+11 =Y _512 — 227 cuts the surface 11x° —5y%+2% =0 in the point
(@ (1,1,1)and(1,2,3) (b) (1,-1,2)and (1,2, 4) () (1,2,3)and (2,-3, 1) (d) None of these

The equation of the sphere circumscribing the tetrahedron whose facesare x =0,y =0,z=0 and x/a+y/b+z/c=1is
(@ x*+y2+z2=a?+b%+c?

(b) x*+y2+z2—ax—by-cz=0

(©) x*+y?+z%2—2ax—2by—2cz=0

(d) None of these

A plane passes through a fixed point (a, b, c). The locus of the foot of the perpendicular drawn to it from the origin is
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(@ x2+y?+z%+ax+by+cz=0 (b) x2+y?+z%—ax-by—-cz=0

(©) x2+y?+z%+2ax+2by+2cz=0 (d) x%?+y2+z2+2ax—2by—2cz=0

The equation of the sphere passing through the point (1, 3, —2) and the circle y? +z2 =25 and x =0 is [DCE 1998]
(@ x*+y2+22+11x+25=0 (b) x%?+y2+2z2-11x+25=0

(© x*+y2+22+11x-25=0 (d) x*+y2+2z2-11x-25=0

Radius of the circle r® +r-(2i —2j—4k)—19 =0, r.(i—-2j+2k)+8=0 is [Kurukshetra CEE 1996, DCE 1997]
(@ 2 (b) 3 (c) 4 (d) 5

The shortest distance from the point (1, 2, —1) to the surface of the sphere x? +y%+22 =24 is [Pb. CET 1996]
@@ 36 (0) 26 © 6 d) 2

*kx
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ﬂnswer Sheet

(Three Dimensional Co-ordinate Geometry Assignment (Basic and Advance O

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
c c a C b b d b a b d a C d [ b (o b d a
21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40
b c a b d C b a b b a d c a a d a b d d

41 42 43 44 45 46 47 48 49 50 51 52 53 54 55 56 57 58 59 60
a b d a b a b C b a d a a d C a a b d d

61 62 63 64 65 66 67 68 69 70 71 72 73 74 75 76 77 78 79 80

d b b C C a b b d a a b b a b a b d d C

81 82 83 84 85 86 87 88 89 90 91 92 93 94 95 96 97 98 99 100

b b a C a d a a d c a b d d a d d d a a

101 102 103 104 105 106 107 108 109 110 111 112 113 114 115 116 117 118 119 120

121 122 123 124 125 126 127 128 129 130 131 132 133 134 135 136 137 138 139 140

141 142 143 144 145 146 147 148 149 150 151 152 153 154 155 156 157 158 159 160

161 162 163 164 165 166 167 168 169 170 171 172 173 174 175 176 177 178 179 180

181 182 183 184 185 186 187 188 189 190 191 192 193 194 195 196 197 198 199 200

201 202 203 204 205 206 207 208 209 210 211 212 213 214 215 216 217 218 219 220

221 222 223 224 225 226 227 228 229 230 231 232 233 234 235 236 237 238 239 240

241 242 243 244 245 246 247 248 249 250 251 252 253 254 255 256 257 258 259 260

261 262 263 264 265 266 267 268 269 270 271 272 273 274 275 276 277 278 279 280

281 282 283 284 285 286 287 288 289 290 291 292 293 294 295 296 297 298 299 300
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C b b C C C
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