Exercise 3.4

Chapter 3 Applications of Differentiation Exercise 3.4

(4]
limf(x) =
It means it we take =, very large then § [x) approaches 5.
(B)
lim f[x) =

It means if we take very large negative value of =, (x) approaches 2
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Sketch the following diagram:
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(a)
The objective is to find lim f(x) -
T
From the graph, the values of j'(x] becomes _2 as x approaches positive infinite.

Therefore, the resultis lim fx)=1=2l.

(b)
The objective is to find lim f(x)

Ay

From the graph, the values of f(x) becomes 7 as x approaches negative infinite.

Therefore, the resultis lim f(x)=.
f

(c)
The obijective is to find lin:.f[x] .
X!

From the graph, the values of f(x] becomes large positive as x tends to 1.

Therefore, the result is Iirrll_f(x} =[od].
x=]

(d)
The objective is to find Iin}f{x} :

From the graph, the values of _{(1] becomes large negative as x tends to 3.

Therefore, the result is Iirqf(.r]=_
=

()
Recollect that the line y = L is called horizontal asymptote of the curve y:f(:r} if either

lim f (x)=L or !L@nf[x)zL

e

From the graph, the horizontal asymptotes are (p=2,y=-2| .

Also. lj__:};uf(x}zoc and Li_l;:;f[x)z —o0

That is vertical asymptotes are :
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From the given graph

(2) limg(x)=2

(b) lim g(x)=~1

E e )

(c) limg(x)=-o

(dy lim g{x) =—w

=l

() limg(x)=o0

=2

(e) The equations of asymptotes

x=0x=lLy=2,y=-1
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Consider the following function.

-

X
21

f(x)=

'l

Evaluate the given function j‘(.._-) =£_ for the values x=1,2,3,4,5,6,7,. 8,9, 10, 20, 50, and
PR

100.

Calculate the value of the function f(,\) = l‘_' for the given values of x and arrange the results
2.’!

in a table as follows:

| @)=
0 |0

1 |os

2 |10

3 [1.125

4 |10

5 |o078125

6 |0.5625

7 |0.382815

8 |0.250

5 |0.15820

10 |0.09765

20 |0.000381
50 | 2.22x107"
100| 7.89x107

MNotice that, as the value of x increases, the value of _f(x:] approaches zero.
Thus, the value of the limit

lim f'(x)=0.

T=p



2

X

=

as follows:

2 o

Sketch the graph of the function  £(x)
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gives the same result that, the value of f(x)

To estimate the value of lim f(x). draw the graph of f{x} for different values of xand see
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that when xis increasing, where does the value of f{x] approaches.



The maple graph of f{_r}=[1—
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From the graph it can be seen that as xis increasing the function gradually approaches to
0.13. Hence the value of limit can be approximated as:

lim f(x)=0.13

Nk




(B)

Construct a table for values of the function _f-{_r):[l_i] :

| ()= [1—3_]'

0 Mot defined
1 1

2 0

3 0037037
10 0.107374
20 0.121577
40 0.128512
80 0.131938

100 0.13262

1000 0.135065

10000 |(0.135308

100000 [ 0.135333

The above table suggests that as the value of xis increasing the value of the function f{_\-}is

close to 0.14.

Hence the value of the limit is:

lim f(x)=0.14
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We have to evaluate
It —x+4
e
ive Dt + 55— 8
Here az z becomes large both numerator and denominator become large o we
have to do some preliminary algebra,

First we divide numerator and denominator by the highest power of = that sccurs
i the denominator



I — x4+

¢S 2
Sowe have  lim 3‘2—}:-‘_4 =lim gx—
pow Axt +hx—8  wew 2xt 45x -8
e
slad
1 X %
‘¥ﬂ2+5_8
% o
lim[B _l+ij] by the law
B n i () _ 252 (5)
li 24+ ——— r—sen i
_aﬂ[ - ] g(x) lime(s)
Bt .

litn 3 = lim l+ 4lim iﬂ
r—m Kowoyx Yooy

lirn 2+ 5hm l—Blim X

K=o ¥k 2= K= xz

3-040
2+0-0

o 3xt—x+4 3
lim =

=0 we have e
¥sw Pyt L5y -8 2

1im(f+g)=1imf+limg

aned

lim gf (x) =clim f(x)

litn ¢ = ¢ where cis constant
i =]

ifr =10, liml:[]
B
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202-04.04-5E

5
We have to evaluate lim w
e Y 1+ 427 + 3

Divide the numerator and denominator by highest power of % of the denominator

that 15 x°
S0 we have

i [122 5542
e Y 14427 + 327

{5 ;
s e (9 R
1im[i3+i+3] e glx) limg(z)
Pl XTOX
_ Lk _ _ _
Lﬂ”“%ﬂ?”lﬂ? im(f+g)=lim f+limg
S A 3 lim of (x) = c.lim 7 (x)

¥ K e K=

litn ¢ = ¢ where ¢ 15 constant

_ feoro_ 2z, e
Vo+0+3 V3 PR
3
TR T e LB
oy 1+4x° +5x
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Consider the expression,

o Jx-2
lim
b 2x+ ]

The objective is to evaluate the limit of the function.

2
T I[3'.%J
lim

Factor x terms
o Iy e]  xow [ l]
x| 2+
X

f(x Iimf( )

K—pir

————< Since lim——=24___

T—ha

l|m3—|1n1

=% Since Ilm[f x}+g(x]]—l1mf x)+£mg( x)
lim 2+ lim—
X o x

30

T 240

"

)

Therefore, the resultis lim 3x-2 = ;3. :
= x4+l |2
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2
Consider the limit of the function |jm =¥

et x4l
To evaluate the limit at infinity of any rational function, first divide both numerator and
denominator by the highest power of x that occurs in the denominator.

In this case the highest power of x in the denominator is ,*.

1-x*
. 1=x . 3
lim— =lim—=
™ | N |
X
11
S -
=lim x
A |
I__2+_1
=X
R .
lim—; =lim
- X=pm g it o
. o1 ]
liml—lim — +lim —
parv-i ol B
_ 0-0
1-0+40
0
1
0
1=x
Therefore, I1m——|§].

ey —x+1
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R L
ot 4]
e divide the numerator and denominator by the highest power of x in the denominator
1 2
- B
Ty X H
e U 1+0
o
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e
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2_
Ben e 325, m
e S 5

We divide the numerator and denominator by the highest power of x in the denominator

6 2
H—-— .

fig— 2 o ~— =0, where a1z any number
H—r—n 4 3 @ oo

B

x X

=2
e
Dl ———— =
2w D3 —dx+5

2 ‘
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R

(iven that the limit 15 lim =

owm D f
We divide the numerator and denominator by the highest power of £ in the denominater

i+

z e
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Take a function F defined on the interval ({L:.L‘}
lim f(x)=L

The limit is defined such that for a number g = (). there is a number A which satisfies:

if x> N, then [j{x] - L| <g



Consider the limit:
]
lim————-
=m0 £ 3 =5

Divide the numerator and denominator by the highest power of {in the denominator and apply
the limits:

1
-1
. f =t .
lim —= Vi =lim Ji
1= PV L 3y 5§ 1
+ T
N
0=l
2+0-0
2
2
Hence, the final value of the limit is ]',,,-l“':;‘f; = __l
1on " 43¢5 2
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_ o [2Re)
Given that the limit 15 lim R TN
s ] sz +x)
. 4zt +4x*+1
=lim
’H‘“[Cx —2x+l:l[x +x)
e 4x* +4x* +1
e gt 2 P -2 4
g 4x* +4x° +1

A S

We divide the numerator and denominator by the highest power of in the denominator

sl

=l i

44040
1-0-0+0
=4

2 ]
lim&=4

= (x— 1)2 (f +x)
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Given that the limit is lim _
o fot g

We divide the numerator and denominator by x° , we get

. 1 1
lim =5
e 1 140
x
1
1
=i
2
lim - =1
e 41
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ot o
We have to evaluate lim ———
Fow 4]

Dividing both numerator and denominator by x*and using properties of limits.

e |'_x
lim 9z _x—l x since \JJX_ﬁ:XZ for z =0
Ko f+] ¥ 1+/

2 A
i1+ 1)

im9—lim/
(11m1+11mA3)

il {limlzo where ?3:30}
1+0 rw "

-5

lim ———=73 Jar x>0
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. 9x° —x
We have to evaluate lim ——
¥a-m o 7 ]
For computing the limit as x — —o0 we have Jz° = |x3| =-x

Forz<0

=0 m—u{_(ﬂ' / ) Aﬁ
Then we have
lim '9 /Kj i m

K- x—)—m .T +1

Mow divide by 52 both numerator and denominator

lim = lim
¥=—u r¥—=—uo 1+ 1 3
x
How by using limit laws
) 1
-lim |, J9-—=—
9:{6 ] X—)—m[ xj]
lim ] / 7
B g litn [1 +_3j
H——o x
1
=, Jlim #- lim —
_ ¥—r—o E— —o x
lim 14+ lim —
K== ¥=r—o 3~
N jbr',: =0
140 lim — =0
F—=w x
=-3
.ll 6 —
S0 we have lim = y =-3
¥ % +1
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K=r

We have to evaluate lim ( 9% 4 x - 3x)

Nultiply the numerator and denominator by the conjugate radical

(w,lS"xz +x+ 3;:)
(a.,I'S"xQ +x+ 3x)

lim( 9x2+x—3x)=1im( 9x2+x—3x)><

9xt +x—9x7

:L%m [(a-&)(a+E)=a® -27]

= lim

e 0 x4 3
MNow divide the numerator and denominator by x and using limit laws

=1imL I:w',x_z=x:|

. 1
=lm-—
e o1/ 43
X
lim1

\/lim Oerfin: 1 i 3

X 2w X raw

We have

limézﬂwhenn‘)ﬂ so
X—Hﬂx

1
S Jero+z

1

gl
1

&

So we have

lim( 9xg+x—3x)=é

K=
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lim (x+ N 2x)

¥b—o

Nultiply and diwide by the conjugate radical of the function so

[z
xli)m (x+x|'x2+2xj= lim (x+\fx2+2xe%
B L r—+x"+2x

x - [xg + 2x)
=lim ————
B a2

=2
i &

i



For calculating the limit as x ——c0, we have x = x|

Then we have

—x  for x <0

lim = lim Bt

R m) H_mx+x‘jl+7%
X

Divide the numerator and denominator by x

-2
= lim ————
el 142 %
—lim 2

_ Y=o

(lim 1+ [ 1+2 Em (177) |

E——wo ¥
-2

1+41+0

2
2
=-1

S0 |lim (x+~.}'x2 +2x)= —1‘

¥
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We have to get lim («.,'xg +ax -4z’ +bx)

Ilultiply the numerator and denominator by the conjugate radical

\m—km‘xz +&x
L el

o Ii:Jr2 +ax)—(f +bx)

Hu[m-'-mj [[a—b)[a+b)=a —EJ:|

= lim (a b)

e d2 bax +0 R b

lim(a—b:l
\ﬁiml+ahm/ litn 1+ & lim 1
(a=5) _(a-¥) nmlﬁo
x—)mx
1+0+1+0 2 Where n =0

So we have

l1m(\,|'x +ax —Jx° +bx)

=
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“We have to evaluate lim cosx

N

As xincreases, the value of cosx oscillate between 1 and -1 infinitely often and
3o they don’t approach any definite number

Thus

limcos x does not exist
¥=m
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4 2
! v oo oo Bnre Rk
Given that the limit 13 lim ————
rEe e Eahl

We divide the numerator and denominator by z°, we get

3, 1
T E _®-0+0

limn
HBI—L+£ 1-0+0
i xf
* 5]
=0 o —=00
1
o =32+
Cdw p—x+2
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Take a function f defined on the interval [a,oc).

lim f(x)=L

x=ra

The limit is defined such that for a number g = (), there is a number N which satisfies:
if x> N,then |f(x)-1I|<s

Consider the limit:

lim+/x* +1

Tepm

Perform the manipulation on the function as shown below and apply the limit:

=
: " z x°+1
lim+/x® +1 =limyx’ +1-
=4 S xE +|
2
x4+l
=lim =
g +1
1
12[i+ -
B x
= lim ———=
A I
x,fl+—
X~
1
x[l+ .
i X
=lim——>=_2+
A |
1+ —

Continue further to determine the limit:

.. x(1+0)
Il Jera
=limx

]

= does not exist

Hence, the value of the limyx* +1 does not exist.

b
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“We have to evaluate lim (x" + xj)

Y=o

“We can not use
lim [x4 +x5:l = lim z* + lim #

=0 ¥=—m = —m
=co+ [:—00)
=Co—Co

The limit laws can not be applied because 0 — 00 can not be defined
Andfor x <=1, 2+ =0 because ‘f|>|x4‘



2o we can make as large negative value c:fli;r4 +x5) as we want by taking large

enough negative value of x

Sowe canwrite |lim I:x"' + 17 ) = -0
¥

Chapter 3 Applications of Differentiation Exercise 3.4 26

L

Consider lim L+x
av=e x* 4
s 14 x°
Let xX|= 5
j{ ] 1+ x*

To find out the limit of the function f(.r]. we take the common ¢ from the numerator and

¢t from the denominator, obtain that

Note that,
I|m|:f x)+g \]]—hm,l'(: +]1n1g[ x)
)

\] [hm f{ j|[]‘1|;|zg(\-]]
Inm[ T}]_M
e\ g(x))

limg(x)
Therefore.

(
tim[ £ (x)-(
if

‘-1...

x| 1+ 7
lim f(x)= lim ——%*~4
i s K

. . |
lim x:[ lim 1+ lim —
XNt Tt ==y

: s
[hm 1+ lim —;
e

o-(1+40)
1+0

=00

Hence. fim "% =[w]

A ,1'4 +1
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We have to evaluate lim (x— «J’;)

We can not write

lim (x— q?) =lim x — lim A%

¥ Ko Ko
=0D—00
The limit laws can not be applied because o0 iz not a number so 0 — 00 can not be

defined
S0 we can write

lim(x - -\f;) =o| Because x—«J'; =0 for all value of z where x = ()

¥=rw

So it i3 very large then x — y'r; will also very large



Another Method:

lim (x—/x )= 1imx(1—%] —oo(1-0)=co

K=o T
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Consider the limit

lim(x* - x*)

X
This would be wrong to write
lim [::(3 -z ] =limx® —limx'
e X = L e
=00 — o

Limit laws cannot be applied because o is not a number { w — oo i5 not defined)

Rewrite the function under the limit as x?(l—x’)

For large values of x, 2 is very large and (I—xz} is large negative.
For instance consider

10° =100,(1-10%) =1-100=-99

100° =10000,(1-1007 ) = 1-10000 = ~9999

So the product of *and {1 —_rz) becomes large negative for l[arge values of x.

Hence, conclude that Eim(x1 - .r") = —an|.

K
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Consider the following expression.

. o
lim xsin—
T x

To evaluate the limit Tim xsin . let & =7

o x X

As x — oo then l—;»l:] 50, t—0
5

Hence, the expression can be written as follows:
. L] . i |
limxsin| — |=lim~--sin¢ Substitute — =
T x = f g

. sin{
=lim—
[

Then the value of the limit of the expression is ]imxsinl =1
X X
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Consider the limit:

; 3 1
lim, Jxsin %



Apply the limit.

lim _,, \Esin—l-‘ = \lgsini

X o
=wesin ()
=00

Thus, this does not exist.

Rewrite the given limit as shown below:
e
51

: o e :
lim,_,, Vxsin—=lim, , —=
> 'r 1

Jx

Now, apply L'Hopital's rule.

1
CDS[ ]
o [Sin lJ ~ ¥
|

dx x ;
X = lm\’ L
d [ | ] .
7 3
Cl'l.'f J; 2-1_:

2cos

=lim,_,, ———*
K 'J';

Now, apply the limit.

ol 1) 22

lim =

W N Voo
= 2cos(0)

(=.a]

lim

F o
| —
s T

i
= 8|

Hence,

lim, w";sinl_ = @

X
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(A)
B the graph of function f(x) = +/x° +x+1+x we see that as we take large
negative value of z then § [x:l approaches -0.5
So lim x* +x+1+x=-05
K= —n
t
5 i #is2
Fia)= (SORT( +u+1 11
7 10
] o=
1 os
0.4
0.2
-1|I:||:| -BIEI -GIEI -i-ll:l -ZIEI 0.0
0.2
7 oo

0.6



&)

WWe can estimate the limit by calculating the function f [x:l for different negative

walues of x
i f(x)
0 1
-1 1]
-2 -0.26795
-3 -0.35425
-4 -0.259445
-5 -0.41742
-6 -0.43224
-10 -0.46061
-a0 -0.4%051
-100 -0.459623
-1000 -0.45%62
-10000 -0.45%96
-100000 | -0.5

As we see that by the table that _f[x) — =05 for large negative value of x

S0 lim yx* +x+1+x=-05

K= =0

(<)

We have to evaluate

lim (x,'xg +x+1 +x)

&

Multiply and divide by the conjugate radical

lim [x;'xg +x+1 +x) = ?}Lm (“u’}fz +x+1 +x).

K=o

[x,'xg +x+1 —x)
[«.,"xz +x+1 —x)

: 2 r+l-xt : x+1
=lm. ——— —=lim

e [\}x2+x+l —x) R e s

Computing the limit as x — —oo, we have N = |x| =—xforz<0

1.1
oA Fr+l=—x lF=#—
r x

Now we have
: x+1
= lim

¥—=r—w 1 ‘l ‘l
e A e e
VxR

MNow divide the numerator and denominator by —x we have

x+1/ eyl

lim = lim
[_x 1+ +__ / h+ +—+1
—lim 1- lim —
— 11m == b
e . o1 :
lim 1+ lim —+ lim —+ lim 1
B - x—)—wx x—)—mx K=~
—1 0 -1 —1=_0_5

«.f1+0+ +1 SR 2
S0 limq,l'x2+x+1+x=—0.5=_2—1

¥
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(A)
By the graph of function f(x) = wJ{3x2 +8x+4+6 - \fl3x2 +3x+1
We see that as we take large value of = then [x:l approaches to
20 limf[x:l= 1.44
1.420 -
1.475 4
Fini=(SORT (Ex 48 n+BI( S ORTEx 3 u+17)
1.470
1465 o
- 1.450
1.455
1.450
1.445 4
1.8 T T T T T
o 20 (i) &0 20 00
X
(B)
W ocan estimate the limit by calculating the function f (x) for different values of
bt
. J(x)
0 1.4454%
1 1477354
2 1472053
3 1460608
10 1.453477
100 1.444557
1000 1443496
10000 14435388
100000 | 1.443377

As we see that by the table that 7 [x) —1.44 for large value of =
So limj(x):l.44

We have to evaluate lim (J3x2 +H8x+6- ~,|IBJ:2 +3x+ 1)

K=
Dividing and multiply by the conjugate radical
=0

(«.fzxﬂ +8x+6 ++/32° +3x+1)

lim 7 (x) = lim 4/32% + 82+ 6 — y32* + 3z +1x

(«jzxﬁ + 846 +{32 +3x+1)
I:3x2+8x+6)—[3x2+3x+1)

=lim

a—b)la+b)=a" +2°
S e M L e S

: ax+45
= lim
e 30?4824+ 6 30 +3x+1
s x(5+ %) [divide the numerator }
¥om x\j3+%+ %2 +x\[3+%+ %2 and denominator by =
543
x

=1‘i'1’1"1°\/3+%+%2 +J3+%+%2



Apply limit laws

111115+11m5
izl B ion b/ v fraseetin St 1/
for r. 0
) 540 5 o r1
ABEDE0£34040 23 Lgn;?=0

So we have lim f({x)= il

=¥ 2\llr§
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2x+1
x=-2

Find the horizontal and vertical asymptotes of the curve:

Consider the curve y=

Dividing both numerator and denominator by xand using the properties of limits,

2x+l_
i by &
T x_z I=sm J - 2
X
2+-1-
= i —&
X a-'.r.]_z
X
240
1-0
=3

Therefore, y= 2 is a horizontal asymptote of the curve.

Mow. find the vertical asymptote:

2x+1
x=2

A vertical asymptote is likely to occur when the denominator, y—2 is 0, that is, when y=2.

}.-':

If xiscloseto 2 and x> 2, then the denominator is close to 0 and {x—-z)is positive. The

numerator 2y 41Iis positive.

Therefore, lim 2x+1 =
=2 =2

If xiscloseto 2and y « 2, then the denominator is close to 0 and {x- Z}is negative. The
numerator 2x 4115 positive.

Therefore, im 2>t = w0

i+ -

Therefare, y =2 is verical asymptote.



2x+1
x=2

is as follows:

Sketch the graph of _,r‘(,;—] -

20
18
16
14
12
10

Horizontal asymptote y =2

fix)=

2x+

=

-12
-14
-15
-13
-20

e e o e e m e e o o e e i T o e
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x +1
2x* =3x=2

Find the horizontal and vertical asymptotes of the curve:

Consider the curve Y=

Dividing both numerator and denominator by 2 and using the properties of limits,

x*+1
x* +1 2
lim — = lim ——2
e Pyt =Jyr =2 o= Pyt —3Jx -2
e

Iim[1+ I1J
K= '1-'
Iim[z— 2 2:]
e T xX

Therefore, y =li5 a horizontal asymptote of the curve.
o

vertical asymptotex =2

4 6 8 10 12 14 16 183 20


https://www.flickr.com/photos/141975473@N05/31924798715/in/album-72157674519252024/

Now, find the vertical asymptote:
s g |

2x =3x=2

x*+1
[2x+ I][I—E}

A vertical asymptote is likely to occur when the denominator, (2x+ 1][x-2} is 0, that is, when

.1¢*=—i or2.
2

It ¥is closeto —Jand x> _l__ then the denominator is close to 0 and (2x+ I](x—z}is
2 Z

negative. The numerator 2 4 1is always positive.

Theref i xz—“”__m
erefore, . xe1)(x=2)

If xis close to _éand x{—%, then the denominator is close to 0 and (2x+ I][x—z}is
positive. The numerator ,? 4 |is always positive.

X +1

M
Therefore, um [ZI‘FI)[I-E} o0

1
T
2

Thus, x= _% is vertical asymptote.

If xiscloseto 2 and x> 2. then the denominator is close to 0 and (2x+1)(x~-2)is positive.

The numerator 2 4 1is positive.

Therefore, lim x"—+l =m0
=2 (2x+1)(x—-2)

It xiscloseto 2and y < 2. then the denominator is close to 0 and [2x+ I][r—z}is negative.

The numerator .2 4 |is positive.

. x°+1
Therefare, | —
© o7 (2x+1)(x-2)

Thus, y =2 is vertical asymptote.

Therefore, x= _%and x =2 are vertical asymptotes.


https://www.flickr.com/photos/141975473@N05/31777398742/in/album-72157674519252024/
https://www.flickr.com/photos/141975473@N05/31924798535/in/album-72157674519252024/

Sketch the graph of _f'(,,,-] = Lis as follows:

T
1 le

Honzontal asymptote vy ==

] 4= AN —1 ] =)

|/

/

T T T TR Ay S S S S S Sy S S

& _ 1 -
Wrlicd mmmapinicn= 7 g Vertical asymptote x =2
-V
B
-p
-1

Chapter 3 Applications of Differentiation Exercise 3.4 35E

MNow, find the vertical asymptote.

2x +x=~1

f = —
X x=2
Kl T |

(x+2)(x-1)

A vertical asymptote is likely to occur, when the denominator, (_r+ 2)[_t-—|] is 0, that is, when,

x==2orl-
If xiscloseto —pand x> -2, then the denominator is close to 0and (x+2)(x~1)is

negative. The numerator 2,2 4 y_1 is positive.

: X +x—1
Therefore. lim 2Y—"’:—::c

=2 (x+2)(x-1)

If xiscloseto —2and x<-2. then the denominator is close to 0 and (x+2)(x—1)is

positive. The numerator 2,2 4 y—1 IS positive.

: 2t x-1
Therefore, lim —8m8M——=
o (x+2)(x-1)

Thus, y =7 is vertical asymptote.


https://www.flickr.com/photos/141975473@N05/31924798475/in/album-72157674519252024/

If xiscloseto |and x>].then the denominator is close to 0 and (x+2)(x—1) is positive.

The numerator 2,2 4 v —1 is positive.

.o 2%+ x-1
Therefore. lim—— =
o xe2)(x-1)

IT xiscloseto |and y «1,thenthe denominator is close to 0 and {x+ 2}{x-—|] is negative.

The numerator 242 4 1 Is positive.

. Oxta -
Therefore, lim—————— = —ap

e (x+2)(x-1)
Thus, x =1 is a vertical asymptote.

Therefore, y=1 and y=-2 are vertical asymptotes.

2x’ +x-1
X ex=2

Sketch the graph of j‘{,-,,-} = as follows:

4y

ey
o

Horizontal asymptote y =2

LN TR S A R o T I =« B o

e L R
1
1
1
1
[ ¥l
M x 2 = . M
H
1
1
R e e L O N NN

L XV

10 -9 B 7 6 -5 -4 -3 - 2 3 4 5 6 7 8 9 10

\
5

vertical asymptote x=—2 xeeienk aspmptate ]

Chapter 3 Applications of Differentiation Exercise 3.4 37E

3
L=

Consider the function y=—-—
T ox =6x+5

The objective is to find the horizontal and vertical asymptotes.



Calculate the limit value of the function y= f(x) as x »wx.

£
: 5 r—-Xx
i

Divide by 4? both the numerator and the denominator,

3

lim f(x)=lim————
.t—r-of() K .].'2—6.'{"!'5
JL'I
X _x
) 2 x
=lim——

.Hm[ & 5]
=
X ox

g8 —|8

Hence, the value of the limit as x —oois |lim f(x)=20|.

K

Calculate the limit value of the function y = f(x) as x — .

’ . X =-x
lim f(x)=lim———
.t—»—anf( ] x—:—mxz_ﬁx+5

Divide by 2 both the numerator and the denominator.

x'—x

IZ
lim f{x)=lim—————
By H—”[,r!—-ﬁx+5]

Hence, the value of the limit as x — —oois [lim f(x)=—oo|.

K —Ri

Thus, there is no finite number g such that lim f(x)=Lor lim f(x)=L.
=z K=

¥ =-x

has no horizontal asymptotes but has slant
x —-6x+5

Therefore, the function y=

asymptote.



To find the slant asymptote, divide the numerator with denominator by using long division.
X+6
X —6x+ S)x“ —x
x'—6x" +35x (-)
6" —6x
6x° —36x+30 (-)
30x-30

Rewrite the function as,

X -x
¥ ¥ —6x+5
i R
=(x+6)+20x730 Since, y =mx+b+ (x]form
x*=6x+5 Q(x)
3
Hence, the function y=2"‘7_xnas slant asymptote .

x —6x+5

To find the vertical asymptote, first factor the function and then check on what value the
function will be infinity.

Rewrite the function f(x) = % as,
: x(xz—l]

g e
_ x(xz—l]
X =3x—x+5
_ x(xz—l]
x(.v—S]—l[x—S]
s :([):2—])
oy oy

:x(x—l){.rﬂ)

(x=5)(x-1)
_x(x+1)
T x-5
M is undefined.

Clearly at y = 5, the function f(x) =
x=5

Observe, x =1Iis not a vertical asymptote.
Calculate the limit of the function f(x) as x tendsto 5:

i
. . X=X
lim f{x] =lim——-
i =5y —hx+5

XM{I+1)

3
Hence, the vertical asymptote of the function f(x] L x =5

x =6x+5



Check the harizontal and vertical asymptote of the function using graph of the function.
The graph of the function with asymptotes is shown below.

¥
50

40

a0

20

107 .

D"bd

1o 20 30 40 &

R B i L R T R 1

A0
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-9

JaAx 43x+2

We have & [x) =

F(x)= (x-3)/SQRT(4x*+3x+2)

FIGURE -1

For horizontal tangents we take the limit as x — o0

e

A e 422 4 3x 4+ 2

: x—9
=11m—
[x? (4+E+%J
X X
=1im$

wx 4+§+%
x x



HNow divide the numerator and denominator by x and using limit laws

2
= litn ——2—
hot o

2
A &

lim 1 - %lim —
N K=o ¥

\/lim 4+ 3lim s +2lim Lﬂ

E=Fm = x N=Fm x

1-0 1

JAt0+0 2

o 1
e get the limit _E as x ——oo

Il
H
B | —

=0 the horizontal asymptotes are |w

x=9

Flxl=
(%) Jaxt +3x+ 2

4% 432+ 2 =10 or negative
We take only the inequality 4x* +3x+2=10

_—3%45-32
8

Iz not defined when

v x are not real walues.

2o there 15 [no any vertical asymptotes
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o ]_ 3x" + 50057
| X | =
fl\‘

vt = 50057 = 100x + 2000

we find the assymptotes by evaluating the limits in the interval [-10,10].

1a

T =

oo

o

[=- B N

-10

Y3 34500 2)/ [ 3+500% 241 D0se+2000)

observe that the curve has horizontal assymptotes also the curve is becoming parallel after -9
and 9 on either sides of the origin.

so,wecanwrite lim, _, ./ (x)= 1, lim,_, ./ (x)=1
we can either way write thatforallx <-8 | f(x)-1|<eand forallx=8 |f(x)-1]<¢e.

~y=1.

Chapter 3 Applications of Differentiation Exercise 3.4 41E

Given }LrEM:U Li_r)r&flile:—oo \ f[2)=0

lim f(x)=00 ’hn}f(x):_m

B3
Conclusions
Here limf[x) =03 and ll_f,%f[x) =—t0 and 13_1;[3_}"[::):—90

¥=i
5o

=0, =3 will be the vertical asymptotes



Andthen = (x- 3) will be the denominator.

F(2)=0

Then (2 - z ) will be numerator but horizontal asymptotes 1z ¥ = 0 zo the
. : 2 1

numerator will be in the form of ———

(2-x)

x
=0 the formula of the function 1s

(2-x)
=255

Numerater =

Chapter 3 Applications of Differentiation Exercise 3.4

Given:
The vertical asymptotes are x =1 and x = 3. 3o (x-1) and {(x-2) will be factors
of the denominator.

Heorizontal asymptotes ¥ =1 so the power of % in the numerator will be same as

denominator that is x°

2o the formula of f(x) 1z
2

X
A e Te)
2
} X
o b g EER——
rwe can write f(x) X _x—3x43
2
X
S =
o f(x) S sieeg

Chapter 3 Applications of Differentiation Exercise 3.4

For getting horizontal asymptotes, we find the limit as x =00,

S0

_ 1+42x°
lim ¥ = lim
L) e 4oy
Divide the numerator and denominator by x°
1
lim y=lim £
K=o K= _+1
-
By using limit laws
L
litn — +lim 2
. o = ¥ T
L, _
litn — +1lim 1
Ko Ko
_0+2
0+1

Or limy=2 sitmilarly lim y= 2

K

=0 the horizontal asymptote

HNow we differentiate ¥ with respect to x by quotient rule.
(1427 ) (4x) - (14227 ) (2x)
(‘l+;r2 :lz
_ dx+dx®-2x-4x°
(1+2)
2x
[1+x :l




¥ is not defined when 14+ x% =0 or 2% = -1

(this 1z not possible so ¥ 1z defined for all =)
y'=0Whenz=0

So we divide the interval in the intervals (—OD U) and (U,m)

We see that
y' =0 when —o0 <x <0

=0 |3r 15 decreasing when -OD*ZX{U| and

¥l when 0 < x <00

S0 |_y 1z increasing when 0 < x <DD|

¥ has a local minimum at

HNow differentiate »" with respect to x b quotient rule when

s 2x
T AT
(142} 2-2x2{142%) (27)
ﬁufﬁ}

2(142°) ~ax (145%)
(142

2[1+x2)—8x2

|:1+ X )3

"

=2+2x2—8x’*
(145

2—6x

(1+2)
2— 6

g o i

T Ty

¥"=0 When 2—-6x° =0
2

or X2=—

or x=%

Lo
ooy R

%We check the concavity in the intervals (—DD,—LJ : (— L LJ and (im]
V3 543 3

Intervals | ¥ ¥

—

1 -VE
-0 <X < —E Concawe downward on (—Dﬂ,——B]

i oy 1 +ve . 4 [ 1 1 J
- — oncave upward on | ——, —
55 NEl J3B
-ve 1
—— < x=m Concave dewnward on | —, 00
3 3

: , : ; 1 1
So the inflection points has z-co-ordinates — —and —

V3B



With the help of the results 1n step 1, 2 and 3 we can draw the graph of the

function
il 2xt
1+ %*
ki
a
.z =2
y=i1 +2:(:}l'(1 +:(1;
: . x . —8 . : : . , X
5 A A L] b 1 E 3 [ 5
-1

Fig.1
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For finding horizontal asymptotes, we take the limit as x — o0

: Ly

lim ¥ = lim

¥ o] 4o

Diwiding by x both numerator and denominator

1
—-1

lim y=lim &—

T = 1
—+1
X

Tsing limit laws

1

lim ——lim 1
lim y = ki
N—r L -
lim —+lim 1
X¥—=Fm x ¥—=m

_0-1
0+1
limy=-1

n=rw

2o the horizontal asymptote 15

And denominator 1+x=0= 1z the wertical asymptote

Mow differentiate v with respect to 2z by Quotient rule
o _(=9)E)-(-9
dx (14 %)’
_=l-x-l+x
TS
-2
(14"

=¥y =

1—
¥ s not defined when 1+ x=0crxz=-1but y= El 5 xg iz also not defined for
%

x=-1.



We consider the intervals [—00,—1) and (—1,00) and male a chart

Intervals ! ¥
—e0 <x <=1 |- | Decreasing on {—00,—1)
—l<x <o V€ | Decreasing on (—1,00)

So the function iz decreasing on its entire domain.

Mow differentiate ¥' with respect to =

Jil= 2[1+xj_2
¥ ==2(=2)(1+=x)"
=4{1+x)”
T, 4
S

¥ e when —0 < x <—1

=0 v is concave downward when —oo < x < -1
¥ =0 when —1<x <00

2oy 1s concave upward when—1 < x <o

WWith help of the results in Step 1, 2 and 3 we can draw the graph of the function

(I=x)

7T 1+ a)

>
el |

[
i

y=(1-x) /[ T+x)

;._---LI‘-'_T

e

0 5 \“-;_é,______fn
TUTERRSRRL T :_ _“““““““““_}._-‘:-1
Al
Al
FIGURE - 1

Chapter 3 Applications of Differentiation Exercise 3.4

To tind horizontal asymptotes
e have to find the limit as x — o

lim y=lim
o F—w Fx2+1

e have |x| =z . Sowe divide the numerator and denominator by =

lim w=lim
¥=wo Y=w 1
1+ —

xz



By using limit laws

lim1
].lm y . K=o
E¥=vw . : 1
lim 1+1im —
E—rm F—rm X

1
1+0

_ e
-+ A

Asz=0so x,"x_z=|x|=x then
If x—=o0 limy=1
Andifz<0 2 =-x
Then lim y =-1

¥

=0 horizontal asymptotes are |y = —l| and |y = 1|

MNow differentiate v with respect to x

. («Jﬁ).l—%(f +l:l_}£ (2::).):
=7

]

[ % +]J

Hm B
+

_ 21—zt
Iixz +1:I Jrt 41
1

Iix2 +1:Im

¥ =0 Forall x

Soyis |increasing of its entire dotnain

U P\

(2 +1)%
Then
# 3 =
»'= —Elz.xz +1:] '){.ICZI)
3x
O ==
(2 +1)%

¥ =0 Whenxz=10

o we check the concavity in the intervals [—DD U)am? [U,OD)

Intervals »" ¥
-0 =x =0 e | Concave upward on [—OD U)
0«<x <00 -VE Concave downward on(O,m)

o the inflection point has z-co-ordinates x = 0 with the help of above
information’s we can draw the graph of



Y= X/SQRT(X+1)

FIGURE - 1
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Getting horizontal asymptotes

e talkee the limit as x — o

lim y = lim
o [ e oy |

Divide the numerator and denominator by x°

1
lim y =lim —2
¥ K—}ED1+_
2
Ev using limit laws
lim —
litn y = e
N i = 1
lim 1+lim —
N ¥—ro 37
f— [:I —
140

‘We get the same limit as x ——o0
So horizontal asymptotes 13

; ; ; %
There 15 no vertical asymptote (Since —

1z defined everywhere)
= +1

Mow we differentiate the function v with respect to x by quotient rule
[x;" +]) - x(2x)
Iix2 +l)2
_x+1-2x
(R

(1-=)

(£ +1:|2
y'=0 When 1- 2 =0 or x =+1



S0 we divide the intervals in the subintervals whose end points are -1 and 1

Tnterwals ¥ i

— <x <=1 | -ve | Decreasing on (-03,—1)
—lax<l tve | Increasing on [—1,1)
lax <o Ve | Decreasing on (1,00)

2o ¥ has local mazimum at
And local minimum at

MNow we differentiate »' with respectto x

(2 +1) (~2x) = (1-2)2.(x* +1).(2%)

Ii:Jr2 -H)4
[—2):(7:2 +1:l = 4:!:(1 e )j|
) (2 +1)
_—2x’ = 2x—dx+4x
S (@4
- 2xi—6x
(1)

¥ =0 When 22° —6x=10 or 2x(x2—3)=0
o x=0ar x=iﬁ

We check the concavity in the intervals (—GD—J?_)) ,(—\‘6,0) (Dﬁ:l and(\f@,oojl

Intervals »" v

—m <x <3 e Concave downward on (—oo—«fS_’:l
-3 <x =0 t¥e | Concave upward on (—«.E U)
0<x<3 e | Concave downward on ,[0,+/3)
And \J{g <x<o |18 Concave upward on (\60031

2o the inflection points have x-co-ordinates —V@,U, \E

With the help of the results form Step 1, 2 and 3 we can draw the graph of
x

AR

(1,152

FIGURE -1
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Given that y=2x —x'
The y-intercept 1s
»(0)=7(0)
=0
And x-intercepts are found by setting v=10;
= 0=2x"—x
= 0=x" [2— x)
= =i =2

When x is large positive, 2x° —x* is large negative.

lim (2x° - 2* ) =lim 2 (2 x)

&= = m
= —00.
When x iz large negative, 2x° — ' iz large negative.
lim [2;:3 - x*) = lim x° [E — x)

K== K= —o
= 0,

Combining this information, we give arough sketch of the graph

W =2 )R]
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Consider the function,
y=x'—x* . (1)
Compute the y-intercept of the given function by substituting y =( and solve for y,
4 f

»(0)=(0) -(0)

=0-0

=0
Compute the x-intercept of the given function by substituting y =0 and solve for x,

O=x'-x*

x“(l —.r:} =0

x(1=x)(1+x)=0
x=0,1, -1
Thus, y-intercept of the given function is at point ({},(]] and x-intercepts of the given function
are at points (0,0),(1,0) and (-1,0)
As 4 cannot be negative, the function does not change sign at x =(). So, the graph does not
cross the x-axis at y =()-
When x is large positive, the factors 4 and |4 x are large positive, and the factor |-y is
large negative. So,
lim,,, y=lim_, x*(1-x)(1+x)
= -0
When x is large negative, the factors ,* and |- x are large positive, and the factor [+ x is
large negative. So,
lim,, . y=lim_,_, x*(1-x)(1+x)
= =00

Therefore,

Ilmx—)u, P —<0

and, lim, ,, y=-w

Combining these information, a rough sketch of the graph of the given function will be as
follows:

S

= o

J__!::r -X

F
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Take a function f defined on the interval (a,0)-

lim f(x)=L

Xebgp

The limit is defined such that for a number g » (), there is a number N which satisfies:

ifx>N.then [f(x)-L|<e

Consider the function:
y=x3{1+2}2(x—l]
Determine the limits of the function for x —

g N Dipr .
Jon = Jim (42 (x-)
=0

Determine the limits of the function for x — -

5 T 3 2 .
,fllli‘w-”‘;l'.'fmx (x+2)"(x-1)
= lim x"(1+%]2[|-lJ

X—r— : ¥

=0

Determine the x-intercept of the function.
Substitute y =0 and solve for x:
2 (x+2) (x-1)=0
Consider the value of x from the first factor:
=0

x=0

Consider the value of x from the second factor:

(x+2)* =0
(x+2)=0
x==2
Consider the value of x from the third factor:
(x-1)=0

x=1

Determine the y-intercept of the function:

Substitute y =( and solve for y-

y=(0) (0+2) (0-1)
=0x4x{—l]
=0

Consider the graph of the function as shown below:

A
10

3
g

=

y=r‘{x+2}1{x—l} {Green curve }

r L T
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1) =( 3-x)(1+x)2 ( 1-x)4
we sketch the function first then find the assymptotes :

| Y i N s N 0 A O o

Wl x

40 3 32 28 24 20 6 a2 & 4 U 4 8 12 16 20 24 29 32 I 40

Vb= 3R+ 7201414

observe that as x approaches -1 from right side , the curve is becoming parallel to the positive
part of y axis and as x approaches 4 from left side , the curve is becoming parallel to the
negitive part of y -axis.

thus , we canwrite lim, _, _,f{(x)= o lim,_, of(x)= —

the function has vertical assymptotes.
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f(x) = X2 (x2-1)2(x+2)

we sketch the function to tell about the assymptotes

o

o m =

L

¥

0 9 & 7 & &5 4 3 ¢ U T2 3 4 &5 B 7 8 9 10

-0

Vil 2(021) 2 2)

observe that as x approaches -2.5 from right side , the curve is becoming parallel to negitive
part of yaxis and as x approaches 2 from lefiside. it is becoming paraliel to positive part of y
axis.

wewrte lim, ./ {x)= —oandlim, _ ./ (x)= *

s0, the given function has vertical assymptotes

Chapter 3 Applications of Differentiation Exercise 3.4

First we collect the information’s from the given conditions
S(2)=0and F(2)=-1 F(0)=0
2o the graph has horizontal tangent at x = 2
f'[x:l <0if 0 <x <2 Means graph 1z decreasing on the interval (0, 2) and
f'(x) = 0if x>0 means graph is increasing on the interval (2,00)

Soatx =2, f(x) has a local minimum (2, -13

f"[x) <0if0=<x <1 orifz>4 means [x) 15 concave downward on (0, 1)
atid (4,00)

f"[x) =0 1<x<d Means f(x) 15 concave upward when 1 < x <4 s0 113
the z-co-ordinates of the inflection point

lim f(x) =1 Means horizontal asymptote is

f[—x) = f[x) For all x means f[x) 15 ewen function which i1z reflected about ¥

axis



With the help of abowe information’s we can draw the graph of the function [x)

Fig_ 1
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First we collect the information’s from the given conditions.

F2)=0,7'(0)=1 Means #(x) has horizontal tangent at x = 2
and at x= O,f(xj has slope 1

f’[x) =0 if O=wx <2 Means f(x) 15 increasing on (0, 23
f’(x) <0 i x=2 Means f(x) 15 decreasing on (2,00)

S0 j[x) haz local mazimum at x=2.

f"(x) <0if 0<x <4 Means f[x) is concave downward on the interval (0, 4)
f"(x) =04 x>4 Means f(x) 1z concave upward on [4,00)
So,atz=4, _f[x) has an inflection point

lxﬂf [x) =0, means horizontal asymptote 15

7 [—x) ==F [x) for all %, 50§ [x) 1g an odd function and symmetric about the
origin,

By these information’ s we draw the graph of f [x)

T
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First we collect the information’s
S=7 =0

N (x) Has horizontal tangent at x =1

lim f(x) =—o0And 1ir£1+f (x) =00 means f(x) has a vertical asymptote at x =2

¥

lim _}"[x) = -0 Nleans f(x) has a vettical asymptote at x =0

x—0



}erlwf(x) =00 Means for negative large value of x f [x) ig large positive
lxi_}rr;f(x) =0 Means, f[x) has a horizontal asymptote y =10
f"(x) =0 for x> 2 Means f(x) 15 concave upward at (2,00)
f"'l:x) <0for x <0And 0 < x = 2 means f(x) 15 concave downward on

(~00,0) and (0,2)

We draw the graph of f(x) with the help of above information’s
¥ 1

(] (1,0

I
|
|
I
I
I
]
I
I
1
1
1
I
I
1
1
L)
IS
|
1
1
I
|
|
]
]
1
|
|
|
I
I
I
I
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First we collect the information’s
g{0)=0
g"[x) <0 forx=0 Means g(x) iz concave downward for all % except 0

limg [x) = —o0 Ieans g(x:l 1z large negative when x 1z large positive

Y=

lim g [x) =o0 Meanz g (x) 1z large positive when % 15 large negative

o
li x)=—-colnd 1 x)= 2 h tical tot
xi_)r?_g (x) 00 An xl_)rgl}fg [x) 00 means g (x) as a vertical asymptote
atz=10

S0 g (x)is not defined at k=030 g (x) haz a corner at k=10

With the help of above information’s we draw the rough sketch of graph of g (x)

toy
— |
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(A)

(B)

i1 x

.3 L | S
TWe can not use lim =lim— limsinx
F=rm x ¥=rm x =

Because lim zin x does not exist
¥=o

Since —1=<sn =1

Then jilsinxiil
r oz x

. 1 _ 1

We know that lim | —— |=lim| —|=10

Ko x r—wl
=0 by snqueeze theorem if f[x:l = g(x) =h [x) when ¥ 15 near o0 and
limf[x:l = lim?zlix:l = L then lim g[x) =

K=

SN X

=0 here |lim =0 s0 or X-axis 15 horizontal asymptote

K=y x

We draw the graph of f[x:l = 3BT nd see that the graph crosses, so many times
x

or an infinite number of times, the asymptote
Y

fix)= (Sin x)fx

I Uf;\ ﬂ /\ U L [\ /\'\.,.f"r‘“\._/ I;{
-30 207 Mo v \/ w720 30

FIGURE - 1
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(&)

Bv graphing the functions P[x) =3x - 5% +2x and Q(x) = 3x" in the FIEWIILE
rectangles [-2, 2] by [-2, 2] and [-10, 10] by [-10000, 10000], we see that end
behavior of the functions are same because

lim P(x)=-00 And lim Q(x)=-w

=

And  lim P(x) = and lim @(x) =0

&= K—=rw



Pix)

-2
figure 1
000
=
-10
-10000
FIGURE -

Flz) 3a<5r ¥y

(B)  Eatio ofthe function is

o(x) 3%
Taking the limit as x —>co
P(x) | 32 -5x+2x

lim =lim

T Q [Z X) 3w 3‘7;5

Divide the numerator and denominator by x°

We have
3 7 + o

11m =lim
¥ Q |: x:] e

Ew using limit laws

lim3-54im 1 +211m

- 11m3
=3—[3I+D=1
3

F
Thus lim [x) =1| Z¢ both the functions have same end behawvior

20
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{a) Let P[x):ix” then Q[xj:ix”+1

mince degree of P <= degree of O
Then

{a) Let P(x) =+x" then (x): 45"
cince degree of P = degree of
Then

P(x)_, #

Q [:X:l X:Hl

Taking the limitas x — o0

]

x
lim®—

litn
K= QI:X:I F=ro )

(Bl
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Given y=x"

(D
Forn=0 y=x" =y=1
The graph will be

1D Forn=0, n odd

0




(I  Form=0, 2 even

y
Form =0, neven
0 o
VY mel, modd
Forn= 0, msld 4
0 X
4] Forn=0, neven
”
Fag <20, neven
0 *
(4 @  Ferw=0, 1m€+x"=1
(10 Forn=0, n odd
IV Forn<0, nodd
lim x" =+00
x—0t
(N Forn=0, n even
1irg1+x“ =+4c0
® I For n=0, linnl_xnz
(K] Forn=0, nodd
lim " =0

=07



() Forn=0,neven

. X
limx =0
=07

(IV)  Forn=0, nodd
lim x" = -

¥—0"
(W) Forn=0, n even
lirgl_ i =400
(DI Forn=0, limx" =1
H\:P i
D) Forn=0, n odd
1"1m x” =00
(Y Forn =0, neven
litn " = o
(I  Forn=0,neven
lim x* =0
W Forn=0, neven
lim x* =0
4] Forn=0, neven
limz" =0

K=

(Y] Forn=0, nodd

lim x* =—co0
¥

() Forn=0, neven

- b4
lim x" =co
¥

(IV)  Forn=0, nodd

lim x"=0
¥

N Forn=0, neven

. »
lim x =0
s
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- 2
e have e ﬁf[x:l {4:{ :_3
x %

Forallz=5

We can use Squeeze theorem to get limf(x)
¥



4x-1 4—%

lim =lim
E=rw x o 1
lim 4 —lim |
_ ¥zw sw S X
lim1
A
1

1 4-3
o A

= r—w ‘1
[1im4—31im 1 )
_ liow ¥ X
lim 1
4-0
= u :4
4
T 2 —
We bave lim 2271 _ i 25 232 _y
K= it K—Fm i

oAy 2_
dx 1(:f(x)(:4x 23;:
x x

=0 by the Squeeze theoretn we can say that
limf[x)=4 Forallz=3

And

Chapter 3 Applications of Differentiation Exercise 3.4

4y TItially tank contains 5000 L of pure water.
Brine is pumped into the tank at the rate of 25 L{min.
Brine pumped in t minutes, 15 25t L
And amount of salt that contains 25t L of brine 15 = 30x25¢ grams
Now, total amount of liquid in the tank after t minutes 15 = [5000 +25£) 15
Thus, the concentration of salt after £ minutes 1s
C(i) " A ount of salt after t minutes
Total liquid in the tank after t minutes
30 25¢
5000 +25¢
B 25(30z)
25(200+¢)

C(zj L Grams /Liter

 200+¢

B Now, we have to calculate lim O (3)

T

o s line
tw o 2004£
. 30¢
=lim ————
e £(200/2+1)

. 30
“E Ty
()

i
30 200

=——70 =30 Since lim——=10

(0+1) tow g
ThusC"[Z:)—?JngL as f—»oo.




Chapter 3 Applications of Differentiation Exercise 3.4 63E

we sketch the graph and tell the number N such that for allx = N, | fix) - 1.5] < 0.05.

&

Tlwl=(30 24114 (207 240 41]

observe that the curve reachesy =0.7 and y = 2 but later it becomes parallel at y=1.5.
50, the curve reaches y = 1.5 almost by a variation of 0.05 after x = 15.
but as x is tending to -= , we cannot justify after which stage the curve is becoming close

toy=15.

=~ we write | f{x)-1.5] <0.05 for all x > N where N = 15.

Chapter 3 Applications of Differentiation Exercise 3.4 64E

fi.2
We have limn ﬂ

o x4

By the definition 5 we have, Let fbe a function defined on some interval [a,m)

then Iimf[x) =4l

K

=2

Weans for every €2 0 there 15 a number M such that
|_}"|:xj—£.| <€ Whenever x> I

5o here we have

vaxt +1

x+1

— 2| <€ Whenever x> I




Now for e= 0.5
We can rewrite the inequality

Vart +1

x+1
We have to let the walue of = for which the given curve lies between the
horizontal lines y=1.5 and vy =25 3¢ we draw the curve and these lines, and use
the cursor to estimate that the curve crosses the line y= 1.5 whenx = 28, To the
right of this number the curve lies between the lines y=15and y=2.5

Vaxt +1

x+1

15« < 2.5 Whenever z= M

We hawe, — 2| = 0.5 Wheneverz =3

In other words for €< 0.5 we can choose

For e=01

We can rewrite the inequality

Nax® +1

x+l1
We have to get the value of 2 for which the given curve lies between the
horizontal lines ¥y = 1.9 and y = 2.1.30 we draw the curve and these lines and use

1.9 « < 2.1 Whenever x> 1

the cursor to estimate that the curve crosses the line v =1.% when x = 18.8. To the
right of this number the curve lies between the lines y=1%and y=2.1

Jart +1

x+1
In other words for €= 0.1 we can choose

e hawve, < 0.1 Whenever x = 19

i
¥=15
2
i fﬂ_—_—_\f-zs
1
1]
-1
-2
3
i
T T T T
20 10 o i0 20
Figure -1
5
=21
¥=19 /’7
1
Il
r T T T T
20 10 i 10 20 i x
-1
2
-3
4
-4
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{12
We hawe litn M

¥ r+1

By the definition & we have, let f be a function defined on some interval [—m,a)

then  lim _}"Iix) =il

=-2

Means for every > 0, there 1z a number M such that

‘f{xj—ﬁ.| <E Whenever x < I
Zo we hawve
)
ﬂ—(—E) <E Whenewer x = M
x+1
e have e= 0.5

We can rewrite the inequality

Naxt +1

i+
We have to get the value of x for which the given curve lies between the
horizontal lines v =-2.5 and v =-1.5. 30 we draw the curve and these lines We
use the cursor to estimate that the curve crosses the line y= -2 5 whenx = -35.2.
To the left of this point the curve lies between the ines y=-25and y=-13

2.5 = <-1.5

e

We hawve, ﬁ+2 < 0.5 Whenever = < -6
x+1

Sofor e= 0.5 we can choose

For e= 0.1

We can rewrite the inequality

N4 +1

X+
We have to let the value of 2 for which the given curve lies between the
horizontal lines vy =-2.1 and v =-1.9. 30 we draw the curve and these lines and
use the cursor to estimate that the curve crosses the line y=-2.1 when = -21.11
To the left of this number the curve lies between the ines y=-2 1 and y=-1.9

21« <—19 Whenever z <= I

va4xt +1
e have R +2[ =01 Whenever z = -22
x+1
b
2
, ﬁi
I T g T T T
20 10 10 20 g X
-
1 y=-1.5
el
T, y=25
3
5

FIGURE -1



-30 20 -10 10 20 30

] y=-14
y=-2.1

FIGURE~2
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e have lim ﬂ =00

L |

By the definition 7 -

Let f be a function defined on some interval [a,m) then

. s
Lim f (x)

IMeans that for every positive number I there iz a corresponding positive number

H such that

j’[x) = M Wheneverz = N

120,

100

y=M

B0

60

404

204

T T T T T
0 500 1000 1500 2000 EEIHD 2000 X

FIGURE -1



120,
100
80
B0
40

20

T T T T
500 1000 1500 2000 25&0

FIGURE -1

T
3000

y=M

X
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(A)

(B,

We have lﬂ < 0.0001

X

1

0.0001
Or 2 % 10000

Or |« > [N10000]
Or x| =[too0]

o |x>100]

So 1% w

=0 we have to take x = 100 so that i:; = 0.0001

X

Guessing a value for I -

Given = 0

1
—-=10

2
X

We hawe to find I such that < g

Tetz=0
A

Bl
x

1
o

In this case

1
|
=

S0 — e Whenever x = I
Or - Whenever x = I
That1s z » — whenever x = I
Je
1

So we should talke N = —

i

showing that this I worls: -
Givenex 0,

1

Wetake N = —

Let

\f,g

r=HM

Then % » W

Or

1 1
<

G 5
x A

whenever x < I



1 1
Now | —-0=—
xﬁ ‘ ‘xﬁ‘
1 1
E W
1 1
S0 — -0 —
% M
or | Loole—1
a 1
(Ye)
Or Lg— < Wheneverx = I
¥
Therefore by the definition 5
c il
lim— =10
¥=m xg
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(&)
We have L < 0.0001

=

So «J’;} !

0.0001

Or  +fx =10000
Taking square of both sides

x = 100000000

So we have to take |x > 100000000 so that % < 0.0001
x

B)  Guessing a value of M
Given €2 0
“We have to find M such that

b

=

Let == 0, in which case

<€ Whenever x = I

L_U‘— L—L{E
2o L <€ Whenever x = I

Nx

Or v’; <l Whenewer x> I
=

: 1
That1s x < e whenewver x = I
[

=o we should take M = Lﬁ
=

Showing that this M works
Given s> 0, we take Nz% Letz=1N

£
Then
x
1 1
Or —_—
NEENY
1 1
Now |[—- ‘z = < —— Wherex =10

-

k3
E

R

I



S0 %—U <ﬁ whenever x = I

Or %—Ufz ! Whenever x> M
x 1/6'2

That 12 % — 0| <€ whenever x =17

S0 by the definition
1

lim—=0
Fw L
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Guessing the value of M -
Given €= 0
"We have to find a number M such that

l—— 0| <& Whenewer x = I
x
Let = < 0 in this case
1 1
__U‘: !
5 x
_ 1
%
=0 we hawve
—l <E Whenewer x = I
x
Or l:-—e Whenewer x < I
*
That i1z x <— l whenever x = I
£

=0 we must choose W =——
£

showing that this M works

Given € 0
We take Nz—l
IS
: 1 1
Letx<® or —x=-1 that 15 —— <——
x A
Ifz < 0 then 1——0‘=l
x *
1
= —— = —
x i
a0 1——0 c:—l
x N
Or l—O c:—%:e
% o
=]
1
So ——0| =
%

Then by the definition & we have

lim —=10
Frow g
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3
We have to prove limx =0
=

Let i lfx) =x
Let I be any positive number such that
i lfx) =M

LE. =M

We choose N:ﬁ I =0

whenewver =N
1E. e Efﬂ_f
LE. =M
Le. 1 [x) =M
Hence we find that for every positive number I, there corresponds a positive
number M such that [x) > M Whenever z > 1
Hence using the definition (7) we find that

limf[szm

¥k

: A
1LE. lim " =0

N
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1
Let limj'(—] =i (1)
10t £
Then by the definition of limit for every € 0, there 1z a positive number J such
that
‘f[l]—.-ﬂ <E Whenewer 0 <z <0+ 4
i
Or ‘f [1]— L «e Whenewver 0 <z < d
i
Let 1= x and l:N
4 a
Then |j' (x)—,[.| <E whenever 1 < 1 <4
s
Or |f [x)—,[.| <E whenever 0 > é: N

That iz |f [xj—_[.| <€ whenever x > I

20 by the definition 5 we have
lim f(x) =L (2)

N—m

From (1) and (2) we have

}{Lnéf[x) = limf[lj

t=0t i

Let limf(%] =gl (1

0"

Then by the definition of limit for £ 0, there 15 a number § » 0 such that

-
- |-

<€ whenever 01— 8 <f <0

<€ whenever — 4 <f <0




Let x=1amd—l=fﬁf
£ &

Then |f [x)—L| < whenever —4 -::l <0
x

Oy |f [x)—L| < whenever l <—d
x

Or |f [x)—_.f.| = whenever x -;:_é

That is |f (x)- L| <€ whenever x < &V
=0 by the definition & we hawe
lim f(x)=L (2)

¥—r—m

From (1) and (2) we hawve

lim f[szlimf[%]

K= f-sl”
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Let f [x:] be a function defined on some interval I:—m,a:l then
lim f [x) =0

¥—r—

Ideans for every negative number I there 15 a corresponding negative number I
such that

f[x) <M when ever x <A

For every negative number B there 15 corresponding number M such that
[1+33) <M when ever x < AN

Now, to guess a wvalue of I: -

We have
1+x° <M whenever x <N
=x <M—-1 whenever x <}V
iy xim when ever x <N
Sowe should choozse M= E,n'fﬂﬁ



