Chapter 12

THE ELLIPSE

247. TuHE ellipse is a conic section in which the
eccentricity e is less than unity.

To find the eguation to an ellipse.

Let ZK be the directrix, § the focus, and let SZ be
perpendicular to the directrix.

K ¢

. LN ”

There will be a point 4 on SZ, such that
Bl e B rnmninsnnnn (1).
Sinee e < 1, there will be another point 4, on ZS produced,

auch that
Sd =0 L& s Bk
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Let the length 44’ be called 2¢, and let €' be the middle
point of 44", Adding (1) and (2), we have

Qa=Ad'=e(AZ+A'Z)=2.¢.0CZ,
ie CZ=2 oooicvrienniren (3).

Subtracting (1) from (2), we have
e(A'Z— AZ)y=84"— 84 =(SC + CA")-(C4 = (8),
9.0, 6. AA' =208,
and hence O =88 ieesvismsvssnrss -y

Let ' be the origin, ("4’ the axis of », and a line through
(' perpendicular to 44’ the axis of .

Let P be any point on the curve, whose coordinates are
a and y, and let P} be the perpendicular upon the directrix,
and PN the perpendicular upon 44",

The focus S is the point (— ae, 0).
The relation SP2=¢*. PM*=¢*. ZN* then gives

(+ae) +y°=¢ (m + E;—)E , (Art. 20),

i.e @ (1—e’)+ 9" =a’ (1 —é%),
. m? yﬂ -
.8, E;-E -+ :‘.ITE_(]_TGE-)‘ — ]. .................. (5)

If in this equation we put #=0, we have

y=xa Vl"egs

shewing that the curve meets the axis of y in two points,
B and B, lying on opposite sides of €, such that

BC=0B=aN1—¢, te. CB*=C4-CF"
Let the length C'B be called b, so that
b=a~1-¢.
The equation (5) then becomes

x2 y3__1

e NN (1))
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248. The equation (6) of the previous article may be

written

oy° x a'—2* (a+x)(e-z)
= 1 —— = = . e

a 2

bt a a

(4]
. PN? AN, NA
1.6 g P
.6 PN? : AN.NA' :: BC* ; AC2

Def. The points 4 and 4" are called the vertices of
the curve, 4.4’ is called the major axis, and BB’ the minor
axis. Also C is called the centre.

249, Since § is the point (—ae, 0), the equation to
the ellipse referred to S as origin is (Art. 128),

e A

(el

The equation referred to 4 as origin, and 4X and a
perpendicular line as axes, is

O 3 2
(@=af , ¥

a’ B
’ at o Dw
T.€. -+ 5 ——=0
a b oa

Similarly, the equation referred to ZX and ZK as axes is,

47
a b
(w_E) v

since CZ=—°,

The equation to the ellipse, whose focus and directrix are any
given point and line, and whose eccentricity is known, is easily
written down.

For example, if the focus be the point (-2, 3), the directrix be
the line 22+ 8y +4=0, and the eccentricity be #, the required equa-
tion is

21y 8\2 (412 (28 3y +4)
(0+ 24y - 3= (1) g g

i.e. 26122 18192 - 1922y + 1044 — 2334y + 3969 =0.
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Generally, the equation to the ellipse, whose focus is the point
(f, 9), whose directrix is dz+By+C=0, and whose eccentricity

is e, is
(dz+ By +C)?

(@=fP+ -9y ="

250. There exist a second focus and a second divectria
Sor the curve.

On the positive side of the origin take a point S", which
is such that SC = CS’ =ae, and another point Z’, such that

ZC=03*=‘§'.

Draw Z'K' perpendicular to ZZ', and PM' perpen-
dicular to Z'K".

The equation (5) of Art. 247 may be written in the
form

2? — Qaex + a’e® + y? = % — 2aex + A,

2
e {m-ﬂﬂ}2+gﬁ=82(gum) ;
2. S'Pr=¢®, PM".
Hence any point P of the curve ig such that its distance
from S’ is e times its distance from Z'K’, so that we should

have obtained the same curve, if we had started with 8§ as
focus, Z' K’ as directrix, and the same eccentricity.

251. The swmn of the focal distances of any point on the
curve 18 equal to the major axis.

For (Fig. Art. 247) we have

SP=e¢.PM, and S’P=¢.PM'.
Hence

SP+8'P=¢e(PM+PM)y=e. MM’
=e.Z4 =2¢.(0Z =2a (Art, 247.)
=the major axis.
Also BP=¢. P =e.NZ=e.CZ+¢.CN =2+ ex’,
and S P=¢.PW'=¢.NZ' =¢.CZ' -¢.CN=a—-ex,
where o' is the abscissa of P referred to the centre.
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252. Mechanical construction for an ellipse.

By the preceding article we can get a simple mechanical
method of constructing an ellipse.

Take a piece of thread, whose length is the major axis
of the required ellipse, and fasten its ends at the points §
and S’ which are to be the foci.

Let the point of a pencil move on the paper, the point
being always in contact with the string and keeping the
two portions of the string between it and the fixed ends
always tight. If the end of the pencil be moved about on
the paper, so as to satisfy these conditions, it will trace out
the curve on the paper. TFor the end of the pencil will be
always in such a position that the sum of its distances from
S and S’ will be constant.

In practice, it is easier to fasten two drawing pins at S
and &', and to have an endless piece of string whose total
length is equal to the sum of S5 and AA4'. This string
must be passed round the two pins at § and 5" and then be
kept stretched by the pencil as before. By this second
arrangement it will be found that the portions of the curve

near 4 and 4" can be more easily deseribed than in the first
method.

2563. Latus-rectum of the ellipse.

Let LST' be the double ordinate of the curve which
passes through the focus S. By the definition of the curve,
the semi-latus-rectum S

— ¢ times the distance of £ from the directrix

=¢.82=e(CZ-C8)=e.CZ—¢.0S

=a—aé® (by equations (3) and (4) of Art. 247)
]

2 (A, 247)

h

254, 1o trace the cwrve

mE
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The equation may be written in either of the forms

2
or =%a, / 1—1%(3).

From (2), it follows that if &> d? di.e. if 2>a or <-gq,
then y is impossible. There is therefore no part of the
curve to the right of 4’ or to the left of A.

From (3), it follows, similarly, that, if y>b or <-4,
a is impossible, and hence that there is no part of the curve
above B or below B’

If 2 lie between —a and + @, the equation (2) gives two
equal and opposite values for y, so that the curve is sym-
metrical with respect to the axis of a,

If % lie between — b and + b, the equation (3) gives two
equal and opposite values for x, so that the curve is sym-
metrical with respect to the axis of .

If a number of values in succession be given to a, and
the corresponding values of y be determined, we shall
obtain a series of points which will all be found to lie on a
curve of the shape given in the figure of Art. 247.

2 o
255. The quantity % + %—1 18 megative, zero, or
positive, according as the point (x, y') lies within, upon, or
without the ellipse.
Let @ be the point (&, %), and let the ordinate QN

through € meet the curve in P, so that, by equation (6) of
Art, 247,

If @ be within the curve, then ¥, i.e. QN, is < PN, so
that



390 COORDINATE GEOMETRY by S. L. LONEY (Kindle Edition)

Hence, in this case,

m"‘i y’ﬂ
Eq + F = I,
oy e
i.e. %‘j + %ﬁ' — 118 negative.
Similarly, if " be without the curve, ' = PN, and then
a2 ot
l:? + % — 1 is positive,

256. 1o find the length of a radius vector from the
centre drawn n @« gwen direction.

The equation (6) of Art. 247 when transferred to polar
coordinates becomes

r*eos’f  #2sin®l 1
- ] ’

& 5
a’h®

= Foot 0+ st

We thus have the value of the radius vector drawn at any

inclination @ to the axis,

@’
ot (@ — b5 sin® 6
value of 7 is when 6= 0, and then it is equal to a.

giving r®

Sinece =

we see that the greatest

Similarly, 8 =90° gives the least value of #, viz. b.

Also, for each value of 6, we have two equal and opposite
values of #, so that any line through the centre meets the
curve in two points equidistant from it.

257. Auxiliary circle. Def. The circle which is
described on the major axis, 44', of an ellipse as diameter,
is called the auxiliary circle of the ellipse.

Let NP be any ordinate of the ellipse, and let it be
produced to meet the auxiliary circle in .

Since the angle 4QA4' is a right angle, being the angle
in a semicircle, we have, by Euc. v1. 8, QN*=AN . VA"
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Hence Art. 248 gives
PN* : QN* :: BC? : ACY,
o that EN _Be b
? QN " AC a’

Y

The point ¢ in which the ordinate NP meets the
auxiliary circle is called the corresponding point to P,

The ordinates of any point on the ellipse and the
corresponding point on the auxiliary circle are therefore to
one another in the ratio b : @, ¢.e. in the ratio of the
semi-minor to the semi-major axis of the ellipse.

The ellipse might therefore have been defined as follows :

Take a circle and from each point of it draw perpen-
diculars upon a diameter ; the locus of the points dividing
these perpendiculars in a given ratio is an ellipse, of which
the given circle is the auxiliary circle,

258. Eccentric Angle. Def. The eccentric angle
of any point P on the ellipse is the angle N(C() made with
the major axis by the straight line C'¢) joining the centre ¢
to the point ¢ on the auxiliary circle which corresponds to
the point P.

This angle is generally called ¢.
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‘We have CN =06 . cos ¢=acos ¢,

and NQ=C@ sin ¢ =asin ¢,
Hence, by the last article,
FJ

NP=—-,NQ=0bsin .

The coordinates of any point-P on the ellipse are there-
fore @ cos ¢ and b sin .

Since P is known when ¢ is given, it is often called
“the point ¢.”

259. 7o obtain the equation of the straight line joining
two points on the ellipse whose eccentric angles are given,

Let the eccentric angles of the two points, P and £, be
¢ and ¢, so that the points have as coordinates

(acos ¢, bsin¢) and (acos ¢’y bsin '),
The equation of the straight line joining them is

., bsingd'—bsing
y_bmn(ﬁ_mcus:ﬁ'—acoaqb{m @ COS )

_b 2cosi(p+¢)sind(¢ -~ )
e 2sind(d+¢')sind(dp—¢)
b cosd(d+ )

(x— @ cos )

i 51111{:;:4(,1':)(‘5—&005#]}’
i.e.
—cosqﬁ'ﬂ"ﬁ E:Blll-d}—ziy eus¢ms¢;¢f+sxu¢a1ntti

_cus[ . ¢:|-~(;ua A e e (1).

This is the required equation.

Cor. The points on the auxiliary eirele, corresponding to P and
F’, have as coordinates (a cos ¢, a sin ¢) and (a cos ¢', a sin ¢').

The equa.tiﬂn to the line joining them is therefore (Art, 178)

¢+¢ Y P _ P9

Bln =008 ———
+z 3 3
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This straight line and (1) elearly make the same infercept on the
major axis,
Henece the straight line joining any two poinfs on an ellipse, and

the straight line joining the corresponding points on the aunxiliary
eircle, meet the major axis in the same point,

1. Find the equation to the ellipses, whose centres are the
origin, whose axes are the axes of coordinates, and which pass
through (&) the points (2, 2), and (3, 1),
and (8) the points El, 4) and (-6, 1).

Find the eguation of the ellipse referred to'its centre
2, whose latus rectum is 5 and whose eccentricity is %,

3. whose minor axis ig equal to the distance between the foei and
whosze latus rectum iz 10,

4, whose foei are the points (4, 0) and (-4, 0) and whose
eccentricity 18 .
5. Find the latus reetum, the eccentricity, and the coordinates
of the foci, of the ellipzes
(1) a?+38y%=a?, (2) 5a°+4y*=1, and (3) 92%+5y2-30y=0.
6. Find the eccentricity of an ellipse, if iis latus reetum be equal
to one half its minor axis.

7, Find the equation to the ellipse, whose focus iz the point
(-1, 1), whoee directrix is the gtraight line # —y+3=0, and whose
eccentricity is 4.

8. Isthe point (4, —38) within or without the ellipse

5z 4 Tyr=1127

0, Find the lengths of, and the equations to, the focal radii drawn

to the point (4 ,/3, 5) of the ellipze
2527+ 16y%=1600.

10. Prove that the sum of the squares of the reciprocals of two
perpendicular diameters of an ellipse 18 constant.

11, Find the inclination to the major axis of the diameter of the
ellipse the square of whose length is (1) the arithmetical mean,
(2) the geometrical mean, and (3) the harmonical mean, between the
squares on the major and minor axes.

12. Find the locus of the middle points of chords of an ellipse
which are drawn through the positive end of the minor axis,

13. Prove that the loeus of the intersection of AP with the
straight line through 4’ perpendicular to 4'P is a straight line which
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is perpendicular to the major axis.

14, © is the point on the auxiliary circle cnﬂ&spon&ipg to P on
the ellipse; PLMis drawn parallel to €@ to meet the axes in L and M;
prove that PL=0 and PM=a.

15. Prove that the area of the triangle formed by three points on
an ellipse, whose eccenfric angles are 8, ¢, and ), is
qb; I'E‘E:sirf‘é‘;f; Hsin ? ;qﬁ‘
Prove also that its area is to the area of the triangle formed by the
corresponding points on the auxiliary ecircle as b : a, and hence that
its area is a maximum when the latter triangle is equilateral, i.e. when

2
p-0=y-¢p=".
16. Any point P of an ellipse is joined to the extremities of the

major axis; prove that the portion of a directrix intercepted by them
subtends a right angle at the corresponding focus.

17. Shew that the perpendiculars from the centre upon all chords,
which join the ends of perpendicular diameters, are of constant
length.

18, If a, 8, v, and & be the eccentric angles of the four points of
intersection of the ellipse and any circle, prove that
a+ 8 +7-+3dis an even multiple of = radians,

[See Trigonometry, Part IT, Art. 51.]

19. The tangent at any point P of a circle meets the tangent at a
fizxed point 4 in T, and T is joined to B, the other end of the
diameter through A; prove that the locus of the intersection of 4P

i . AT
and BT is an ellipse whose eccentricity is —

N2
20, From any point P on the ellipgse, PN iz drawn perpendicular
to the axis and produced to @, so that N@Q equnals PS, where S is a
foecus; prove that the locus of @ is the two straight lines y ex +a=0.

Fab gin

21, Given the bage of a triangle and the gum of its gides, prove
that the locus of the centr'e of its incirele is an ellipse.

29, With a given point and line as focus and directrix, a series
of ellipses are described; prove that the locus of the extremities of
their minor axes is a parabola.

23, A line of fixed length a+b moves go that its ends are always
on two fixed perpendicular straight lines; prove that the locus of a
point, which divides this line into portions of length a and b, is an
ellipse.

24, Prove that the extremities of the latera recta of all ellipses,
having a given major axis 2a, lie on the parabola o= - a (y — a).
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1. (o) 8a%+5y2=32; (B) 327+ Ty*=115.

2ﬂm“+ﬂﬁy9—4{}5 3. .a:*+2y“=1{]ﬂ' 4, Bx?+8y*=1152.

5. (1) 22; yu/6; (ig;,.m,a); ) &5 1355 (O, 25a/5);
(8) &%; %; (0, 5) and (0, 1).

6. !:;E 7. Ta?42ay 4Ty + 102 - 10y +7=0. 8, Without.

9, w+4./8y=24,8; 11l2—4,/3y=24,/3; T and 13.
b b
11. (1) tan™1-— , (2) tan™! \/E; (3) 45°,
2 9 ‘.?f'
12, s

a0
SOLUTlONSIHINTS
1. Tet the equation be -+ Yy

b2
4 4
(e) Then = b"' =1, and 32 312 =1,
whence a® = :32., and 5? = __“:-'_.
1 16 36 1
whence a*=211% and b" _ 1185
® b d 2
2. We have -(;_';5’ an 9_3’
whence a®= 31, and 3*=45.
3. We have b=uae, and [L =b.
1
L ate=0=d*(l -¢€); o i
( ) 73"

“a(l-€e)=5; .. a*=100, 6*=50.
Hence the required equation is «?+ 2%*=100.
4. ae=4, and e=3; .. a=12,
144.8

and b’:a’(l—ez):——9—=128.
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Hence the required equation is 8z* + 94° = 1152.

5. Let 4 and B be the lengths of the semi-major and.
semi-minor axes in each case.

a’ 2
(1) A*=a’, Bﬂ—g, ". the latus rectum..g—ﬂ;-_-g
_A’—B“ 2

el=

—As——='§; e 6=§-~/6.

". the coordinates of the foci are (+ ¥ ./6a, 0).
1 1 2B* 4
N - ® 4 T e—
(2) 4= =7 B= 55 " the latus rectum =5
4° .B’ 1
T 5, -.. G=BJ5.

*. the coordinates of the foci are (0 + v /D).

=

W =SE
(3) The equation may be Wntten e
2
‘. A3=9, B®*=5; .. the latus rectum:gf—:-l:;g.
B* N 2
e=1- Ag =1- 9 9, . G—-é.
The coordinates of the foei are (0, 3 + 2), 2.2. (0, 5) and
(0, 1).
26 oW T
6. Wehﬂve-;=b. ..a——§, ..8’—1—‘;’—1—1,
1 (x—y+3)*
2 Wl R ) Lol Rl .
7. (z+1)+@y-1) 4{ - },ebo
2 2
8. Lo Sl —1 is positive; .. the point lies without

11
the ellipse. [Art. 255.]

9. Semi-major axis — 10; semi-minor axis = 8;
eccentricity = §.
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". the required lengths are 10+ £ x 5, 7.e. 7 and 13.

[Art. 251
The coordinates of the foci are (0, +6); hence the
required equations are :73- - g-%-g , ete.

10. Let », and r, be the lengths of the semi-diameters

whose vectorial angles are  and 6 + = ; then

1 1  b*cos?l + asin?d  b*sin® 0 + a® cos? @

,;1—2 + 7725 = Py + a?bz*—'—"v [Al’t. 256]
|
- a—2 + b—’ .
11. By Art. 256,
(1) ol A - o A
2 b*cos® 0 + a*sin®* 0’
S (@ + ) (B + @) = 2a*0* (1 + ), where ¢ =tan 6,
whence = é
a
. a*b? b
(2) “b;-é"cos’ﬂ-i-a’sin"ﬂ’ whence £ = \/5'
(3) 2a2h? &1 a2b? .
a*+ 6  bcos’l +a*sin?6’
whence i=1 .. =45,

12. Let (@cos ¢, bsin ¢) be the other extremity of one
of the chords. Then if (, y) be a point on the locus,

2e=acos ¢, and 2y==04+ bsin .
Eliminating ¢, we have

W\ (y-b\ . a2 g
(7) . ——b )—1, 2.€. 5§+F=-b-'

13. If P be the point (acos ¢, bsin¢) the equation
of AP is
y  z—a
bsing acos¢p—a

b
g OF iy cot?—;(m—a).
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The “m? of 4'P— _250¢ _ &
acosp+a a

The equation of the line through A’ perpendicular to

tang.

AP is y:—%.cot%(x+a).

z+a b

== _2 . HOD.C(':), emo
rT-a @

Eliminating ¢,
14. PM=CNsecp=a; PL=PN .cosecd=b.

16. (i) See Ex. . 6. (ii) Putb=a.
16. The equations of 47 and A'P are

y:-—g.ootg(:v—a), and

y;étan%(m+a). (See No. 13.)

If these cut a directrix (:z: = g) in ¥ and Y,

€

XYz—bcot?(%- ), anid XYf:btan‘-gen).

2
1\  a®(1 e
. TV . 7 10 [ e, T s
L XFXT=-8(1-5)= "
. ¥8Y’ is a right angle.
17. The equation of the lines joining the origin to
the common points of the ellipse and the line

wcosa+ysina=pis [Art. 122]
P* (B*a® + a*y?) = a*b* (z cos a + y sin a)’,
If these are at right angles, then
P (b +a*)=at?  [Art. 111.]
18. Let the equation to the circle be
@ 4 i+ 29x + 2fy + ¢ =0.

=,5.X",
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If this meets the ellipse in the point whose eccentric
:}r:gtle is 6, then it is satisfied by 2 =acosf, y =bsinb, so
ant
a?cos? 0+ b*sin® @ + 2ga cos 6 + 2/bsin f+¢=0. ...(1)
Let ¢t = t,a,nf’i so that sin 6 = 2 and cosO:l————tg.
2° 1+8 14+
Then (1) becomes, on substitution,
a* (1 =) + 46°2 + 2g9a (1 — ¢*) + 4fbt (1 + ) + ¢ (1 + £)* =0,
e t*(a*— 2ga+c)+ 4fbE + 2 (40* — 2a’ + 2¢)
+4fbt +a®*+ 2ga+¢=0. ...(2)

This is an equation with four roots.

Also s, = sum of the roots = — —éﬁ Sy
a’®— 2ga + ¢
8, = sum taken two at a time = 4b: - ?a" * 30 .
a®—2ga+c
8, = sum taken three at a time = — _2_%/:6 -
a*—2ga + ¢
2 .
and 8, = sum taken four at a time = Ci,‘—————-*- 299 %0 ;
a*—2ga+c
% t&n01+02+03+09=_ﬁ—_8}____0 e
2 —8+8 4(a*-0) s

angl.;.& 6+ 0y + 6+ 60,=2nm = an even multiple of two right

19. Let a?+32=a? be' the equati f 1
the circle and
let the coordinates of 4 and B bg + :HOO Le
point (acosa, asina). o daklo
7 is the intersection of the lines
x=a, and 2cos a+ysina=a.

". its coordinates are (@, @ tan g) >

Hence the equation of 7'B is z +a = 9y cot =, and the

equation of P4 is x;—a:—yt&ng.
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Eliminating a, 2? —a?= — 2, or &+ 2y* = a*, which is

an ellipse whose eccentricity is A

N2
20. If (x, ) be the coordinates of o
Yy=NQ=—(PS)=—(a+ex). [Art. 251.]
Soy+ta+ex=0.
21. Take the base BC for axis of @, and the
perpendicular through 0, its middle point for axis of .

Let £ be the incentre and PN perpendicular to BC. Let

the coordinates of P be (2, ).
Thenx=0N=(s—b)—g, (ifcyb),:c_b.

9

-l

A2 ’
o= o A{a* — (b—c)*}, where X is a constant,
=A(a® — 4a?).
"o ¥*+ 4A2* = Aa®, which is the equation of an ellipse.
22. Taking the figure of Art. 247, let § be the given
point and ZK the given line, then

o 2
= ae =SZ—constant. .. — = constant — A
ae

Hence 3= Az is the equation to the locus of 7 refersed
to Z§ and LSL' as axes. Hence etc.

23. 1If the line is inclined at @ to the axis of x, and
(¢, y) are the coordinates of the point whose locus is
required, we have 2=acosé, and 7 =bsin.

.
.—-2+:Z:

72 = 1, which is an ellipse.

24. In the figure of Art. 247, the coordinates of Z are
x=—ae, and ¥y =— =a — ae’.

o a(y—a)=—al=—g?
So L’ lies on the parabola #*=a (y + ).
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260. To find the intersections of any straight line with
the ellipse

at ot

-{1_-2 s F =1 i {1 ).
Let the equation of the straight line be

a1 o T PR (2)

The coordinates of the points of intersection of (1) and
(2) satisfy both equations and are therefore obtained by
solving them as simultaneous equations.

Substituting for y in (1) from (2), the abscissae of the
points of intersection are given by the equation

ma + ¢)*
a.'% - Iz Foy,
2.6 a? (a®m? + ) + 2aPmex + a® (¢ — 07) =0 ....... (3).

This is a quadratic equation and hence has two roots,
real, coincident, or imaginary.

Also corresponding to each value of « we have from (2)
one value of y.

The straight line therefore meets the curve in two points
real, coincident, or imaginary.

The roots of the equation (3) are real, coincident, or
imaginary according as

(26Pme)®—4 (b*+a®m®) x o* (¢*—07) is positive, zero, or negative,
i.¢, according as b (0 +a’m?) —b%c* is positive, zero, or negative,
t.e. according as ¢® is <= or > a"m® + b~

261. 7o find the length of the chord intercepted by the
ellipse on the straight line y =me + ¢

As in Art. 204, we have

2atme a* (¢ — 7

@, + i — = opmd gegmes L~
S R L R et 4 bt

so that Qab N a®mE + b — &
2 Py = 1‘“2 e
. a*m® + o°
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The equation (4) then becomes

,_ 5
Y-y == g &%)
wx yy x? y* Y cid
= ‘i;% = oy & :%:E =1, by equation (2).
The required equation is therefore

xx' vy
2z T

3.6

=1.

Cor. The equation to the tangent is therefore ob-

tained from the equation to the curve by the rule of
Art. 152,

263. o find the equation to a tangent in terms of the
tangent of its inclination to the major axis,

As in Art. 260, the straight line
L= I <R o8 S S S L (1)
meets the ellipse in points whose abscissae are given by
& (0* + a*n®) + 2mea’s + a® (¢ — b%) = 0,

and, by the same article, the roots of this equation are
coincident if

¢ = Natm?® + b

In this case the straight line (1) is a tangent, and
it becomes

y=mx+ ~/a?mefbt.............. (2).
This is the required equation.

Since the radical sign on the right-hand of (2) may
have either + or — prefixed to it, we see that there are two
tangents to the ellipse having the same m, i.e. there are
two tangents parallel to any given direction.

The above form of the equation to the tangent may be deduced
from the eguation of Art. 262, as in the case of the parabola
(Art. 206). It will be found that the point of contact is the poing

( JatmE o2 NI hﬁ) 2
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264. By a proof similar to that of the last article, it
may be shewn that the straight line

oS a+ysin a=p
touches the ellipse, if
p’=a’cos? a4 b?sin?a.
Similarly, it may be shewn that the straight line
e+ my=mn

touches the ellipse, if @™ + b*m® = .

265. ILguation to the tangent of the point whose
eccentric angle 18 .

The coordinates of the point are (@ cos ¢, b sin ¢).

Substituting &’ = & cos ¢ and %" = b sin ¢ in the equation
of Art. 262, we have, as the required equation,

EGDE¢+%Eiﬂ¢=1 .............. (1),

This equation may also be deduced from Art. 259,

For the equation of the tangent at the point “¢” is
obtained by making ¢'= ¢ in the result of that article.

Bx. Find the intersection of the tangents at the points ¢ and ¢'.
The equations to the tangents are

& v .
e 4 =-1=0
Gcns¢+ham¢r 1=40,

T oo o ¥ sin of — 1=
and 5 CO8 @'+ sin g 1=0,

The required point is found by solving these equations,
We obtain
i ¥
i [/ -1 1
Fih— BING COS( —COS¢p  SiN ) COSp—eoS ¢y Sin¢p  Sin (fp— )’
1. 8.

@ B Y _ 1
';""'i'qﬁ'_gin'iﬂ_c# apn ¢-|-¢|.’ rﬁ"—';b’ t;é_'f"

sin sinf-:-—? 2gin ~-— cos

aseaty ) 3 B) 9 9
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cos § (¢ +¢')

Hence az=a ——' ,andy=>b

sin 4 (¢ +¢)
cos} (p—¢)’

cos 4 (6-9)"
266. FEquation to the normal at the point (', ).

The required normal is the straight line which passes
through the point (2, %') and is perpendicular to the
tangent, ¢.e. to the straight line

g B0 &
y= ﬂlzyrm + yr*

Tts equation is therefore

y—y =m(@-a),

2.t a
where ) (— b?m,) ==1, te m= @, » (Art. 69).
ay b
; ; Y /
The equation to the normal is thereforey — ' = T (& — ),
. X=X y-y
.6 — = —
X y
al b?

267. FEqualion to the normal at the point whose eccentric
angle is ¢,

The coordinates of the point are a cos ¢ and bsin ¢.
Hence, in the result of the last article putting
# =acos¢ and y =bsing,

i € — @ Cos 3y — b 8in
it becomes ¢_¥ ¢

cos¢p sing
a b
: I o s_ﬂ_ 2
$ COS b  sing 4

The required normal is therefore

ax sec ¢ — by cosec ¢ = a? — b2,
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%268. Fquation fo the normal in the form y=ma+e.
The equation to the normal at (2, y') is, ag in Art. 266,

a*y’ fa*
Y=Y (zrrl)-

a*y’ z  ay
Let b_"l;t:_’ =m, 80 thﬂ-t’ E - E.z]‘?i.‘
Y8 g2
Hence, since (2, y') satisfies the relation % + %: 1, we obtain

; b2m
¥y=Jarom:
The equation to the normal is therefore
(a2 - b%) m

N
This is not as important an equation as the corresponding equa-
tion in the case of the parabola. (Art. 208.)

When it is desired to have the equation to the normal expressed
in terms of one independent parameter it is generally better to use
the equation of the previous article.

Y=mz -

269. To find the length of the sublangent and sub-
normal.

Let the tangent and normal at 7, the point (2, %),
meet, the axis in 7 and & respectively, and let PV be the
ordinate of .
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The equation to the tangent at P is (Art. 262)

mm.! !
2 5;;3;;1 ..................... (1).

mZ

To find where the straight line meets the axis we put
y =0 and have

ng, 7.6, OT:g_&;}!
i.e. Gl UiV e =Bl icninvivisivi (2).
Hence the subtangent N7
TN =% TP
o a0
The equation to the normal is (Art. 266)
a—a y—y
® oy
a* b

To find where it meets the axis, we put v = 0, and have

a—-a —q \
— —:-—*b,
2 y
7 B
bt a® —b*
6. CG@=x=0a"—a'= = w=e', o =" ON...(3).

Hence the subnormal N ¢
=C0N -CG=(1-¢)CN,
d.e. NGuNCul-e:1
R 8 (Art. 247.)
Cor. If the tangent meet the minor axis in ¢ and Pn
be perpendicular to it, we may, similarly, prove that

Ct.Cn =102,

270. Some properties of the ellipse.

(a) SG=e.SP, and the tangent and normal at P bisect the
external and internal angles between the focal distances of P.

By Art. 269, we have CG =¢%z',



CHAPTER 12: THE ELLIPSE 407

Hence SG=8C4+C0G=ae+e®x'=¢.8P, hy Art. 251.
Also 8'G=C08'-CG=¢(a—-ex')=e.8'P.
Hence SG:8G;::8P: 8P,

Therefore, by Eue. vi, 3, PG bisects the angle SPS".

It follows that the tangent bisects the exterior angle between
SP and S'P.

(B) If SY and S'Y' be the perpendiculars from the foci upon the
tangent at any point P of the ellipse, then ¥ and Y' lie on the auxiliary
cirele, and 8Y, 8'Y'=0%  Also CY and S8'P are parallel.

The equation to any tangent is
LOOBOHY B a=P wviiiviivvsaiiiviisiin (1)
where p=Ja? cos? a+b?sin? o (Art. 264).

The perpendicular SY to (1) passes through the point (- ae, 0)
and its equation, by Art. 70, is therefore

(z4+ae)eina—ycozsa=0 .. versrrreenens 12)s

If ¥ be the point (k, k) then, since ¥ lies on both {1} and {3} we
have

heos a-ksin a= /a®cos? a + 17 sina,
and hsin a -k cos a= — aesin a= — y/a’ = b? sin’ a.

Squaring and adding these equations, we have A2+ k*=d?, so that
Y lies,on the auxiliary circle &* 4 y*=a?

Similarly it may be proved that ¥’ lies on this circle.

Again § is the point (- ae, 0) and S’ is (ae, 0).

Hence, from (1),

SY=p+accoga, and S’V =p—aecosa. (Art. 75.)

Thus SY. 8'Y'=p® —a%e® cos®
=a?cos? a4 0% gin? o — (42— 1% cos’a
=0

43
Also ﬂT:EE’
and therefore 8= 5%_ = fﬂaliTUN} '
cr a cy

T a-e.CN-FP"

Henece CY and S'P are parallel. Similarly €}’ and SP are
parallel.
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(v) If the normal at any point P meect the major and minor axes
in G and g, and if CF be the perpendicular upon this normal, then
PF.PG=0? and PF.Pg=a®

The tangent at any point P (the point “¢") is
T o5 ¢+ Y sin o=
5 %08 ¢+h sin g =1.

Hence PF =yperpendicular from ¢ upon this tangent

- .3 LI (1).

cosg sin®¢ /0% cos? g+ a?sin® ¢
e T
The normal at P is

L. (N S (2).
cokgp BN g
a®— bt

If we put y=0, we have CG= COS ¢,

a%_bg

o P= (a, COB ¢ —

[

2
cos r,ﬁ) + b sin® ¢
=If cos? ¢+ b2 sin?

a* d

i, PG:EJF&EEIEEFEL

From this and (1), we have PF.PG=0"
If we put z=0in (2), we see that g is the point

2__1a
(n, = f*—bi sin qb) .

' a?_}? 3
Hence Pg*=acos® ¢+ (Ia sin ¢+—— sin g:-) ,

so that Pg =%’ N D2 eost ¢ +a? sin? ¢,
From this result and (1) we therefore have
PR, Pg=a.

271. To find the locus of the poini of intersection of
tangents which meet at right angles.

Any tangent to the ellipse is
Y =mx + N a'm’ + b

and a perpendicular tangent is

e
y:-lm—k\/mﬂ(—i) + b2,
T Tt
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Hence, if (A, &) be their point of intersection, we have
b— b= @m0 e (1),
and bk +h=na? + 0P (2).

If between (1) and (2) we eliminate m, we shall have a
relation between .k and % Squaring and adding these
equations, we have

(& + 1) (1 + m®) = (a® + b%) (1 + mn®)
1.6, h? + B =a® + b,
Henece the locus of the point (%, k) is the circle
P+ yt=a’ + b
i.e. & circle, whose centre is the centre of the ellipse, and
whose radius is the length of the line joining the ends

of the major and minor axis, This ecircle is called the
Director Circle.

Find the equation to the tangent and normal

1. at the point (1, 4) of the ellipse 422+ 9y?=20,

2. at the point of the ellipse 52 + 3y2=137 whose ordinate is 2,
3. at the ends of the latera recta of the ellipse 922+ 16y2=144.

4, Prove that the straight line y =z +,/,% tonches the ellipse
Bz +4yt=1.

5. Find the equations to the tangents to the ellipse 42+ 8y®=5
which are parallel to the straight line y=3x47.

Find also the coordinates of the points of contact of the fangents
which are inclined at 60° to the axis of .

6. Find the equatians to the tangents at the ends of the latera
2
recta of the ellipse m_i + gﬂ_l and shew that they pass through the
intersections of the axis and the directrices.

7. Tind the points on the ellipse such that the tangents there
are equally inclined fo the axes. Prove also that the length of the
perpendicular from the centre on either of these tangents is

Jq.ﬂ_{_ bﬁ
5
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Q. In an ellipse, referred to its centre, the length of the sub-
tangent corresponding to the point (3, %%) is 4f; prove that the
eccentricity is £.

0, Prove that the sum of the squares of the perpendiculars on

any tangent from two points on the minor axis, each distant /a?—b?
from the centre, is 2a%,

10, Find the equations to the normals at the ends of the latera
recta, and prove that each passes through an end of the minor axis if
et +et=1,

11, If any ordinate MP meet the tangent at L in @, prove that
MQ and SP are equal,

12. Two tangents to the ellipse intersect at right angles; prove
that the sum of the squares of the chords which the auxiliary circle
intereepts on them is constant, and equal to the square on the line
joining the foei.

13, If P be a point on the ellipse, whose ordinate is y’, prove
that the angle between the tangent at P and the foeal distance of P
2
is fan™! —b——, ;
aey,
14, Shew that the angle between the tangentz to the ellipse
2 e
ﬂ:-—ﬁ 4+ %’:-2:1 and the circle #®+y?=ab at their points of intersection is
[
._la_b
Eﬂ-n. \/ﬁ "
15, A circle, of radins 7, iz conecentric with the ellipse; prove
that the common tangent is inclined to the major axis at an angle

Sy P2 -0 .
tan = and find its length.

16. Prove that the common tangent of the ellipses
xs 'ya_'ﬂ:n 5 2% 33 ; 2‘3‘—{1

ki - o= nd — .
as ' cﬂ E.t—1+u~

subtends a right angle at the origin.
17. Prove that PG.Pg=5P.8'P, and CG . C1'=C8%

18, The tangent at P meets the axes in 7" and ¢, and CY is the
perpendicular on it from the centre; prove that (1) I't., PY=a* 17,
and (2) the least value of I't is a +b.

19, Prove that the perpendicular from the foeus upon any tangent
and the line joining the centre to the point of contact meet on the
corresponding directriz.,

20. Prove that the straight lines, joining each focus to the foot of
the perpendicular from the other focus upon the tangent at any
point P, meet on the normal at P and bisect it.
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21. Prove that the circle on any focal distance as diameter touches
the anxiliary circle.

22, Find the tangent of the angle between CPF and the normal at

at- b2
P, and prove that its greatest value is % ;’ .
n3. Prove tha.t the straight line lz+my=n i3 a normal to the

2 {ﬂ_ﬂ 52}2
ellipae, 1f = 1 e

24, TFind the locus of the point of intersection of the two gtraight
. ta ¥ ; ::_.‘ ty la
hnesE b+:_uﬂnda+b 1=0.

Prove also that they meet at the point whose eccentric angle is
2tan=1¢.

25. Prove that the locus of the middle points of the portions of
tangents included between the axes is the curve

a® bt
2
26, Any ordinate NP of an ellipse meets the auxiliary cirele in

Q; prove that the locus of the intersection of the normals at P and
Q is the circle 2+ yt=(a+b)s

27. The normal at P meets the axes in & and g; shew that the
loei of the middle points of PG and Gy are respectively the ellipses

4o dy?
m+ Y =1, and a?a? -+ 0yt =3 (a? - b2

23, Prove that the locns of the feet of the perpendicular drawn
from the centre upon any tangent to the ellipse is

r=acos® 0+ sin? 0. [Use Art. 264.]

29, If a number of ellipses be described, having the same major
axis, but a variable minor axis, prove that the tangents at the ends of
their latera recta pass through one or other of two fixed pointa.

20. The normal GP iz produced to ¢, 2o that GQ=n. GP.
|.'],_.2 J'E
Prove that the locus of @ is the ellipse — FrtE—nd) +ogm=1.
31, If the straight line y=ma+ ¢ meet the ellipse, prove that the
equation to the circle, descnhed on the line joining the points of
intersection as diameter,

(afm®+ %) (@2 +y®) + Enmzm: — ey + ¢ (a? + 07) — w®V? (L +m?) =0,
32. PM and PN are perpendiculars upon the axes from any point

P on the ellipgse. Prove that MN is always normal to a fixed
concentric ellipse.
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33. Prove that the sum of the eccentric angles of the extremities
of & chord, which is drawn in a given direction, is constant, and
equal to twice the eccentric angle of the point at which the tangent is
parallel to the given direction,

g 2

34. A tangent to the ellipse ::-g + g-é =1 meets the ellipse
a? oyl
e o BE =a+b

in the points P and @; prove that the fangents at P and @ are at
right angles.

1. 162%-9y2=30. 2. 2522 -144y7=900,
3, 6ba® - 36y*=441. 4, *-yi=32,
5. 6,4, (+4/13, 0), 23, 6. Bz?-y2=3a%,
7. Ty*+24ay — 2daz - bay +15a*=0; ( - ;—E, EI-); 122 - 9y +20a=0,
8. (5, =& 0. 24y —30z= £,/161.
_____ g

14, y= =I=:!:=|:V’a-2— by (af4-17)

al- 2’
15. 9y =82z 16, 125z - 48y =481.
’ a a G718 ¢ 1.3 2 a®—b?
29, (1) a4 alyt=a®* (1P —a?); (2) z=a. o oE

(8) a2 (a®+20%) — a2y? — 2afex +a? (a? — 1?) =0.

SOLUTIONS/HINTS

1. (1) Substitute 2 for 2* and &y for 3, [Art. 262].
2 éi); 2€gt =1 9y=4% a*<5,and B’ = 22 in the equation

2. If y=2, 52*=125 and .". 2=+5.

(1) Substitute + 5z for 2* and 2y for 42

(2) Put '=+5, y'=2, a®*=137 and = 137 jin the
equation of Art. 266,

3. We have a=4 and $=3. .. &=1-.2 -7 ¢
that e = 3,/7. SECa

Hence the coordinates of the extremities of the latera
recta are (+ /7, + 2).
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Substitute in the equations of Arts. 262, 266,
4. The common points are given by

3 + 4 (z+ /yg)=1, or 21a*+ 43T .z +4=0,
which has equal roots.
5. (1) The intersections of the ellipse with the line
Y =3x+ ¢ are given by

4* + 3 Bz +¢)*= 5, or 31x® + 18cx + 3¢*— 5 =0,
which has equal roots if
81¢? =31 (3¢* - 5), whence ¢ =+ } /135
(2) By Art. 265 the “m” of the tangent at the point ¢
b
= —& 00t¢—-— ;/—,; cot (ﬁ,
and this is given to be + /3.

3 \ -
wcobp=—3. .. cosdp=+ 713’ 81n¢=+J—13.

9
.. the muimd points are (_ "2/665, '-F-:;—g J195) ;

2
6. Put z=+ae y=+ b; in the equation of Art. 262.

Hence the tangents at the end of the latera recta are
texty=a.
These cut the axis of 2 where x =+ g, w.e. at the points

Z or Z' [Art. 247].
7. By Art. 265, we have —-g cot ¢ = + tan 45° = + 1.

) a
. Sing==- N cos ¢ = -'Ja =5
b?
.'. the required points are ( a, o $§-+ 69) ’

PP=a*cos®a + b*sin’a [Art. 264]—(6——+—E if a =45°.
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- SR |
8 eon_Nyr=28 [ar 269).
@ 3
. a?-9=186, S a=b.
Also % + ;;é: 1, whence *=9 and b= 3.
b 9 16 4
e ] y = —
&=1 - 1 55 =95 - =g

9. Let wcosa+ysina=p be the equation of any
tangent, so that p®=a’cos’a + *sin’a.
The required sum
=(p + Ja* - b*sina)* + (p— v/a* — b?sin )"
=2{p*+ (a* — b?) sin’ a}

=2 {a’cos? @ + b*sin’ @ + @’ sin® @ — b*sin’ a} = 2a.
10. Putting 2'=ae, and 3 = %2 in the etiuation of

Art 266, we obtain (z—ae)=ey —ae (1 - ¢°).
This passes through (0, — 6) if
ae=be + ae (1 —¢€*), or b=ae.
Hence a’*= b*= a? (1 — ¢*), whence ¢* + ¢*= 1. Similarly
for the other normals.
11. See No. 6. The equation of the tangent at Z is
y=a—ex, e QM=a—-ec.CM=8P. [Art. 251.]
12. Let YY" and ZZ’ be the intercepts.
The equation to a tangent YY" to the ellipse is
G - ~ e
Put ¢ = a®m® + & in the result of Art. 154.

2ae

e PPl T
\[T+m“‘

e . Saon
1 Nl +m?

1+ —

m?

W YY'? + Z7'* = 4a%".

Similarly ZZ'=
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13. Let @ be the required angle, since the tangent is
equally inclined to SP and S"P [Art. 270 (a)],

. S¥'SF
sma—S,P— W.
o o L H*
v Slnza—_—mrp = m. [Al'b. 270 (B)]
‘. tan%a= i o o

(@ —at?) = A (@)~ ey

14. Solving, a common point is

a'_\/a”b T
N avb YA avE

Then “m™ of the tangent to the ellipse at this point

3 T 3
Sl LU R
@’ ab® aa
And the “m” of the tangent to the circle
at Art. 158
= — *b—; o [ rt. .]
The required angle
al bt
b—; " 3 a—b
= tan™1 =tan " —-.
1+ g , L

15. The line 2 cosa + y sina=» (which is any tangent
to the circle) will also touch the ellipse if

r=a®cos’a + b*sin®a, whence tan? i

= a ) a—’—atbg.

The “m” of the tangent =—cota=—«/’3-bn_
YV oad—

If the normal to the ellipse at the point of contact of
this tangent meet the axis in @, the length of the common
tangent
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3 2
. - a - a
=CC@sina=¢CN.sina=¢*. — sina =2, © 05¢@ .Sina

cr cY
. 3 [Art. 269]
_g @C0Sa . a%. Va' =92, Jri_p
g r. (a®—b?)
NP S
= .

16. The equations may be written

(z‘a) b’ ’)O
R

Hence the line y = 7 is a common tangent, since it cuts

each in coincident points ; also the points of contact are

2
$'=ac— x”:;—-—b‘;
, and 2 +yly =0,
, ab ;. lab
- & <o

... the points of contact subtend a right angle at the
origin.
17. PG.Pg=0b*cos’¢p +a’sin*¢. [Art. 270 (y).]
SP.8'P=(a+ecos¢)(a—ecosgp) [Art. 251]
=a®— a’® cos’ P =a* — (a’ — b%) cos® p = b*cos® b + a’sin? ¢,
2
C@=¢.CN, and CT=_— o [Art. 269.]
“ 0. CT=a%=09"
18. In the equation g. cos ¢ +%sin¢ =1, put =0
and y =0, successively; .. CT'=asecd, Ct=>b cosec ¢,
and Tt = NJa*sec® ¢ + b? cosec? P.
PY = the perpendicular from €' upon the normal
ax sec ¢ — by cosec ¢ =a®— b?;
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s B PY =g*~ 8

: PY__- L L, a2_62 -
- —'s/a’wc°4>+b’cosec9¢.

Tt = a sec? ¢ + b* cosec? ¢
= (a® tan® ¢ + b* cot® b — 2ab) + a® + b* + 2ab
=(a+b)*+ (atan ¢—bcot ¢)>

Hence the minimum value of 7% is @ + &, when

atan¢—0b cot =0, 2.e. when tan¢=J£.

19. If 2 be the point («cos ¢, b sin ¢), the equations
of CP and SY are

b sin ¢ —ya cos g =0, and asin ¢ (—ae) - yb cos ¢ = 0.

Solving, we have a:=c—:, t.e. their point of intersection
lies on the corresponding directrix.

20. In the figure of Art. 269, if SZ and S’Y’ meet
m W, ST is a median of the triangle S’ W, and therefore
it bisects PG which is parallel to S'W. Similarly §'Y
bisects P@.

21. In the figure of Art. 269, the circle on S'P as
diameter clearly passes through Y’, and since C'Y’ is
parallel to SP it bisects S'P. Hence the line joining the
centres of the two circles passes through their point of
intersection, %.e. the two circles touch.

22. The “m” of CP:(—l;tan ¢. The “m” of the

@
normal:ztantﬁ. __gtanq!,-q.%tan(/)

1 + tan* ¢

.. the required tangent =

g 78 2__ A2
- b.sin¢.cos¢=g——i.sin2¢,
2ab
a0

S0 that its greatest value =— ;- .
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23. The lines

lz +my =m and axsec ¢ — by cosec ¢ =a® - b*
lecosp  msing nm

@ b i a’ gwat b2'
a b (=B

Eliminating ¢, we have - + —

are coincident if

o wlﬁ_ n*
e r E:g — -..‘_l_::;z
24. Wehmel-l—a b.t,a.nd 1 =5
o a7y \
s l—;,: %: g+ 3g—2= 1, which is an ellipse.
Let ¢ = tan g Solving the two given equations, we
2 1-0 . 2 .
have E.--l—:t—z_cos& and E_m,_sma.

Hence the required eccentric angle is 6, ¢.e. 2 tan=1¢,

25. The intercepts on the axes of the tangent at ¢
are a sec ¢, b cosec . Hence if (z, ) be the point whose
locus is required, 2a=asec ¢, 2y =acosec ¢,

3 3
Eliminating ¢, %3 & ;’ =
26. The equations of the two normals are
ax sec ¢ — by cosec b= a*—b% and y==atan ¢.

I JETP

The latter gives sec ¢ = ey cosecp= ;

Substituting in the former, we have
(a-b)NB+yP=a?—8. .. 2®+y°= (@ +b)%

27. Let (x, y) be the coordinates of the middle point
of PG. .. 20=0G+CN=(l+e*)acos ¢, and 2y="bsin ¢.
_det
Fl+ey b
Putting =0, and y =0 successively in the equation

ax sec ¢ — by cosec ¢p =a*—b* we have

2 _ 72 =
7 L T 0g=_“'b”’

Eliminating ¢,

. 5in ¢,
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Hence, if (7, y) are the coordinates of the middle point
at— b3 a®— b3
of Gg, 2x= = .COS ¢, 2y =— 7
Eliminating ¢, we have a®2® + *y* =} (a®— 0*)"
28. See Art. 264. (p, a) are the polar coordinates of
the point whose locus is required.
9. See No. 6. The tangents are the four lines

+ ex + y =a, which pass through one or other of the
points (0, + a).

. 8in ¢.

30. If (z, y) are the coordinates of @, and QM be
perpendicular to the major axis,

2=CM=CG+GM=¢.CN+nGN
=e'. ON +n(CN - CG) =acos ¢ (n + € —ne?) ;
and Yy=QM=n.PN =n.bsin .

Eliminati z? e
s B o a’(n+e’—ne’)"+ 25 h

3L If @, =, be the roots of equation (3) in Art. 260,

2a*me @ (¢ — &%)
At B= - g M A=
Also Yo+ Ya=m (2, + 2,) + 2,
and Y1Ye= M2y Ty + em (T, + @) + 2

The equation of the required circle is

& (w_“l)(x‘xa)'*'(y-.'/z)(y‘."/z):():

@+ Yt — (2 + @) (% + my — em) — 2y + a2y (1 +m®) + ¢*=0.
Substituting for z, + =, and z,x, we obtain
(@®m? + ) (2 + ) + 2matex — 2% cy
+c? (0 + 8%) — a®b® (1 + m?) = 0.
32. If P be the point “,” the equation of M is
R AT I8
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and 4 and B can be found so that this will be identical with
Az sec ¢ — Bycosec p = A2— B2, ......... (2)
*
which is a normal to the ellipse — TtE= 1.
On comparing (1) and (2) we easily have
A B ab
=
33. F rom the equation of Art. 259, we have
(#+4)

e . cob =cons. .. ¢+ ¢’ =cons.

If the chord be parallel to the tangent at a, then
¢+¢

b ;
5 _—a.cota. S P+ =24,

——.cot
a
34. Any chord of the second ellipse, viz,

¥ (a:-_b-) cosf(a+B)+ ——L— Jb(

will touch the first ellipse if

sm §(a+B)=cosi(a—p),

b.sin’%(a-l-ﬁ):cos’%(a-
[Art. 264]
3 a{l+oos(a+B)}+b{l—cos(a+,B)}
=(a+56){l + cos (a - B)};
cos(a+B) a+bd cosacosﬁh a
whence 008 (a— ,3)= Z30 ° sinasing 5’

and this is the condition that the tangents at 2 and @ are
ab right angles, since their “m’s” are

b b
- - cota; —-\/acobﬂ.
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272. To prove that through any given point (xy, )

there pass, in general, two tangenis to an ellipse.
The equation to any tangent is (by Art. 263)
Yy=ma+Nam + 0 (1).
Tf this pass through the fixed point (2, #,), we have
Y —mx, = Natm? + B,
7.6 9, — 2mayy, + miat = a’m? + 07,

.. m? (2 — ) — 2may, + (1" — 6%) = O......... (2).

For any given values of @ and g, this equation iz in
general a quadratic equation and gives two values of m

(real or imaginary).

Corresponding to each value of m we have, by sub-

stituting in (1), a different tangent.

The roots of (2) are real and different, if

(— 291 ) — 4 (2" — ) (3,* — b*) be positive,

i.e if b + aPy,? — a*h® be positive,
o 2
i.6 if ?—g + % — 1 be positive,

i.e. if the point (@, 3,) be outside the curve.
The roots are equal, if

be zero, i.e. if the point (2, ¥,) lie on the curve,



422 COORDINATE GEOMETRY by S. L. LONEY (Kindle Edition)

The roots are imaginary, if

2 2
™' Eé?& B
be negative, i.e. if the point (@, 7,) lie within the curve
(Art. 255),

1

ﬂ:-l']

273. ZFquation to the chord of contact of tangents
drawn from a point (wy, ).

The equation to the tangent at any point @, whose
coordinates are ' and g/, is

mr yy:

Also the tangent at the point &, whose coordinates are
" and ¥, is
P A
g ETT
If these tangents meet at the point 7', whose coordi-
nates are @, and %,, we have

e’ | 3y

El,i e _;}2- ==Y SRR (1),
an”  yy”

{I-?' + 1&2 =

and

For, since (1) is true, the point (2, %) lies on (3).

Also, since (2) is true, the point (2, »") lies on (3).

Hence (3) must be the equation to the straight line
joining (', %) and (x", %), 1.e. it must be the equation to
@R the required chord of contact of tangents from (x,, #,).

274. o find the equation of the polor of the point
(@, 7,) with respect o the ellipse
o )
pe ae 2 1. [Al:‘t. 162.]
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Let @ and R be the points in which any chord drawn
through the point (x,, %,) meets the ellipse [Fig. Art. 214].

Let the tangents at ¢ and & meet in the point whose
coordinates are (A, k).

‘We require the locus of (%, k).

Since @QF is the chord of contact of tangents from
(hy k), its equation (Art. 273) is

f' ke
s
Since this straight lme passes through the point (z,, #,),
we have
h
= I‘gl_l.... ................. (1).

Since the relation (I) is true, it follows that the point
(%, k) lies on the straight line

x_::;]_!_yy mX s v eV (2).

Hence (2) is the equation to the polar of the point
(15 %)
Cor. The polar of the focus (ae, o) is
x . ae @

=1, f.8. 2=
3 g!

e}

i.e. the corresponding directrix,

275. When the point (@, g,) lies outside the ellipse,
the equation to its polar is the same as the equation of the
chord of contact of tangents from it,

When (x,, %) is on the ellipse, its polar is the same as
the tangent at it.
As in Art, 215 the polar of (x,, %) might have been

defined as the chord of contact of the tangents, real or
imaginary, drawn from it.

276. By a proof similar to that of Art. 217 it can be
shewn that If the polar of P pass through T, then the polar
of T passes through P,
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277. 7o find the coordinates of the pole of any given
line
Ax+ By + U =0 iicosiiriinmiinin (1).

Let (x;, y,) be its pole. Then (1) must be the same as
the polar of (x,, ), i.e.

L .
E;El T o (2).
Comparing (1) and (2), as in Art. 218, the required pole

is easily seen to be
Aa? B?}g)
('_ 72 2

278. 7o find the equation to the pair of tangents that
can be drawn to the ellipse from the point (xy, y,).

Let (%, k) be any point on either of the tangents that
can be drawn to the ellipse.

The equation of the straight line joining (4, %) to

(2, ) is

K —
Y= 7, _3{1 (m_xl):

?:. e. i____yl o+ ;£y1_ .IC‘..{:J_ 3

T R T h—wy

If this straight line \Lﬂuch the ellipse, it must be of the
form

y=mz+Namt+b.  (Art 263.)

Hence
i 2
m= i , and by ﬁm—L) = a*m?® + 0%
o — 2, h—
Hence (fﬁyl — Am—i)g =g (ﬂ = yl)ﬂ + B8
h— o — a,

But this is the condition that the point (4, k) may lie
on the locus
(y, —yV =6 (y —an)* +0* (@ —w))* ... (1),
This equation is therefore the equation to the required
tangents.
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Tt would be found that (1) is equivalent to

a9 2 y® )_({3371 Y )E
Gri-1) Gri-1)=(G+% 1)

279. To find the locus of the middle points of parallel
chords of the ellipse.

Let the chords make with the axis an angle whose
tangent is m, so that the equation to any one of them,
@R, is

Y=L+ Corrrarrrrrrrarrnransnsas (1),

where ¢ is different for the different chords,

This straight line meets the ellipse in points whose
abscissae are given by the equation

s 2
i€, a* (aPm® + b%) + 2atmem + &” (¢ = 0% =0 ...... (2).

Let the roots of this equation, i.e. the abscissae of
and &, be @, and a,, and let ¥, the middle point of @£, be
the point (4, k).

Then, by Arts. 22 and 1, we have

Ry, a'me

- sa I 3).
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Also V lies on the straight line (1), so that

B0l -0 csinmusisrariiniigi (4)
If between (3) and (4) we eliminate ¢, we have
. @m (k — mh)
@b
1. €. = — P s i e (5).
Hence the point (A, &) always lies on the straight line
X
Y= (E S (6}.
The required locus is therefore the straight line
h .
y=m®, where m,=———,
. I
% 6. MY == covesnnennsninieias (7).

280. FEquation to the chord whose middle point is (I, k).
The required equation is (1) of the foregoing article, where m and
¢ are given by equations (4) and (5), so that
bR _atkr+ bR
"= T ak
The required equation is therefore
UL @tk 4+ bR
@Rt TaeE

> k h
i.e. 52 (Y~ k) + 5 (- R)=0.
It is therefore parallel to the polar of (h, k).

281, Diameter. Def. The locus of the middle
points of parallel chords of an ellipse is called a diameter,
and the chords are called its double ordinates.

By equation (6) of Art. 279 we see that any diameter
passes through the centre C.

Also, by equation (7), we see that the diameter y =mua
bisects all chords parallel to the diameter y=mw, if

52
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But the symmetry of the result (1) shows that, in this
case, the diameter y =max bisects all chords parallel to the
diameter y = mx.

Such a pair of diameters are called Conjugate Diameters.
Henece

Conjugate Diameters. Def. Two diameters are
said to be conjugate when each bisects all chords parallel
to the other.

Two diameters y=max and y=mux are therefore con-
jugate, if
b2
mm,; = — —.

282. The tangent at the extremity of any diameter is
parallel to the chords which it bisects.

In the Tigure of Art. 279 let (2, ') be the point P on’
the ellipse, the tangent at which is parallel to the chord
@R, whose equation is

R B R i s (1).

The tangent at the point (', 3') is

ax yy’ 5
E-F?'—‘l ........... 11-l1""'{2)'

Since (1) and (2) are parallel, we have

m=— g
=~y
t.e. the point (2, %) lies on the straight line
b‘]
U=
But, by Art. 279, this is the diameter which bisects QR
and all chords which are parallel to it.

Cor. It follows that two conjugate diameters C'F and
CD are such that each is parallel to the tangent at the
extremity of the other. IHence, given either of these, we
have a geometrical construction for the other.
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283. The tangents at the ends of any chord meet on the
diameter which bisects the chord.

Let the equation to the chord @ (Art. 279) be

Let 7" be the point of intersection of the tangents at ()
and R, and let its coordinates be @, and v,.

Since QF is the chord of contact of tangents from 7', its
equation is, by Art. 273,
wh vk
=1 e, (2).

The equations (1) and (2) therefore represent the same
straight line, so that

b*h
T
i.e. (h, k) lies on the straight line
bﬁ
Yirmr E;"n iLy

which, by Art. 279, is the equation to the diameter bisect-
ing the chord QX. Hence 7' lies on the straight line C' 7,

284. I the eccentric angles of the ends, P and D, of a
pair of conjugate diameters be ¢ and ¢, then ¢ and ¢ differ
by a right angle.

Since P is the point (@ cos ¢, b sin ¢), the equation to
OP is

So the equation to CD is

b f :
y.—_-a_.. Et&n d)...................1;(2}-

These diameters are (Art. 281) conjugate if
62

E}

z—zt&ncfatan<§:'=—

tan ¢ = — cot ¢’ = tan (¢'=90°),
o — ¢’ =+ 90°,

=,
moom
==Y

il



CHAPTER 12: THE ELLIPSE 429

Cor. 1. The points on the auxiliary cirele correspond-
ing to P and D subtend a right angle at the centre.

For if p and d be these points then, by Art. 258, we
have

LpCd'=¢ and LdCA" =4
Hence
LpCd= rdCA" — LpCA' =d¢— ¢ = 90"
Cor. 2. In the figure of Art. 286 if P be the point ¢,
then £ is the point ¢ + 90" and D’ is the point ¢ — 90°,

285. From the previous article it follows that if P be
the point (@ cos ¢, b sin ¢), then D is the point

{acos (90° + ), bsin (90° + @)} d.e. (— asin p, bcos ).
Hence, if PV and DM be the ordinates of P and D,

we have

286. If PCP' and DCD' be a pair of conjugate dia-
meters, then (1) CP*+ CD? is constant, and (2) the area of

the parallelogram formed by the tangents af the ends of these
diameters s constand.
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Let P be the point ¢, so that its coordinates are @ cos ¢
and bsin¢. Then D is the point 90° + ¢, so that its co-
ordinates are

@ cos (90° + ¢) and b sin (90°+ o),

e ~asin ¢ and b cos ¢.

(1) We therefore have

CP* = a® cos® ¢ + b7 sin® ¢,

and CD?%=a®sin® ¢ + b° cos® ¢.

Hence CP:*+CD%=a*+ b°

= the sum of the squares of the semi-axes of the ellipse.

(2) Let KLMN be the parallelogram formed by the
tangents at P, D, P’ and D",

By Eue. 1. 36, we have

avea KLMN =4, area CPKD
=4.CU.PK=4CU.CD,

where C'U is the perpendicular from (' upon the tangent
at P.

Now the equation to the tangent at P is
% LA e S e
— cos b + g, S b s

so that (Art. 75) we have

cU ! ab ab
T —————————————— e — i
cos®¢ sin® ¢ Jf&ﬂ sin®ch+bcos’p  CD
?_ ¥ -53
Hence CU.CD=ab.

Thus the area of the parallelogram KLMWN = 4ab,

which is equal to the rectangle formed by the tangents
at the ends of the major and minor axes,

287. The product of the focal distunces of a point P is
equal to the square on the semidiameter parallel to the tamgent
at P.

If P be the point ¢, then, by Art. 251, we have
SP=a+aecos, and S'P=a— aecos .
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Hence SP.S'P=a’—a’ecos’ ¢
=’ — (a®— ") cos®
=a®sin® ¢ + b° cos® ¢
=G0
288. Bx., [f Pand D be the ends of conjugate diameters, find
the locus of
(1) the middle point of PD,
(2) the intersection of the tangents at P and D,

and (3) the foot of the perpendicular from the eentre upon PD.
P is the point (@ cos ¢, bsin ¢) and 1) is ( —a gin ¢, beos g).

(1) I (=, y) be the middle point of PD, we have

¢=aﬁﬂ3¢gﬂﬂm .;5’ 5 y=b sin ¢-;b co8 qi:_
If we eliminate ¢ we ghall get the required locus. We obtain
.

2
=+ L =1[(cos ¢ ~ sin )2+ (sin ¢ + cos §)%] =}

ao?

The locus is therefore a concentric and similar ellipse.

[N.B. Two ellipses are similar if the ratios of their axes are the
same, =0 that they have the same eccentricity.]

(2) The tangents are
x Y.
- 008 b+ 7, 8in ¢p=1,

~Ea Y =
and ﬂsm¢+bcos¢- L

Both of these equations hold at the intersection of the tangents.
If we eliminate ¢ we shall have the equation of the locus of their
intersections.

By sgquaring and adding, we have

PRI T
at =

go that the locus is another similar and concentrie ellipse.
(3) By Art. 259, on putting ¢'=90°+ ¢, the equation to PD is
T—L cos (45° + ) -t-g sin (457 + ¢p) = cos 45°,

Liet the length of the perpendicular from the eentre he p and let it
make an angle w with the axis, Then this line must be equivalent to

X COS w1 Sin w=p.
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Comparing the equations, we have-
0 3 0
cos (45° 4+ ¢) = ‘Lﬁ%ﬂ , and gin (45°+¢)= w ‘
Hence, by squaring and adding, 2p®=a®cos® w+ ¥ sin®w, i.e. the
loena required is the eurve

2rf=a?cos? § 4 1%8in? 4, i.e. 2(2?+y2)t=alz?+ 0%R

289. [figuiconjugate diameters. Let P and D be ex-
tremities of equiconjugate diameters, so that CP*= ¢ D2

If the eccentric angle of P be ¢, we then have

a? cos? ¢ + b sin® b= a?sin? ¢ + b cos® o,

giving tan® =1,
2.6, ¢ =45H° or 135°

The equation to. C'P is then

b
y_.c.ata.n ‘?5:

A b

8.6 Y=E B (1),
and that to C'D) is Y =— :r% cot ¢,

. _b

i.e. Y=F o r (2).

If a rectangle be formed whose sides are the tangents
at A, A', B, and B’ the lines (1) and (2) are easily seen to
be its diagonals.

The directions of the equiconjugates are therefore along
the diagonals of the circumseribing rectangle.

The length of each equiconjugate is, by Art. 286,
a® + f}“

290. Supplemental chords. Def. The chords
joining any point £ on an ellipse to the extremities, R and
R, of any diameter of the ellipse are called supplemental
chords.

Supplemental chords are parallel to conjugate diameters.
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Let P be the point whose eccentric angle is ¢, and &
and R’ the points whose eccentric angles are ¢, and
180° + ¢,.

The equations to PR and PR’ are then (Art. 259)
¢+¢'1 '?S 4]1 d;‘_'i}l.....(l),

HH
= O S —+- = 0S8
@ 2 b N 2

and

¢+180“+¢-1 p+180°+¢,  ~—180"—d
= T oo s b 9 5 — COS 5 ;
: b + —
1. ~=5 ¢ 2(#1 7 €08 ———j—ﬁ = sin =iy e (2)

2
The “m” of the straight line (1) Z_E cot ¢ é—é :

The “m” of the line (2) = W o + i

The product of these “m’s” = — %, so that, by Art. 281,
the lines PR and PR’ are parallel to conjugate diameters.

This proposition may also be easily proved geometrically.

For let ¥ and V' be the middle points of PR and PR'.

Since ¥ and C are respectively the middle points of RP and RR',
the line CV is parallel to PR’, Similarly CV’ is parallel to PR.

Sinee CV bisects PR it bisects all chords parallel to PR, i.e. all
chords parallel to CF’. So CV”’ bisects all chords parallel to CV.

Hence CV and CV’ are in the direction of conjugate diameters and
therefore PR’ and PR, being parallel fo CV and CV"' respectively, are
parallel fo conjugate diameters.
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291, 1o find the equation to an ellipse referved to @
pair of conjugate diameters.

Let the conjugate semi-diameters be CP and CD (Fig.
Art. 286), whose lengths are ¢’ and b’ respectively.

If we transform the equation to the ellipse, referred to
its principal axes, to CP and CD as axes of coordinates,

then, since the origin is unaltered, it becomes, by Art. 134,
of the form

A+ 2Hay + By =1 ............ wasail)
Now the point P, (a/, 0), lies on (1), so that
Aa® =1 ..ciiiiiriiinnnnnnenn- (2).
So since @, the point (0, 4'), lies on (1), we have
Bb"* =1.
Hence .zi:i,, &nd'le.
o b

Also, since 0P bisects all chords parallel to CD, there-
fore for each value of # we have two equal and opposite
values of . This cannot be unless A =0.

The equation then becomes

A
T
Cor. If the axes be the equiconjugate diameters, the
equation is #° + 3* = . The equation is thus the same in
form as the equation to a circle. In the case of the ellipse
however the axes are oblique.

292. It will be noted that the equation to the ellipse,
when referred to a pair of conjugate diameters, is of the
same form as it is when referred to its principal axes.

The latter are merely a particular case of a pair of conjugate
diameters.

Just as in Art, 262, it may be shewn that the equation
to the tangent at the point (2, ¥') is

Similarly for the equation to the polar.
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Bx. If QVQ' be a double ordinate of the diawmeter CP, and if the
tangent at @) meet CP in T, then CV . CT= CP2.

If Q be the point (2, ¢'), the tangent af it is

ax Yy 4
ot =t
* arﬂ
Putting y =0, we have T=—)
) o a®  OP2
Tete cf—? LR LIITP? 1
i.e. oV .CT=CP,

1. In the ellipse grﬁ + i!'; =1, find the equation to the chord which

passes through the point (2, 1) and is bisected at that point.
2. Find, with respect to the ellipse 422+ Ty2=8,
(1) the polar of the point (- %, 1), and
(2) the pole of the straight line 12z 4 Ty + 16 =0.
3. Tangents are drawn from the point (3, 2) io the ellipse
x?+4y?=9. Find the equation to their chord of eontact and the

equation of the straight line joining (3, 2) to the middle point of this
chord of contact.

4, Write down the equation of the pair of tangents drawn to the
ellipse B3z%+2y*=5 from the point (1, 2), and prove that the angle

between them is tan™1

2 3
5. In the ellipse fﬁ-{r%

diameters which are conjugate to the diameters whose equations are

=1, write down the equnations to the

z-y=0, z+y=0, y:%m, and yzgm.

6, Shew that the diameters whose equations are y+3z=0 and
4y — x=0, are conjugate diameters of the ellipse 3z%+4y*=5.

7. 1If the product of the perpendiculars from the foci upon the
polar of P be constant and equal to ¢?, prove that the locus of P is the
ellipse b'? (c? + a’e?) + caly =a'ld,

8. Shew that the four lines which join the foci to two points P
and @ on an éllipse all touch a ecircle whose centre is the pole of PQ).



436 COORDINATE GEOMETRY by S. L. LONEY (Kindle Edition)

9, If the pole of the normal at P lie on the normal at @, then
ghew that the pole of the normal at @ lies on the normal at P.

10, CK is the perpendicular from the centre on the polar of any
point P, and PM ig the perpendicular from P on the same polar and
is produced to meet the major axis in L. Shew that (1) CK.PL=1?,
and (2) the produet of the perpendiculars from the foci on the polar
=CK.LM.

What do thege theorems become when P is on the ellipse?

11. In the previous question, if PN be the ordinate of P and the
polar meet the axis in T, shew that CL=¢*. CN and OT .CN=¢".

12, If tangents TP and TQ be drawn from a point T, whose
coordinates are h and k, prove that the area of the triangle TPQ is

h®  RR ] ek

and that the area of the quadrilateral CPT'Q is
R 3
ab (E‘E -+ F.Z— 1) .

13. Tangents are drawn to the ellipse from the point

ﬁ_E
(7a= ~o=2);
prove that they intercept on the ordinate through the nearer focus a
distance equal to the major axis.

14, Prove that the angle between the tangents that can be drawn
from any point (»,, y,) to the ellipse is
LW
2ab 5/ —5+ 5~

tan—1 ;
..'13'1J -+ ylﬂ' - a‘g_l’__ I}H

15. If T be the point (2, y,), shew that the equation to the
straight lines joining if to the foci, S and 57, is
(@Y — xys)? — a*e* (y — y)*=0.
Prove that the bisector of the angle between these lines also

bisects the angle between the tangents TP and T'Q that can be drawn
from T, and hence that

LSTP = 8TQ.

16. If two tangents to an ellipse and one of ita foci be given, prove
that the loeus of its eentre is a straight line.

17. Prove that the straight lines joining the centre to the inter-
sections of the straight line y =ma 4+ \/ :
conjugate diameters.

2 b
2’”’ with the ellipse are
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18, Any tangent to an ellipse meets the director cirele in p and d;
prove that Cp and Cd are in the directions of conjugate diameters of
the ellipse.

19, If CP be conjugate to the normal at ¢, prove that CQ is
conjugate to the normal at P,

20. If afixed straight line parallel to either axis meet a pair of
conjugate diameters in the points K and I, shew that the circle
deseribed on KL as diameter passes through two fixed points on the
other axis,

21, Prove that a chord which joins the ends of a pair of conjugate
diameters of an ellipse always touches a gimilar ellipse.

22, The eccentric angles of two points P and @ on the ellipse are
¢, and ¢y ; prove that the area of the parallelogram formed by the
tangents at the ends of the diameters through P and Q is

dab cosee (¢, — ¢by),

and hence that it is least when P and @ ave at the end of conjugate
diameters.

23, A pair of conjugate diameters is produced to meet the
directrix ; shew that the orthoeentre of the triangle so formed is at
the foeus.

924, If the tangent at any point P meet in the points I and I
(1) two parallel tangents, or (2) two conjugate diameters,

prove that in each case the rectangle LP. PL’ is equal to the square
on the semidiameter which is parallel to the tangent at P.

25. A point ig such that the perpendicular from the centre on its
polar with respect to the ellipse is constant and equal to ¢ ; gshew that
its locus is the ellipse

a® ¢t 1
R

2 g0
26, Tangents are drawn from any point on the ellipse {% + 3;—_! =1

to the circle 22+ y*=1*; prove that the chords of contact are tangents
to the ellipse a®z* 4 by =r4
If %z {% + 1112’ prove that the lines joining the centre to the points

of contact with the ecircle are conjugate diameters of the second
ellipze.

97. CP and €D are conjugate diameters of the ellipse; prove that
the locus of the orthocentre of the triangle CPD is the eurve

2 {E;ﬂyﬂ + ﬂlﬂmﬂjﬂ o {aﬂ rii E,E}Z (bﬂyﬂ e alﬂa:ﬁjﬂ_
28, If circles be deseribed on two semi-conjugate diameters of the

ellipge a8 diameters, prove that the loeus of their second points of
intersection is the curve 2 (x®+y%)%=a%2+0%%
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1. z+2y=4. % 2x-Ty+8=0; (-§ -4
3. Bx+8y=9; 2r=37y.

4, 9az%—24xy —4y*+ 302+ 4y - 55=0.

5., ay+iFr=0; a’y—bx=0; ady+e=0; ay+be=0

SOLUTIONS/HINTS

1. By Art. 280, the required equation is
s(¥—1)+g (x-2)=0, or z+2y=4.
2. The required equation is [Art, 274]
dz(-3)+Ty(1)=8, or Ty—2x=8.
The required point is [Art. 277]
182, —¥5-3h or (-3, -1}
3. 3Jx+8y=9. [Art. 274] 2z=3y. [Art, 283.]
4. Saubstitute, in equation (1) of Art. 278,
=1 w=2; =5 F=41.

The lines are parallel to 92*— 24xy—4y* =0, and the
angle between them is [Art. 110]

on144 + 2
s PYTETO0 _10.5

b and 6. See Art. 281.

7. The polar of (z,, 3,) is b*wx, + a*yy, = *b°
.". the product of the perpendiculars from (+ ae, 0) upon it
(a*b? — b*aca,) (a*0® + b aex,)
‘ e
Equating this to ¢* the required locus is
ba? (c® + a*e?) + *aty® = a'b'.
8. Let 7" be the pole of the chord ¢, and let SQ, S"P
intersect in (. Then since 7'/ bisects the angle SPS’

externally and 7'S bisects the angle PSQ, .. 7' is an
excentre of the triangle §70. Similarly it is an excentre
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of the triangle 8'Q0. The perpendiculars from 7' upon
the four straight lines SP, SQ, 5P, 8’Q are therefore
equal.

9. Let the eccentric angles of # and @ be § and ¢.
If (2, %,) be the pole of the normal at 2, viz.

ax by 2 72
cos@ sinf A
then as in Art. 277 we have
a® 1 , & 1
T = B oosd 0 VTG Pand

This point lies on the normal at @ if

a a® 1 ) b -5 1 )—a.'-‘—b"
cos¢<¢?2—bﬂcosﬂ _sin¢<a“‘-b°sin0 B :
e if a*sec @ sec ¢ + b* cosec 6 cosec ¢ = (a®— %)™

This, being symmetrical in @ and ¢, is also the condition
that the pole of the normal at ¢ lies on the normal at 2,

10. Let (%, &) be the coordinates of 2. Then (X is the
perpendicular from (0, 0) upon the line b*/x + aky = b
a*b?
\/I;_Z? ey Y
The equation of the line PL is b*h(y — k) =a’k (z— 4).

and Ko

Putting y =0, the coordinates of L are (h - gh’ 0) :

S hAh2 o bl
PL=\/£.h’+k’=“/bh TR 5 P ORI
a a

3 bR + @’k - &*b*

Again, PM = TR

b*(a* - eR?)

NORT + otk

a*bt (a® — *h?)
bR+ a*k®

o LM = PL-PM =

S OCK. LM =
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Also the product of the perpendiculars from (+ ae, 0)
@'t — a’b'e’h® K LM
b +atlr T
When 2 is on the ellipse each of these theorems becomes
PF.PG=b [Art. 270 (y)].

11. By the previous example,

upon the polar of P =

3 3
CL=h— %,h = ¢t = 0N, Also OT=%; . OT. CN =at
12. By Art. 261, the chord intercepted by the ellipse
on the line 0*hx + a’ky = " is
NG + bR . NBRE + a¥E — a’h?
: b*h* + a’l? ?
also the perpendicular 7'/ on it from 7'
_BR + o™ — ab*
N+ 0

. (B°h? + o a’b’)&
AR =
Also OF 4 pif= T Lok
Vo + ati

". Area of the quadrilateral CPZ1Q
=3 (CK+ TM). PQ = NOh? + a*k* — a*b>.

13. Put C;f’::zr:l, p=~a*+0=¢, and z=ae in the

equation of Art. 278, and we have

2 g
(aec—yg) =a*(y—c)+b° (ac—g) :

2 a2
e y’% + a’é’c® - 2a’cy = @’y - 2a°cy + a’c* + %?—‘(1 — &%),

oayP (1 =€) =a’e (1 = &) + a*D® (1 — &%)~
yr=e"c®+ (1 — ) =€*a® + e®B* + b*— b = .
.". Difference of roots = 2a.
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14. The terms of the second degree in the equation of
Art. 278 are @* (y," — 0°) = 2w,y 0y + y? (2 — @?).

. By Art. 110, the required angle
= tan-1 2"/“’1’% = (' — &) (="~
x,? + Yy —a2 b
»,/b%:,’ 77 a’ — ath?
22 + ¥y, —a’ B

= tan™!

15. The equations of the required lines are x_'*_‘_‘ﬁz g

@ +ae
e &y —xy, = +ae (y —1,) ; or, expressed in one e juation,
(@ —@y)* - a'e* (y—gn)*= 0.
The lines through the origin parallel to the bisectors of
the angles between these are %mrt 11 2]

N 1:1 + a2 i wﬁh
which are also the bisectors of the angles between the lines
@® (. — 0%) — 2w,y + e (a._lﬁ —a) =0,
which by Art. 278 are the lines through the centre parallel
to the tangents drawn from (x,, %,).

16. If 7P and 7'Q be the tangents the other focus lies
on a line 7'’ through 7' (lying between 7P and 7'Q) such

that Q?S’:Pf’S. Hence the centre will lie on a line
which bisects the distance between § and 7S’ and is

parallel to it.
17. The equation of the required lines is [ Art. 122]
(V%2 + a®y?) (a®*m® + D*)
2
or  x* (a*b*m® = b') - 4’ macy + iF (a*6* — a*m®) = 0§
g _a’t’m® — bt _ b*
S - g e S &
Hence, by Art. 281, these lines are conjugate diameters.

= a*b? (y — mzx)’,
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18. The lines joining the origin to the common points
of the circle a* + y*=a* + §* and the line

@ €08 a + ¥y sin a = A/a? cos? @ + b*sin’ a
are [Art. 122]
(«* + 9*) (a® cos® a + b* sin? a) = (a® + &*) (wcos a + ¥ sin a)?,
or b*cos 2aa® + 2xy cos asin a (@ + %) — @ cos 2ay* =0,
B2
whence My = — —.
19. Let 2 and @ be the points ¢ and #. Since C'P is

conjugate to the normal at @,

b b* ) b*

- ta.ngb S e tan ¢ . tanO..—; 5

a2

wlnch fs, by symmetry, also the condition that C'Q should
be conjugate to the normal at P.

20. Let %+ 2may —la’y* =0 be the equation of the
conjugate diameters. The points in which they meet the
fixed line y = ¢ are given by 6% + 2¢mx — lac* = 0.

2em a’c?
v xl+a:2=——1-l)—, and wlx.zz—ﬁ.
The equation of the circle on KL a.s diameter is, by
Art. 145, (—ay) (—2) + (y —¢)*=
or 162 + 2eme — la*e® + Ib* (y — c)2

a”

This cuts x =0 in the fixed points given by (y o)’ =
21. The equation of the chord joining the pomts “a
and “B,” if a— =3, is, [Art. 259],

Z.cos}(a+pP)+¥sing(atp)= J‘,,

2
which is a tangent to the similar elhpse L +2 e ;

22. Let PCP, QCQ be the dmmeters, and TRT'R
the parallelogram formed by the tangents.

) cos } (b, +¢s) , 8ind (b, + by)
The coordinates ofTare[a Py e bcoe§(¢,—¢,) :
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Hence, by Ex. 12, the area of CPTQ
_ {8 c08® § (b, + by) +a%*sin®] (b, + bo) —a%? cos? } (b, — b))
cos § (¢ — ¢b)
=ab tan } (¢, — &) ;
and (changing ¢, into = + ¢,) the area of
CPRQ =ab cot & (¢; — ).
Hence the area of 7RT"R’
= 2ab {tan & (¢, — po) +cot } (b, — ¢by) } = 4ab cosec (¢, — ,).
This is least when cosec {¢, — ¢,) =1, 7.c. when ¢ — o= g .

4 : b "l
23. Let y=_tan¢.z, ...(i) and y=— Zcot.z...(ii)
be the equations of the conjugate diameters,
The point where (i) cuts the directrix
a. (a b
m=; 18 (E’ ;. tﬂn¢>.
'The equation of the line through this point perpendicular

to (ii) is asin¢(w_g)_bcos¢(3/— gtan‘#);"o'

i é a b
This line cuts the axis of 2 where « = =S ae.

ae
2
24. Let Z—Z+%/-2=1 be the equation to the ellipse
referred to CP and its conjugate diameter as axes,

The equations to two parallel tangents are

f /

?{’. +;yb%=il.

2 ! 2 '
Putting z=a, LP:IL,{I - ﬁ}, and L’P:I-)-,{l +E}.

Y &% Y a

4 ' %3
5, BB Pt i-%}=2
9, 2]

Y
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Putting @ =« in the equations of any two conjugate
: b b
diameters, viz. y = tan ¢.zand y = —~cot ¢ ., we have

LP=btan¢ and L'P=becot . .. LP. PL =¥,

a’h?
25. See Ex. 10. CK= :/ﬁ =¢. Hence etc,
26. The polar of (@ cos ¢, bsin ¢) with respect to the
circle #® + 4* =7%is m: cos ¢ + by sin ¢ = 7% or

cos ¢ + —<—8ingd =1,

r"'/ r’/b
which is a tangent to the ellipse a*x? +b’y’ -—_r‘.
The equation of these lines is [Art. 122
(@ + &*) »* = (ax co8.¢ + by sin ¢)
or 2 (a*cos’ p —=7°) + ... + 9 (B*sin’p— %) =0
which are conjugate diameters of the second ellipse if
atcos’p—1? 4 4 @ if1_1 1
Psinfg—r B oo M ETatRE
27. See Art. 288. The m's of CP and CD are

éta.ruﬁ and —écot.da.

Hence the equations of the lines through P and D
perpendicular respectively to C.D and C2 are

asing (x —acos¢)—-beos ¢ (y —bsing)= 0,
and acos ¢ (x+asing)+bsing(y—bcosg)=0,

or axsin ¢ — by cos ¢ = (a® —b?) sin ¢ cos ¢,
and ax cos ¢ + by sin ¢ = — (a* — b%) sin ¢ cos ¢.
By adding, sin ¢ cos ¢ 1

by—az” ax+by  J2(a :z:’-i-b’y”)
whence, substituting for cos ¢ and sin ¢,
2 (U°y* + a*a*)* = (a® — b°) (b%® — a®2”)2

28. This is the same as Art. 288 (3).
I
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293. 7o prove that, in general, four normals can be
drawn from any point to an ellipse, and that the sum of the
eccentric angles of their feet is equal to an odd multiple of
two right angles.

The normal at any point, whose eccentric angle is ¢, is

oL by .
cosp sing gt
If this normal pass through the point (%, Z), we have
ah bk

cos¢ sin :fazm

For a given point (A, k) this equation gives the
eccentric angles of the feet of the normals which pass
through (&, %)

Let tan q—%:ﬁ, s0 that
1 — tan® ¢ 2 tan i ;
cﬂ'ﬂl}'): 2:-];—_“.‘5?, and ﬂiﬂqE': 2 Zzl‘r
3 .
1+ tan? 2 Lid f[-i~t:ea.u“';]—'rJi kv
B 2
Substituting these values in (1), we have
148 1+8 .
ﬂf&m‘iﬂak o =&ren,
i.6. blt* + 26* (ah + o) + 2t (ah — a’¢®) — 0k =0 ... (2).

Let ¢, t,, t;, and £, be the roots of this equation, so that,
by Art. 2,

ah + o’e®
httatb+ily=—2—=— iiniinnnn (3),
bl
by + Byl 4+ Eibg + by 4 Baly + E85 =0 ......... (4),
B — alet
Loty + bty + Lyt + Eitly =— 2 b;’ a0

and EhE B L v (6).
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Hence (1'rig anmﬁry, Art. 125), we have
¢, Py Py b\ S8 8 — 8
trm( +*?F| +2 R NI S

S S S P
’ 2 2’
and hence 1t pot Pyt hy=(2n+1)w

=an odd multiple of two right angles,

294. We shall conclude the chapter with some ex-
amples of loci connected with the ellipse.

Bx. 1. Find the locus of the intersection of tangents at the ends
of chords of an ellipse, which are of constant length 2c.

Let QR be any such chord, and let the tangents at ¢ and K meet
in a point P, whose coordinates are (4, k).

Since QR is the polar of P, its equation is
a:h yk _

I;"B

The absecissm of the pumta in which this straight line meets the

ellipse are given by
:t:.li. 2 1 &
la—g ) = 2 TaE)?

il o 2.1.-?; k2
2 \ @ E) @ Yt

b2

If #, and x, be the roots of ﬂ}ua equation, i.e. the abscissm of @
and 1, we have

2a2b2h ad (b2 — k2)
ml""mﬂ:yzhs a2’ and %= papa L gape
4das[U2h* + a®k? — a®b*] K2
(o - '1'.5’} == {:'vl + m?} = 1 Xg= (b°h2 + agkg}g v r{ﬂ}n

If y, and y, be the ordinates of @ and R, we have from (1)
a:lh L o
TN

agh y %

and jﬂ. ﬂ =1,

go that, by subtraction,
0

bk
Vo= = =k (g = 2y).
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The eondition of the question therefore gives
bih®
b= 5y - )+ (o= = 1+ o ) a0
4 (a2 4+ U42) (V%h? 4 a2 — aD?)
=" (0312 + a3 » by (2).
Hence the point (4, k) always lies on the curve

¢ (a—e+ﬁ)= (T:ﬂ“‘“?) (Ea*‘a—rl)-

which is therefore the locus of P.

Ex. 3. Find the locus (1) of the middle points, and (2) of the poles,
of normal chords of the ellipse.

The chord, whose middle point is (h, k), is parallel to the polar of
(%, %), and iz therefore

h k
(x — 1) a2+ (y - A:}:ﬂﬁﬂ}..........”,,....,.....i.'l}.
If this be a normal, it must be the rgame as
axgec @ —bycogeef=a®—0%.............oovvn, (2).

We therefore have
asecf -beosecd a-—0°

TR R
e & a2+b=
. . a® I
go that posf= Iffei'gtf: 5 (ﬁq. 3‘@) ]
¢ 7L he e
and Bmﬂ=—m (eﬁ+ .{ﬁ)'

Hence, by the elimination of 4,

a_ﬁ bﬁ hﬂ kﬂ 2
(Ei + F"‘) (E‘Z + EE) =(a® - b%)2,

The equation to the required locus is therefore

22 yR\Efab 0P
(+5) (5+p)=t-on

Again, if (@, ;) be the pole of the normal ehord (2), the latter
equation must be equivalent to the equation
axxy 1
—a-%'-l-l'"'l—y-l-—' AN o 4

bz'—" sEaEEA EE EE

Comparing (2) and (3), we have
a*sgecf  BPcosecd

N _:aﬁ_bg‘
51 1
go that l=cos2d+8in® = EE_]_EF_E)_H__I._,._.
o = - @ oyt t’,;,-,‘&_..b'i}ﬂ"
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and hence the required locus is

ab bf
) + 3!75: (a® — b2,

2
Ex. 3. Chords of the ellipse E:—k :.:,’:—Zz 1 always toueh the concentric
S

2
and coaxal cllipse % + 7 1; find the locus of their poles.

Any tangent o the second ellipse is

Y=mz+ Nju,"‘il'}!.“ B s idnanniarens R (1).

Let the tangents at the points where it meets the first ellipse meet
in (k, k). Then {2 must be the same as the polar of (A, k) with
respect to the first ellipse, i.e. 1t is the same as

xh yk
o ¥ .Ir_g_]':ﬂ TR L [T LTI, . |
Since (1) and (2) coincide, we have

m -1 Jqﬁmﬁﬁslﬂg_

Rk -1
a? B2
A —— 2
P 22 4 e
Hence M== 5 75 and \fa m? -+ fr= e
Eliminating m, we have

o U4 2 b
CapTf T
i.e. the point (%, &) lies on the ellipse
9
%ﬁ+§f=L
; . a® ?
., on a concentric and coaxal ellipse whose semi-axes are = and —

B

respectively.

The tangents drawn from a point P to the ellipse make angles &,
and 4, with the major axis; find the locus of P when

1. 0,+0,is constant (=2a). [Compare Ex, 1, Art. 235.]
9, tan f,+tan @, iz constant (=c).

3. tan 6§, —tan 6, is constant (=4d).

4, tan®@,+ tan® 48, is constant (=A),
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TFind the locus of the intersection of tangents
H. which meet at a given angle a.

6. if the sum of the eccentric angles of their points of contact
be equal to a constant angle 2a.

7. if the difference of these eccentrie angles be 120°,

8. if the lines joining the points of contact to the centre be
perpendicular.

g, if thesum of the ordinates of the points of eontact be equal to b.
Find the locus of the middle points of chords of an ellipse

10. whose distance from the centre iz the constant length e,

11, which subtend a right angle at the centre.

12, which pass through the given point (I, k).

13. whose length is constant (=2¢).

14, whose poles are on the auxiliary circle.

15, the tangents at the ends of which intersect at right angles.

16. Prove that the locus of the intersection of normals at the
ends of conjugate diameters iz the curve

2 ((L‘Emﬂ o+ bﬂyﬂ}ﬁ - {ﬂ_ﬂ = hﬂ}ﬂ [aﬂmg = bﬂyﬂlﬂ_

17. Prove that the locus of the intersection of normals at the ends

of chords, parallel to the tangent at the point whose eccentric angle is
a, is the conie

2 (az 8in a -+ by 0o a) (aw o8 a+ by 8in a) = (a® - 1%)? sin 2a cos? 2a.

If the chords be parallel to an equiconjugate diameter, the locus
is a diameter perpendicular to the other equiconjugate.

18. A parallelogram circumseribes the ellipse and two of its
opposite angular points lie on the straight lines #®=Ah"; prove that
the locus of the other two is the conic

mﬂ y'ﬁ aﬂ
19, Circles of constant radius ¢ are drawn to pass through the

ends of a variable diameter of the ellipse, Prove that the loeus of
their centres iz the corve

(224 y7) (a®e® + b2y 4 a®b?) = c* (aa? + U7y7).
20. The polar of a point P with respect to an ellipse touches a
fixed ecircle, whose centre is on the major axis and which passes
through the centre of the ellipse. Shew that the locus of P is a

parabola, whose latus rectum is a third proportional to the diameter
of the cirele and the latus rectum of the ellipse.

921. Prove that the locus of the pole, with respect to the ellipse, of
i |

any tangent to the auxiliary cirele is the curve ata=g
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292. Shew that the locus of the pole, with respect to the auxiliary
circle, of a tangent to the ellipse is a similar concentric ellipse,
whose major axis is at right angles to that of the original ellipse.

93, Chords of the ellipse touch the parabola ay®= —2b%z ; prove
that the locus of their poles is the parabola ay®=20%z.

94. Prove that the sum of the angles that the four normals
drawn from any point to an ellipse make with the axis is equal to

the sum of the angles that the two tangents from the same point
make with the axis.

[Use the equation of Art, 268.]

25. Triangles are formed by pairs of tangents drawn from any
point on the ellipze
. F i E
a’r® + by = (a®+ b%)* to the ellipse 5+ g—z =1,
and their chord of contact. Prove that the orthocentre of each such
triangle lies on the ellipse.

26. An ellipse is rotated through a right angle in its own plane
about its centre, which is fixed ; prove that the loens of the point of
intersection of a tangent to the ellipse in its original position with
the tangent at the same point of the eurve in its new position is

(@497 (@+y- @@ -1 =2 (@@= 1) ay.

27. If ¥ and Z he the feet of the perpendiculars from the foci
upon the tangent at any point P of an ellipse, prove that the tangents
at ¥ and Z to the auxiliary circle meet on the ordinate of P and that
the locus of their point of intersection is another ellipse.

28. Prove that the directrices of the two parabolas that ean be
drawn to have their foci at any given point P of the ellipse and to

pass through its foei meet at an angle which is equal to twice the
eccentric angle of P,

29. Chords at right angles are drawn through any point P of the
ellipse, and the line joining their extremities meets the normal in the
point €. Prove that @ is the same for all such chords, ifs
eoordinates bein it and e e

S @t ® a?+br
Prove also that the major axis is the bisector of the angle PC(Q,
and that the loeus of § for different positions of P ia the ellipse

2T e~ \arel
P b (a + b )
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L. 20y cotda—yi=at - b 3. cxi- 2oy =ca
3. d? l:-’lF2 —a*)=4 [bgit.‘ﬂ - a-iyﬂ — ah?),
4, Ma?-a??=2 (2% + 0%+ aPy? - o).

5.

6.

8.
10.
11,
12.
13.
14,
15.
29.

(224 Y — a? — B2 =4 cot® a (D222 4+ ay® — a?D?).

ayf = b tan o. 7. U+ a?y?=4a%%
bix® 4 aty?=ab? (a? + b%). 9, b2+ aty®=2a%by.
(U302 + a?y 2P =c? (b2 4 aty?).

(a2 4 02) (b%2 + a2y?)2 = ab? (bia? + aty?).

b (x - h) +a?y (y - k) =0.

e2a?D? (P2 4 a®y?) + (P22 + aPy® - 1) (D4t 4+ ady®) =0.

(D222 4 a®y?)P = a0t (22 + y2).

ath? (22 + 4% = (a? 4+ %) (D% + a®y?)>.

If the chords be PK and PK’, let the equation to KK’ be
oy =mx+c¢; transform the origin to P and, by means of Art. 122,
find the condition that the angle K PK’ is a right angle; substi-

tute for ¢ in the equation to KK’, and find the point of inter-
gection of K’ and the normal at P. See also Art, 404,

SOLUTIONS/HINTS

In Exs. 1 to 5, tan6, and tan 6, are the roots of the
equation =’ (x*— a®) — 2may + (° = %) = 0. [Art. 272].

tan 6, + tan 6,

1- t'ﬂ:n. 2 - t‘ 6 0,, e e e e s
eyl 1 — tan 6, tan 6,
» 2ay
AT
2
2. c=tan6, +tan 6, = a_:_g_ry ’

3. d*=(tan#, —tan6,)’=(tan 6,+tané,)*—4tan 6, tan 6.

A L
4.

(2% — P =4 {21~ (27— a?) (12— 1?)} =4 (B + oo — a?F).
A =tan® 6, + tan®6,=(tan 0, + tan 6,)* — 2 tan 6, tan6,.

SA @ — @ = 2 {2022 — (22— a?) (3 — 7))

=2(2y* + b’ + a*y* — a*b?).
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(tan @, — tan 6,)*

1 + tan 6, tan 6,)°
4 (B2 + a¥ — a?b?)
T (@@ @ —Pp

5. tan®a=tan®(6, —6,) = (

6. See Art. 265, Ex.
acosd(dy+¢h)  acosa
- cosd (b —s)  cosd (b~ by)’
_bsini(d;+¢,)  bsina
T cosd () cosdlh—)

. ay = bax tan a.

" 2 Yy 1 B
7. See Art. 265, Ex. Atp= o= § (6 =) =4

8. The equation of the lines joining the centre to the
common points of the ellipse and

T+ ¥ ~1is [Art 122]
{m > yy} R g
b2 b!
Since these are at right a,ngles, the locus of (2, ¥) is
a:2 y 1 1
BTt
9. We have to eliminate a and £ from

acos } (a + B) i) S bsin § (a + f8)

e = e Ly )
and bsina+ bsin 8= b,
t.e. 2sind (@+B)cosd(a—B)=1. ......... (iii)

Multiply (i) and (ii) by (iii) ;
x=2asin}(a+pB)cosd(a+pB); = sin (a + f3) ;

and  y=2bsint}(a+f). - ¥ cos(atf).

QW
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UL )
10. Taking the equation of Art. 280, viz.
bhx + a*ly = U 1* + o 12,
we have ¢ (B2 + &' k) = (°R* + a®K°)?,
o that the locus of (A, k) is
e (b*2* + aty®) = (B2 + @*y*)>
11. Taking the equation of Art. 280, the equation of

the lines joining the centre to the common points of this
line and the ellipse is [Art. 122]

a*b? (D*ha + a’ky)® = (U*A° + a®F°)? (B2 + a*9®).
If these are at right angles, then
a’b® (b + Al = (B°h* + a*k*)* (@® + B%). [Art. 111.]
Hence the equation to the locus.

12. Interchanging « and % and y and % in the
equation of Art. 280, we have

ba(?/ k)"' (“’ k) =0.

13. From Arts. 261 and 280, we have
_ab BT + o' a1 Btk = (0 + @R
a*b* (B*h* + o*k?)

" fa?b (B*R + a'K)?
= (B + a*F?) (O*R? + a*&?) (a®0® — B*02 — a*k®),
or @b (O*F* + a’k?) + (b*h* + a'%k®) (B°h® + ok — a*b®) = 0.
Aliter. If 0 be the inclination to the axis of 2 of the
chord whose middle point is (k, %) then the point

(h+ccos b, %+ csin0),
and also the point (h—ccosf, k—csiné), lies on the ellipse.

" O (h+ccos 0) + a* (k+csin 0) =a®?
and b* (h—ccos 0) + a® (k- ¢ sin 6)* = a®b
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Hence, by adding and subtracting, we have
B h® + a®k* — a*b* + ¢* (0% cos? O + a*sin® 0) =0, ...(1)

and b*heos 0+ a*ksin@=0. ............... (2)
@ give cosf sind . 1
VS ZORT TR T aeibh

Substitute these values in (1).
2
14. The pole of the line “‘—" yIELN Lt

et
2 3

[h/é-+~ Ic/}—t—+5-2
/z,’+/<:"‘—-a“(2 ?;)

15. The same point must lie on the director circle.

BRI\
R B= (a4 ) (;ﬁﬁ)

16. We have to climinate ¢ between
arsec ¢ —bycosec p=a’—b ............ (1)
and —axcosecp —bysecp=a*—b% ............ (2)
Multiply (1) by by and (2) by awx, and we have, on
addition,
— (0*y* + a*a*) cosec ¢ = (a® - B*) (ax + by).
Multiply (1) by ax and (2) by by and we have, on
subtraction,
(By* + a*@®) sec b = (a® — b°) (ax — by).
_ 1 1 (a*-b%)?
{aw by (az—byp T (Byt+atad)
" 2 (0% + a’a2®) = (a® — b*)? (a*a® — bPyP)

17. Since the sum of the eccentric angles of the ends of a
chord = 2a (Ex. xxx111. 33), we have to eliminate 8 between
ax sec (a+0) — by cosec (a + 0) = (a* - %),
and az sec (a — 0) — by cosec (a — 6) = (a® - 5°).

These equations become
cos @ (ax sin a— by cos a) + sin 6 (ax cos a + by sin a)

=4 (@* - b*) sin (2a + 26),
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and cos @ (ax sin a — by cos a) — sin @ (ax cos a + by sin a)
= % (a*—b°) sin (2a - 26).
Adding,
2 cos 0 (ax sin a — by cos a) = (a® — b%) sin 2a cos 26. ...(1)
Subtracting,
2 ¢in 6 (aa cos a + by sin a) = (a* - b*) cos 2a sin 26,
whence  cos 6. cos 2a (a* — b%) = aa cos a + by sin a.
Substitute in (1) for cos @ ;
" 2 (ax cos a + by sin @) (azsin a — by cos a) cos 2a
=sin 2a {2 (ax cos a + by sin a)® — (a* — b*)* cos® 2a} ;
v 2 (ax cos a + by sin a) {(ax cos a + by sin a) sin 2a
— (ax sin a — by cos a) cos 2a} = (a* — b*)*sin 2a cos? 2a ;
. 2 (ax cos a + by sin a) (ax sin a + by cos a)
= (a* — b*)*sin 2a cos® 2a.
If o =45°, this becomes az + by = 0 and this is a
diameter perpendicular to the other equiconjugate
ay — bx = 0.
18. Iet a, B, = + o, m#+ 3 be the eccentric angles of
the points of contact. Then if (z, ) be a point on the

locus
heos}(a—B)= acosd(a+pB), ......... (i)
zsin}(a=B)= asini(a+pf), ......... (ii)
and ysind(a—pB)=—=bcosi(a+p). ........(i)

From (i) and (iii), cot} (a—B)=—-37,
and from (ii) and (iii),

' : a — a*y
@ Yy a

LS h(1-) =1

@ b’< h:)

19. Let (acos¢, bsing) be one extremity of the
diameter. Then the centres lie on the perpendicular

diameter, viz. TN R (1)

=
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Also if (z, y) be the coordinates of a centre,
(x —acos p) + (y —bsin ¢p)?=c2
Substituting for sin ¢ and cos ¢, from (1), we have
(@ + 4 = &) (@2 + B*®) + a*B*y* + a*b%a? = 0 ;
S (@ + ) (0% + By + a”B%) = & (a*a® + BPap).
20. TLet (z-c)*+g*=c* be the equation of the circle.
The equation of a tangent is (z—c) cos 6 + ysin f —¢.
If this is identical with 4*Ax + @*yk = a?b®, we must have
cosf sinf ¢(1+cosé)
bh — k a*%
2ch . 2.7
Whence cosf= Fla =iy (Z’ =3 and sinf = . (Z%h) :
So (B0 + atlP) = b (a® - ch).
Hence the equation to the locus of (4, &) is
b 2%

¢ ate

which is a parabola ; and, if 7 be its latus rectum,
4 2
2cl=4§2 - (22 .

@
21. The lines
wcos 0 +ysinf=a, and Bhx+ a®yk=a*l?,
are identical if 5;’;,? = Z_“:]g = alb—,‘,
Hence the locus of (%, %) is given by b*a? + a*y® = a2bt,
22. The lines
bw cos ¢ + ay sin ¢ = ab, and ah + yk = a®,
bcosp asing b
ATk T a
Lo @l + 0?k* = a'; which is a concentric ellipse, with its

Z,

are identical if

major axis along the axis of % and ratio of axes = %.
23. The lines
b‘z

Vhe + a*ky = a*b?, and my — m*z = — 35
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: A m? e
are identical if BT @R o
eliminating m, we have, for the locus of (%, k), ay* = 2b%x.

24. From equation (2) of Art. 272 if tan 6, and tan 6,
be the roots,

tan 6, + tan 6 iﬁ% and tan&,t.un09='z:

3_ g2’

2_ 32

.. tan (6, +0’)=:c1’—y1°—a’ oyl

The equation of Art. 268 when rationalized is
m*b?a — 2m*blzy + m? {a*a?® + By — (a® — b))
— 2a xym + a*y* =0,
If m,, m,, my, m, be the roots,
Sy — ZJmymgmy
1 = 3mym, + mymamym,
20%xy — 2axy
b2 —{a*2® + byt — (a® — b)) + a*y?
=tan™! . yzzi_v_yaz % T 0, + 0,
if the point (@, ¥) coincide with the point (=, ).

25. Let a and B be the eccentric angles of the points
of contact. Then since the pole of the chord of contact, viz.
{aoos§(a.+,8) 5 sin%(a+,3)}

| cosg(a=p)’ ~cos}(a—p)
lies on the first ellipse,
" atcos?d (a + B) +b*sin’ 4 (a + fB)
=(a®+0%* cos’3 (a— B), ...(1)
~oa*{l +cos (a+B)} +b*{1 —cos (a+B)}
= (a*+ B {1 + cos (a - B)}
or a"sinasinﬁ+b’008acosﬂ+a—g%=0. ety
The orthocentre is the intersection of the lines
asina(z—acos B)—beosa(y —bsinB) =0,
and asin B (x —acos a)— b cos B (y — bsina)=0.

the sum of the angles = tan—!

= tan—?!
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Solving, az sin (a — f3)
— &*(sin a cos® B — sin B cos® @) — &% cos a cos B (sin S —sina)

=a?(sin a cos® B —sin B cos’a) +
272

- @ ; . >
(a’ sin a sin 8 + m) (sin 8 —sin a) by (ii),
. a*h .. p
=a*sina—a’sin B + oo (sin B—sina),

at
=m.(8ina—8inﬁ).
o cosa+B b sina;B
CE= a—ﬁ‘; 31mﬂarlyy=a2+bz. .
cos 2 cOos )

Now (i) is the condition that this point should lie on
the second ellipse.

26. Let zcosa +ysina=+/a’cos’a+b*sin*a ...(I)
be the equation to any tangent.

Its second position is at right angles to its former
position, and is at the same distance from the origin.

Hence its equation is
2 cos (90° + a) + ¥ sin (90° + a) = A/a? cos*a + b* sin’a,

z.e. ycosa—asina = Ja'cos?a+ bisina. ......... (2)
Subtracting (2) from (1), sine (®+ %) =cosa (y — ).
Substituting for sin « and cosa in (1), we have

@ (y + ) +y (y—a) = Va (@+y) + 5 (y—=),

i.e. (@® + °) = (2 + 1) (@ + B*) + 2zy (a® - U7,

or (@ + o) (2° + o —a* — b*) = 2ay (a* = b7).

27. The second part is the same as No. 22.

Since, in the solution of that question,

beos¢p e
el RO he = @ cos ¢p.
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28. Let xcosa+ysina=p be the equation to a
directrix, and ¢ the eccentric angle of 7. Now the per-
pendicular from § on the directrix - SP,

o p—ascosa=a— ae cos ¢.

Similarly, P+ aecos e =a + ae cos ¢.

Subtracting, COS a = COS ¢,
so that the two values of a are ¢ and —¢; hence the angle
between the directrices = 2¢.

29. Removing the origin to the point (¢ cosa, bsin a),
the equation to the ellipse becomes

o o 2zcosa  2ysina g
— = — + 1 e
al b { @ b } (1)
and the equation to the normal at “a” becomes
azxseca=bycosec @. .................. (i1)

The equation to the lines joining the origin to the
common points of /z + my =1 and the ellipse (i) is [ Art. 122]

x2 2 Zcosa sin a
C-L§+g—3=-2(zx+my)(—a + 5 )

These are at right angles if

1 1 2lcosa 2msina
d2+gz=-—{ > + 5 } ............ (1ii)
Solving (ii) with lz + my =1, we obtain
' i bcogq.w S 2ab® cos a
" lbcosa+masina = @+ b
asina 2a*b sin a
i Y=Tosarmasng a*+ 8 by (i)-

The coordinates of this point referred to the original
2ab’cos o a’e*cosa

axes are D OB A e A DT S A S
a* + b* a*+ b’
. 2ab sin a a*be* sin a
and yzbSIDO.— 2 - —_—— = —
a’ + b* a®+ b*

Eliminating « we obtain the required locus,

Also the “m” of CP = g tana, and of (') =— 2 tan a.



