CHAPTER

9.3

INTEGRAL CALCULUS

J- Zx 1 dx is equal to
x4+

(A) %bg(x2 +1) (B) log (x* +1)

(C) tan™! g (D)2tan™" x

BIf Fl@)=——, a>1land F(x)=[a’dx+K is equal

a

to

(A) (a* —a”+1) (B) (a* —a®)
log a log a

(©) (a*+a*+1) (D) (a* +a* -1
log a log a

A _[1 - is equal to
+in x

(A) —cot x + cosec x + ¢ (B) cot x + cosec x + ¢

(C) tan x —sec x + ¢ (D) tan x +sec x + ¢

dx is equal to

EJ' (83x+1)

2x% -2x+ 3

(A) glog 2x*-2x+3) + \/25 tanl[zx _1J

NG
(B) %log 2x*-2x+3) + Jgtanl(zf/g_lJ
x

©) %log @x” —2x+3) + \% tanl(zﬁ‘l]

2 2x -1
—-2x+3) +—tan’

(D) g log (27

a -.‘1+ 3ein’ x is equal to

(A) L tan™ (tan x)
(C) L tan™ (2 tan x)

(B) 2 tan™ (tan x)
D) 2 tan’l(é tan x)

2sin x + 3cos x .
f_— dx is equal to
3sin x + 4cos x

(A) % X+ %log(3 sin x + 4 cos x)

(B) % X+ z—log(Ssm x + 4cos x)

©) %x + 2—10g(351n x + 4cos x)

(D) None of these

I\/3+ 8x — 3x” dx is equal to

3x—4 [3 gy _gat- 20

- sinl(Sx_4j
3v3 18 /3 5
253 . 3x—4]
sin
18 5

A)

3x -4

(B) 3+8x-3x" +

3x -4 25 3x -4
(9] 3+8x—3x% — sin 1[ j
63 18+/3 5

(D) None of these

dx .

ﬂ j— is equal to

w/2x2 +3x+4

4x+ 3 1 . 4x+3

(A) ——sin! (B) — sinh™

JE 23 V2 V23

1 4x+3

(C) —=—cosh ™ (D) None of these

V2 V23
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ﬂj 2x+ 3
(A) 2m+2 sinht 2% +1
V3
(B) x> + x+1+2sinh ™ 2x +1
V3
©) Zm +ginh™ 2x+1

(D) 2/x* + x + 1 —sinh %

dx is equal to

1

I S is equal to
(A) m+c

(C) log2x -1 +c

B)sin*2x -1 +¢

(D) tan’l (2x _1) +c

11, j 1 e s equal to
(x+1)\/1—2x—x2

V2 1 (B

A 1 B L .

(A) 2 cosh (1” (B) -cosh | =
o[ 1 o A2

—_ 1 Ne 1 X
(©) ~2 cosh [1+x (D) N cosh T

B[ s equal to
Sin X + €oS X

(A) \/—%log tan(x + Zj (B) \/—% log tan(; + TGCJ
1 x 1 o
ik P D) —1 E

(C)\/5 ogtan(2+8j ( )\/5 ogtan[4+4j

is equal to

H |
(A) sin(x — a) log sin(x — b)
(B) log sin(x_aj

x-b

sin(x — a) sm( x—b)

sin(x — b)

(C) sin(a - b) log{Si_n(x_a)}

(D)

sin(x —a)
N 0g: —
sin(a — b) {sm(x _ b)}

J‘ xdx

e —
(A) log (¢* 1)
(C)log(e™ -1)

is equal to
1 q

(B) log (1 —¢)
(D) log (1 -e")

-.[— is equal to
1+x+x” +x
i 2
(A)1 10g(xz+71)+tan_lx
2] T xT+
i 2
(B) i 10g(x2+ D +2tan™ x}
4 " T+
1, (x+1)? L
C) 5|l —2tan
( )2_ g Zi1 X

(D) None of these

M-

(A) —x +secx +tan x + &

sin x
1-sin x

(C) —x +sec x —tan x

dx is equal to

(B) —x +sec x + tan x

(D) —x —sec x —tan x

Ie"{f(x) + f'(x)ldx is equal to

(A) exf'( x)
(C) e" + f(x)

The value of I ex(1+smx
1+cos x

(&) " tan >+ ¢

(C) e tanx +c

- i
19.
Ix2 +1

(A) x* +log (x> + D) + ¢
(B) log (x* +1) —

dx is equal to

2 +c

(©) %xz —%log(x2 +1)+c

(D) %xz +%10g(x2 +1)+c

m jsin'1 xdx is equal to

(A) xsin " x+1-2" +¢
(C) xsin™ x+m+ c

(B) e*f(x)
(D) None of these

deis
x
(B) e* cot= +
)eco2 c

(D) e* cot x + ¢

(B) xsin ' x—1-a% +¢
(D) xsin? x—y1- x> + ¢

sin x + cos x .
- .[ dx is equa] to

J1+sin 2x

(A) sin x
(C) cos x

1
PP The value of J.‘Sx - 3dx is

(A) -1/2 0
(C) 12

(B) x
(D) tan x

(B) 13/10
(D) 23/10
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1Vx
m'[f(x2+yz)dydx is equal to

0 x

7 3
A) — B) 2>
( )60 ( )35

©) % (D) None of these

111-¢-xZ
m The value of I j dy dx is
0 0

(A) glog(\/g +1) (B) glog ~2 -1

©) glog (2 +1) (D) None of these

If A is the region bounded by the parabolas y*> =4x
and x®> =4y, then J.J. ydxdy is equal to
A

48 36
A) — B) 22
A) 5 (B) 5
©) 353 (D) None of these

The area of the region bounded by the curves

x®> + y*> =a” and x + y =a in the first quadrant is given

by
@A) [ [dxdy B) [ [dxdy
0 a—x 0 0
(C) j j dxdy (D) None of these

a-x 0

The area bounded by the curves y =2+x, y=—x,
x=1and x =4 is given by

(A) 25 ®) 3
2

47 101

C) — D) —
© 7% W

The area bounded by the curves y* =9x, x —y +2 =0
is given by

1

A1l B) =
(A) ()2
3 5
C = D) —
()2 ()4

The area of the cardioid r =a (1 + cos 0) is given by

W2l [ s @] [ ranag

©2 [ty )2 [

m The area bounded by the curve r =60 cos 6 and the
lines 6 =0 and 0 =g is given by

2 2
NI B “|T 1
()4(16 J ()16(6
2
©) n(n - lJ (D) None of these
16| 16

The area of the lemniscate 7> =a” cos 20 is given by

@& 4" [ rdrdo @) 2[" [ rdrdo

(©) 4" [ rdrdo ) 2[ [ rdrdo

m The area of the region bounded by the curve
y(x? +2)=3x and 4y = x? is given by

® [ [ sy ® [ [ asas

© [ v D[, [

The volume of the cylinder x* + y*> =a® bounded
below by z =0 and bounded above by z = A is given by

(A) nah (B) ma’h

©) %naﬁh (D) None of these

m .E .ﬁ J.:e“%ZdXdde is equal to
(A) (6—1)3 (B) g(e—l)

(C) (e—1)2 (D) None of these

.[11 _[Oz 'f:jz (x+y+2z)dydxdz is equal to

(A) 4
© 0

(B) -4
(D) None of these



SOLUTIONS

dx

LA [~
jch+
Put x> +1=t = 2xdx=dt

J.x +1 -.’7 7dt

1 1
=—logt==log(x*+1
g8t =g g ( )

x

2. (A) F(x) = ja"dx+K = +K
log a
= F(a)= a +K
log a
1 B a* 1-a®
loga loga loga
P2 170" 1 1o ey

loga loga loga

3.0 [———

1+sin x
dx

sin? X +cos? X |+ 2sin X cos X
2 2 2 2

dx sec E

:.[ 2:'[ de
x .X x
cos — + sin — 1+ tan —
( 2 ZJ ( 2]

Put 1+tan%:t

= sec? Ydx=2dt = J‘zicftdt:_ngK
2 t t

_9 —ZCosE

= +K = 2 4K
1+tan — cos — +sin —
x X .ox

—2cos — cos — —sin —

= 2 2 2 | g

X . X X . X
€os — +sIin — €oS — —sin —
2 2 2 2

—2c0s? ¥ +2sin Ycos ¥
_ 2 22 . x

X . X
cos? = —sin®* =

2
_ <1+cos x)+sin x

CoSs X

=tan x —secx + ¢

+k=tan x —secx -1+ K

3x+1

4. (A) Let I = 7d
(&) Le J. -2x+3 x
3 5
Let 3x +1=p(4x-2)+q = p:Z’q =5
-[ 4x -2 5 dx
d +f.[ .
2x% —-2x + 3 2x° —2x+ 3
~Slog@x ~2x+3 + 2| de
4 4 1\2 J5
x—=| +| —
( 2j 2
. 1
3 5 1 47 9
="log(2x* -2x + 3) + — tan™
" 5"
2 2
dx
5, C)Let [ =| ————
(©) Le '[ 1+ 3sin® x

_J- cosec”x dx _J~ cosec”x dx

cosec’x +3 Y (1+cot® x)+ 3

Put cotx=¢ = —cosec® x dx=dt

:f _dt2 :lcot“1 tzlcot'l(wtxj
4+t 2 2 2 2

:% tan! (2 tan x)

6. (C) Let]_J-Qsinx+3cosxdx
) 3sin x + 4 cos x

Let (2sin x + 3cos x) = p(3cos x — 4 sin x)

+ q(3sin x + 4 cos x)

118

P=95 71795

I:i 3095 x—4smxdx+g 3s?nx+4cos xdx
257 3sin x + 4cos x 257 3sin x + 4cos x

:ilog(3sin x + 4 cos x)+§x
25 25

5Y 4V
7. (B) [3+ 8x3x'dx =3 | [3] _(x_sj dx

ST 5

354 5 g gt + 2000 gy Bx
6 18 5

8. (B) |

L:Lj
J2x2 4 3x+4 N2 \/[x+3]2 {\/ﬁ}z
4
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3
x+—

1L 4 _ 1 . 1 4x+3
—\/Esmh o3 \/Esmh 733
4
2x + 3
9. (B)
I eea®

J~ 2x +1 dac +.[ 2dx

Jai+x+1 N R |
J‘ 2x +1 dx+2.|. dx

Vi +x+1

2 1/2 X+
&2t DT o Ginh! 2
I i
2 2
—9/x’ + x+1+2sinh 251
NE)
dx
10. B) | ——=1
J.\/Ex/l—x
Put x=sin’0 = dx=2sin0cos 6d0
7 J 2 sin 0 cos 0 IZSlnGCOSG
sin 64/1 —sin? sin Ocos 0

I :jzde=29+c =2sin-1\/§+c

I=sin"@Q2x-1D+c

11. (D) Let I =| ! dx
(Jc+1)\/1—2x—3c2
Putx+1:% = dx:—t%dt

(o2 (]

12. (©) |

sin x + cos x

1 dx
Bl

LT
Sin x€oS — + €OS X Sin —
4 4
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2
:ylog(“l)

1 dx 1 ( n)
zijiz—jcosec x+— |dx

V2 sin(x+nj V2 &
=i|——logcot1 x+ X —|=ilogtan X, I
\EL 2 4J V2 2 8
13. (D) | da

sin(x —a)sin(x — b)

_ 1 _f sin(a — b)dx
sin(a — b) * sin(x —a) sin(x — b)

_ 1 J~sin [(x-b)—(x—-a)l dx
sin(a — b)

I
sin (a — b)

sin(x —a) sin(x — b)

dx

X,[ sin(x — b) cos(x —a) —cos(x — b) sin(x — a)
sin(x —a) sin(x — b)

mj[cot(x a) cot(x b)]dx

=———[log sin (x —a) —logsin (x — b)] dx
sin (a — b)

sin(x —a)
. 081
sin (a - b) {sm(x —b)}

14. (D) Let I = | dx
o

Putl-e*=¢t = e“dx=dt

I = % =logt =log(1-¢™)

dx
15. (B) Leu:jm
=J~ dx
(1+x) 1+ x%
1 A Bx+C

1+x)1+x%) 1+x 1+2°

1=A1+ x> +Bx+O)(1+ x)

Comparing the coefficients of x* , x and constant terms,

A+B=0,B+C=0,C+A=1

Solving these equations, we get

aclgo 1ot
2 2 2

:§f1+x 7'[36 +1

:%log(1+9c)—%log(x2 +1)+%tan'1 x

4{ 1 +2tan1x}



sin x

16. (B) Let I =[-—— " dx
—sin x
_[1 (1- smx)
1-sin x
:J‘i_dx—jdx:_[ns‘imzxdx—x
1-sin x 1-sin” x
1+sin x 2
—Iidx—x:j(sec x +sec x tan x)dx — x

Cos™ X

=tan x +sec x — x

17. (B) Let I = j e (f(x) + f(x))dx
- j e*f(x)dx + Je" Fl(x)dx

={f(x)e" —If’(x)e"dx} + .fexf’(x) dx =f(x)-e*

18. (A) Let I = [e* [“Smxj dx
1+cos x

:IefleZSin;ccos;qu
L 2cos? X J
2

zlje’csecz fderje’“ tan = dx
2 2 2

:1 ex-Ztanf—jexﬂtanfdx +_[e’“tanﬁdx
2 2 2 2

x
:e"tan§+c

:jx~x2 dx

19. (C) I =] 1

x+1

:.[de =dex—j

5 dx
x“+1

x2+1

1, 1 2
=—x"-=log(x*+1+c
2 2 &

20. (A) Let I :Isin’l x dx :Isin’l x-1-dx

=sin! x-x—j

Y .4

— -x dx
=xsin x — jix dx
N

In second part put 1 - x* =¢°

xdx =—tdt =xsin™! x+_[dt
=xsintx+t=xsintx+41-2% +c

sin x + cos x

J1+sin2x

21. [T ——=

sin x + cos x

dx

J‘\/(sin2 x +cos” x) +2 sin x cos x

sin x + cos

X

_jsinx+cosx
sin x + cos x

35 5 1
22. (D) [ppx -3 dx=-[px-3dx+ [[px -3 dx
0 0 3/5

5
:(—5x2+3xj +(
2 0

- j 4J(cos x + cos x)?

dx

dx:jdx:x

9 1
5x B 3xj
2 s

e

9 1 9 13
=t -+ — |=—
10 2 10 10
todx t et dx
23 (B)I —x :j 2x
e +e ver+1

Pute* =t =

=tan'e—tan' 1l =tan

¢odt

e*dx =dt = J.itz 1 =[tan' ¢]
+

-1

1

24. (D) jx(l - x)dx :j(x —x¥)dx
0 0

25. (D) Put x* + x =¢

j‘ x+1 dx J‘dt —2(t1/2)2 _2\/7
0

26. (A) j x*sin®

xdx

= @Qx+1Ddx=

Since, f(—x) =(—x)* sin® (—x) = —x* sin” x

f(x) is odd function thus

b
jx“ sin® x dx =0
b

-
27. (A) Icosz x
0

N

N | =

o
dx =

0

(cos2x +1)dx
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72
:1(1sin2x+xj
2

0

== { (sin &t — s1n0)+[7r OH
2 2

1|—1

2(2

3 1
i To)ls) =
Aliter 1. Jcosz x dx ===t -2 _T
2 r(j
2

1
2 4
2
Aliter 2. Use Walli’s Rule Icosz x =
0

[\

N | =

n| w
(0-0) - 0+§J 1

bD

ln_=
2 2 4

28. (B) Let I =j a® - x* dx
0

Put x=asin® = dx=acos 0d0 when x=0, 0=0,

Y
when x=a, 0 ==

2
1 =_[«/a2 —a’sin®0 acos 0 dO
0

2
=a? Icosz 0do =a? (By Walli’s Formula)

A
2 2

2
29. (D) Let I = [log (tan x) dx ...(1)
0
2 -
1= Jlog tan ( - xj dx
: 2

2
T = [log (cot x)....(2)
0

Adding (1) and (2), we get

72
21 = I[log (tan x) + log (cot x)ldx
0
72
= Ilog (tan x - cot x) dx
0

72
=[logidx=0 = 1=0
0

1
30. (D) Let I = [2sin (“t - njdt )
) 2 4

1 1
:jz sin(n(l —1) —njdt - jz sin[“ _r tjdt
! 2 4 ! 4 2
1
:—J.Zsin(nt—n)dt =-1
! 2" 4

2I=0 = I=0

2a /T(CE)

LOLetl=[— 1YW  4.a
81. (C) Let If(x)+f(2a—x) % A1)

j fRa-% 4. 9

5 f2a —x)+ f(x)
Adding (1) and (2), we get

_ J-f(x) + f(2a - x)

2a
= [1-dx=[x]" =2
0t fa—m° ! *=lxl” =2a

= I =a

32. (C) Let I =

O —_y
Q

Put \J1-x2 =t
-~ 1 (ondr-dr
2,41 — x?

when x =0, t=1, when x=1,¢t=0
0
I=[-edt=—"eT] =1’ —e'l=e-1

1

33. (B) Let :j%
:j zix 5= % tan™ fZ
O(X_:le +[\/2§J ?3[ ?3 JO
- \/zg{tanlf tanl[— 13]}:\/%(2+g)
_ 27 _21‘c\/§
3W3 9

34. (B) Let I = .I[Md - T;’Cd“jfdx
) B S x 0 X

-1

I 1dx+j1 dx ={x1°, +[x]}

-1

=-[0-(-D]+[1-0]=0

100w

35. (C) I lsin xldx —100“sm xidx

[ ...sin x is periodic with period n]



=100 j sin x dx =100(—cos x)%
0

=100(-cos m + cos 0) =100(1 + 1) =200.

36. (C) Let I = jcosm x sin nx dx = jf(x) dx
0 0

Where f(x)=cos™ xsin" x
f(n—x)=cos™(m— x)sin" (1 — x)
=(—cos x)" (sin x)"

=-—cos™ xsin” x, if m is odd

1 =Icosm xsin” x dx =0, if m is odd
0

37. (A) Let I :fo(sin x)dx ....(1)
0
= f(x —m) Flsin (7 — x)ldx
0

I = jf(n - x)F(sin x)dx ....(2)
0

Adding (1) and (2), we get

21 =InF(sin x)dx
0
= I:lan(sin x) dx
2 0

2 x
38. (B) Let I = j sec? X 42 tan 2 |dx
2 2 2

0

72 72
= jle’“seczﬁdx +je’C tan Xdx = I, +1,
19 2 ) 2
72
Here, I, =Il e* sec® X dx
)9 2
1 * v x
= 2tan ——j -2tan —dx
2 2

72

= [e“/z tann—O)— fex tan = dx
4 0 2

=e” -1, ,I +1,=e"

I =1I+1I, =

1x 1 1 Jx
39. B) [ [(a* + %) dy da =J{x2y+3y3}

0 x

0
1[3c1/1+ x® +log(x + 41+ x>}

25[\/§+log(1+\@)]

41. (A) Let I = j j ydxdy,
A

Solving the given equations y® =4x and x> =4y , we get

x=0,x=4 . The region of integration A is given by

42. (A) The curves are
2%+ y?=a’.. (1)

x+y=a.. ...(i1)

The curves (i) and (ii) intersect at A (a, 0) and B (0,a)

R a2 - x2
The required area A = J _[dydx

x=0 y=a-x

43. (D) The given equations of the curves are
y=2Jx ie. y>=4x...(3) y =— x....(ii)

If a figure is drawn then from fig. the required area is
4 24x

A= [dydx = j[y]’” I[2\/x+x]dx

1 —x

32 4 1) 101
= —+8|-|-+=|=—
(5o 5va)s

44, (B) The equations of the given curves are
y? =9x....43) x—y+2=0...(i)

The curves (i) and (ii) intersect at

A(1, 3) and B(4, 6)

If a figure is drawn then from fig. the required area is
4 3Jx
A=| [dydx _j [y PP da
1x+2
4 1 4
:J.[3\/; —(x+2)]ldx :{2363/2 -5 x® —2x}
1

1

:(16—8—8)—(2—1—2j -1
2 2



45. (A) The equation of the cardioid is Thus the equation volume is V = 4jzdxdy

r=a(1+cos 0) (@) e

If a figure is drawn then from fig. the required area is -4 il[ Jhdydx _ 4hJ.[y]«/a - e = 4hJ. o? —x? dx
0 0

7 a1+ cos6)

Required area A =2 I J. rdrd0

2o Let x=asin 0, = dx=acos0do,

w2
Volume V =4#h f\/az —a’sin® 0-acos 0 dO
46. (C) The equation of the given curve is 0

=0cos 0....G 2
i @ =4ha* J.cos2 0do =4ha” -E-E:nazh.
The required area o 2 2
2 0cos 0 2|— —|Scose
A= _[ jrdrde '[L ZJ do
0=0 r=0 0 2 o

50. (A) j.j.j.e’”y” dxdydz
000

1% 1%
=7.|.62cosz 6d6=—.|.92(1+cos 20)d0 1 11
25 49 j[e“y”]g dydz =jj[e“y”—ey”]dydz
0 00

17 17
=f'[ezde+—.|-62cos26d6 1 1
R [e"7°% e’ 1 d

1
!
i
0
171,17 1/, sin20Y" % sin26 . | X
=—1=0 =16 - 126 do +z e vz _ 2
413 JO +4L \ ! J :j[(ez —e'") —(e'"* —e’)ldz
0
© 1] 7 L
= 4+ | = 9Sln29d9 _ (eZ+z _2el+z +e2)dz :[eZ+z _2el+z +eZ]1
%*1| ] | ! °
1 o €05 20 " T c0s20) o =(e” —2e” +e) —(e* —2e + 1)
96 4 2 ), L 2 =e®~3¢* +3e-1=(e-1)°
TES ]- - 1 vz 1 zx+z
:96+4(4_0j_8£00326d6 51. (C) j _[ _[(x+y+2)dydxdz
-10x-z
© ot 1(1 o 1z[ 9 T¥*?
= - = 2| Zsin20| =—|—-1 (x+y+2)
96 16 8(2 ]0 16(16 j =J] 9 } dxdz
-10 -y
1z B
47. (A) The curve is r* =a” cos 20 - jj @x+22)° (236) }d xdz
2 2
If a figure is drawn then from fig. the required area is oL
/4 ayfcos 20 a yJcos 260 13 _] 1 (x+z)3 X8 z
1 _ 2 2 _ _x
Ao 4f jrdrde —41{ 2} a6 _2J1 _([((x+2) x)dedz—ZJ;{ 5 5 Odz
0 L
. 4 1 1 4t
=2 Iaz cos 20 d6:2a2|—M—| =a’ -2 J[(Zz)g -2’ -zldz _2 j623dz -4/
L 2 J 3% 37 4]
0 0
:4(1 —1j:0
48. (C) The equations of given curves are 4 4
y(x? +2) =3x....4) and 4y = x%....(ii)
The curve (i) and (ii) intersect at A (2, 1).
If a figure is drawn then from fig. the required area is s
2 3x/(x2+ 2)
The required area A = j fdxdy
x=0 y:x2/4

49. (B) The equation of the cylinder is x* + y* =a?
The equation of surface CDE is z =h.

If a figure is drawn then from fig. the required area is
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The integration of f(z) = x® + ixy from A(1, 1) to B(2,
4) along the straight line AB joining the two points is

-29 29 .
A) —/ +711 B) — -i11
(A) 3 i (B) 3 i

23 23
C) —+1i6 D) —-i6
©) 5 i (D) 5 i
=? where c is the circle of ‘z‘ =3

(A) ﬂ . ®) e
<C)ﬂ ! (D) @ N
12. J. dz =? where c is the circle z|=15

) 2(z - 1)(2 2)
(A)2+i6n B) 4+:i3n
(C)1+in (D) i3n

I (z —2%)dz =? where c is the upper half of the circle

z=1
-2 2
A — B) =
()3 ()3
3 -3
C) — D) —
()2 ()2

=? where c is the circle |z|=

cos 1z
14. d
-! =

(A)i2n B)-i2n

() i6 2 (D) - i6

15, .[ [ s1;1)(1tz 0 dz =? where ¢ is the circle |z[=
z 4

(A) i67 (B) i2n

(C) idn (D) 0

c02s ni dz around a rectangle with

The value of ij
2m

vertices at 2+i1 , -2 +1i is
(A) 6 (B) i2e
(C) 8 D)o

Statement for Q. 17-18:

2
f(zo):_[wdz , where c is the circle

. (-2

x? +y? =4,

The value of £(3) is
(A) 6 (B) 41
(C) —4i D) 0

The value of f'(1-1i) is
(A) 7T(n+12) (B) 62 +inm)
(C) 2n(5 +1i13) D)o

Statement for 19-21:

Expand the given function in Taylor’s series.

-f()—

(A)1+2(z+22+2%....) B) -1-2(z -2 +2°.....)
(C) -1+2(z—-22+2%..... ) (D) None of the above

about the points z =0

about z =1

B F(z) =
z+1

1 1 1
(B)2|:1_2(2—1)+22(2—1)2 ....... :l

1

Tl e Lo
(C)2{1+2(2 D+ ople =17 }

(D) None of the above

f(2) =sin z about z :g

(D) None of the above

22 iy 2 +1<1, then z* is equal to

W1+ (n+ Dz + D

n=1

B) 1+ Y (n+ Dz + 1"

n=1

© 1+ nz+1"
n=1

D) 1+ Y (n+ Dz +1)"
n=1
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Statement for Q. 23-25.

Expand the function o
(z -D(z-2)

series for the condition given in question.

o 1<kl <2

1 2 3
A) =+S5+S+.

22 3
(B) P B JEPE SN S VU O L
2 4 8 18

1 3 7
(= el SOPTIUVO

z2 2 4

(D) None of the above

m‘z‘>2

(A) 13 22 ........ (B)l+§2+1—§+ .........
1 3 7 2 3 4

(C)Z—2+—3+—4 ......... (D)j—;JrT— --------

PR || <1

(A)1+32ﬂz +Ez2
2 4

(B)1+§z+zz s
2 4 8 16
2 3
©Lli3,2 .2
4 4 8 16

(D) None of the above

26.J§ 2 -1 <1, the Laurent’s series for ——————is
2(z —1)(z —2)

3 5
@A) —(z-p-&F-D -

(B) -(z-D"

©C) -(z-D-(z-1°-(z-1° -
D -z-D'-z-D-(z-D°-(z-1D° -

The Laurent’s series of ( 1 for ‘z‘ <2 is
z(e® —

(A)—+i+i+62+iz o
22 2z 12 720

3 ST S S ST
z 2z 12 720

(C)l+i+i 2 i22+ ..........
z 12 634 720

(D) None of the above

in Laurent’s

z

The Laurent’s series of e
28] " ' /2 22 +D(z% +4)

where ‘z‘ <1
5 21

z——2z2%+

16 64

(B)1+lz +iz +§2
2 4 16 64

1
A —z-—z"+=2" ...
()4

Zz

m The residue of the function 1- ;— at its pole is

4

4 -
A) = B) —
()3 ()3

-2 2
C) — D) £
()3 ()3

m The residue of z cos 1 at z=0 is

z
1 -1

A) = B) =

( )2 (B) 2
1 -1

C) = D) —

( )3 (D) 3

1-2z .

m Iz(l ey dz =? where c is ‘z‘ =15

(A) —i3n (B)i3n

C) 2 (D) -2

jz cosz
c[,_T
=)

(A)6n

(C) i2n

z =? where c is ‘z—l‘:l

(B) —6n
(D) None of the above

1
33 jzzezdz =? where c is |¢| =
c

(A) i3n (B) —i3=n

C) % (D) None of the above
27
{2 + cos 9
- 21

A) 227 B) 2L

(A) N (B) 73

(C) 212 (D) —2m/3

is,



©

X

2

dx =?

T ab

A
( )a+b

T
a+b

(©)

de

6
ol+x

AT
()6

21
©) 3

?

'[(x2 +a?)(x? + b?)

B
B) b

(D) n(a+b)

B "
()2

T

D
()3

shestes st stttk stk skok

n(a + b)

SOLUTIONS

1+ -y* A1 -10)

1. (C) Since, f(z)=u+1iv= 5 5 z#0
x“+y
3 3 3 3

N e M 1 3

X+ y? X+ y?
Cauchy Riemann equations are
ou Ov ou ov
—=—and —=——
ox oy oy ox
By differentiation the value of a—u, ¥ @, w at(0,0)

ox 0Oy " ox oy
we get g , so we apply first principle method.

At the origin,

ou .. uO+h, 0)-u0,0) .. h*/n?
— = lim =lim —/—— =1
ox h—0 h h—0 h
3 2

u lim u(0,0 + k) —u(0,0) _ lim kR _ 1
ov h-0 k £—0 k
w .. v0+h0) -0v0,00 .. h*h?
— =lim =lim —/— =1
Ox h-0 h h—0 h

3 2
ov —1lim v(0, 0 + &), v(0,0) :limM _1
ay k-0 k k-0 b
Thus, we see that u :@ and u =— v

ox Oy 5 ox
Hence, Cauchy-Riemann equations are satisfied at
z =0.
Again, f'(0) =lin01 1)~ 10
z— z
3 .3y, (a3 3

:hmr(x y)2+z(92c +y°) 1. ]

L (x* + y%) (x+ Ly)J

z-0

Now let z — 0 along y = x, then
3 _ .3 .3 3 . .
f,(o):hmr(x y )2+ z(azc +y7) 1’ —|: 2i . =1+z
L (x* +y°) (x+Ly)J 2(1+1) 2

z—0

Again let z - 0 along y =0, then

[a® +i(x") 1]

£(0) = lim J=1+i

x—0 L (xZ) x
So we see that f'(0) is not unique. Hence f'(0) does not

exist.

2. (A) Since, f'(2) =Y _tim &
dZ Az—0 AZ
or f(z) = lim 2% 1140 (D)
2220 Ax + 1Ay

Now, the derivative ['(z) exits of the limit in equation

(1) is unique i.e. it does not depends on the path along
which Az — 0.
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Let Az — 0 along a path parallel to real axis
= Ay=0..Az2-50 = Ax->0

Now equation (1)

fi@) = lim SEHIAY gy A iy A0
Ax—0 Ax =0 Ax Ax —0 Ax
ou .o0v
(2)=—+1— (2)
f ox ox

Again, let Az —» 0 along a path parallel to imaginary
axis, then Ax -0 and Az >0 — Ay -0

Thus from equation (1)

, . Az +iAv . Au ... Av ou ov
¢(z)= lim —— = lim — +i{lim — = —+ —
-0 Ay -0 Ay -0 Az 10y Oy
fiz) =01 (3)
g oy

Now, for existence of f'(z) R.H.S. of equation (2) and (3)

must be same i.e.,
ou ov _Ov _ ou

4+ Li - -

ox ox oy oy

ou Ov ov  —ou

— =— an - =

ox oy ox oy

flz) = _jow_v ;v
ox dy oy ox

3. (A) Given f(z) =x* + iy® since, f(z) =u + iv

Here u=x* and v = y®

Now, u =x> = a—u:Zx and 6—u=0
ox oy
andv=y" = %:O and@:2y
Ox oy
we know that f/(z)= 2% ;% D)
ox oy
ov .0v
and f'(z)=—+1—....(2)
! oy ox
Now, equation (1) gives f'(z) =2x (3)
and equation (2) gives ['(z) =2y (4)

Now, for existence of f'(z) at any point is necessary that
the value of f'(z) most be unique at that point, whatever
be the path of reaching at that point

From equation (3) and (4) 2x =2y

Hence, f'(z) exists for all points lie on the line x =y.

ou o*u
4. (B) —=2(1-y) ; — =0 (D)
ox Y ox*
2
ou__ x;L{j:Q (2)
&) ay
2 2
a—LZL a—b; =0, Thus « is harmonic.
ox oy

Now let v be the conjugate of u then

qu

dv:@dx+@dy:—%dx+ udy
0 Ox

x oy oy
(by Cauchy-Riemann equation)
= dv=2xdx+2(1-y)dy
On integrating v=x> - y*> +2y + C

5. (C) Given f(z)=u+iv (1)

= if(z)=-v+iu ....(2)
add equation (1) and (2)

= (A+Df(z2)=(u-v)+i(u+v)

= Fl)=U+iV

where, F(z) =1+ )f(z); U=(u-v); V=u+v
Let F(z) be an analytic function.

Now, U =u —v =e"(cos y —sin y)

ou . . ou .. .
—=¢e"(cosy —siny) and — =e"(—siny —cos y)
ox oy

Now, dV = —Y gz + W qy (3
oy Oox

=e"(sin y + cos y)dx + e"(cos y —sin y)dy

=d[e"(sin y + cos y)]

on integrating V =e*(sin y + cos y) + ¢,

F(z)=U + iV =e"(cos y —sin y) + te*(sin y + cos y) + ic,
=e"(cosy +isiny) +ie"(cos y +isiny) + ic,
F(z2)=(1+)e"™ +ic, =(1+ i)e* + ic,

A+0f(2) =1+ de” +ic,

) ; . i(1—17) ., G+1D
=e + =€ e =

= f(z)=e 1+ 07 Ty ha—y 2

= fle)=e+1Q+1i)c

6. (C) u =sinh x cos y

9 _ cosh x cos y=§x,y)

Ox

and % =-sinh xsin y = y(x, y)
Y

by Milne’s Method

f'(z)=dz,0) —iy(z,0) =coshz —i -0 =cosh z

On integrating f(z) =sinh z + constant

= f(z)=w=sinhz +ic

(As u does not contain any constant, the constant c is in

the function x and hence i.e. in w).

7.8 L 22y =z, y), =20 =g(x, y)
ox oy

by Milne’s Method f'(z) = g(z,0) + ih(z,0) =2z +i 0 =2z

On integrating f(z) =2z% + ¢



o _ ~x® + y*) —(x —y)2y

8. (D)
ay (x2 +y2)2
2 2
ye—x" =2xy
@ ayy 8y

—x® +2xy

2 2 2
v (" +y)—(x-y2x _y e =h(x,y)

ox (x? + y%)? (x* +y
By Milne’s Method

£1(2) = g(z,0) + ih(z,0) = = + i(—lzj ——a+p L
z z

z

On integrating

flz)=1+ i)j%dz +e=(1+ i)l+ ¢
2 z

9. (A) ou 2c052x(cosh2y—cos2x) -2sin®2x

(cosh 2y —cos 2x)?

=, y)

_ 2cos 2xcosh2y—2
" (cosh2y —cos 2y)°
Ou  2sin2xsinh 2y
9y (cosh2y —cos 2x)°

By Milne’s Method

'(z) =iz, 0) —iy(z, 0)

2cos2z -2 . -2 9
=———— ~1(0)=—————=—cosec” z
(1 —-cos 2z) 1-cos2z

=y(x, y)

On integrating

f(2) =—jcoseczz dz +ic=cotz + ic

10. x=at+b, y=ct+d

On A,z=1+iand On B, z =2 + 41
Let z =1+ i corresponds to ¢t =0
and z =2 + 41 corresponding to £ =1
then, t=0 = «x=b,y=d

= b=1d=1
andt=1 = «x=a+b y=c+d

= 2=a+1l,4=c+1= a=1c¢=3
ABis ,y=3t+1= dx=dt;dy=3dt
[F2)dz = [(&” + ixy)(dx + idy)

c

1
j [(£+ 12 + (£ + D(3t + DI[d¢t + 3i dt]

20

[(#% +2¢t + 1) + i(3t* + 4¢ + DI(1 + 3i)dt

Il
[SY Sa———

3 1

—aes) it i et | -2 1y

3 N 3

11. (D) We know by the derivative of an analytic

function that

f'(z )——j f(z) dz or .[ f(z) dz —@f"( 5)

2m Y (z —z,)""! L (z—z,)""!
Taking n =3, j fz)d - —%if”(z,,) (1)
Given f, ¢ 2;d12>4 It e—zztﬁn“

Taking f(z) =e, and z, =1 in (1), we have
j (:+df) -2 D)

Now, f(z) =e*
= f"(-1) =8¢

equation (2) have

— fm(z) — 8@22

c(z+1)4 —?e (3)

J- e*dz  8m _,

If is the circle ‘z‘ =
Since, f(z) is analytic within and on |¢|=
e*dz  8mi

z+1)' 3¢

-z

lz1=3

12. (D) Since, . +°2¢ 1 1 3
2z-D(z-2) 2z z-1 2(z-2)
1-2z 1 3
— = dz==I+1,—-—1....(1
JC.Z(Z—I)(Z—Z) R o

Since, z =0 is the only singularity for I, = Ildz and it
-

lies inside |z|=15, therefore by Cauchy’s integral

Formula

1, :.[%dz . (2)

flz,) =L (12 dz | [Here f2)=1= f(z,) and 2, =0]
2ni 7 2z -z J

o

dz, the singular point z =1 lies

Similarly, for I, :I
c 2 -

inside ‘z‘ =15, therefore I, =2mi....(3)

For I, =_[ 1 5 dz, the singular point z =2 lies outside
-

the circle |z/=15, so the function f(z) is analytic

everywhere in c i.e. || = 15, hence by Cauchy’s integral

theorem
I,=[— dz=0..4)
c 2 -

using equations (2), (3), (4) in (1), we get
ji 2 =L @ni)+ 2mi - 2(0) = 3ni
© 2(z —1)(z -2) 2 2

13. (B) Given contour c is the circle |z|=
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= z=¢" = dz=ie"do

Now, for upper half of the circle, 0 <0<n

j(z —23dz = J.(eie —e?®)ie®do
c 0=0

R i . |’2Le 3ie‘|“
:ll(e“ se)de—zle egi Jo
C1[1 1 1.2
B PR i L]

14. (B) Let f(z) =cos nz then f(z) is analytic within and
on z| =3, now by Cauchy’s integral formula

f(Z) fl2)dz _ .
f(zo)—zm_[ :!.72 . =2mif(z,)

o

take f(z) =cos nz, z, =1, we have

COS ™ J» =2mif (1) =27 cos & = —2mi
ks # ~
. 2
15. (D) [ 0 dp
. (2 -D(z -2)

. 2 . 2

_ Ismnz dZ_J'SlnTEZ ds
z-2 © z-1

=2mif(2) - 2mif(1) since, f(z) =sin nz*

= f(2)=sin4n=0 and f(1) =sint=0

c

cos nz dz

16. (D) Let, I = —— [

Tzt~

= L J. L _ 1 cos iz dz
2-2mi\z-1 z+1

OrI:i. cosnz  cosnz dz
47\ z-1 z+1

17. (D) f(3) =

2
ILTZH dz , since z, =3 is the only

c z -
2
singular point of L'Y:ZH and it lies outside the
-

247z +1 .
B 1)

z| =2, therefore
z-3

circle x* + y* =4 ie.,

analytic everywhere within c.
Hence by Cauchy’s theorem—
327 +7z+1

c

18. (C) The point (1 —i) lies within circle ‘z‘ =2 (... the
distance of 1 —i i.e., (1, 1) from the origin is V2 which is

less than 2, the radius of the circle).

Let ¢(z) = 32% + 7z + 1 then by Cauchy’s integral formula

J'322+7Z+1

z-z,

dz =2mil(z,)

= f(z)=2midz,) = f[(z,)=2mni¢(z,)
and f7(z,) =2mi §'(z,)

since, §(z) =322 +Tz +1

= ¢(2)=
F(1— i) =2mil6(1— i) + 7] =27x(5 + 130)

19. (C) f(z) =2 "~ =1-
V4

6z +7 and ¢'(z) =6

1 2

+1 z+1

= [f0)=-1 f(1)=0

= f2)=

f(2)=(2

2
(z + 1?2

4
_ 1)3

= fl(0)=2

= f"0)=-4

12

f (2)=(2

+1*

= ["(0)=12; and so on.

Now, Taylor series is given by

f(2)=f(z,) +(z —2)f (z,) +

about z =0

2
1"(zy) +

(z -z,)
!

2
f2)=-1+22)+ %(—4) + %(12) o

=-1+2z-22%+22°....
f@)=-1+2(z -2 +2%....)

20.(B) f)=——~ = f-
z+1

_1 1
' - —r 1 _-1
f'() T = (D i
"= 2 iy 1
" __76 " :_§
() TG+ D! = ") 5 and so on.
Taylor series is
F2)=1(z0) + G -2 2p) + £ 22 ) pr(z,)
. (2 -z,)°
3!

about z =1

(z -1)? (z -1°
f(z) = 7+(z 1)( ) 51 (4j+ 3l (—

1
5?<

or f(z) =

o

2!

1 1
Dt -0 - D

3

8

1 1 1
—gE Dt e - - 5D

F"(zg) +...

o



. 1 2 3
21. (A) f(z) =sinz E —sin " = f(z)—— 1+24+2 12 4 21 1+1+i+i+m
4 4 2 2 4 9 2 z 22 2°
f(z)=cosz = f’[Z]z\é orf(z):...—z"‘—z’z—z’l—%—%2—522—%23—...
" P : "E __i
f'(z)=-sinz = f(4)— NG 24. (C)\z\ = 1<;<1 = 1<1
2 2
1
"(z)=—cosz = ,,,(nj:_ and so on. -1
f ! 4 V2 llzl(l—lj :;(1+1+12+13+...j
z-1 z z z 2° oz
Tayl ies is gi b _
ylor series is given by 2 L1 o\l 1 o 4 8
’ (z-2,)% ,, and ==|1-=| =—|1+=+—F5+—F5+...
f(2)=f(20)+(2—Zo)f(20)+27'0f(20) z-2 z z z z z¥ oz
. (2 —2 ) Laurent’s series is given by
ay[ME) 1(, 2 4 98 1(, 1 1 1
3! f(z):(1++2+3+..J—(1++2+3+..j
i z z 2z z z 2° z
aboutz=Z 1(1 3 7 j
2 z\z 2% =z
-5 7
1 n) 1 4 1 il
(2)=—F—+|2—— | =+ - = f@==S+5++
-z ( 4) 5 2 ( \EJ '
Y 1 1 1 N
(“4] L 25. B) || <1, —— - :-(1—2') +(1-2)"
N [_J+"' z-2 z-1 2| 2
!
3! 2 1 z 2z 2 s 3
r 9 5 =——|1l+=+=—+=—+.. |+Q+2z+2"+2"+..)
1 ks 1 T 1 T 2 2 4 8
f@)=—|1+|z2-——|-—|z2-——| ——=|z-——| —..
V2 4) 2! 4) 3! 4 1 3 7, 15 ,
f)==+—z+—2"+—2z"+...
1 1 2 4° 8 16
22. (D) Let f(z) =27 =—=———_
z° [1-(1+2)]
2 26. (D) Since, -+t 1 1
f2)=[1-(A+2)I ’ T2z-D(z-2) 22 z-1 20z-2)

Since,

<1, so by expanding R.H.S. by binomial For |z 1/ <1Letz -1=u

theorem, we get = z=u+1and ‘u‘ <1

f2)=1+20+2)+31+2)?* +41+2)°+... 1 1 1 1
=— - +
+(n+DA+2)" +... 2z-D)z-2) 2z z-1 2z-2)
or f(z)=z7%=1+ i(n+ Dz +1)" — —l+ 1 :1(1+ W -ut —l(l—u)’1
] 20u+1) uw 2u-1) 2 2
1 1 1 =1[1—u+u2—u3+...]—u’1—1(1+u+u2+u3+...)
23. (B) Here f(2) = = (1) 2 2
(z-Dz-2) z-2 z-1 1 , .
25(—2u—2u - )-ut=—u-dvP-ut - —u?
Since, [z[>1 = 1<1and‘z‘<2 = H<1 ) o
2| 2 Required Laurent’s series is
1 1 1( 1y f)=z-D"'-(z-D-(z-1D’-(z-1° -
z z z
_= 1
Z(l zj 27. (B) Let f(z)=———
z(e® - 1)
:1(1+1+12+13+...j _ 1
z z 2z —|_ 2 0 7
1 1 S s 3 1 ztl+z+7'+7'+7'+m_lJ
and :(1—zj FEEp—— 1+i+i+i+ 2! 3! 4!
z-2 2 2 2L 2 4 9 J

equation (1) gives—
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jf(z)dz =2 x%:%ni

34. B) Let z=¢® = db= ;2

and cos 9=;(2+1j

Tde

:I z .
02 +cos 0 1( 1)’

9%
-[22+4z+1
1

22 +4z+1

f(z) has poles at z =-2 + V3, =2 —/3 out of these only

Let f(2) =

2 =-2 + /3 lies inside the circle ¢ :‘z‘ =

[ f(z)dz =2ri(Residue at z =-2 +/3)

Now, residue at z =-2 + V3

1
= 1 2 — = lim
ol (z +2-V3)f(2) oY (z+2++/3) 2\/§

1

jf(z)dz =2mi x

)

2 V3
T do _ 9 mo_2n
V3

——=-2i
02 +cos 6 \/5

35. (C) I =| 2

' (27 +a®)(2® + b%) dz :Jc.f(z)dz

where ¢ is be semi circle r with segment on real axis
from —R to R.

The poles are z=+1ia, z=+ib. Here only z =ia and
z =1b lie within the contour ¢

j f(2)dz =2mi

(sum of residues at z =ia and z =ib)

Residue at z =ia,
2

=lim (z —ia) z = a
2ia (z —ia)z —ia)(z® + b*) 2i(a® -b%)
Residue at z =1b
2
“lim i) P
zib (z —ta)(z +ia)(z +ib)(z —1b) 2i(a” - b°)

If(z)dz = J. f(2)dz + Tf(z)dz

2mi
— b
2L(2 )(a )= a+b

Now j f(z)dz =

r

jf ie**iRe™d0
0 (RQeZiG + aZ)(RZeZiG + bZ)
3i0

€ _do

| R
2 2
0[82i9+(;521€2i9+;2J

Now when R — o, Ib(z)dz =0

0

J. 2 2x 2 2 dz = -
S (x® +a)(x” +b%) a+b

36.

= j f(z2)dz

¢ is the contour containing semi circle r of radius R and
segment from —R to R.

For poles of f(z), 1+2°=0

= 2 :(_1)7¢6 — i@+

where n=0, 1, 2, 3,4, 5, 6

Only poles z = _\/i+ ! , L, \/§2+ ! lie in the contour
Residue at z = 3+
2
B 1
(2; —29)(z; —23)(2, —2,)(2; —2.)(2; —2)
1 1 V3i

T 8i1+43i)  12i

Residue at z =i is i
61

1++/3i . 1 1443

Residue at z=———1s
12 T8i1-43i)  12i

_[f(z)dz = _[ f(2)dz + Tf(z)dz
" “r

?(1 \/§i+1+\/§i+2i)=%"

or j f(2)dz + j Ffl2)dz ===...(1)
iedo
¢ iRe®d0 | RS
Now -[f(Z)dZ :'.[ 1+ R%5° - -([ 1 + 50
F e

where R — o, jf(z)dz -0

(1)_)j 1+x )

stk stesfeskok ok



