Determinants

4.01 Introduction
Consider the following pair of equations

ax+by=c
a,x+b,y=c,,
The equations can be solved to find the unique solution if we find ab, —ba, . Therefore number

a,b, —ba, 1is very important and it can be represented as the matrix obtained from the cofficient of x and y

al bl
a, b,
The number ab, —b,a, which determines uniqueness of solution is associated with the matrix A =

a, b

1 . .
a, b, This determinant

a, b
|:a1 bl } and is called the determinant of A or det A or symbolically we write | A | =
2 2

has two rows and two columns hence it is of order 2.
Note :
1.  Only square matrices have determinants

2. Amatrix A is said to be Singular matrix if its | A | =0

3.  For matrix A, | A | is read as determinmant of A and not modulus of A.
4.02 Definition of determinant

Let A= [a,.j ] is a square matrix of order n we can associate a unique number | a | (real or complex)

called determinant of the square matrix A, where a,; = (i, j)the element of A. it is denoted by | A|.

4.03 Value of determinant
(i) Determinant of a matrix of order one

Let A= [a] is a square matrix of order one then determinant of A = | A| =a,
For Example : If A=[3] then determinant A = | A| = | 3| =3
If A=[3] then determinant A=|A|=|-3|=-3
(ii) Determinant of a matrix of order two

a b
al bl } is a matrix of order 2, then determinant
2 2
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A=|A| o b,
=a,| by |-b|a, |
=ab, —a,b,, value of determinant A. (D

| A | = of order 2 = Product of diagonal elements — Product of off-digonal elements.

E 1 A 23 th
: = , then
xample 14 e
2 3
Determinant A=|A|= 14 =2-(4-3(-1
=8+3=11.
(iii) Determinant of a matrix of order 3 x 3
al bl Cl
Let A=|a, b, c,| isamatrix of order 3, then
a, by ¢
al bl Cl

Determinant A=|A|= a, b, c,

a by
—a b, ¢, b, a, ¢ e, a, b, ‘
by ¢ a; G a; b
=aq, (b2c3 -byc, ) -b, (a2c3 —a,c, ) +c, (a2b3 —a,b, ) 2)
= ( ab,c, +bc,a, +ca,b, ) - ( ab,c, +b ,c,a, +c,a,b, ) 3)

Here numbers a,,b,,c,; a,,b,,c,; a,,b;, c, are called the elements of the determinant. There are a

total of 3° =9 elements in a matrix of order 3. Thus the determinant of a square matrix of order 3 is the sum

of the product of elements a, in first row with (=1)'*J times the determinant of 2 x 2. Sub-matrix obtained by

leaving the first row and column passing through the element.

4.04 Rules to expand third order determinant

(1  Write the elements of first row in consecutive positive and negative sign.

(1)  Multiply first element with the second order determinant obtained by deleting the elements of first row
(R)) and first column (C ). Then multiply 2nd element and the second order determinant obtained by
deleting elements of first row (R,) and 2nd column (C,). Now multiply third element and the second
order determinant obtained by deleting elements of first row (R,) and third column (C,) and third column
(C)). To get the value of the determinant add all the three terms.
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@) The result will be the value of the determinant of order 3.

1 20
Example : Evaluate the determinant (2 3 1
30 2

Solution : 3 2 3 0

W N =
S W N

:1_‘3 1‘_2_‘2 1‘+0_‘2 3‘
=1(3x2-1x0)—-2(2x2-3x1)+0(2x0-3x3)

1(6)-2(1)+0
-2

6
4.

4.05 Sarrus diagram to determine the value of third order determinant
Yy v v

a b ¢ a b Ci & bl
|A|: a, b, ¢ |=| q bz 62 R b,
a; by ¢ a; by Ry bj.
. ’A ,A ‘
= ( a,b,c, +b,c,a, +c,a,b, ) — ( ab,c, +b,c,a, +c,a,b, )
Note: To evaluate determinant from Sarrus diagram, Like given diagram, we have substract the sum of
product of element of leading diagonal to sum of product of element of non-leading diagonal.

L, AFS /
12 -1 | "2, ,a1 T 27
Example : Determinant | 3 5 7 |= 3 5 7 '3 5
2 4 6 2 4 “16 o R
N ‘a 4
(30 +28-12)~(~10+28+36)
=46—54 =-8.

4.06 Difference between matrix and determinant

(1  Matrix is a proper representation of number and does not have a numerical value while determinant has
a unique numerical value.

(i)  Matrix can be of any order while determinants are square matrices where number of rows and columns
are same.

@) If we change the number of rows and columns of the matrix we get a new matrix whereas the value of
determinant unchanged.
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4.07 Minors and cofactors of a determinant
Minors : Minor of an element a, of a determinant is the determinant obtained by deleting its ith row and
Jth column in which element g, lies. Minor of an element a, is denoted by A, .

al bl Cl
Example : A=|a, b, c,|.Hereelement a,, lies in the second row and first column then leaving the
a, by ¢

second row and first column in A we get the respective determinant.

a b ¢
1 1 . . .
........... a, b, ¢ | o b . | Whichis the minor of element a,
a; by« >0

similarly the' minor of element c; of A will be

a b ¢ a b
a, b, ¢ or al bl
........... a, b, ¢ 22

Minor of an element of a determinant of order n(n > 2) is a determinatn of order n — 1.

Example : The minor of element 1 in the determinant ‘ _i i is|2].
1 2 3 70 3
The minor of element 3 in the determinant | 7 (0 5| 1 3 ‘ and element 7 is | | 4 ‘
3 -1 4 T

Cofactor : Cofactor of an element a; denoted by F p is defined by
F; =(-1)"/ Minors
j— Fl] = (_l)Hinj 5

here A; and F; denotes the Minors and Cofactors of element a,

A, 5 i+ jiseven

Le- 77 |-A, ; i+jisodd
7 4 -1

Example: If A=|-2 3 0] then

I -5 2
w| 30

Cofactor of 7 =(-1) 5 =6-0=6
3+2 7 -1

Cofactor of 5 =(-1) 5 0 ‘——(0—2) =2
1+2 -2 0

Cofactor of 4 =(—1) | 2 ‘=—(—4)=4




Note: For easy calculation in a matrix of order 2 and 3 the signs of elements to find the cofactor is

4.08 Expansion of determinants

all alZ a13
A=|a, a, a, | isadeterminant of third order
a; Gy 4y
Expanding along first row we get
Gy Ay ay Ay

A=a,
Gy, Ay

+ag;,

a; 4y a; a4y
=a,, A, —a,A, +a,A,,where A, A, and A, are the minors of corresponding elements
=a, F, +a,F,+a,F,,where F,, F,, and F,, are the cofactors of corresponding elements

Similarly we can see that

A =a, Fy +a,F,, +ayF,,
A=a,F, +ay,F, +ayF;,
A=a,F s +a,Fy; +ayF, elc
Thus the value of the determinants is the sum of elements with its corresponding cofactors.
Note:

) The expansion can be done along any row or column in determinant.
(i) This rule is valid for any type of determinant.
(i) Expansion should be done with any row or column with maximum zeroes.

Ilustrative Examples

Example 1. Evaluate the determinant j 43 ‘
2 4
Solution : s 3 ‘=(—6)—(8)=—14.

) cosd —sinf
Example 2. Evaluate the determinant

sinf cosf

cos@ —sinf
Solution :

sinf  cos6 =(00520)—(—sin20)

=cos’ O +sin’ 0 =1.

[72]



3 11 -1
Example 3. Evaluate the determinant | 5 2 0

10 3 0
3 11 -1
Solution : 5 2 (| expanding alogn third column
10 3 0
5 2
=—1 -0+0=—(15-20)=5.
o 3oro=-0-)

Example 4. If determinant

i ‘ =4, then find the value of k.

) ' k 8| 4
Solution : Given 2 al”
= 4k-16=4
= k=5.
Example 5. If determinant k3 ‘ — 7 then find the vlaue of k.
-1 k
) ‘ k3] ;
Solution : Given 1kl
= k*—(-3)=7 = k*+3=17
= k*=4 = k=42,
2 4 1
Example 6. Evaluate the determinant A=| 8 5 2| and write the cofactors and minors of elements of
-1 3 7
second row.
2 1 4
Solution: Minors : A,, =‘ ;t 71 ‘=28—3=25, A, =‘ - ‘=14—(—1):15,A23 =‘ 1 3 ‘= 6-(—4)=10

. Cofactors  F,, =—A, =-25, F,,=A,, =15, F,,=-A,,=-10
Thus the vlaue of determinant Ais =8-F,, +5-F,, +2-F,,
=8(-25)+5(15)+2(-10)
=-200+75-20=-145.

[73]



3 -7 13

Example 7. Evaluate the determinant |5 0 0
0o 11 2

Solution : Expanding along second row as it has two zeroes
3 -7 13

5 0 0[=5x(-1)

‘—7 13
0 11 2

+0-0
11 2

=—5[-14-143]=785.

Exercise 4.1

k2
1. For what value of k is the value of the determinant | , 5| zero?
Xy .
2 If ) 4 =0 then find the ratio x : y.
2
3. If 3 =4 and S ‘ =7 then evaluate x and y.
y X

x-1 x-2

X X—

4. If

‘ =( then find the value of x .

5. Evaluate the determinant and also find the minors and cofactors of elements of first row

1 -3 2 a g
G |4 -1 2 G |" S
305 2 8§ |«
3 —11 1
6. Evaluate the determinant 5 00
-10 30
1 a b
7. Prove that | —a 1 cl|=1+d*>+b*+c*-
b - 1
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4.09 Properties of Determinants

(i) The value of the determinant remains unchanged if its rows and columns are interchanged.

al bl Cl
A=|la, b, ¢
Proof : Let 2 2 )
a, b, ¢
a a, da
and Ay=|b b, by,
¢ G G
NN e A
@ by e a b
A= a, 'bz"x ’Céi N‘aé‘ b2
az” by ey B '
© A
A= (atlbzc3 + b,c,a, + c,a,b, )— (a3bzc1 + b,c,a, + c,a,b, )
NSRRI e A
a. 612\‘“:613*, 4, a,
and A=l b .bzl ~b3 b} b,
SG R e G
<A

A= (a1b2c3 +a,b,c, +abc, ) — ( ¢b,a, +c,ba, +cba, )

from (1) and (2) A=A,

- |A"|=| A|, where A", is a transpose of square matrix A.

(by Sarrus figure)

(D

(by Sarrus figure)

@)

(ii) Ifany two rows (or columns) of a determinant are interchanged, then sign of determiant changes,

but value remains unchanged.

a b ¢
Proof : Let A=la, b ¢
a, b, ¢
b a ¢
and A=\b, a, c|,
b, a; «c

(by interchanging the first and second columns of the determinant)

A= ( a,b,c, +b,c,a, +ca,b, ) — ( ab,c, +b,c,a, +c,a,b, )
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RN SR AP
bI . &1;“o'(;1" "bl "'al
and A, =|b, ".“Q, ‘5'2. .bz: a, (by Sarrus figure)
b @ C:a b x

A= (b1a2c3 +a,c,b, +c,b,a, ) — ( b,a,c, +a,c,b, +c;b,q, ) 2)

. from (1)and (2) A, =-A

1

(iii) If any two rows (or columns) of a determinant are identical (all corresponding elements are same),
then value of determinant is zero

oo N Y oo
a b ¢ a b ‘e a b
Proof : a b cl=la b ¢ a b : (by Sarrus figure)
X Z X z’ x N
y y y e
=(abz+bcx+cay) (xbc+yca+zab)
=0.
.o  ~
X a x X a-, x X qx'v
and y by |=|Yy ’b y : hoy ‘b (by Sarrus figure)
z ¢ 2 Z° ‘c %1% e,
e ‘4 ‘4
=(xbz+ayz+xyc) (sz+cyx+zya)
=0.

(iv) If each element of a row (or a column) of a determinant is multiplied by a constant &, then its
value gets multiplied by k.

al bl cl
Proof : Let A=la, b, c,
a3 b3 c3

and A=|a b ¢,
ka, kb, kc,
By Sarrus figure (multiplying the third row by k)
A =(ab,c, +bicya, + c,a.by ) —(asb,c, +byc,a, + cya5b,) (1)

N Sel P 4
nr.‘ br:"'cb ZYIHI
and A=l a, ‘b, RN b,

(by Sarrus figure)
kay kb, kéy| kay Kby
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A = (c11192kc3 +b,c,ka, + c,a,kb, ) - (ka3b2c1 + kb,c,a, + kc,a,b, )
=k { ( a,b,c, +b,c,a, +ca,b, ) - ( ab,c, + b,c,a, +c,a,b, )}
= kA

A, =kA

Corollory :: Let A be the determinant obtained by multiplying the each elements of A by k then
A, = kA, when the order of A is one

A, = k*A, when the order of A is two
A, = k’A, when the order of A is three
A, =k*A, when the order of A is four

Le. A, =k"A when the order of Ais n

(v) If each elements of a row or column of a determinant are expressed as sum of two (or more)
terms the determinant can be expressed as sum of two (or more) determinants.

a+d, b ¢
Proof : Let A=|a,+d, b, c,
a,+d, b, c,

Expanding along first row
b, c b b c
A=(a,+d))| > 72 |-(ay+d,)| " '|+(ay+d,)| '
(al 1) b, Cs‘ (a2 2) b, ¢, (a3 3) b, c,
:{al b, ¢, _a, b ¢ a, b ¢ }4'{‘11 b, «c, _d, b ¢ d, b ¢ }
b, ¢ b, c, b, «c, b, «c b, ¢, b, «c,

a b ¢ d b ¢
=la, b, c,|+|d, b, c,
a, b, ¢ d; by «c

(vi) If the elements of any row or column of a determinant is added or substracted with any of other
row (or column) with a multiple of constant, then the value of the determinant does not changes.

al bl Cl
Proof : Let A=|a, b, c,
a3 b3 C3

a,+kc, b
and A =|a,+ke, b, c,]|,
a,+ke, b, ¢

(by adding first column with k times the third column)
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=A+kx0

=A.

Cl
€2 [ Property (v)]
G
[ Property (iv) |
[ Property (iit) ]

(vii) If elements of one row (or column) are multiplied with cofactors of elements of any other row

(or column), then their sum is zero.

all Cl12 a13

Proof : Let A=|a, a,, ay (1)
a31 a32 a33

= A=a,F, +a,F, +a,F, (Expanding along first rows) 2

substituting in (1) of a,,,a,, and a,; by a,,,a,, and a,,

a21 Cl22 a23
Ay Gy Ay |=0
a31 a32 a33

thsu from (1) and (3)

similarly

0=a, F, +a,F, +ay;

[ Property (i) ] (3)

O0=a, K, +a,F,+ayk,

F, etc.

(viii) If the elements of any row or column of a determinant are zeroes then the vlaue of the

determinant is zero.

al bl Cl
Proof : A= 0 0 O
a3 b3 C3

= —0 X

expanding along second row




(ix) In a Triangular matrix the value of the determinant is the product of the elements of the

diagonals.
a b
For example: (i) 0 ¢ =ac—0=ac
0
(i) Z =ac—-0=ac
c
a
b
(i) 0 x vy =€g =/((ax)=alx
00 ¢ *
a 0 0
x
(iv) b (2 =a y g‘—a(xé—O)—aﬁx

Corollory : | I, | =1, where I , n is the identity matrix of order n

L 0o 1 00
i} oo o
0 0 1

(x) If a determinant has polynomial with variable x and if by substituting a in place of x the value
of determinant is zero then x—a will be a factor of the determinant.

1 x x°

Forexample : In A=|1 a a”| ifby substituting x=a and x = b the value of A becomes zero
1 b b

then (x—a) and (x—»b) will be the two factors of the determinant.

.". To solve for A subtracting second row from first and third row from first we have

1 X x* ) s
A=|0 a-x a*—x*|= amx a=x
0 box bpP_g2| |b7X DX

1 a+x




4.10 Elementary operations

If the order of A is n>2 then R, R,, R, ... represents first row, second row, third row. . . and
C,.C,,C,,...

@

represents first columns, second column, third column . . . etc.

Operation R; <> R; means ith and jth rows are mutually interchanged and C; <> C; means that ith and

Jjth columns are mutually interchanged.

(i)  Operation R, — kR, means that every element of ith row is multiplied by k& whereas C;, — kC, means
that every element of ith column is multiplied by k.
(i) Operation R, = R, + kR, refers that every element of ith row is added to k times the elements in jth row

similarly C; = C, + kC; refers that every element of ith row is added to k times the elements in jth column

4.11 Product of determinants
L The product of second order determinant can be done as given below:

a, b y a, B aa, +ba, apf +bp,
= Row multiply by column
a, b, a, B, a,a,+ba, a,p +b,p, ( Py Y )
al bl % al ﬁl alal + blﬁl alaZ + blﬁZ
and = Row multiply by Row
ay by | @ By| |4 +bB aa,+bp, ( ply by Row)
|47 =l4]
II. The product of third order determinant can be done as given below:
a b ¢ a B aa, +ba, +co;  af +bp,+c By ay +by,+qy;
a, b, ¢ |x|la, B, v,|=|aotba,tc,a; a,B+b,p,+c,B; ay, +by,+c,y,
a; by ¢ a, By 7, a,a +ba, + 0, @ +bB, B, ay +hy, ey,
a b ¢ a B ao, +bp +cy,  aa,+bp,+cy, aoa,+bp+cy,
and a, by o |xla, B, 1, |=| @ +bpi+cy a0, +bp, oy, a0+b,fi+oyy,
a; by ¢ a, By 7, a,a, +b,B +cyy,  aa, +b B, +eyy,  aas+bfi+cyy,
Note : The product of two different order determinants is also possible.
1 2 3
1 2
For example : A, = and A,=/ 2 1 3
2 1
1 2
) 1 2 3
A A, = 5 1 x|2 1 3
1 2 4
1 00 1 2 3 1 2 3
=0 1 2|x|2 1 3|=(4 5 11
0 2 1 1 2 4 5 4 10
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=1(50~44)-2(40-55)+3(16-25)

=6+30-27=09.
A = b2 =1-4=-3
NOW 1 2 1 - - *
1 2 3
and A,=12 1 3 :1(4—6)—2(8—3)+3(4—1)
1 2 4
=-2-10+9=-3.
from (1), (2) and (3)
A A, =09.
Ilustrative Examples
49 1 6
Example 8. Evaluate the determinant | 39 7 4 | without cxpansion.
10 2 1

Solution : Using operation C, — C, —8C,

N Q=
N Q=
- ~ O
Il
()

1 a b+c

Example 9. Evaluate the determinant |1 b ¢+ a | without expansion.
1 ¢ a+b

a+b+c
c+a+b
a+b+c

1 a b+c
Solution : 1 b c+al=
1 ¢ a+b

—
a S Q

[

=(a+b+c)|1

a & Q
—_— = =

(a+b+c)(0)

I
(e

[81]
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[ C, =C, Property (iii)]

(C,—>C,+C,)

[Property (iv)]

[ . C, =C, Property (ii1)]



a-b m-n x-y
Example 10. Evaluate the determinant | b—c n—p y—z | without expansion.
c—a p-m Z7—Xx
a-b m-n x-y
Solution : b-c n-p y-z
c—a p-m Z7—X
Using operation R, = R, + R, + R,
0 0 0
=|b-—c n-p y—-z|=0 .
[ Using Property (viii) ]
c—a p-m Z7—X

1 x x°
Loy ¥ |=(x=y)(y-2)(z-x)
1 z 7
1 x x
Solution : LHS.=[1 y ?
1z 27

Usign R, > R —R, and R, > R, - R,

0 x—y x*—y

O y_Z y2_Z2

1z z
0 1 x+y
=(x=y)(y=2)] 0 1 y+z [property (iv)]
1 z 27
Expanding along first column

I x+y

=(xy)(yz){00+1

|

1 y+z

=(x=y)(y-2)(y+z-x-y)

=(x=)(y=2)(z=x).
=R.H.S.
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Example 12. Without expanding, prove that

Solution :

b+c c+a a+b a
A=|qg+r r+p p+q|=2|p
y+z Z+x Xx+Yy X
b+c c+a a+b
A=|g+r r+p p+q
y+z Z+x Xx+Yy
2c c+a a+b
=| 2r r+p p+q
27 z+x x+y
c c+a a+b
=2|r r+p p+gq
Z Z+x Xx+Yy
c a a+b
=2\ r p+q
7z X x+y
c a
=2|r q
Z Xy
a c¢c b
==2lp r q
X zy
a b c
=2lp q r
Xy z

Example 13. If x, y, z are different and real,

then Prove that

X X2
2
y y
2
Z I

1+ x°
1+y3
1+ 7

=0

xyz=-—1-

A SN

[83]
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(Property C, > C,+C,—-C, )

[Property (iv)]

(operation C, - C,—C),)

(operation C; > C,—C, )

(operation C, <> C, )

(operation C, <> C,)



Solution :

given

Solution :

x x* 1 x x* x
y ¥ Ll+|y ¥ ¥y =0

2 2 3

Z 1 z Z Z

x 1 X 1 x x°

y 1 y |+xyz[]1 y y [=0

1y yl+xzl1 y ¥ [=0

(I+xyz)|1 y  »*|=0

(1+02)(x=y)(y=2)(z-x)=0

X#y#7Z = x—-y#0,y—z#0 TdI1 z—-x#0

I+xyz2=0 = xyz=-1-

l/a a bc
Example 14. Evaluate the determinant [1/b b> ca
1/c ¢ ab
l/a a* bc | 1 a' abc
1/b b* cal|=—I|1 b abc
/e ¢ ab abcl ¢ abc
abe 1 aj 1
=—I|1 b 1|=0
abc &1

[84]

[property (V)]

[property (i) and (iv)]

[property (i1)]

[from example (11)]

(Operation R, - aR,, R, = bR, and R, — cR;)

[ C, = C;, property (iii)]



Example 15. Prove that

a+b+2c a b
c b+c+2a b =2(a+b+cf
c a c+a+2b
a+b+2c a b
Solution : L.H.S.= c b+c+2a b
c a c+a+2b
2(a+b+c) a b
- 2(a+b+c) b+c+2a b (opration C, —» C, +C, +C;)
2(a+b+c) a c+a+2b
1 a b
=2(a+b+c) 1 b+C+2a b [property (IV)]
1 a c+a+2b
1 a b
=2 0
(a+b+c) 0 btcta (operation R, > R,—R, and R, > R,—R))
0 0 c+a+b

b+c+a 0

:2(a+b+cj{L

|

0 ct+a+b

at+b+c 0
:2(a+b+c)
0 at+b+c
:2(a+b+CXa+b+cf
:2(a+b+cf
=RHS
Example 16. Prove that
1+a 1 1 L1
I 1+6 1 =abc(1+—+z+—j~
11 l+c a ¢
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1+4a 1 1
Solution : LHS.=| 1 1+b 1

I 1 l+4c¢
1 1
—+] — —_
a a a
1
=abc| — —+1 -—
b b b (taking a, b and c from first, second and third row)
1 1 1
— — 14—
c ¢ c
I 1 1 I 1 1 I 1 1
I+—+—+-— 1+—+—+— 1+—+—+—
a b c a b c a b c
1 1
=abc — I+— —
[1’ 1b b (operation R, - R +R, +R,)
— — 14+—
c c c
1 1 1
I 1 1)1 1
:abc[1+—+—+—J - 1+- -
a b c)ib b b [property (iv)]
1 1 1
— — 1+—
c ¢ c
0 O 1
I 1 1 1
=abc| 1+—+—+—||-1 1 -
a b c b | (Using operation C, - C,~C, and C, — C, —C,)
1
0 -1 1+-
c

-1 1
0 -1

I 1 1
:abc(1+—+—+—J {O+O+1
a b c

1 1 1
:abc(1+—+—+—j (1-0)

a b c
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I 1 1
:abc(1+—+—+—J
a b c

=R.H.S.
x+a b c
Example 17. Solve the equation | ¢ x+b a [=0
a b x+c
xX+a b c
Solution : ¢ x+b a |=0
a b x+c
x+a+b+c b c
x+a+b+c x+b a |=0

x+a+b+c b X+c

1 b c
or (x+a+b+c) 1 x+b a |=0

1 b xX+c

0 —x c—a

(x+a+b+c) 0 x a-x-c

or
1 b xX+c
—X c—a
or (x+a+b+c) =0
X a—-x—c
0 —-X
or (x+a+b+c) =0
X a—x-c
— (x+a+b+c)(0+x2)=0
= xz(x+a+b+c):0
= x’=0 or x+a+b+c=0
= x=0 or x:—(a+b+c)
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(operation C, > C, +C, +C,)

=0 (using operation R, - R, —R, and R, - R, —R;)

(expanding C, )

(operation R, > R, +R,)



Example 18. Prove that

x y z| |1 1 1

2 2 2
Xy T |=|x
vz ozt xy ¥ y3 Z3
x y z
Solution : LHS. =| x* y2 7
yZ X Xy
1 .X'2 y2 Z2
- .X'3 y3 ZS
LYz Xyz Xyz Xxyz
X2 y2 Z2
Xy
:L XS 3 ZS
el I T |
2 2 2
X y Z
=1 1 1
3 3 3
Xy oz
1 1 1
2 2 2
=| X Z
3 3 3
X Z
0 0
2 2 2 2 2
=lx"—-y y -z z
3 3 3 3
X -y y-7z z
2 2 2 2
X =y oy -z
x3_y3 yS_ZS
| G=y)(a+y)
(x—y)(x2+xy+y2)

=(x-y)(y-2)

(y—z)(y2+yz+zz)

X+
X2+Xy+y2

(operation C, = xC,,C, = yC,,C, = zC,)

(taking out xyz from the operation R;)

(operation R, <> R,)

(operation R, <> R,)

(operation C, > C,-C, and C, > C, -C,)

(Epanding R))

(y+2)(y-2)

y+z

v +yz+z
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xX+y Z—X

=(x—)ﬁ(y—Z) Py +yt yzezi— xy‘ (operation C, - C, -C, )
xX+y 7—X

=(x=9)(y=2) X H+xy+y’ (z—x)(z+x)+y(z—x)
X+y 7—X

—(x—yﬂy—z)x2+xy+f (z=x)(z+x+y)

x+y 1

=(x=y)(y=2)(z-x)

X 4+xy+y: z4+x+y
=(x=3)(y=2)(z=0){(x ) (z+aey)=(# 429+ )}
:(x—y)(y—z)(z—x)-(zx+x2+xy+yz+xy+y2 —x’ —xy—yz)

=(r=2)(y=2)(z=%) (o + yz+ )

=R.H.S.
I log,y log, z
Example 19. Evaluate the following | log, x 1 log, z | without expansion.
log, x log,y 1
1
Solution : We know that log, m L
logn

| logy logz
1 1
Lodogy dogoz) | 1gg)zc
log x 1 log, z|= 8% [t
log y logy
log, x log,y 1 logx logy
—= —== 1
logz logz
1 logx logy logz

logx logy logz
logx logy-logz logx logy logz
(operation R, > logx-R;R, > logy-R,;R, > logz-R;)
1
:logx-logy-logz
=0

x0 (- R=R=R))
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Example 20. Prove that
(b + c)2 a’ a*
b? (c+a)2 b? =2abc(a +b+c)3~

c? c? (a +b)2

(operation C;, - C,-C, andC, = C, -C,)

(b+c+a)(b+c—a) 0 a’
= 0 (c+a+b)(c+a—b) b’
(c+a+b)(c—a—b) (c+a+b)(c—a—b) (a+b)2

b+c—a 0 a’

=(a+b+c)2 0 cta—-b b?

) (Taking out (a+b+c) from C, and C,)
c—-a-b c—a-b (a+b)

b+c—a 0 a’
j— 2 - 2
— —2a a
a2
b+c — a
b
2| B’ 2
=(a+b+c)| — c+a b ¢ ¢
p tion C, > C,+—2andC, > C, +—=
‘ 0 2w (operation €, R 2 b)
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a
b+c —

=(a+b+c) {0+0+2ab

— (c+a)

(a +b+c)2 -2ab{(b+c)(c+a)—ab}
(a+b+c)2 -2ab(bc+ab+c2 +ca—ab)
(a+b+c)2 -2ab(bc+c2 +ca)

:(a+b+c)2 -2abc(b+c+a)

= 2abc(a+b+c)3 =R.H.S.

Example 21. Prove that

S
X o &

Solution : L.H.S.

S o

2

2bc—a® c? b*
c? 2ac—-b* a’
b* a’ 2ab—c?
a b ? a b a b c
b al| =|b a |x| b ¢ a
a b c a b c a b
a b a b
b a x(—l) b a
a b b a
a b —a b
b a |x| =b a
a b - b a
—a*+bc+bc —ab+ab+c* —ac+b* +ac
—ab+c*+ab —b*+ac+ac -bc+bc+a®
—ac+ac+b*> —bc+a*+bc —c*+ab+ab
2bc—a® c? b*
¢’ 2ac —b* a’
b* a’ 2ab—c*

=R.H.S.
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(Expanding along R;)

(C, ()

(multiply row by row)



Exercise 4.2

If‘; ”31‘20 then find the ratio ¢ : m

o0 N W
O L A

2
Find the minor of the elements of second row of determinant | 3
1

13 16 19

Evaluate the determinant | 14 17 20
15 18 21

If the first and the third columns of the determinant are interchanged then write the change in the determinant?
Prove that

1 yz y+z
Uz zex|=(xmy)(3-2)(e-x)
I xy x+y

0 b*a c*a
Evaluate the determinant | a0 0 ¢’
a’c b 0

Solve the following determinant:

x—2 2x-3 3x—-4
x—4 2x-9 3x-16 |=0-
x—8 2x-27 3x-—-64

Without expanding evaluate the determinant

a b c Xy z y b ¢

Xy zl|=|p q ri=|x a p|

p q r a b c zZ ¢ r
Prove that

b+tc a+b a

c+a b+c bl=d’+b>+c* —3abc-
at+b c+a c

12 22 32
Evaluate the determinant | 2° 3> 47
32 42 52
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11.

12.

13.

If w is the cube root of unity then find the value of the determinant o’

=4a’b*c*-

Prove that :
a’ bc ac+c?
a’ +ab b? ac
ab b* +bc c’
al bl Cl
If in the determinant A=|a, b, «c,
a; by ¢
Prove that
Al Bl Cl
A=A B, C,
A3 BS C3
al bl Cl Al
[HINT: A-A'=|a, b, c,|x|A,
a; by ¢ A,
A 0 O
=0 A 0|=A’
0 0 A

AA =A% or A'=A?

A.B,,C

12

1>C e

1 3 2

)

2
(4]

S =

are the cofactors of elements a,,b,,c,,... then

Miscellaneous Exericse — 4

The vlaue of the determinant | <°° 80° —cos10
sin 80° sin10°
(a) 0 (b) 1 (c) -1 (d) none of these.
) ) 5 20

The cofactors of first column in the determinant are
(a) -1, 3 (b) -1, -3 (c) -1, 20 (d) -1, -20.

1 2 3 -2 4 -6
If A=|4 5 6| then the value of the determinant | -8 —-10 —12 | is

1 2 4 -2 4 -8
(a) —2A (b) 8A (c) —8A (d) —6A.
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10.

1 0 2
Which among the below given determinants is same as determinant | 3 -2 -1 ?
2 5 4
2 5 4 1 3 2 2 -1 4 2 0 1
(@ |3 -2 -1 (b)y |2 -1 4 (¢ -0 =25 @a|-1 -2 3
1 0 2 0 -2 5 1 3 2 4 5 2
50° sinl0°
The value of the determinant cos o - ol 18
sin50° cos10
(a) 0 (b) 1 (c)1/2 (d) -1/2.
1 bc a(b+c)
The value of the determinant | | ca b(c+a) is
1 ab c(a +b)
(a) ab+bc+ca (b) 0 (o) 1 (d) abc.
1 o o
If w is the root of unity then the value of the determinant o' o 1
o 1 o
(a) @ (b) @ © 1 () 0.
2
I e N R then the value of x is
2 1 I x -
(a) 6 (b)y 7 (c) 8 (@ O.
a4y Gy
If A=|ay ay Ay | and cofactors corresponding to elements ,,,a,,,d;,... are F,F,,F,...
a; Gy 4y

then the correct statement is
(@) a,F,+a,F,, +a,F, =0

(©) anF,+ayF, +ay,F, =A

xX+y
The value of the determinant Z
2

(@) x+y+z (b) 2(x+y

(b) a,F,+a,Fy,+ayF, #A

(d) a,F,+a,F, +a,F, =-A.

y+z z+Xx
X y|is
2 2
+2) () 1 (d 0.
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11.

12.

13.

14.

15.

1 2 3
Solve the following equation | 4 x 6 |[=0.
7 8 9
1 39
Evaluate the determinant | 3 9 1.
9 1 3
1+a b c
Evaluate the determinant | a 1+b ¢
a b l+c
Prove that
—a* ab ac
ab —b*  bc |=4a’b*c.
ca c¢cb —c?

Prove that one root of the equation is x =2 and hence find the remaining roots

Prove that [Q 16 to 20]

16.

17.

18.

19.

a+b+c
—c

y+z

xX+y

X
zZ+x z
y

x -6 -1
2 3x x-3|=0.
-3 2x x+2
—c -b
a+b+c —a =2(a+b)(b+c)(c+a).
—a ct+a+b
2a 2a
b—-c—a 2b =(a+b+c)3.
2c c—a-b

=(x+ y+z)(x—z)2.

[ TR

=(b—c)(c—a)(a—b)(a +b+c).
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20.

21.

22.

23.

24.

a’+b’
c c
c
b’ +c* . ) .
a a =4abc (Hint: using operation R, - cR,, R, - aR, and R, — bR,)
a
b b c+a’
b

Prove that

a a+b a+2b
a+2b  a  a+b |=9(a+b)b’
a+b a+2b a

If p+g+r=0 then prove that

pa gb rc a b c
qgc ra pbl=pgric a b
rb pc qa b ¢ a
(Hint : L.H.S. zpqr(a3+b3+c3)—abc(p3+q3+r3) v oprqgtrr=0 = p3+q3+r3=3pqr

- LHS. = pqr(a3 +b+¢’ —3abc): R.H.S.
Prove that

x+4 2x 2x
2x  x+4  2x |=(5x+4)(x-4)
2x 2x x+4
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1.

2.

[IMPORTANT POINTS} \

. a b
Second order determinant A=| ' ' |=ab,-a,b, -
a, b,
Third order determinant =
al bl Cl
b, c a a, b
A=la, b, ¢, |=a/| > *|-b| * *l+c¢| * ?
b, c a, c a, b
b c 3 3 3 3 3 3
a3 D3 G N . <
@ b cilra b
A= az',:igz G |y b (From Sarrus diagram)
a, bé“gc.'z' -y by

= ( a,b,c, +b,c,itq+ cia,b, )F ( ab,c, +b,c,a, +c,a,b, )

Difference between matrix and determinant.

(1)  There is no value of matrix whereas determinant has a unique value

(i)  Matrix can be of any order while determinant is always of order n X n.

(i) Indeterminant | A|=| A" | whereas in matrix [A]=[A"]-

Minor of an element a, of the determinant of matrix A is the determinant obtained by deleting ith row
and jth column and denoted by Ajj.

Cofactor of element a, =(~1)"" Minor
=  Cofactor of a; =a,, when i+ j is even

= —(a,.j Minor of ), when i+ j is odd

a4 Gy
Expansion of determinant A=| a,, a,, a,,
ay Gy 4y

(1 interms of minors A =a, A, —a,,A, +a,;A;
@) interms of co-factors A =a,,F,, +a,,F, +a,F;

For any square matrix A, the | A | satisfies following properties.

(1) If we interchange any two rows (or columns), then sign of determinant changes, but value remains
unchanged.

(i) If any two rows or any two columns are identical or propertional, then value of determinant is
Z€r0.

@) If we multiply each element of a row or a column of a determinant by constant k, then vlaue of
determinant is multiplied by k.
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( (iv) Multiplying a determinant by k means multiply elements of only one row (or one column) by k)
(v) Ifelements of a row or a column in a determinant can be expressed as sum of two or more elements,
then the given determinant can be expressed as sum of two or more determinants.
(vi) Ifeach element of a row or a column of a determinant the equimultiples of corresponding elements
of other rows or columns are added or subtracted, then value of determinant remains same.
(vii) If all rows are converted into columns or all columns converted in rows in any determinant the
value of determinant remains same.
(viiii) If any row or column contains all its element as zero then the value of determinant will be zero.
(ix) Value of Determinant of triangular matrices is equal to product of element of principal diagonal.
L (x)  Multiplication of determinant is done by row to column and row to row law. )
Answers
Exericse 4.1
-8 -5 3
—_ . _x = —_— . = —3 .=
1. 3 2.1:2 3. > y 4 >
5.0 A,=-12,A,=-16, A, =4
F,=-12,F, =16, F,, =—4, 40
i)  Au=be—f' A =hc—fg, A, =hf -bg
F, =bc—f?, F, = fg—hc, F, =hf —bg;
abc+2 fgh—af* —bg* —ch’
6. 15
Exercise 4.2
1.2:3 2. Mi f3= > Mi f6= 2 d Mi f5= )
L2 - Minorof 3=| o o |, Minorof 6=\ , 5| and Minorof5=| = ¢
3.0 4. The sign of the determinant changes 6. 2a’b’c?
7.x=4 10. = -8 11. 3
Miscellaneous Exericse . 4
1. (b) 2.(d) 3.(c) 4. (c) 5.(c) 6. (b) 7. (d)
8. (a) 9.(c) 10. (d) 11. 5 12. -676 13. 1+a+b+c
15. 1, -3 21. 0 +\/§(a2+b2+c2)
L Y . s — 2
a
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