CHAPTER

cHaPTER
w FACTORIZATION

10.1 Factors

In the previous classes we have leart the prime factorization of natural
numbers

Like - 24=2x2%x2x3
30=2x3x5
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We see that 2 and 3 are the common prime factors in the factorization of 24 and
30.these type of prime factors are known as common factors.

Example-1 Find the common factors of 32, 56 and 72
Solution: The factors of 32, 56 and 72 is

32=2X2x2x2x2
56=2x2%x2x7
72=2x2x2x3x3

Common factors=2 x2x2=8§

Example-2 Find the common factors of 25 and 27.
Solution: The factors of 25 and 27 is

25=5x5

27=3x3%3
They do not have any common factors therefore the common factors among
themis 1
In the same way we can find the common factors of the Algebraic expression
by expressing them in their factors.

10.2 Factors of Algebraic Expressions

We have seen in Class VII that the terms of algebraic expressions can
be shown in tree graph as products of factors.
For example, in the algebraic expression 3xy + 5x
The term 3xy has been formed by the factors 3, x and y i.e.
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Mathematics Factorization 10

Ixy=3xxxy
Jx=5xx

Observe that the factors 3, x and y of 3xy cannot be further factorized.
'We may say that 3, x and y are 'prime’ factors of 3xy. In algebraic expressions, we
use the word 'indivisible' in place of 'prime’, We say that 3 x x % y is the

indivisible form of 3xy
In the same way
5x (x+3) =5 % x % (x+3) Prime factorized form

L0xy (+2)(x+9) = 10 X x X y x (x42) X (x+9) | of 3xyis Fxxxy

10.2.1 Method of Factorization

When we factorize an algebraic expression, we write it as a product of factors.
These factors may be numbers, algebraic variables or algebraic expressions.
Expressions like 5xy, 2x°, 2x’y, 2x(y + 2), 6(y + 1) are already in factor form. Their
factors can be just read off from them, as we already know. On the other hand
consider expressions like 6x + 3, 2a +4b,y + 5y, ¥’ + 7x + 12, It is not obvious
what their factors are. In order to find out the factors of this expression we have
the following two methods.

1) Method of common factors

2} Factorization by regrouping terms

10.2.1.1 Method of Common Factors
We begin with a simple example: Factories 6x+9
We shall write each term as a product of irreducible factors
6x=2x3xx
9=3x3
6x+9=(2x3xx)+(3 x3)
Notice that factor 3 1s common to both the terms. Hence
=3[2 x x + 3] =3(2x +3) these are¢ the irreducible factor of 6x +9

For Binomial  ka+kb=k(a +b)
For Trinomial kg +kb+ke=k(a+ b+ c)

10.2.1.2 Factorization by regrouping terms

There is no common factor in the term 3ab + 3b + 2a + 2 .so we find the
common factors from the given expression by making the group of different
terms. For example the expression 3ab + 3b + 2a + 2 have two group, the first
oneis 3ab+ 3band secondis2a + 2.
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10 Factorization Mathematics

=3ab+3b+2a+2
= 3b(a+1) + 2(a+l)€—— Herea+] is the common
= (at+1) (36+2) factor. Let’s repeat the process.

Now if the given expression is written in the form

3ab + 2 + 3b + 2q €= We don’t get a common factor

after making groups of 2 terms
Then it will not be easy to see the factorization. Rearranging the expression as
5 ”| When there is no common factor
3ab+2+3b+2a=3ab+3b+2a+ f
= 3b(atl) + 2(a+1\ We take 1 as the common factor,
= (atl) (361+2) _
(35+2) is the common facior
in both expression. So let’s repeat
Please note that (a+1) (36+2) =(35+2) (at1) the process.

i.e. multiplication follow commutative property.

We can write it in the form as

Ka+ Kb+ Pa+ Pb
= K(a+b) + P(atb)
= (K+P) (atb)

Example 3: Factorise 6xy —4y + 6 — 9x.
Solution:

Step 1 Check if there is a common factor among all terms. There is none.
Step 2 Two group forms, the first is 6xy — 4y and second 1s 6 — 9x.

6xy — 4y 6 —9x |
= 2y(3x-2) =3(2-3x)
Step 3 Both the group is not same so rearranging second group we get
6 - 9x = -(9x-6)
= -3(2x-3)

Putting them together, we get

6xy — 4y + 6 — 9x = 6xy — 4y — 9x + 6 (by rearranging)
=29(3x-2)-3(3x - 2)
=(3x-2)(2y-3)

The factors of (6xy — 4y + 6 — 9x) are (3x — 2) and (2y — 3).
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Mathematics Factorization 10

CSCEXERCISE I0DOX

1. Find the common factors of the given terms.
(i) 12x, 36 (i) 14 pq, 28p° ¢’ (iii) 6abc, 24ab’, 124°b
(iv) 16x°, -4x7, 32x (v) 10pg, 20gr, 30rp  (vi) 3x*Y’, 10xY", 6x%)°z
2. Factorize the following expressions.(by common factors method)
(i) 6p-12¢9 (i) 7a + 14a (iii) 104" — 15b +20c’
(iv) ax’y+bxy’ +oxyz V) Xyz+xyz+xy2  (vi)-162+202
3. Factorize( by regrouping method )

1) 2xy +3+2y+3x (ii)z-7-Txy+xyz
(iil) 6xy-4y+6-9x (iv)15pg +15+9¢ + 25p
10.3 Factorization by using identities
Weknow that

() (@+b)Y'=a"+2ab+b" (i) (a—bY=d"-2ab+¥ (iii}(a+b)(a-b)=da" - b

We use these identities to find the factor of the given expressions. With the help
of'these identities we can find the factors of the trinomial terms.
Example 4: Factorize the following
1) ¥+6x+9
Make the given expression in the form,
(a+ b) =g +2czb+b
= ¥ +2x3xx+(3)

= (a¥+2 x (aX D)+ (B NOTE THAT
= _§ )+ 3y (@)6)+ () (i) The given expression has three
terms
Grouping Method (ii) Expressmn is ofthe form a’™+2ab
P+6x+9 +b’=(x+3)'wherea=x,and b=
=x"+3x+3x+9 3.
=x(x+3)+3(x+3)
=(x1+3)(x+3)
=(x+3)’
(2)9a° - 30ab + 25b°
: (3a) — 2 x 3a x 5b + (5b)° NOTE THAT
(@) —2xaxb+(by (i) the given expression has three
= (3a-5by terms
Grouping method : (i1) cxpresswn is of the form
9a’ - 30ab+25b° a-2ab+ b’
= 9a%-15ab- 1 5ab+25b wherea =3gand b=5b

=3a(30-5b)- 5b(3a- 5b)
=(3a-5b)- 5b(3a-5b)
=(3a- 5b) (3a-5b)
=(3a-5b)
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10

3) 45" -94°
=(2x) - 3ay
=(2x + 3a) (2x - 3a)

4) 2x+16x+32
=2 [ + 18x + 16]

=2[(F)+ 2xx 4+ (4)]

=2 (x+ 4

Factorization Mathematics

(i) This expression contains two terms
thercforc we use the identity
bz—(a+b) (a-b),
Here a’=4x’and b’ =94’
a=2xand b =3a

(i) In this expression first and last
term is not prefect square

(ii) 2 is common in the expresswn

(ii1) this expression is of (¢’ +2ab + b°)

10.3.1 Factors of the form (x +a) (x+ b)

Let us now discuss how we can factorize expressions in one variable, like
Z—4z 12, x* + 2x - 15 etc. Observe that these
expressions are not of the type (a + »)’ or (a — b)’, i.e., they are not perfect
squares. These expressions obviously also do not fit the type (o’ b) either.

They, however, seem to be of the type x*+(a + b)x+ab.

Therefore in order to factorize these type of expression we use the identity,
(x+a)(x+b)=x+(@a+b)x + ab
For that we have to look at the coefficients of x and the constant term. Let us see
how it is dong in the following example.

X+ 8+ 12, y-5y+6,

Do and learn | 4
Find two integers @ and b such that
a+b ab b
8 15 5 3
13 12
-1 -20 -5 4 ”
-5 4
10 21
-1 -12
-11 10
-7 10
Table - 2
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Mathematics Factorization 10

Example 5: Factories the following
Solution: (i) ¥* + & + 12 g

by comparing the given expression with the
identity x*+(a+5)x+abweget

a+b=8andab=12 v v
for finding the value of g and » we must selectthg 4 x3 2x6
value of  and & in such a way that the product of d Addition (4+3=7) (2+6=8)|
and bis equal to 12 and their sum mustbe 8
Therefore we put a =2 and b = 6 so that ab =12
anda+b=8

Therefore x* + 8x + 12= (x+2}(x+6)

(i) '-35y +6
by comparing we get

arb=-2 ab=6 Addition = -5
Y ;@3 +6 . (-2-3)=(-5)
=y -2v-3v+6 (After grouping)
=y(-2)-300-2)
=(-2)(-3) 2
(iii) 2 -4z-12
atb=-4 ab=-12
ab = -12 that means that one among digitsaorbisa ! v
negative integer. Further, a + b = — 4, this means the| 43 2x6

one with larger numerical value is negative
Hence by taking a=-6 and b=2
Zed4z-12=7-6z+2z-12
=z (z-6)+ 2 (z-6)
| = (z-6) (z+2)
Example 6: Find the factors of x* + 2x - 15

Solution: x* + 2x - 15, by comparing we get

a+b=2andab=-15 1>
ab = -15, means that one of the a and b is negative 3x5
a + b =2, means that greater number should be of positive
X+2x-15 = ¥ +5¢-3x-15 a=3b=-3
= x(x+5) -3(x+5) Addition =5 +(-3)
= (x+5)(x-3) -

S R 120 )



10 Factorization Mathematics

OGERERCISE 100

(1) Factorize the following expressions.

-4  (i)d-49F (iii) p>-121p (iv) (a-b)- &
(W a-b'  (vi) Sx-125x (vit) 63a’-1126"  (viii) 9x’y’-16
(ix) (Hmy- (I-m)y’

(2) Factorize the following expressions.

D) &+ mx (i) 2% + 207+ 2x2°
(ifi) a(a+h) + 4(a+b) (i) (o) +x + 1
(v) S5a’- 15a - 6¢ + 2ac (vi) am”+ bm* + bn’ + an’

(3) Factorize the following expressions.

(D F+5x+6 (i) g + 11g + 24 (iii) m* - 10 m + 21
(iv) x'+6x-16 (v)x'-Tx-18 (vi) £ - 11k - 102
(vil) y*+2y-48 (viii) & - 4d - 45 (ix) m* + 16m + 63
x) ' -192-92 xi)p'-10p+16 (xii) x* + 4x - 45

10.4 Division of Algebraic Expressions

We have learnt how to add and subtract algebraic expressions. We also
know how to multiply two expressions. We have not however, looked at division
of one algebraic expression by another..

Werecall that division is the inverse operation of multiplication. Thus,

5x8=40gives
40+8=50r40+5=8.

We may similarly follow the division of algebraic expressions. For
example |

(i) 3xx5x"=15
Therefore 15x° + 3x = 5x°
And also 15x™+5x" = 3x

(i1)Similarly 5x (x+3) = 5x+15x
(5x*+15x) + Sx =x+3
(5x°+15x) + (x+3) = 5x

10.4.1 Division of a Monomial by Another Monomial

89y = 2XIXIXXAXXX

= 2x2xxxx = 4x°
2xx
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Mathematics Factorization 10
Example:7 Do the following divisions.
(i) -20x" + 5x° (i) 7a’b’c” = 21abc  (iii) 63p’¢’r + -3p'q

Solution (i) 20x’=-2%x2X5XxXxXXxXX XX

2
Sx'= S5 xxXxx

—LXLIHXIXRETHAXx XXX
2X2XSXXXXXAXEXE _ 5y axrxgxx

Therefore -20x + 5x" = S X% X%
= 4y’
(i) 7a’b'c +2labe
Ta’b'c*= Txaxaxbxbxcxc
2labe =21 xaxbxc
Therefore 7a’b’c™~21abc = TXaxaxbxbxcxc = axbxc = abe
21 xaxbxc 3 3

(i) 63p'qr+-3p'q
63p2q3r = 3X3X7Xp)(p>(q><q><q>(r
-3p'q = -3xpxp>pxpxq
_3XPXPXPXqu PZ
10.4.2 Division of a Polynomial by a Monomial
Let us consider the division of the trinomial 8y’+ 6)*+ 12y by

the monomial 22y. Y
B +ey+ 1y _ e . . oumerstor s
7 = 2 =ayToy divided by the
This can also){)e written as of m‘;‘ﬁ"eﬁo"};ﬁm
*+ 6y + 4 P12
o+l 8y +6y + 4 =4+ 3y+6
I 2y 2y 2y 2y
Example:8 Divide (18x+12x>-6x") by (-3x)
Solution: 18x+ 12x°- 6x°  6x(3 +2x"-
a - x_ & — ) _ 23+ 2¢- %)
= =6-4x’+2x
=-4x"42x - 6
10.4.3 Division of Algebraic Expressions Continued (Polynomial +
Polynomial)
Consider (7x* + 14x) ~ (x + 2)
(7xX"+14x) _ Tx(xt2)
(x+2) x+2)
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10 Factorization Mathematics

Example:9 Divide (x* + 7x + 10) by (x+2)
Solution: x2+ 7x+]0= x2+5x+2x+ 10 @
x+2 x+2 5 2
_x0ct5) +2(5) _ () (02 | Adding 5+2 =7
x+2 T ox+2

Example: 10 Divide p(5p°-80) by 5p(p-4)
Solution: M _ Sp(p " 16)

5plp-4)  Splp-4)
Y- @1 _Spo-De+d
Splp - 4) 5pp - 4)
| Do and Learn | 4
Find the error
(D3x+x+4x =56
Tx=56
x=56 We generally do not
7 show 1 as a coefficient of
any term but in addition
Find the error of like term we add it
(2) Find the value of 5x at x=-2 with the respective terms
=5-2=3

Find the error and also find the correct value
(3) Solution of the expression is given in the
column A and B. Find which of the solution is

correct
Expression A B !‘
3(x-4) 3x-4 3x-12
(2x) 27 4x'
(r+4)’ #+16 x+8x+16
(x-3) +0 x'-6x+9
}’Sil y+l }?} +1
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COCERERCISE 0O

1. Carry out the following divisions.
(i) 28x by 56x (i) -36y by 9’
(iii) 34x’y’Z by Slx’z (iv) 124" by (- 6a’b")

2. Divide the given polynomial by the given monomial.

(i) (5% -6x) by 3x (i) '+ 2x°+3x) by 2x
(i) (’q°-p°q) by p'q (iv) (3x° - 4x" + 5x) by ¥’
3. Work out the following divisions.
(i) 10p(6y+21) + S2y+7) (i) 9%y (32-24) + 27x)(z-8)
(iii) (10y+14) - 2 (iv) (6x-5) + (2x-5)
4. Factorize the expressions and divide them as directed
() @ +7y+10) = (75) (ii) (5x’-25x+20) + (x-1)
(iii) 12xp(9x” -16y") + 4x{(3x+4y) (iv) 4yz(Z’+62-16) + 2(z+8)
WE LEARNT

1. When we factorize an expression, we write it as a product of factors.
2. A prime factor is a factor which cannot be expressed further as a product of
factors.
3. Number of expressions to be factorized are of the form or can be put into the
form :
@ (a+by=d'+2ab+ ¥
(i) (a—b)Y=da"-2ab+b
(i) (a+b)(a-b)=a’-b
(iv) x’Ha+byx+ab=(x+a)(x+b)
(v) Ifwe have the expression of type x* Ha+b)x+ ab. Then this will have the
factor of (x+a) (x+b) form,
4. We know that in the case of numbers, division is the inverse of multiplication.
This idea s applicable also to the division of algebraic expressions.
5. In the case of divisions of algebraic expressions that we studied in this
chapter, wehave
Dividend=Djivisor x Quotient.
In general, however, the relation is
Dividend = Divisor x Quotient+ Remainder
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