Limits

Quick Revision

If x approches ai.e. x — a, then f(x) approaches /
i.e. f(x) - [, where [ is a real number, then / is
called limit of the function f(x).In symbolic form,

it can be written as lim f(x) = /.
X - a

Left Hand and Right Hand Limits
If values of the function at the point which are very
near to a on the left tends to a definite unique
number as x tends to a, then the unique number so
obtained is called the Left Hand Limit (LHL) of
f(x)at x = a, we write it as

fla-0)= lim f(x) :hlirnof(a -h)
Similarly, Right Hand Limit (RHL) is

fla+0)= lim_f(x) :hhmof(d +h)
Existence of Limit

If the right hand limit and left hand limit coincide
(i.e. same), then we say that limit exists and their
common value is called the limit of f(x)atx =a

and denoted it by lim f(x).

Algebra of Limits

Let f and g be two functions such that both
lim f(x)and lim g(x) exist, then
X - a X - a

() lim /() + g(x)]= lim f(x) £ lim g(x)
() Tim Af(x) =k lim f(x)
i) lim. f(x) Cg(x) = lim f(x) x lim g(x)
oyt L3 )

M g(x) " Tim g(x)

=~~~ where lim g(x)#0

X - a

Limits of a Polynomial Function

A function f is said to be a polynomial function if
f(x) is zero function

orif f(x)=a, +a,x +a,x* +...+a,x",
where ¢;’s are real number such that a, # 0.
Then, limit of polynomial functions is

f(x)=lim f(x)= lim[a, + a,x +a,x*+... + a,x"]
Xx-a Xx-a
=a,taua +a2a2 +...+a,a" =f(a)
Limits of Rational Functions
A function f is said to be a rational function, if

f(x)= i ((;C)), where g(x) and 4(x) are polynomial

functions such that i(x) # 0.

lim g(«x)
: e &x) s _&la)
Then, lim f(x) = lim h(x)  lim h(x) Ala)

However, if & (a) = 0, then there are two cases arise,
(i) g(a) 20 (ii) g(a) =0.

In the first case, we say that the limit does not exist.

In the second case, we can find limit.

Limit of a rational function can be find with the help of
Jollowing methods

1. Direct Substitution Method In this method,
we substitute the point, to which the variable
tends to in the given limit. If it give us a real
number, then the number so obtained is the
limit of the function and if it does not give us a
real number, then use other methods.



2. Factorisation Method Let lim

[ (%)

x-a g(x

reduces

0
to the form 0 when we substitute x = a. Then,

we factorise f (x) and g (x) and then cancel
out the common factor to evaluate the limit.

. Rationalisation Method If we get % form and

numerator or denominator or both have
radical sign, then we rationalise the numerator
or denominator or both by multiplying their

conjugate to remove 6 form and then find

limit by direct substitution method.

Some Standard Limits

(i) lim Y8 ! (ii) lim Y|
x-a X—a x-0 x
(iii) lim 1-cosx = (iv) lim mx
x- 0 X x>0 x
(v) lim = log, a (vi) lim =1
x>0 x x-0 X
(vii) Tim 1281 %) _
x - 0 X
log(1-
(viti) Tim 12817 %)
x - 0 -X

Objective Questions

Multiple Choice Questions

1. The value of lim (4x°® —2x* —x +1)is

x -3
equal to
(a) 40 (b) 20
(c) 38 (d) 88
H+x?,if0<sx<l
LIff(x)=0 ) , then right
B-x7,if x >1
hand limit of f(x) atx =1is equal to
(a) 1 (b) 2
(c) 3 (d) 4
It _[Qx+3,ifx£2h he lef
. f(x)—%x+5,ifx>2,tenteet
hand limit of f(x) at x = 2is equal to
(a) 8 (b) 7
(c) 9 (d) 8
*731 L z3
LI fx)=0x-3" ¥ 79 then left
H 0, x=3

hand limit of f(x) at x = 3is equal to
(a) 1 (b) -1
(c) 2 (d) O

N2+x +4/2 —x .

5. The value of im ———————is
x-0 2+x
equal to
(a) 2 (b) V2
(c) 242 (d) 3
x—4

6. Th 1 f lim ————
e value o xlflllg—m

(a) 3+24/3 (b) 3-24/3
(c) 2++/3 (d) 2-+/3
-1)(2x - 3
7. lim w is equal to
v-1 2x% +x -3 [NCERT Exemplar]
1 =1
(a) 6 (b) ﬁ
(c) 1 (d) None of these
Oix? —10

8. The value of lim F———[Jis equal to

xa1/2|:|2x—1 0

(a) 1 (b) 2
(c)3 (d) 4
x® -
9. The value of lim is equal to
x - 2 (x - )
(a) 10 (b) 11
(c) 12 (d) 13

is equal to



10.

11.

12.

13.

14.

15.

16.

The value of lim 2 5 +L§is
x - 1L —x x—1
equal to
1 1
1
(c) Z (d) 1
2 _
The value of lim1 is equal to
v —
D)
(a)1 (b) 2
(c) 3 (d) 4
X
Th 1 f im —i 1t
evaueoxlfll()\/m+11sequa o
(a) 0 (b) 1
(c) 2 (d) 3
0> - 10
The value of lim B———[lis equal to
x - 1 @C - 1@
3 2
(a) E (b) g
4 3
If lirn2 = 80, then nis equal to
X - X —
(a)1 (b) 3
(c) 5 (d) 7
(x + 2>1/3 _ o3
The value of lim is
x- 0 X
equal to
1 1
. b) —
(a) 3(2)3/2 ( ) 3(2)2/3
1 1
- d) ——
(c) 2 (d) 3

1+ x —10

The value of lim ————/[lis equal

X - OD X E
to
1 1
1 1

17. The value of lim ~— 7x is equal to
x- 0 tan dx
5 7
2 7
18. The value of lim 31.n I is equal to
x - 0 sin 2x
(a) 1 (b) 2
(c) 3 (d) 4
19. lim tanox is equal to
x-0 X
(a) 1 (b) 3
(c) 2 (d) -1
l-cos4
20. lim— " i equal to
x-0 X
(a) O (b) 1
(c) 2 (d) 3
21. lim — % s equal to
x- 0x(1+cosx)
1
(a) O (b) E
(c) 1 (d) -1
(9 + 1) —sin(@ —
22. lim0 sin(2 + x) = sin(2 - x) is equal to p
P x

23.

24,

25.

cos ¢, where p and ¢ are respectively

(a) 1,2 (b) 2,1
(c) 1.1 (d) 2,2
tanx —sinx
lim —————is equal to
x-0  sin’x
1
(a) ) (b) O
(c) 1 (d) Not defined
. tan2x —x
lim ————isequal to
¥~ 03x —sinx [NCERT Exemplar]
1 =1 1
2 . ! .
(a) (b) 5 (c) 5 (d) Z
The value of limn tan 21: is equal to
2
(a) 1 (b) 3

(c) 4 (d) 2



2

sec” x —2
26. lim — s
x- /4 tanx —1 [NCERT Exemplar]
(a) 3 (b) 1
(c) 0 (d) 2
—cot
27. lim ST TR T equal to
x-0 X [NCERT Exemplar]
-1 1
@ () O G
28. lim — %% jq equal to
x->01l—-cosx [NCERT Exemplar]
3
(a) 2 (b) 5
(02 ()1
3x _
29. lir% ‘ is equal to
X X
(a) 1 (b) 2
(c) 3 (d) 4
X _ 3
30. lim - is equal to
x-3 X —
(a) e (b) e
(C) 93 (d) eL'
31. lim * s equal to
x -0 X
(a) 1 (b) 2
(c) 3 (d) 4
32. lim#is equal to
x-0 X
(a) 1 (b) 2
(c) 3 (d) 4
3" =27
33. lim is equal to
x -0 X
3 2
(a) log (b)log~
1 1
(c)log (d) log~
34. lim ——is equal to
x-0+1+x —1
(a) log2 (b) 2log2
(c) 3log?2 (d) 4log?2

log,(1+2
35. lin‘é log.(1+2v) is equal to
(a) 1 (b) 2 (c) 3 (d) 4

Assertion-Reasoning MCQs

Directions (Q. Nos. 36-50) Each of these
questions contains two statements
Assertion (A) and Reason (R). Each of the
questions has four alternative choices, any
one of the which is the correct answer. You
have to select one of the codes (a), (b), (c) and
(d) given below.
(a) Aistrue, Ristrue; Risacorrect
explanation of A.
(b) Aistrue, Ristrue; Ris notacorrect
explanation of A.
(c) Aistrue; Ris false
(d) Aisfalse; Ris true.

ax?® +bx + ¢

36. Assertion (A) lim — s
x-1 ¢ox® +bx +a

equal to 1, where a + 4 +¢ 20.
1.1
— 4+ —

Reason (R) lim 2

x- -2 x +

is equal to I
1 jit .
1 4

37. Assertion (A) lin%) S ax
x - x

is equal to a
q b'

Reason (R) lim il
x-0 X

. v}
38. Assertion (A) lim Wis equal
x-0 ax + sin bx
to —2.
Reason (R) liml (5x° +5x +1) is equal
to 11.

39. Assertion (A) lim
X - T T[(T[— x)

L

sin(Tt — x) .
is equal

to TL

Reason (R) lim * s equal to l
x-0 T —x Tt

sin ax

40. Assertion (A) lim — is equal to e
x- 0 sinbx b

sin x
=1

Reason (R) lim

x - 0 X



a1.

42.

43.

44,

45.

46.

47.

2% -1
Assertion (A) lim o

is equal
x-0 cosx —1

to 4.
tan x
Reason (R) lim =1
x-0 X
. . ax txcosx .
Assertion (A) lim —————is equal
x-0 bsinx
to 2 +1
o—.
b
Reason (R) lim xsecx is equal to 1.
x -0
3+x : 3
¢’ —sinx —e
Assertion (A) lim is
x -0 X

equal to ¢® +1.

Reason (R) lim tan 4

is equal to 2.

x - 0 s1n 2x
X _ —x
Assertion (A) lim is equal
x -0 X
to 2.
et -1
Reason (R) lim =1L
x-0 X
tanx _
Assertion (A) lirr%) is equal
x- X
to 1.
4x _ 10
Reason (R) lim Mﬂis equal to 2.
*x-000 x [
x _ ,sinx
Assertion (A) lim ‘ - is equal
x-0 x—sinx
to —1.
EBQx _ 23x 0
Reason (R) lim ————[is equal to
x-0[] X 0

log %@

Assertion (A) lim

-1
x - 0+/1=cos 2x

X
is equal

to —.
V2

Reason (R) lim X
x-1 x—1

2

1
is equal to 1.

48.

49.

50.

X X

Assertion (A) lim is equal to
*x-0 tanx
log %@
log (1 +x)

Reason (R) lim

is equal to 2.
x-0

tan x

Assertion (A) lim ¥ s equal to 1.
x -1 loge X

1 inx+1
Reason (R) lim log (sinx +1)

is equal
x -0 X

to 0.

2+x _

Assertion (A) lim

is equal to
x-0 X

9log 2.
sin x _

Reason (R) lim

x>0

is equal to

sin x
log a.

Case Based MCQs
51.

Raj was learning limit of a polynomial
function from his tutor Rajesh.

His tutor told that a function f is said to
be a polynomial function, if f (x) is zero
function.

: Limit of a
, _ Polynomial Function

Now, let
f(x)=ay +ax +ayx® +... +a,x" be a
polynomial function, where g;s are real

numbers and a, # 0 .



Then, limit of a polynomial function f(x)

= lim f (x)
X - a
— 13 2 n
—tha l[ag +ax +a,x” +... +a,x"]
= lim @, + lim ¢, x + lim a, x*
X - a X - a X - a
+...+ lim a,x"
9 X - a
=ay +a, lim x +a, lim x
X - a X - a
+..+a, lim x"
X - a

=a, +a,a +aya’ +..+a,a" = f (a)

Based on above information, answer the
following questions.

(i) liml(l +x +x% +..x")is equal to
(a) 0 (b) 1
(c) 2 (d) 3

(ii) lim5 [x?(x = 1)] is equal to

(a) 10 (b) 100
(c) 25 (d) 125
(i) lirng(x3 +x% +x —1)is equal to
(a) 9 (b) M
(c) 10 (d) 13
(iv) lim3 (x* +x +2)is equal to
(a) 28 (b) -28
(c) 30 (d) =15
(v) lin}L (x* —x%)is equal to
(a) 192 (b) 180
(c) 60 (d) 165
52. A function f is said to be a rational
function, if f (x) = ‘flg)), where g (x)

and £ (x) are polynomial functions such

that 2 (x) 0.

Then, thr}l f(x)= th ‘}gléj:))

lim g (x)

" lim A (x) 4l(a)

X - a

However, if 4 (a) =0, then there are two
cases arise,

(i) g () #0 (ii) & (a) = 0.
In the first case, we say that the limit
does not exist.

In the second case, we can find limit.

Based on above information, answer the
following questions.

104 x5 +10
(i) lim %%is equal to
x - -1 x—1
(

1 =1

3
I R s
(ii) xlinll 17 is equal to
7 6
4 3

x2 -4 O

g
(iii) The value of lim F5—————[Jis
x-2x” —4x” +4xQ

(a) 0 (b) 1
(c) 2 (d) Does not exist
7 _ 95 4]
(iv) lim T T equal to
x-1x8 = 3x2 +
(@) 0 (b) 1
(c) 2 (d) 3
1+x% —\1-
(v) lim \/ ' 2\/ ' is equal to
x -0 X
(a) 1 (b) O
(c) -1 (d) 2

53. The great Swiss Mathematician
Leonhard Euler (1707-1783) introduced
the number ¢, whose value lies between
2 and 3. This number is useful in
defining exponential function.

A function of the form of f(x) =" is

called exponential function.



The graph of the function is given below

Y f (x)=eX
X 0 X
YI
(i) Domain of f(x) = (—oo, o)

i) Range of £1) = (0, )
To find the limit of a function involving
exponential function, we use the
following theorem
e —1
Theorem lim =1
x - 0 X

Based on above information, answer the
following questions.

X 4
e —e
- : 1
(i) xll_l:Ii i B equal to
(a) e (b) €
(c) e’ (d) e*
kx
e” -1
. . 1
(ii) 31% ——isequa to
k
(a) 5 (b) k
(c) - (d)1
(iii) lim LDIS equal to
x-0[] X
(a) 1 (b) -1
(c) (d) 2
(iv) glﬁ) g;%ls equal to
(a) (b) 2
(c) 3 (d) 4
-3x - 20
(v) lim Mﬂls equal to
x- 0[] X Il
(a) -1 (b) O
(c)1 (d) 2

54. To find the limits of trigonometric

functions, we use the following
theorems

Theorem 1 Let f and g be two real

valued functions with the same domain
such that f(x) < g(x) for all x in the
domain of definition. For some real
number g, if both lim f(x) and lim g(x)
exist, then xoa roa

lim f(x) < lim g(x).

X—a X—a

This is shown in the figure

Theorem 2 (Sandwich theorem) Let
f> g and A be real functions such that
f(x) < g(x) < h(x) for all x in the
common domain of definition. For some
real number q, if

lim f(x) =/ =lim A(x), then

X—a X—a

lim g(x) =L

X—a

This is shown in the figure
Y

_n®
~g¥
Y g

I
1
I
1
i
|
I
|
1
|
1
|
i
|
I
1
i

a

0 X

Theorem 3 Three important limits are

sin x
(i) lim
x-0 X

1-cos x
(ii) lim ——— =
x-0 X

tan x
=1

(iii) lim
x- 0 X



Based on above information, answer the
following questions.
sin 3x

(i) ;}i% N is equal to
1 2
3 4
tan(0 — &
(ii) elifnb arg(_ b is equal to
(a) 0 (b) 1
(c) 2 (d)3
tan 2x —sin 2x
(i) 31% — a3 is equal to
(a) 4 (b) 3
(c) 2 (d)1
) . 2sinx —sin 2x
(iv) Jclli’ll() — is equal to
(a) 0 (b) 1
(c) 2 (d) 3
(v) lirr%_[ SIX T COSE equal to
X - Z X — Z
(a) V2 (b) 3
()1 (d) /3

55. The logarithmic function expressed as
log, R — Rand given by log, x = y
iffe? =ux.

The graph of the function is given below
Y

f (x)=loge X

X
o) ((1,0)

(i) Domain of f(x) = (0, ®)or R*
(ii) Range of f(x) =(—oo, o) or R

To find the limit of functions involving
logarithmic function, we use the
following theorem

log ,(1+x
Theorem lim M =1
x - 0 X
Based on above information, answer the
following questions.

log, (1 +5x)

(i) xh_IH) — i equal to
(a) 5 (b) 4
(c)3 (d) 1
log, (1 +6x) = 5x°
(ii) lim 0g. (L +6%) = 5x is equal to
X0 x
(a)1 (b) 2
(c)3 (d) 6
Jl+x =1
(iii) lim ———is equal to
x-0 log(l + X)
1
1 3
(c) = (d) E
log x —log b
. . 1
(iv) xhq L ——— is equal to
1 3
(a) : (b) c
1 2
(c) " (d) 3
log(s + x) —log(5 -
(v) lim ogl5 +x) ~logl5 ~ %) is equal to
x -0 X
1 2
(a) : (b) c
3 4
(c) c (d) :



ANSWERS

Multiple Choice Questions

1. @) 2. (a) 3. (b) 4. (b) 5.
1. (b) 12. (@ 13 (@ 14. (¢) 15.
21. () 22. (d 23 (@ 24. (b) 25
31. (@ 32. (@ 33 (@ 34 (b 35
Assertion-Reasoning MCQs

36. (¢ 37. (@ 38 (4 39. (1 4o.
46. (d) 47. () 48 (¢ 49. (¢) 50

Case Based MCQs

51. (1) - (a); (i) - (b); (iiD) - (d); (iv) - (b); (v) - (@)
53. (i) - (@); (ii) - (b); (iii) - (b); (iv) - (@); (v) - (@)
55. (i) - (a); (ii) - (d); (iii) - (D); (iv) - (a); (v) - (b)

® 6 (@ 7B 8 B 9. (©
@ 16. (») 17. () 18 () 19. (@
(@ 26. (A 27. @ 28 (@ 29. ()
(b)
(@ 41. () 42. (0 43 (@) 44 (@
()]

52. () - (b); (i) - (@); (itD) - (d); (iv) - (b); (v) - (D)
54. (D) - (c); (i) - (b); (i) - (@); (iv) - (D); (v) - (@)

SOLUTIONS

1 lim (4x° -2x* —x +1)

X —

=4 lim #° =2 lim #* - lim x + lim 1

x - 3 x - 3 x - 3 x - 3
=4(3)% -2(3)* -3 +1
=108 -18 -2 =88

O+x%if 0<x<l
2. We have, f(x)=Q ¥l *
-« if x >1

RHL = lim f(x)= lim (2 - %)
x4’1+ +

=4+3=7

x =3
4. Given, f(x)=gx-3"
B o x=3

O Left hand limit at x = 3is
lim f(x)= lim_lx_3|

x- 3 x-38 x—3

x %3

10.
20.
30.

45.

(@)
(a)
()

(©

(i)

On putting x = 3 — & and changing the limit

x - 3 by - 0in Eq. (i), we get

lim f(x) = lim
x-3"

|x=3]_ |-k

¥ x-3 x—3 h-0 —h
f(x) =2 -2 if x> 1
b7t ] O lim /(%)= lim (] x| = 2]
= lim[2 (1 + 4)°] X3 k-0 (=h)
Ao 0 .
[putting x =1 + & and when x - 17, —
2+ x +,2- 2+0+,2-0
then z - 0] 5. 1imJ ad \/ ad =\/ \/
—9-1=1 x-0 2+ x 2+ 0
Px+ 3 if x<2 ‘ﬁ+ﬁ—2ﬁ—f
3. Given, f(x) =0 ) =Ty T g T 2
r+5 if x>2
x—4 -3
LHL = i = lim 2 6. 1 _
Jim f(x)= T 2x3 S 3-\13-x  3-412
[ f (%) =2x + 3 if x <2 _ -3 -3(3+23)
= lim [2(2 - ) +3]=2(2-0) +3 3-2J3 (3-2V3)(3+2V3)
[putting x =2 —/# and when x — 27, :M
then 2 - 0] v -1z
enh -
:M:3+Q\/§



_ - L 2-(1+
7. Given, lim w = hm(iQx) A form 3
¥-1 2%+ x-3 k-1 1-x ) B
e (= 1)(26 -3) = lim 2% = fim —— =L
Tl (2x+3) (2 -1) x-11-x> x-11+x 2
i (Vx =1)(2x - 3) 1. On puttingx:%, we get the form %
= lim
#o1(2x+ 3)(\/7 _1)(\/; *1) So, let us first factorise it.
= lim 2x -3 -1 .- Consider,
= 1(2x+ 3)(Vx +1) 5x2 10 Cdx -1 (2x+1) (22 -1)
2 -1 lim -1 fim (2x - 1)
8. Given, lim A ey ey

x-1/2 2x—1
[using factorisation method|]

2 2
= lim (2%)” =(1)7 = lim (2x +1)

x-1/2  9x—1 x#%

o (2x+D) (2 -1)

=T () :2%§+1=2

= lim (2x+1)

o 12. lim "~ ¥ alrx-l

= lim
:2x£+1:1+1:2 x*o\/l"'x"'l x40\/1+x+1 \/l+x—1
2 3 [multiplying numerator and denominator by
9. We have, L = lian o _28. Jl+x =4
X2 X —
Let f(x) =x* =8 and g(x) = x -2 = tim XY ) b0 40 (0 ) =a? 8]
Here, 11n%f(x> = ]111; x3 -8 :23 -8 =0 xe (1 + x) _(1)

= lim x(i“l*-x_l): lim(\/m -1)

d li =1 -2=2-2=0

and - lmeln) =i+ ST e e

Th 0 f [cancel out x from numerator and denominator]
us,weget6 orm. = [+0 -1=1-1=0 [put x = 0]

Now, factorise f(x) and g(x) such that (x — 2) x5 1 5 -1 £ 10

is a common factor. 13. Given, lim 5 =lim ——+ 0
x-1x"7 =1 xalmx—l x -1 0

Here, f(x) = x* -8 =(x* -2%)

15 10
MRS 31 310
and g(x)=x-2 =igx-lg =1gx-1pg
_ 2
0 L= Jim (X227 + 4+ 2x) —15()™ +10(1)? =15+10 =5
e (x-9) 2
On cancelling the common factor (x - 2), 4. Given. lim x" =2 30
we get : Pyl 9 x-9
L=1lim (x> +4+2x)=(2)? +4 +2(2) q n(2"! =80
S4+4+4=12 O . #-a"_ 0
x3—8 D;}gnla X —a —na O
Hence, lim =12 0
2 w2 0 (2! =5 x16
10. We have, el 4
lim 2 +L = lim N - "2 -1 - ><(2)5—1
cO -2 10 0 1-x 0 nx2""0 =5 x(2)
O n=>5

[c0 =0 form]|



15. Given, lim M
’ x- 0 X

<x+ 2)1/3 _21/3
m-——————"
-0 (x+2) -2

_3(2)2/3
16. Put y =1+ x, so that y - lasx - 0.

Then, lirré 1+ x -1 = m\/y_1
X

x y-1 y-1
11
2 12
= lim 2 !
y-1 y-1
1
1,51 1
=—(1)2 =
2() 2
in 7x
. 7x§;§ lims1n7x
17. limsm7x:1im 7x B_7 220 7x
Cos.0tan 5x  x-0 59@ 5,. tan bx
bx %ML lim
S5x x-0  5x
717
= x-—==
5 1 5
%im sin © =1 and lim tan 6 :1D
-0 0 6-0 B E
18. limsm4x l1 [$1n4x|] 2x DBD
x-0 sin 2x OH 4x  sin2x H
[$1n4x[| [3in 2x
H 4x H H 2x
) l1m Gin 4x ], lim [3in 2x
ﬁ 4x a 2x-0 a 2x
[asx - 0,4x - 0 and 2x — O]
=2(1+1) =2
° tan —
19. limtanx = lim 180 -y O 1°=Lrad|:|
x20 x°  am0 Tx H "180 H
180
_ 02
20. lim1 cos4x:lim2s1n 2x X
x-0 X x-0 X X

[-1-cos 20 =2sin” ]

11rn2 gﬂg x4 x

0. sm X O

5 i 75

=2x1x0=0

sin x 2sin —cos —
21. We have, lim = lim
x-0 x(1 +cosx) x-0 @ ) x@
X [2cos™ —
2
tamﬁ
=lhm 2 :l
2 x-0 ﬁ
2
22. We have, lim sin(2 + x) —sin(2 - x)
b xﬂo x
2605(2+x+2—x) Sin(2+x_2 +x)
x-0 x
_ .. 2cos2sin x
=lim /2> 7
x-0 X
S sin € —sin D =2cosC+Dsin ¢-Dbo
H N
=2cos 2 lim sin X =9cos 2 . lim sin x :1|:|
x>0 X g im0 x H

Hence, p=2 and ¢ =2

. tan x —sin x
23. We have, lim ————
x-0 sin” x

. 1
sin x@——l@
. 0s X
x-0 sin” x

. 1-cosx

x-0cos xsin” x

Lo X
9sin? =

= lim 2 =

-0 X

cos x@. sin Eﬁtosz

2
tan 2x — x

N | =

24, Given, lim

x-03x —sin x
[tan2x D

LB E

im-——

x>0 sin x ]
x5

x B

when x — g, then 2 - 0



] ] €3x _ 3
tan 2 3 +h 29. lim =lim =
Therefore, given limit = lim ——— =0 ¥=0x 3
b~ h [multiplying numerator and
- i B0 (Tt + 2h) denominator by 3]
ho 3x _
) 2: =31lim 1 Q)
= lim % [ tan (10 +6) =tan 0 8
k-0 h Let 2z = 3x.
:hmZtanZh Then,x - 0 0 A - 0
h-o0  2h Now, from Eq. (i), we get
0 . tanx _.[J 3% —1 ot =
=2x1=2 = lim =1 i = i =
§e s B o Taim Ty =3l
2 c ]
- O - 0
26. Given, lim sec x=2 0 lim ¢ =10
xom/4 tan x —1 —3 ge-o 0
- 1+tan?x -2 ex__ e
T HII1IT1/4 tan x — 1 30. We have, ling 3
X - X —
2 -—
= lim fan”x -1 On putting £ = x — 3 we get
x> 1/4 tan x —1 e =3 PLEE R
_ (tan x + 1)(tan x —1) x11jn3 3 = }}111}) A
S t -1
e ftan & -1) [+ x> 30k 0
- xlu:{lM(tan % +1) = lim ehe® —¢ =63 lim el -1
=9 h-0 h h-0 h
- 0 ® -1 O
27. Given, lim cosecx ~cot =¢d x1=¢> [ lim e -1 =10
x - 0 X 0O 6-0 0 0O
I cosx sin x S 21 sin x
_poosinx  sinx _ i LTCOSX 31. lim = lim x
= lim =1li - x- 0 X x -0 X sin x
x - 0 X x -0 x[$in x
oX x [multiplying numerator and
2sin” = tan - denominator by sin x]
= lim < P lim G 1 sin x0
=0 x@sin Scos > 0 X = lim F— x 0
2 2 x- 0 sin x x 0
X sinx _ :
. t"mid_l 0, tane_m = lim x lim 0%
im =T an 52 T
2 =1x1=1
2 0O 6 _ 0
28. Given, lim =% = i 2% or lim ! =1 and lim sin © =1g
x-01—cosx x~025in2 0 e-o 8- 0 0
-x _ 2x x
0 9 x] 32. lim? +62 2 im ¢ +21 %
=1 —cosx =2sin” — x-0 x x50 x2e*
B 2H
—hm%%lj xe *
x-0] x
=2 lim Olimcos x
*= Ogin2 X *0 —thD xlime™
x-0] x x-0
=20=2

:(])2 Xg =1



x_2x|:|

33. lim 0
x~00 x 0O
10
= lim &D— lim &
x-00 x x- 0[] x
:logS—logQ:]og(g/Q)

34, lim-2 "' —m 2! ]
0T+ x—1 w0+ x -1 (Vi+x+1)
AR

= x (V1 +x +1)
x-0 X
26 -1
= lim x lim (V1+x +1)
x>0 X x -0
=(log2) 2 =2log 2
35. We have, limM XZ
x-0 X 9
[multiplying numerator and
denominator by 2]
— 9 i 108 (1 * 2%)
%-0 2x
On putting £ = 2x, we get
o 10814 20) ) 1 log, (14 4)
x-0 x A0 h
[+ x~ 00k 0
O .. log (l+x) 0
=2(1 L) 1 il =I2h S—— |
() H XIEI(} .
=2
2
36. Assertion Given, lim w
s-1lex’ +bx+a
_ax(1) +bxl+c
ex()? +bx1+a
_atbre
c+b+a
1 1
— + .
Reason lim ¥ 2
x- -2 x+ 2
- (2+ x)
= lim ——~_ = =
¥ =22 (x+2)  x- 22
=1 -1
2-2) 4
Hence, Assertion is true and Reason is false.
37. Assertion Given, lim SINAY _ lim (@) sin ax
=0 bx -0 b(ax)

[dividing and multiplying by 4]

38.

39.

40.

a a 0 ,. sinax _ |:|
=—xl=— 5 lim
b b B x-0 H
Hence, Assertion and Reason both are true and
Reason is the correct explanation of Assertion.
sin ax + bx

Assertion lim -
%~ 0 gx + sin bx

Dividing each term by x, we get

sinax  bx a sin ax
+ = +b
= li X X = li ax
xtﬁ%) ax  sin bx xtn%) b sin bx
= +
X X bx
_axl+b _a+b 0O, sinx [0
_ =1 = lim =1
Ta+bxl a+b B x- 0 x H
Reason lirn1 (5x° + 5x +1)
X -
=5(1)° +5(1) +1 =5 +5 +1 =11

Hence, Assertion is false and Reason is true.
lim sin(TT - x)

x- T T T x)

Letmm —x =h,Asx - T, then/Z - 0

Assertion Given,

O lim sin(m—x) _ sin A

x-m T T-x) Th-0 T

Reason Given,

Put the limit directly, we get
cosO _ 1
m-0 m

Hence, Assertion is false and Reason is true.
sin ax

Assertion Given, lim
x- 0 sin bx

Multiplying and dividing by (ax) and (bx),

we get .
8 . sinax bx ax

= lim X X —

x>0 ax

=1x1 ><g :g

sin bx  bx

O ,. sinax . bx O
5 lim = lim
H x-0 ax

x- 0 sin bx =1E

Hence, Assertion and Reason both are true and
Reason is the correct explanation of Assertion.



41. Assertion Given, lim cos2x ~1

x-0 cosx—1

. 1—-cos2x . 9sin’x
= lim —————= = lim —
x-01-cosx x=0ggn2?®
['1-cos2x =2sin? x O
ad O

%ndl—cosx =9sin’ X0
208

Multiplying and dividing by x* and then

multiplying by N in the numerater. we get

= lim ELH xg X X 4
x - 0 X
=1x1x4 =4
Hence, Assertion and Reason both are true

and Reason is not the correct explanation of
Assertion.

7
0
O
0
0

nZ
2

. . . ax t+ xcosx
42, Assertion Given, lim —————~

x-0  bsinx
Dividing each term by x, we get
ax _ xcosx
=+

. im a +cosx
= lim & X
x-0 bsinx b Flnxg
X
_a+cosO _a+l 0. sin x _ [|

lim

b x1 b Hx-.() a

Reason lim xsecx =0 xsec0 =0 x1 =0

X —

Hence Assertion is true and Reason is false.

3+x _ _ 3
43. Assertion Given, limit = 1in}) ¢ Tsmx—e
e X
. BP(e*-1) sinxO
= lim p——— -
=00 x X 0
=¢l -1
tan 4x

Reason Given limit = lim —
x -0 sin 2x

= Jim pEREE 2

tan 4 x 9 1 4x
4x -0 4x sin 2x 9y
2x -0 2x
=1x1x2=2
Hence, Assertion is false and Reason is true.
ef =t
44, Assertion Given, limit = lim
x>0 X
) e?x -1
= lim
x-0 xe*
e** -1 2
= lim x lim —
2x - 0 X x -0 gx
2
=]lx==9
1

Hence, Assertion and Reason both are true and
Reason is the correct explanation of Assertion.

X 1 tan x

45. Assertion Given limit = lim
x-0 tan x X

=10=1

4x _ 10
Reason Given limit = lim MD
=00 x O

4x _10
= fim 4 T1Hoy
4x-0 [ 4x O

Hence, Assertion is true and Reason is false.

x _ sinx O
46. Assertion Given limit = lim MD

x-0[Jx —sin x[]

. x—sinx __ O .
— limesmx% ID: esm() x1 =1

x-0 [Ox —sin x []

2x _93x[]
Reason Given limit = lim MD

x-0[] X O

32x _1) _(23x _ )D

I:I

= lim
x-0[]

O
10
=20im &D 3D1m&
*-0[] 2x x-0[] 3x
=2log 3-3log 2
=log9 —-log8

= log %@

Hence Assertion is false and Reason is true.



47. Assertion Given, limit = lim el

x-0+/1 —=cos 2x

= lim —2 -1

x”O\/ZSinQ X

2 _
Reason Given, limit = lim (x”-1)
x-1 (x —1)

:hm(x—l)(x +1)
-1 (x-1)

=lim(x +1) =2

x-1

Hence Assertion is true and Reason is false.

3 -9%
48. Assertion Given limit = lim
x-0 tan x
i (3*-1)-(2* -1) o X
20 X tan x
0 - * 10
= dim 1—lim2 1D><lim

*-0 x x-0 x [ x-0tan x

=(log 3 -log 2) x1

= log %@

Reason lim log 1+ x) = lim log(1+ x) x =~

¥~0 tan x x-0 X tan x
=1x1 =1
Hence Assertion is true and Reason is false.
49. Assertion Given limit = lim — -1
x-1log, x
Putx=1l+hasx -1 A -0
0 lim 1+h-1 = ! =
haOloge (1+h) lim 10g(1+]l)
h-0 h

Reason Given, limit = limM

x-0 X
. log(sin x+1) sinx
= lim g<. )X =1
x-0 sin x X

Hence Assertion is true and Reason is false.

2+x -9
50. Assertion Given, limit = lim
x-0 X
2(qx _
= lim M =91log 3
x-0 X

sin x -1

Reason Given, limit = lim

x-0 sin x
Let y =sin x
Then,y - Oasx — 0
) sin x -1 ) y -1
O lim = lim =loga

x-0 sin x -0y
Hence, Assertion is false and Reason is true.
51. (i) Given, limit

= lim1(1+x+x

2

b +x3

'+x4 5

+ X +pc6

+x7+x8+x9)

=1-1+1-1+41-1+1 -1 +1 -1=0

(ii) Given, limit = lim [x*(x = 1)]
X - 9

. 2
= lim [« - &?]
x5
= lim #° - lim x?
x5 x5

=(5)° -(5)*
=125 - 25 =100

(iii) Given, limit = lim (x” + x* +x ~1)

x -2

= lim x® + lim x? + lim x + lim(-1)

x - 2 x - 2 x - 2 x - 2
=(23 +(2? +(2) -1 =8 +4 +2 -1 =13
(iv) Given, limit = lims( X%+ x +2)
m
= lim x® + lim x + lim 2
x - =3 x - =3 x - =3
=(=3)3 +(=3) +2=-27 -3 +2
=-30+2=-28
(v) Given, limit = lini(x4 -x%)
X -
= lim4 x* = lim x® =(4)* -(4)®
=256 —64 =192
52. (i) lim S 1 (DT (D 4]
TV x-1 -1-1
_1-1+1_-1
-2 2
(x=1)2+3x% _(-1-1)2 +3(-1)2
(ii) lim =
S P Vi (-1)* +1)?
_(=2?+3(1)
(1+1)?




(iii) Consider f(x) :'xi v) J1+x° —\ll -x3

: ) Given, hm
1% —4x® +4x

On putting x =2, we get '1+x -1 -8
4-4 _0 m

2= 53870 -
w/1+x +\/:
Sy

i.e. it is the form %

So, let us first factorise it. (1+ %) -(1 -x%)
2 -4 —lrr})
Consider, l1m3x7 - \/l+x +\/l—x
¥ 2 x% —4x% + 4x
( 9 (x -9 lim 1+ 2% =1 +4°
L x + x = _,H 2 3
TR R
2°
- (x+2) = lim
X2 x(x—Q) =0 Z\/1+xd+\/1—x
- 22 _4 = lim
2(2-2) 0 0 +1/1_7
which is not defined. =0
O x%- 0 _ 4
O lim BLDdoes not exist. 63. (i) We have, lim & —°
w2 —4x? +4x ¥o4 ox—4
(iv) Given, lim & —2X°*L Pubh=xd
iven, lim ————— orm x_ 4 h+d _ 4
w1 a% = 3x% 42 @ H 0 lime ¢ =1ime ¢
i K — x5 —x% 41 x4 x—4 h-0 h
=lim ——————5—
w1 x—x? =24 +2 = lim elet — ¢t
T € Vi () o0 h
o x?(x—1)=2x* -1) 4. el
=¢" lim p
On dividing numerator and denominator e
by (x —1), then =¢* x1=¢*
50,2 5
x°(x7-1) 1(x” -1 ke _
(_1 )1 1 ) (ii) We have, lim & !
=hm (x ) <x ) x -0 X
X1 xQ(x—l)_Q(xz—l) k _10]
(x=1)  (x-1) :kalclinOD . BX(M
10
hmx (x+1) —hm1 %%D =lxk=k [-x-00 kx 0]
x-10x
,}1?11 52 _,}1?11 2(x+1) (iii) We have, }i%ngD
:1><2—5><(1)4_2—5 Put,-x=pasx - 00 » 0

1-2x%2 1-4

Y- D
X —a" O O llmLD lim

O
+ lim =na"" x- 00 x y-o00 —y D

y—1d
-3 1 1

_ "o _ =- lim O=-1
=1 y-00 y O



Sx _ 4x[]
(iv) We have, lim0 MD
x- 0[] |

X
bx _(4x _ 0
- i B0l 2
xﬁOD
10
=5 lim LD 4 th
5x - 0[] Sx 4x - 0[] 4x 0
[ x> 005x 0and 4% 0]
=(5x1) —(4 x1)
=5-4=1

* —3x-20
(v) We have, lim MD

x-0[] X O

¥ —1) - 3x0

- lim (e* —1) 3x|:|

x- 0[] X O
—211mLD 311m—
x- 0 x x¥-0x

=92 x1 -3 lim(1)

x -0

=2x1-3x1

=2-3=-1
sin 3x

x-0 bx x>0 5xx§
3

=lim§ fln 3x
x-05  3x
:§Ellim sin 3x
b5 3x-0 3x
[as x - 0, therefore 3x - 0]
:§x1:§ lim sin 0
E eqo

5 5
tan (6 —5)
0-b
Put®-b6=h 0O& & b

Also, when 0 - b, thenh - b
tan(6 — ) tan & _

=1E

(ii) We have, lim
b

0 lim = lim 1
b B-b -0 h
(i) Tim tan 2x — sin 2x
x-0 xs
sin 2x sin 2x
= 1im COs 2x
x-0 X

sin 2x — sin 2x [dos 2x
%% [dos 2x

sin 2x (1 —cos 2x)

= lim 3
x-0 x° [dos 2x
. tan2x . 2sin’«x
= lim dim 5
x-0 X x-0 X

[by using product of limits and
cos 20 =1 -2sin? 6]

m tan2xx2l Flnxg
X0 -0

=20
=9 (1) x2(1)?
sin x . tanx ]
li =1 =1
gxin o0 x B
=4

(iv) Given, lim

x-0

= lim

x-0

2sin x — sin 2x

x3

2sin x — 2sin xcos x

xB

[+ sin 2x = 2sin xcos x|

2sin x(1 = cos x)

=1i
=9 lim 2% Mim —cgsx@
x - 0 X x - 0 X
. l=-cosx [ ,. sinx _. [
=20 lim 5 lim =1
x- 0 xQ g x>0 x H
25in2ﬁ
—21i1rh 22
X - 4.>(L
4
I
=22 tim 3—20= im 0—20=1
4 xﬁOD 0 xﬁOD X0
U9 U U9 U
Given,
1 1
ﬁ%mxlﬂ——cosxl}l—g
lim V2 V2
x - T4 @)‘_EQ
4
ﬁ%inxcosﬂ—cosxﬂinlﬂé
- lim 4 4
x - T4

-3



[ sin AcosB—cos A sin B =sin (4 —B)]

=
B

x—»—[l@x n@ 0 and lim sin X 1|:|
x - 0 E

—f 11

X

55. (i) We have, lim log, {1+ 5%)
x - 0 X
-5 lim log, (1 + 5x)
5x - 0 Sx
[ x> 005x 0]
SN a2
(ii) We have, limo M
X X

=5x1=5

=6 lim M—5limx
6x - 0 6x x -0

[ x-006x 0]
=6 x(1) -5 x(0) =6
(i) lim VP> 71
x~0 log(1l + x)

On multiplying numerator and
denominator by /1 + x +1, we get

1m1/1+x—1>< JI+x +1

-0 log(l+x)  (J1+x +1)
= lim L+l

#=0 (1 + x +1)log(l + x)

= lim X
xﬂo(\/l +x +1)log(l + x)

1 1
= li
(J1+0 +1) x-0 log(l + )
X

1 1
X log (1+ x)
miog

x-0 X

(iv) Putx -5=hand as x - 5 thenk - 0
O lim log(h + 5) —log 5

h=0 h
h
, IOg@ﬁEQ 1
=i hizf
5-0 575 >
ET logm —logn =log —
d
g hﬁomi
g 5

log%g QD IOg%E QD

(v) li

ENE

oooOoo

>

0

x—~0
[ x[1
Ho 5+1o Q+ﬁ§[|—ao 5+lo Q—fgg
 lim 8 5075 00 s 5075 0
= 11mm
x-0 X
logg + ﬁ@ logg - ﬁ@
1 5 1
= lim — - lim
* 0 x oo X -5)
? 5 ? 5
[ X 0
x> 00 —
H 5 H



