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Waves in More than
One Dimension

Plane Wave Representation in Two and Three Dimensions

Figure 9.1 shows that in two dimensions waves of velocity ¢ may be represented by lines of
constant phase propagating in a direction k which is normal to each line, where the
magnitude of k is the wave number k = 27/ \.

The direction cosines of k are given by

k k
:?1, m:f where kzzkf—l—k%

and any point r(x,y) on the line of constant phase satisfies the equation

l

Ix+my=p=ct

where p is the perpendicular distance from the line to the origin. The displacements at all
points r(x, y) on a given line are in phase and the phase difference ¢ between the origin and
a given line is

2 2
¢ = Tﬂ(path difference) = Tﬂ-p =k -r=kix+kyy

Hence, the bracket (wt — ¢) = (wt — kx) used in a one dimensional wave is replaced by
(wt —Kk-r) in waves of more than one dimension, e.g. we shall use the exponential
expression
ei(mt—kr)
In three dimensions all points r(x, y, z) in a given wavefront will lie on planes of constant
phase satisfying the equation

Ix+my+nz=p=ct
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X

Figure 9.1 Crests and troughs of a two-dimensional plane wave propagating in a general direction
k (direction cosines [ and m). The wave is specified by x + my = p = ct, where p is its perpendicular
distance from the origin, travelled in a time ¢t at a velocity ¢

where the vector k which is normal to the plane and in the direction of propagation has
direction cosines

(so that k> = k7 + k3 + k3) and the perpendicular distance p is given by

kp =k-r=kix+ kyy+kjsz

Wave Equation in Two Dimensions

We shall consider waves propagating on a stretched plane membrane of negligible
thickness having a mass p per unit area and stretched under a uniform tension 7. This
means that if a line of unit length is drawn in the surface of the membrane, then the
material on one side of this line exerts a force T (per unit length) on the material on the
other side in a direction perpendicular to that of the line.

If the equilibrium position of the membrane is the xy plane the vibration displacements
perpendicular to this plane will be given by z where z depends on the position x, y. In
Figure 9.2a where the small rectangular element ABCD of sides 6x and 0y is vibrating,
forces Téx and Téy are shown acting on the sides in directions which tend to restore the
element to its equilibrium position.

In deriving the equation for waves on a string we saw that the tension 7 along a curved
element of string of length dx produced a force perpendicular to x of

9%y

4
Ox?

dx
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(a) (b)

Figure 9.2 Rectangular element of a uniform membrane vibrating in the z-direction subject to one
restoring force, Téx, along its sides of length dy and another, Tdy, along its sides of length 6x

where y was the perpendicular displacement. Here in Figure 9.2b by exactly similar
arguments we see that a force 7'y acting on a membrane element of length dx produces a
force
0%z
T6y @ 6X y
where z is the perpendicular displacement, whilst another force Tdx acting on a membrane
element of length ¢y produces a force

0%z
Téx 9.2
dy

The sum of these restoring forces which act in the z-direction is equal to the mass of the
element p Ox dy times its perpendicular acceleration in the z-direction, so that

by

0%z 0%z 0%y
T@&c&y + Twéxéy = p6x6ym
giving the wave equation in two dimensions as

o oo 10
Ox2  Oy: TOt2 2012

where

The displacement of waves propagating on this membrane will be given by
7= A ei(wtfk-r) — Aei[wtf(kllH»kzy)]
where

k* =ki+k3
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The reader should verify that this expression for z is indeed a solution to the two-
dimensional wave equation when w = ck.

(Problem 9.1)

Wave Guides
Reflection of a 2D Wave at Rigid Boundaries

Let us first consider a 2D wave propagating in a vector direction k(k, k) in the xy plane
along a membrane of width b stretched under a tension 7 between two long rigid rods
which present an infinite impedance to the wave.

We see from Figure 9.3 that upon reflection from the line y = b the component k;
remains unaffected whilst k, is reversed to —k,. Reflection at y = 0 leaves k; unaffected
whilst —k, is reversed to its original value k,. The wave system on the membrane will
therefore be given by the superposition of the incident and reflected waves; that is, by

7 — Al ei[wtf(k|x+k2y)] +A2 ei[wtf(k]xszy)]
subject to the boundary conditions that
z=0 at y=0 and y=0»>b

the positions of the frame of infinite impedance.
The condition z = 0 at y = 0 requires

Ay =—A,
and z =0 at y = b gives
sink,b =0
infinite
impedance
y=b
k.
1 k P
T —>x
—k, k > K,
y=0
infinite
impedance

Figure 9.3 Propagation of a two-dimensional wave along a stretched membrane with infinite
impedances at y = 0 and y = b giving reversal of k, at each reflection
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or

(Problem 9.2)

With these values of A, and k; the displacement of the wave system is given by the real
part of z, i.e.

7=+ 2A;sink,ysin (wt — k1x)

which represents a wave travelling along the x direction with a phase velocity

where v, the velocity on an infinitely wide membrane, is given by

w C
U:E whichis <,

because
2 2 2
Now
2,2
2_ 2 n-m
k —kl—f—T
SO

) g J ) 1/2 w2 nlr? 1/2
k=) =

and the group velocity for the wave in the x direction
0k " w ! T\ )"

.2
VpVg =V

giving the product

Since k| must be real for the wave to propagate we have, from

2.2
K2 k2 n-mw
1 — b2
the condition that
. w2 - P J )
- v2 = b2
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that is
S nmov
w —_—
~— b
or
S nuv
>
- Zb,

where n defines the mode number in the y direction. Thus, only waves of certain
frequencies v are allowed to propagate along the membrane which acts as a wave guide.

There is a cut-off frequency nmv /b for each mode of number n and the wave guide acts as
a frequency filter (recall the discussion on similar behaviour in wave propagation on the
loaded string in Chapter 4). The presence of the sink,y term in the expression for the
displacement z shows that the amplitude varies across the transverse y direction as shown in
Figure 9.4 for the mode values n = 1,2, 3. Thus, along any direction in which the waves
meet rigid boundaries a standing wave system will be set up analogous to that on a string of
fixed length and we shall discuss the implication of this in the section on normal modes and
the method of separation of variables.

Wave guides are used for all wave systems, particularly in those with acoustical and
electromagnetic applications. Fibre optics is based on wave guide principles, but the major
use of wave guides has been with electromagnetic waves in telecommunications. Here the
reflecting surfaces are the sides of a copper tube of circular or rectangular cross section.
Note that in this case the free space velocity becomes the velocity of light

w
C:E<’Up

the phase velocity, but the relation vyv, = c? ensures that energy in the wave always
travels with a group velocity v, < c.

y=b

y=0

Figure 9.4 Variation of amplitude with y-direction for two-dimensional wave propagating along the
membrane of Figure 9.3. Normal modes (n = 1,2 and 3 shown) are set up along any axis bounded by
infinite impedances
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(Problems 9.3, 9.4, 9.5, 9.6, 9.7, 9.8, 9.9, 9.10, 9.11)

Normal Modes and the Method of Separation of Variables

We have just seen that when waves propagate in more than one dimension a standing wave
system will be set up along any axis which is bounded by infinite impedances.

In Chapter 5 we found that standing waves could exist on a string of fixed length / where
the displacement was of the form

sin sin
=A kx wyt
Y cos } cos [ "7

. sin . .
where A is constant and where cos} means that either solution may be used to

fit the boundary conditions in space and time. When the string is fixed at both ends, the
condition y = 0 at x = 0 removes the cos kx solution, and y = 0 at x = [ requires k,l = n7
or k, = nw/l = 2w/ \,, giving I = n\,/2. Since the wave velocity ¢ = v,\,, this permits
frequencies w, = 27w, = 7nc/l, defined as normal modes of vibration or eigenfrequen-
cies.

We can obtain this solution in a way which allows us to extend the method to waves in
more than one dimension. We have seen that the wave equation

0% 1 9%

Ox?  c2or?
has a solution which is the product of two terms, one a function of x only and the other a
function of ¢ only.

Let us write ¢ = X(x)T(¢) and apply the method known as separation of variables.
The wave equation then becomes

o’x 1 _0°T

oxz 2" or2

or
1
XuT = ;XTtt

where the double subscript refers to double differentiation with respect to the variables.
Dividing by ¢ = X(x)T(r) we have

Xu 1T,

X 2T

where the left-hand side depends on x only and the right-hand side depends on ¢ only.
However, both x and ¢ are independent variables and the equality between both sides can
only be true when both sides are independent of x and ¢ and are equal to a constant, which
we shall take, for convenience, as —k2. Thus

XX)C

e —k?, giving X +k’X =0
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and

T
57 = —k*, giving T, +c**T=0

X(x) is therefore of the form e *** and T/(¢) is of the form e ¥’ 5o that ¢ = A e F1k* g Fick!,
where A is constant, and we choose a particular solution in a form already familiar to us by
writing

¢ —A ei(ckt—kx)
:Aei(wtka) ’

where w = ck, or we can write

6= A sin }kxsm }th

COS COS

as above.

Two-Dimensional Case

In extending this method to waves in two dimensions we consider the wave equation in
the form
0%  0%¢ 1 0%¢

ox2 9yt 2 or?

and we write ¢ = X(x)Y(y)7T(t), where Y(y) is a function of y only.
Differentiating twice and dividing by ¢ = XYT gives

Xeo Yo 1T,

X Y T
where the left-hand side depends on x and y only and the right-hand side depends on ¢ only.
Since x, y and ¢ are independent variables each side must be equal to a constant, —k? say.

This means that the left-hand side terms in x and y differ by only a constant for all x and y,
so that each term is itself equal to a constant. Thus we can write

Xx
X

Y
2 VY 2
— _k17 _—_k

and
1Ty

7= (ki +ky) = =k
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giving
Xu+kiX=0
Yy +k3Y =0
Ty+c*k*T=0
or

¢ —A eilklx eilkzy eilckl

where k2 = k2 + k2 Typically we may write
sin sin sin
= Acos }klxcos }kzy cos }th'

Three-Dimensional Case

The three-dimensional treatment is merely a further extension. The wave equation is
¢ 3¢ %9 _19%¢
ax2 9y 072 c2on?

with a solution

¢ =Xx)Y(y)Z(2)T (1)

p=A cos }klx }kzy }k3z Or;}ckt,

where k7 + k3 + k2 = k2.
Using vector notation we may write

yielding

¢ =Ae“ K where k-r=kx+kay+ksz

Normal Modes in Two Dimensions on a Rectangular Membrane

Suppose waves proceed in a general direction k on the rectangular membrane of sides a
and b shown in Figure 9.5. Each dotted wave line is separated by a distance A/2 and a
standing wave system will exist whenever a = n1AA’ and b = n,BB’, where n| and n, are
integers.

But

A Ak A2w 1 s
AA/: = - = —
2cosac 2ky 2 XNky Kk
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Figure 9.5 Normal modes on a rectangular membrane in a direction k satisfying boundary
conditions of zero displacement at the edges of length a =n;\/2cosa and b =n,\/ 2cos 3

so that
a="1"" and ki =T
1 a
Similarly
nom
ety
Hence
472 n? n2
2_ 52 2 _ _ 2" 2
or
2 _ n% n%
YVt

defining the frequency of the n;th mode on the x-axis and the n,th mode on the y-axis, that
is, the (n1n;) normal mode, as

¢ [n} n3 , T
v=-\/—5+t.5 Where c¢’°=—
2Va b P

If k is not normal to the direction of either a or b we can write the general solution for

the waves as
sin sin sin
z=A }klx }kzy }ckt.
cos cos cos

with the boundary conditions z=0atx=0and a; z=0at y =0 and b.



Normal Modes in Two Dimensions on a Rectangular Membrane 249

The condition z = 0 at x = y = 0 requires a sin k ;x sin k,y term, and the condition z =0
at x = a defines k; = nym/a. The condition z = 0 at y = b gives k, = n,7/b, so that

nimx . Nnym

z = Asin Y sin ckt

The fundamental vibration is given by n; = 1,n, = 1, so that

_ (L T
v a? b%)4p

In the general mode (n;n;) zero displacement or nodal lines occur at

a 2a

x=0, — a
ny n
and
b 2b
y=0 —, — b
np np

Some of these normal modes are shown in Figure 9.6, where the shaded and plain areas
have opposite displacements as shown.

(1,1 2,1) (3,1

(3,2) (3,3) (2,4)
(1,1)
—
/

21)

Figure 9.6 Some normal modes on a rectangular membrane with shaded and clear sections having
opposite sinusoidal displacements as indicated
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The complete solution for a general displacement would be the sum of individual normal
modes, as with the simpler case of waves on a string (see the chapter on Fourier Series)
where boundary conditions of space and time would have to be met. Several modes of
different values (n1n,) may have the same frequency, e.g. in a square membrane the modes
4,7 (7.4) (1,8) and (8,1) all have equal frequencies. If the membrane is rectangular and
a = 3b, modes (3,3) and (9,1) have equal frequencies.

These modes are then said to be degenerate, a term used in describing equal energy
levels for electrons in an atom which are described by different quantum numbers.

Normal Modes in Three Dimensions

In three dimensions a normal mode is described by the numbers n;,n,,n3, with a
frequency

2 2 2

¢ |ny n5 n3
=2 +2+2 9.1
v=7 z§+1§+l§’ (9.1)

where [, [, and /3 are the lengths of the sides of the rectangular enclosure. If we now form a
rectangular lattice with the x-, y- and z-axes marked off in units of
& C C
—, — and —
20,7 21, 215
respectively (Figure 9.7), we can consider a vector of components n; units in the
x-direction, n, units in the y-direction and n3 units in the z-direction to have a length

2 2 2

N LA L L
- 2 2 2
2\ B

me  n,e e
al, 21, 2l

Vector length gives
allowed frequency

112
2 2 2
c (”1 n + n3 )

rg

Figure 9.7 Lattice of rectangular cells in frequency space. The length of the vector joining the
origin to any cell corner is the value of the frequency of an allowed normal mode. The vector
direction gives the propagation direction of that particular mode
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Each frequency may thus be represented by a line joining the origin to a point
cny/2ly,cny /215, cn3 /215 in the rectangular lattice.

The length of the line gives the magnitude of the frequency, and the vector direction
gives the direction of the standing waves.

Each point will be at the corner of a rectangular unit cell of sides ¢/21;,¢/2l, and ¢/213
with a volume ¢?/81,1,15. There are as many cells as points (i.e. as frequencies) since each
cell has eight points at its corners and each point serves as a corner to eight cells.

A very important question now arises: how many normal modes (stationary states in
quantum mechanics) can exist in the frequency range v to v + dv?

The answer to this question is the total number of all those positive integers n,n,, n3 for
which, from equation (9.1),

2 /02 20 2
< S n721+n722+n7§ < (v4dv)?
4 \ly Iz I3

This total is the number of possible points (n1,n,,n3) lying in the positive octant
between two concentric spheres of radii v and v + dv. The other octants will merely repeat
the positive octant values because the n’s appear as squared quantities.

Hence the total number of possible points or cells will be

l(volume of spherical shell)

8 volume of cell
. 47TU2 dv 8[1[213
T8 a3

vidv

c3

= 47‘&'1112[3 .

so that the number of possible normal modes in the frequency range v to v + dv per unit
volume of the enclosure

B 4 dv

c3

Note that this result, per unit volume of the enclosure, is independent of any particular
system; we shall consider two very important applications.

Frequency Distribution of Energy Radiated from a Hot Body.
Planck’s Law

The electromagnetic energy radiated from a hot body at temperature 7 in the small
frequency interval v to v+ dv may be written E,dv. If this quantity is measured
experimentally over a wide range of v a curve T in Figure 9.8 will result. The general
shape of the curve is independent of the temperature, but as 7 is increased the maximum of
the curve increases and shifts towards a higher frequency.

The early attempts to describe the shape of this curve were based on two results we have
already used.
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Rayleigh-
&« Jeans

Ed RN Black body radiation curves
v v 1 . !
\ following Planck's Law (T, > T,)
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Figure 9.8 Planck’s black body radiation curve plotted for two different temperatures 7, > T,
together with the curve of the classical Rayleigh-0.6-Jeans explanation leading to the ‘ultra-violet
catastrophe’

In the chapter on coupled oscillations we associated normal modes with ‘degrees of
freedom’, the number of ways in which a system could take up energy. In kinetic theory,
assigning an energy %kT to each degree of freedom of a monatomic gas at temperature T
leads to the gas law pV = RT = NkT where N is Avogadro’s number, k is Boltzmann’s
constant and R is the gas constant.

If we assume that each frequency radiated from a hot body is associated with the normal
mode of an oscillator with two degrees of freedom and two transverse planes of
polarization, the energy radiated per frequency interval dv may be considered as the
product of the number of normal modes or oscillators in the interval dv and an energy
contribution of kT from each oscillator for each plane of polarization. This gives

_ Arv? dv 2kT _ 87 2kT dv

E, dv 3

c3 c
a result known as the Rayleigh—Jeans Law.

This, however, gives the energy density proportional to ©? which, as the solid curve in
Figure 9.8 shows, becomes infinite at very high frequencies, a physically absurd result
known as the ultraviolet catastrophe.

The correct solution to the problem was a major advance in physics. Planck had
introduced the quantum theory, which predicted that the average energy value k7 should be
replaced by the factor hv/(e"/*T — 1), where h is Planck’s constant (the unit of action) as
shown in Problem 9.12. The experimental curve is thus accurately described by Planck’s
Radiation Law

8?2 hv

E dv=—3 7

dv
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(Problem 9.12)

Debye Theory of Specific Heats

The success of the modern theory of the specific heats of solids owes much to the work of
Debye, who considered the thermal vibrations of atoms in a solid lattice in terms of a vast
complex of standing waves over a great range of frequencies. This picture corresponds in
three dimensions to the problem of atoms spaced along a one dimensional line (Chapter 5).
In the specific heat theory each atom was allowed two transverse vibrations (perpendicular
planes of polarization) and one longitudinal vibration.

The number of possible modes or oscillations per unit volume in the frequency interval v
to v + dv is then given by

dn = 47r1/2d1/<%+i3) (9.2)
¢r L
where cr and ¢, are respectively the transverse and longitudinal wave velocities.
Problem 9.12 shows that each mode has an average energy (from Planck’s Law) of
& =hv/(e"™/*T — 1) and the total energy in the frequency range v to v + dv for a gram
atom of the solid of volume V4 is then

) 2 1 hv3
Vagdn = 4nV, <3 + ;) o — 1

The total energy per gram atom over all permitted frequencies is then

B 2 1 Um hlj3
E,= J Vaedn =4nV, (ngg) Jo ehv/kT _ v

where v, is the maximum frequency of the oscillations.

There are N atoms per gram atom of the solid (N is Avogadro’s number) and each atom
has three allowed oscillation modes, so an approximation to v,, is found by writing the
integral of equation (9.2) for a gram atom as

201 (" 4nVy (2 1
Jdn:3N:47TVA<—3+—3> J 2y =L A<_3+_3>V3n
cr cr 0 3 Ccr cr

The values of ¢y and c¢; can be calculated from the elastic constants of the solid (see
Chapter 6 on longitudinal waves) and v,, can then be found.
The values of E4 thus becomes

E4 vdv

ON [V hv
ehv/kT _

Vi
and the variation of E4 with the temperature T is the molar specific heat of the substance at

constant volume. The specific heat of aluminium calculated by this method is compared
with experimental results in Figure 9.9.
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Solid curve-

Debye Theory

o - Experimental points
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Specific heat of aluminium

100 200 300 400
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Figure 9.9 Debye theory of specific heat of solids. Experimental values versus theoretical curve for
aluminium

(Problems 9.13, 9.14, 9.15, 9.16, 9.17, 9.18, 9.19)

Reflection and Transmission of a Three-Dimensional Wave at a
Plane Boundary

To illustrate such an event we choose a physical system of great significance, the passage of
a light wave from air to glass. More generally, Figure 9.10 shows a plane polarized
electromagnetic wave E; incident at an angle 6 to the normal of the plane boundary z = 0
separating two dielectrics of impedance Z; and Z,, giving reflected and transmitted rays E,
and E, respectively. The boundary condition requires that the tangential electric field E is
continuous at z = 0. The propagation direction k; of E; lies wholly in the plane of the
paper (y =0) but no assumptions are made about the directions of the reflected and
transmitted waves (nor about the planes of oscillation of their electric field vectors).
We write

E. _A,ei(wf*ki'l') —A. ei[wtfki(xsinOJrzcosO)]
i=Aaj = Aj
Er _ Arei(wtfkr-r) _ Arei[wtf(k,lirk,zerk,}z)]

and
E, = Atei(wt—kpr) — A[ei[wt—(k“x-&-k,zy-k—kgz)]

where K (k.1 ki, k) and K (ky, ko, k) are respectively the reflected and transmitted
propagation vectors.
Since E, is continuous at z = 0 for all x,y, ¢ we have

Ai ei[utfki(xsinﬁ)] +Arei[w17(k,1x+k,2y)]

— A[ ei[wlf(kn)ﬂ‘kﬂy)]
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z, x Z,

2E,=0atz=0

Figure 9.10 Plane-polarized electromagnetic wave propagating in the plane of the paper is
represented by vector E; and is reflected as vector E, and transmitted as vector E. at a plane interface
between media of impedances Z; and Z,. No assumptions are made about the planes of propagation
of E, and E;. From the boundary condition that the electric field component £, is continuous at the
plane z = 0 it follows that (1) vectors E;E, and E; propagate in the same plane; (2) # = 6’ (angle of
incidence =angle of reflection); (3) Snell’s law (sin6/sin¢) = n,/n4, where n is the refractive
index

an identity which is only possible if the indices of all three terms are identical; that is

wt — kxsinf = wt — kpx + kpy
= wt — kyx + kpy

Equating the coefficients of x in this identity gives
kisin0 =k, = kg
whilst equal coefficients of y give
0=kpn =kn
The relation
ki =kp =0

shows that the reflected and transmitted rays have no component in the y direction and lie
wholly in the xz plane of incidence; that is, incident reflected and transmitted (refracted)
rays are coplanar.
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Now the magnitude

since both incident and reflected waves are travelling in medium Z;. Hence

kisinf =k
gives
kisind = k,sin 6§’
that is
0=10

so the angle of incidence equals the angle of reflection.
The magnitude

27
“EN
so that
kisind = ky = k¢sin¢
gives
i—T sinf = i—: sin ¢
or

sinf Ay np |Refractive Index (medium 2)
sing A» n; |Refractive Index (medium 1)

a relationship between the angles of incidence and refraction which is well known as
Snell’s Law.

Total Internal Reflection and Evanescent Waves

On p. 254 we discussed the propagation of an electromagnetic wave across the boundary
between air and a dielectric (glass, say). We now consider the reverse process where a wave
in the dielectric crosses the interface into air.

Snell’s Law still holds so we have, in Figure 9.11,

nisinf = n,sin g
where
ny>n, and ny/n;=n,<1

Thus

sinf = (ny/ny)sing = n,sing
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Figure 9.11 When light propagates from a dense to a rare medium (n; > n;) Snell’s Law defines
0 = 0. as that angle of incidence for which ¢ = 90° and the refracted ray is tangential to the plane
boundary. Total internal reflection can take place but the boundary conditions still require a
transmitted wave known as the evanescent or surface wave. It propagates in the x direction but its
amplitude decays exponentially with z

with ¢ > . Eventually a critical angle of incidence 6. is reached where ¢ = 90° and
sinf = n,; for 6 > 6., sin® > n,. For glass to air n, = % and 0. = 42°.

It is evident that for 6> 6. no electromagnetic energy is transmitted into the rarer
medium and the incident wave is said to suffer toral internal reflection.

In the reflection coefficients R and R on p. 218 we may replace cos ¢ by

(1—sin?¢)'* = [1 - (sin/n,)*) '/
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and rewrite

R (n% —sin?6)"/? — n2cosf
! (n2 —sin?6)'? + n2 cos
and
R cosf — (n? — sin*0) 1/2
J_ =
cos 0 + (n2 — sin? ) '/

Now for § > 6, sinf > n; and the bracketed quantities in R|| and R are negative so
that R|| and R | are complex quantities; that is (E) | and (E:) | have a phase relation which
depends on 6.

It is easily checked that the product of R and R* is unity so we have R HR|*\ =R, R} =1
This means, for both the examples of Figure 8.8, that the incident and reflected intensities
I; and I, = 1. The transmitted intensity I, = 0 so that no energy is carried across the
boundary.

However, if there is no transmitted wave we cannot satisfy the boundary condition
E;+ E, = E; on p. 254, using only incident and reflected waves. We must therefore assert
that a transmitted wave does exist but that it cannot on the average carry energy across the
boundary.

We now examine the implications of this assertion, using Figure 9.10 above, and we
keep the notation of p. 254. This gives a transmitted electric field vector

Et — Atei[wlf(k(]X‘Fk‘zy‘FkBZ)]

=Ae ilwr—k(x sin p+zcos ¢)]

because y = 0 in the xz plane, ky; = kysin¢ and ki3 = k¢ cos ¢. Now

cos ¢ =1 —sin* ¢ = 1 —sin? §/n?

Jokicosp = Lk(1 — sinzH/nrz)l/2

which for 6 > 4. gives sinf > n, so that

) 1/2
9
ki cos ¢ = Fik, <sz _ 1> — Tig
n

T

We also have

kesing = kysin6/n,
)

E.=A, eiFdz el(wt—k,xsm 0/n;)
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The alternative factor e ™’ defines an exponential growth of A, which is physically
untenable and we are left with a wave whose amplitude decays exponentially as it
penetrates the less dense medium. The disturbance travels in the x direction along the
interface and is known as a surface or evanescent wave.

It is possible to show from the expressions for R and R, on p. 258 that except at
6 = 90° the incident and the reflected electric field components for (E) | in one case and
(E) | in the other, do not differ in phase by 7 rad and cannot therefore cancel each other
out. The continuity of the tangential component of E at the boundary therefore leaves a
component parallel to the interface which propagates as the surface wave. This effect has
been observed at optical frequencies.

Moreover, if only a very thin air gap exists between two glass blocks it is possible for
energy to flow across the gap allowing the wave to propagate in the second glass block.
This process is called frustrated total internal reflection and has its quantum mechanical
analogue in the tunnelling effect discussed on p. 431.

Problem 9.1
Show that

7 = A eilor—(kivtkay)}

where k2 = w?/c? = k? + k3 is a solution of the two-dimensional wave equation

0 o 10
Ox2 ' Oy2  c20r?
Problem 9.2

Show that if the displacement of the waves on the membrane of width b of Figure 9.3 is given by the
superposition

z=A, el kivthay)] 4 4 gilwr—(kix—kay)]
with the boundary conditions
z=0 at y=0 and y=2b>
then the real part of z is

7= +42A,sink,ysin (wr — kx)
where
nm

k 2 = 7
Problem 9.3
An electromagnetic wave loses negligible energy when reflected from a highly conducting surface.
With repeated reflections it may travel along a transmission line or wave guide consisting of two
parallel, infinitely conducting planes (separation a). If the wave
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z
4
/
X X=a
, blane conductor
/
P k (ky k) k (=K, k)
l E,only
7 y
x=0

plane conductor

is plane polarized, so that only E, exists, then the propagating direction k lies wholly in the xy plane.
The boundary conditions require that the total tangential electric field E, is zero at the conducting
surfaces x = 0 and x = a. Show that the first boundary condition allows E, to be written E, =
Eg(e* — e k) eilky=ut) where k, = kcos# and k, = ksin @ and the second boundary condition
requires k, = nr/a.
If Ao =2mc/w, A\; =2m/k, and A\, =27/k, are the wavelengths propagating in the x and y
directions respectively show that
1 n 11
A2 A2 A3
We see that for n = 1, k, = 7/a and A, = 2a, and that as w decreases and )\ increases, k, = k sin 6
becomes imaginary and the wave is damped. Thus, n = 2(k, = 27/a) gives A, = a, the ‘critical
wavelength’, i.e. the longest wavelength propagated by a waveguide of separation a. Such cut-off
wavelengths and frequencies are a feature of wave propagation in periodic structures, transmission
lines and wave-guides.

Problem 9.4

Show, from equations (8.1) and (8.2), that the magnetic field in the plane-polarized electromagnetic
wave of Problem 9.3 has components in both x- and y-directions. [When an electromagnetic wave
propagating in a waveguide has only transverse electric field vectors and no electric field in the
direction of propagation it is called a transverse electric (TE) wave. Similarly a transverse magnetic
(TM) wave may exist. The plane-polarized wave of Problem 9.3 is a transverse electric wave; the
corresponding transverse magnetic wave would have H;, E, and E, components. The values of n in
Problem 9.3 satisfying the boundary conditions are written as subscripts to define the exact mode of
propagation, e.g. TE j¢.]

Problem 9.5

Use the value of the inductance and capacitance of a pair of plane parallel conductors of separation a
and width b to show that the characteristic impedance of such a waveguide is given by

a |p
Zo=—4/—0Q
"7 €

where ;1 and ¢ are respectively the permeability and permittivity of the medium between the
conductors.
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Problem 9.6
Consider either the Poynting vector or the energy per unit volume of an electromagnetic wave to
show that the power transmitted by a single positive travelling wave in the waveguide of Problem 9.5

is $abE3\/</p.

Problem 9.7
An electromagnetic wave (E, H) propagates in the x-direction down a perfectly conducting hollow
tube of arbitrary cross section. The tangential component of E at the conducting walls must be zero
at all times.

Show that the solution E = E(y, z) ncos (wt — k,x) substituted in the wave equation yields

9%E(y,2) +32E(y7 2)

ayz azz = _sz(y>Z)a

where k? = w?/c? — k? and k, is the wave number appropriate to the x-direction, n is the unit vector
in any direction in the (y,z) plane.

Problem 9.8

If the waveguide of Problem 9.7 is of rectangular cross-section of width a in the y-direction and
height b in the z-direction, show that the boundary conditions £, = O at y = 0 and @ and at z = 0 and
b in the wave equation of Problem 9.7 gives

. mmy . nmz
E, =Asin MY sin 5, s (wt — kyx),
a

where
2 2
2 2 m n
kc=m (ﬁ‘i‘ﬁ)
Problem 9.9

Show, from Problems 9.7 and 9.8, that the lowest possible value of w (the cut-off frequency) for &, to
be real is given by m =n = 1.

Problem 9.10
Prove that the product of the phase and group velocity w/k,, Ow/dk, of the wave of Problems 9.7—
9.9 is 2, where c is the velocity of light.

Problem 9.11
Consider now the extension of Problem 9.2 where the waves are reflected at the rigid edges of the
rectangular membrane of sides length @ and b as shown in the diagram. The final displacement is the
result of the superposition

z2=A, ei[wtf(klirkgy)]
+ A, eiler—(kix—kay)]
+A; eilwri—(=kix—kay)]

+ A s€ i[wf*(*k 1x+k2y)]

with the boundary conditions

z=0 at x=0 and x=a
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and

z=0 at y=0 and y=5»b

“«—-—————=

Show that this leads to a displacement
7= —4Asinkxsink,ycoswt
(the real part of z), where

k=T and k=227
a b

Problem 9.12
In deriving the result that the average energy of an oscillator at frequency v and temperature 7 is
given by

hv

€= o (w/kT) _ |

Planck assumed that a large number N of oscillators had energies O, hv,2hv ... nhy distributed
according to Boltzmann’s Law
Nn — Noe—nhl//kT

where the number of oscillators N, with energy nhr decreases exponentially with increasing n.
Use the geometric progression series

N = Z Nn :N()(l +e—hl//kT+e—2hV/kT...)
n

to show that

No

N = | — o —hw/kT

If the total energy of the oscillators in the nth energy state is given by

E, = N,nhv
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prove that the total energy over all the n energy states is given by

hVe—hi//kT
E = Zn: E, :Nom

Hence show that the average energy per oscillator

__E hv
ETN T e

and expand the denominator to show that for iv < kT, that is low frequencies and long wavelengths.
Planck’s Law becomes the classical expression of Rayleigh—Jeans.

Problem 9.13
The wave representation of a particle, e.g. an electron, in a rectangular potential well throughout
which V = 0 is given by Schrodinger’s time-independent equation

*v N *v N 9*V  8x’m
Ox2  Oy?  0z2 k2

EV,

where E is the particle energy, m is the mass and 4 is Planck’s constant. The boundary conditions to
be satisfied are y =0atx =y=z=0and atx=L,,y =L,z = L,, where L, L, and L, are the
dimensions of the well.

Show that

[
v :Asinlxsin@sin%
L, L, L,

is a solution of Schrddinger’s equation, giving

hZ 12 ’.2 n2
E=— |-+ 40
sm\L2 12712

When the potential well is cubical of side L,
2

8mlL?
and the lowest value of the quantized energy is given by
E=Ey for I=1, r=n=0

Show that the next energy levels are 3E,6E, (three-fold degenerate), 9E (three-fold
degenerate), 11E (three-fold degenerate), 12E, and 14E, (six-fold degenerate).

E =

(1> +r* 4+ n?)

Problem 9.14
Show that at low energy levels (long wavelengths) hv < kT, Planck’s radiation law is equivalent to
the Rayleigh—Jeans expression.

Problem 9.15
Planck’s radiation law, expressed in terms of energy per unit range of wavelength instead of
frequency, becomes

8mch

Ex= A3 (eh/T 1)



264 Waves in More than One Dimension

Use the variable x = ch/AkT to show that the total energy per unit volume at temperature 7 °
absolute is given by

o0
J Eyd\=aT*Im™3
0
where
B 8mok?
4= 150303

(The constant ca/4 = o, Stefan’s Constant in the Stefan-Boltzmann Law.) Note that

J 0 x3dx B 7
o ex—1 15

Problem 9.16

Show that the wavelength A, at which E in Problem 9.15 is a maximum is given by the solution of
ch

(1—;—6)6’(:1, where x:)\k_T

The solution is ch/A,kT = 4.965.

Problem 9.17

Given that ch/\,, = 5kT in Problem 9.16, show that if the sun’s temperature is about 6000 K, then
Am ~ 4.7 x 1077 m, the green region of the visible spectrum where the human eye is most sensitive
(evolution ?).

Problem 9.18

The tungsten filament of an electric light bulb has a temperature of ~ 2000 K. Show that in this case
Am 2 14 x 1077 m, well into the infrared. Such a lamp is therefore a good heat source but an
inefficient light source.

Problem 9.19
A free electron (travelling in a region of zero potential) has an energy

2 2
_PT_(hTN 2
E_2m_ (2m>k = E(k)

where the wavelength
A=h/p=2r/k

In a weak periodic potential; for example, in a solid which is a good electrical conductor,
E = (h?/2m*) k?, where m* is called the effective mass. (For valence electrons m* ~ m.)
Represented as waves, the electrons in a cubic potential well (V = 0) of side L have allowed wave
numbers k, where
n;m

L

k> =k;+ky+kZ and k; =

(see Problem 9.13). For each value of & there are two allowed states (each defining the spin state of
the single occupying electron—Pauli’s principle). Use the arguments in Chapter 9 to show that the
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total number of states in k space between the values k and k + dk is given by

P(k) = 2(£> Y4mk?® dk

s 8

Use the expression E = (h%/2m*) k? to convert this into the number of states S(E) d E in the energy
interval dE to give

S(E) = A @—'Z’) 3/2\/1§

where A = L3.
If there are N electrons in the N lowest energy states consistent with Pauli’s principle, show that
the integral

.Ef
J S(E)dE =N
0

gives the Fermi energy level

72 27\ 2/3
E; = 37N
2m* A

where E; is the kinetic energy of the most energetic electron when the solid is in its ground state.

Summary of Important Results

Wave Equation in Two Dimensions

0%z 0%z 109%

Ox2  Oy?  c20r?
Lines of constant phase Ix+ my = ct propagate in direction k(ki,k;) where [ =
ki/k,m = ky/k,k* = k? + k3 and ¢? = w?/k>. Solution is

z=Ae'“ k) for r(x,y)
where k - r = k1x + koy.
Wave Equation in Three Dimensions

9’ ¢ 9% 18%

ox2 " ayr " 9z2 2 or?
Planes of constant phase [x 4+ my + nz = ct propagate in a direction

k(k],kz,k3), where l:kl/k, m:kz/k, n:k3/k
k*=ki+k3+k3 and c? =w?/k*
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Solution is

¢ =Ae @k for r(x,y,z).

Wave Guides

Reflection from walls y =0,y =5 in a two-dimensional wave guide for a wave of
frequency w and vector direction k(ki,k,) gives normal modes in the y direction with
ko, = nm/b and propagation in the x direction with phase velocity

Up:k—l E:’U

and group velocity
2

Ow
vy = —=— such that v,v,=wv

Ok
Cut-off frequency

Only frequencies w > nmv/b will propagate where n is mode number.

Normal Modes in Three Dimensions

Wave equation separates into three equations (one for each variable x, y, z) to give solution

sin sin sin sin
=A kix koy " ksz  wt
cos cos cos cos

(Boundary conditions determine final form of solution.)

For waves of velocity c, the number of normal modes per unit volume of an enclosure in
the frequency range v to v + dv

_ 4% dv

c3
Directly applicable to

e Planck’s Radiation Law

e Debye’s theory of specific heats of solids

e Fermi energy level (Problem 9.19)



